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FOREWORD

This report describes work performed in the Aerospace Research

Laboratories and in the Air Force Flight Dynamics Laboratory under
the Defense Research Sciences Program, Project 7071, Research in
Applied Mathematics, Task 01, Computational Aspects of Fluid and
Structural Mechanics. The work described was carried out between
October 1972 and July 1976. This is an interim report. Further re-
ports in this series will be documented under Project 2304, Mathe-
matical and Information Sciences, managed by the Air Force Office of

Scientific Research, Bolling AFB, DC.
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! SECTION I

INTRODUCTION

bt

The structural analysis of mathematical models of complex aero-
space and naval vehicles often involves the partial solution of the
generalized algebraic eigenvalue problem. A pair of n-square matrices
A and B are given and it is required to calculate one or more non-zero
] eigenvectors u and corresponding complex eigenvalues A for which Au =

ABu. In many familiar applications the matrices A and B are real and
symmetric and B is positive definite so that all arithmetic is real.
But n is very large. Often A and B have relatively few non-zero
entries; i.e., A and B are sparse. Nevertheless, the partial numer-
ical solution of the large generalized symmetric eigenproblem is a
! challenge to the numerical analyst and the systems programmer alike.
The terms "large'" and "very large" are used here relative to the com-
puter at hand and the limitations imposed by its operating system.
One may distinguish three cases. If at most one copy of A and B can
be stored in the central memory of the machine, we say that n is
large. 1If n is so great that only a relatively few n-vectors may be
simultaneously stored, then n is very large. If at most one n-vector

2 can be accomodated, then n is simply gigantic.

This report describes the simultaneous iteration method for the
partial solution of the generalized symmetric eigenproblem and gives
a USA Standard FORTRAN implementation of the algorithm called SUBKOUTINE

SIMITZ. The use of SIMITZ is indicated if n is large or very large,

e ——— e U ——
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but it will not handle gigantic problems. However, it may

! be appropriate to problems of moderate size when only a few eigen-

values or eigenvectors are required.

Section 11 of this report provides a brief mathematical formu-

lation of the simultaneous iteration method and describes the

Rutishauser-Reinsch algorithm ritzit upon the program SIMITZ is based.
Section 1I1 is devoted to a discussion of alternative methods for
solution of the large eigenproblem and their comparison with simul-

Detailed instructions for use of SIMITZ are given

2 taneous iteration.

f in Section IV and a complete listing of the FORTRAN program comprises

! Section V.
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SECTION II

DESCRIPTION

™
PSS

The present program is an implementation of the simultaneous
iteration algorithm [2] for calculating the eigenvalues largest in
magnitude and corresponding eigenvectors of a real matrix symmetric
1 relative to a prescribed inner product. Let ip(n, w, z) denote an
inner product in the space of real column n-tuples and let the real
n-square matrix C satisfy ip(n, Cw, z) = ip(n, w, Cz). Then C is

symmetric relative to ip, and if the n-square positive definite

matrix B satisfies ip(n, w, z) = wTBz then C is B-symmetric. The
equation BC = CTB characterizes the B-symmetry of C. Given an op-
tional set of p initial approximate eigenvectors of a real n-square
B-symmetric matrix C corresponding to p eigenvalues of C largest in
magnitude, the program calculates em eigenvalues and em corresponding
| eigenvectors, 0 < em < p < n, to a precision dependent on the struc-
ture of C and on a prescribed tolerance eps. The matrix B is pre-
sented to the program as an independently prepared real function sub-
f, program which calculates ip(n, w, 2z) = wTBz given column n-vectors

f- w and z. The matrix C is presented as an independently prepared

subroutine subprogram op(n, w, z) which when given an n-vector z com-
putes its image w = Cz. The program is an outgrowth of a literal

FORTRAN translation [6] of the ALGOL procedure ritzit [9] to which

it is substantially equivalent when ip(n, w, z) = sz, the standard

e W R AR A .

inner product. But depending on the choice of B and C, the present
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program enables the direct treatment of a wide variety of symmetric
eigenproblems.

Let A = AT and B = BT denote n-square real matricves and let o
be real. If B is positive definite then the matrix C = B—l(A -~ oB)
is B-symmetric, and the program computes eigenvalues farthest from
o of the eigenproblem Au = ABu and corresponding eigenvectors. Im-
plementation of op(n, w, z) here consists in providing for the appro-
priate solution for w of the linear system Bw = (A - 0B)z. Alter-
natively, selection of op to solve the system (A - oB)w = Bz for w
enables the calculation by simultaneous inverse iteration of the
eigenvalues nearest to o and their eigenvectors. Implications for
large sparse systems for which the Cholesky factorization [7] of B is
impractical are clear.

Let the eigenvalues dl’ ey dp, dp+l’ sy dn of C be arranged
in order of descending absolute value and let E_ denote the direct sum
d Let X

LA By 0

denote an n-by~p matrix having a p-dimensional column space not orth-

of the distinct eigenspaces corresponding to d

ogonal relative to ip to any eigenvector in Ep. Simultaneous iter-

ation is based on the observation that if |dp| > the columns

|dp+1|’
of the matrix Xk+m = Cka tend to a basis of Ep as ks = k + m in-
creases. But in practice all of the columns of st tend toward the

eigenspace El causing loss of information councerning the residual

eigenvectors. To counter this tendency, set

1
Spm © mekBk-Hn L
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where the p-square upper triangular matrix Bks is constructed to-

gether with st by the Gram-Schmidt process to render the columns of

st orthonormal relative to ip. Now the i-th column vector of st

converges to the i-th eigenvector of C at a rate proportional to
max , dax (ldi/di-1|’ |di+1/di|). Clearly this convergence will
be delayed in the presence of eigenvalue clustering. But if Idpl -

d is not too small, the column space of will contain a good
s g

ptl
approximation to the i-th eigenvector even when ks is small.
In order to recover this approximation, a modified Rayleigh-Ritz

process is employed. Let ka denote an orthogonal matrix which diag-

sBT . Then the i-th column

onalizes the p-square symmetric matrix B s

k

vector of
- cx. Bl q (2)
G k k41 k+1

converges to the i-th eigenvector of C at a rate proportional to
[dp+l/di| while the entries of the diagonal matrix computed with ka
and properly ordered offer close approximations to di, et di.
The true signed eigenvalues need only be computed at termination by
diagonalizing the leading (p - 1)-square principal submatrix of

X:SBCXRS, the eigenproblem for C projected on Ep_ relative to ip.

1
The program determines a strategy for employing the devices (1)

and (2) based on the distribution of the leading p eigenvalues of C

upon which the convergence rate ultimately depends. The selection of

values m in (1) is particularly important in this regard in that Cka

is replaced by the m-th Chebychev polynomial on an appropriate inter-
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val [-e, e] evaluated by a special 3-term recurrence relation and
permitting accelerated convergence when values of m are continually

l

large. As a result the convergence quotient lies between Idp/dem
and exp(-arc cosh Idem/dp|). It is nearer to the first value if
Idlldeml is large and nearer to the second if the latter quotient
is close to one.

As the iteration proceeds through a maximum of |km| iteration
steps ~ km is a program parameter - acceptance tests for the eigen-
values and eigenvectors are conducted following each of the Rayleigh-

Ritz steps (2). As soon as the relative increase of is smaller

[9ps |

than eps/10, then d is accepted and h, the number of previously

h+1
accepted eigenvalues, is increased by one. Eigenvectors are accepted
in groups of one or more corresponding to clusters of accepted eigen-
values nearly equal in magnitude. If g eigenvectors have already

been accepted, let dg Slewity d2 denote such a cluster. For all j,

+1°
g+ 1< j <%, denote by yj the projection relative to ip of the image
ij of the j-th column xj of st on the linear closure of Xys wee s

x,. Set f, = max 5 ||ij - yjll / llej|| for 1 & g 4 2y wus 5 2
where the indicated norm is the Euclidean norm or 2-norm relative to
ip. XE ldzifl/([dl[ - e) is smaller than eps then all the X5 j=
g+ 1, ... , 2, are accepted as eigenvectors and g is increased to (.
The error quantities fi are systematically discounted in accordance
with the convergence properties of the algorithm to permit convergence

in the presence of excessive round-off error or in case the parameter

eps is prescribed unrealistically small. Having determined g eigen-

miae e e o
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vectors, the iteration continues with p - g remaining columns of
X until either em eigenvectors have been calculated or |km| has
been exceeded. The program may reduce em if it detects either no
- progress in convergence of eigenvectors corresponding to smaller
eigenvalues or lack of stability in the behavior of larger eigen-
values.

The user may wish to supplement the forgoing outline of the
operation of the program by consulting the description of the ALGOL

procedure ritzit in [9] or [12] as well as a review of the mathem-

atical foundations of simultaneous iteration in [5] and [8]. For
this reason we describe the principal differences between »7tzit and
the present program. (a) The procedure inprod for calculating stand-
ard inner products was removed and the procedure ip was introduced
where appropriate. (b) The procedure jacobi for calculating the sol-
utions of the eigenproblem for the p-square and (p - 1l)-square sym-
metric matrices was replaced by calls to the EISPACK [9] subroutines
TRED2 and IMTQL2, primarily to save space. (c) The procedure random
for calculating random column n-vectors of the matrix st was re-
placed by in-line code which references a FORTRAN function RANF.

RANF returns uniformly distributed random REAL values from the inter- |

| val (0, 1), one per function reference, given any one argument of
any type. It is provided by the user. (d) The procedure orthog to

perform Gram-Schmidt orthogonalization of the columns of st was re- |

e

placed by internally linked in-line code. 1In attempting to control

g o s Ko G

potential underflow within orthog in a machine independent fashion,

C—
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ritzit calculates the machine precision mc but assumes in usage that
out-of-range values underflow gracefully to zero, a machine dependent

characteristic. The present program utilizes a single REAL machine

dependent constant MT, the ratio of the smallest FORTRAN represent-
able positive value to the machine precision, to test for this con-
dition and upon its detection to take appropriate measures. (e) In
its ALGOL implementation ritzit requires approximately (p + 3)n +
2p2 + 5p storage locations in excess of those required by the program.
Economies resulting in part from (b) above [3] have reduced this re-
quirement to (p + 2)n + p2 + 4p in the present program. All working
storage ic confined to a single array of 2n + p2 + 3p locations.
(f) The value of km as an input parameter, set to Ikm| during program
execution, is finally repla.ed by the value of ks as an output para-
meter, the number of iteration steps used in the calculation of em
eigenvectors. (g) The present program retains unchanged the refer-
ence to a user supplied procedure inf as a window on program execution.
However, the one variable involving eps is periodically redefined to
enable effective control of eps from inf or from ip or op should this
prove desirable.

The testing procedures developed for the present FORTRAN program
parallel its evolution from a research tool, which conformed closely

to its ALGOL parent, to present form. Early testing was concentrated

on duplicating the tests furnished with ritzit and in eliminating

errors in interpretation and translation of the ALGOL code. This was

done for the most part on the CDC 6600 using FORTRAN Extended, Ver-

|

—
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sion 3, under the SCOPE 3.3 operating system. Upon completion of
this first phase, the resulting program was distributed as SUBROUTINE
RITZIT with a locally developed library of FORTRAN linear algebra
routines [6]. This same program served as a basis of ritzit trans-
lations for IBM 360/370 processors [1,3] whose preparation uncovered
several bugs in the RITZIT code and suggested worthwhile modifica-
tions. A second phase of testing involved the development of a pack-
age of auxiliary FORTRAN programs for use with SUBROUTINE RITZIT to
solve the eigenvalue problem Au = ABu through methods depending on
Cholesky factorization where A and B may either be full matrices or
sparse and banded. This phase was conducted on the CDC 6600 using
FORTRAN Extended, Version 4, under SCOPE 3.4.

Systematic testing of the present program, SUBROUTINE SIMITZ,
has been accomplished in part with the aid of driver program TESTB
which generates a symmetric band matrix A and a lower triangular
band matrix T of prescribed order n and bandwidths whose relevant
entries are randomly generated integer values from a prescribed in-
terval. The band matrix B is TTT, and the program calculates the max-~
imal eigenvalues of Au = ABu. For the sequence of values of p, p = 2,
... , min([n/5], 10), TESTB exercises SIMITZ for successive values
of emy em =1, ... , p - 1. For each value of i, i =1, ... , em,
TESTB computes the residuals Axi - dini and their Euclidean norms
relative to the standard inner product. Each norm is normalized by
the difference |dl| - e, and for each value of em the quantity

max ; <i<em [lei - dini[[/(|d1| - e), the value k of i for which

I

s
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1 the maximum occurs, and the corresponding geometric mean with unit
weights are listed. Also listed are the relevant non-zero diagonals
of A and T and the final eigenvalues computed for em = p - 1.

Figure 1 shows an output listing from the executable program
TESTB on the CDC 6600 under the NOS/BE operating system and FORTRAN
Extended, Version 4. Here A and B are of order 30 and each of band-
width 7 having relevant entries between -99 and +99. Listed are the
main diagonal and the three adjacent lower diagonals of T and A be-
; -10

ginning with the entries in the first column. Here eps = 10 and

km = 100. Note how the relative nearness in magnitude of the first

three eigenvalues inhibits the convergence of the second eigenvector
when p = 3 and em = 2 resulting in acceptance of the first eigen-

vector only. The fourth eigenvalue, however, is in absolute value

far enough away from this cluster to permit successful convergence

when p = 4 and em = 1, 2, and 3. This phenomenon points to a pro-

3 cedure for pursuing a solution when p is initially chosen too small.
SIMITZ may be reentered with X containing the approximate eigenvectors
calculated for the smaller value of p as initial approximations for
use with p increased in size. Significant processor time may often

be saved in this fashion.

i
1
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SECTION II1I

SOME ALTERNATIVE METHODS

The generalized symmetric eigenvalue problem Au = ABu may in
theory be reduced to a standard symmetric eigenvalue problem Pv =
Av. When B is positive definite a lower triangular matrix T may be
calculated by Cholesky's method which satisfies B = TTT. Setting

v = TTu we have P = T-1 A (T-I)T. This calculation of T may be

i el alain. o e o an otk

accomplished even when n is large. But in practice the procedure is
complicated by the fact that P need not be sparse even when A and B
are so. But w = Pz can be calculated directly from A and T without
inversion of T. SIMITZ combined with Cholesky's decomposition elim-
inates the need for a special inner product - use ip (n, w, 2z) =

sz - and so improves efficiency for large n or for n of moderate
size. The so called direct methods of treating Au = ABu which rely
on orthogonal similarity transformations to reduce P to tridiagonal
form followed by application of the QL or QR algorithm [12] are gen-
erally unsuitable for large problems unless the structure of P is

quite special. So called iterative methods exemplified by simul-

taneous iteration must therefore be exploited when n is large.

One of the most popular of such methods is the inverse power

method or inverse iteration [12]. Given an approximate eigenvalue

o and an approximate corresponding eigervector X, the iteration

0
(A - oB) Xk = Bxk-l’ k =1, ... converges rapidly to an eigenvector %
of Au = )Bu when at each stage X:Bxk = 1. This resembles the simu-

taneous iteration algorithm but when p = em = 1 and when the cigen-

12
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ji value nearest to ¢ is sought with its eigenvector. The approximate
eigenvalue must be calculated first, however, and inverse iteration

may fail if o tends to identify a multiple eigenvalue. Eigenvalues

may be obtained by any of the various bisection methods [4,12] or by
Rayleigh-Ritz techniques. The inverse power method and its variants ;
are the only methods applicable to gigantic problems known to this
writer.

One of the most promising methods for very large problems is

k| the block Lanczos algorithm [11] for which a FORTRAN program is avail-
able to solve the standard symmetric eigenvalue problem Pv = )\v.

Block Lanczos has been compared to ritzit and found to be superior in
many situations. We see no inherent impediment to modifying block
Lanczos to produce solutions of Au = ABu in the manner in which we |

have modified ritzit.

13
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} SECTION IV

INSTRUCTIONS FOR THE USER

A FORTRAN executable program or subprogram possessing the con-
trol statements equivalent to

DIMENSION X(MN,P), D(P), WK(K)

INTEGER P, EM

REAL IP

EXTERNAL IP, INF, OP

] may call SUBROUTINE SIMITZ into execution via the statement

CALL SIMITZ (N, P, KM, EPS, IP, OP, INF, EM, X, MN, D, WK)
where

N is an INTEGER input variable, the order of the matrix C.

P is an INTEGER input variable, the number of simultaneous

iteration vectors.

KM as an INTEGER input variable is in magnitude the maximum
number of iteration steps to be executed. If KM identifies
a negative value then P initial approximate eigenvectors

are assumed to be present in the array X. Otherwise SIMITZ

supplies random initial eigenvectors.
KM as an INTEGER output variable identifies the number KS of
iteration steps finally used in the calculation of EM

eigenvectors.

e SR S e i i A e -

EPS 1is a REAL input variable, the tolerance for accepting

eigenvectors.

14
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IP

opP

INF

is an EXTERNAL input variable, the name of a FORTRAN compat-
ible REAL FUNCTION subprogram of the form IP(N, Z, W) which
must return the inner product (W, BZ) = WTBZ of the vectors
identified by the N-arrays Z and W relative to the positive
definite matrix B.

is an EXTERNAL input variable, the name of a FORTRAN compat-
ible SUBROUTINE subprogram of the form OP(N, Z, W) which must
calculate the image W of the vector identified by the N-array
Z under the N-square matrix C without overwriting Z.

is an EXTERNAL input variable, the name of a FORTRAN compat-
ible SUBROUTINE subprogram which may be used for obtaining in-
formation or to exert control during execution of SIMITZ. INF
has the form INF(KS, G, H, F) where

KS is an INTEGER output variable, the number of the next
iteration step.

G is an INTEGER output variable, the number of already
accepted eigenvectors.

H is an INTEGER output variable, the number of already
accepted eigenvalues.

F is a REAL output variable P-array, error quantities
measuring respectively the state of convergence of
the P simultaneous iteration vectors. In addition,
if convergence fails in SUBROUTINE IMTQL2 after G
eigenvectors have been accepted, then F(G+l) is re-

placed by 1000.*FLOAT (IERR) where IERR is the error

15
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indicator output by IMTQL2. Each element of the array

F is initially set by SIMITZ to the value 4.0.
as an INTEGER input variable is the number of eigenvalues to be
computed, 0 .LT. EM .LT. P .LE. MN.
as an INTEGER output variable is the number of eigenvectors com-
puted through KM iteration steps.
as a real N-by-P input array is a set of P optional initial
approximate eigenvectors X(I1,1), ... , X(I,P), I =1, ... , N,
interpreted by SIMITZ if KM is negative.
as a real N-by-P output array is a set of EM eigenvectors
Xx(1,1), ... , X(I,EM), I =1, ... , N, computed through IABS(KM)
iteration steps with the remainder of X consisting of P - EM
approximate eigenvectors. The N-by-P matrix X satisfies XTBX =
I, that is, the eigenvectors of C are B-orthonormal.
is an integer input variable which identifies the leading dimen-
sion in the calling program of the array X.
is a real output P-array of which D(1), ... , D(EM) are the
eigenvalues of C largest in magnitude in decreasing order cor-
responding to the computed eigenvectors X(I,1l), ... , X(I,EM),
I=1, ... , N. D(EMHl), ... , D(P-1) contain approximations
to progressively smaller such eigenvalues. D(P) contains the
most recently computed value of E, where the interval (-E,E) is
the interval over which the Chebyshev acceleration was performed.

the initial location of at least P2 + 3P + 2N = K consecutive

storage locations which may not be overwritten while SIMITZ is

16
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in execution.
SIMITZ employs a DATA statement to assign to a machine dependent REAL
variable MT the quotient of the smallest positive REAL value repre-
sentable by FORTRAN and the smallest REAL value whose sum with 1.0
exceeds 1.0. The performance of SIMITZ is strongly dependent upon
the choice of input parameters and upon the careful preparation of
the subprograms IP and OP. The user should develop experience with
SIMITZ on problems of moderate size before investing processor time
on very large problems for which the procedure is ultimately intended.
During its execution SIMITZ issues calls to the following subprograms
FUNCTION RANF
returns uniformly distributed random numbers on the open
interval (0, 1) given any one argument of any type.
SUBROUTINE TRED2
is the EISPACK program which computes a Householder tri-
diagonal form of a real symmetric matrix.
SUBROUTINE IMTQL2
is the EISPACK program which computes the eigenvalues and
orthonormal eigenvectors of a symmetric tridiagonal matrix.
FUNCTION IP
is described above.
SUBROUTINE OP
is described above.
SUBROUTINE INF

is described above.

17
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The Function RANF furnished with the CDC FORTRAN Common Library
Mathematical Routines is an excellent random number generator. How-
ever, no failures of SIMITZ have been noted even when RANF was re-
placed by a crude in-line congruence procedure. The user should use
the USA Standard FORTRAN versions of TRED2 or IMTQL2 rather than the
DOUBLE_PRECISION versions available for the IBM 360/370 compatible
processors. The EISPACK subroutine TQL2 may replace IMTQL2 if de-

! sired.

18
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SECTION V

PR DO SO L1 Sty

ALGORITHM

A complete listing follows of the simultaneous iteration algor-
! ithm for generalized symmetric matrices implemented in USA Standard

FORTRAN as SUBROUTINE SIMITZ. The program and its documentation

are separately sequenced.
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SYBROUTINI SIMITZ(N, P, KM, ZPS, IP, 0P, INF, EMy, X, MN, D, WK)

Rl Rt AL R R R R L e e R R A L R e R R R R S R R R TS

s XXX le Nz o Nzl N2l X2 e e e Ko Xa e X2 X K N3 ks K Ee R Hs R N o Ne He e Ne e Ne Ne No N No o e Ny is No Ne Ne o Ny o Ne Ne Ne Neo He )

IDENTIFICATION

SIMIT? - ITERATIVZ COMPUTATION OF ZIGINVALUES LARGEST IN MAGNI-
TUDZ AND CORRZISPONDING EIGZNVECTORS OF A RIAL GENZRAL-
IZED SYMMETRIC MATRIX

FORTRAN SUBROUTINE SUBPROGRAM

US AIR FORCE FLIGHT NYNAMICS LABORATO®Y

WRIGHT=-PATTERSON AFB8, OHIO 45433

PURPJSE

A REAL N=SAQUARI MATRIX C IS B=SYMMITPIC RELATIVE TO AN N=-SQUARE
POSITIVE DZFINITE MATRIX B IN CASZ 3C = C'B W4=R& C' IS TH:Z
TRANSPOSE NF Ce GIVEN AN OPTIONAL SET OF P INITIAL APPROXIMATE
EIGEINVECTORS OF A RcAL N=-SQUARE RB=SYMMETRIC MATRIX C CORRiS~-
PONDING TO P EIGENVALUES OF C LARGZIST IN MAGNITUDE, SIMITZ COM-
PUTES M EIGrNVALUES AND £M CORRESPONDING ZIGINVECTORS TO A
PRECISION NDEPENDENT ON THE STRUCTURE OF B AND C AND NN A GIVEN
TOLERANCE =PS, THE MATRIX B IS PRES=ZNT=ZD TO SIMITZ AS AN ALGO-
RITHM FOR CALCULATING TH: STANDARD INNER PR0DUCT (W, R7) = W'8Z
GIVEN COLUMN N-VECTORS W AND Z IMPLEMENTED AS A FORTRAN COM-
PATI3LC RIAL FUNCTION SUAPROGRAM, THZ MATRIX C IS PRESINTZID AS
A SUBROUTINE SUBPROGRAM WHICH GIVEN A COLUMN N=-VECTOR Z CALCU-
LATES ITS IMAGZ W = C7 UNDZR THZ B-SYMMETRIC MATRIX f. DIPEND-
ING ON THE CHOICE OF 3 ANN C, SIMITZ APPLIES TO A WIDE VARIETY
OF SYMMETRIC EIGENPROJLEMS.

CONTROL

DIMENSION X (MNyP)y DI(P),y WKIX)
INTEGER Py EM

RIAL IP

EXTEFNAL IP, INF, 0P

.

.

.
CALL SIMIT7(N, P, XM, ZPS, IP, CP, INF, EM, X, MN, D, WK)

WHERZ

N IS AN INTEGER INPUT VARIABLZ, TH. ORDER OF THE MATRIX C.

P IS AN INTEGER INPUT VARIABLE, THZ NUMBER OF STMULTANZOUS
ITERATION VECTORS

KM AS AN INTEGER INPUT VARIARLE IS IN MAGNITUDZ THE MAXIMUM
NUMBER OF ITZRATION STEPS TO BZ cXECUTED. IF KM IDINTIFIES
A NSGATIVE VALUE THEN P INITIAL APPROXIMAT:Z EIGENVECTORS
ART ASSUMED TO 3E PRESEINT IN THZ ARRAY X. OTHERAISE SIMITZ
SUPPLIES RANDOM INITIAL EIGENVZCTORS,

KM AS AN TNTEGER OUTPUT VARIABLE IO:NTIFICS THE NUM3ER KS OF
ITERATION STEPS FINALLY USED IN THE CALCULATION DF =M
EIGENVECTORS,

ZPS IS A RZAL INPUT VARIABRLE, THE TOLZIRANAE FNR ACCZ>TING
EIGENVECTORS,

IP IS AN ZXTERNAL INPUT VARIABLE, THZ NAME OF A FORTRAN COM-
PATIBLE KEAL FUNCTION SURPROGRAM OF THi FORM IP(N, 7, W)
WHICH MUST FZTURN TH- INNER PRODUCT (W, 37) = W'3I7 OF THE
VZCTORS TOSNTIFIED BY THE N=AR2AYS 7 AND W RILATIVZ TO THE
POSITIVE DEFINITE MATRIX B

OP IS AN EXTERNAL INPUT VARIABLE, THZ NAMg O A FORTRAN COM=
PATIBLE SURPOUTINZ SUBPROGRAM OF THE FORM OP(N, 7, W)
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SIMITZ2/0
SIMITZ/0
SIMITZ/C
SIMIT?7/0
SIMITZ/D
SINITZ/D
SIMITZ/0
SIMITZ/0
SIMITZ7/0
SIMITZ/0
SIMITZ/D
SIMITZ/D
SIMITZ/D
SIMITZ/0
SIMITZ/0
SINITZ/D
SIMITZ/0
SIMIT7/0
SIMIT7/0
SIMITZ/D
SIMITZ/D
SIMITZ/0
SIMITZ/D
SIMITZ/D
SIMIT7/0
SIMITZ/D
SIMITZ/D
SIMITZ/D
SIMITZ/D
SIMITZ/D
SIMITZ/0
SIMITZ/D
SINITZ/D
SIMITZ/D
SIMITZ/D
SIMITZ/D
SIMITZ/D
SIMITZ/0
SIMITZ/0
SIMIT7/0
SIMITZ/D
SIMITZ2/D
SIMITZ/D
SIMITZ/D
SIMITZ/D
SIMITZ/0
SIMITZ/0
SIMITZ/0
SIMITZ/0
SIMITZ/D
SIMITZ/0
SIMITZ/D
SIMITZ/0
SIMITZ/0
SIMITZ/0
SIMITZ/0
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c WHICH MUST CALCULATE THE IMAGZ W OF THt VEZCTCR IDINTIFIED SIMITZ/D 58
c BY THE N-ARRAY Z UNDZR THE N=-SQUARZ MATRIX C WIT40UT OVEZR- SIMITZ/D 59
c WRITING Zo SIMITZ/0 68
c INF IS AN EXTERNAL INPUT VARIARBLE, THZI NAMZ OF A FORTRAN COM=- SIMIT7/0D 61
c PATIALE SURBROJTINE SURPROGRAM WHICH MAY RI USZI0O “OR SIMITZ/0 62
c OBTAINING INFORMATION OR TO EXZIRT CONTROL DURING =XZCUTION SIMITZ7/D 63
c OF SIMITZ., INF HAS THEZ FORM INF(KS, G, Hy, F) WHIRZ SIMITZ7/0 6«
C XS IS AN INTESGER OUTPUT VARIABLZ, THZ NUMRCR 07 THZ NEXT SIMITZ/D 65
c ITEPATION STE°, SIMIT7/0 66
c G IS AN INTEGER QUTPUT VARIABLT, TH™ NJUMB.R 07 ALR-ADY SIMIT7/0 67
c ACCEPTED EIGCENVECTORS, SIMIT?/0 68
c H IS AN INTEGER QUTPUT VARIABL:I, THE NUMBER 07 ALRZADY SIMITZ/D 69
c ACCZPTED EIGENVALUES, SIMITZ/D 73
c F IS A REAL OUTPUT VARIABLZ P-ARRAY, :RROF AUANTITIZS SIMITZ/D 71
c MEASURING RZSPZCTIVELY THI STAT- OF CONVERGINCE OF SIMITZ/D 72
c THE P SIMULTANEZOUS ITZRATION VECTORS, 1IN AYDITION, SIMITZ/0 73
C IF CONVERGENGCE FAILS IN SUBROUTINE IMTAL? A TER G SIMIT?/0 74
c EIGENVECTORS HAVE 8ZIEN ACCEPTEN, THoN F(G+1) IS R:i- SIMITZ/D 75
c PLACZD BY 1(JJ.*FLOAT(IERR) WHERE I<R% IS T4 E£RROR SIMIT?/D 76
c INDICATOR QUTPUT BY IMTAL2, EACH cLEZIMINT 07 THZ ARRAY SIMIT7/D 77
c F IS INITIALLY SET RY SIMITZ TO THE VALUE 4.3, SIMIT7/0 78
c EM AS AN INTEGER INPUT VARIABLE IS THZ NUMBLR OF EISZNVALUcS SIMITZ/D 79
c TO BE COMPUTED, (G oLTe EM oLTe P oLEs N oLis MN. SIMIT7/D 8&
o} EM AS AN INTEGER OUTPUT VARIABLE IS THZ NUMBIR OF ZIGENVZCTORS SIMITZ/D 81
c COMPUTED THROUGH KM ITERATION STEPS, SIMITZ/0 82
c X AS A REAL N=BY=-P INPUT ARRAY IS A ST OF P OPTIONAL INITIAL SIMITZ/D 83
c APPROXIMATE EIGENVZICTORS X(Is1)y eees X(IyP)y I = 1, eeey SIMIT7/0D 8%
c Ny INTERPRETED BY SIMITZ IF KM IS NEGATIVZI. SIMIT?/D 8S
c X AS A RZIAL N=3Y=P QUTPUT ARRAY IS A SET OF EM ZIG-NVcCTORS SIMITZ/D 85
c X{Is1)y eeey X(I4ZM)y I = 1, sees Ny COMPYUTID TH2OUGH SIMITZ/0 87
c IABS(KM) ITERATION STEPS WITH THE RzMAINDI® OF X CONSISTING SIMITZ/D 88§
c OF P - EM APPROXIMAT:Z tIGENVECTORSe THE N=8Y=P MATRIX X SIMITZ/D 89
c SATISFIES Xx’'8X = I, THAT IS, THE EIGENVECTORS OF C AR:Z SIMITZ/D 93
c B=0RTHOGONAL. SIMIT7/0 91
c MN IS AN INTEGER INPUT VARIABLE WHICH IDENTIFIES TH™ LZADING SIMITZ/0 92
c DIMENSION IN THZ CALLING PROGRAM OF THE ARRPAY X, SIMITZZD 93
c D IS A RIAL OUTPUT P=ARRAY OF WHICH 0(1),y .ees N(ZM) AR: THE SIMITZ/D 3¢
c SIGENVALUES O C LARGEST IM MAGNITUD: IN J=CFZIASTNG ORDER SIMITZ/D 85
c CORRESPONDING TO THE COMPUTID ZIGENVECTORS X(TIy1)y eeas SIMITZ/0 36
c XCIgEM)y T = 1y seey No O(IM+1)y sees D(P=-1) CONTAIN SIMIT7Z/0D 37
c APPROXIMATIONS TO PROGRESSINELY SMALLERP SUCH ZIGTNVALUZS. SIMIT7/0 98
c D(P) CONTAINS THZ MOST RZICIHTLY COMPUTZID VALUS OF £, WHERE SIMIT7/D 99
c THZ INTERVAL (=z, E) IS THE INTERVAL OVER WHICH THE SIMIT?/010C
c CHEBYSHEV ACCELERATION WAS PERFORMEN, SIMITZ/0D101
c WK THZ INITIAL LOCATION OF AT LEAST P**2 4+ 3*p & 2¥N = K SIMITZ/0D0i32
c CONSECUTIVE STORAGE LOCATIONS WHICH MAY NJT BZ OVIR= STMITZ/D133
c WRITTEN WHILE SIMITZ IS IN <XcCUTION, SIMITZ/0104
c OTHER PROGRAMMING INFORMATION SIMITZ/0145
c SIMITZ ZMPLOYS A DATA STATEMINT TO ASSIGN TO A MACHIMT D(CP:N- SIMIT7/01:66
[ DENT 2CAL VARIABLI MT THZI OQUOTIENT OF TH. SMALLZST PNASITIVE SIMIT7Z/044a7
c REAL VALUE RIPRESINTASLE BY FORTRAN AND THE SMALLZIST REAL VALUE SIMITZ/D138
c WHOSEZ SUM WITH 1.0 =XCEENS 1.0 SIMITZ/0103
c SIMITZ/D11C
c THE PZRFORMANCZ OF SIMITZ IS STRONGLY NEPSMD-NT UPON TH:Z CHOICE SIMITZ/D111
c OF INPUT PARAMETERS ANND UPON THE CARZFUL PREPARATION OF THE SIMIT7/D112
c SUBPRAGRAMS IP AN) 0P, THI USIR SHOULD DEVELDIP EXPIOTIENCE SIMITZ/D113
c WITH SIMITZ ON PROBLEZIMS OF MODZIPATE SIZE NLFOR- INVESTING SIMITZ/D1i14

21
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IS ULTIMATZLY INTENDZO,
OTHER PROGRAMS RINUYIREN
FUNCTTION RANF

INTERPVAL (0, 1) GIVEN ANY ONE
SUBROUTINE TRED2

SUBROUTINE IMTAQL?2
IS THE EISPACK PROGRAM WHICH
ORTHONORMAL ZIGENVEICTORS OF A
FUNCTION IP
IS DEZSCRIBEN ABOVZ.
SUBROUTINE OP
IS DESCRIAEN AROVE,
SUBROUTINE INF
IS DESCPIREZN ABOV:Z,
METHOD

PROCESSOk TIME ON VERY LARGE PROBLZIMS FOR

AZGUMZINT GOF

COMPUT=S THe

WHIC

H THzZ PROCEDUR:

RZITURNS UNIFORMLY DIST-IRUT,D PANDOM NUMRBIFS ON THL OPIN

ANY TyYOoS,

IS THE EISPACK (4) PRCGRAM WHICH COMPUTES A& HNUSTHILDZR
TRIDIAGONAL FORM OF A REAL SYMM-TRIC MATFIX,

EIGENVALUES ANN

SYMMETRIC TRIDIAGNNAL MATRIX,

SIMITY

REPRESENTS RESHULTS

QF EXTENSIVE

MONIFICATIONS

AND T2 STS

OF SURROUTIN: RITZIT (1), AN ANSI FOSTREN TRANSLATION OF THE

ALGOL 60

PROCEDBURZ

0F TH

SAME NAM™ (3), TH: AASIC PYTISHAUSER

=RZINSCH ALGORITHM IS PR*S:tRVEN,
REFERENCES
(1) PAUL Je. NIXOLAT AND NAT=-XKUAN
LIBRARY HAND300X, ABL TR 7u¢=]

METRIC MATRICES, N'IM=R, MATH,

NEW YORK, 1974,

s iz Nels s Ee s N No Nz e e NoNs N N s Ne s Ne Ny NoNeNe Neo NeNo o Ns No e Ne No e Ne)

TSA0, THL AFL LIN.A® ALGL3RA
1{6y AzROSPACI RZISTARCH LAROR~

ATORIES, WRIGHT=PATTERSON AFR, NHIO, 4Q74,

(2) HEINZ RUTISHAUSER, COMPUTATIONAL ASPICTS IF F.l. AU.R'S
STMULTANSQUS ITSRATION METHOD, NUMER, MATH., 13(1753), 4=13,

(3) =emmeeccccccaea- -y STMULTANZOUS

ITEFATION

MITHON FOR SYM=

16(197C)y 205=-223,

(4) 2,T, SMITH ET AL, MATRIX EIGENSYSTIM ROUTIN.S-_I1%PACK

GUIDE, LEZCTURE NOTZS IN COMPUTZR SCITNCE 5, SPFINGZR-V5FLAG

LR R S R R R R R R R R R

SXTERNAL INF, Ie, 0P
INTEGER EM, Gy Hy ) 1G, IK, Jy
Ly JK, 1P, Ky KM, KS, Lo LF,
- L1, My MN, M1, N, L 71,
. 72
LOGICAL ORIG
RZAL D, Zy EP8y g4y Zdw 10, MT,
* Sy T, WKy X
DIMENSION X(MM,1), ND(1), WK(P,P,1)
c
DATA MT /4220360h4158650n25=27G/
c
c THE LNCAL VARIABL: ARRAYS FRNM (3) A®  ASSIGNZIN TN TH-
c VARPTASLI ASRPAY WX AS FOLLOWSE
c
C WK TqaJdel) = P(Iedds Iy J = 1y seey P
c WK(Ie142) = CX(IVy I = 1¢ 20ey P
c WK(I4292) = FUI)y I = 1y eoes Po
c WKETIe342) = RO(I)y I = 14y seey P
c WK(Tely2) = UCIVe I = Ly eeey N
C WKET4N,64y2) = WID s T = 1y eeer Ne
(~ NOT NZZDE0 ARE VI(I)y T = 14 sees Ny RUIDy T = 54 sees Py AND

22

SIMITZ/Di15
SIMIT7/0i16
SIMITZLBILT
SIMITZ/D118
SIMITZ/D119
SIMITZ/0D0125
SIMIT7Z /D121
SIMITZ /D122
SIMIT7/D123
SIMIT7/0D124
SIMITZ/D125
SIMITZ/D126
SIMIT7/D127
SIMIT?/0D:28
SEMITZ/D129
SIMIT7/D0130
SIMIT?/D0:31
SIMITZ/0:32
SIMITT/0133
SIMIT2/D13%
SIMITZ/Nn135
SIMIT?7/0135
SIMITZ/D137
SIMITZ2/0133
SIMIT?/D139
SIMIT?/014L
SIMIT7/01614
SIMIT7/0:i42
SIMIT7/7D143
SIMITZ/0144
SIMIT7/0145
SIMITZ/Diub
SIMITZ/70147

SIMIT7/0148
STUITZ/70149
SEMIN 2 4
SIMIT? 8
SIMIT? 2]
SIMItT? 7
SIMIT? 8
SIMITZ 3

SEMITZ 10
SIMITZ 11
SINITZ 12
SIAITZ 1

SINIT7 14
SINLTZ 15
SINITZ 15
SEMIT?Z 17
SIMTTE L8
SIAIT? 19
SIMIT? 2&
SIMIT? 24
SIML L 22
SIMIT? 23
SIMIT2 24
SIMIT? 25
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OO

140

20

30

40

50

60

70
20

150

OtIsdVy 1o J = 19 eoes P,

THE NEIXT STATZMEINT IS START,

£ = «0E+Q3
G =0

16 = §

H =10
7L = 12

72 = G

KS = 0

M =1

WK(Py1,2) = L0E+00
Do 16 L = &, P

WKL y2,2) = o4E+01
WKILy342) = LCZ2+0D
CONTINUEZ

IF (XM) 50,4 S50, 20
00 43 L = 1, P
DO 3C ) = 1, N
X (Jol) = ¢2L4T1*AANF (42:401) = o1Z4it
CONTINYZ
CONTINUZ
KM = TA3S(KM)
ASSIGN 63 TO IK

LF = I6
L1 =P
GO TO 9910

RAYLEIZH=RTIT7? STEP
STATEMENT 60 IS LOOP,
D0 81 K = IG, P
CALL 0B(Ns X(1,K)y WK(1,4.2))
DO 7¢ J = 14 N
X(JeK) = WK(Jy4,2)
CONTINUZ
CONTINUZ
ASSIGN 93 70 IK
LF = IG
LL =P
G0 TO 99)
IF (KS) 153, 10L, 150

MZASURIS AGAINST UNHAPPY CHOICZ OF INITIAL VeOTOES

N0 133 K = 1, P
IF (WK(K,¥,1)) 133, 110, 13C
DO 123 I = 1, N
X(IgX) = (2 +01*RANF(42°451) = o1:+¢(1
CONTINYE
KS = 1
CONTI NUZ
IF (XS - 1) 150, 143, 150
ASSIGN A1 TO I

LF = §
% A B
G0 TO 993
DN 130 X = 1I6G, P
DO 170 L = K, P
S = +0E+¢0C
D) 460 I = Ly P
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SIMIT?
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SIMITZ
SIMIT2
SIMIT?
STINITZ
SIMIT?
SIMITZ
SIMIT?
SIMIT?
SIMIT?
SIMITZ
SIMIT?
SIMIT?
SIMITZ
SIMITZ
SIMITZ
SIMITZ
SIMITZ
SIMIT?Z
SIMITZ
SIMITZ
SIMITZ
SIMIT?
SIMITZ
SIMITZ
SIMIT?
SIMITZ
SIMIT?
SIMITZ
SIMIT?
SIMIT?
SIMITZ
SIMIT?
SIMITZ
SIMIT?
SIVIT?
SIMIT?
SIMITZ
SIMITZ
SIMIT?
SIMIT?
SIMIT?
SIMIT?Z
SIMITZ
SIMIT?
SIvMITZ
SIMITZ
SIMIT?
SIMIT?
SIMIT?
SIMIT2
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160

173
133

190

o0

200

210

~N
~n
(=]

235

243

251

o000

120

338
360

S = S ¢ WK(T,K,1)*W<(T,L,1)
CONTINUE
WX (L,Ky1) = =S
CONTINYZ
CONTINUE
CALL TREIN2(Py, P = Gy, WK(TIG,IG,41), D(IG), WK(L1,4,2), WK(TH,IG,1))
CALL IMTOL2(P, P = Gy D(IG), WK(1,L42)y HK(IG,IG,1)y L)
WK(IG242) = AMAYL(UL(IN4242),y o1+ 04*FLOAT(L)Y)
D0 134 ¥ = IG, P
D(K) = SORT(AMAXI(=N(K),y (GI¢30))
CONTINUZ
RIORNZING cIGZNVALU:-S AND ZIGINVZCTORS ACCOROING TN SIZ- OF
THZ FNORMER IS ACCOMPLISHMIOD IN SUBROUTINZ IMTALZ2,
DO 230 J = 1, N
DO 210 X = IG, P
S = JJZ+4d)
DO 230 L = IG. P
S = S & X{JyL)*WK(L,K,1)
CONTTNUE
WKV ,4,2) = S
CONTINUZ
DC 220 X = IG,y P
X(JyK) = WUKI(K, 6,2)
CONTINUZ
CONTINUY
KS = KS « 3§
2 = AMAX1(D(P), Z)
RANNOMI7ZATION
IF (3 = 71) 260, 240, 240
00 258 J = 14 N
XCJeP) = (2-4(C1%RANF(,224(1) = 1T+01
CONTINUEZ
Jo =P - 1
ASSIGN 263 TO IK

LF = P
L = @
60 19 9933

COMPUTEZ CONTROL NUANTITIES £X(I),
D0 310 « = IG, JP
S = (DIK) = EN*(DIC) & )
IF (S) 27G, 2704 2RG
WK(K,142) = 402+0C
GO0 TO 310
IF (E) 3CJs 290, 330
WK(Cy1,2) = 412404 ¢ ALIG(D(K))
60 TO 310
WK(Ky1,2) = BLOG((D(K) + SOART(S))/Z)
CONTINUEZ
ACCEPTANCE TSST FOR - IGEMVALUZS INCLUNING ADJUSTMENT OF -M AND
H SUCH THAT D(EM) (AT, 4 D(H) LGT, - AND D(:-4) DOcS NOT
OSCILLATE STFONGLY
A & B
K =6
K=K+ 1
IF (Ev - X) 270, 330, 330
IF (D(K) = -) 36C, 367, 3ui
IF (I) 320, 320, 350

STMIT?
SIMIT?
SIMIT?
SIMIT?
SIVITZ?
SIMIT?
SIMIT?
SIMIT?
SIMITZ
SIMIT?
SIMITZ
SIvIT?
SIvMIT?
SIMITZ

IMIT2
SIMIT?
SIMITZ
SIMIT?
SIMIT?
SIMIT?Z
SIvIT?
SIMITZ
SIMITZ
SIMIT?
SIMITZ
SIMIT?
SIMIT?
SIMIT?
SIMIT?
SIMITZ
SIMITZ
SIMIT?
SIMIT?
SIMITZ
SIMIT?
SIMIT?
SIMIT?
SIMITZ
SIMITZ
SIMITY?Z
SIMIT?
SIMIT?
SIMIT?
STIMIT?
SIvITZ
SIMITZ
SIMIT?
SIMITZ
SIMITZ
SINITZ
SIMIT?
SIMITZ
SIMITZ
SIMITZ
SIMITZ
SIMITZ
SIVMITZ

117
113
119
12¢
121
122
123
126
125
126
127
128
129
130
131
132
133
136
135
136
137
138
139
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359
360

370
380
290
%00
410
420
430
440

450

4670

509

510

520

530
540

550

560

co
M

IF
X
S
K

co
H

AR

co
H

L
E2
Do

IF (D(X) =~ ¢999E5+00%WKI(K,3,2)) 360, 360, 120
NTINUE
=K -1
STATEMENT 370 TS <X&,
(EM) 380, 1130, 383
H
W1E401 + (1E+00%2PS
K + 1
IF (D(X)) 40O, 410y &CO
IF (D(K) = S*WK(K,3,2)) 390, 390, 410
NTINUE
K -1
\‘
= + 1
IF (K = H) 430, 43), 450
IF (D(K) =~ ) 440y 4Gy 42C

An

NTINUE
2K « 1

ACGEPTANCE TEST FOR £IGENVEGTORS
= G

= J0E+00

5390 X = IG, JP

IF (K - (L + 1)) 51C, 4KC,y 510
CHZICK FOR NgST=D SIGZNVALUCLS

«S5E+00/FLOAT (K3)
¢1Z+01/FLOAT (KS*M)

L ¢1

IF (L = JP) 480, wAO, 430

IF (WK(Ly142)%(WK(Ly1y2) ¢+ S) ¢ T = WK(L=141,2)%4K(L=141,2))

490, 49C, 470
CONTINIE
L3 L «-1
THE NEXT STATEMENT IS EXS,

IF (L - H) 51C, 510, 500
L=l =1
GO TO 00
CALL OP(N, X(1,K), WK(1,4,2))
S = «02+00
00 54C J = 1, L

IF (ABS(D(J) = D(K)) = 1.=-01*D(K)) 520, 5L, S&°

T = IP(N, WK(L1,4,2), X(1,0))

DO 530 I = 1, N

WK(Iyhy2) = WK(Iy4y2) = TEX(I,LD)

CON” INUE

S =S + T*7Y
CONTINUE
T = o1E401
IF (S oNEe «0E+00) T = IPIN, WK(1,442), WK(144y2))
E2 = AMAXL(E2, SORT(T/(S + T)))
IF (K = L) 590, 550, 590

TZST FOR ACCZPTANCE OF GROUP OF ZIGINVECTORS
IF (L oGEs M AN, DIEM) *WK(EM4242) LT, EPS*¥(D(eM) = ¢))

5 = gM

IF (E2 - "‘((Lv?l?” 560y 5‘;,' 587
00 572 J = L1, L
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SINITZ
SIMIT?
SIMIT?
SIMIT?Z
SIMIT?
SIMITZ
SIMIT?
SIMIT?
SIMITZ
SIMIT?
SIMIT?
SIMIT?
SIMIT?7
SIMITZ
SINIT?
SIMIT?
SIMITZ
SINIT?
SIvIT?
SIMIT?
SIMITZ
SIMITZ
SIMITZ
SIMITZ
SIMITZ
SIMIT?
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SINITZ
SIvITZ
SIMIT?
SIMIT?
SIMITZ
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SIMIT?
SIMIT?
SIMIT?
SIMIT?
SIMIT?
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SIMITZ
SIMIT?
SIMITZ

1l
T

142
143
144
145
146
a7
143
149
1590
154
152
153
154
155
156
157
153
159
16l
161
162
i63
its
165
166
167
163
169
17¢
171
172
73
176
175
i76
177
178
179
i8¢
18L
182
183
18«
185
136
i87
188
183
190
191
192
192
194
195
156
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-

573
580
593
600

613

749
75¢

760
770

# 789
i 793

1 8017
By a10

WAK(Jy242) = 22
CONTINYE
IF (L elfe ZM oANNe DILI®WK(L92,2) (LT EPS*®(D(L)
CONTINUZ
ADJUST M,
STATIMINT 505 IS X6,
G+
- oWLI=J1*N(1)) 61u,y 610, 627

02401/
«517400%22
= 2%INT(oUZ+01/AMINT (WK(14142)y ouc+(1))
= MING (M, X)
RcIUCZ £M IF CONVIRGINCE WOULD Rc TOO SLOW.
IF (WK (-My2,2)) 640y 635, 640
IF (FLOAT(KS) = (95+QC*FLOAT(KM)) 655 630,y 69C
S = FLOAT(K)*WK(EZM,1,2)
IF (S = +5E£-01) 660, 670, K72
T = o5FE+400%S*WK(EM,1,2)
GO TO 680

I AIMIMNDOD R I+
LN = ]

WK(ZMy1,2) ¢ ALOG(452Z400 + oSE+UD*IXP(=,2C+L1%*S))/FLOATI(K)

T =
S = ALOG(D(EM) *UWK(EMy2,2)/ (-PS*¥(N(EM) ~ £)))
I

F (SP*FLOATIKS) +GTe TEFLOAT((KM = KSI®KM)) EM = M

STATEMENT 530 IS £X2,

D0 733 K = IGy JP

WK(Ky 2y 2) = 0O(K)

CONTINUEZ

CALL INF(KS, Gy Hs W< (1,2,2))

IF (G «fZe tM «C0Re K3 oGEe KM) GO TO 11732
STATZMINT 713 IS EXi,

IF (XS + M = KM) 73C, 730, 72¢

12 = =%

IF (M «GTe 1) M = 2%((KM = KS + 1)/2)

ML = M
SHORTCUT LAST INTI®PM_NIATC ALOCK IF ALL F(I) AR:
SMALL.

IF (L = M) 78C, 740, 741

S = DULZMI®WK(IM 2,2)/7(-PS*(D(.M) = =))

T = S*S = L1E+G1

IF (T) A3, K0, 750
S = ALOG(S 4 SOPT(T)) /7 (WK(EMy1,2) = WK(H+1,1.,2))
ML = 2%INTU(.,5:-¢00%S ¢ 1012+01)
IF (M1 = M) 770, 770, 762
ML = M
GO T0 783
72 = =}
CHIAYSHLY TTcRATION
IF (M « 1) &0G, 79(, 92y
DO 816 K = IGy P
CALL 02(N, Y(1,K), WK(1,64,2))
DO B0L I = 44 N
X(Te¥) = WK(T,Ly2)
CONTINUE

CONTINU-
50 T0 903

= 3

SUFFICIENTLY

SIMITZ
STMITZ
SIMIT?
SIMITZ
SIMIT?
SIMITZ
SIMIT?
SIMITZ
SIMITZ
SIMITZ
SIMITZ
SIMITZ
SIMIT?
SIMIT?
SIMITZ
SIMITZ
SIMIT?
SIMIT?
SIMITZ
SIMITZ
SIMIT?
SIMIT?Z
SIMITZ
SIMITZ
SIMITZ
SIMITZ
SINITZ
SIMIT?Z
SIMITZ
SIMIT?
SIMITZ
SIMITZ
SIMITZ
SIMIT?
SIMIT?
SIMIT?
SIMIT?
SIMITZ
SIMITZ
SIMITZ
SIMIT?Z
SIMITZ
SIMIT?
SIMIT2
SIMITZ
SIMIT?
SIMITZ
SIMITZ
SIMIT?
SIMIT?
SIMITZ
SIMIT?
SIMIT2
SIMITZ
SIVIT?
SIMIT2
SIMIT?
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198
199
200
201
202
233
204
205
236
207
208
299
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820

830

840
850

869

873
880
893
903

9119
920
930
3490

950

960
979

989

o000

299
1630

1010

Lt = 41 = &
DO 833 K = IG, P
CALL OP(Ny X(14K)y WKI(1,4,2))
00 830 I = 1, N
IK = I ¢+ N
WK(IKy4492) = Z1%*WK(I,464,2)
CONTINUE
CALL OP(N, WKIN41,%,2), WK(1,4,2))
DO 840 I = 1,4 N
X(I,K) = Z2%WK(I,4,e2) = X(T,¥)
CONTINUE
IF (L1) 890, 85G, 85C
DO B88C J = 4, ML, 2
CALL OP(N, X(1,K), WK(1,4,2))
D0 A6D T = 1, N

IK =1 ¢« N
WK(IKylby2) = Z2%UKI(I,44L42) = WK(IK,L,2)
CONTINUE
CALL OP(N, WK(N+1,442), WK(1,4,2))
DO 873 I = 14 N
X(I ) = Z2%WK(I,44,42) = X(I,¥)
CONTINUE
CONTINUZ
CONTINUE
ASSIGN 910 70 IK
LF = IG
L = P
GO TO 991

DISCOUNTING THZ IRROS NUANTITI-S F
IF (G = H) 920, 97C, 97
IF (M - 1) 950, 930, G50
DO 943 K = IG, H
WK(Ky242) = WKI(K42,2)*(D(H+1)/D(X))
CONTINUE
GO TO 970
T = EXP(=FLOAT (M1)*WK(H+1,1,2))
No 960 XK = IG, H
S = EXP(=FLOAT(MLI®(AK(Ky147) = WK(H+L14142)))
WK(K9292) = SPHK(K4292)% 012402 ¢ THT)/ (1500 + (S¥TIS(S*T))
CONTINUE
KS = KS + M1
dec s 2g s MY
POSSI3LE REPETITION OF TMTERMEDIATZ STEPS
IF (72) 9804, 71C, 718
& =523 ¢ %
72 = 2%71
M =M+ M
GO TO 6L
PZRFORMS ORTHONORMALIZATION OF COL'MNS 1 THROUGH L1 JIF AR=AY
X ASSUMING THAT COLUMNS ! THROUGH LF « 1 ARS ALR:=ANY NRTHO-

NORMAL
00 1120 X = LF, L1
ORIG = JTRUZ,
T = ol240C
JK = K = 1
IF (JK) 1643, 106LC, 2017
00 1033 I = 1, X
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S = TP(Ny Y(1,T), Y(1{,X)) STIMITZ 311
IF (03I6G) WK(K,I,1) = § SIMITZ 312
T =T %+ §%% SIMIT?Z 2172
DO 1320 4 = 1, N SIMITZ 314
Y(JgKY = ¥ (JK) = S*X(J,]) SIMITZ 315
102¢ CONTINUZ SIMIT? 3216
103¢ CONTINYIZ SIMITZ 317
1040 S = IP(N, X(1,K), X(1,K)) SIMITZ 318
Fu S @ SI%ITZ 319
IF (S = o12=01*T) 1060, 1.A0s 1050 SIMITZ 22,
105¢ IF (T = MT) 17R2, 10R1y 1.AR] SIMITZ 221
1060 ORIG = ,FALSL, SIMIT?Z 322
IF €S = MT) 127Gy 167Gy 1460¢ SIMIT? 223
1070 S = «uitdi SIMITZ 324
13890 S = SN3T(S) SIMIT? 32¢ :
WK(Ky4Ky1) = S SIMIT? 326 1
IF (S) 13S0, 1106(, 1258 SIMITZ 327
10930 S = 12401/5 SIMITZ 326
110¢ DO 111 J = 1, N SIMITZ 223
X(JyK) = S*X(J,K) SIMITZ 33¢
1110 CONTINUZ SIMITZ 331
1120 CONTINUC SIMITZ 332
GO TO I, (€0s 30, 250, 913, 1140) SIMITZ @ 333
c STATEMENT 1130 IS £X. SIMITZ 334
113C =™ = 6 SEMITZ 235
c SOLVz ZIGENVEALUT PR0OALZM 0F PFOJCTION 0OF MATRIX G, SIMIT? 336
ASSIGN 114C TO TK SIMIT? 237
WF =1 SIMITZ 338
Li = JP SI“ITZ 339
GO TO 932 SIMITZ 2&:
114C DO 1164 X = 1, JP SIMIT? 242
CALL O0P(N, X(1,), X(1,0)) SIMETZ ~ 362
DO 1157 I = 1, K SIMIT7 343
WK(K4Ty1) = =IP(N, X(1,T), X(1,P)) SIMIT? 244
115¢ CONTINUCZ SIMIT7 345
1160 CONTINUZ SIMIT? 246k
CALL TREN2(P, JP, WY, T, WK(1,4,2), W<) SIMIT7 347
CALL IMTOL2(P, JP, Ny WK(1,4L42), WK, L) SIMITZ 348
WK(IG42¢2) = AMIXL(WK(TH4242)y o124 0*¥FLNOAT (L)) SIMITZ 343
c ARRANGE FIGENVALUES IN OPN-R 0OF NECR-ASING ATSOLUTE VALUc. SIMIT? 35.
00 1219 1 = 1, P SIMITZ 351
K= SIMITZ 352
DO 1173 I = J, JP SIMIT? 353
IF (A8S(NIIY) LGTe ABSINIX))) K = I SIMITZ 254
117¢C CONTINUZ SINITZ 2355
IF (X = J) 1200, 12CC, 115C SIMIT? 356
114¢ T = ND(K) SINITZ2 357
NIK) = NN SIMITY7 358
D(JY = T SIMITZ 359
po 1180 I = 1, )P SIMITZ 36.
T = WK(I\Ke1) SIMITZ 361
HK(I.'(;N = WK(TyJs1) SI“ITZ 362
WK(TeJdytl) = T SIMIT7 363
1190 CONTINUZ SIMIT7Z 364
1270 DY = =00 SIMIT? 265
1210 CONTINUZ SIMITZ 266 :
DO 125G J = 14 N SIMIT? 367 ‘
!
:
§
4
.
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DO 1230 I = 1, JP SIMIT?
g1 S = 02403 SI4ITT 363
no 1220 K = 1, J? SIMITZ 37
S = S ¢ X(JKIPHK(K,Is1) SIMITZ 371
122¢C CONTINUE sIMIT? 3IT2
P | WK(Is4y2) =S STMITZ 373
1230 CONTINUE SIMIT7 376
DO 124) I = 1, JP STMITZ 375
X(JpI) = WKI(I,%,y2) SIMITZ 375
1240 CONTINUE SIMITZ 317
1250 CONTINUZ SIMIT? 378
KM = KS SIMITZ 379
{ o(P) = £ SIMITZ 385
3 RZTURN SI4IT7 281
| END SIMETZ

29
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