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"NITRIC OXIDE PRODUCTION IN LAMINAR AND TURBULENT
DIFFUS1ON FLAMLES"
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ABUSTRORVANC T

An analysis of the production of Nitric Oxide in laminar
and turbulent diffusion flamcs has been carried out taking
advantage of the large activation energy of the NO producing

reactions.
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I - INTRODUCTION

The production of Nitric Oxide has been analyzed for the
laminar diffusion flames associated with fuel droplet combustion
-by Bracco (1972), Altenkirch et al. (1972) and Kesten (1972).
The "NO" production in turbulent diffusion flames has been anal-
yzgd, among others, by FPletcher and Heywood (1971), Quang et al.
(1972), Kent and Bilger (1972) and (1974) and by CGouldin (197u).

In most of these studies thc iustantaneocus rate of "NO"
production has been determined by using the reaction mechanisu

proposed by Zeldovich (1946)

k:l
(0) + (N2) > (NO) + (N) (4)

K

G+ (0,) + {NO) + (0) (2)

If the concentration of NC in thce region of i'0 production is
small compared with its local equilibrium value the effects of

the reverse reactions can be neglected. The rate constant fer

the second rcaction is large compared with that of the first
reaction so that the nitrogen atom concentration N can be obtained

using the steady state approximation

k1{N2} {0} = k2{N} {02} (3)

in terms of the molar concentrations of N J, and 0, and, in

2.
addition, the production rate of NO in moles/cm sec. is given

by

{NO} = 2k1 {NQ} {o} (3a)

. . % . 3
where k1, according to Wray and Teare(1962),is given in cm /mole.sec




by k1 = 7.1013 exp(-38100/T), with T in °K.

The rate constant k1 is very often small compared with

those of the reactions between the main reacting species so that

the changes in concentrations of N2, 0, and 0 associated with

2
the reactions (1) and (2) can be mneglected comparcd those associ-

ated with the wain reactions. Very often the reaction rate for

the main recaction between the fuel and air is so fast that the
concentration of the main reacting species can be calculated

using this assumption of local cquilibrium. Thus, if thc reactions

where (X) is any third molecule,
(0,) + (X) 2 2(0) + (X) ()
are assumed in equilibrium, then

(0}/{0?]1/2 = exp(»?HSOO/T)(moles/cmB)j/2 (%)

For +the temperatures and pressures of interest in wany appli-
cations the resulting value of {0} is very small compared with
the concentration of the major species, {NQ}, {02} and the con-

centration of fuel {F}.

The production ratec of NO as given by (3) and (5) is

1/2

{No) = s.7ux101"{N2}{02} exp(-67600/T) (G6)
2
wor = 1.00.103%%/2y  y1/2 ip(-67600/T) - (7)
NO N, O
- S
in grams,’cm3 sec. Here p is the density in g,ram/'cmJ and Y and

N?
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1

¥ are the mass fractions orf N, and 0,.
02 2 2

The local chemical equilibrium assumption for the reccting
species can be used to calculate the local mass fraction of 0
in terms for examplec of the mass fraction of the elements, “which

are conserved by the chemical reactions.

In previous analyses of the production of NO in laminar
and turbulent diffusion flames the production rate given above,
Eq.(7), was used in connection with the conservation equations
foxr {NO} which were integrated numerically to provide the dis-
tribution of {NO}. Herc we shall use the fact that rcaction
rate Yyo is very sensitively dependent on temperature, becauvse
! the ectivation temperature Ta = 67600°K of the reaction ratc of
Eq.(7) is very large comparced with T, to simplify the analysis

of "NO" production in laminar and turbulent diffusion flawmes.
We shall use the thin flame assumption of Buvrke Schumann, L
see Williams (1965), to calculatce the distribution of temperature

and concentration of the species N2 and 02. 1

IT - "NO" PRODUCTION IN LAMINAR DIFTUSION FLAMLS

In figure 1 we represent schematically the configuration

of a typical diffusion flame. A thin flame, where the main
reaction between the fuel and the air takes place, separatcs a
: recgion without fuel f?om a region frec from oxygen. Also shown
in Fig 1 are typical concentration and temperature profiles

corresponding to a cross section BB'.

According to the overall expression for the NO production
~given above, Eq.(7), this production will only take placc at the

region inmediately adjacent to the thin flame, on the air side,
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where the. temperature has not decreased much below the adiabatic
flame value Tf correspending to the infinite;y thin flame. Vhen
the temperature decreases slightly below Tf, the NO production
becomes negligible because of its large sensitivity with tewpera-
ture. We have skectched in Fig.1 the region of NO production

adjacent to the thin flame.

Because of the small thickness of the region of NO produc-
tion we may talk about the mass rate of NO produccd per unit flame
surface mﬁo. Then, we can use this rate as a surface source of
NO, located on the thin diffusion flame, when calculating the NO

distribution in the flow fielad.

The mass of NO produced per unit flame surface and tiue

"

mNO is given by

n " £
n‘NO f\'{NOd}’ ‘. (8)

where y is the distance normal to the thin flamwe, and the integral

is extended to the region close to the thin flawe where Yo is sig-
nificant. To calculate mﬁo we need to know, according to Eq.(7),
the temrperature and concentration profiles fa YN and YO :

(the pressure may be assumed to be constant in 10w speedeif-
fusion flames). However, the NO production will only be signif-
icant in a thin region close to the thin flame, and therefore
we may, when evaluating the integral in Eq.(6), neglect the suall
changes in p, and YN "in the NO production zone, using in Eq.(8)
their values calculated at the thin flame (subscript f). Ve chall ﬂ

only retain the variation, 2across the thin production zone, of

Yo and of the Arrhenius exponential.
2
In the thin production zone the mass fraction of 02 may

be approximated by

.
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w,

L g = "
fo, TR M5, /Pl (8)

where ms is the mass rate of consumption of O2 per unit flawmz sur-
face andQD is the diffusion coefficient of 02 in the mixture. The

Arrhenius exponential may be lincarized following FPrank-Kawmancetvshii
around the value Tf because Ta/'l‘f = E'IGOO/Tf >> 1« That is we

shall write
exp(—Ta/T) = oxp(—Ta/Tf) exp{Ta(T—Tf)/Té} (10)

where the temperature difference (T—Tf) in the exponent will be

approximated in the production region by
(Y = &L S " o
Yo Te T ¥ 5yl yq02/Lf

Here q" dis the heat flux per unit flame surface from the flame
90

toward %he oxygen side of the Fflame, and kf ig the heat conducti-

vity of the nixture at the thin flame conditions.

5 3 5 5 2
As a result of these approximation we obtain, in gr/cm”.cec,

o 3/2 “y1/2_-Ta/Tay
= 1.000."° Y, f on°2 e

m"
NO 2

" - " = - =
14 3/2 m"0, 1/2 q"0, T 3/2c Ta/Te  (11)
Pe Yy (5~3—) (———= =)
2F Y&£VF

AT
S

" ~
Mo = 0.96.10

This result is obtained as the first approdration when evaluating

the integral of Eq.(8) by means of Laplace asymptotic technigue

for large values of the exponent (67600/Tf).
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Taking into account the fact that the heat flux qg wild in

n
most cases be proportional tce the oxygen mase consumptioﬁ rate “5 -

the NO production rate will then be inversily proportional to a"

0,
" 2 1/2
m" Wa & 7% 542 g .B. 2 p
NO 14 =T, /T 2 £7F £
=20 = g.g6.10M e T/ TECE SRRy (ST S 112)
0, qo? s & e, £

yhere Le = pfchf/kf is the Lewis number.

In particular, in the analysis of the quasi-steady burning
>f fuel droplets of radius a in air, both ma and qa will be
proportional to a_l. On the other hand, thczthermodynamic
properties at the flame surface are found to be independent of
the droplet radius when the Burke-Schumann, thin flame, analysic
is used for the main reaction. This analysis can be used to predict
the flame characteristics as long as the droplet radius doecs not

become so small that flame extinction occurs. Then

IINO 8—1/253/2=

b n

and the rafio mﬁo/ms between the rates of NO production and
02 or fucl consumption is proportional to a, indicating the
importance of a rcduction in droplet size in reducing the NO
production.

Notice that mﬁo has been found as a function of the oxygen
mass consumption, heat release ratec, and other thermodynamic data
of the thin diffusion flame corresponding to the main reaction
between the fuel and air. All these data can be obtained by using
the standard procedures of calculating diffusion flawes with the

Burke-Schumann assumption.

—
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IIT - The production of "NO" in turbulent diffusion flames

When analyzing a turbulent rcacting flow we encounter the
problem that the fluctuations of the reacting species are ‘of the
order of thcir mean values, so that the mean production rate can
not be written in terms of the "laminer rcaction rates" or raics
calculated using the mecan values of the concentration and tempe-
rature. This difficulty led lawthorne, Weddell and Hottel (1949)
to the introduction of a probability distribution function for the
concentration and a method of calculating the mean product cown-
centration. The probability distribution function has been used
later by Toor (1962), O0'Brien (1971), Fletcher and Heywood (1971),
Kent and Bilger (1972), Rhodes et al. (1973), Bush and Fcndeli

P SIS

(1973), Lin and O'Brien (1974) and Bilger and Kent (1974). Sece

also the review by Bilger (1976).

Ve leave for an Appendix the analysis of the turbulent mixing

and infinitely fast irreversible reaction of a low specd strcan

of fuel with air. We show that, under the assumption of equal

diffusivities of heat and mass,

the instantaneous concen-

trations and temperature of all the species can be calculated

in terms of the instantaneous concentration of one of the species,

i.e. molecular oxygen, where it isdifferent from zerc.

Thus we obtain the relations

T-T C e Y =Y. ) ve
20 aky 20 2° 20 E =g (13)
T10%9¥107¢57 20 T407T20"9%2¢7%%;
Y
N B D ¢
20 "2
Sis 2. . ERA (14)
(YN2)20 V¥i0%T20
between the temﬁerature T, the Nitrogen mass fraction Y" and the
' 2
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mass fraction of oxygen Y2 (for the notation see the Appendix).

We could similarly calculate the mass fraction of all the
other species and thus the density if tlhe pressure fluctuations
are neglected in the equation of state. We could thus calculate,
using Eq.(7), the instantaneous production rate of NO as a function
of \2.
If the probability distribution function, PQ(YQ), for the
mass fraction of oxygen were known then we could use the instan-

taneous production rate w to calculate the local mean produc-

NO

tion rate w

No 2%

- Y20

fo Mol )P, (Y, )ar, (1%)

To calculate this integral we shall make use of the fact
that because Ta >> T the NO production is so sensitively depcendent
on temperature that the local NO production will be limited to
those times when the concentration of Y2 is surficiently small, So
that T is close to the value Tf (adiabatic flame temperature)

obtained from Eq. (13) by writing Y2 = @  That dis

Te=Tog A Tf_TQO-qYQO/vcp i
Tlo-T20+q\10/cp o} -T2o-—qY20/vcp

10

when Y2 is not small so that (Tf—T)Ta/Ti becomes large compared
with one, the Arrhenius ‘exponential in WHo becomes so small that
the NO production may be neglected.

Then all the factors cnfering the integrand of Eq(15) with
l]/?

the exception of |02 and the Arrhenius exponent, can be




taken as constant and evaluated at the condition corresponding

to Y2=0 (and Y1=0) which we shall designate with the subscript f.

Thus we obtain

— 11 3 s Moy
Wyg = 1.09.10 " (p /2YN JeP e" )i (i7)
2
where
Y?O 1/2
i & f Y2 ‘ exp(-Ta/T) ar,, (18)
o | =

|
To calculatc the integral I we can linearize the Arrhenius exponent
around the value T = Tf, and take into account the relation (13)

between T and Y2 written here as

Ta =T = (T

= f (e}
£ 10" To0taYyg/C, )Y,/ (Youtvi, ) £13)

so that the integrali simplifies <o

g AT, ~T. g, fe YY
- 4 @w B 0
1s e TalTroyt /2 ypc 2 2020 10 B 24y (20)
Tf Y20+vY10

where the upper limit in the integral has been replaced by «,
because the integrand becomes extremely small when the exporent

becomes moderately large compared with one.

Then
-3/2

E e exp(=T_/T.) (21)
5 a

Ta Ty07Tp0*9%40/¢

-3

¥ Uy

2
£ 20 10

We have thus obtained the local mean "NO" production rate
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in terms of zone thermodynamic data the adiabatic diffusion fleme
temperature Tf, and in terms of the particular value P2(0+,§) of
the probability distribution function of Y,. According to Eq.(20)

of the appendiz

B s s Rag o o i

{2O+vY10 Y20+vY10

+
P2(0 )

so that the NC production is thus given in terms of <this particular
value, at Y=fc, of the probability distribution function feor an
inert species, of unit concentration in the fuel stream an zero

concentration in the air stream.

The fact that the productién of Nitric Oxide is dependent,
not on smooth moments, but on the detailed shape of the probahi-
lity distribution function for an inert species, illustrates
the need for mecasurements and theories providing this p.d.f..
The mecasurements of the p.d.f. in a two-dimeunsional turbulent
mixing layer by Rebcllo(1972) show that these functions are nct

Gaussian but some-times approach bimodal distributions.
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AP PENDTX

"THE ROLE OF THE PROBABILITY DISTRIBUTION FUNCTION FOR THE
CONCENTRATION OF AN INERT SPECIES IN THE ANALYSIS OF TUR_
BULENT DIFFUSION FLAMES".

We shall analyze in this Appendix some aspects of the
turbulent mixing and chemical reaction between two reactants

undergoing a one-step irreversible recaction of the form
R, % w k. + 5K (1)

We shall assume that the molecular diffusion velocities
are related to the instantaneous concentmtion field by lick's
law with equal diffusion coeficients D for all the spccies. Ve
shall assume that the specific heats of all the specics are equal
to Cp’ and constant. In addition, we cshall limit the analysie to
10w speed flows, for which the viscous dissipation and the work
associated with pressure gradients can be neglected. We shall

consider the thermal diffusivity to be equal to D.

With these assumption, the instantaneous temperature and
concentration field will satisfy the following conscrvation

equations

L (Yi) e (2)

&l 3p .
L (e T) W19 t* 3¢ (3)
where L is the operator

-

L (Y) = 3% (pY) + V.(pvY) - V.(pDVY) (%)




In these equations Yi is the mass fraction of species is
. A
p the density, T the temperature, p the pressure, v the velocity,

and W is the mass production rate of species i per unit volume.

If we take into account the overall stoichiometric relation

(1) we can write
Wy o= w2/v = —w3/(1 + v) (5)

where v = pQMQ/Ml:is the stoichiometric mass ratio oxygen
(species 2) to fuel (species 1). M, is the wmolecular mass of
species i. For an inert species j, wj = 0.

In Eq.(3), q is the heat release per unit mass of fuel, or
o o Oy o .
q = h§ ¢+ vh, (1.+ v)hg, (6)

in terms of the specific heats of formation of the reacting

species and products.

Notice that the conservation equations (2) and (3) arec
valid for turbulent flow as long as we use in them the instan-
taneous values for 3, the thermodynamic variables and LFE

There are many rcactions .that can be described by an
overall reaction of the form (1) only if the characteristic
mechanical time, in this case given by the smaller time scale of
the turbulent flow, is large compared with some characteristic
chemical time as required, for example, to establish a statiounary

state in the radical concentrations.

From the conservation equations (2) and (3), we deduce,

if Eq.(5) is taken into account that

.
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;A .
L(Y2 - in) £ 0 (7)
L(Y3 + (1 + “)Y1) = 0 (8)
L(T + qY]/cp) = 0 (9)

so that the combinations

(Y2 = WYYy H¥; #(% 2 v)Yl} and (T + qYl/cp)
|
obey the same equation as an inert species. For Eq.(9) to be
valid the term 3p/9t im Eq.(3) should be negligible. This is the
case for low speed flows if the Mean pressure outcside the mizing

zone does not vary with time.

For species 1 we must use an equaticn

LCY ) = wy (10)
where the chemical production term must be retained. If, however,
we consider cases for which the characteristic chemical time for
the reaction (1) is short compared with the smaller time scale of

the turbulent flow, we can then substitute Eq.(10) by
w1 =0 : (11)

or taking into account the overall irreversibility of the reaction
(1), by

I, Iy= @ £12)

.

showing that the fuel and oxygen do not coexist anywhere in the
flow field.
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Eq.(12), together with the conservation Eqs.(7) to (9),

a conservation equation
L(Yj) = 0 (13)
for the inert species, and the momentum cquation

-+
dpV > g =
=X 4 V.(pvv) = - Vp + pfm * Vax, (1y4)

and equation of state
P = pTR(EY /M) (15)

when used with appropriate initial and boundary cenditions would
determine the instantaneous velocity, temperature and concentration
fields. Because the rcaction rates do not appear in thesc egua-

tions the reaction is called diffusion controlled.

These equations are to be solved with appropriate initial
and boundary conditions. If the resulting flow is turbulent,
this is d formidable problem. Our purpose here is to show how
we can obtain information for the distribution of concentrations au
temperature in diffusion controlled combustion from details of
the concentration distribution for an inert species. In addition
there are cases where the heat release associated with combustion
will not affect much the turbulent flow. In these cases, appro-
priate experiments in turbulent mixing without combustion can be
used to calculate the temperature and concentration distributions
in diffusion controlled combustion.

Let us consider, for example, the turbulent mixing of a
jet of fuel with a co-flowing stream of air, as shown in figure
1,
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and let us assume that we know the concentration Y of an inert
species, of unit concentration in the incoming stream of fucl,

and zero concentration in the air.

Thus Y is a random function fa(; » t), which we shall
descriﬁe in terms of the probability distribution function F{Y , x).
If the overall process is ‘stationary the time will not appear iIin
this function. This function is such that P(Y , z)dY is Tthe
probability of having at the point X a concentration of the inert

species between Y and Y + dY.

Now, the combinations

Pietes —Y2+vY1+Y20 ) Y3+(1+v)Y1
1 =) s f2 e and
vY10+Y20 : (1+v)Y10
= T+qY1/cE-T20 Ao Y2+vcpT/q—vcpx20/q—Y20 y
f3 i » 3 fl; o (16)
T10+q‘{10/cp-T20 -Y2o+vcpT10/q-vcpT20/q




satisfy the same transport equation and boundary conditions as
the inert species Y, so that they have the same probability gdis-
tribution function. That is, P(fl’ ;) dfj, is the probability of
having the combination (vY1+Y2O—Y2)/(v\1O+Y20) take a value be-

tween f, and f1+df1.

1

If we now take into account the equilibrium relation (12),
L
we can now obtain the probability distribution function for the

species Yi’ Y2 and Y3 and for the temperature T.

Thus to calculate the probability distributions function

Pi(Yi, x) for Yi’ we make use of the fact that at times when

Y1 # 0 we have Y2 = 0,and then the combination f1 given in (16)
is a function of Y, : f, =(vY1+Y20)/(vY10+Y203 for whom we know
the probability distribution function P(f1 s XJ)~ Mhen Y, lies
between Y1 and Y1 + le s f1 lics between the corresponding value
of f, and f1+(de1)/(vY10+Y20)
so that
X VY, +Y v ;
Po(Yy, %) = Pt 2l y %) —— (17)
vY10+Y20 vY10+Y20
15 Y1 ¥* 0
when Y1 20y By = (Y20-Y2)/(Y20+vY10) L
where
£, = Yoo/ (YoutvY,,) (18)

i ¢ >
and the probability of having, at a given point x, a value of f1

lower than fc, that is Y1 = 0, is




£
§.© pty , Ejex

Then we may write the probability distribution function P, for

Y1 as

v vY_ +Y
%3 ih B ( 1" 20

vY10+Y20 vY10+Y20

£
, B)+(f ° Py, x)ay)s(y ) (19)

Where the first term gives the probability of having a value of
Y1 # 0, and the last term involving the Dirac 6 function is the

probability of having Y1 = 0.

In a similar way

1 Y. -Y
P(Y, , X) = p(—22—204([] (Y, R)av)sey,) (20)
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To obtain the probability distributicu function for the temperature

PT(T 3 ;), we take into account that at times whepe‘Y1 =0

T—T20
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with T ranging from T20 to Tf. And at times where Y2 =0
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with T ranging from ., T to T
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and
T = T, 1 (’I‘10 ~ o # qY10/cp)fc is the adiabatic flanc
temperature. So that Po = Pu, + Ppy (21)
with 3
1 T-T
o .
G R P( L , %) (21 a)
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fan s 2
or 0 < (T TQO)/(Tlo T20+qY10/cp) < £

and PT2 = 0, outside the interval (TQO’ Tf)

and
1 T=TF . =a¥ . /Ve
: 20 0
Pr, (T x) = P( 2 B . %3 (21b)
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for
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and PT1 = 0, outside the interval (T10 i Tf)

In a similar way we could write the probability distribution

function for the product species Y3.

The probability, distribution function for the temperature

could also be obtained as follows. We first notice that the

combination
T+qY,/c -T T-T,.tq(Y, =Y, ,)/vec
& 1°°p 20 2 20 2 20 P (22)
T10+qY /e -T B qYQO/\)cp
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diffuses lika2 an inert svecies, satisfying the differentjal

equation L(a) = 0 with the homogeneous boundary conditions
@ = @ so that the sclution d1s o = (0. That is;
Tq¥_ fe —~F, T-T,.+q(Y_ =Y, )/vec -
2
15 "0 20 - 20 220 B (23)
T1o*a¥yq7cy T T10"Top~9¥ 50/ Ve,

is a relation between the instantaneous values of Ty Yoo and ¥, .

% 2
In a similar way we may obtain the following reiation
Y +(1+4v)Y ¥, =¥ _+vY¥
M R e aad (21)
(1*.-\))\1'10 Y20+\,»Y10

between the instantaneocus values of Y Y, and Y_, which would

RS
enable us to calculate the probability distribution functions P

1
and P2 given by (19) and (20).

Also, if Yj is an inert species, of zero conceniration in
the fuel stream and concentration on in the air stream, iis
3 . . - . -> .
probability distribution function Pj(Yj s %) would be given by

1 Y 5
) = Blde wvedon. . ¥} (25)
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a result which can also be obtained from the fact that the

instantaneous values of Y1, Y2 and Yj satisfy the relation

. GENT. =Y
g i s, T R e (26)
Y50 V¥i0%Y%0

and using the probability distribution functions given by (19)
and (20).




It is interesting to natice that the relatioms (23),
(24) and (26) give T, Yg and Y. in terms of T,,,al times when

J
Yl = 0, and similary in terme of Y1 at times when Y2 = @g. The

mean concentrations Y1’ Y?, Y3 and T can now be obtained as a

o

. > : . g ks . X -
function of x taking into account the probability distribution

functions which have been obtasined above. Thus

Y
= 10, - > 1 ; : ;
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The mean values of Y3 and T can be obtained wmore directly
from (23) and (24) which, obvicusly, are alsc valid for the

mean values.

In conclusion, if we are able to obtain either experincn-
tally or theoreticully the probability distribution functioun
PEY ;)for an inert species of normalized concentraticn Y, such
that it is unity in the fuel stream and zero in the air stream,
then, using the ideas given above we can calculate the prchabi-
lity distribution function for the reacting speciecs as well as

for the temperature if the following main assumption can be used:

a) Equal thermal and mass diffusivitie for all the species

b) Infinite reaction rate with an irreversible reactio:x.
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