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FOREWORD

This report describes work performed in the Aerospace Research

Laboratories and in the Air Force Flight Dynamics Laboratory under

the Defense Research Sciences Program, Project 7071, Research in

Applied Mathematics, Task 01, Computational Aspects of Fluid and

- 
• Structural Mechanics. The work described was carried out between

October 1972 and July 1976. This is an interim report. Further re-

ports in this series will be documented under Project 2304, Mathe-

matical and Information Sciences, managed by the Air Force Office of

Scientific Research, Boiling AFB, DC.
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SECTION I

INTRODUCTION

The structural analysis of mathematical models of complex aero-

space and naval vehicles often involves the partial solution of the

generalized algebra ic eigenvalue problem. A pair of n—square matrices

A and B are given and it is required to calculate one or more non—zero

eigenvectors u and corresponding complex eigenvalues A for which Au

ABu. In many familiar applications the matrices A and B are real and

symmetric and B is positive definite so that all arithmetic is real.

But n is very large. Often A and B have relatively few non—zero

entries; i.e., A and B are sparse. Nevertheless, the partial numer-

ical solution of the large generalized symmetric elgenproblem is a

challenge to the numerical analyst and the systems programmer alike.

The terms “large” and “very large” are used here relative to the com-

puter at hand and the limitations imposed by its operating system.

• One may distinguish three cases. If at most one copy of A and B can

be stored in the central memory of the machine, we say that n is

large. It n is so great that only a relatively few n—vectors may be

simultaneously stored , then n is ~~~~ 
large. If at most one n—vector

• can be accomodated , then n is simply gi~antic.

This report describes the simultaneous iteration method for the

partial solution of thc generalized symmetric eigenproblem and gives

a USA Standard FORTRAN implementation of the algor ithm called SUBROUTINE

SIMITZ. The use of SIMITZ is indicated if n is large or very large,

1
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but it will not h.lndle giganti i - probl ems. However , it may

— he .t ro r ’ ; . I t e  t r -~ h I . -n ~~ 1 moderate size when only a few eigen—

va lues o r t l  ~‘ou~v~~.
- t 01 ~-i are required .

Section II of this report provides a brief mathematical formu—

lation (~t the simultaneous iteration method and describes the

Rutishauser—Reinsch algorithm ritzit upon the program SIMITZ is based.

Section Ill is devoted to a discussion of alternative methods for

solution of the large eigenproblem and their comparison with simul-

taneous iteration . Detailed instructions for use of SIMITZ are given

in Section TV and a complete listing of the FORTRAN program comprises

Section V.

• I

2
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SECTION II

DESCRIPTION

The present program is an implementation of the simultaneous

iteration algorithm [2] for calculating the eigenvalues largest in

magnitude and corresponding eigenvectors of a real matrix symmetric

relative to a prescribed inner product. Let ip(n, v, z) denote an

inner product in the space of real column n—tuples and let the real

n—square matrix C satisfy ip(n, Cw , z) = ip(n, w , Cz). Then C is

symmetric relative to ip, and if the n—square positive definite

matrix B satisfies ip(n, w, z) = wTBz then C is B—symmetric. The

equation BC = CTB characterizes the B—symmetry of C. Given an op—

tional set of p initial approximate eigenvectors of a real n—square

B—symmetric matrix C corresponding to p eigenvalues of C largest in

magnitude, the program calculates em eigenvalues and em corresponding

eigenvectors, 0 < em < p ~ n , to a precision dependent on the struc-

ture of C and on a prescribed tolerance eps. The matrix B is pre-

sented to the program as an independently prepared real function sub—

program which calculates ip(n, w, z) = W
T
BZ given column n—vectors

w and z. The matrix C is presented as an independently prepared

subroutine subprogram op (n, w, z) which when given an n—vector z corn—

putes its image v = Cz. The program is an outgrowth of a literal

FORTRAN translation [6] of the ALGOL procedure i~~f~:~z
’t [9] to which

it is substantially equivalent when ip(n, w , z) = ~~~ the standard

inner product. But depending on the choice of B and C , the present

• 3
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program enables the direct treatment of a wide variety of symmetric

eigenproblems.

Let A A
T and B = BT denote n—square real matrfres and let a

be real. If B is positive definite then the matrix C = B 1 (A — aB)

is B—symmetric , and the program computes eigenvalues farthest from

a of the eigenproblern Au ABu and corresponding eigenvectors. Im—

plementation of op (n, w, z) here consists in providing for the appro-

priate solution for w of the linear system Bw = (A — oB)z. Alter-

natively , selection of op to solve the system (A — oB)w = Bz for w

enables the ca1cu~lation by simultaneous inverse iteration of the

eigenvalues nearest to a and their eigenvectors. Implications for

large sparse systems for which the Cholesky factorization [7] of B is

impractical are clear .

Let the eigenvalues d1, ... , d , d +l, dn of C be arranged

in order of descending absolute value and let E~ denote the direct sum

of the distinct eigenspaces corresponding to d1, ... , d .  Let X0

denote an n—by—p matrix having a p—dimensional column space not orth-

ogonal relative to ip to any eigenvector in E .  Simultaneous iter—

ation is based on the observation that if d > d j ,  the columns
p p+l

of the matrix X, = C’0X tend to a basis of E as ks = k + m in-
k p

creases. But in practice all of the columns of tend toward the

• eigenspace E
1 causing 

loss of information concerning the residual

eigenvectors. To counter this tendency, set

= C~ XI~B~~~~ (1)

4 
4
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where the p—square upper triangular matrix Bks is constructed to-

gether with X,~ by the Gram—Schmidt process to render the columns of

X, orthonormal relative to ip. Now the i—th column vector of XKs ks

converges to the i—th eigenvector of C at a rate proportional to

max 2 < ~. < ~ 
(k111d1_11, I d i+1/d~ I ) .  Clearly this convergence will

be delayed in, the presence of eigenvalue clustering. But if d l  —

ld~÷1l is not too small , the column space of will contain a good

approximation to the i—th eigenvector even when ks is small.

• In order to recover this approximation , a modified Rayleigh—Ritz

process is employed . Let 
~k 

denote an orthogonal matrix which diag—

onalizes the p—square symmetric matrix B
k B

~~
. Then the i—th column

vector of

X
k+l 

= CX
kBk~l

Qk+l (2)

converges to the i—th elgenvector of C at a rate proportional to

Jd
~~1

/d i J while the entries of the diagonal matrix computed with

and properly ordered offer close approximations to d~ , ... , d~ .

The true signed eigenvalues need only be computed at termination by

diagonalizing the leading (p — 1)—square principal submatrix of

X
~~~

BCX,K , the eigenproblem for C projected on E
1 

relative to ip.

The program determines a strategy for employing the devices (1)

and (2) based on the distribution of the leading p eigenvalues of C

upon which the convergence rate ultimately depends. The selection of

values m in (1) is particularly important in this regard in that CmXk
is replaced by the m—th Chebychev polynomial on an appropriate Inter—

5
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val [—e , e] evaluated by a special 3—term recurrence relation and

perm itting accelera ted convergence when values of m are con tinually

large. As a result the convergence quotient lies between Id /dem i

and exp(—arc cosh d / d  I). It is nearer to the first value if

is large and nearer to the second if the la tter quo tient

is close to one.

As the iteration proceeds through a maximum of lkm l i teration

steps — km is a program parameter — acceptance tests f or the eigen—

values and eigenvec tors are conduc ted following each of the Rayleigh—

Ritz steps (2). As soon as the relative increase of I d h+l l is smaller

than eps/lO , then dh+l is accepted and ii, the number of previously

accepted eigenvalues , is increased by one. Eigenvectors are accepted

in groups of one or more corresponding to clusters of accep ted eigen—

values nearly equal in magnitude. If g eigenvectors have already

been accep ted , let d
~+1~ 

... , d~ denote such a cluster . For all j,

g + 1 
~~ 

j  
~ 

2., denote by y. the projection relative to ip of the image

Cx . of the j—th column x. of X. on the linear closure of x ,
3 3 KS 1

x~ . Set f
1 max 

~ 
I ICx~ — H / I jCX~ II for i = g + 1, ... , 2.

where the indicated norm is the Euclidean norm or 2—norm relative to

ip. If jd 2. j f 2. / ( l d 2. I — e) is smaller than eps then all the x ., j  =

g + 1, ... , 2. , are accepted as eigenvectors and g is increased to ( .

The error quan tities f
1 

are sys tema ticall y discoun ted in accordance

with the convergence properties of the algorithm to permit convergence

in the presence of excessive round—off error or in case the parameter

eps is prescribed unrealisticall y small. Having determined g eigen—

I
6 
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vectors, the iteration continues with p — g remaining columns of

Xks 
until either em eigenvectors have been calculated or 1km; has

been exceeded . The program may reduce em if it detects either no

progress in convergence of eigenvectors corresponding to smaller

eigenvalues or lack of stability in the behavior of larger eigen—

values.

• The user may wish to supplement the forgoing outline of the

operation of the program by consulting the description of the ALGOL

procedure ritzit in [91 or [12] as well as a review of the mathem-

atical foundations of simultaneous iteration in [5] and [8]. For

this reason we describe the principal differences between ritzit and

the present program. (a) The procedure inprod for calculating stand-

ard inner products was removed and the procedure ip was introduced

where appropriate. (b) The procedure jacobi for calculating the sol-

utions of the eigenproblem f or the p—square and (p — 1)—square sym—

metric matrices was replaced by calls to the EISPACI( [9] subroutines

TRED2 and IMTQL2 , primarily to save space. (c) The procedure random

f or calculating random column n—vectors of the matrix was re-

placed by in—line code which references a FORTRAN function RANF .

RANF returns uniformly distributed random REAL values from the inter—

val (0 , 1), one per func t i on  reference , given any one argument of

any type.  It is provided by the user . (d) The procedure ort hog to

perform Gram—Schmidt orthogonalization of the columns of was re-

placed by internally linked in—line code. In attempting to control

potential underflow within ortho,q in a machine independent fashion ,

7
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ritait calculates the machine precision mc but assumes in usage that

out—of—range values underf low gracefully to zero , a machine dependen t

characteristic . The present program utilizes a single REAL machine

dependent constant MT , the ratio of the smallest FORTRAN represent-

able positive value to the mach ine prec ision , to test for this con-

dition and upon its detection to take appropriate measures. (e) In

its ALGOL implementation ritzit requ ires approx imately (p + 3)n +

2p
2 

+ 5p storage locations in excess of those required by the program .

Economies resul t ing in part from (b) above [3] have reduced this re-

quirement to (p + 2)n + p2 + 4p in the present program . All working

storage i~. con f in ed  to a single array of 2n + p2 + 3p locations.

(f) Th~ value of km as an input parameter , set to I kin l dur ing program

execution , is f inally rep]~~~ed by the value of ks as an output para-

me ter , the number of iteration steps used in the calculation of em

eigenvectors. (g) The present program retains unchanged the refer-

ence to a user supplied procedure inf as a window on program execution.

However , the one variable involving eps is periodically redefined to

enable e f f e c t ive control of eps from inf or from ip or op should this

prove desirable.

The testing proced ures developed f or the presen t FORTRAN program

parallel its evolu tion from a research tool , which conformed closely

to its ALGOL parent, to present form. Early testing was concentrated

on dup licating the tests furnished with ritait and in eliminating

errors in interpretation and translation of the ALGOL code. This was

done for the most part on the CDC 6600 using FORTRAN Extended , Ver—

8
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sion 3, under the SCOPE 3.3 operating system . Upon comp letion of

this f i rst phase , the resulting program was distributed as SUBROUTINE

RITZIT with a locally developed library of FORTRAN linear algebra

routines [6]. This same program served as a basis of ritzit trans—

lations f or IBM 360/370 processors [1,3] whose preparation uncovered

several bugs in the RITZIT code and suggested worthwhile modifica-

tions. A second phase of testing involved the development of a pack—

age of auxiliary FORTRAN programs for use with SUBROUTINE RITZIT to

solve the e~ genvalue problem Au = ABu through me thods depending on

Cholesky factor izat ion where A and B may either be full matrices or

sparse and banded . This phase was conducted on the CDC 6600 using

FORTRAN Extended , Version 4, under SCOPE 3.4.

Systematic testing of the present program , SUBROUTINE SIMITZ ,

has been accomplished in part with the aid of driver program TESTB

which generates a symmetric band matrix A and a lower triangular

band matrix T of prescr ibed order n and bandwid ths whose relevant

entries are randomly generated integer values from a prescribed in-

terval. The band matrix B is TT
T
, and the program calculates the max-

imal eigenvalues of Au = ABu . For the sequence of values of p, p = 2,

min([n/5], 10) , TESTE exercises SIMITZ for successive values

of em, em 1, .. . , p — 1. For each value of i, I = 1, ... , em,

TESTB computes the residuals Ax . — d
1

Bx . and their Euclidean norms

relative to the standard inner product.  Each norm is normalized by

the difference d
1t — e , and for each value of eta the quantity

max 1 < i < em I lAx 1 
— d1Bx 1l l f ( 1d 11 — e) ,  the value k of i for which

9



~~~~— -~~~~----- -~~~~~~~~~~~ - -

AFFDL-TR-76- 1 18

the max imum occurs , and the corresponding geometric mean with unit

weights are listed. Also listed are the relevant non—zero diagonals

of A and T and the f inal eigenvalues computed for em = p — 1.

Fi gure 1 shows an output  l is t ing from the executable program

TESTB on the CDC 6600 under the NOS/BE operating system and FORTRAN

Ex tended , Version 4. Here A and B are of order 30 and each of band-

width 7 having relevant entries between —99 and +99. Listed are the

main diagonal and the three adjacent lower diagonals of T and A be-

ginning with the entries in the first column. Here eps = lO~~
0 and

km = 100. Note how the relative nearness in magnitude of the first

three eigenvalues inhibits the convergence of the second ei genvector

when p = 3 and em = 2 resulting in acceptance of the f i rst eigen—

vector only. The fourth elgenvalue, however , is in absolute value

far enough away from this cluster to permit successful convergence

when p = 4 and em = 1, 2 , and 3. This phenomenon points to a pro-

ced ure for pursu ing a solu tion when p is initially chosen too small.

SIMITZ may be reentered with X containing the approximate eigenvectors

calcula ted for the smaller value of p as ini tial approx ima tions for

use with p increased in size. Signif ican t processor time may of ten

be saved in this fashion .

10
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SECTION I I I

SOME ALTERNATIVE METBODS

The generalized symmetric ei genvalue problem Au = ABu nay in

theory be reduced to a standard symmetric elgenvalue problem Pv

Xv . When B is positive definite a lower triangular matrix T may be

calculated by Cholesky ’s method which satisfies B = TTT. Setting

T -1 — i Tv = T u we have P = T A (T ) . This calculat ion of T may be

accomplished even when n is large . But in pract ice the procedure is

complicated by the fact that P need not be sparse even when A and B

are so. But w = Pz can be calculated directl y from A and T without

inversion of T. SIMITZ combined with Cholesky ’s decomposition elim-

inates the need for a special inner product — use ip (ii , w, z) =

— and so improves efficiency for large n or for n of moderate

size. The so called direct methods of treating Au = ABu which rely

on orthogonal s imi lar i ty  transformations to reduce P to tr idiagonal

form followed by application of the QL or QR algorithm [121 are gen—

erally unsuitable for large problems unless the structure of P is

quite special. So called iterative methods exemplified by simul—

taneous iteration must therefore be exploited when n is large.

One of the most popular of such methods is the inverse power

method or inverse iteration [12]. Given an approximate eigenvalue

o and an approximate cørresponding elgerivector X
0 

the iteration

(A — oB) X
k = BXk l ,  k = 1 , ... converges rapidly to an eigenvector

of Au ABu when at each stage X
~

BX
k 

= 1. This resembles the simu—

taneous iteration algorithm but when p = em 1 and when the cigen—

12
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value nearest to a is sought with its eigenvector. The approximate

eigenvalue must be calculated f i r s t , however , and inverse iteration

may fail  if a tend s to identify  a multiple eigenvalue . Eigenvalues

may be obtained by any of the various bisection methods [4 , 121 or by

Rayleigh—Ritz techniques. The inverse power method and its variants
- 

I are the only methods applicable to gigantic problems known to this

writer.

One of the most promising methods for very large problems is

the block Lanczos algorithm [11] for which a FORTRAN program is avail-

able to solve the standard symmetric eigenvalue problem Pv = Xv.

Block Lanczos has been compared to ritzit and found to be superior in

many situations. We see no inherent impediment to modifying block

Lanczos to produce solutions of Au = XBu in the manner in which we

have modified ritzit.

13
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SECTION IV

INSTRUCTIONS FOR THE USER

A FORTRAN executable program or subprogram possessing the con-

trol statements equivalent to

DIMENSION X(MN ,P) ,  D(P) , WK(K)

INTEGER P , EM

REAL IP

EXTERNAL IP , INF , OP

may call SUBROUTINE SINITZ into execution via the statement

CALL SIMITZ (N , P , KM , EPS , IP , OP . [ME , EM , X , MN , D , %~K)

where

N is an INTEGER input variable , the order of the matrix C.

P is an INTEGER input variable, the number of simultaneous

iteration vectors.

KM as an INTEGER input variable is in magnitude the maximum

number of i teration steps to be executed . If KM identif ies

a negative value then P ini t ia l  approximate eigenvectors

are assumed to be present in the array X . Otherwise SIMITZ

-
- supplies random initial elgenvectors.

KM as an INTEGER output variabi,e ident if ies  the number KS of

i terat ion steps f inal ly  used in the calculat ion of EM

eigenvectors .

EPS is a REAL input variable , the tolerance for accepting

eigenvectors.

3 14
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_ _ _ _ _ _ _ _ _ _ _ _ _ _  - -

AFFDL-TR-76-1 18

IP is an EXTERNAL input variable , the name of a FORTRAN compat—

ible REAL FUNCTION subprogram of the form IP(N , Z , W) which

must return the inner product (W, BZ) = WTBZ of the vectors

identified by the N—arrays Z and W relative to the positive

definite matrix B.

OP is an EXTERNAL input variable , the name of a FORTRAN compat-

ible SUBROUTINE subprogram of the form OP (N , Z , W) which must

calculate the image W of the vector identified by the N—array

Z under the N—square matrix C without overwriting Z .

INF is an EXTERNAL input var iable , the name of a FORTRAN compat-

ible SUBROUTINE subprogram which may be used for obtaining in—

formation or to exert control during execution of SIMITZ . INF

has the form INF(KS, G, H, F) where

KS is an INTEGER output variable, the number of the next

iteration step.

G is an INTEGER output variable, the number of already

accepted eigenvectors.

- 
- H is an INTEGER output variable, the number of already

accepted eigenvalues.

F is a REAL output variable P—array,  error quantities

measuring respectively the state of convergence of

the P simultaneous iteration vectors. In addition ,

if convergen ce fa ils in SUBROUTINE IMTQL2 af t e r  G

ei genvectors have been accepted , then F(G+l) is re—

placed by l000.*FLOAT (IERR) where IERR is the error

15

L - ~~~~~~~~~~~~~~~ . ---.
~~-~~~~~~~~~~ ---~~a---— 



AFFDL-TR- 76- 118

indicator output by IMTQL2 . Each element of the array

F is initially set by SIMITZ to the value 4.0.

EM as an INTEGER input variable is the number of eigenvalues to be

computed , 0 •LT . EM .LT . P .LE. MN.

F.M as an INTEGER output variable is the number of eigenvectors coin—

puted through KM iteration steps.

X as a real N—by—P input array is a set of P optional initial

approximate eigenvectors X( I ,l ),  ... , X(I ,P ) ,  I = 1, . . .  , N ,

interpreted by SIMITZ if KM is nega t ive.

X as a real N—by—P output array is a set of EM eigenvectors

X(I ,l),  . ..  , X(I,EM) , I = 1, . . .  , N , computed through IABS(KM)

iteration steps with the remainder of X consisting of P — EM

approximate eigenvectors. The N—b y—P matrix X satisfies xTBx =

I , that is , the eigenvectors of C are B—orthonormal.

MN is an integer input variable which identifies the leading d imen-

sion in the calling program of the array X .

D is a real output P—array of which D(l) , ... , D(EM) are the

eigenvalues of C largest in magnitude in decreasing order cor—

respond ing to the computed eigenvectors X(I ,l ) ,  . . .  , X( I ,EM),

I 1, . . .  , N. D(EM+l),  ... , D(P—l) contain approximations

to progressively smaller such eigenvalues. D(P) contains the

most recently computed value of E , where the interval (—E ,E) is

-
~ the interval over which the Chebyshev acceleration was performed .

WK the initial location of at least P2 + 3P + 2N K consecutive

storage locations which may not be overwritten while SIMITZ is

3 
16 
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in execution.

SIMITZ employs a DATA statement to assign to a machine dependent REAL

variable MT the quotient of the smallest positive REAL value repre-

sentable by FORTRAN and the smallest REAL value whose sum with 1.0

exceeds 1.0.  The performance of SIMITZ is strongly dependent upon

the choice of input parameters and upon the careful preparation of

the subprograms IP and OP. The user should develop experience with

SIMITZ on problems of moderate size before investing processor time

on very large problems for which the procedure is ultimately intended .

During its execution SIMITZ issues calls to the following subprograms

FUNCTION RANF

returns uniformly distributed random numbers on the open

interval (0 , 1) g iven any one argument of any type.

SUBROUTINE TRED2

is the EISPACK program which computes a Householder t n —

diagonal form of a real symmetric matrix.

SUBROUTINE IMTQL2

is the EISPACK program which computes the eigenvalues and

orthonormal eigenvectors of a symmetric tridiagonal matrix.

FUNCTION IP

is described above.

SUBROUTINE OP

is described above.

SUBROUTINE INF

is described above.

17 
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The Function RANF furnished with the CDC FORTRAN Common Library

Mathematical Routines is an excellent random number generator. How-

ever , no failures of SIMITZ have been noted even when RANF was re-

placed by a crude in—line congruence procedure. The user should use

the USA Standard FORTRAN versions of TRED2 or IMTQLZ rather than the

DOU BLE. PRECISION versions available for the IBM 360/370 compatible

processors. The EISPACK subroutine TQL2 may replace IMTQL2 if de—

sired .

I

18
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SECTION V

ALGORITHM

A complete l isting follows of the simultaneous iteration algor—

3 ithm for  generalized symmetric matrices implemented In USA Standard

FORTRAN as SUBROUTINE SIMITZ. The program and its documentation

- are separatel y sequenced.

19 
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S’JBRO ’JTIME SIMITZ (N, P , ‘(N, EPS, t P , OP , INF , EM, X , -IN, 0, WK~ SIMITZ 2

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ SIMIT7/D 2
C IDE NTIFI CATI ON SIMI T7/D 3
C S IMIT7 — ITE~ AT IV ~ C O M ~ UTA T IO N OF E T G E N V A L U E S  LARG E ST IN MAGNI— S IMITZ / C 5+
C TUIF ANt) CORR ESPONDING EI& ENV ECT ORS OF A REAL G E NE RAL— SIMIT7IO 5
C tZE f l  SYM M ETRIC MATRIX S IMIT 7/ D 6
C FORT RA N SUBROUTINE S L3PROGRAM SIMITZ .’D 7

• C US At’ FORC E FLIGIT DYNAM ICS LABORA TO~~Y SXPIIT2 /D 6

C WR IGHT— PATTEPSOPI A FB, OHIO 45433 SIMIT7/D 9
C PURP OSE S IMIT7/ D 10
C A REAL N—S0UA~~E MATRIX C IS B— SYMM TPIC RELATIVE TO AN N—SO UARE SIMIT7ID 11
C POSIT IV E DEFINIT E MA T R I X  9 IN CASE BC C~~B WM~~RE C’ IS TIl E SIMITT/D 12
C TRANS POSE OF C. GIVEN AN OPTIONAL SET OF P INITIAL A PPROXIMATE SIMIT7/’) 13
C EIGENV ECT OR S OF A REAL N—SOUARE D—SYMWE TRIC MATRIX C CORRES— SIMITZ/O 15+
C PONDING TO P LIGENVALUES OF C LA RGEST IN MAGN ITUDE, SIMI TZ CON— SIMIT T/O 15
C PtJT ES EM E I G r NV A L U E S  AND EM CORRESPONDING EIGENVECTOR S TO A SIMIT7/O 16

- 
I C PRECISION DEPENDENT ON TH E STRUCTURE OF B AND C AND ON 4 GIV EN S IM IT 7 / D  17

C TOLERANCE EPS. THE MA TRIX B IS PRE S~~NT~~O TO SIMIT7 AS AN ALGO— SIMITZ/O 18
C RITHM FOP CALCULATING TH~. STANDARD INNER PRODUCT (H, R7) W’BZ SIMIT7/O 19
C GIVEN COLU MN N—VECTORS N AND 7 IMPLE’IENTED AS A FORTRAN CON— STMIT7/D 23
C PATI 1LE REAL FUNC T IO N  SUOPROGRAM . T’IE MATRIX C IS P~~~S:NTED AS SIMITZ/D 21
C A SUBROUTINE SUBPROGRAM WHICH GIVEN A COLUMN N—V ECTO R 2 CALCU— SIMITZ/O 22
C LATES ITS IM AG~ W = Cl  UNDER THE B—SYMMET RI C  MA T R I X  f’. DEPEND— SIMITZ/D 23
C I N C  ON THE CHOICE OF B AND C, SIMITZ APPLIES TO A WI7E VARIETY SIMITZ/O 24
C OF SY MMETRIC EICC’H°RO-1LE MS . SIMITZ/O 25
C CONTROL SIMIT7/O 26
C SIM ITZ/ O 27
C DIMENSION XLP 4 N,P ) , DIP) , WK (K) SIMITZ/D 28
C INTEGE R 9, EM S IMITZ/ D 29
C REAL IP SIMITZ /D 3~
C EX T E~ NA L 19, IF-IF , OP 51Mh Z/ f l  31
C • SIMIT7/O 32
C • SIMITZ/O 33
C • SI’IITZ/O 3’.
C CA LL S 1341T7 1N. P, ‘(‘I, EPS ,  IP, OP , INC’ , EM , X , MN, 0, W’() SIMITZ/ D 35
C SIM ITZ/O 36
C WHERE SIMITZ/ D 37
C N IS AN INT EG ER INPUT V A R I A B L E ,  TH _ O RDER 00 THE M A T R I X  C. S IMIT Z/ O 38
C P IS AN INTEGE R INPUT V A P IA B L E ,  T HE NUMBER OF S IMULTAN EOUS S IMZTZ /O  3c
C ITERATION VECTORS . SI’IITZ/D 40
C KM AS AN INTEGER INPUT V A R I A P L E  IS IN MA G NIT 1JO THE M A X I M U M  SIMIT7/O ‘.1
C NUMBER OF IT~.RA T ION STE PS TO BE ~XE C UTE O . IF KM IDENTIFIES SIM ITZ/O 5+2
C A NEGATIVE VALUE THEN P INITIAL A P PROXIMATE EIGEPIV ECT O RS SIMIT !/D 43
C ARE ASSU MED TO iE ‘RESENT IN THE A R R A Y  X. OT NER~~ISE SIMITZ SIMITZ/D ‘.4
C SIJPPLIES RANDOM INITIAL Z IGENV ECTORS . SIMITZ/ O ‘.5
C KM AS A N INTEGER OUT°U T VARIABLE  IOi’ lTTFI~~S THE NUMIER KS OF SIMITZ/ D 46
C ITERAT ION STE’S C ’ T NALLY USED IN THE C A L C U L A T I O N  ‘)F EM S IMITT/ O 47
C E IGENV ECTO PS . SIMITZ/O 48
C IPS IS A R E A L  IN °UT V A R I A B L E ,  THE T O L E R A N C ~ FIC ’ 4CC~~’TING SIMITZ/O 49
C EIGE NVECTO RS. SIM IT Z/O 50
C 19 iS AN E X T E R N A L  INPU T VARIABLE, THE NA M E  OF A FORTRAN CON— SIMITZ/O 51
C °ATIRLE ~.E A L C ’UNCT ION SUB PR OG RAM OF THE FORM IP(’l , 7 , H) SIMITZ/ O 52
C WHICH MUST CET URN T N-P INNER PRODUC T LW , 37) W ’ 3 7  OF THE SIMITZ/D 53
C V ECTORS T OE NT I F IE)  BY THE N—AR ~~AYS 7 AND H R E L A T IV E  TO THE SIMITZ/0 5’.
C POSITIVE DEFINITE MATRIX B. S ?M X TZ/O 55
C OP IS A N EXTERNAL INPU T V A R IABLE, TH~ NAM E 00 A FORT RAN CON— S IMITZ/O 56
C PATIA LE SUBDOUTINE SU BPROGRAM OF THE FORM OP ( N,  F- , W ) S IMIT7/D 5

20
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C WHICH MUST C A L C U L A T E  THE IMAGE N OF THE V EC T O ’  I) ENTIFIEO S IM I T Z/ D  5~C BY THE N — A R R A Y  7 UNDER THE N—S DUARE MATRI X C WIT -lOUT OVER— SIMIT7/D 59
C W RITING 7. S I M I T 7/ O  6
C INF IS AN E X T E R N A L  INPU T V A R I A B L E ,  THE N A M E  OF A FO RT RA ’~ CO N— S IMIT 7/ D  61
C ‘AT IRLE SU BPOJTI N E SU BPROG RA M WHICH M A Y  BE USED ? O R S I M IT Z / O  62
C OBTAINING INFORMATION OR TO EXERT CONTROL OURING :X :CUT ION S IMIT 7/D  63
C OF SIMIT7. I~4F H AS THE FORM INFIKS.  C, H, F) w H E R E SIMIT~~/ O  ~~C KS IS AN INTEGER OUTPUT V A R I A B L E , THE N ’J - l B~~R 0? T IE NEXT S IMIT7 /D  65
C ITERATION STED . SI IIT7/O 66
C C IS AN INTEG : R OUT PUT V A R I A B L E ,  T H- N’JMC~~ 0? AL~~

_ ADY SIMIT7/D 67
C ACCEPTED EIGENVECTORS. SIMIT1/O 68
C H IS AN INT EGER OUT PUT V A R I A B L E ,  THE NUMBER 0? ALR EADY SIMITZ/D 69
C ACCEPTED E I G E NV A LLJE S .  S IM IT 7/ D  7E
C F IS A REAL OUTOUT VARIABLE P—AR ~~A Y , ~RROF 0’1~~NTI1IES S I’ I IT Z / D  71
C MEASU R IN CESPECT IVELY TH STATE OF OONV ERG NCE QF SIMIT7/D 72
C THE P SIMULTANEOUS ITERATION VECTORS. IN A )DITION, SP4ITZ/D 73
C IF CONVERGENCE FAILS IN SUBROUTINE IMTDL? A ?TE R G SIMIT7/O 75+
C EIGENVECTORS -lA yS BEEN ACC EPTE fl, TH~~ F(G+j) IS ~E— SIMIT7/D 75
C PLACED BY IEO3 , 4FLOAT (IERR) WHE R E IER~ IS T~~ ERROR SIMIT7/D 76
C INDICATOR OUTPUT BY IMTDL2 . EAC H ELEME N T 0? THE ARRAY SIMIT7/D 77
C F IS INITIALLY SET BY S I M T T 7  TO THE ~ A L(J E 4.~~. SIM IT7/O 78
C EM AS AN INTEGER INPUT VARIA B LE IS THE N IJMB. R OF EI ENVALU E S SIMIT2/O 79
C TO BE COM PUTED,  ~ . L T , EM •LT. P •LE. N • LE . MN. S IM I T7/ D  8E
C EM A S AN INTEGER OUTDUT VARIABLE IS THE NUM 9ER OF rGE NV ~ CTORS SIMIT7/D 81
C COMPUTED THROUGH KM ITERATION STEPS. SIMITZ/D 82
C X AS A REAL N—BY— P INPUT ARRAY IS A S:T OF P OPTI0~IA L INIT IAL SI MITZ/O A3
C A °PROXIMATE EIGENVECTORS X (I,j) , • , .  , X (I,P) j, • . .,  SIM~~T7/D 8’
C N, INTERPRETED BY SIMIT7 IF KM IS NEGATIVE. SIMIT7/D 85
C X AS A REAL N—BY— ’ OUT PUT ARRAY IS A SET OF EM EIE~~NV~~CTORS ST MIT7/O ~~
C X(I,i), ..., X(I,EM), I = 1, •.., N, COMPUTED T4~ 0UGM SIMITZ/fl 87
C IABS (KM) ITERATION STEPS WITH TIlE REMAIND!~ OF V CONSISTING SIMIT7/O 68
C OF P — EM A PPROXIM 4T~ EIGENVECTORS . THE N— BY—P - ‘ATRIX X S!MIT7/D 89
C SATISFIES X’BX I, THAT IS, THE LIGENVECTO RS or c ARE SIMIT7/D 9~
C B—ORTHOGONAL. SIMIT7/D 91
C MN IS AN INTEGER INPu T VARIABLE W HICH IDENT IFIES Tw~ LEADING SIM IT7/O 92
C OIMENSION IN THE CALLI NG PROGRAM OF THE AR~~A Y  X. GIMIT7/f) 93
C 0 IS A REAL OUTPUT P—A R RAY OF WHICH D ii ) DIEM) AR: THE SIM ITZ/D 91.
C SIGENVALUES O~ C LARGEST I N MA~~NITU [~~ IN )ECPEA S’NG ORDER S !MITZ/D 95
C CORRES PONDING TO THE COMPUTED EIGENVEJ.TORS X(I,1) , .. . ,  SIMITZ/D 96
C X ( I , EM)  , I = 1, .., , N, O ( E M + i ) ,  •..• O(°—t ) CC~JTA IN SIMIT 7/D 97
C A P P R O X I M A T I O N S  TO PROG PESS I~~ELY S M A L L E ’  SJC H ~ IG F-l VA LU~~S. S I M I T 7 / D  98
C D(~~) CONTAINS THE MOST RECENTLY COMP u TED VA LUE or E, WHERE SIMIT1/D 99
C THE INTERVAL ( — Es  E ) IS TUE INTERVAL OVER WHICH ~HE SIMIT7/D10~
C CI-IEBYSHEV ACCELE RATION WAS PERFORMEO . SIMIT7/D131
C WK TH INITIAL LOCATION OF AT LEAST ° ‘2  + 3’4P 4 2~ N = K SIM IT7/DI~~2
C CONSECUTIVE STO RAGE LOCATIONS WMI~~H MAY NOT RE O”ER— STMIT7/D1~~
C WRITTEN WHILE SIMIT7 IS IN ~XECUTION . SIMIT7/OtDL.
C OTHE R PROGRAMMING IN FORMA TION S!MIT7/O1~~5
C SIMIT? EMPLOYS A DATA STATEM ENT TO ASSIGN TO A ~~ C4IF-IE OEPEN— SIMIT7/O1~~6
C DENT W E A L  V A ° I A B L E  MT T H DUOT IENT OF T H E  S M A L L E S T  °~ SITIVE SIM IT7FOEU7
C REAL VALUE REPRESENT AB LE BY FORTRAN SNO THE SNA LL E~~ PEAL VALU E SIMITT/D138
C WHOSE SUM WITH i.J ~XCEEDS 1.~~. SIMIT7~~O109
C SIMIT 7/fl11:
C THE PERFORMANCE OF STMI T7 IS STRONGLY D PENP~~NT UPON 1H5 CHOICE SIMITZ/D111
C OF INPUT PARAM ETER S A M’) UPON THE C A R _ O IL  P R E PA R A T I O N  OF THE SIMIT7/0112
C SUBPROGRAMS IP AN) 0° . ~ME USER SHOULD DEVELD° ~~ P ’IENCE SIMITZ/D 113

- 

- C WITH S IM IT7 ruN PROBLEMS OF MOO ZPATE SI7E rU:FOR INVE~~TING SIMITZ/DEIL.
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C PROCESSOR TI ME UN V ERY LAR GE PROBLEMS F’)~~ WH IOM THE ~‘OC~ DUR: SF1177/OIlS
C IS ULTI M A T~~LV INTENOCO. STM IT7/0 1L6
C OTHER PROGRAMS R~~rMJ IREfl SF111710117
C FUNCTION RAN F SI IT7IO 11~
C RETURNS uuNI FO~~lLY ‘) I5T~~I1’j T r f l  ~ A NIO M p-nJMn:;s ItI ~~~ OPEN SIMIT7 ID1E-~
C I P IT E PV A L  (0 ,  1) GIV EN A N : ’ 0N A CUM EN T OF E NY  T V r ~E. SIM IT7 /DE2E
C SUBROUTINE TPED2 SFlIl1/DI~~1
C IS THE EISPAC< ((i) P~~c- ;~~AM WHICH ~ IM~~tUT~~ A HOU ’43L”:~ 

41 M1T710122
C TRI D IAGONA L FOR M O~ A ~~AL SYM M~~T’IC MA T IX . SIMIT7/U123
C SUBROUTINE IMT0L~ StMIT7/D~~2.
C IS THE EIS’ACK PR Y R A M  WHICH COMPUT:S TH~ -IGEN’ I ’L’JE S AN ’) 1M 1T7/D 25
C ORTHONOP HAL SIGENVE CTO RS OF A SYMM ET~~IC TRI IIAG’”A L MAT R IY . 51M 1T7 10125
C FUNCTION 1° SrMIT7/fl:27

C IS DESC RIBED A’)C)VE. SIMIT7/DI2~
C SUBROUTINE OP SIMIT~~IC1N
C IS OSSCRIB’E U AB OVE. SI’ .IT7Ifl :3~
C SUB ROUTINE INF ;F1I T 7 / O 1  31
C IS DESCPIB~~fl A B O V E. EI~~T T 7 / O : 3 . ?
C METHOD :iMI~~7/P:3!
C SPIIT7 RE°R[SENTS REEJ LT ’ I’F EXT~~U~~IV ~ ~ 1FI~~1Ti-m ’ ~~~~~ 1:575 I~~~TiID~~3.
C OF SUBROUTIN~ ‘IT7IT (1). A~N AN SI V 1 - Y R ~~N T - ’ LA T I I ’  C~ T ’ -~E. ~- I M IT 7/ f l :  35
C ALGOL bE PROCEOU JR O~ lU SA M- NAM (3). 744 ‘A~~~!~~ 

r u T I IE U S E .~ SIMIT 7/O 1~~—
C —REINSO M ALGORITHM TE °P SE PV Ll . ~I4IT 7fl ’137
C REFERENCES S r M I T 7 f D I f l
C 11) PAUL J. N IVOLAI ANI NAI— ’ (u)AN ISA’ ), T w ~ A~~L LI I  A ’ ~ ~~~~~~~ ~ E:—:T~~/r: 3-~
C LI-3RARY 9A NOBOOK , A~~L T~ 7~~—: 1E 6, A:~~~5PA5~ P~~

Y. ‘~ C~ L~- B O ~~ ETM IT 7 / [~~.E
C ATORIEC , WRIG M T— ’ATTT~~S0N 400, 1-11’), Ecu74 .
C (2) HEIN7 RUTIS HAJS H , C- ’1PU TATi t~~It.L AS P~~rTS J’ V .L. uA ’ I~~~’S S - ~- IT 7 /E~~1.2
C GI M IJL TA N~ OU! ITER ATION M:THOD, NII~~ T~ • M A T - I . :~~(~ ~c 9  , .— E T . E r ’ I T i / r :~~.s
C ( 3 )  , SIM I LTA N EOU T ITE~~r - TIO N ~~~ T—4 fl OQ R  SYM— EIM IT7/rl(4 (.
C METRIC MA T P IC E S , N ’t M -O . MAT H . 1 6I~~q7C ), ?F- —2 ’~~. ~i - 4 I T 7 / r :1.S
C (4) B.T. SMITH 51 AL, M A T R I X  SIC - I 5YG TE~ u T I :- _3~~~A ’~~ ~IM 1T 7 f~~~-.6
C &UID~~, L~~CTuJ ~ E NOTES IN CO MPU T~~ cCFNO : ~~. 5 ’ T ~ J~ : — V ~~~LA C  ~:IIT7I~~ . I.7
C NEW YORK, j 97~.. StMI T7 /t1.~

~~~~~~~~~~~~~~~~~~~~~

E~~~ERNAL TNF . I~~, OP ~IM I T ’  ,

INTEGER EM , C, H , I. IC, :~~~. j, S T M I T 7  S
J K ,  J D , K, K M .  ‘(S. L .  L0 , IIIT7
Li. H , ‘-4 !~~, -~l, N , P , 13. , ~ IMI t7  7
72 SF111’

LOGICAL ODIG SF1117 3
R EA L D. :, EPS, I i ,  ~ ?.  ID . MT . SIM IT ? 1~

5, T ,  WK ,  V ~IM IT7 11
RIMEMSICN V (N-I ,tU  , 0(1.) , WV ID ,~ • I) SF3 117 11

C S IM I T 7  13
D A T A  ‘IT /~ ‘2036. 5G~~,2:—27~~~/ S I IT T 7  11.

C SF111’ 1’5
C THE LOCAL VA P IA’3 L~ A~ -~~A v~ IP’)M (3) E A R 5 1 ~~~ED T I T~ SF1117 16
C VA RIABLE A~~~AY WV AS FOLLOW5~ 31 H1T7 17
C SI’11T7 ~
C WK (I,J,i) ru(I,J) ‘ I, J • 1, ..., EI --’IT7 1-’
C WKU,1,2 rx (T ), I 1. ..., °. SF4177 2 .
C W ’ ( I I , 2 , 2 )  F l I ) ,  I 1~~ ...s ~~. SF-lIlT 2I
C W K ( I , 3 , 2 )  ‘0(I), 1 = 1.. .... P • SIM IT7 7’
C W ’ ( U ,4 , 2)  ( ( ( I) ,  I • 3., •.., N, SF-t Ill 2!
C W K ( I + N , k , 2 )  = W I t ) , 1 1, ..., N. StIll’ 2-.

C NOT N E DE O A P E  V I I )  , ~ = I • . . . , N, ~~ I) , I, . . . . P, AU O St-lIT ? 25

22
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C 0(1.)), I, , SF111? 26
C ~IMIT7 27
C 1-4 3. ‘1~~V T  S T A T : — 4 . uIT IS 5 T A P T. S T I lT ’  28

= .]~~~+fl 5141 17 23
C = 0 SIMIT? 3:

I SIM IT7 31
-I = SF111’ 32
‘I SF1117 33
7? 0 SIM 1T? :s’~V S I SI M IT?  !~
N • 1 SIMIT7 36
W K I P ,1, 2)  = .QE-i- 0 : SIM IT7 3?
DO IC L = 1., ‘ SF111? 38

WK(L,2,2) = .4 5 + 1 SF411’ 39
WXIL,3 ,7) = . C E + 0 0  SF1017 5+1

AC CO NTINUE SIMIT? 5+1
I F ( ‘ ( N )  5 3 .  Si), 20 SIMIT? (42

20 00 4-3 L = 1, ~ SIMIT7 ‘.3
DO 30 3 = 1, 1 SF1117 1.5+

V ( J , L )  = .2’ •C1’ R A N 0 ( . 2 E 4 c 1 )  .IE+ 3. SF1117 5+5
30 CONTIN UE SIMIT? 46
1.~ CONTINUE SIMIT7 47
60 ‘(M = IABS (KH ) SIMIT T 48

ASS ICN 6] It’ IV Slu T? 5+9
LF IC SIMI!? S~
Li • SIMIT? 51
GO TO 913 S I M IT7  52

C P 4Y L E t ’ ~I-l — R T T ’  ST E ° SIM IT7 53
C STA ISMI IIT 60 IS L0O’. SF-lIT? 54

60 00 8~ K = IC , P SIMIT’ 55
• CALL O°(N. X(1,K), WK(j,4 •2)) SIMIT2 56

DO 7~ J I. ~ S IMIT7  57
= W l( ( 3,4,2) 51Mh Z 58

70 CONTIN E SIMIT7 59
‘0 CONTINUE SF1117 6

ASSIGN 91 TO IV  SF1117 61
= IC SF1117 62

LI = SPlIT? 63
GO TO 9B3 SF1117 5’.

90 IF ( K S )  151, i l L ,  15~ S IMIT ? 65
C M EAS UR ES AGAI NST J N U.~.°~~Y CHOICE OF INI TIA L V :C1IcS SF1117 66

111 00 133 K = 1. P SPlIT? 67
IF ( W K ( K , V , 1 ) )  1.33, 110, 3.3 : 51-4117 6u4

11! DO 3.21 I = 3.. ‘4 SF4117 69
- - 

V tj, ”(~ .?:+I1 .RA’Jo( .2: +1j, — .j~~ + Cj  S P lIT ?  7~
12] CONTIN UE S IMIT 7  it

‘(5 = SPl IT? 72
- 

- 135 CONT INUE SPlIT? 73
IF (KS — 1) 150, 11.3, F--] SIMIT7 7’.

1.41 ASSIGN p- -) TO IV SIMII7 75
L0 = I SI-lIT? 7~,
LI. = S1’IIT? 77
GO TO 93) SF1117 6

160 0’) 130 ‘( IC , P SF1117 7~
DO 17: L K, P SPlIT? 3,.

S = .05 +00 SPlIT? 81
DO ESE I = L. P SF1117 62

23
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$ = 5 • W V ( 1 , K , 1 ) ~~W K ( I , L , j )  SPlIT? 83
160 CO NT INUE S IMIT’  3’.

W V ( L , K , j )  = — S  SIMIT 7  35
17) CiJNT IN’J E S IM IT ?  66
13) CONTI NUC SF1117 ~?

CALL T R~~E P , P — c ~, W K 1 ;,IC ,i ,  0( 10) , W K ( 3 . , 4 ,2 ) ,  W K ( ’ C ,I G , l) )  SPlIT? 6~
CA LL IMIIL2 (O , D — C. 1(15). W V ( j , ’ . , 2 ) ,  - - l ’ ( ( I c; , T , , t ) .  L) S IM IT ?  89
W K ( j C , 2 , 7 )  : .~M A Y t ( W < ( C ,2, ’), .iE+I* FL IAT IL )) lIM IT? 91
00 13J K = 16. P SIM IT7 31

0 ( K )  = 30P1 (AMAV3. (_ 1(K) , • -3:+11 ) SPlIT! -92
193 C3NTIMISE SIMIT? 93

C 0’’~~~INC iI5~~N V A L ! P~ S AN D ~tr, ’1V 51O3S ACCO RD ING 1’] SI7 _ OF SPlIT? 9.
C T Hr ~ 1RME R IS AC CO ~~PL I)-1.D IN ~‘I~~P I ’J TtNE IMTOL2. ~ IM IT 7  9S

I~~ 23 -1 J = 1, N SIM IT? 96
00 23.0 K = I;. ~ S F- l IT?  ~~7

S = .15+3 1 SF1117 93
13 2-1 0 L = IC. ° SPlIT? 93

S • 5 4 V ( J , L ) ’~~’ ( (L , K ,j )  SF1117 1 3_
700  C O ? T t ’ i u ~ 5 1111? Et

= S SF1117 1- 1 2
‘13 CO N TI NJE SPlIT? 133

DC 22~ K = t o ,  ~ S I M I T 7  10’ .
SIMITZ 105

223 CONTIN UE SIMIT ? 136
23) CONTI NUE SPlIT? 1)7

KS <S • 1 SIMIT7 13’
= A M A X I ( f l ( D ) ,  5) SPlIT? 119

C QA Nf l I M I 7 A I T O I :  SF1117 ill
IF ( 3  — 71) 26 0 .  2’.), 2’.) SF1117 111

243 10 25I3 J = 1, N SPlIT’ 112
X(J ,P) = ,‘- +CI DA NC ( , ‘i+?i) * .F + 0 j  SPlIT? 11 3

‘5)  C O NTINUE SF1117 ii ’.
JP = P — SF111’ 115
A S S I G N  26 TI) 1K SIMIT’ 116
LF = SF1117 117
Li = SIMI17 11 -1
GO TO ‘993 SPlIT? 119

C C-O ’I~~?TE CONIPOL OJANTI TIE S C r 4 1) .  SF1017 120
260 10 113 V = IC. J R SIMII7 121

S = (0(K) — ~ )‘(r’(() + 5) SIMII? 3.22
IF ( 5 )  ‘ 7 G ,  2 7 0 ,  2 ’C SPl IT’ 123

‘70 WK (<,3. ’) = .~~E.0C SIMII ? 125+
GO TO 310 SPlIT’ 125

2 30 IF (0) 303. 2 9 1 , 313 SIMIT ? 126
293 WK (V ,1,2) .11+04 • AL)G(D(K)) SIMIT? 127

GO TO 110 SIMIT7 125
300 w V(K ,j.?) ALOG(fl (K) • ] O Z ’ T ( S ) ) / E )  S I M IT7  129
In CONTIN UE SIMIT7 13’.

C A C C E P T A N C E  T E S T  FOP ~ 1 1 ~ u V A L U E S  1NCL ’ I’ ) INC A O J ’ J S I M E N T  OF _ M AND SP l IT?  131
C H SUCH T HA T I( M) .CT . :, 1 ( U )  .61. _ ANt ) ILM ) DO _ S NOT SIMIT7 132
C OSCILLATE STFOIW,LY SIMIT? 133

r 71 — SIM ITZ 135+
K = SPlIT? 135

~23 K K + 1 S I M I T ?  136
IF (E M — K) 173, 330. 310 SIMITZ 13?

IIC I~ ~~~ — -.) 16C.  IF. -) ,  31.6 S IM IT7 135
31.0 IF ( I)  32 0 ,  3 2 0 ,  360 SPlIT! 139

24
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353 IF (0 ( K )  .9995+J~~~W K ( K ,1,2 ) )  ~6 C ,  360 . ~2 SPlIT? i~~.
360 CONTI NUE S T I l T ?  3.1 .3 .

EM = K — I SF1117 1(42
C STATEMENT 370 IS EX4 . SPlIT? 3.43

370 IF ( EM) 180,  1130 , 3 8 6  SPl IT? 1* ’.
380 K = H SPIlT? 11.6

S = . 10 .01  + .1I +00 5P5 SF411? 11.6
390 K = K • t SPl IT? 3 . 4 7

IF (0(K)) ‘. 00 ,  *10, 4 0 - 1  SIMIT ? 1’.’
5+00 IF (0(K) — 3~~W K ( V ,3 ,2 ) )  390 , 3 9 0 ,  4 10 SF111? 1L.~
5+ 10 CONTI NUE SF1117 150

H = K — I SF4117 iS:
K EM SPlIT’ 152

5+ 20 K = ‘C + 1 SPlIT’ 153
IF ( K  — H) ‘.30, 43) , 5+50 51Mh Z 19’.

4 30 IF ( 0 ( K )  — 5) ‘.‘.C, 41.6, 426 El-lIT? 155
44 3  CONTINU E SF1117 156

H K — I S P l I T?  157
C ACCE PTANCE TEST FOR EIGENVECTO P$ SIMIT7 i5~

5+ 50 L C S F- l IT?  159
E2 = .OE.Q0 SIM IT7 3.61
DO 593 K = IC,  JP S F-Ill? 161

IF (IC — (L + 1))  5 1 6 ,  4 6 0 ,  510 l IM IT?  162
C CHECK FOP NC S T ET)  1IG~~N V A L U _ S SPlIT? 3.6 3

463 ( = K S I M I T 7  15 .
Li = K SPlIT? 165
S = .5 E + Q O / F L O A 1 ( K 5 )  SF4117 166
I = •1E.01/FLOAT (KS~~M) SF1117 167

470 L = L + I SIMIT? 3.6~
IF (L — JP) 5 + 8 0 ,  4 8 0 ,  490 SF411? Ô~

1.80  IF ( W K ( L , 1 , ? ) ’ ( W ’ ( ( L , j , 2 )  +s ’t • I — WV(L—i,1,2 )~~WV(t—t,j,2)) SIMIT? 171
• 490, 496, 470 HMITZ 171

490 CON TINUE SIMIT’ 172
L = L — 1 S I M I T7  173

C TUE NEXT S T A T E M E N T  IS E XS .  SF4117 175+
IF (L — H) SiC, 510,  500  ~ IM I T ?  175

503 L = Li — 1 S I M IT 7  3 .7 6
GO TO 600 SIMIT7 177

510 CALL O’ ( N , X ( t , K ) ,  W K ( j , 4 , 2 ) )  SPl IT? i7~
S = .uE +00 SIMIT? 17-9
00 546 J = I, L SPilT? 3.83.

IF ( A B S ( D ( J )  — D ( V ) )  — . 1 — 01~~D ( K ) )  520 , 5’.~~, 95+ S I4 IT 7  181
5 2 0  T = IP(N, WV (j,4,2), X (1,J)) SI-lIT? 182

00 530 I 1, N S P l I T ?  ~~~W K ( I ,4 ,2 )  = W K ( I , * , 2 )  — T~~X ( I ,J )  SF1111 18.
530 CON’1NU~ S I M I T 7  185

S = S + ~~ T S I M I TZ  3 .3 6
51.0 CONTIIIUE SF111? 3.87

I z •;5 +Qj $1M117 3-~
IF (S •Nt .  . 00 . 0 0 )  1 = IP (M ,  W V ( 1 , l., 2 ) ,  W K ( 1 , I . ,2 ) )  S I M IT ?  18~0? = A MA X I ( 0 2 ,  S O R I ( T / ( S  + T ) ) )  SF4117 19)
IF ( K — L) 590 , ~~~~ 590 SIM IT7  :91

C T EST roc A C C E P T A N C E  O~ r,qO,,p OF ~IS.1NVECTORS SI MIT ? 192
550 IF (L .60.  SM • A ND. 0 ( E M ) ’ W K ( E M , 2 ,2 )  • L T . ED S (O L M )  — E ) )  S I M IT 1  19!

• 5 = EM SPl IT?  19’.
IF (52  — W K ( L , 2 , 2 ) )  56 -3 , 58 ,~ , 68 :  S I M I T ?  195

560 00 5? ) J L i , L S I M T T Z  i56

25
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H K ( J , ? , 2 )  SP l IT?  197
~ 7 CONTINUE SPlIT? 193
983 IF IL .LE. 5M .IN ]. fl (L)’WK(L,2.2) .LT. ~Pc’ (1(L) — ~~)) S. = L SPlIT? 199
59) CONTINUE SIMITZ 206

C A DJU ST H , SF4117 201
C STA T ) HINT S C )  IS X6. SIMIT7 202
603 IS. S • 1 SF4117 2)3

I~ (1 — •41—)1~~~(1)) 61., 63.0, 625 SPlIT? 20’.
613 M I SIMIIZ 205

K = 1 SPlIT! 236
Cr) TO 63) SIMIT7 217

621 E7 = .2: + 3j / 5  SPlIT? 23t3
El = .51 + 0 0 E2 S I M I T7  2 3 9
< 2 I N 1 ( . 1 . E , S 1 / A M I N 1 ( W K ( 1 , 1 , 2 ) ,  . 5 + 5 + 6 1 ) )  SF-UT? 216
H = MIN~~(M, K) SIMIT? 211

C R~ 1(JSE 1 M IF CONV PC :NC5 WOULD -D r_ T OO SLOW . SIMIT? 212
43 3  IF ( W < ( M , 2 , 2) )  6’.C. 611 , 61.0 SIMIT7 213
64) IF (FL0AT (K~~) — •95+23.’FIIAT (V M ) )  661~ 6 9 0 ,  6~~L S IMIT7 215+
65 0 5 = F L O A T ( K ) ~~W X ( P l , 1 , 2 )  SPIlT ! 215

IF (S — .55—0 1) 6~~C , 6 7 ) ,  67) 51Mh Z 216
66-1 1 = • 5 5 +-3J~~S’W K( EM.1 ,2 )  SIMIT7 217

GO TO 68) SPIlT? 215
67) 1 WK( M ,1,2) + A L O S ( . 5 1 + O 5  + •5E+uO•~~~~ (— .25+Lt*S))/ FLOAT (K) SIMIT? 219
6 8)  S =  A L OG (fl(1M )*WK (EM,2,2)/(~~PS~~(O(:M) — 5))) SPlIT! 22C

IF (S’~~L 0 ~~T ( K S )  • 61, T F L O A T U K M  — KS)~~V M )) 5M ~ M — 3. SPlIT? 221
C S T A T E M E N T  6 9 3  IS X 2 .  SF4117 222
69) 00 7 3 )  K = IC, JP SF-lIT? 223

W K ( ’ ( ,~~,2)  = 0(V) SF1117 22 1.
70)  CONTINUE S IMIT7 225

CALL  I N F ( K S ,  6, ‘4 , W < ( 1 , ) , 2 ) )  SF4117 226
IF ( C .5 5. :M .C~~. KS .GE. ‘(H) GO TO 1133 SPl IT? 227

C S T A T ~~M5NT 713 IS ~~(j~ SIMITZ 228
713 IF (KS + H — V M )  731, 7-3 1 , 72: SIMIT? 22~
72 6  72 = —1 SF4117 23~

IF (‘4 .61. 1) H = 2 4 ( K M  — ‘(5 + I l l ? )  SPl IT? 231
?~~3 Mi = M SIMIT7 232

C S’1O~~T Ct J 1 L A S T  INT _ °M _ I) IA IE  PLOC’( IF A L L  F (I)  A P - ~ S IJ F F I C I E N T L Y  S IMIT7 233
C SMALL. SIMIT’ 234

I~ IL — M )  73 1 . . 74- , 7’.-) S I M I T ?  235
74 - 3 5 = D(~~M)~~W V ( : M . 2 , ? ) , ( ~~PS . ( f l ( M) — ~I I  SPlIT? 236

T = S’S — .10+ 11  SPlIT? 237
IF (1) 63 ,  60,  760 SF-iTT? 238

75~ S = ALOC (S • SO~~1 ( T ) ) / ( U K L 4 , 1 , 2)  — W ’ ( ( ’ 4 + 1 , t , 2 ) )  SIMII7 239
Ml = ?‘IHT(.5~~+ Crj’S • .3.OI ’31) STMIT? 21.
I~ (Ml — tI ) 7 7 3 ,  77~~, 7’~) SIMIT7  21.1

760 Ml 4 SF1117 242
GO Ti ?~~) SPlIT? 243

77 0  ‘2 = — 1  SPl IT!  21.4
C C’4 -D V S .~~- V  IT~~-~ AT IDN SF411’ 25+5
7~~~J IF (M — 1) ~01, 7° c .  ~?1 SPlIT? 21.6
79) I) ~ L K = 16, r’ SPlIT? 21.7

CALL O ’ I N , W l ~~, V ), W KI1, ’.,7)) SIMIT7 21.8
[tO ~0 I • 1, N SIMIT? 25+9

~( I , V ) = W K (I,’,?) SF4117 25~
80) S-ONI1N’JE SF1117 251
‘IC CDNTINtL SIMIT ? 252

50 TO 91) SPlIT? 253

26
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820 Li = Ml — 1. 55- l IT? .1.
p 00 893 K IC, ~ S IM IT’  ?5
— CALL O°(N,  X ( ~~,V ) ,  W K ( i . 4 .f l)  r1, 11T7 5~,

DO 83~ I = ~~, N SPlIT’ 1~57
TIC • I + N S I M I T ?  5rj
WK(I’(,(.,2) = 5j ~~. 4 K ( Y , ’ . , 7)  SF4117 ~‘5~

830 CONTIM ’JE lIMIT’ 26
CALL  O ° ( N , W K ( N + 1,~~,~~

) , W K I l , 1 . , 7) )  IM IT 1 .11
00 81+0 1 = 1, N S I M I T 7  .1?

X ( I, IC) = 52 W K ( I , 5 + . 2 )  — 1(I, K)  S T MI 1?  2 6 3
840 CONTINUE S P-c1T7 264

IF (Li) 890, ~~~~ 355  SP lIT’  266
850 DO 881 .J = 1., ‘41, 2 SP lIT’  246

CALL O P(N, X (j,K), W K ( j , ’., 2) )  S P i lT ?  167
00 ~60 I = 1, N SF- lIT ’ j? 6 -t

1K = I • w SI’4117 .59
W K ( T K , ’ . ,2 )  = ?‘WK (I,1.,2) — WK(IV ,~.,?) S.P-4 T1 1?.

86) CONT INUO SPlIT? 7:
CALL OP(N, WV(N+j,1.,2), WK (1,4,2)) SPlIT? 172
00 8 7 3  I = 1, N S F4117 2 7 3

X (I,K) = 2 ’ W V ( I ,~.,?) — Y ( I ,~~
) S PlIT? 271.

87 3 CONT INUE S I M I T?  27~
880 CONTINUE S PlIT’ 17~~

893 CONTINUE S PlIT ?  277
903 ASSIGN 910 TI IV 51111? 2? ’

LF IC SF4117 771
Li = P lIMIT’ .1.
GO TO 99) SIM IT7 .13.

C DISCOUNTING 1-I : ERRO ~ 1U ~ N T T T F - S  F SF4117 $82
910 IF (C — ‘I) 92) ,  975 ,  9~ S IMIT7  1-3 5
923 IF (M — 1) 950, 910, 956 SF4117 .1.
936 00 9’,) K = IC, U SI-Ill’ F-~5

W K ( ’C ,2 , 2 )  = W K ( K , ? , 2 ) (Tt (~1, j )/ [t ( K ) )  SF411’ .1’—

940 CONTI NUE SF4117 c t i ’
GO TO 970 SIMI~~’ Il-

950 T = EXP(_ rLOAT (M 1) W~~(U+i,i,7)) SPlIT? $~~
00 960 K = IC. ~4 5[M1T7 .1. .

S E X ° ( — F L O A 1 ( M t ) ’ ( A ’ ( ( K , 1 , ’ )  .WK(H+3..j .T’))) lIMIT? .11
W K ( K , 2 , 2 )  S~~W V ( K , 2 , 2 ) ’ ( . L , O i  • T ’ T ) / ( . IF . .: • ( 5 T I (~~~~r ) )  SF-lIT ’  $ 9 7

960 CONTINUE 1 1 1T 7  ..~~3

970 KS = KS + Ml SF-lIT’ 2 1 .
Z2 = 72 — Ml SI MIT? .1’

C POSSI9LE PEPETITION ~~ It M ED IAT E ~T L~~S SPlIT? 2 9~
IF (72) 986, ‘16 , 71.~ t’4I1? 29 7

98) 71 = 71 + 1 ~ PlIT7 ~ 95
72 = 2 ’71 SPlIT? 2-99
H = H + M SIMIT~ 2).
GO TO 66 SF4117 361

C P:SFO~~MS O~~T ’ O NO~ MA L I 7 A1 ON Or SOL’IM IS I T+4~~OUI5 H Li iF A~~~4 Y  ~~M IT 7  3 ) 2
C X ASS u MING FIAT COLIJMN; I T’lPQtJ (~H Lr  — ~ A~~- A L ~~- A O Y  O~~1M) — SPlIT’ ~~ 3
C NO R MA L 5 3 . 11 1 ’  3~~.
993 00 1120 K = I.C , LI 61 4117 3)5

O’~ IG ~~~~~~ SIM IT7 316

10)3 1 = •)5. r SIMIT 7 3:7
JK = V — 1. ~IlI1? 

7~~~
IF (JK I  16 5 + ) ,  13.41,  ~~~~ SF411’ ~.11010 DO 10 3 )  I = i~ IV SIMI1?
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S = IP (N , Y(~~,I), Y (1,K)) SF1117 31:
I~ (O- 1G) WY( ’ (,),t) S SPIlT? 312
T I • S’S SPlIT? 31~
0) 1)20 J • 1. N S1M117 714

Y ( J , V )  = Y ( J , ’ ( )  — S’~~(J,I) SIMIT7 33.5
1020 CONT INU . SIMIT’ 316
103) CONTINUE S)MjTI 717
1046 S IP(N, X(l,Il), ~ (l, ’()) SIMIT7 31

I • S • I SPlIT? 31-’
IF (5 — •11—01’T) 10 63. 1 6 ,  105~ SIMITZ 32~

10 53 IF (1 — MI) 1:6:. i,;6:-, 1.11 SPlIT? ‘2 1
10 60 091 5 • •FALSE . SIMII? 322

IF (S — UT) 15’), l~~73, 1- - ): SIMI T7 323
1070 S ~~ 5+33 lIMjT? 32 5+
13 %) S = S0~~T(S) SPlIT? 325

WK (K,V ,j) = S SF1117 326
IF (SI 1)90. 11C~ ‘ 1.1 lIMIT? 327

1090 5 • l 2’0 1 /~ lIMIT? 328
11)6 00 lii ) J = 1. N lIMIT? 329

X ( J , K )  = 5’X(J,I() SIM IT? ~3:
• Ill ) CONTI NUE S IM IT 7  331

1120 CONTI NU) lIMIT ? 332
GO TO IV , (~~0 ,  ~3 ,  2 6 ) ,  9ili 115+ :) SIMIT? 3 .~

C S1A T~~HS NT 111 IS z~~. SPlIT’ 33’.
11~!C j14 = 5 SF1117 33S

C S O L V .  EIGEUVt .LU ~~ O rI LE M o~ Pc’) L 513.r)N O~ M~~T —5 ”( C. S IMIT7 335
ASSISN 1145 TO IV SPlIT? ‘37
LF = 1 ST IlT ? 338
LI J° SF4117 33 9
GO TO 99) SF-lIT? 7’..

1141 00 ilSu V = 1. (P SF1117 3’.E
CALL 03 (N, ~~~~~~~~~ * ( i,° ) )  ST M IT ?  342
00 1151 I = 1, IC SI MIT7 31.3

WK(V ,I,j) = 1°(N, ~(l,T), ~ (1, P)) SF1117 34’.
1156 CONTINUE SPlIT? 3-.6
1160 CONTI NUE SPlIT’ 71.5

CALL  T R E D ? ( D , IF , WV , 1, WI((i, t.,fl, W )  SPlIT? 347
CA L L  IM T O L2 ( 0 , Jo , -0, W V ( j , 5+ , 2 ) ,  W V , L) SIMIT7 31.3
WK(IG,2,2) = AM XI (WK( G,’,?), .1E. .’FL OAT (L )) SIMIT7 34~

C A~~~A N51  E I r , E NV A L I I E S  IN 0PO~~P O~ fl1r5 P~~A S TNG A rS0 Lt IT ~ ‘IALUc. . SF1117 35:
‘30 1213 1, jo SF- ITT? ‘;i

K • SIMIT7 352
DO t tf l  I = J, JP SIMII? 353

IF (A95 (TI(I)) .1.1, A 9S(’1(~~) ) )  IC = I SF411? 75’.
1i7C C O N T I N I E  SPlIT? !5S

IF ( K — J) 12.0, 12CC, ii’c SIMIT? ~~~
1183  1 = 0 ( V )  SPlIT? 357

0 (C) = 0(3) SF1117 358
0 ( J )  = T S I M I T ?  35 9
00 11 90 I 1. 3° SIMIT? 36

I = WK (I,K ,1) SIMIT? 361
WK(I,K,1) = W V ( T , J , t )  S IMI I7 362
W K ( T . J , 1 )  I SPlIT? 363

1190 CONT I NUE SF4117 361.
1216 0 (J) = —0 (1) S1M117 365

— 
1210 CONTIN,J :~ SIMII7 366

00 1256 1 = 1. N 51111? 36?

28 

~-~~~~~----~~-.— ..- - ~~~ - -  —- .- ~~ --—----~~--- ~~-—-
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DO 121) I = t , JP lIMIT’ 3SF

5 = • 3 ~~~•~~~) 
l IMIT’  ~~~

00 1220 K 1., J’ 
lIMIT? 37~

s = S + X ( J , K ) ’ W I C ( K , I,S) lIMIT? 71

1226 CO NT !M U~ 
S I M IT 7  372

W K ( I,1.,2) = S 
SI’-’IT’ 3 7 3

1230 CONTIN’J~ 
lIMIT? 37,

DO 12’.) I = 1, JP 
EPlhT ? 775

Y ( J , I )  = ‘4 K ( I , 5+ ,?)  S I M IT ?  37~,

1240 CONTINUE lIMIT’ 377

1250 CONT INUE lIMIT? 3?

KM • KS SF-Ill’ -~79

0 ( P)  = S 
SF4117 33 )

RETUR N 
lIMIT? 38 1
SF4117 3 8 2
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