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PREFACE

Primary equations for the use of on-board accelerometer data (both flight path and
body mounted) for determining aircraft performance are developed. Primary
equations are those mathematical relationships which relate measured quantities to
useful parameters. They are distinguished from secondary and analysis equations in
that the latter are used to either standardize or separate effects in the data.
Reference materials are cited, or methods are presented for obtaining all
parameters necessary in the use of the primary equations. In cases where sufficient
reference materials are not available, the equations are derived. An equation
summary is presented for the user who does not wish to go through the development
procedures.
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INTRODUCTION

1. The determination of aircraft performance has become increasingly complex in
recent years. This is not only because the aircraft systems themselves have become
more complex with time making their investigation more difficult, but principally
because of a general shift in philosophy of aircraft performance analysis from the
direct method to the indirect method. This shift has come about because of the
generally larger volume of data available in less flight time by the indirect method.

2. The direct method is characterized by flying a particular maneuver of interest
and mathematically correcting this maneuver tc a given set of standard conditions.
Several similar maneuvers at different flight conditions are then combined in a
composite map representing one aspect of the aircraft's performance. For example,
families of stabilized points at different constant values of W/§ are used to
represent aircraft specific range; or specific excess power is calculated from
several accelerations at different altitudes and combined to represent the ability of
the aircraft to change its energy state.

3. The indirect method is more subtle and has its basis deeper in theory. By this
method, a group of aerodynamic and propulsion parameters are developed from
flight tests. The parameters in themselves are only numbers and do not represent
performance. These parameters are not tied to a specific maneuver or maneuver
type but, in general, relate the physical forces required to achieve a certain flight
condition. Such parameters for an aircraft would be the drag coefficient, lift
coefficient, referred thrust, referred fuel flow, etc. However, these parameters
can be combined with known aircraft characteristics to derive the airplane
performance. For example, the airplane drag polar and thrust-fuel flow
requirements can be coupled to develop aircraft specific range data.

4. The relation of measured quantities to some desired information about a
system has been a problem facing the experimentalist since the first experiments
were performed. The problem arises from the inability to measure directly a
desired quantity in all instances. Many measurements by parametrics are taken as a
matter of course. For example, engine pressures and temperatures are measured to
infer engine thrust output. Other parametric measurements are more subtle, such
as the measurements of airspeed and altitude, which are, in reality, parametrically
measured by pressures and mechanically converted to the desired parameters in the
output instrument.

5. With on-board accelerometers, then the question arises: given the
measurement of aircraft acceleration, how does one arrive at aircraft performance
parameters? In order to answer this question, the aircraft force balance system
must be examined. Additionally, the measurement of acceleration must be
examined to determine its relation to the aircraft system. Finally, examination
must be made of factors which affect either the aircraft force balance system or
the measurement of accelerations.
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DEVELOPMENT OF EQUATIONS

AIRCRAFT FORCE BALANCE ‘

6. The various forces contributing to a change in specific energy (Es) of an
aircraft can be found by analyzing figure 1. The E_is a measure of the total kinetic

and potential energy of an aircraft. For ease of calculation, forces will be resolved
parallel and perpendicular to the direction of flight (wind axis system). In the
general case, the aircraft may be taken to be both climbing and accelerating. The
simplified model developed herein assumes wings level flight at zero sideslip for
the purpose of clarity. The effects of bank angle and sideslip will be discussed
later. Additionally, the gross thrust vector is assumed to lie in the x-z plane.
Toe-out effects can be accounted for by simply viewing the gross thrust vector as
the in-plane component.

HORIZON

Figure 1
Aircraft Force Balance Diagram

7. Resolving forces along the flight path and assuming the mass change to be
instantaneously zero:

2Fy = may (1)

LW W dvt
F_cos (@+t) - F_- D - WsinY=— ax S VL (2)
g r 9 A/C g dt
defining the net thrust (Fn) as:
Fn = Fg cos (a+7) - Fr (3)

equation (2) can be rewritten as:

F,-D-Wsiny= % dVt @ ,
g dt
or
A pt I dvt
Fex‘ Fn- D=W (E —; + S|n7) (5)




T™M 76-3 SA

8. The ram drag (Fr) is assumed to act along the flight path and can be obtained
from on-board inlet instrumentation or engine manufacturer's curves of airflow
(Wa) and by the equation:

(6)

ZFZ = ma, (7)
W
L - Wcosy+ F_sin (a+t)= — (8)
LR gaZA/C
or:
9z
L = W (cosy+ —AC) _F sin (a+7) )
g g

Equations (5) and (9) become the force balance equations of the aircraft in the two
dimensional wind axis system (assuming zero sideslip and wings level).

10. Having resolved the force balance equations for the aircraft and defined
excess thrust and lift as functions of accelerations, the next step is to select an
accelerometer package for measuring these accelerations. The accelerometer
package can be either mounted in the boom and mechanically connected to the
angle of attack vanes where it is free to align itself with the flight path of the
aircraft, or it can be hard mounted in the body of the aircraft. Each case will be
examined separately.

FLIGHT PATH ACCELEROMETER PACKAGE

11. The angular relations of the flight path accelerometer can be resolved through
the use of figure 2. For clarification, angle of attack system misalignment, boom
bending, and dynamic errors in angle of attack have been eliminated from the
figure.

- . . b = Y peifurt Th el B G Lo W Rl R e
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BOOM REFERENCE LINE

FLIGHT
PATH
NOSE BOOM

HORIZON

ACCELEROMETER

FLIGHT PATH AXIS
HORIZON

AXIS

Figure 2
Flight Path Accelerometer Balance Diagram

The a t referred to here is the true angle of attack of the boom reference line, and

under 1 g conditions, this will be the true angle of attack since the upwash
calibration will include the aerodynamic boom bending. In the general case of
accelerated flight, the boom bending term (AaBB) should be added at this point so
that:

a, =a; +ha

+AaBB

upwash (10)

where AaB is a function of normal acceleration at the boom and pitch

B
acceleration (0 ) and is determined from laboratory calibrations as discussed in
reference (a). Further effects of angular rates and their derivatives are given in
paragraphs 27 to 30. The accelerometer is aligned with the angle of attack vane
with the exception of a misalignment angle due to mechanical fitting (Aam). The

determination of these misalignments which may, in general, be different for the
normal and flight path axes is discussed in detail in reference (a). The
accelerometer flight path axis is then misaligned from the flight path by:

Ba otal = Bappash +8am + Bagg (11)
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12. Resolving the readings of the accelerometer to the proper axes (along and
perpendicular to the flight path):

%epa = ippa ©% (Bay, +4, +happ ) - aZiFPA sin (Aau+AamZFPA+AaBB )

"xgpA (12)

= 3. sin (Aa +4 ) +hapn ) +a cos (ba +Aa +Aagp )
azFPA XIFPA u amePA BB Z'FPA u mZFPA BB (13)

It is often more convenient to work with the accelerations in g units or
measurements of load factors, and the accelerometers will be calibrated in terms
of load factor such that the above equations become:

cos (Ba, +ha +dapgp ) + i sin (Ba, +ba +hagpg)

n = no.

n, sin (Ba, +ba +hagg ) +n,,; cos (Aa

15
XFPA FPA u +Aam +AnBB ) ( )

=
FPA  XIFPA ZFPA
Equations (14) and (15) represent the accelerometer readings corrected to the wind

axis system. The meaning of these values as they relate to the accelerometer force
balance can be constructed by analyzing figure 3.

ACCELEROMETER CORRECTED
TO NORMAL AXIS

a ZA/C

HORIZON

1g {\Igsmy

Figure 3
Transformed Axis Accelerometer Balance Diagram
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13. Resolving the accelerations along and perpendicular to the flight path, the
following equations are obtained:

+gsiny

ppa _ XA/C (16)

= +gcosYy
%2epa zp/c ° (17)

or, again transforming the equations to load factor for convenience, the equations
become:

a
n - _XAC +siny

XFPA (18)

3,
= _“AlC 4 cosy (19)
"zZEpa g

By definition, the acceleration along the flight path of an aircraft (a ) is the
dv *a/C
time rate of change of the true velocity along the flight path (Ti_t_) which yields:

iodve
anpA= E ?T +sm7 (20)
Combining equations (5) and (20):

A
Fex =Fn-D=Wilnxg,,) 1)

Equation (21) is the singularly most important relation to the accelerometer
method. It relates the wind axis longitudinal load factor with aircraft gross weight
directly to excess thrust. Combining equations (9) and (19):

L=W (nZFPA) - Fgsin (a+7) (22)

Equation (22) relates the wind axis normal load factor to aerodynamic lift.
14. In order to more fully develop the resolved accelerations as they fit into the

picture of overall aircraft performance, the determination of longitudinal load | :
factor can be further expanded with the aid of the velocity diagram of figure 4.

dt HORIZON b

Figure 4
Aircraft Velocity Diagram

6
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From the breakdown of the aircraft velocity components:
dh |

siny = = V; (23)

combining equation (23) with equation (20):

s 24)
"xppa g dt  dt Vq
The specific energy (Es) of an aircraft is given by:
V.2
E.=h+ L (25)
S 2g
and the time rate of change of specific energy is given by:
. dh V. dV
= =—+4 _t _.___t = ) V
S o g dt (xppa 'Vt ()

where equation (26) relates the time rate of change of specific energy and the
longitudinal load factor at each velocity point.

15. It has been shown then, that the resolved components of longitudinal and
normal load factor will yield information about the aircraft excess thrust and
aerodynamic lift. Additionally, it has been shown that the longitudinal load factor
together with velocity gives information with regard to the time rate of change of
aircraft specific energy.

BODY MOUNTED ACCELEROMETER PACKAGE

16. The data analysis procedures for the body mounted package become more
complex when it is considered that the body mounted accelerometer is not aligned
with the flight path but stays near the fuselage reference line. Thus, angle of
attack, as well as corrections to angle of attack, enter into the overall
calculations. Therefore, errors in measured angle of attack will be introduced
which were not present with the flight path accelerometer. The forces acting on
the body accelerometer can be resolved by analyzing figure 5.

—ANGLE OF ATTACK VANE

ACCELEROMETER
PACKAGE

HORIZON

Figure 5
Body Mounted Accelerometer Balance Diagram

7
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17. The angle of attack vane is misplaced by the upwash at the boom and any boom
bending due to rate effects (further effects of angular rate are discussed in
paragraphs 27 to 32) so that the true angle of attack is given by:

@, =a; +ha 5 a5h Hiapp (27)

The body accelerometer is further misplaced by a mechanical misalignment (A am)-

Resolving accelerations parallel and perpendicular to the flight path (as with the
flight path accelerometer), the following equations are obtained:

- = in (@, +da,, )
g nXiB cos (a; +AamXB) nziB sin (a, Mg (28)
= i +A +n, cosla,+ba, )
and "Zg nxiBSIn (ay amxB) Zig 7 0m,g (29)
and, with the use of figure 5, it can be seen that:
ax
n, = _AC +sin
L e (30)
*za/c
= + cos 1
o Y (31)

18. With the accelerometer readings referred to the wind axis system, figures 3
and 4 apply as well as the analysis of paragraphs 13, 14, and 15 so that
equations (21), (22), and (26) apply as summarized below:

A
Fex =Fn‘D=W'nx

B (32)

L=W(n, )-F_sin(a+71)
g (33)
By= i 1 ¥ (34)

BANK ANGLE EFFECTS

AIRCRAFT FORCE BALANCE

19. In the general case, the aircraft will not maintain a wings level attitude so
that it becomes necessary to evaluate the effect of bank angle on the equation set.
Since the wind axis system is used, introducing bank angle into figure 1 induces a
side force component in the weight vector equal in magnitude to W sin § and the z
direction component of weight becomes W cos Y cos @ . All other vectors remain
the same since the axis system (for wind axis analysis) has rolled with the aircraft.
Thus, equation (9) becomes:

a
L=W(cos)’cos¢+.z—§@)-ngin(a+r) (35)




D BB K 3445575 157 1T AR R i AL ik A ..

TM 76-3 SA

FLIGHT PATH ACCELEROMETER

20. In the flight path accelerometer, the transformation equations under nonzero
bank angle are unaffected since the accelerometer remains aligned with the wind
axis system. The transformed accelerations of figure 3, however, show the effect
of the 1 g vector being rotated out of plane so that equation (19) becomes:

a
nZFPA = Z/g\/c +cos Y cos 4’ (36)

when equation (36) is combined with equation (35), equation (22) is the result or:

L=W(n )-F

sin(a+t
ZFPA 9 ( )

(22)

In the wind axis system then, nonzero bank angle does not affect the equation set
when the flight path accelerometer is used.

BODY ACCELEROMETER PACKAGE

21. In the body accelerometer, the problem is further complicated in that the
accelerometer is not aligned with the flight path and must be transformed through
the angle of attack. Resolving the accelerations along and perpendicular to the
flight path, we obtain equation (29):

n

=n,. sin(a,+Ba, ) +n

zg  "x 2. cos(ay+Ba, )

IB XB IB ZB (29)
%2p/c (37)
nZB = e +cos Y cos ¢

which again can be combined with equation (35) to yield:

L=W(nZB)-ngin(0t+r) (38)

It can be seen that the equation sets are unaltered by the addition of bank angle.

SIDESLIP EFFECTS

22. In the general case, small values of sideslip will cause a misalignment of the
acceleration vectors in the lateral plane. As explained in reference (a), lateral
misalignments (which are the equivalent of sideslip) create negligible errors if they
are less than 3 degrees. If this assumption is too restrictive, the case of nonzero
sideslip must be considered. Additionally, a three-axis accelerometer must be
considered in that correcting the equations without lateral accelerations may be
more in error than completely ignoring the correction. In the case of sideslip, the
normal axis accelerations are not affected since they are perpendicular to the
plane of action of sideslip. The corrective procedures for the flight path axis can be
shown with figure 6.
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— —. FLIGHT PATH

Figure 6
Accelerometer Sideslip Diagram

23. The n_ term is rotated out of plane by B, and a component of ny sin B is

introduced such that:

nXFP =n, cos B+ ny sin 3 (39)

The two terms tend to have a cancelling effect as shown in the diagram but this is

not always the case.

FULLY DEVELOPED COORDINATE TRANSFORMATIONS

24. The fully developed equations for a three-axis system with bank angle and
sideslip and no simplifying assumptions about misalignments are given below.
Additionally, no angular rate or angular acceleration corrections are made. These
will be dealt with in the next section. Finally, no cross-axis sensitivity has been
introduced since it is basically a calibration problem and is dealt with in

reference (a).
FLIGHT PATH ACCELEROMETER

25. The coordinate transformations for the flight path accelerometers are:

=n, cos (ba , + Aa, ) cosB-n,_ sin (Aa,, +Aa

n ) cos B+ n_, sin
EPA N XEPA i MxEPA i Vi B(

40)

+ Aa ) +n

XFPA

nZFPA = nxi sin (ba,, . cos (A, +Aa, ) (41)

% i ZEpPA

X

For additional detail discussion, consult reference (b).

10
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BODY ACCELEROMETER

26. The coordinate transformations for the body mounted accelerometer package
are:

Ny, = Ny, COS (@ +AamxB) cos B+ nyiB sin3- nziB sin (a, +AamZB ) cos B

Xg i (42)

and
=N, sin (°t+Aam ) +n

in o 7, COS (at+Aam )

iB zg (43)

nZB

For additional detail discussion, consult reference (c).

ANGULAR RATE EFFECTS

27. The angular rate effect on an accelerometer located some distance from the
cg induces accelerations which are reflected in the accelerometer readings.

¢ ; INTO
ACCELEROMETER "z PAPER
el
Lo 'x
A/C
cg

Figure 7
Rotational Dynamics

As illustrated in figure 7, the rotational rate (w ) creates an acceleration in the two

axes of the plane of rotation. The centripetal acceleration (al) is created by the
rotation as:

ag = rw? (44)

The rotational acceleration (az) is created by the rate of change of rotation rate
as:

(45)

11

|
i
9
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28. In the general case of rotation about all three axes, the cross product produces
an acceleration perpendicular to the plane of rotation of a given pair of rotational
vectors. In general, the accelerations as measured by the accelerometer can be
corrected for angular rates and then corrected back to the cg. Alternately, the
acceleration readings can be corrected to the cg and then the cg accelerations
corrected for angular rates. For the body accelerometers, the latter method is
easier and yields:

| . " SeE A o ..
™ P P [rx(92+‘#2)+fy(‘l"¢9)+ r2(9+¢w>] (46)
and

n
Znet i

=nz.+lg['fx(é‘4-"i” +ry(¥+¢9)+r2(é2+$2)] (47)

This method is employed in reference (b) which also includes corrective procedures
for the lateral axis, i.e.:

=nyi+5[- o (V-P8)wr ($2492) ., (4>-‘4'9)] (48)

n
Ynet

The corrected accelerations are computed by replacing n, »n, and n for
net net net
no, N, and ny , respectively, in the coordinate transformations. The corrected
i i i
normal acceleration can then be used to compute boom normal acceleration to

determine boom bending by:
I s o & .o . . .
nZBB 3 nZB " E [xa(e+¢‘l/) ¥ YG(¢+W9) -Za (8 2+ 4’2 )] (49)
Further effects of boom bending are discussed in reference (a).

29. For the flight path accelerometer, it becomes more convenient to correct the
accelerations for angular rates at the accelerometer and then correct back to the
cg. So that:

"zgg ~ "zgpp (50)

and

= L -2 .2 . LY -n :
"XEPAcg  ZFPA " g[(e +y“)cosa- (v 9)sm°} (51)

& r— '2 o2 § . . } e
nZFPACG "zepa t g[ (64 +y<)sina+(y¢-8)cos a] a2

where r is the distance from acceleromter to cg along a radial. This analysis
technique together with a complete derivation of the above relation is presented in
reference (b).

12
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30. In summary, when dealing with body accelerometers, it is more convenient to
correct the accelerometer readings to the cg prior to coordinate transformation.
Thus, equations (46), (47), and (48) are employed prior to coordinate transformation,
and equation (49) is used for boom bending calculations. When dealing with flight
path accelerometers, it is more convenient to calculate the local acceleration at
the accelerometers so that equation (50) can be used for boom bending calculations,
and equations (51) and (52) are applied after coordinate transformation. Of course,
either accelerometer package can mathematically be treated by either technique.

PRIMARY EQUATION SUMMARY

FLIGHT PATH ACCELEROMETER

31. The final accelerations along and perpendicular to the flight path are
computed as:

Ny =ny . cos (Aa+ha )cosB - n, sin (Aa+Aa ) cos B
FPAGG i My epa B - ng. g
2 . 3.2 S
+ ny. sin3 + Lg’fe e cosay . (py- ) sin at] (53)
i
and
n =n.Sin(AQ+Aa )+n +
‘FPAge i Mxppa %00t (A AamZFPA)
el . Sl s
% EEBZ +y2) sina + (Y ¢-6) cos at:l (54)
n
where Ao = T Aai or Aqa is the total of all corrections to angle of attack as

=
detailed in reference (d).
BODY MOUNTED ACCELEROMETER

32. The final accelerations along and perpendicular to the flight path are
computed as:

n =n cos(a,+e, )cos B-n sin ( + i
» s a,+e +
Bea net t “xp Znet t "zg ) cos B Ynet *" B
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and
nZBCG = r"xnet sin (@, +€xB )+ N3t cos (@ + eZB ) (56)
where
o R n"iB + 2 {rx (62 +y2) try (Y-¢8) +r, (6 +¢‘4’)] (57)
' W S 52 .42 (58)
Ooiet g +;[—rx (B-py) +r, ($+V Q)+, (67 +¢ >}
e i | ool bable 2 2 e 4 e
Mot st 5[- ry (V4$8) +r(d24y2) 1, (d-¥ § )] (59)

AIRCRAFT FORCE BALANCE
33. With the measured quantities corrected and resolved to the proper axes, the
primary equations for the determination of aircraft excess thrust, lift, and time

rate of change of specific energy are as follows:

FexéFn—D=W°nx

(60)
L=W'nz- Fg sin (@, +1) (61)
és =ny Vy 62)
where
M, = nZBCG or = anPACG 63)
and
"2 Migeg” T "RPAG (64)

The latter equations depend only on the accelerometer package in use.

14




T D e i) N gl L

T™M 76-3 SA

34. The aircraft force balance equations can now be expanded to yield the normal
aircraft performance parameters as follows:

Equation (60) becomes:

Fr-Weny Fo-Wen

O Ta s Ti2pvIs
Fry - Weny

Ya P, M%s
2

(65)

Equation (61) becomes:

W-nz- Fg sin (cxt +T1)

1/2p V{2 s

Wen,- Fg sin (@, +7)

Ya P, M2s
2
(66)

35. Equations (60) through (62) are convenient when applying flight test data to the
direct methods of determining aircraft performance, while equations (65) and (66)
are more convenient when applying flight test data to the indirect methods of
determining aircraft performance.

15
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CONCLUDING REMARKS

36. The aircraft accelerations vyield very useful data for defining aircraft
performance. Extreme care, however, must be exercised when using measured
accelerations to insure proper values of resolved accelerations. These resolved
acceleration values are directly adaptable to either the direct or indirect methods
of determining aircraft performance.
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MAC

LIST OF SYMBOLS

Definition

Acceleration in the subscripted

direction
Accelerometer

Lift coefficient partial

derivative with angle of attack

Center of gravity
Drag force

Derivative indicator
(differential)

Specific Energy

Force, thrust, drag, etc.,

with subscript

Acceleration of gravity

Altitude

Lift

Length

Mach number
Mass

Length of the mean
aerodynamic chord

Load factor in the
subscripted direction

Ambient pressure
Dynamic pressure

Radius or distance in
subscripted direction

18

Common
Units

ft/sec:2

1/radians

% MAC

Ib

ft

b

ft/secz

ft

b

ft
None
Slug

ft
None

Ib/£t2
1b/£t2

ft

Metric
Units

(m/secz)

(1/radians)

(% MAC)

(N)

(m)

(N)

(m/secz)

(m)

(N)
(m)
None
(kg)

(m)
None

(N/mz)
(N/mz)

(m)
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Common Metric
Symbol Definition Units Units
S Area of wing ftz (mz)
t Time sec =
v Velocity (airspeed) ft/sec (m/sec)
w Weight 1b (N)
Wa Airflow slugs/sec (kg/sec)
Greek Symbols
o Angle of attack (aircraft deg (deg)
reference above flight path :
positive)
8 Sideslip angle deg (deg)
) Flight path angle (climb deg (deg)
attitude positive)
A Change or correction to a = =
parameter
L Misalignment (with subscripts) deg (deg)
m
g Damping ratio None None
0 Pitch attitude (nose up deg (deg)
positive)
Aa Boom bendin de (deg)
BB g g g
m 3.14159 None None
a Aircraft heading deg (deg)
z Summation - -
| 1 Thrust inclination angle deg (deg)
\ (longitudinal offset)
0 Air density slugs/ft3 (kg/m3)
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Symbol

i G g S T s

Rt i S AR “_v._. g i 4 D~ 4 =,
| 4
Common Metric

Definition Units Units
Bank angle (right wing deg (deg)
down positive)
Yaw angle (airplane nose deg (deg)
right positive)
Angular rate deg/sec (deg/sec)
Natural frequency cycles/sec (cycles/sec)
Damped frequency cycles/sec (cycles/sec)

Ratio specific heats for air - =
1.40 at Standard temperature

Subscripts and Superscripts

(
(

)
)

A/C
B
BB
ex

FPA

r
Ky &

u, upwash
X

y

Aircraft

Body reference
Boom bending
Excess

Flight Path Accelerometer
Gross

Indicated
Misalignment

Net

Initial condition
Pitch rate

Ram

True quantity
Upwash

X-axis (flight path)

Y-axis (lateral)
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Common
Symbol Definition Units
() e Z-axis (flight path perpendicular)

[0l B Condition point

(") First time derivative
i) Second time derivative
A Equal by definition

e e

Metric




TM 76-3 SA

DISTRIBUTION:

AFFDL (ASD)

AFFTC

NAVAIR (AIR-530)
ARPS

NASA, FRC

NASA, Langley

AFFSD

DDC

USNTPS
NAVAIRTESTCEN (SA-43)
NAVAIRTESTCEN (SA)
NAVAIRTESTCEN (SY)
NAVAIRTESTCEN (AT)

(2)
(2)
(2)
(2)
(2)
(2)
(2)
(2)
(2)
(10)
(2)
(2)
(@)




