
F l! 
_

— 
Eighth Semiannual Technical Report

~~J3.
_ _ _ _ _ _ _ _ _  

March 1977

For the Project

IJ INTEGRATED DOD VOICE & DATA NETWORKS 
___

AND GROUND PACKET RADIO TECHNOLOGY

VOLUME 4

GROUND PACKET RADIO TECHNOLOGY

~ . network a~~~~~~~~ orp~ ratj pfl

0

~Ai
~~ 

::

-.---- 
— —

~
- . —r-~

_
~

•_ —---.-- —“~~
• •••- . - a

~~~~~~ 
~~.JJJJ~~~~~~~~ 

— .
~~--4~.- *~ * L  ~ ~~~~~~~~~~ — v~ 

. .1 ~~. —. . .~~ .~~~~~.

- - -  . -- ~~~~~~ . .- L~~ . 
- -



N ETWORK AN ALYSIS CORPORATION

Eighth Semiannual Technical Report

March 1977

For the Project
INTEGRATED DOD VOICE AND DATA NETWORK S

AND GROUND PACKET RADIO TECHNOLOGY

VOLUME 4

GROUND PACKET RADIO TECHNOLOGY - / 0

Principal Investigator: Howard Frank

Co-principal Investigator: Israel Gitman 

~fr’

Contractor ARPA Order No. 2286

NETWORK ANALYSIS CORPC’RATION Contract No. DAHC 15-73-C-0135
Beechwood, Old Tappan Road
Glen Cove, New York 11542 Effective Date: 13 October 1972

(516) 671—9580 Expiration Date: 30 June 1977

- Sponsored by

Advanced ResearcE ojects~~~ency
Department of Defense -

The views and conclusions contained in this document are those of the
authors and should not be interpreted as necessarily representing the
official policies, either expressed or implied, of the Advanced Research
Projects Agency or the U.S. Government.

~~~

L
cn Unl

~
1l%e

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
a 



EIGHTH SEMIANNUAL TECHNICAL REPORT

TABLE OF CONTENTS -

VOLUME 1
INTE GRATED DOD VOICE AND DATA NETWORKS

CHAPTER 1 A CLASSIFICATION OF ROUTING STRATEGIES

FOR TELECOMMUNICATIONS

CHAPTER 2 ANALYSIS OF INTEGRATED SWITCHING LINKS

CHAPTER 3 DESIGN OF INTEGRATED SWITCHING NETWORK S 

/

~~ i~~~~~~~~~~~~~~~~~~~

j

~~

CHAPTER 4 NETWORK MODELS FOR PACKETIZED SPEECH ~~~~~~ OLI~~~O D

~~flf1C~Tj ON 0

CHAPTER 5 A CIRCUIT SWITCH NODE MODEL

VOLUME 2 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

~~~~- 

COST TRENDS FOR LARGE VOLUME PACKET NETWOR4

CHAPTER 6 LARGE SCALE PACKET SWITCHED NETWORK

DESIGN TRADEOFFS

4

~ OLUME 3

TOPOLOGICAL GATEWAY PLACEMENT STRATEGIES

CHAPTER 7 TOPOLOGICAL DESIGN OF GATEWAYS FOR PACKET SWITCHED

INTER-NETWORK COMMUNICATION

VOLUME 4

GROUN D PACKET RADIO TECHNOLOGY
4

CHAPTER 8 MARKOV CHAIN INITIALIZATION MODELS FOR
PACKET RADIO NETWORK S

CHAPTER 9 MARKOV CHAIN INITIALIZATION MODELS WITH

FIFO LABEL QUEUE MANAGEMENT AT THE STATION



- -V-- ,-. - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ j~~~~~~’ ~~~~~~~~~~~~~

CHAPTER 8

MARKOV CHAIN INITIALIZATION MODELS FOR

PACKET RADIO NETWORKS

1-

4

~
I.

‘-a

~~~~~~~~~~~~~~~ ~~~~~ - ___________ —



CHAPTER 8

- 
TABLE OF CONTENTS

- 

PAGE

8.1 INTRODUCTION 8.1

8.2 PROBLEM DEFINITION 8.3

8.3 A MARKOV CHAIN INITIALIZATION MODEL FOR A COMPLETE INTER-

FERENCE SYSTEM 8.6

8.3.1 Mathematical Formulation 8.8

8.3.2 Number of States in the Chain 8.12

8.3.3 Computational Results 8.16

8.4 A MARKOV CHAIN INITIALIZATION MODEL FOR A SYSTEM WITH

GENERAL INTERFERENCE PATTERN 8.26

8.4.1 Introduction 8.26

8.4.2 Mathematical Formulation 8.26

8.4.3 Calculation of Number of States 8.33

8.5 CONCLUSIONS 8.36

4

I

S

—-~ -.---—. - ---.~ 
— 

~
— 

~.,—~T h - -- ,  ~~~~~~~~~~~~~~~~~ - --s ~~~~~~~~~~~~~~~~~~~~~~~~~~ 
—.- - -~~~~~~~ - - . ~~- .~~ ~~~~~~~~~~~ 

________fr _~~~~~~~~~ i -~~~~ -~~~~~ 
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _



F, ~~~~~~~~~~~ 
— . 

~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~

— 

CHAPTER 8

FIGURES

PAGE

FIGURE 1: STATUSES OF A REPEATER DURING INITIALIZATION AND

POSSIBLE TRANSITIONS FROM STATUS 1 (NON INITIAL-

IZED) TO STATUS 5 (INITIALIZED) 8.7

FIGURE 1: INITIALIZATION TIME AS A FUNCTION OF REPEATER

TRANSMISSION RATE FOR m=b=3 8.18

FIGURE 2: INITIALIZATION TIME AS A FUNCTION OF REPEATER

TRANSMISSION RATE FOR m=b=4 8.19

FIGURE 3: INITIALIZATION TIME AS A FUNCTION OF REPREATER

TRANSMISSION RATE FOR m=b=5 8.20

FIGURE 4: MINIMUM INITIALIZATION TIME AS A FUNCTION OF NLJM-

BER OF STATION BUFFERS 8.23

FIGURE 5: MINIMUM INITIALIZATION TIME AS A FUNCTION OF NUM-

BER OF R.EPEATERS  8.25

FIGURE 6: A PARTIAL STATE DIAGRAM FOR A 3-REPEATER NETWORK.. 8.32

‘a

L~
.

-. , — - - 
—

~~~~ ~
. 

~~~~~ 
- .-

~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- -

~~~~~~~~~~~~~~~~

~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~



r—--—--- - - - - -
~
-- --

~~~~~
——-—- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~ 
.

~~~~~~~~~
-
~--—•-—‘~ 

‘ - - - -‘——
~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ --

CHAPTER 8

TABLES

PAGE

TABLE 1: NUMBER OF STATES IN THE MARKOV CHAIN AS A FUNCTION

OF NUMBER OF REPEATERS FOR b=m 8.15

TABLE 2: STUDY ON REPEATER RATE AND STATION RATE FOR b=m 8.17

TABLE 3: STUDY ON BUFFER SIZE FOR 5 REPEATERS 8.24

- 

TABLE 4: STUDY ON BUFFER SIZE FOR b ~ m/2 8.24

I

- -4

p

-~~ 
I ~~~~~~~~~ ~~~~ T ~~~~~~~~~~~~~~~~~~~



— — -~~~~ -~~~~~~~~r 
- 

- - —
~
- -

~
— -

N ETWORK ANALYSIS CORPORATION

CHAPTER 8.

MARKOV CHAIN INITIALIZATION MODELS FOR PACKET RADIO NETWORKS

8.1 INTRODUCTION

The problem of initialization of repeaters in p~~ket radio net-

works is addressed in this Chapter and in Chapter 9. dRepeaters in

the radio network need to be ini tialized by the station; namely, to

receive a so-called ~1abel’~~which enables addressing specific de-
vices during packet transportation . It is assumed - that a priori the

station is not informed of the existance and location of specific re-
peaters. Hence , the initialization process involves sending special
control packets , called Repeater On Packets (ROP’ s) from repeaters
to the station to inform existance and location, the transmission of
labels by the station to repeaters- identified , and the transmission

of End—to-End Acknowledgments (ETE Ack ’s) by repeaters which receive
a label. A repeater is considered by the station to be initialized

after the station receives an ETE Ack to the label packet. \Q
Approximate models for initialization were developed a?t~~studied

in [NAC, 1976]. These models addressed a single hop packet ra~to net-
work with general interference patterns of repeaters. The initializa-

tion time was studied in [NAC, 1976] as a function of station and
repeater transmission rates. However , the above models were approxi—

mate, in that the exact state of initialization of the system or
station buffer size and management were not taken into account,

• neither was an exact initialization scenario employed ; since the

objective was to study general trends of initialization time as a
function of network size and operating parameters. Hence, conserva-
tive, worst case initialization times were obtained.

In this Chapter we discuss refined models that provide a more

accurate description of the initialization process. Also, the
models allow us to analyze the case of a finite buffer in the station

with essentially no additional complexity. The computational corn-

plexity of the models in this Chapter are significantly greater than

8.1
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for the models given in [NAC , 1976],  thus only small networks
(number of repeaters ~ 7) with complete interference have been
studied.

In Section 3 we develop a Markov Chain initialization model

for a single hop complete interference system (i.e., all devices
are within an effective transmission range of each other, hence
the simultaneous transmission by more than one device will result
in an interference). The computational complexity of the model

is obtained and numerical studies of initialization time performed .

In Section 4 we present a Markov Chain model for a general inter-
ference system and derive its complexity . The model appears to be

too complex for numerical investigations. The initialization prob-

lem is stated in Section 2.

The models in this Chapter assume that when the station has
more than one label (for transmission) in its queue, the label to
be transmitted is selected at random, each time. The models in

Chapter 9 assume a First—In—First-Out (FIFO) label queue management

discipline; this results in a system with reduced computational com-

plexity and enables to address larger size systems (number of re—

peaters). -

4
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8.2 PROBLEM DEFINITION

The packet radio system, related properties and the initializa-

tion scenario are presented by the outline below:

1. Single station, S, and in repeaters,

j=l,. . .,m.

2. Each repeater can communicate with the

station (1 hop system).

3. Each repeater can communicate with all other

repeaters (complete interference). This re-
quirement is modified in Section 4.

4. Zero propagation time of signals between

devices.

5. Single channel slotted Aloha access scheme.

That is, all repeaters transmit and receive
(hence the station transmits) on the same
channel, consequently interference between
any two devices is possible. Furthermore,

H the slotted Aloha channel access scheme
is used [ABRAMSON, 1973].

6. Zero capture receivers. That is, if more
than one packet is transmitted into a slot , —

it is assumed that all packets will be re—

ceived in error.
4

7. When forwarding R~OP’s, each repeater broad-

casts into a given slot with probability p.

8.3
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8. No repeater accepts repeater on packets

CROP’s) or end—to-end acknowledgments

(ETE Ack ’ s) from other repeaters.

9. If a repeater receives its label from the

station, it forwards one ETE Ack into the
next slot and halts transmission of ROP ’s.

10. After the station receives a ROP from a

particular repeater for the first time, the

station prepares a label for that repeater

and places it in the label queue. We assume

this requires zero processing time.

11. The station maintains the repeater label in

the queue until it forwards the label to the

repeater and receives an ETE Ack, indicating
the label has been received. When this occurs,

the repeater is considered labeled .

12. When the label queue is not empty, the station

transmits a label with probability q.

13. When transmitting a label, the station randomly
selects a label from the queue. We assume it is

equiprobable that any label is chosen, thus the
probabili ty of choosing any particular label is

1
Inumber of labels in the queue).

24. Whenever the station receives an ROP from a re-

peater for which it already has prepared a label,

it disregards the ROP.

8.4 
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15. Finite buffer size, b, i.e., the number of labels

in the label queue cannot exceed b. Whenever

b > m, this does not introduce any constraint on
the initialization process.

~~

4
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8.3 A MARKOV CHAIN INITIALIZATION MODEL FOR A COMPLETE INTERFEREN CE

SYSTEM

This initializ ation process can be readily understood by analyz-
ing the status of an arbitrary repeater as the process evolves.
Specifically, at any time during the initialization process , a
repeater will have one of the following statuses:

1. Transmitting ROP’s, but has not successfully

sent one to the station. 
-

2. Transmitting ROP ’s, but has already successfully

sent one to the station.

3. Received a label from station in previous

slot, will forward ETE Ack to the station
in next slot.

4. Awaiting ano~-her label from station. It has

received at least one label from the station
but the subsequent ETE Ack(’s) were unsuccess-
ful. In this case the repeater is not trans-

mitting ROP’s.

5. Completed initialization: repeater has received

label from station and forwarded a successful

acknowledgment.

The initialization process is begun with all repeaters having

status 1 above and is completed when all repeaters have status 5.

4 Figure 1 illustrates the relationship between the aforementioned
statuses. As discussed above, a repeater begins the ini tialization
process with status 1 during which the repeater is transmitting

ROP’ s to the station. When one of these ROP ’s reaches the station,

8.6



FIGURE 1: STATUSES OF A REPEATER DURING INITIALIZATION AND
POSSIBLE TRANSI TIONS FROM STATUS 1 (NON INITIALIZED )

TO STATUS 5 ( I N I T I A L I Z E D )

- -
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the repeater acquires status 2 , but it continues to transmit ROP ’s.
The next change in status occurs when the station successfully sends
a label to the repeater . At this time the repeater acquires status
3 and ceases transmitting ROP ’s. In the slot immediately following

the slot in which it received the label , the repeater will forward
an ETE Ack to the station. If this Ack is received by the station,

the initialization of this repeater is complete and it acquires

status 5. Otherwise, the repeater takes on status 4 whtre it awaits

the receipt of another label. In this case the repeater will re-

acquire status 3 when it receives another label and the action

described above for status 3 will be repeated. Eventually the re-

repeater will acquire status 5.

Note that since the station can forward only one label in any

particular slot, at most one repeater can have status 3 at any given
time. Also, the finite buffer size assumption requires that the
total number of repeaters having statuses 2, 3, and 4 cannot exceed b.

8.3.1 Mathematical Formulation

In order to compute the expected time to initialize all re-

peaters, we introduce a Markov Chain based on the repeater statuses
discussed above. Given the status of each repeater at a particular

time during the initializa tion process , we define the state of the
— chain as the quintuple Cm1, m2, m3, in4, in

5
) ,  where m~ denotes the

number of repeaters with status i at that time. From the previous

section it is clear that ~~~ i 1, ... , 5 are integers satisfying

0 < mj  < in , i—i , ..., 5, ~~~~

O < m 3 < 1

in2 + in3 + m4 < b (buffer size constraint).

8.8

_ _ _ _  

~~~~~~- _ _ _ _



r —--.- -- 
~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~

- — ---- 
- —

~~~~~ ~, .,J •  • •_~~~~~~~~~ kt. sj , _ e :~ 
_
~~~, s _ .  - -

Because of the assumptions of complete interference and zero
capture, it is simple to compute the state transition matrix. First

note that:

• For a packet to be successfully sent from a
repeater to the station, all other repeaters
and the station must be silent.

• For a packet to be successfu l ly sent from
the station to a repeater requires all
repeaters to be silent.

Given the current state of the chain (in1, m2, in3, in4,  in
5

) ,  the

following list enumerates all possible transitions. For conve-
nience , the cases m3=O and m3~l are treated separately .

A. No repeater received a label in the previous slot

(m 3=O).

l.a Successful ROP when station queue not

empty. This requires in
1 > o, 0 < in2 + in

4 
< b.

Transition to State (m1-l, m2+l, 0, in4,  m5)

in1 + m2—loccurs with probability (1—q)m 1p(l-p) = z1.

l.b Successful ROP when station queue is

empty. This requires rn2 > 0 , m~ + in 4 = 0.
Transition to state (m1—l , m2+l , 0, m~, m5)

occurs with probability in
1 

p( 1_p) in1 + m2— 1 
= z1.

. 4

8.9
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2. Successful label to a repeater with status 2.
This requires in

2 
> 0. Transition to state

Cm1, m2—l , 1, m4, in5) occurs with probabili ty
- 

- 
(l~.p) inl + ~ 2 q rn 2/ (m 2+m 4 ) = z 2 .

3. Successful label to a repeater with status 4.

This requires rn4 > 0. Transition to state

(rn2, m2, 1, rn4—l, in5) occurs with probability

(]•_p)in1+in2 q m4/(m2+m4) = 2 3

- 

- 

4. Otherwise the status remains the same .
This occurs with probability 1-z1 - z 2 

- z 3.

B. A repeater received a label in the previous slot.

(rn 3=l)

1. Successful ETE Ack. Transition to state

(m1,m2,O ,m4,m5+l) occurs with probabili ty
+ m 2 ( l—q ) .

2. Unsuccessful ETE Ack. Transition to

state (m1, 1n2, O,rn4+l,m5) occurs with

probability 1_ (1_~ )m1+m2 (l—q).

To facilitate our analysis , upon reaching the completely
- -~ initialized state, C0,0,0,0,m), we restart the process by trans-

ferring to state (m,O, O,O,O) with probability 1. With this

convention it is elementary to verify that:

8.10
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• The Markov Chain is both aperiodic and
irreducible.

• The initialization time is the interarrival

times between visits to state (0,0,O,O ,m)

minus 1. - -

We can now employ the following well known theorem [CINLAR,

1975]:

- 

- 

Theorem: Let W be a state transition matrix for a finite ,
aperiodic, irreducible Markov Chain, then

a. There exists a stationary probabili ty vector

‘IT = 
~~l’~~~” ~~ 

satisfying

T T -

ii w =  -it ‘ ( 1)

IT>0 - (2 )

n
E w . l

i=1 1

b. ‘/it1 is expected interarrival time between

visits to state i.

- t From the discussion above, it is clear that this theorem can be
applied to the Markov Chain defined earlier. Specifically , if

(O ,O,O,O,m) is the ~th state in the chain, then the expected
initialization time 

-

8.11



•fl• ~~~~ •~••~~ •~~~~~ ~~~~
-~~ ~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

-
~~~

----
~ ~~~~

—- 
~~=. -

NETWORK ANALYSIS CORPORATION

= /-ir — 1. ( 4)

Computation of the stationary vector, it , involves solving
the linear equations

(~ _ 1) T 
ii = 0 - . (5)

E 1 r ~~ = l  (6)

These are n+l equations with n unknowns ri1. The nxn matrix

has rank n-l , and any one of its equations may be dropped to form
a full rank system. The solution can then be obtained by
Gaussian elimination. When in is large, however, it may be
necessary to employ sparse matrix techniques in the Gaussian
elimination.

8.3.2 Number of States in the Chain

Since linear equations must be solved to determine the expected
ini tialization time, it is important that the number of states not

-
~~~ grow too rapidly as the number of repeaters increase. We consider

two cases ,

Infini te  buffer  b=m , (b=m is equivalent
to unlimited buffer size since more are

not needed for labeling in repeaters).

• Fixed buffer, b<m, constant as m increases.

8.12
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The problem of determining the number of states is equivalent
to determining how many different ways in identical elements can be

put into 5 different sets, ~~~ i=l , . .. ,  m with the proviso one set,
say G1, can have at most one element in it. Note the set G1 corres-
ponds to status 3 in the Markov Chain. We solve the problem itera-

tively. First let rn—k1 elements be put in sets G1, G2, and G3,
then the remaining k1 elements are partitioned into the sets G4 and
G5 in k1+l d i f fe ren t  ways. Now suppose rn—k2 elements are parti-

tioned into G1 and G2; then the r emaining k2 eleinel)ts can be par-
titioned so k2-k1 are in G3 and k1 are in G4 and G5. Applying the

result for when the elements in G1, G2, and G3 were fixed and sum— . 
-

ming, we now find total number of combinations is

k (k +2)(k +l)

E (k
1
+l) = 

2 
2 

2 (7)

k1=O

Now consider two possible cases for G1, since it can contain at
most 1 element. Suppose G,~ 4, and that G2 contains rn-k2 elements.

Applying equation (7 ) and summing over allowable k2, we obtain

m (k +2) (k +1)2 2  (8)
k2=0

Simil~ rly when G1 contains 1 element and G2 contains m-l-k2,
we obtain

in—i Ck +2) (k +1)
- . 2 

2 
2 (9)

k2=O

The total number of combinations is just the sum of (8 )  and ( 9 ) ,
namely : 

-

in— +2 +1E (k+2) (k+l) + 2 10k~0

8.13
•
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The corresponding values in (10) for m=3 , . . . ,  10 are given in
Table 1.

Our numerical results show that to compute the expected m i --
tialization time using a PDP-10 on ARPANET requires approximately:

• 3 CPU seconds for a PR network with 3 repeaters
and 3 buffers .

I

- 
• 10 CPU seconds for a PR network with 4 repeaters

and 4 buffers .

• 34 CPU seconds for a PR network with 5 repeaters
and 5 buffers .

In these computations , we did not utilize the sparsity of the trans-
ition matrix. To compute initialization times for PR networks with

more repeaters it would be highly advantageous to employ sparse

matrix methods . -

Now consider the case where buffer  size is f ixed equal to b
and the number of repeaters in increases. We want to determine the
asymptotic behavior of the number of states in the Markov Chain.

Again this can be analyzed in terms of partitioning m identical
elements into 5 sets with the provisos:

• One set, G1, can have at most 1 element.

• The total number of elements in sets G1,
G2, and G3 is less than b.. 4

To compute the number of states, the above results can be used.
Suppose there are L elements in G1, G2, and G3 and m—~, elements 

-

in sets G4 and G5. Reasoning as above, we can show that there are

• 8.14
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Number of Repeaters Number of States
m

3 30
4 55

5 91
6 138
7 204
8 290
9 395
10 510 

-

TABLE 1: NUMBER OF STATES IN THE MARKOV CHAIN AS A

FUNCTION OF NUMBER OF REPEATERS FOR b=m

8.15
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2&+l ways in which the £ elements can be partitioned in the sets

G1, G2, and G3; and m—L+l ways the m-L elements can be partitioned
in the sets G4 and G5. Thus given 2. there are (22.4-1) (m- 2.+l) ways

of partitioning. Summing over all permissible 2., we determine the
total number of states:

b
S (2L+l) (m—L+1) (11)
t= 0

However , since O< 2<b , we see 
-

b b
S (22,+1) (m—t+l) < S (2b+l) (rn-fl) < (2b+l) (b-fl) (m+l) (12) -

—

Thus as in increases and b stays fixed, the number of states is
bounded by a linear function of in. This result indicates that
if we restrict the buffer  size, we will be able to compute m i -
tialization times for large PR networks.

8.3.3 Computational Results

The formulae obtained via the Markov Chain initialization

model were programmed and the initialization time of radio net—

works was studied as a function of number of repeaters, number
of station buffers and the transmission rates by repeaters and

S’ stations.

In the first series of experiments we studied the systems

with m=3, 4, and 5, and b=m. The repeater transmission rate,

p, was systematically varied to approximate minimal initialization
time. These results are tabulated in Table 2 and illustrated in

Figures 1, 2, and 3, where the initialization times are plotted
as a function of p for various values of station transmission

rates q. Boxed entries in Table 2 indicate minimal values.

k
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- m=3 b=3 
- 

m=4 b=4 m=5 b=5

= 51.93 T1 
= 61.85 T1 = 71.17

.10 36.44 46.19 56.77

.15 33.67 45.68 60.03

.20 34.43 49.76 69.17

.25 36.98 56.57 82.54

.30 40.86 65.95 100.84

q=.4 p=.OS 52.09 62.36 72.03

.10 35.96 45.53 I 55.68

.15 32.44 I 43.56 I 56.44

.20 [32.37 45.99 62.75

.25 33.97 50.87 72.71

.30 36.76 57.88 86.58
- 

- 
q=.5 p=.05 53.48 .64.48 74.93

.10 37.11 47.28 58.00

.15 33.27 44.69 57.65

.20 32.80 46.29 62.42

.25 33.90 50.08 70.37

.30 36.07 55.69 81.51 
-

q=.6 p=.05 56.23 68.42 80.15

.10 37.11 51.34 63.49

.15 35.99 48.68 62.96

.20 35.39 50.000 67.09

.25 36.28 53.27 73.92

.30 38.12 58.07 83.43

TABLE 2: STUDY ON REPEATER RATE AND STATION RATE -FOR b m

- 4
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First note the convex shape of the curves in these figures.

We conjecture that this convexity in p holds for all values of

q, in, and b but have not endeavored to prove it. Because of this

convexity and the continuity of the initialization times as a
function of p and q ( for physical rea sons), these curves give a
good indication of the optimal values of p and q .

From each of these f igures it is clear that if a poor repeater
rate is selected (e.g., p .05) the initialization time will be

high regardless of what the station rate q is. However , if a poor
station rate is chosen (e.g., q=0.6) but a correspondingly good

repeater rate is chosen , the effect on initialization time will be
relatively small. Thus we conclude that the initialization is more

sensitive to the repeater transmission rate of ROP ’ s than the sta-
tion transmission rate of labels, for the range of p and q investi-
gated, i.e., values near the optima.

Comparing Figure 1 through 3, we note that as the number of re-
peaters increases ; the optimal values of repeater rate decreases
while the optimal station rate remains the same. Realistically ,

we feel the optimal station rate is not independent of in, but that

the courseness of our systematic search prevents us from detecting
the sensitivity of the initialization time to the station rate.

However , we feel it is valid to conclude that as the number of
repeaters increase, it is more important to optimally adjust the
repeater rate than the station rate.

It is interesting to note that the combined repeater rate (i.e.,

the total transmission rate of all repeaters) mp for optimal values

of p remains relatively constant. Specifically, we obtained:

in 3; mp = (3).2 = .6

in = 4; mp = (4).15 = .6

m = 5; mp (5).10 = 5

Since in is an integer, it is necessary to carry out a more refined
systematic search for a larger number of repeaters to detect the

-
~~~~ sensitivity of the combined repeater rate to the number of repeaters.

4

8.21
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To analyze the effect of a f ini te  buffer , we have system-
atically varied p and q for a 5 repeater network with the number
of buff ers b = 1, 2, 3, 4, and 5. The entries in Table 3 are the

resulting minimal initialization times, and Figure 4 clearly
indicates the expected decreasing returns to scale property of

additional buffers. This implies that if b is somewhat smaller

than m, the initialization time is not appreciably affected. One

way of interpreting this result is that when a 5 repeater system

has 4 or 5 buffers , only in rare instances will the station have
4 or 5 labels in the label queue. Alternatively , when the

S 

station only has 3 buf fe rs, only in rare instances wil l an ROP
not be accepted because the label queue is full.

Choosing the number of buffers equal to approximately one—

half the number of repeaters , we systematically varied p and
q to determine the minimal initialization time as.a function of

in. These results are listed in Table 4 and illustrated in Figure
5. Because in and b are integers, it is not possible that b/in be

exactly one-half in all cases. Surprisingly , however , the initiali-
zation times increase nearly linearly over the range of in considered .

“S

- 4
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MINIMUM
INITIALIZATION

TIME
(SLOTS )

70- -

5 REPEATERS

60 
-

50 I I I I ~ STATION
1 2 3 4 5 BUFFERS

FIGURE 4: MINIMUM INITIALIZATION TIME AS A FUNCION OF
NUMBER OF STATION BUFFERS
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m=5 b=l T1 = 71.21
=2 = 61.15
=3 = 57.45

=4 = 55.99
I =5 = 55.68--

TABLE 3: STUDY ON BUFFER SIZE FOR 5 REPEATERS

m=3 b=2 T~ = 33.89 T1/m = 11.3 T1(b/)= 22.6
— 

m=4 b=2 47.27 = 11.8 = 23.6
- - m=5 b=3 57.45 = 11.5 = 34.5

m=6 b=3 70.85 = 11.8 = 35.4
m=7 b=3 86.10 = 12.3 = 36.9

TABLE 4: STUDY ON BUFFER SIZE FOR b ~ m/2

-5-

4

S

t~4
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60

50 - 
—

40 -

30 
- I. .~~~ NUMBER OF

REPEATERS
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FIGURE 5: MINIMUM INITIALIZATION TIME AS A FUNCTION OF

NUMBER OF REPEATERS
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8.4.  A MARKOV CHAIN INITIALIZATION MODEL FOR A SYSTEM WITH GENERA L

INTERFERENCE PATTERN

8.4.1 Introduction

In the previous section a Markov Chain model for the initiali-

zation of 1-hop PRNET with complete interference has been presented
S 

and analyzed. The model assumed that once a device is broadcasting ,

every other device is blocked. This may not (and in fact, should
not) occur in a real network where the repeaters are at a consider-

able distance from each other. In this section we extend the pre-

vious model by considering general interference patterns.

In the general interference environment, we need detailed
information as to which repeaters have already been initialized, and
are thus quiet, consequently we can expect a higher number of
states in the present model than in the previous model. Hence, the

computational complexity will increase. S

8.4.2 Mathematical Formulation

The assumptions which define the model are the same as in
Section 2 with the following modifications:

1. To each repeater ~~~ there corresponds a set
of interfering repeaters, with Rj t D~ 1 S 4 D~ .

2. When sending ROP’s, repeater R~ is broadcasting
into a given slot with probability p1.

4

r
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- 3. Infinite station buffer size for labels.

Let R = {R
~ Ii = l,2,...m) denote the given set of repeaters.

Let p (R) be the power set of R, the set of all subsets of R.

Let G. c p (R) be the set of repeaters which at a given slot are in

- status i, l<i<5. We write 
-

G. = {R , R. , . ..,  R. ) 
(13)1 -  

~l ~2 ~k(i)

Let 1G 11= m~ be the cardinality of set G1.

Let a = p (R) x p (R) x p (R) x p (R) x p (R) = p5(R)

Consider $C a with 
-

$ = {(G 11G21 G31 G41 G5
), 1G 31<l , G1 fl G~ = 4 ,  for l<i,j<5,U G 1=R}

- 

(14)

Finally define a Markov Chain whose states are the points of $ and
transition probabilities are to be discussed.

Comments:

‘5’

H- 1.. a represents all quintuples (G1,G2, G3,G4 , G5) whose
- * entries are subsets of R.

2. $ represents all allowable quintuples in reference
H to the above assumptions. For example, we can only

have one repeater in status 3, as already pointed
out in the previous model.

8.27
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3. ~ = ~$I represents the number of states in the Markov

Chain. We derive later an exact expression for r~.

4. If D. = R for all i, this model reduces to the

previous one.

The following discussion addresses the computation of the state
transition matrix. Consider the possible transitions from the
state = (G 1,G2, G3, G4, G5 ) ,  with L representing the time slot.

Case 1. G3 
=

The following transitions are possible.

1. This transition represents successful reception

of a ROP. Any one of m1 = 1G 11 states (when
in
1 ~‘ 0) are reached : S -

~L+l = (G1—{R~~}~ G2 u{ R~~
}
~ ~~, G~~, G

5
) ,  for ~~~ c G1

(15)

with probability

11 (1—p ) (1—q) , if m~ + in4 > 0
~ 

R
~
cGiUG2-{R~*

} V

‘0- 1zj * =

, if 
~
‘2 + m

4 
= 0

R
~ cG1 uC2-{R~~~}

(16)

If p = p for all x (henceforth called “normality”) we obtain:
‘S x

8.28
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m + m 2 -1 -

p(l—p) (l—q) , if in
2 
+ in

4 
> 0

1
Z4* —

J in + m ~~ -l
p (l—p) , if m2 + In4 = 0

2. This transition represents successful reception

of a label. Any one of in2 
= )G2 1 states (when

m2~ 0) are reached:

~L+1 = (G1~G2—{R~~ }1 R)*~ 
G4 , G5) , for ~~~ E G2

(18)

with probability

= II V in2 in
4 

(19)

R
~
cGi U (

~ DR

(observe that m2 + in4 
> 0, since in2 > 0) 

- 
- -

Under normality,

2 IGlUG 2~~~
DR I

= (1—p) + m~ 
(20)

3. This transition represents successful re—reception

of a label. Any one of in4 
= 1G 41 states (when

m4/0) are reached:

~L+1 = ~~~~~~~~~~~~ G4 ~
{R j*}~ G5) for ~~~ c G4 (21)

4 with probability

= 

~~~~~ ~ 
(22 )

R c G , (
~~G., CIDI, - 

2 4
V

• 8.29
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Under normality ,

4 IG l UG 2
(
~~
DR I

= (l—p) j* (23)

4. Remain in same state with probability

1 E Z1 — E — 1 Z’~ (24)
R~cG1 ~ R~cG2 ~ R~cG4 ~

5 where a summation over the empty set is 0. 
•

Case 2. G3 = {R~}

1. This transition represents successful ETE
reception. Transition is to state S

~L+l = ~~~~~~ p ,G4,G5 tJ -( R~~})

with probability:

— 

r = II 
~~~~~~ 

(l—’q ) (25)
RvEG1 U G 2 

S

under normality,

m + m
r = (l—p ) (l—q) . 

(26)

2. This transition represents unsuccessful ETE

Ack. Transition is to state

~L+l = ~~l1~ 2~ •~~4u{1~ }1 G5) with probabil—

ity 1—r. -

• 8.30
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Case 3. Transition back to initial state

1. Consider = ($,4,~~,+, R). We assume 
•

that transition occurs to state $1 
=

with probability 1. .

Comments

1. Figure 6 depicts the partial state diagram for

a 3—repeater example.

2. Observe the divergence from the model in Sec-

tion 3 at Case 1.2 and 1.3. The latter model

is recaptured by taking D
~ 

= R for all i.

Then , in order to have a transition from
(G1,G2,4~,G49a5) to (G1,G2 {R

~~)~ 1R~~ }1 C41 C5),

for ~~~ c C2, namely , a label is successfully
received by R~~ 1 we require that every unlabeled
repeater is silent, which occurs with probability H

1G1 tJG2 1
((l-p) ). In the present model we only

require that every unlabeled repeater which

- interferes with ~~~ is silent. (Thus, the prob-
. : - tG 1 t JG2 f l D .~~t

ability is (1—p) ~ ). Similarly for
case 1.3.

3. A finite buffer size constraint is easily

added to the model by readjusting the trans-
. 4 ition probabilities to 0 when the buffer is

full.

8.31
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= {R1, R2}

= {R1, R2, R3}

D3 = { R 1, R3} 
(

___

\

— [ R 1R2R3 I~~~ I~~I~ V
p( 1-p) 2 

2 2p(1—p) p(1-p)

R1R3IR 2I~ I4I~ 1 -  R2R3 !R 1 I 4 I ~~ 4

- 
S 

p(1-p) 2 (1-q)

I R1 IR 2R3I~ I 4I ~ LI~2 ’~Ii— ~~~~~~~~~~~~~~

- 
1-(1—p) 2 (1-g)
R1R2 I4~~~R3~q 

S

2 
R1R2~4~ q~ 4~ R3 j..—

( 1—q)(1—p) p

— I ,IR1R2R3I~ I~ I~ }..— 1/2 q(1-p)2

R1 IR 2IR 3I~ I4 
~

‘i— 1/2 q(1-p) 2

- I R1 IR 3IR 2I~~

4

- FIGURE 6: A PARTIAL STATE DIAGRAM FOR A
3-REPEATER NETWORK

‘4-
.5 

4
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8 . 4 . 3  Calculation of Number of States

The cardinal ity of $ is derived below in terms of number
theoretic quantities. 

-

Let:

a. IRI = in

b. be the number of partitions of m elements

into exactly 5 groups.

c. LPi(m), the i-th component of the L-th partition ,

is the number of elements in the i-th group
ordered as

LP~+l (m) ~ L
Pi~

m) , l<i< 5, (27)

with LPi(m) = 0 if necessary .

d. LKj(m) be the number of groups in the
L-th partition of in elements having j
elements.

From these definitions it follows that

a. m = 
~~~
1
L
P
~~

(m) , l<L<
~~ 

(28)

- b. in = E j~K. (in) (29)
j =o ~

4 -

S
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i
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Let 
S

b if P . (m)<l
• ~~ (m) (t~~~ 

•5 5 -
- 

1~ — 

- 

(30)
1- 1 - - • - ‘  - S - - - - 

- - -~ ‘- 4
-

- , S~ - - 
-~~ 

- S511 ~~ 5 4..lm) > i
, -

We thc’n claim that $Jae .number of sta±e~~~~.~~_” t~e,,Zdar~o” Cba~tn is
given by: 

- 
5 S -

I v \ -

- - fm- E iY.(m)\
-

S 
- - I i=]. 1 -

1
S 

- I $ I - = Z v=O\  LPv+l (m) / •
11 ~ (5—i) (31)

L=l in 1=0 ifj -

Proof : Consider a given partition L, given by L1’i(m), i=1, ...,5.
The ~.~rnerator term involving the product of the binomials represents

- - .tJ~ n”mber of ways we can partition m elements (repeaters) into

groups G
~+i 

having LPv+1(n) elements, v + 1 = 1, 2, . . •‘ ?‘~~~‘ 
with

duplication , i.e., two groups may have same number of el~ments. The

denominator term eliminates the duplicate copies due to permutation ,
- embodied in the partition operation of the numerator, i.e., due to
two groups having same number of elements. Finally the product term

- - represents how the distinct partition groups G
~
, l<i<5 , can be as-

signed to a particular status; if a set has more than one element it

can crily be placed into any of 5—i-l statuses, where l<i< 5 represents
the statuses already filled up; if the set has one or no element in

it , it can be placed into any of 5-i statuses. Condensed mathemat—

ically, any set can be placed into • (5-i) statuses. The above
L~i

restriction is imposed by the fact that -at most one repeater can be

in status 3, during any ALOHA slot.

8.34
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Computations show that:

i$ (3) I = 112
I$ (4 ) I = 488

I$ (5) I = 2320

The solution strategy should follow the procedure used for the

model in Section 3.

4
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-
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8.5 CONCLUSIONS

S 
Markov Chain initialization models for a single hop packet

radio network were developed ; network initialization time was

studied as a function of number of repeaters, number of station
buffers, transmission rates of ROP’s by repeaters, and trans-
mission rate of labels by the station. The models appear to be

complex from the computational viewpoint; namely, the number of
states of the chain is of the order 0(m3), m being the number of
repeaters (the complexities of the models were derived). The

high complexity enabled the numerical investigation of small net-
S 

works only of up to 7 repeaters, and this could be done for one
of the models only, which assumed a complete interference system

in which all repeaters and the station are within an effective
transmission range of each other.

The computational results suggest the following conclusions :

Initialization times are more sensitive
to repeater transmission rates than sta- 

.5

tion rates.

• Initialization times are not significantly
increased if there are somewhat fewer buffers
in the station (for initialization) than the
number of repeaters.

‘5’.

• Initialization times increase nearly linearly
as the number of repeaters increases (with

S the number of buffers in the station equal to
approximately 1/2 the number of repeaters).

-_ - • Optimal repeater transmission rates decrease

.4-. 
as the number of repeaters increase.

• The total transmission rate of all repeaters

~ is nearly constant.

- 

• 8.36 
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CHAPTER 9 -

MA RKOV CHAIN INITIALIZATION MODELS WITH

FIFO LABEL QUEUE MANAGEMENT AT THE STATION
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CHAPTER 9 -

A MARKOV CHAIN INITIALIZATI ON MODEL WITH FIFO LABEL QUEUE
MANAGEMENT AT THE STATION

9.1 INTRODUCTION

We address the problem of intialization of repeaters in packet

radio networks. Repeaters in the radio network need to be initial-

ized by the station ; namely, to receive a so—called “label” which
enables addressing specific devices during packet transportation .

It is assumed that a priori the station is not informed of the

existence and location of specific repeaters. Hence, the ini tial-
ization process involves sending special control packets, called

Repeater On Packets (ROP’s) from repeaters to the station to inform
existence and location , the transmission of labels by the station to
repeaters identified, and the transmission of End—to-End Acknowledg-

ments (ETE Ack) by repeaters which receive a label. A repeater is

considered by the station to be initialized after the station re-

ceives an ETE Ack to the label packet. The more interesting initiali-

zation problem is for multi—hop packet radio networks which will be

the structure of practical systems. However, such systems are too
complex and do not lend themselves to analysis. Nevertheless, the 5 5

model and results for initialization of single—hop networks present—

ed in this chapter provides much insight into the behavior of the

initialization time and the proper transmission rates of repeaters

and station to obtain minimum initialization time.

In Chapter 8 we discuss a Markov Chain model for initialization

of 1-hop packet radio networks. This model is conceptually very

useful, but in order to compute the total initialization time, it is
necessary to solve a set of linear simultaneous equations. For an

m repeater network the number of such equations turns out to be

0(m3). Hence this model is not applicable for analyzing large net—

works. Also, only a model for complete interference is implemented .

9.1
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The complexity of the model in Chapter 8 can be reduced by

modifying the label queue management from a random selection dis-

cipline to a first in, first out (FIFO) discipline , the number of
linear simultaneous equations that need be solved can be reduced

from 0(m3) to 0(m2). In this chapter we:

1. Formulate a new Markov Chain initialization model

based on FIFO queue management.

2. Establish that the complexity of this model is

0(m2).

- 
3. Derive exact solutions for this new model when

the station has 1 or 2 buffers for the complete
interference case. -

4. Derive approximate solutions for this new model

- - -
- - when the station has 1 or 2 buffers for the general

interference case.

- - 5. Study numerically the solution and obtain results

for the proper transmission rates of station and
repeaters to minimize the initialization time, as
a function of number of repeaters , interference
between repeaters and number of station buffers.
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9.2 MODEL DEFINITION AND ASSUMPTIONS

In this analysis we make virtually the same assumptions of
Chapter 8, except where noted. We are concerned with a PR net— S

work having the following characteristics :

1. Single station, S, and repeaters ,
j l , . . . , m.

2. Each repeater can communicate with the

station (1 hop system).

3. Each repeater has I disturbing repeaters in

addition to itself. When I = m-l, the following

analyses are exact; otherwise approximations

must be used. Note the computational results

in Chapter 8 are for I = m-l. 
- 

S

4. No repeater accepts Repeater On Packets (ROP’s) 
S

or End—To-End acknowledgements (ET-E Ack ’s) from
other repeaters.

5. Single channel slotted ALOHA access scheme.

6. When forwarding ROP ’s, each repeater broadcasts
into a given slot with probability p.

7. If a repeater receives its label from the

station, it forwards one ETE Ack into the next
slot and halts transmission of ROP’s.

9.3
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8. After the station receives a ROP from a partic-

ular repeater for the first time, the station pre-
pares a label for that repeater and places it in

S 

the label queue. We assume this requires zero pro-

cessing time.

9. The station maintains the repeater label in the

queue until it forwards the label to the repeater
and receives an ETE Ack , indicating the label has
been received. When this occurs, the repeater is

considered labeled.

10. When the label queue is not empty , the station
transmits a label with probabili ty q.

11. When transmitting a label the station selects it 
-

S

from the queue on a FIFO basis. This assumption

diverges from the equivalent assumption of Chap-

ter 8, however for the case of 1 buffer the two
assumptions agree.

12. Whenever the station receives a ROP from a repeater

for which it already has prepared a label, it dis-
regards the ROP.

13. Zero propagation time for radio signals.

14. Buffer size, b, i.e., the number of labels in the
label queue cannot exceed b, b = 1, 2, ..., m.

4
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15. If the station or a repeater receive more than one

packet in the same slot, it is assumed that all
packets are in error (zero capture).

It aan be noted that at any time during the initialization process,
a repeater will have one of the following statuses:

1. Transmitting ROP ’s, but has not success fully
sent one to the station. 

-

2. Transmitting ROP ’s, but has already successfu l ly
sent one to the station.

3. Received label from station in previous slot, will
forward ETE Ack to station in next slot.

4. Awaiting another label from station. It has

received at least one label from the station but

the subsequent ETE Ack ( ’ s) were unsuccessful.
In this case the repeater is not transmitting ROP ’s
since it has a label. However, the station did

not receive an ETE Ack to the label; hence it will
keep on transmitting the label to the same repeater.

5. Completed initialization — repeater has received

label from station and forwarded a successful

acknowledgement.

As in Chapter 8 for the complete interference case, let m
~ 
be

the number of repeaters having status i, i=1, ..., 5, and define

4 
the Markov Chain whose state is the quintuple

. 5 ’
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\m

5

From the assumptions it is immediately clear that:

5
1. Z m . = m

i=l 1

2. m2 + m  + m 4 < b

3. m3 + m 4 < l

Note that these are the same constraints used in the previous model ,
with the addition that in

3 
+ m

4 < 1 (implying that in4 < 1). A re-

peater in status 3 has received a label in the previous slot;

since the station can only send. one label at a time, only one
repeater could have such status; a repeater with status 4 is one

that received a label but has not forwarded successfully an ETE Ack. S

The FIFO condition implies that the station keeps on sending a label
to the same repeater , until it successfully receives an Ack; there-
fore only one repeater could be in status 4. Also the station could

-
~~~ not pick a label for a repeater in status 2, if there is a backlogged

- 

- repeater in status 4. Thus we need to impose m3 + m
4 < 1.

Transition probabilities for this model with complete inter—

ference are derived in Appendix A. Analogous to the discussion in

Chapter 8, this new model can be extended to treat the general inter-
ference case with no conceptual difficulties. The major complication

~ 51

is that because of the FIFO queue management, the model must note the
order in which the station receives ROP’s from the various repeaters.

However, the computational complexity of the general interference

- 

S 

model is again much greater than that of the complete interference

model.
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9.3 MAIN RESULTS - STUDY OF INITIALIZATION TIME FOR 1 AND 2

STATION BUFFERS FOR FIFO LABEL QUEUE SERVICE DISCIPLINE

In this section we present the closed form solutions for the

initialization times. Furthermore, we study by numerical methods
the optimum values of transmission rates by repeaters and station

which result in minimum initialization time as a function of nuin-

ber of repeaters and the interference between repeaters. Finally

in Section 9.3.5 we compare the initialization times for 1 and 2

station buffers. 
-

9.3.1 Single Station Buffer

In Appendix A we show that the ini tialization time for a
single hop m—repeater packet radio network is given by:

rn—i 1 1
— 

i 0  ~(m_i)p (l_p)
m
~~~~ 

+ 

q (l—p) 1
~~~~~ (1)

S 

+ 
1 (1+ [1— (1—g) (l..~~)

m_i_l
)) 3

Where :

p — Transmission rate of ROP’s by an uninitialized
- _‘

~; 
repeater

q - Station label transmission rate

1(i) — Average number of interfering repeaters, given
i rpeaters are initialized.

For complete interference the solution is exact, i.e., 1(i) = m—l—i.
4
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9.3.2 Numerical Results For The Single Station Buffer Case

The numerical study involved point-by-point search to obtain

optimal parameter values accurate to two significant places. The

major results are as follows:

Figure 1 depicts optimal values for the exact solution to the
Markov Chain with complete interference. Observe that for complete

interference the optimal station transmission rate is a constant
q* = .44. Note that this rate is higher than the optimal rate for

the infinite buffer case and random service of label queue of Chapter
8. This is due to the fact that the station must clear its (only)

buffer as soon as possible before it can proceed with the ini tiali-
zation.

Figure 2 depicts optimal values for the approximate non-complete

interference. Observe that for partial interference q* is still
nearly constant, but there is a tendency to decrease as m increases.

The optimal repeater transmission rate for complete interference

case is lower than the optimal repeater rate for non—complete inter-

ference. In this case, a frequent repeater transmission blocks
label reception, for any other repeater ; to alleviate this, repeaters
should not broadcast too frequently. On the other hand, for marginal
interference , a repeater blocks only few other repeaters; thus we

can afford a slightly higher repeater rate.
- . In Figures 1 and 2 we see that for both categories of inter-

ference p* < ~~. Specifically ,

I = in-l, p* ~ -- ~~~ 
(m large)

‘S I = 2 , p* ~ -- ~~~ (m large)

- 4

Also, the initialization time decreases as the interference de—
creases. For large in, there is approximately a 20% differential

S

4

4-
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FIGURE 1: COMPLETE INTERFERENCE, ONE BUFFER
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between the case I=rn-1 and 1=2. Figure 3 shows the convex behavior

and sensitivity of the initialization time as a function of the para-

meters. -

Table 1 shows the time required for ROP collection and label

delivery operation as a function of the cycle, indicating the rela-
tive difficulty as initialization progresses. A cycle is a section

of the state transition diagram of the Markov Chain initialization

model developed in Appendix A. Cycle i is the section of the dia-

gram beginning with having i repeaters initialized and ending with
having 1+1 repeaters initialized. Figure 4 graphically illustrates

the comparison. Note that ROP collection becomes consistently

harder as ini tialization proceeds; label delivery becomes consis-
tently easier as initialization proceeds. The label delivery becomes

easier since there is less contention while the ROP collection be-

comes more difficult because there are few repeaters which produce
acceptable ROP’s. This is true even if the interference has de-

creased — indicating that the fact that there are fewer repeaters
has a more marked effect. -

9.3.3 Two Station Buffer Case With FIFO Service Management

The total single hop m repeater initializa tion time (derived
in Appendix B) is given by:

I = 

mp (l_p)in~
l + q(i-p) + + ~E E(

~~ 1 (2)

where
S 

- *— 1

p (m—i—l) (1—q) (l—p) +q(l—p)

q (l—p)~~~~~~
p (m—i—1) (l—q) (1_p)m~i~ l~q(1_p)l+I(i)

S

*Equation continues on next page.

.
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(1 + (1—g) ~~~~~~~~~ 
+ [l— (l—q)

(m—i—l)p(l—p) 1.

t 
1

(rn_i_l)p(1_p)i n 1 2  
(l—q)+q(l—p) I (i)

1. (m_i_l)p(l_p) in_
~~

2(l_g)

(1_p)m 1 l (l_q) (m_i_l pu_p)
m_1_2

(l_q)+q (l_p)~~~
1)

[1 + 1 
I(i)~~~ 

{l_ [1_ (l_q) (l_p)in_
~~

l]
q(l-p)

—l

(m_i_l )p(l_p)i n _ 2 (l_g)+q(l_p) l
~
3)

+ 
(m—i—l)p(l—q) (1..~~)

m_i_l

p (m—i—l) (1—q) (l_p)
in_
~~~+q(l.~p)

IW 
S

1 1
+ 

(l_p)in~
1
~
l(l_q)

[1 +[1_ (l_p )m~~~~ (l_q) J 
1 
I(iq(1-p)

where:

p = Repeater transmission rate
g = Station transmission rate

1(i) = Average number of interfering repeaters, given i
repeaters are initialized.

S 4

-

~ 

S 
- Again the expression is exact for complete interference.

S
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9.3.4 Numerical Results For The Two Station Buffer Case

Figures 5, 6 and 7 depict the optimal parameter values and

ini tialization time for complete interference, for I = 2 , and no -

interference, respectively, for an rn-repeater network. The optimal —

values were obtained by point—by-point search and are accurate to -

two significant digits. -

Figure 8 shows the ini tialization time as a function of m,
parameterized on I. The initialization time for a-l—buffer system

is shown for comparison.

The. following can be observed :

1. The optimal station transmission is nearly -

constant at q* ~ .40, showing a slight tendency -
-

to decrease as m increases. -

2. There is only a very small difference in the -

optimal station rate at low or high interference.

3. For complete interference p~ < ~, and for large
m, p~ ~ --~~ (empirically determined).

4. As the interference decreases, p~ increases (as
expected); again p < and p~ ~ .~~~~~ for large m.

I..

5. As the interference decreases , the initialization
time decreases. There is a reduction of about
15% in initialization time as we go from complete

- 
interference to zero interference.

S

9.16
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9.3.5 Comparison of 1-Buffer and 2-Buffer Cases

A comparison between the above cases via Figures 1 to 8 shows:

1. The station ’s optimal transmission rate de-
creased 10% as we went from 1 buffer to 2

buffers. This is explained by the fact that

in a 2-buffer situation there is no pressing

urgency to clear the one occupied buf fer since
another is available for accepting ROP’ s.

2. The repeater ’s transmission rates are un—

changed on the average, indicating that the
= repeaters can be ignorant of the station ’s

buffer  number .

3. The initialization time decreased as we went

from 1 buffer to 2 buffers. Approximately

15% less time is required with two buffers

than with one buffer.

4. Comparing these results with the results of

Chapter 8, we observe that for a small number
of repeaters, the degradation of changing
from random selection of label transmission

~~~v. to FIFO is of the order of 1%. Such de—

gradati n, however , can be expected to in—
crease as the network size increases.
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9.4 COMPUTATIONAL COMPLEXITY

In Appendix A it is shown that the number of states in the
Markov Chain for the b station buffer  case is:

b
E 3(m—L-i-l) = 3 [mb+ (b+l) (i— ~~)J (4)2

Observations:

1. i f b = l , a = 3[m4-l]

2. i f b = 2  a = 6[m]

3. if 3<b<m a < 3 bm

Thus we see that in all cases a=0~bm), and for infinite buffer
(b m), o 0(m2). The improvement in the computational effort is

shown in Table 2 which compares the number of states of this FIFO

model for delivering labels to repeaters versus random service of

the label queue (Chapter 8) .
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9.5 CONCLUSIONS

Closed form solution for the initialization time of a single—

hop packet radio network were obtained . The solutions are for the

case in which the station has one or two buffers  for storing and
sending labels and when it uses a first in f irst out queue management
strategy. The slotted ALOHA access scheme was assumed. The com-

putational complexity of the models was determined; the solutions
were programed, and the optimum values of repeater - and station

transmission rates as a function of the interference pattern of
repeaters were experimentally obtained . These optimum rates re-

- - sult in minimum initialization times.

The following conclusions emerge f r om the studies:

1. The initialization time with 2 buffers at the

station is approximately 15% smaller than with
1 buffer, for the same interference pattern and
network size.

2. The optimal station transmission rate , q*, is
nearly independent of m(number of repeaters),

S for both values of the buffer  size ; however ,
• q* decreased 10% as we went from 1 buffer to

2 buffers. Thus q is a function of the station ’s

architecture only.
‘5’.

- 
3. The optimal repeater transmission rates were

independent of the buffer size on the average,

indicating that the repeaters need not be aware
of the station ’s buffer structure.
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4. The optimal repeater transmission rate in-

creases about 20% as interference goes from

complete to zero; the initialization time de-
creases about 15% as we go from complete inter—

• 

5 
ference to zero interference.

5. In both cases for large m optimal repeater

transmission rates were proportional to 1/rn

where m is number of repeaters in the net-

work.
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APPENDIX A: DERIVATION OF SOLUTION FOR

THE ONE BUFFER CASE

A.1 Transition Probabilities

Because of the assumptions of complete interfe-rc.n~e and
FIFO it is easy to compute the state transition mat .. For

the complete interference case , a packet is succes.- !iy re-

ceived by the station , if all other repeaters and station

are silent. Similarly, for a packet to be received successfully

by a repeater it is required that all repeaters be silent.

We associate a status with each repeater durin g the initial-
ization process. The state of the system is defined by the number

of repeaters in each status. A repeater can have one of the follow—

ing statuses:

1. Transmitting ROP’s, but has not successfully
sent one to the station.

- 

- 
2. Transmitting ROP’s, but has already successfully

sent one to the station.

3. Received label from station in previous slot,

will forward ETE Acic to station in next -slot.

4. Awaiting another label from station. It has

- - 
received at least one label from the station

but the subsequent ETE Ack(’s) were un~uccess-
- - - ‘ ful. In this case the repeater is not Lrans—

4 mitting ROP ’s since it has a label. H-~~~ver ,
the station will continue to transmit :he

label to the same repeater , since it d.~i not
receive an ETE Ack to the label.

9.A.1
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5. Completed initialization - repeater has received

label from station and forwarded a successful
acknowledgement.

Given the present state of the chain, Cm 1, m2, m3, m4, m5) ,  where
m~ is the number of repeater in status i, the following list enu—
merates all possible transitions. We consider m3=O and m3=l se~
arately.

1. No repeater received a label in the previous

slot (m3=O)

a. Successful ROP when station queue is not

empty. This requires m1>0, 0<m2+m4<b.
Transition to state (m1-l, m2+l , 0, m4 ,
m5) occurs with probability

m1+m2-l(l—q)m1 p(1—p) Z1.

b. Successful ROP when station queue is

empty. This requires m1>0, m2+m4=O.
Transition to state (m1-l, m2+l , 0,

m1+m2—l ,,
m5) with probability m1(p(1-p) = z1.

Since and ~~ represent probabilities
of mutually exclusive events, we will use
one notation 

~l 
which will denote or

~~, depending on the event

c. Successful label to a repeater with status 2.

This cannot occur in the present model unless

•5 . m4=O. Transition to state Cm1, m2—1, 1, m4, m5)
- m + m

with probability Z2=(l—p) 
1 2~

9.A.2

~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -_



p .. ~~~_. •~~ - ‘ 5 -
~~~ S5 - ~~~ 55. S~_ - 

~~~~~
S
~~

•
~

5 S S  
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

NETWORK ANALYSIS CORPORATION

d. Successful label to the repeater in status 4.

This requires m4>0. Transition to state Cm1,
m1+m2

m2, 1, m4-1, m5) with probability (l-p) q=Z3.

e. Else remain in same state. With probability

l—Z 1—Z 2— Z 3. 
-

2. Some repeater received a label in the previous slot.
S 

. (m3=l, m4=O)

a. Successful ETE Ack. Transition to state

‘ S Cm1, m2, 0, m4, m5+1) occurs , with prob-

rn -f-zn
ability (1—p ) ~ 2(1—q ).

b. Unsuccessful ETE Ack; transition to state

(m1, m2, 0, m4+1, m5) with probability
- -

l— (1—p ) ~ £ (l_q) .

3. If the present state is (0,0,0,0,m) go to
state (m ,O,0,O,O) with probability 1.

It is elementary to verify that a unique stationary vector,

(Ill, II2 , . . .I I~~) T , exists for this chain. Also, if the nth state
is completely labeled state, (0,0,O,0,m), then the exoected inter—
arrival time between visits to state n is 1/fln• Hence, the expected
initialization time is iiiç~ — 1. 

5

Alternatively , one could define T~ to be the time to reach the

completely initialized state from state i. Suppose at the current
$

“5- -

~
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time the state of the Markov Chain is i and a transition to state
j  occurs (where j  may equal i). Then it is easy to derive 

- -~

EET~~I 
next

1 
~~~~t~0n3 = 1 + EET~]. (A.l)

Unconditioning we obtain

E (T~ ] = E (l+E[T~]) P~~ = 1 + E E ( T~] ~~~ (A.2)
) )

where P.. is the i, j element of the state transition matrix.

This results in a set of simultaneous equations that could be

solved to obtain E[T~] for all i. In the following sections we

obtain closed form solutions for these equations with 1 and 2
buffers.

A.2 Number of States in the Chain - -

Consider the quintuple Cm1, rn2, m3, m4, m5). Let R. ROP’s

be in the buffer (i.e., £ = m2+m3-s-m4) and m-L be in state 1 or 5.
Since

1. m3 < l

2. m4 < l

3. m3 + m 4
< 1

“ -S

- 
- We see that given t elements, there are only three ways in which

to partitiot~ .them according to statuses 2, 3 and 4 , namely ,

1. m2 = t—l rn3 0 .rn4 = l

2. - in2 = L—1 rn3 
= 1 in4 

= 0

3. m2 = &  m3 0 m4 = 0

9 . A. 4

- - ———5-.-  
S :1

-
~~~ , ~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~ 

— 5- . 55 ’ - _- , ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - - - - -



- - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -.-~~- —5-- -5-- --- - 
-

N ETWORK ANALYSIS CORPORATION

On the other hand there are m-L+1 ways the m—~ elements can be
partitioned in the two statuses, 1 and 5. Thus, if a represents
the number of possible states of the above chain, by summing
over all allowable values of £ , we find

a = Z 3(m-t+l) 3[mb - b(b+l) + (b+l))
(A.3)

= 31mb + Cb+l) (l —

A.3 Solution to 1-Buffer Markov Chain Model

By a cycle of a Markov Chain we mean a section of the state

transition diagram. We consider cycles C~ such that

1. The C1’s are disjoint.

2. Any state of the chain belongs to one cycle. S

3. C~ and C1~1, when considered as graphs, are
isomorphic for all but possibly the first and
last case.

The solution strategy involves computing the expected time to

traverse one cycle, and then summing these over cycles 0,1,...,m—-1.

To clarify the analytical procedure to be followed we illustrate in

Figure 9 a cycle of the state transition diagram for the 1—buffer
I ’ case. SR, SL, SE, UE represent successful ROP, successful label,

successful ETE Ack and unsuccessful ETE Ack , respectively.
The cycle starts with the state (rn-i, 0,O,O,i) representing

rn-i unlabeled repeaters and i labeled repeaters. The following

states are depicted in Figure 9:

9 A 5  j
I~
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• O~ = chain at beginning of cycle i = (rn-i, 0,0,O,i)

• l~ = chain after SR = (m—i—l ,l,O,0,i)

•1
= chain after SL = (m—i—l ,0,l,0,i)

S = chain after UE = (m—i—l ,0,O,1,i) 
S

~~~~ 
= chain at next cycle = 

-

- 

chain after SE = (m—i—l ,0,0,0,i+l )

The simplification that allows us to solve the 1 buff er and
2 buffe r  models with relative ease is that in each case there are
m+l states that must be entered in moving from state (m ,0,0,0,0)

to state (0,O,0,O,m). By defining cycles in the appropriate, we
take advantage of this. For buffer sizes greater than 2, this
is not true. S

Note tha t for the 1 buffer case, the expected time to initial-
ize the last rn-k repeaters (after k repeaters have been initialized)

equals the expected time to initialize a network with k repeaters.
- 

This is not true for larger buffer sizes. —

Let E (~ 1] be the expected time to go through cycle i ; then
if ~ represents the expected initialization time,

- - 

m-l
= Z E (~~- ] (A.4)
i=0

Throughout the analysis we use the fact that the geometrical dis-

tribution is memoryless; that is, if -r is a geometrically dis-

tributed random variable; then

Prob(t > i+j I t> i )  = Prob(t>j) (A.5)

for i , j  integers.
*5-

9.A.7
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In our case t is the time spent in a specific state of the

Markov Chain; the time to leave any state is geometrically dis-

tributed.

Consider the following particular scenario. The chain is in

state A. If event E occurs transition to state B occurs; else if

~ 
(its complement) occurs go to state C. Remain in state C until

some other event F occurs then return to state A. See Figure 10.

Let ELTAB) and E~
TCA J be the expected time to go from A to B and

C to A, respectively. Because of the abovernentioned memoryless

property:

1 , i f E
E[TAB Joutcome of event] = 

—1 + E [TCA] + E[T~~ ] , if E

= (A.6)

unconditioning, if p(E) = prob of event E,

EFTAB I p(E) + (l-p (E) ) U + E [T CA] + EETAB]I (A.7)

from which one obtains:

l+(1—p (E))E[T :i

AB — p(E ) .

Going back to our Markov Chain, let BIT ] be the expected
- . xiyi

time to go from state x to state y in cycle i.

Then clearly from Figure 9:

E (f ~ ) = E ( T 0 1 + EET1 2 + E [T 2 0 (A.9)
4 ii i i  i i+1

We examine each component separately. In this analysis let

be the transition probability of going from state x in
iyi

cycle i to state y in cycle i.

9.A.8
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A.3.l Evaluation of E(T0 1 )

A transition from state O~ to state l
~ 

represents a successful
ROP reception ; this can occur only if

1. The station is silent.

2. rn—i-i repeaters are silent, and one is 
-

broadcasting.

Thus the probability of this transition is:

= (rn—i) p(1.~p)in~~~~ , i 0 ,l,...,m—l (A.i0)

Finally since the distribution of time spent in state O~ is
geometric we obtain:

E ( T 0 1 = 
1 

= 
1 

_ - _
~~~ 

(A.ll )
1 

~~~~ 
(rn_i)p (l_p)in 1

A.3 .2 Evaluation of E1T1 2 ]

A transition from state to state 2~ represents a successful
label delivery; this can occur only if

1. The station transmits.

2. The repeater in question is silent.

3. All the repeaters which can interfere with the

repeater in question are silent.

9.A.10
.
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Thus the probability of this transition is:

~~~~~ 
= q(1—p)~~~~~~ (A.12)

where 1(i) is the number of interfering repeaters at cycle i. For

complete interference 1 (i) = rn-i for all repeaters and our result is
exact. For non—complete interference 1(i) < min(I,m—i). Thus for

the latter case one is restricted to an approximation. Two conceivable
S approximations are:

1(i) ~ min (I,m—i) (A.l3)

1(i) + l~~~(I+1 ) 
rn—i+l (A.l4)

The second approximation has been implemented into our computa— S

tional routines and is subsequently referred to as the linear

decrease approximation.

Now, since the distribution of T1 2  is geometric,

EET1 2 
1 

+l (A.15)
i i (1 ) S

I-
A.3.3 Evaluation of BET2 ~ 

I

~ i+1

This is the only case that needs some thought. Note that

5 4 
from state we can go directly to state 

~~~~~ 
if the ETE Ack

transmission is successful, and to state if the ETE Ack trans-

mission is unsuccessful. We condition on this event. In this

case we can apply the analysis developed for the scenario depicted

in Figure 10; doing so, we obtain:

9.A.ll
.
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S 555-_S_S_ S s SS5- —’5 _S55fl.555.~~._ s55__

N ETWORK ANALYSIS CORPORATION

— l+(l—P2 0 )EET3 2
E [T ] = 

] i+l 1 ~ (A.16 )
1 i i+1

Since such an ETE Ack is received if all active repeaters and the

station are silent, we have:

0 
= (1_p)

m_i_l
(1_q) (A.l7)

i i+l

Note that

S 

~32  
= q(l_p)1~~~ - 

(A.18)

since all interfering repeaters must be silent and the station
must broadcast. Thus the expected time is:

E ( T 3 2 ~ 
= 

1 
I() 

(A.19)
i i q(l—p) ~

because the distribution of the time spent in state is

geometric. We thus have

EET ] = 1 (1 (1_ ~ )
m_l_l

(1.~~fl
-~~ 3. 1 (l—p) — — (l—q) q (1—p)

Finally, the total expected initialization time is obtained by

L summing the three quantities obtained above, over every cycle.

S 

._ m~l 

~ 
1 

+ 
1

— 

i=0 (m.~i)p (l_p)
m
~~~~ g(1_p)~~~

1
~~

l
(A.21)

________________  

(l—(l—q) (1~~ )
m_1_l

]

(l—q) (l—p ) 
— 

q (l—p)

9.A.12
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We have thus derived the exact solution for the 1-buffer Markovian

model with complete interference and an approximate solution for

the general interference case.

Conceptually the same approach can be applied to treat the

general interference case, but the development is very laborious.
In this case it is necessary to know specifically :

(1) Which repeaters have already been initialized

prior to the ~th cycle.

(2) Which repeater is labeled during the 1th cycle
given item (1).

(3) Expected time to complete the 1th labeling,
given (2).

Then in order to compute total expected initialization time, it

is necessary to compute probabilities for items Cl) and (2) for

all possible combinations. A cursory analysis indicates that

computing probabilities for item (2) and expected time in (3)

is relatively easy, but computing the probabilities for (1)

would be laborious. Most likely this would have to be computer-

ized (rather than deriving a closed form solution), and even
then, because of the computational complexity , only small networks

~7 . could be analyzed.

I 9.A.13
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APPENDIX B: DERIVATION OF SOLUTION FOR A 2 BUFFER

MODEL WITH FIFO SERVICE DISCIPLINE

B.1 General Strategy

It has been stated above that close form computations are
= relatively easy when the number of states by which one can enter

a cycle is one. To achieve this, we must alter slightly the
definition of cycle employed in Appendix A. Let -

- a
Cycle —l start with (m ,0,0,O,0)

end with (m—l,1,0,0,0)

Cycle i start with (m—i—l ,i,0,O,i)

end with (m—i—2 ,1,O,0,i+l), i=0,1,2,...,m—2

Cycle rn—i start with (0,l,0,0 m—l)

end with (0,0,0,0,m)

Note that Cycle -l involves only the successful sending of a ROt’
to the station while the cycle rn-i involves only the labeling of

the last repeater after all others have been labeled , af ter this
S repeater has successfully sent a ROP.

Thus at the beg inning of Cycle i, i=0,1,... ,m—2 , there are
rn—i—i repeaters with status 1, 1 repeater with status 2, and i
repeaters with status 5.

Figure 11 illustrates the states for a typical cycle 0<i<m—2.

The same nomenclature of the previous section has been employed in

Figure 11; notice that now there are three separate classes of

routes which the chain can take to traverse the cycle. Each cycle

starts with 1 ROP in the buffer. Either one of the following

- 

- classes of routes can be taken:

.5
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CYCLE i

(m— i— 1, 0,0,1,i)

3~

SR
(m-i— 1 ,1,0,0 i )  UE SL 

-

ii 
SI 2~ SE

o. SR 1.
SR 1 i+1

S 

SE (m-i-2 ,1,0,1,i+1)
4~ SI

5 4 

-

(m—i —2 ,2,0,O,i) UE SL

6~

- (m— i—2 ,1,0,1,i)

4

4”

FIGURE 11: CYCL E 1, 1 0 ,1,... m-2
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1. Another ROP is received by the station before
a label is recieved by a repeater (follow the

lower route passing through states s11, Si’ and
possibly 6k).

2. The label is received and acknowledged by the
repeater before another ROt’ is received (upper

route without cross over passing through states

~~~~ 
0~ and possibly 3~) -

3. 
- 

The label is dispatched several times but before
it is successfully acknowledged another ROP is

- - 5 5 received (upper route with cross over passing -

through states 2~ , 3~ , 6~ and 5~ ). 
-

Our calculations involve examining the expected time to traverse -

each of these classes of routes, and deciding with what probabil-
ity each is chosen.

As before the total expected initialization time is the sum of the

expected times required to traverse each cycle: - 
-

rn-l
= Z E [

~~
] (B.1) -

-

i=—l

Since cycle -1, and m—l are different, we address these first. -

L
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B.2 Cycles -1 and rn-i

Figure 12 depicts that section of the state transition dia-
gram for cycle —l and rn-i.

B.2.l Evaluation of

This involves a SR, g iven that all m repeaters are uninitial-
ized ; this requires one repeater to transmit and all others to
remain silent. Thus the expected time of cycle -l is:

— 

0_~ 1~ mp(l—p)

B.2.2 Evaluation of EE
~m_i

] -

Observe that, except for the number of unlabeled repeaters,
this section of the state diagram is the same as a cycle for a

1—buffer problem. As in the previous section

EE
~m_i

] EIT1 2 ~ + EET2 ~~ 
1

rn-i rn-i rn-l rn-i

= (1— ) + P 
1 {l + E [T3 2 ~ (i—P2 0 ~~ (B.3) I

q 2m-1°rn-l rn-i rn-i rn-i rn-i

where P2 0 = prob (ETE Ack is successful.)
rn—i rn—i

-
~~~~ Since every repeater is silent at this stage, we only require

that the station be silent; thus P2 0 = (l-q), giving the
‘ S t m—l rn—i

expected time for cycle rn-i:

rn—i q(l—p) r~

“5-
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CYCLE -1

(rn,0,O,O,O) (m—1 ,1,0,0.0)

CYCLE rn-i I -

~~~~~~~~~ (O ,O,O,1,m-i)
em-i 

)

UE
- SL

SL1m-i 
2rn-i “rn-i

SE

(0,i,0,0,rn—i ) (0,0,1,0,rn— 1) (0,0,0,0,rn)

FIGURE 12: CYCLE -1 AND rn-i
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B.3 Evaluation of EE~~~]S i=0,i,. ..,m—2

For a typical cycle i, we are interested in quantifying
the time needed to traverse it. Such time is made up of various

components, as indicated below.

B.3.l Computation of E E T 1 ~i i + i

To compute this expression assume that at the current slot

- the state of the chain is i~ , then condition on the outcome of
S the next slot. Reasoning as in Appendix A , it is easy to derive

P12  = Prob (go from l~ to 2~) = q(l—p)~~~~~~ (B.5)

P14  = Prob (go from 11 to = ( l—q)  Cl_p ) m 1 ~~ p (m_ i~ i) (B .6)

Then , referring to Figure 11, we see that
9

1 + EET~ ~ 
] if a label is

- 
i i+1 delivered

outcome of 
= ~ + E [T 4 1 ] 

received 
is (B.7)

1 + E(T 1 i ] if neither of
i i+l the above

-.5

where we have made use of the memoryless property described above.

Sp~~~
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Unconditioning we obtain:

BET I = (1 + BET2 1 ~ 
p + (1. + EET~ I) P1i1i+l ~ 1+1 
i~2~ i1i+l

+ (1 + BET1 ~ ~ ~~~~ 2 P~ ~ 
) ( B - B )

i i+l - i i  i i

Solving for EET1 ~ 
] ,  we obtain:

i i+l -

~~ + ~l 2 E(T2 ~ 
] + P1 4 (T4S i i  i i+l i i  i i+].

i i+l i~2~

We notice that to proceed we need E(T2 1 +11 and E[T4i i i i+l

we address BET4 ~ 
I next.

i i+l

B.3.2 Computation of EET4 ~S i i+l

Referring to Figure 11, we see that

E [T4 ~ 
= E (T~ ~ 

J + BET5 1 (B.i0)
i i+]. i i  i i+l

We now evaluate the epxressions on the right-hand side of Eq. CB.lO).
it is quite simple to show that:

= _ _ _ _  = 
q (i_p~

l+I(1) 
- (B.11)

since we require a successful label delivery from the state
(m—i—2 ,2,0,0,i).

S
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To obtain E(T5 1 ] we must condition on the outcome of the
i i+l

next slot, namely whether the ETE Ack is successful or not. Using

the analysis applied to Figure 9 in Appendix A we f ind:

BET5 1 ~ 
= {l + E ( T6 ~ 

3 (1—P5 i )}  (B. 12)
1 i+1 5i1i+l 1. )• i~ i+1

Note that : 
-

- 
S 

~s i = (1_p)
m_i_l

(1_q) (B.13Y
i i +1

since we are in state (m-i-2,l,l ,0,i), and the station and all other
unlabeled repeaters must be silent for the ETE to be successful .

Reasoning as in Appendix A Section 3, we obtain:

BET6 3 = 
1 

= — 
1 
I () 

(8.14)
i i 6.5k gtl—p) ‘

since one less repeater is now active after state is reached.

Finally :

4i1i+1 
— 

q(1—p) 1~~~
’
~ 

(l_p)m~~~~ (l~q)

{l + El_ (l_p)
m_i

~
l(1_q )]

q(l—p)

.4
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B.3.3 Evaluation of E[T2 1
S 

i i+1

Assuming the current state of the chain to be 2~ and condi—

tioning on the event of the next slot, namely whether the ETE Ack
is successful, we immediately see

1 + E[T~ 
~ 

I if ETE Ack
event of — i i+l successful

j . i+l 1 + E E T 3 1 if ETE Ack
- i i+l unsuccessful

Note that (see Figure 11):

“2~ 0~ = prob (ETE Ack is successful from state =

= (l—q) (1_ ~ )
m_1_l 

(8.17)

Unconditioning , we get:

BET2 1  I — P 2 0  (1+E(T 0 1  ])
i i +i i i  i i+l

+ (1 + E [T 3 ~ 
3 )  ( i—p 2 ~ 

) (B.18)
-

- i i+l i i

L 
- Since

BIT0 1 
1 

— — 2  (8.19)
i i+]. (m_i_1)p(1_p )m 1

(due to the fact that the station is automatically silent when
the label queue is empty) we obtain:

2j1i+i 
— 

2i°i (m_i_l)p(l_p )m~~~
2

+ (1—P 2 0 E ( T 3 ~ 
3 (B.20)

i i  i i+1

Thus we need to find EET3 1i i+1
‘4

.5
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B.3.4 Evaluation of EET3 1i i+l

Note this calculation is more complicated than the single

buffer  case because it is possible to transfer from to

i.e., another ROP is received before label delivery. Again we

condition on the next slot.

(i + E E T 2 1 , if label successful
I i i+l

BIT3 ~ 

e~’~~t ~~~~ =~l + EET6 ~ 
3 , if ROt’ successful

S ~ . i+l nex 5 0 i i+1 S

+ EET3 
] , if neither

i i+l
(B.21)

Unconditioning: -

E(T 3 ~ 
I = (1 + EET2 1 ~ P3 2 + (1 + BET6 1 ~ P3 6

i i+l i i+l i i  i i+l i i

S + (1 + E [T3 ~ 
] )  (1—P s 1 

—p
3 6 

(B.22)
i i+l i i+l i i

where

6 = Prob CROP is successful from state

- - 
i i

= (m_i_l)p(l_-5p)m 1 2 (l_q ) (B.23)

f. - P = Prob (label is successful from state 3.)
1 -

- 4  = q (l—p) 1 (B.24)

t: 4

~ 1
4 -  9.3.10
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Solving , we obtain:

~ + I’3 2 E [T 2 i + 6 EET
— ~~ ~ i+l i ~ i+l (B.25)

i i+l

EEP6 ~ 
J can be written as:

i i+l

E(T 6 ~ 
I = E[T6 ~ 

) + EET5 i I (B.26)
i i+l i i  j i+l

where:
E [T6 s ~ 

= (B.27)
i i q (l_p)~~~

1)

\ and E ( T 5 ~ 
J was derived in B.3.2.

i i+l

Hence we obtained an equation for EIT3 ~ 
] in terms of E[T2 ~ 

].
i i + 1 i i+l

Together with the equation of subsection 3, we have a system which

must be solved simultaneously .

B.3.5 Evaluation of E[T~ J: The Final Result

We now pull things together; from subsection B.3.l we have:

p
1.2.

E1T11 ] = + p1 2  
1
+
1
~ 14  

E1T2 1 ]

+ E [T4 ~ 
j (B.28)

li2i li4i i 1+1

~•1
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From subsection B.3 . 2  we have:

E[T 4 ~ 
I = E [T~ ~ 

] + ~~ 1 U ~~E[T6 ~ 
J (1—P 5 1 ~~ (B.29)

~ i+]. ~~- 5j1i+l ~ ~ i+l

We only need EET2 1 1• From subsections B.3.3 and B.3.4 we have:
ii+1

E ( T 2 1 = 1 + P2 ~ 
EET0 I + (1—P 2 0 ).E(T3 1 ] (B.30)

i i+1 . i i i1i+1 i i i~-i+i

and 
~
‘3 .2 .

E1T3 1 1 = P3 6  + p + 

~~~~~~~~~~~~~~~~ 

EET2 1 1

+ E [T~ ~ 
I + E [T 5 1 1 (B.31)

1 i i i+1

The following procedure is employed:

1. Substitute E[T5 ~ 
] (which has been computed

i i+1
above) into equation (B.31).

2. Solve the system of equations (8.30) and (B.31)

for E(T2 1i i—i

3. The answer to 2 is in terms of E[T~ ~ J which was
ui~~i

derived above; substitute such expression.
.4
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We thus have L E T 2 1 ~~ namely:
i i+1

LE T 2 1  ]
i i+1

= (1 + ( 1—q) (1...~ ) m_ i_ 1 
m— i—2 + (1— ( 1—q)

(m— i—l )p( 1—p )

1 1

~(m_ i_ l )p (1_p ) m~~~~
2 (l_ q) + q( l— p ) 1

~’~ 
+ 

(1—p) ’~~~~~ (1-q)

(m_ i_ l)p( 1_ p) m~~~~2 (l_ q) 
El +

(m_i_l)p(l_p )m~~~
2(1_q ) + q ( 1—p) ’ ~~~ q( 1—p) 1 (i)

{ - 
E]._ (1_ q) ( 1_p) m_ i_ l .q( 1_p ) I ( i )  1

m—i—2 1(1) - (B.32)
(m—i—l )p(1—p) (1—q)+q(1—p)

Substitute Equations (B.29) and (B.32) into Equation (B.28)

we obtain:

LE T I*~~ 
1 +1iu i+l 

— 

p (m—i— 1) ( 1—q) (1_~~)
m_ i_ 1 + q (1—p )~~~~~~~~

T

q( l—p ) 1
~ ’~

p( m—i—l) (l—q) (1_~ ) m_i_ 1. 
+

U + (1~ q) (1-p)~~~~~
1 

+
(m_ i_ l)p( l_p) m 1

1
m— i— 2 I’i(m— i— 1)p( l—p )  ( 1—q) + q ( l— p )

*Equation continues on next page.
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• 1(1_p) m~1~ l ( 1_q)

(m_ i_ l)p( 1_p ) m 1 2 ( 1_q) 
~~ +

(m_i_l)p(l_p)m~~~
2(l_q ) + q( 1_p) l~~

1) q( l_ p) 1W

{1 - [ l_ ( 1_ q) (l_p) m ]. q ( l_ p ) ~~~~
) 

}
(m_i_1)p (1_p )m~~~

2(l_q ) +

+ (m—i-1 )p (l-q) (1_ ~ )
m_i_1

p (m_ i_ 1) ( 1_q) (l_p ) m~~~~ + q(1—p) ~~~~~’~

- 1 1 .+

(B.33 )

Thus we have accomplished our goal of determining the expected
- time to traverse a typical cycle. Summing over all cycles gives

the total expected initialization time.

~
4.

- 4

9.B.14



- -
~~~~~

-,
~~

-,
~~~~~~ --—-.-—-—-- ~ .--,

7 
—-

~~

-— .

~~~~~~~

- .w-~~
. 

-.

~
.—

~

—---- 

~

. -. —

t~~ CI.ASS~ ~Wfl
Sec~nty C1 s*tic.~tiim

DOCUMENT CONTROL DATA — R&D
~SPA.ráh. #~.aa,S.c.~uwi .1 slit.. b.J, •f .b.,,.eS sw.~ tnd.aui p w..l.tS.n ~i.i ~~i b. .d%l... d *.4..n Ni. .. ‘.,. U ,.p.,s I. eI...iVs.~,

~. OMsC.Ih~~T;ND 4 C Y .V S T Y  (C.’p...(. 4.ffi t) 3.. f t c PO~~T $C C UAITY CL*fli~~,C4~t iG.s

NETWORK ANALYSIS CORPORATION V L Un~Ias*i~t~ d
BEECIIWOOD , OLD TAPPAN ROAD So. 5~~ou .

GLEN COVE. NEW YORK 11542 None
3. I CPOM T T *T ~~C

.~~~1e1rI~~~ ~‘~~~J U f  I Igt”~~’”~-~ ~~~~~~ iir~~ u ~~~~ Tt L r  II NTEGRATED
f ~ OD VOICE AND DATA NETWORKS AND GROUND PACKET RADIO TECHNOLOGY~ ~~~~~~~~~ -lr -

w~~Umr4) ~~~~~~~ Li.. G P ~~k~+ f t 1 ~,)TecL 1.~otc~.t( .
4. ~~~~~~~~~~~~~~~~~~~~~~~~~~~ .i r& r....~. J.w-.lt...v, —- •

~
- -- . _ —-.-—.._. — .—- --— 

_—

~

-

~
EIGHTH SEMIANNUAL REPORT , MARCH 1977 - ‘ ~~~~~~~~~~ ~~~~~. .------- 

NETWORK ANALYSIS CORPORATION_ ~~~~~~~~~~~~~

p
~~~’c~ jF~~k. ~~~~~~~~~~~~~~~S. ~ LPORT 7 - 

~~ 

-: 
~ ~~~~~~~~~~~~~~~~~~~~~~~ 

I” 
--°

P. - S.. OAIGP NATO R S N~~PO~~T

~ ~ 2~~~
73:c:91

~~J \ SEMIANNUAL REPORT 8 (4 VOLUMES)

~ 4~ .~PA ~ RDER .E~~~ 2286 .b. OtHER REPORT P.0131 (Ant 0(11., fl i.i, b. ,. Ui~l ..y a.

[ .
~~~~~~~~~~ 

•..i~n.d ISU.

IS. £VAI~~A bII.ITYILaUl TAT i0P. NOtI CES

This docw~cnt has been apprs~ved for public release and sal e; Its dlstnbution Is unlimited. 
-

~~~• ~~~~ ~~~~~~~ • ~~~. ~~~~~~~~~~~~~ MII.ITA RY A C T I V i T Y

Advau.~cd Research Proje cts Ag.n$cy.
- - 

Department of Defense

$3. ASI1*ACT New research results on the following major questions are reported:
LeSults on integrated DOD Voice and Data Networks include~ 

- analytical models for

• etermining blocking and delay on an integrated link and numerical investigation
s a function of traffic and design variables; algorithms for integrated network
esign were developed and programmed. The program is capable of designing net-
rorks for voice traffic, signaling and data traffic. A circuit switch model for
Letermining switch and network transit delays for circuit connection set-up was
Leveloped. A methodology for classification of telecommunications routing algo-

kithms was developed. Results on topological gateway placement include an algo-

~ithm and program for interconnecting packet switched networks,, studies of cost/
• performance tradeoffs, and an application to interconnect the ARPANET and AUTODIN

1. In the packet radio area models were developed to estimate network initiali—
ation as a function of number of repeaters, transmission rates of repeaters and
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