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Abstract

This paper discusses a procedure for interval estimation of the

mean 0 of a correlated binary (0,1) sequence. The method assumes that

the sequence is strictly stationary and that a particular string of m

binary digits is a recurrent event in the sequence, where m>l is unknown .

Of the 2m choices for the possible recurrent events, the strings of al l

zeros and of all ones are examined .

For each m=l ,2,... the sequence is demarcated by entrance to the

recurrent event. The subsequences between the demarcation points thus

form independent epochs by assumption . Classical techniques then yield

variance estimates for the number of ones and zeros in the epoch as well

as an estimate of the covariance of the ones and zeros. A quadratic

equation in 0 is solved to obtain an interval estimate.

Each string of all ones or all zeros examined yields a 1-a confi-

dence interval . The intervals are intersected to obtain shorter intervals

with confidence greater than 1-2a. Since each m1,2,... yields an interval ,

a conservative rule is developed to determine the m whose interval is

finally used. This rule is based upon the empirical run lengths in the

binary sequence.

The procedure is then -applied to interval estimation of the fractile

for the waiting time distribution in a simulation of the M/M/l queue wi th

activity level 0.9. For 0=0.1 and 0.5 the proposed method worked well.

For 0=0.9 results showed some degradation . An error analysis led to a

set of rec1 mniendatioic for keeping performance In practice close to the

desired theoreti- i level~ . An appendix describes algorithm s for computing

the critical quantities upon which the proposed method relies .

L ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~
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__ H1. Introduction

Although many techniques exist for the statistical analysis of

simulation output in general [11], littl e has appeared in the literature

that specifically addresses the estimation of fractiles of a distribution

tha t arises in a simulation. This probl em is not unique to simulation .

In 1ts more general form it concerns the estimation of the mean of a

random binary (0,1) sequence whose elements are correlated. The purpose

of this paper is to describe a method of i nterval estimation for the more

genera l problem and illustrate the method with a simulation example.

The proposed method relies on the theory of recurrent events , as

described in Feller [9]. Although applicati on of these methods to

simulation output analysis is not new, the approach taken here is.

Crane and Iglehart [ 7 ,83 and Fishman [11] exploit the regenerative prop—

erties of certain simulation models to analyze output. The theory of

regenerative processes generalizes the theory of recurrent events to in-

clude continuous as well as discrete time . See Smi th [133 fot detai ls.

What is new here is the application of the theory of recurrent events

without reference to particular simulation models. Specifically, the

proposed method enables one empirically to identify a state that appears

to have the nrnry~rtjes of a recurrent state and then to use that state to

cut up the sample path into approximately independent identically distri-

buted segments that can then be used with relatively elementary statistical

methods to compute an interval estimate . Moreover , the binary nature of

the data offers considerable computationa l conveniences that ma ke this

method of inference attractive .

Whenever one deals wi th discrete finite state data , the inclination

to approxima te the sequence by a M.arkov chain is hard to resist. Once the

-



-2-

order of the chain is determined , the subsequent inference is wel l known [1].

Moreover, every state of the given order is a recurrent state. To determine

the order of the chain one can apply chi-square or likelihood ratio methods

the theory for which is also known in princip le [1]. Although our study

began in this way , we quickly learned that the computational problems that

arose in estimating the order were considerably greater in complexity than

those of the less restrictive recurrent event approach. Moreover, the

performance was not nearly as good as with the recurrent event approach.

Therefore we present here the results for the recurrent approach , even

though the statistical inference for this theory is not as complete in the

statistical literature as for Markov chains.

Section 2 introduces the reader to the problem as it is formulated in

the theory of recurrent events. Section 3 describes how one can obtain

shorter i nterval estimates by using results based on analyses for different

recurrent states. Section 4 indicate s which among the many potential

states deserve consideration . Section 5 describes estimators that need to

be substituted for population parameters and Section 6 contains a computing

scheme that facilitates efficient computation . Section 7 presents r~~’lts

that show how the method performs for the .1 , .5, and .9 fracti l es of the

waiting time distribution in an M/M/l queueing simulation with activity

level of .9. Finally, Section 8 contains recommendations for inter-

pretation and utilization of interval estimates that a user of the pro-

posed method may encounter in practice .

The Recurrent Model

Let {X1 ; i ,...,n denote a sequence of observations on a

strictly stationary binary (0,1) stochastic sequence . Define for rn - n

I i
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rn-I .
(1) y(m) = )

~ 
23X . .  i=rn ,...,n.

j=0 1 3

* mH Suppose there exists an m and O�y �2 -l such that

(2) pr (Xk = x ) x~ = z, ~(m) y*) = pr (Xk x I y(m)= y*)

jsi�k; n?i�m; x ,z = 0,1.

One can then apply the theory of recurrent processes [13] to the analysis

of (X 1}, provided y~m) = y* infinitely often as n ~~~. In particu lar ,

let

N(m) = ~~ 6(y (fll) 
- y*)

j=m

1 x’O
6(x) E

O x ~0(3)
1~m) mm {i�m: N~

m) 
= j}

T~
m) 1 , T~

’
~~) nfl.

Here 11~m) i~h... ,N~
m)} defines a discrete renewal process where

T~
m) is the time of the jth renewal.

Let

C(m) - T(m) T(m)j — j+1~~ ~
j

(4) 
1tm) -1

5(m) = 

~~~~ ~i 
3=0 ,... ~~~ .

then (C~
m) 

; J=l ,...,N~
m) l} and {5~m) ~=l ,...,N~

m) l} are each

sequences of i.1 .d. non negative integer va l ued random variables . Let 

—~~~ —~~~~—~~~ — - -~~~~~~~-~ ~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~ — - - - —
~~—
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E(C~
m)) (m) 

, E (5~m)) = var (C~
m)) = , var (S~(m)) = 

(m)

for

(5) ~~ (Cr , 5~m1) ={~
and 0 E(Xm ). Then

(6) n 1 
i~ l ~

is an unbiased estimator of 0. Since one can show that o 4mui4m) ,

it is instructive to study the linearized observations

(7) Z~
m) 5(m) - ()C~

m) j=O,. .. ~~~
and the sum

N~
m) 1

I~~~ fl i

(8) Z~
m, 

~
j=l ~

for which

(9a) E(Z(m)) = E(N~
m) 

~l)E (S~
m), - oE(N~~ ~l )E(C~

m)) = Q

(9b) var(Z(m)) = E(N~
m) _l)(4~ - 2e4~ + 020 ))

Also the distribution of Z(m) / /var(Z~~~ approaches N(Ol). This

limiting distribution provides a method for constructing an interva l

estimate for 0 for large n.

For expository convenience let us momentarily suppress the supersc i~ t

(m). Let

(10) f(O) = (C2 - Q
2E(N

~~
1)acc]U~ 2(CS - Q2E(Nfl

1)nCs}Q

+ Es 2 
- Q2E(N~-

l)ass]~
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N~
_l N

~ _l

(11 ) c~ ~ c. s~ ~ s.
j=1 ~ j=l ~

Q being the l-t/2 value of the unit norma l distri bution . Then for large F
n, pr[f(o)- 0] 4 1-a. Solutions to the probability argument yield the seven

cases in Table 1. Here a1 and a2 are the roots of f( o )

lable 1

1-a Interva l Estimate of 0

Case Interva l f(O) ft (O) f(l) f±(1.L.
1 Ia1,a2] + - + +

2 [a1,l] + - - t

3 [0,a2] 
- + +

4 [0,a1]u[a2,l] — + -
5 [0,a1] - + + -

6 [a2,l] + - -

7 [0,1] f(o) ~ 0 Ye [0 ,1]

wi th a1 < a2 ~
. One can easily show that as n -÷ case 1 becomes the

type of interva l estimate obtained. This procedure for computing interva l

estimates is due to an extension of the work in Bliss [2,3] by Fieller [1O].

3. Many Recurrent States

In practice many stochastic processes with a discrete state space

- - have more than one recurrent state. In particular , if the sequence of

states {y~ 
= j-l; j=l ,... ,2m} were all recurrent then {X 1 } would be

an mth order Markov chain. Although an ana lyst is free to choose any

of the set of recurrent states for the computation of an interval estimate

each state produces an interva ’ of different widt h. Moreover , the n for

t _
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which the aforementiofled as~m~ptotic properties usually hold differs with

each selected state.

Suppose that for a given {X~} one computes a set of k interva l

estimates for 0. For expository convenience assume that all the intervals

correspond to case 1 in Table 1 and that [a1(ii,a2(i)] is the ith

I-a i nterva l estimate of o for 1=1 ,. ..,k. Then, using Bonferroni ’s

Inequality [12] one can show that

k
(12) n pr[a1 (i) < o < a2

( i )] ~ 1-kc~
i=1

If these intervals intersect then the intersection provides an i nterval

estimate for 0 with probability exceeding 1-ka.

Consider the case k=2 for which a 1 (1)<a1 t2)�a2(l)�a2(21. 
Then

[a1(2),a2(l)] includes o with probability of at least 1-2a . Here

a question arises as to whether a shorter interval would be obtained by computing

a l-2a interval estimate for 1=1 or 1=2 separately. Section 8 ex-

ami nes this issue wi th regard to a specifi c example.

4. States to Consider

As the introduction indicates , our intention is to describe a procedure

for computing interval estimates for 0 by approximating (Xi
) by a re-

current process. Since the state vector as defined in (1) implies 2m potential

recurrent states, even a moderate m yields an excessive number of options .

However, two particular states deserve special attention. Ihe state y*= o

implies t. it when Y . =y ’ X 1 _fO for j=l ,...,rn. Now it is plausi b le that

for sufficient~ arge n . Y=y contains all conditioning in-formation

about the past - m d  thererore this y~ of order m enabl es one to 

~~~~- .



- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —--—-~~~~-— -
~ ~~~~~~~~

--
~~~

- -
~~~~

—
~
‘ —

demarcate 1X ~} into sequences of i.i.d random variables as in (4).

Al ternatively the state y~= 2
m_1 implies that when Y1=y, X 1~~=l for

,j=l ,. . . ,m. A similar plausibility argument applies here.

In the remainder of this paper we restrict attention to these poten-

tial regenerative states. Doing so relieves us of the burden of consid-

ering the remaining 2m_3 states for each value of m considered but

leaves us open to the possibility of excessive computation if m turns

out to be large . Happil y the bina ry character of the data makes this

poss ibility remote as the computing scheme in Section 6 s~~ws.

5. Sample Variances

In practice one does not know L(N), °cc~ ~~ 
and 

~~~~~~~~~ 

To resolve this

problem we consider the sample quantities
Mn

_i

s2(C) = 
~~ 

(c .
j=1 ~

N0-]

s2(S) = 
~~ (S.

j=l ~
(13) N - ]

s(C,S) = 

~

‘ (C~ - t)(S~ 
-

j=1
N - i Mn

_i

L = Nn~
i 

N 

N0-l j 1

Since Mn
_ i 

~i~ 1 
(C~ -

S (C) = 

~~~~~~ 

(C~ - ~-i~~~) - N0-l

One can use the well known results of renewal theory [5,13]

(14a ) E(N0) ~ /

i -
~I - - 

~~~~~~~~~~
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(14b) var(N~) ‘~ 
na~~ /

in a series expansion to show that

(15) E[s2(C)) = E(M
fl
-l)OCc 

— 2°cc + 0(1/n).

Similar ly

E[s2(S)] = E(Nn l)ass - 0ss - O
2OCC + 0(1/n)

(16)
E[s(C,S)] = L(Nn l)ocs - °cs - °0cc + 0(1/n).

These resul ts reveal that s2(C), s2(S) and s(C,S) are asymptotically

unbiased estimations of E(Nn
_l )acc, E(Nn

_l )oss and E(N
~
_l )ci

~5 
re-

spectively. Moreover, one can substitute these quantities Into (9b) and

show that the resulting distribution of z (m) ,Ivar Z~~ again approaches

the standard normal law as m ~~- •

6. A Computing Scheme
1

For analysis, binary data offer conveniences that allow considerable

computational efficiency . The sequence {X1} consists of runs of

ones and zeros of varying lengths

L2. 1 
= length of the jth run of zeros

(17)
L2~ 

= Length of the jth run of ones

where L-~ 0 if X1
1 . If M runs occur then {L1,... ~

LM} suninari ZeS

{X1 1 without any information loss. One can easily establish a bound on

E(M) . Suppo~ {X~) I a sequence of i .i.d random vari ables with

pr(X1 1) p. Then E(Tl) = np(1-p) -c n/4. If p. 9 E(M) = O.09n.

The Appendix contains algorithm s for computing the critical quantities
described here.

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
_ _ _ _ _ _ _  

I 
____________
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Now in the cases at hand we anticipate positive correlation between

el ements of {X~}. Therefore one expects runs to be longer and

be smaller for a given n.

The computing scheme presented here uses the recurrent states
* kmy 2 -i for k 0 and 1. In the remainder of this section we assume

k and m given and suppress reference to them except where clarity

calls for explicit mention . Let

(18)
K. mm (2i + k—i > 1(

3 1
: L2j+k l � in) j = 1 ,2

For computational convenience we set k~ Mi-i if the aforementioned

minimum does not exist. Define

(19) J~~~mi n (j:K~~~M +l )- l

Then {K~ ; j 1 ,...,J} forms a sequence of cutpoints for given m and

k. As ni Increases for given k the number of cutpoints decreases,

which accel erates subsequent searc h procedures.

For given k and ni let

(20) B3 
= 1=1 L~ - 3m

t 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~ - - .-- ~ - -



B = L1( - j m
~ j = i  -i

I I (21) D. = I. + m j=1 ,.. . ,J— l
‘

~

E. = 12 + k l +m3 K~<2i+k-l<K~ 1 
1

Then one can show
3-1

C = B 3 + ~ 0.
j=l ~

J-l 3-1
(22) S = kB3 + (1-k) ~ D. + (2k-i) ~ E.

j=l ~ ,j=l ~

N~~= B 3 + J  ,

where (11) and (3) define S, C and N~. One can also show

J-l
s2(C) = B3 + ~ 0~ - C2/(N~-l)

j=l ‘~

s2 5 = kB3 +~~~{kE~ + (i-k)(D~-E~)
2}

• (23) 
- {kS2 + (1

~
k)(C

~
S)2}/(Nn~

1)

• s(C,S) = kB3 ÷ ~ D.~kE. + (1-k)(D.-E.))
~

- C{kS + (i-k)(C-S)~/(N~-l) ,

where (13) defines s2(C), s2(S) and s(C S).

1~~ formul~ for computing these quantities apply for k 0 and 1.

Also notic. ~hat th~ number of calculatio ns J is always less than n

and usuall y considerably smaller. An additional convenience arises for

m < 12j+k-i for j 1 ,. .. ,3(m ,~~• Then for scheme in+i and k one has

~ 

~~--- -~~~~~ - .-~~~~~~~~~~~~~~~~- ------ -~~~~ _ _
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3(m+ 1 ,k) 
= ~(m~k)

K~~~
i -1 ,k)  

—j _ j

B(m÷ 1 ,k) 
= 8(m ,k) —

3 3
(24)

D(m+ l ,k) 
= 0(m,k) + 

-

~

E~~
i-
~”~ = Ecm ,k) + ~

= N(m ,k) 
- 3(m ,k)

7. Estimating m

The foregoing scheme for estimating E(N
fl-l)aCC, E(Nn

_l)oss and

E(Nn
_l )O CS leaves one remaining, but critical , problem before one can

compute an interval estima te for 0. This concerns the estimation of m

for gi ven k. Firstly, m for k=0 usually di ffers from m for k=l

Secondly, a criterion is needed to determi ne a satisfactory m for each

case. Conside r the linearized form (7) with variance in (9b). Since

(25) S2(Z(m~
k)) = S2(S(m~~~) - 2OS(C

(m
~
k),S(m~

k)) + o2s2(c~
ni
~~ )

provides an estimate of (9b) a conservative rule is t

(26) m* = min [m: ~
2
~~

(m
~
k) -

‘ s2(z~~’~~); i 0 ,...,Lk]

Lk sup (L21 +k-l~
1 �I�IM/21

Here Lk denotes the longest run of k’s in the sample sequence {L 1 1.

This rule requires total enumeration of all possible run lengths to

~ The quantity lxi denotes the integer part of x.

----- -~~ -~~ --~--~~ ~~ - -—— --- — -.— -.--~~~ - -~~~~~---- - -~~-— -—-------- -~~---- -- - -----~~---- .
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* *determine m . Moreover , by selecting m based on the maxima l

the rule picks the most conservative result that the empirical evidence

wi l l  support. A less costly and less conservative rul e is obtained as

follows . Let m~ denote the ith order statistic of the sequence

{L2i÷k_1~
L2i÷k l + 1: i=1 ,...,fM/2~}. Then the rule is defined as

(27) m** = mm [m
i
: S

2 (Z tn j~~~~) S2 (Z (m 11~~ ), i=l ,. ZfM/21J.

This rule compares sample variances for the empirical runs of k’s in

the sample. These are a subset of the runs contained in (26).

Regardless of which rule is selected to estimate m , a po ssibilit y

remai ns that the sample sequence 1L 1 } does not contain runs of sufficient

length to estimate m with a-ccuracy . One way to check on adequacy is to

plot 52(2(1~k.) versus i and observe if the sample variance achieves

an approximate plateau in the vicinity of its maximum. If it does then

one can place confi dence in the estimated m as providing suitable accuracy

for the approximating scheme.

8. A Queueinq Example

To illustrate the proposed estimation procedure we use a simulation

of the M/M/l queueing problem wi th arri val rate x = 1 and service

• rate ~ 
= l / .9 .~ This yields an activity level p = .9 which implies a high

level of congestion . In particu lar the mean number of jobs in queue is

p / ( l - p ) 9 and the mean waiting time is p/X(l-p) = 9. The objective is to

estimate fractiles of the waiting time distribution F corresponding to

waiting times w = 0,5.29,19.78. These fractiles are 0 = .1 ,.5,.9, respec-

tively, which cover a substantial part of the domain of F.

Let (W 1 ; i=l ,...,n) denote a sample sequence of 
waitin g times collected

on a given simulation run , where collection beqins after the effects of

t See Cox and Smith [63 

____ -
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initial condi tions has dissipated. Define

(
~~

) 
~~~~~~~ 

~l W~~< w

0 W~~> w

so that 6 in (6) estimates the fractile of F correspondino to W .

Results in Bl omquist [4] enabl e one to show that

(29) u r n  n var(O) = F (w){l+p2—2F (w)(l+A (l-p):)/(l-p )2-l+F (w)}

(30) F (w )  =

pe w >0

so that one can compute the large sample variance of 6 for comparison

with empirica l results .

For each value of 0 the sampling experiment consisted of n~8192

observations on 100 independent replication collected from a simulation

that was operating in the steady state. Appl i cation of the procedures

described in Sections 5,6 and 7 produced the results in Table 2. In

particular , the theoretica l mean is known ~~priori. The samp le m ean denotes

the average va l ues of ô over the 100 replications . The theoretical variance

follows from (29) divided by n whereas the sample variance is the

average value of S2(Z(m~~~~)/(N~,
m
~~~~_l )fl over the 100 replications.

The coverage ratos indicate the proportion of intervals based on Table I

that include the theoretica l o.

Notice that the coverage rates for o = .1 and .5 are conservative

whereas those for o= .9 need more careful scrutiny . Although the samp le

variances usually underestimate the corresponding theoretica l variance , the

width of the intervals appear larger than theoretically expected . Ihe

confusion disappears when we look at how the theoretical interval widths

:~. :T~: 1TT~1:::: TOW T II8 g ven run o has



-14-

Fable 2

Results of Proposed Procedures for an

Approximating Recurrent State

n=8l92, 100 repl i cations , l -cz=O.95

• - Order of No. of

~ 
Coverage Int erva l Sch~~e Renewals

Mean Variance x 10 Rate Width m N0 - 1

iheoretica l 0.1000 2.809 0.95 0.0657 n.a~ n.a.

Sample: k=0 0.1029 1.648 0.99 0.1269 33 4332

k=1 O.10~9 1.937 0.97 0.1835 l~ 991

Theoretica l 0.5000 34.00 0.95 0.2286 n.a. n.a.

Sample: k=O 0.5016 28.91 0.98 0.5050 25 2645

k=l 0.50 16 28.48 0.95 0.4906 2 3915

Theoretica l 0.9000 29.54 0.95 0.2131 n.a. n.a.

Sample: k=0 0.9000 35.05 
- 

0.82 0.9299 13 718

k=l 0.9000 24.92 0.91 0.2257 38 6764

Not applicable
1 Two replications chose m=O and ninety-eight chose m 1  . Ihe choice m= l

is theoreticall y correct .

- - -

~

. _ _ _ _



_ 
_
~~~~ - - - -

-15-

the normal distribution with mean 0 and variance var(6), given

in (29). Therefore Q /var(O], which is the basis of the theoretical

intervals in Table 2, provides centered intervals which have the shortest

possible widths. Since the confidence intervals based on the sample data

rely heavily on the procedure in Section 2, there is no reason to expect

them to be the shortest possible. Nevertheless the mean width of .9299

for k=O and 0 .9 indica tes that , at least in this case, a scheme with

k~O has lit t le focusing power. We examine this issue in greater detail

shortly. 

** .
Notice that m ~ 1 for ® = .l and k=l . This agrees wi th theory since

every time a job enters service imediately upon a r r iva l , a renewa l occurs .

In particular the mean number of renewals for 0 = .l and w 0  is [5]

n(l-p ) 819.2, which does not differ substantially from the reported 991 .

In section 3 we discussed a procedure for combining results for k 0

and k=1 to obtain shorter interva l estimates . Table 3 lists the results

based on (12) and compares them with the theoretica lly shortest achievable

interval for i- a  = .9 , the smallest achievable theoretical probability . The

dramatic reduction in widths compa red to those in Table 2 is apparent. Notice

Table 3

Intersecting Confidence Intervals
Coverage Interval

0 
________ 

Rates Widths

0 1 Theoretica l 90 0.0551
• Sample .96 0.0694

0.5 Theoretica l .90 0.1918
Sample .95 0.2472

0.9 Theoretica l .90 0.1,88
Sample .74 0.1666

that the rates for o = .1 and .5 remain. The poor performance for n = .9 is

I
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to be expected since Table 2 dictates a maxima l achievable rate of .82.

We next discuss the poorer than expected performance for o = .9. Table

4 shows the frequency of intervals corresponding to the seven cases enum-

• erated in Table 1. Notice that for 0 = .l and .5 for k 0 ,1 the intervals

occur principall y among cases 1,2 and 3. For 0 = .9 and k 1  case 3

occurs exclusively. However for 0 =.9 and k=0 the less desirable cases

4 and 5 occur in 98 replications. In particular the 91 of case 5 offer

insight into why the interval width for this case is so large in Table 2.

Table 4

Empirica l Frequency of Interval Estimates by Case (n 8192)

.1 .5 .9
Case Interval k=O k=l k=O k=l k 0  k 1

1 
- 

[a1,a2] ~0 98 58 88 1 0

2 [a1,l] 1/ 0 26 0 0 0

3 [0,a2] 0 1 0 12 1 100

4 [O ,a1]u[a2,l] 3 0 7 0 7 0

5 [0,a1] 0 0 9 0 91 0

6 [a21l] 0 I 0 0 0 0

7 [0,1] 0 0 0 0 0 0

Here f(®) in (10) is i nverted from the desirable situation that arises

in cases 1 ,2 and 3.

Before passing fina l judgement it is instructive to investigate the

effect of increased sample size on coverage rate and interval width for

o= .9. Table 5 compares results for n=8l92 and n=l6384. Notice the

substantial improvement in coverage rate for n=16384 and k=O. Regrettab ly

no similar improvement occurs for the interva l width. Moreover,

~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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lable 5

Comparison of Results for O= .9 and n=8192, 16384

Order of No. of

~ 
Coverage Interva l Scheme Renewals

Mean Variance x 10 Rate Width m** N - 1

n~8l92

Theoretica l 0.9000 29.54 0.95 0 2131 n.a. n.a.

Sample: k=0 0.9000 35.05 0.82 0.9299 13 7 18

k=1 0.9000 24 .92 0 .91 0.2257 38 6/64

n= 16384

Theoretica l 0.9000 14.77 0 .95 0.1507 n.a. n.a.

Sample: k=O 0.8996 12.00 0.95 0.9275 13 136?

k=1 0.8996 12.62 0 .94 0.2028 38 13537

Intersecting
Intervals

n=8l92

Theoretica l 0.9000 n.a. - - .90 0.1788 n.a. n.a.

Sample 0.9000 n.a. 0.74 0.1666 n.a. n.a.

n=16384 
-

Theoretica l 0.9000 n.a. ‘.90 0.1264 n.a. n.a.

Sample 0.8996 n.a. 0.89 0.1518 n.a. n.a. 

-~~-~ ~~~~~~~~~ _~~~ _~~~~
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The use of intersecting intervals offers little improvement over k=l.

A check of the interva l case frequencies in Table 6 shows that while case

5 occurs less frequently for the larger n, it is sti ll dominant for

k=0.

Table 6

Case Frequency Comparison for 0 = .9

k=O k=1
Case Interva l n=8192 

- 
n=16384 

— 
n=8192 n=16384

1 [a1,a2] 1 10 0 0

2 [ai, IJ 0 13 0 0

3 [O ,a2] 1 0 100 100

$ 4 f0,a 1 3 [a2,lJ 7 o o

5 [0,a1] 91 72 0 0

6 [a2,l] 0 0 0 0

7 [0,1] 0 0 0 0

9. Reconinendations

The results in Section 8 offer an encouraging picture for fractile

estimation and provides evidence on how to judge computed interval estimates

for their usefulness. Based on these results one can reconinend the following

steps:

1. Use the computing schemes in Sections 6 and the criterion (27)

in Section 7.

2. If the intervals are case 1 ,2 or 3 for k=O and k=1 , use these

intervals and , if desired , form the intersecting interva l

(with lower probabilit y) as In Section 3.

- -~~~~__  _ _ _ _ _  — -~~~
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3. I f cases 4, 5, 6 or 7 arise for k=O do not use the interval.

Do likewise for k=l.

4. If the nminber of renewals turns out to be small do not use the

intervals since the applicability of asymptotic results remains

in question .

- 
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Appendix

The appendix contains algorithms for computing point and l- z

confidence interval estimates for 0 = Pr{W
~ 

< w} for specified w, ~ and

sample size n.

RUNS converts a sample record W(l),. ..,W(n) to a sequence of run l engths

L(l),. ..,L(M) , where M < n, and computes a point estimate of 0.

INPUT

JMA X upper bound on M to be considered .
FRA CTW w .

n number of observations in original W record .
{W(i)} sample record. H

OUTPUT

THETA point estimate of 0.
JMA X largest value of M used.

n actual number of observations used .
{L(j)} sequence of run l engths.

VJJTS computes the cutpoints for rule m** in (27).

INPUT

JMAX, n , {L(j)} from RUNS output.
k J 0 if recurrent state is all zeros,

~ 
1 if recurrent state is all ones .

OUTPUT

JM number of cutpoints < JMAX/2 -I- 1
~M(j)} sequence of cutpoints for j=1 ,. - .,JM .

{COUNT(i)} frequency distribution of run lengths for k’s.

NOTE: T h i s  a lgo r i t h m  d e f i n e s  M( 0 )  - 0 and can be dropped if the
zero subscript is not permitted . The COUNT sequence, alth ouqh
not required , may assist one in determining the degree of confidence
to have in the overall interval estimation procedure. See Section 9.
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CALC computes the sample variances described in Section 6.

INPUT

JMA X and (L(j )}  from RUNS output. 
*m length of the recurrent state y -

k from KUTS input , k=0,1

- . 
. 

C sum of the C~ as defined in (22).

S E sum of the S. as defined in (22).
3

SC sample variance of the C. , s’ (C ) as defined in (23).
SS sampl e variance of the S3

, s (S) as defined in (23).
• SCS sample covariance of C~ and S~, s(C,S) as defined in ( 3).

N N~
_l as defined in (22).

NOTE: This algorithm nay be used for any m between I and ?i(JM),
where M(JM) may be found from the output of KUTS. ror u t - f l , which
is the assumption of independence , one should not use Ih i ’~ rout itut ’
but notice that: C=n , S=nTHETA , SC=SCS~0, N~n and SS--uTIII TA (1-TIIITA) ,
where THETA is taken from the output of RUNS .

CI calculates the endpoints of the 1 - ct confidence interval for 0 and

estimates the variance of Z defined in (7).

INP UT

THETA point estimate for 0 from the outpu t of RUNS.
ZALPHA the (1-ct/2) quantile of the standard norma l distr ibution .

C, S, SC, SS, SCS from the output of CAIC.

OUTPUT

sz s2(Z) as defined in (25).
Al l ower limit of confidence interval.
A2 upper l imit of conf.i.dence interval .
132 coefficient of quadratic term of f(o) in Table 2.

DISC discriminant for f(o) in Table 2.

NOTE: if DISC is negative then one has Case 7 of Tablu ’ ?. If I~~~

is negative one has an inverted interval , Cases 4 ,5 or b of Tahl~’ ~~~.

_ U



‘-~~-~~~
-
~~~~

-——--
~ - 

— --
~~~~~~~

‘
~~~~~~

‘: 
~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

-23-

A1~~ r it hm RUNS

1. j ‘ 1 .

2. L( j )  0 .

3. j  ~- j + ] .

4. I f i < J M A X go to 2.

5. i i .

6. XOLD 0 .

7. L (1) — ]

8. 1 ÷ 1 .

9. THETA 0 .

10. L(j) ~~
- L(j)+l

11. XNEW ~~ 0 .

12. If W ( i )  ~I.RACTW then XNEW 1 .

13 .  THETA THETA + X NEW -

14 .  j 
~ 
j + ( X N E W - X O L D )

2
.

15. i +- i+l -

16. XOLD -
~ XNEW .

17. If j < JMA X and i < n go to 10.

18. JMAX ’ j — l .

19.  n 4-  1 — 1

20. THETA *- THETA/n -

21. RETURN . 

•~~~~~~~~~~~~~~
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Alg~r i thm KUTS

1. i4 - O

2. i~ - i+l .

3. COUNT (i) + 0 .

4. I f i < n g o to 2.

5. i -- -i .

6. j~~~j+l

7. COLJNT(L(2j+k+l)) 
~~

- COUNT(L(2j+k+l)) + 1

8. If j i .p.{( J MAx-k -$ )/ 2J go to 6.
9. M(0) 0.

10. j - - 0 .

11 . i ÷ 0 .

12. i -*- i+l .

13. If COUNT( i )  0 and i < n go to 12.

14. If M(j) = i go to 17.

15. j  *- j+l -

16. M(j) ~- i

17. j  
~~

- j+l -

18. M(j) i+l

19. If i < n go to 1?.

20. JM + j-l .

21. RETURN -

_ _   

- - -~~~~~- • ------ -~~-- - - -
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Ai gpr it hm CALC

1. j ÷ - l .

2. j+j+1 .

3 .  If L(2j + k +1)  < and 2j+k+l < JMA X go to 2.
4. K l + j .

5. j  i.p.[(JMAX-k-l )/2] +1 .

6. j 4 - j- l

7. If L(2j +k+l ) < tn and j  > 1(1 go to 6.

8. K 2 4  j.

9. N < - —1 . -

10. S ~~
- - rn.

11. P 4 - —rn .

12. C ~— 0

13. LENGTH ~ - -m -

14. R ~- 0 -

15. Q~~ 
0 .

16. SS 0.

17. SC 0.

18. SR 0.

19. j  ~
- Ki - 1 .

20. j÷j+ l .

21. X ~- L(2j +k+l) .

22. I f X < r n g o to 34.

23. C~~ C + X + LEN G TH .

24. S~ S + X + P .

25. R~~- R + Q .

~



~ • -

-26-

26. N - - N + 1 + X - m -

27. SC ~~- SC + X - m + (LENGT H + rn)2.
28. SS + SS + X - m +  (P -i- ui) 2.

29. SR + SR + Q2.

30. LENGTH ± 0

31. P 4 - 0 .

32. Q 4 - 0 -

33. X~ - 0 -

34. If j > K2 go to 41.

35. LENGTH + LENGTH + X~.

36. P + P + X .

37. X ÷ L(2j +k+2).

38. LENGTH ~~- LENGTH + X.

39. Q ÷ Q + X

40. Go to 20.

41. I fN 0go to 49.

42. SC + (SC - C2/N) -

43. SS (SS - S2/N).

44. SR ÷ (SR - R2/N).

45. SS + kSS + (l-k)SR

46. SR kSR + (1-k)SS .

47. S < kS + (l—k)R .

48. SCS ~ - (SC + SS - SR)/2.

49. RETURN

- __p  - —- —-_------ ------- --—— - - -_ - —  - -—- --—_~_---—- - ~-
_— - ---- - -- - .~~~~~~~~-—----- -- ----— .-.-_
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Al gorithm CI

1. Al~~~0.

2. A2 +- l -
I

3. SZ ~ - SS - 2THETA(SCS) + THETA SC.

4. B2 C2 - ZALPHA2SC -

5. Bl < 2(C S - ZALPHA2SCS).

6. BO ~2 - ZALPHA 2
SS -

7. DISC ÷ Bl 2 - 4B0 B2 .

8. If B 2 = O g o to l9.

9. If D I SC <Og o to l8.

10. Al ± (Bl - DISC~)/(2B2).

11. A2 ± (B] + DI SC~~~)/(2B2)

12. If B 2 > O g o to 16.

13. TEMP ÷ Al.

14. Al ÷ A2.

15. A2 TEMP.

16. If Al < 0 then Al ÷ 0 .

17. If A2 > 1 then A2 ~ 1

18. RETURN .

19. If 81 > 0 then Al B0/Bl.

20. If 131 - 0 then A2 BO/Bl .

21. Go to 16.

~ 

~~~~~~~~~~~~~ -~~~~ - ——~~~~~~~~_
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