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“ N I T R i C  O X I D }~ P R O D U C T i O N  IN L A t I I N A R A N D  TU R B U L L N T
DI}’J’U S l O i 4  F L A M E S ”

Ar n ab l e  L if ~~n~ -

A B S T R A C T

An an a ly s i s  of t h e  p r o d u c t i o n  of N i t r i c  O x i d e  i i~ 3 a n i n a r
and  t u r b u l e n t  d i f fu s i o n  f l a me s  h i ts  b e e n  ca rr .~ed o u t t ak in ~
a d v au t a g e  of- t h e  l a rge  a c t i vc t t i o n  er ie r ~ y of t h e  N O p r o d t i
r e a et a o ns .

i n  ] .ar i i in~~r d i f f us i o n  f l a r es t h e  NO p r o d u c ti o , i  t u k c o  1n ~
iii  a t h in  h i g h te m p e r a  l u r e  r e g i  on a dj a c e n t  to  t l t ~ - L1 ~ ~ L r~~~’~t .: oi -~
Zonr  fo r  th e  m a i n  r e aet .i on . The  m a s s  of NO p r o d u c e d  p er  uiJ t
fl~~nc su i 3 a c e  a n d  t ime is c a i c u l a t c d  in t a r m s  of ~~~~ ~~~~~~
t er i st i c s  of t h e  B ur k e~~S ch u m a n i :  t h in  f l am e  s o lu t  i o n .

The  NO p r od u c t i on  r a t e  in t u rb u l e n t  a i f f u sj o n  f l a n i c ~ ~L-
r e l a t e d  t o t h e  p r o b a b~ l i t y  d e n s i t y  f un c t i o n  f o r  an  i ii c rt  

~r’~~- i~~d i f f u s i n g  t h r o u gh  t h e  m i x i n g  r c ~’ion 

—

~

_ _  _ _  -

P r e sen t  a d d r e ss :  E s c u e la  T . S .  do I n g en i er o s  A c. r~on r ~u t i c o~; ,
U n i v e r s i d a d  P o l it ~~cn1~~a de !~a dr i d , Sp a i n .  
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I - I N T R ODU CT I O N

The p r o d u c t i o n  of N i t r i c  O x i d e  has  b e e n  a na l ys e d  f o r  t h o

• laminar diffusion f l a me s  a s s o c i a t e d  w i t h  f u e l  d r o ple t  c o m b u s t i o n
by l3racco (1972), Alten kirch et a l.  ( 1 9 7 2 )  and K e s t e n  ( 1 97 2 ) .
The “ N O ”  p r o d u c t  i O~i in t u rh u l e nt  di f f u ~ I on flames has be en ann

y z e d , am o n g  others , by 1 1.etcher and Hcywood (:1971), Q u an g  e t  a .I

( 19 7 2 ) ,  Ke n t an d B i lge r (19 72 ) a n d  ( : 19 7 1 1 ) and by C o u l d i n  ( 1 0 7 1 1) .

In mos t  of t h e s e  s t u d i e s  t h e  i i i s t an t a n e ou s  r at e  of “ NO”

p r o d u c t i o n  h a s  b e en  d e t e r m i n e d  b y u s i n g  t h e  r e a c t i o n  s ie ch a n i s : :

p roposed  by Z e l d o v i c h  ( 1 9t ~G )

~:

( 0 )  + ( N 2 ) ( n o )  ÷ ( N )  ( 1)

K 2
( N )  + (0 2

) -
~ ( N O )  .‘- ( 0 )  ( 2 )

i f  t h e  co n c e n t r a t i o n  of- NC in t h e  r eg i o n  of ~!O p r o d u c i  i on  is

s m a l l  co mp a r e d  w i t h  it 3  loca l  e q u i l i b r i u m  v a lu e  the ( f l  ects o±

t he  r e v e r s e  r e a c t i o n s  can  be n e g l e e t e d .  T h e  r a t e  cons ~~a n t  f o r

t h e  sec ond  r e a c t i o n  is l a rge  c o m p ar e d  w i t h  t h a t  of t h e  f i r s t

r e a c t i o n  so t h a t  t h e  n i t r o g e n  a t om  c o n c e n t r a t i o n  N c an  be o b t a i n e d
u s i n g  t h e  s t e a d y s t a t e  a p p r o x im a t i o n

k 1 (112
} {O )  k 2 {N }  

~°2~

in t e r m s  of t h e  m o l a r  c o n c e n t r a t i on s  of N 2 , 
~ 2 a n d 0 , an d , in

a d d i t i on , t h e  p r o d u c t i o n  r a t e  of NO in m o l e s / c m 3 sec .  is g i v e n

by

{N O }  = 2k
1 

{N
2

} {O } ( 3 a )

w h e r e  k 1, a c c o r d i n g  to  W r a y  and  T e ar e ( 1  9 6 2 )  , is g i v e n  in cm / r r o 3  e • Se c

L _ _  ~~.. .~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ .
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by k 1 = 7.10
13 

exp -38100/fl , with T in °K.

• The  r a t e  c o n s t a n t  is v e r y  o f t e n  s m a l l  c o m p ar e d  w i t h

t h o s e  of t h e  r e a c t i o n s  h et ~~ee n t h e  m a i n  r e a c t i n g  s p e ci e s  so t h a t

the changes in concentrations of u 2 0 2 a u d 0 a s s o c ia t e d  w ~~i It

the nemc tion: ; (1) and (2) cart be negiu cied co1rip~it r c d  1 h n ~:e 5~~~o c i -

a t e d  w i t  Ii t h e  m a i n  reactions . V e r y  o f t e n  t h e  r e a c  1 io n  n a le  I ~~~i

t h e  m a i n  r e a c t  b r ,  b e t w e e n  t h e  f ue l  a n d  a i r  is so fu s t  t h a t  t h ~
co n c e n t r a t i o n  of t h e  m a i n  r e a c t i ng  s pe c i e s  can  be c u l c u l a t  vd

using this assumption of local cjui lib rium. Thus , i f  t h e  L , ( - l i o r ~ ;

where (X) is any  t h i r d  m o l e c u l e ,

+ ( x )  
~ 2 ( 0 )  + ( x )  (1~~

are  a s s u m e d  in  e q u i] . i b r iu : n , t h e n

{o ) / {0
2

) h / 2  
= ~ .i e x j - 2 0 5 O O / f l ( i i l e s/ c m ~~)~~~ ’

ro r th e  t e m p e r a t ur e s  ari d p re s su r e s  of i n t e r e s t  i n  n a r y 
~~~~~~~ I -

cati ons the resulting value of { Q )  is v e r y  small co1 A arcc~ t~~ l i i

t h e  c o n c e n tr a t i o n  of the major species , {N 2} , 
{O ~ } a i i~ t h e  C u I 1 ~

c ent r u t i o n  of f u e l  ( F ) .

The production rate of NO as given by (3) and ( 5 )  is

1/2
(NO) 5.74x10 {N

2
}(0

2
) exp(—67600/T) (6)

WNO = 1.o9.1o
11
~~
312y

~ Y~~
’2 exp (— 67600/T) . (7)

2 2

in g r a ms/ c m 3 s e c.  H e r e  p is the density i n  ~, r n m / c m ~ an d  a n d
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are  t h e  mass  f r a c t i o n s  of N 2 and
2

T h e  l oca l  c h e m i c a l  e q u i l i b r i u m  a s au m p t i o n  f o r  t h  r~~~ct. i n g
species can be used to calculate tire local mass J r a c tj o r ,  of  0 ,)
in terms foi’ example of the mass fraction of the elem ent s , e~~i e h

arc  con se r ’vej  by t i r e  c h em i ca l  r e a c t  i~~r s

In previoUs analyses of t h e  p r o d u c t i o n  of 110 i n  l a L i r : a r
a n d  t u r b u l e n t  d i f f u s i o n  f l a m e s  t h e  p r o d u c t i o i r  r a te  g i v e n  O I ’& JV e ~~~

( 7 )  , w a s  used in c o n n e c t i o n  w i t h  t i r e  c o r r s e r v a t  i o n  i q u a t  i~~r . ’.

fo~ ( N O )  w h i c h  w e r e  i n t e g r a t e d  n um e r i  c a l ly  to provide the d i

trihution of {NO}. Here we shall use tire face that r e ac t  i o n

r at e  W
~~~~0 

iS v e r y  s e n s i t i v e l y  d e p e n de n t  on t em p e r a t u re

t i r e  e c 1 . i V u t  i o n  t e m p e r at u r e  T a = 6 7 G O O ~~K of t h e  re~~ : t i or  i~~ c’ of

Eq. (7) is very l ar g e  c o m p a r e d  ~n i t h  1, t o  s i r n p l i  f y t h e  a i r u l ’j~ Ls

of ThO” production in lam inar and t u r b u l e n t  diffusi on II u ;es.

We s h a l l  u s e  t i r e  t h i n  f ’ am e  a s s u i pt i . on  of I~u r k e  S c h u w r a n n ,

see W illiam s (1965), to c a l c u l a t e  t h e  d i s t r i b u t i o n  of tc1: [er~ turc

and concentrat ion of the species N 2 
;~~~j  02 .

I I  — “ 110” P R O D U C T I O N  IN L A M I N A R  I)_I I ’F I J S  r ou  F L A M I S

In figure 1 we represent schematically the configuration

of a typic al diffusion flame. A thin flame , w h e r e  t h e  ma in

reaction between the fuel and the air takes place , separartcs a

region without fuel from a region free from oxygen. Also shown

.1 in Fig I are typical concentration and temper atui~e profiles

corresponding to a cross section RB’ .

According to the overall expression for the NO pr o du c i  ion

given above , Eq.(7), thi.s production w i l l  only take p l ac e at the

r eg  ion  i n m e d i a t e l y a d j a ce n t t o  t he  t h i n  f lari,e , on t h e  a i r  sici e ,

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _  —-- .~~~~~~~~~-~~~~-~~~~~ -- .
~~~~~~~~~~~~~~~~~-~~~~~~~~~~~-- -—



w he r e t h e . t o op e r a t ur e has  not decreased much below the adiabut Ic

flame value Tj: corresponding to the inf irritely t h in  f l a r ae . i !hen
the . temperature decrease-s s l i g h t l y  b e l o w  t h e  NO p r o d u c t  :~ or~
b e c o m e s  n e g l i g i b l e  b e c au s e  of i t s  l a r g e  s e n s i t i v i t y  w i t h  t€n peru —

t ure  • ~Je h a v e  s k e c t e h i e d  in F i g  .1 the region of NO p r o d u c t  i-on

a d j a c e r it to  t i r e  t h i n 1  f l a m e .

Because: of the sma l l  t h i c k n e s s  of t i r e  r e g i o n  of NO I r o ~~uc-

tion we may t a l k  a b o u t  t h e  m a s s  r at e  of NO p r od u c d p c i ’  w i t  I lar.~e
su r f a c c  nr~~~. T h e n , cc can use this rate ma a surface source of

NO , located on t h e  t h i n  d i f f u s i o n  f l a m e , w h e n  calculat ing the NO

distribution in the flow field.

The mess of NO p r od u ced  per  un.~ t flame surface and t i n e

-~~~~ given by

f 
o~ 

. ( 8

where y .i s tire distance norma]. to t he  t h i n  f l a r ~;e , a n d  t h e  m l  e~ . r ’a l

i s  e x t e n d e d  to the region close to the thin flame w h e r e  is s i r —

nh ficant. To calculate rn~ 0 w e  r i c e d  t o  k n o w , a c c o r d in g  t o  L q .  ( 7 ) ,

t h e  t e m p e r a t u r e  a n d  c o n c e n t r a t i on  p r o f i l e s  fa~
(the pressure m ay  be assumed to be constant in i~~w sp e ed

2 d i f -

f u s i o n  f l a m e s ) .  H o w e v e r , t he NO p r o d u c t i o n  w i l l  o n l y  bc s i gn i f -

leant in a thin region close to the thin flame , a n d  t h e r e f o r e

we ma y, whr e i~ evaluating tire integral in E q .  ( 6 ) ,  n e g l e c t  t h e  sm a l l .

changes in p , a n d  Y
14 in the NO production zon e , using i i i  I~q . ( 3 )

their values calcula~ ed at the thin flame (subscri pt 1). Uc ~hall.

o n l y  r e t a i n  t i r e  v a r i a t i o n , ac r oss t h e t i i n r  produ .t ion zone , of

a n d  of t h e  A r r h e n i u s  e x p o n c r i t i a l .
2

In t h e thin production z~ino the nra~ s fraction of 02 ~~~~~~~~

be ap p r o x i i ~~~~ed by

-~~~~~~~~ - -~~~~~~~~~~~~~~ . . — .~~~ - _ _ _
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y 
~~ 

ymg /r)fDf (9)

where m~ is the iriass rate of consumption of 0
2 per u n i t f l u :~~ sur-

face an d 2
D is the diffusion coefficient of 0

2 itr he m ix tui~ . The
A r r he n i u s  e x p o n c n L  i u l  m:iy be l i n ca r i z e d  101 l o w i n g  1’ r c i n k — K a c a s t t s h j j

a r o u n d  t h e  va].ue bec au se f / I f — £ / 6 0 0 / T f > >  1. J I r a t  h S

sh al l  i :r i t e

exp(-T /T) CxP (_T
a/Tf) exI~f T a

( T _ T ç )/ T
~~

} ( 10 )

wh o r e  t h e  t e m p e r a t u r e  d i f f e r e nc e  ( T - T f ) in t h e  e x p on e n t  w i l l  be

approximated in the production region by

T - T f = Y 
~T;-~f

Here q~ is the heat flux per u n i t f l am : su r f a c e  I r o i i ,  t h e  f l~~r i e

toward ?he oxygen s i de  of t h e  F l a me , an d  s ih e  heat Conduct : [—

vity of the mixture at  t h e  t h i n  f l a m e  c o n d i t i o n s .

As a r e s u l t  of t h e s e  a pp r o x i m a t  ion  we o b ta i n , in  gr / c n ~~ . ~. :~c ,

i .o~~~ ’~ T N 2~ 
f y ?

~~
_ T a/ T d y

14 3 ‘2 
fl1”0

7 1/2 q ”O 2 T a - 3/ 2  T a/ T f  ( I i )
0.96.10 P f

’ 
~
‘
N ~~ ~~2f Pf f t

This result is obtained as the first appiodwation when evaluating

the integral of Eq. (8) by means of Laplace asymptotic t e cb n  i q n l e

for large values of the exponent (67600/i f).

_ _ _ _ _ _ _ _ _ _ _  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Taking into account the fact that the heat flux w i l l  i i i

most  cases  he p r op o r t i o n a l.  to t h e  o xy g e n  in as~ c o n s u m p t i o i ’~ ra t e

t h e  NO p r o d u c t i o n  r a t e  w i l l  t h e n  be in v e r si l y  p r o po r t i o n a l  to

U in ” 2 1/2tm NO 
O.O6 .lo

14
c
_T a/Tf(~~ 2. P_ )~~~~~~%~!) ---i-—-- ( 12 )

02 02 e a  02

where L p c I) /k - is the Levis number.c f p f t

In particula r , in t h e  analysis of  tire qua si-ste~ dy hurnin;~
Df fuel droplets of radius a in air , both m~ ari d q~~ v :ill be

proportio nal to a 1. On t h e  o t h er  h a n d , t h c 2 t h e rm o d ~~i i a n ~i i c

p r o p e r ti e s  at t he  f l a m e  s ur f a c e  a r e  f o u n d  to  be i n d e p e n d e n t  of

the droplet rad.i us w h e n  t h e  Burke- Schumann , t h i n  f l a m e  ar i a ly s
is u se d  f o r  t h e  m a i n  r ea c t  i o n . Tb ~r a n i a ly s i  s celi be us~~ i to p .” ed i ct

the f.lT~me characteristics as long as tl1e drop let r a d i u s  does not

become so s m a l l  t h a t  f l a m e  e x t i n c t i o n  occur’s . T h e n

,, —1/2 3/2a a = a

and the ratio 1n~ () /m0 between the rates of NO production and

or fuel consumpti~ n is proport ional to a , i n d i c a t i n g  t h e

importance of a reduction in droplet size in reducing the NO

product ion .

Notice that m~ 0 has  been found as a function of the oxygen

mass c o n s u m p t i o n , heat r el ea se  r a t e , and  o t h e r  t i r e r m o d y n a i r i c  d a t a

of the thin diffusion flame corresponding to the main reaction

between the fuel and air. All these data can be ob t iinc d by using

the standard procedures of calculating diffusion flames with tire

Burke-Schumann assumption .
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I I I  - The  p r o d u c t i o n  of “ N O ”  i n  t u r b u l e n t  d i f f u s i o n  fl ~~mc~

W h e n  a n a l y z i n g  a t u r b u len t  r e a c t i n g  f l o w  we e n c o un t e r  t h e

p r o b l e m  t hat  t he  f l u c t u a t i o n s  of t h e  r e a c t i n g  s p e c i es  are  of t h e

order  of t h c i r  m e a n  v a l u e s , so t h a t  t h e  m e a n  p r o d u ct i o n  l a te  can

n o t  be w r i t t e n  in  t e r m s  of t h e  “ L t m :i r e r  r e a c t  ~ On r a te ’s ” or’ ra  c s

c a l c u l a t e d  u s i n g  t h e  n c - u n  v a l u e s  of u h e  c o n c e n L r ’a t  ion a n d  t e n .p e --

r a tu r ’e .  T h i s  c i f f i c ul ty  l e d  l l a wt h o r a e , l~c d d el l  a n d  i I o t t ~~] ( i ~ ’~m 0 )

to  t h e  i n t r o d u c ti o n  of a p r o b a b i l i t y  d i s t r i b u t i o n  f u n ct i o n  f~~e t he

co n c e n t r a t i o n  and  a m e t h o d  of c a l c u l a tin g  t h e  m e a n  p r o d u ct  con -

centration . The p r o b a b i l i t y  d i s tr i b u t i o n  f u n ct i o n  h a s  b e e n  u s e d

l a te r by Poor  ( 1 9 6 2 ) ,  O ’ B r i e n ( 1 0 7 1) ,  F l e t c h e r  a n d  H:ywoou ( i ~~ 7 1) ,

K e n t  and  B i lg e r  ( 1 9 7 2 ) , R h o d e s  et a l .  ( 1 0 7 3 ) ,  Bush  a n d  F c n d e L ~
( 10 7 3 ) ,  L i n  an d  O ’ i ir i en  ( 1 9 T h )  a m i d  N i l g e r  a n d  K e n t  ( 1 9 7 1 k ) .  s~~
also the review by Bil ger’ ( 1 9 7 ( ) .

We l e a v e  f o r  an A pp e r r d i x  t h e  a r ~r l y s  i s  of T h e  t u r b u l e i r l  m J > .~ n~ ,

and  i n f i n i t e l y  f a s t  i r r e v e r s i b l e  r e a c t i o n  of a low sp e e d  s t r a a m

of fuel with air. We s h ow  t h a t , u m m d c r  ti re a s s u m i i ~~t i on  of e q ua l

d i f f us i v i t i e s  of heat ari d mass , t h e  i n s t a n ta n e o u s  co~i ce n-

t r a t io n s  and  t e m p e r a t u re  of a l l  t h e  s p e ci e s  can  be c a l c u l at e d

in terms of the instantaneous concentration of one of t h e  s p e c i e s :
i.e. molecular oxygen , where it is different f r o m  z e r o .

Thus we obtain the relations

_____ _______ 

T— T 20
+ q ( Y

2-Y~2 0 )/vc 
= ( )

T
10

tq Y
10/c -T 20 T10-T20-q

Y
70/~~c

y -.yN 7 
- - 

20 2 — = o  ( 1~~)
vY 10

1Y 20

b e t w e e n  t h e  t e m p e r a t u re  T , t h e  N i t r o g e n  m a s s  f r a c t i o n  Y~ an d  t h e2
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m a s s  f r a c t i o n  of o x yg e n  Y ,, ( fo r  t h e  n o t at i o n  see t h e  A p p e n d i x ) .

We c o u l d  s i m i l a r l y  c a l c u l a t e  t h e  m a s s  f r a c t i o n  of a l l  t h e

o the r s p e c i e s  and  t h u s  t i r e  d e n s i t y  i f  t i r e  p r e s s u r e  f l u c t u a t i o n s
a re n e g l e c t e d  in  t h e  e q u at i o n  of s t a t e .  We c o u l d  t h u s  c a l c ui d - t e ,
u s i n g  E q .  ( 7 ) ,  t i r e  i n s t a n t a n e o u s  p r o d u c t i o n  r a t e  of NO as a f l i ac t  ion
of Y 2 .

I f  t h e  p r o b a b i l i t y  d i s t r i b u t i on  f u n c t i o n , P 2 ( Y 2
) , fo r ’  t h e

m a s s  f r a c t i o n  of o x y g e n  w e r e  k n o wn  t h e n  we c o u l d  u s e  t i r e  i n s t a n —

t a n e o u s  p r o d u c t i o n  r a t e  W N O to  c a l c u l a t e  t h e  l oca l  mri e ci n produc-

tion rate 
~
1 N0 as

W N O = 1 w 110
(Y 2 ) P 2 (Y 2 ) d Y 2 

(
~~

)

To c a l c u l a t e  t i n  s i n te gr a l  we s ha l l  m a k e  u se  of t h e  t u e

t h a t  b e c a us e  ‘I~~ >>  T the NO p r o d u c t i o n  is so s e n s i t iv e l y d e p e n d e n t

on temperature that th e  l o c a l  N O  p r o d u c t  i o n  w i l l  be l im i t e d  to
t h o s e  t i m e s  w h e n  t h e  c o n c e n t r c t i o i r  of is s~’ff ic ic -nt 1.y  sm a l l , ~o
t h a t  T is c lo se  to  t h e  v a l ue  ( a d i a h u t i c  f l a m e t e m p e r a t u r e )
ob ta i n e d  f r o m  E q .  ( 1 3 )  by w r i t i n g  0 .  ‘ Ih at  is

T f -T
20 T f -T 20 -q Y 2 Q / v c~

T 10 
- T20 

± q Y
10 / c 

~ 
T 10 

- P 20 
- q Y 20 / ~ c

w h e n  Y 2 i s n ot s m a l l  so t h a t  ( T f _ T ) T
a /T~ 

b e c o m es l a r ge  co m p a r e d

w i th  one , t h e  A r r h e n i u s  ~e x p o n e nt i a 1  in w 1~0 b e c o m e ’s  so sm a l l  t h a t

t h e  NO p r o d u c t i o n  may  be n e g l e c t e d .

Then  a l l  t h e  f a c t o r s  e n t e r i n g  t h e  i n t e g r a m i d  of E c i ( 1 5 )  w i t h
1/2t h e  e x c e p ti o n  of 10 2 I and  t h e  A r r h c n i u s  e~: p on e n t , c an  be 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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t a k e n  as c on s t a n t  and  e v a l u a t e d  at t h e  c o n d i t i o n  c o rr e sp e i i d in ~
to Y 2 =O (a nd  Y 1= 0 )  w h i c h we s h a l l  d e s i g n a t e  w i t h  t h e  s u b s c ri pt f .

Thus we obtaifl

0 = 1 . o 9 . i o ~~
1
~ ( p 3 12 y~1

)
f

p 2 (o + ) l  ( 17 )

where

I f 20
~~ 2 exp(_T

a
/T) dY 9 (is)

0

To c a l c u l a te  t h e  i nt e g r a l  I we can  l i n e a r i z e  t h e  A r r h e n r i u s  e x p o n e n t
a r o u n d  t h e  v a l u e  T = T f~ a n d  t a k e  i n t o a c c o u n t  t i r e r e la t i on  ( 1 3)
beteecri T a n d  w r i t t e n  h e re  as

T f 
- T ( T

10 -T
20 +c 1 Y

10 /c~~~Y 2 / ( Y
20

+ v Y 0 ) ( 1 9 )

so t h a t  th e i n t e g r al  s i m p l i f i e s  to

I e
_ T a /’T f J y ~~~2 e x p ( —  ~~ ~~~~~~~~~~~lO / C p~~~2 ) d y  ( 2 0 )

T f ~ 2O~~”~~1O

w h e r e  t h e  u p p e r  l i m i i t  in t h e  i n t e g ra l  has b e e n  r e p l a c e d  by ~° ,

beca use  t h e  i n t eg r a n d  b e c o m e s  e x t re m e ]  y sm a l l  whe n t ir e e x p o n e n t

beco mes  m o d e r a t e l y  l a r g e  c o m p a r e d  w i t h  o n e .

• T h e n

~~ T~~~ -T
20 +q~~10 /c  

c xp ( - T / T 1
) ( 2 1 )

T~ ~
‘
20~
”
~
’
lO 2

We have thus obtained the local mean “NO ’ p r o d u c t i on  r a t e

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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in t e r m s  of z o n e  t h e r m o d y n a m i c  da t a  t h e  a d iab a t i c  d i f f u sj o r r  f l a m e
t e m p e r a t u r e T r ,  a n d  in terms of the pui ticu 3ar value P

2(o
+ ,~~) of

t i r e  p r o b a b i l i t y  d i s t r i b u t i o n  f u n c t i o n  of Y 2 . A ccor d in f to Eq.(20)

of the appendix

Y -)

1
2
(0 , ~

) = —~ 
- P ( — --2 2- —  , ( 2 2 )

~2O
i
~~~lO 

Y
20

tvY 
10

so that the NO p r o d u c t  ion is t h u s  g i v e n  in t e r m s  of ~h i s  p a r t c u la r
value , at Y f , of t h e  p r ob a b i li t y  d i s t r ib u t i on  f u n c : t i on  f o r  an

i n er t  s p e c ies , of u n i t c on ce n t r at i o n in t h e  fuel stream an ze: o

c o n c e n t r a t i o n  in t h e  a i r’  s t r e a m .

• T h e  f ac t  t h a t  t he  p r o d u c t  i&i of N i t r i c O x i d e  is  d e p e n d e a t ,

n o t  on s m o o t h  m o m e n ts , bu t on t h e  dc l  a i l ed  sh a p e  of th e  p r o l al i -
lity distribution function for an inert species , illu ctr~ tcs

t h e  n e e d  f o r  m c a su r e m e n ts  an d  t I~~ories p roviding t h i s  p . d  . f .

T ine  m e a s u r em e i r t s  of t h e  p .  d .  f . i i i  a t w o — d i m e n s i o n a l  t u r b u l e n t
m i x i n g  l a yer  by R e b c l l o ( 19 7 2 )  s h o w  t h a t  t h e s e  f u n c t i o ns  a r e  n o t

G a u s s i a n  h u t  s o m e - - ti m e s  a p p r o a c h  b i m o d a l  d i s t r i b u t i o n s .
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A P P E N D I X

“THE ROLE OF THE P R O B A B I L I T Y  D I S T R I B U T i O N  F U N C T I O N  FO R T H E

C O N C E N T R A T I O N  OF AN I N E R T  S P E C I E S  IN TH E A N A L Y S I S OF T U R

BULENT DIFFU SION FLAMES” .

We sha l l  a n a l y z e  in t h i s  A p p e n d i x  som e a s p e c t s  of the

t u r b u l e n t  m i x i n g  and c h e m i c a l  r e a c t i o n  b e t w e e n  two  re~i c t a n t s
u n d e r g o i n g  a o n e - s t e p  i r r e v e r s i b l e  r e a ct i o n  of t h e  f o r m

A 1 + n
2
A
2 
+ n3A 3 (1)

We s h a l l  a s s u m e  t h a t  t h e  m o l e c u l a r  d i f fu s i o n  v e l o c i t ie s

are related to the instantaneous concentmtion field by Fick’ s

law with equal diffusion coeficients D for all the sp e c i e s .  We

shall assume that the specific heats of all the spec cs are  e~1 n n al

to c~~, and constant. In addition , we shall Umit the a na l y s i s to

19w speed flows , for which the viscous dissi pation and  t h e  w or ~k

associated with pressure gradients can be neglected. We s h a l l
consider the thermal diffusivit y to be equal to D.

With these assumption’, the instantaneous temperature arid

concentration field will satisfy the following conservation

equations

L (Y 1) = w . (2)

L (c
D
T) = - w1q + • 

(3)

where L is the operator

L (Y) (pY) t V .(pvY ) - V.(pDVY ) (4)

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  ~~~- •~~-- - - -~~~~~~~-~~~~- - . -
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In these equations Y~ is the mass fraction of Species i ,

p the density , T the temperature , p the pressure , the velo city,

and w~ is the mass production rate of spec ies i per uni t vo lun~a~.

if we take into account the overall stoichiome -tric r-elation

(1) we can write

W
1 

= W
2
/V = —%1

3
/(1 t v) ( 5 )

where v p 2
M 2 / M

1 
is the stoichiometric mass ratio oxygen

(species 2) to fuel (species 1). H1 is t h e  molecular mass of

species i. For an inert species j, w~ 0 .

In Eq.(3), q is the heat relc~:se per unit in~ass of fuel , or

q h~ + vh~ - ( 1 + v ) h ~ (6)

in terms of the specific heats of formation of the re-ac t ing

species and products.

Notice that the conservation equations (2) and (3) are

valid for turbulent flow as long as we us,e in them the instan-

taneous values for the thermodynamic variables and w~~.

There are many reactions that can be described by an

overall reaction of the form (1) only if the characteristic

mechanical time , in th~is case given by the smaller tine scale of

the turbulent f.1.ow . is large compared with some characteristic

chemical time as required , for example , to establish a stationary

state in the radical concentrations .

From ttre conservation equations (2) and (3), we deduce ,

if Eq.(S) is taken into account that



!~. :~‘ . -

I.(Y2 
— vY

1
) 0 (7)

L ( Y 3 + ( 1 + v)Y 1) 0 (8)

L ( T  + qY 2 /c~~ 0 (~~)

so that the combinations

- 

~~~~~ 
+ v)Y~~) an d ( T  + qY 1/c~~)

obey the sam e equation as an inert species. For Eq.(9) to be

valid the term op /at in Eq. (3) should be negligible. T h i s  i s the

case for low speed flows if -the mean pressure outside the m ixixc ~
zone does not vary with time .

For species 1 we must use an equation

L ( Y
1
) W

1 (io)

w h e r e  t he  c h e m i c a l  p r o d u c t i o n  t e r m  m u s t  be r e t a i n e d .  If , ho w e v e r ,
we consider cases for which the characteristic chemical time for

the reaction (1) is short compared wi th the smaller tine scale of

the turbulent flow , we can then substitute Eq .(1O ) by

= 0 
. 

(ii)

or taking into account the overall irreversibility of the i’eaction

(1), by 
-

~1 
‘
~2 

0 (12)

showing that the fuel and oxygen do not coexist anywhere in the

f l o w  f i e l d .

1 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Eq.(12), together witir tire conservation Eqs.(7) to (9),

a conservation equation

L(Y~~) 0 (13)

for the inert species , and the mi rome ntu m equation

+ V. (p~~-~) - V p + 
~~m 

+ V.t~ (14)

and equation of state

P = p TR(EY 1/M 1) (is)

w h e n  used with apj’ropr’i.ate i ni~~ia i  and  b o u n d a r y  c on d i t i o r n s i:oui d

do icrm4n i .ne th~ ins tantaneous velocity, temperatu re nad c on c c

f i el d s.  B e c a u s e  t h e  r e a c t i o n  r a t e s  do n o t  a p p e a r  i n  th e s c  e~~ua-

tions the reaction is called diffusion controlled .

These equations arc to he solved with appropriate m i-I m l

and boundary conditions . If t h e  resulting flow is turbul en- L ,

this is a formidable problem. Our’ purpose here is to show Lew

we can obtain information for the distribution of concentrations au

temperature in diifusion controlled combustion from detail~i of

the concentration distribution for Cr. inert species. In addi ~~on

there are cases where the heat release associated with combustion

will not affect much the turbulent flow. In these cases , ~ppro-

priate experiment s in turbulent mixing without combustion caa be

used to calculate the temperature and concentration distributions

in diffusion controlled combustion .

Let us consider , f or ex amp l e , the turbulent mixing of a

jet of- fuel with a co-flowing stream of air , as shown in  figure

1 , -

- .-.~ -~~~~- — ----- .-_ — ———--— ----~ ~~~~~~~ ~
— ----— -- -

~~
- --—--

~

--- —a
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and let us assume that ~ne know tine concentration Y of an inert

sp o c i  e s , of u n i t  c o n c e n t r a t i o n  in  t h e  i n c o m in g  s t r e a m  of fuel ,

and zero concentrdtiorr in the air.

Thus Y is a random function 
~~~~ 

, t), which we s h a l l

describe in terms of t h e  p r o b a b i l i t y  d i s t r i b u t i o n  f u n c t i o n  F ( Y  , x )

If the overall process is -stationary the time will . rr ot a pp ee r in

this function. This function is such that P(Y , ~ )dY is ‘he

probab.ilit y of having at -the po int x a concentration of the inert

species between Y a n d  Y + dY.

Now , the combinations

-Y 2+v Y 1
+Y 20 

__________= ‘‘ f2 = and
( 1+ v ) Y 10

= 
T+qY 1/c~ -T~~ f - 

Y
2+vc~ T/q-vc~ T20/q-Y 20

3 ‘‘ t~.T1 0+q Y
1 0/c - T 20 -Y

20
+vc~ T10

/q-vc~ T20 /q

_ _ _ _  _ _ _ __ _ _
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sa tisf y the same transport equation and boundary conditions as

the inert species Y , so that they have the same probabili ty dis-

tribution function. That is , P ( f 1, ~ ) df ~, is the probabi lity of

having the combination (~,Y 1+Y 20-Y 2)/(wY 10i-Y 20) take a value be-

tween f1 and f1 +d f 1. -

If we now take into account the equilibrium relation (]2)~
we ‘can now obtain the probability distribution function for the

species ‘r’1, 
~2 

and Y 3 and for the temperature T.

Thus to calculate the probability distributions function

P1(T1, ~) for Y
~~
, we make use of the fact that at times w h e n

~ 0 we have Y
2 

= O,and then the combination f1 given in (16)

is a function of Y1 f1 
( v Y ~ +Y 20)/(vY 10

+Y
20) for 

whonji i-y e. know

the probability distribution function P(f1 , ~). When Y 1 lics

between Y 1 
and Y 1 + dY

1 , f1 lies between the correspondiflg value

of f
1 

and f1+ (vdY 1)/(vY 10+Y 20
)

so that

vY +Y v
p (y  ~ ) = P(  ~ ) (17)

vY
10+Y

20 
vY

10
iY

20

if I
i * 0

wh en Y1 = 0 ,, f1 
= (Y

20-Y 2
)/(Y

20+vY 10
) < f

where -

f = Y 20 / ( Y 20 + v Y 10
) ( 18)

and the probability of having, at a given point ~~~~, a value of

lower than f0, that is 11 0, is

_ _  -
- - - —

~~~~~~~~~~~~~~~
-

~~~~~~~~



_ _  - . 

1

f C  P(y 
, ~ )dY

T h e n  we m a y  write the probability distribution function P , f~ r

Y
1 as

vY +1 f
x )  — F ( 1 2 0  

>~)~~{ f c  P ( y  
, ~~) d Y ) s Y )  ( 1 9)

vY 10+Y 20 
vY

10
tY~~0 

1

Where the first torts gives the probability of having a value of

� C , a n d  t h e  l a s t  t e r m  in v o l v i n g  t h e -  D ir a c  ~ f u n c t i o n  is the

probability of having Y
1 

= 0.

7 
In a similar way

1 1 -Y
P
2
(1

2 ~
). = p ( 20 2 

~~~~~ 
P ( Y  , ~~) d Y }~~~ Y 2

) ( 2 0 )
Y
20

+VY
10 Y

20
+v Y

10 c

To obtain t h e  p r o b a b i l it y  d i s t r i b u t i on  f u n c t i o n  f o r  t h e  t emp e r :~t u r e

P
T

( T  , ~ ) ,  we take into account that at times where - Y
1 = 0

T-T
- 0 < f  = 

20
3 c

T10-T20+q
Y
10/c~

with T ranging f r o m  T
20 to Tf . And at times where 0

1 = 

T-T 20 -qY 20 / vc~~~ >
T10-T 20-q Y 20/vc~

with T ranging from , T10 to Tf

L _ _  .~~~~~ 
_ _ _ _ _
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and

T1 = T20 + (T
10 

- T20 + qY 10/c
)f is the adiabatic f l a m e

temperature - So that 
~T 

= 
~ T2 + 

~T1 (21)

with -

1 T-T
P T.~

( T  , ~ ) P(——-20 — ~ ) ( 2 1  a)
T 10 -T 20 tq Y 10 / c~ T 10 -T 20 +q Y 10 / c

1

for 0 < (T—T 20
) / ( T

10
--T 20

-$- qY 10
/c~~) <

and 
~T2 

o~ ou-~ ide the interval (T20, ‘I
f
)

and

1 T-T  0 -q Y ly e
P T ( T  , ~

‘

) 
~~( 2 20 ~~ , ~ ) (2 1 L . )

T 20 -T 10 +q Y 20 / v c~ T 10 -T 20 -q Y 20 / v c~

f o r

1 > ( T - T 20 - o Y 20 /v c~~) l ( T
10

-T
20

-q Y 20 / v c~~) > f-c

and P = 0, outside the interval (T , T )
10 f

In a similar way we could write the probability distribu tion

function for the product species Y 3
.

The probability, distribution function for the temperature

could also be obtained as follows . We first notice that the

combinat ion

a = 
T+~~Y 1/~~~~ T 20 

- 

T-T 20
+q (Y 2-Y 20

)/Vc~ (22)
+ q Y 10 / c - T 20 T 10 

- T 20 -q Y 20 / v c~ 

---~~~~~~~~~~ -~~~~~ .-“,



diffuses lik~ an inert suecies , satisfying the different~~ai

equation L(a) = 0 w i t h  t h e  h o m o g en e o u s  b o u n d a r y  c on d i t i c ’~~~
a = 0 so that the solution is a 0. That is ,

_ _ _  
- 

~~~~~~~~~~~~~~~~~~~~~~~~

T10 +q Y 
i 0’°p ~ 20 ‘f1 o~ 

T~ 
~~~

- q Y 
2 O ”~ ~ p

is a relation between the instantaneous values of T , Y
~ 

amr d Y 2 .

In a s i m i l a r  way  we may ob t a i n  t h e  f o l l o w i n g  r e l a ti o n

Y3 + ( 1 - i - v) Y 1 Y 20 -Y
2

1-v Y 1
— —-— 0 ( 2 4 )

(li-v)Y 10

b e t w e e n  th e  i n st a n t a n e o u s  v a l u e s  of Y
1, Y

2 and  13) which would

enable us to calculate the probability distribution functic .ps

and  P
2 g i v e n  by ( 1 9)  and  ( 2 0 ) .

A l s o , i f ? .  is an i n e r t  s p ec i e s , of z e r o  c o n c e n t r at i o n  in

the fuel stream and concentration I .  in  t h e  a i r  s t ream , i ts-Jo
7 probability distribution function P~~(Y~ , x) would be give~r by

1 1.
+ 

_ _  3 +P . ( Y .  , x )  —
~—

— P(i— ——  
, x ) ( 2 5 )3 3 

~~~. Y .
3 0

a result which can also he obtained from the fact that the

instantaneous values of Y
1 , Y2 a n d Y .  satisf y the relation

1. - VY +1 -Y
___ — 

1 2 O 2
~~~~~ (26)

Y. vY i-Y
jo 10 20

a n d  u s i n g  the probability distribution fun ctioc~s given by (~~9)

and (20).



-
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A. I O . ~

I t  is i n t e r est i n g  to n Ot i c e  t h a t  t h e  i’e3ations (23) ,

(24) and (26) give T , Y3 and Y. in ternis of T2,,at timej~~~~~ n

= 0, and s i m i l ar y  in  t e r m s  of Y
1 at  t in e s  ‘aIl ..li Y

2 
(j. l i r e

m e a n  c o n c e r J t x 7 ~t i O ns  Y 1, ‘
~ 2 ’ Y 3 an d  T c a n  now be ol cair jecj as

f u n c t i o n  of ~ t a k i n g  i n t o  a c c o u nt  t h e  p r o b a b i l ity dis tribu iion

functions which have b een obt~~ined abov e. T h u s

~~) d Y ~ f~~{ ( Y 10 +Y
20

/v)?-Y
2~~

/v )r(Y)dv (27)

~~~~~~ 
f0

2O Y 2P2
( Y

2 ,~~)dY 2
= [C {Y 20

_ y (y
20+vT 0

)}p (y)dy (78)

The mean values of Y 3 and T can he obt-ai aed inorc directly

f r o m  ( 2 3 )  and (24) which , obviously, are a lsc valid fox- ti~~
n e o n  v a l u e s .

In c o n c l u s i o n , if  we are a b le  to o b t a in  e. ther e::pc ;~~r :L n —

t a l l y  or t h e o r e t i c~~l ly  t h e  p r o b a h i l i t ’  d i s t r i b u t i on  f u a e t i o r ~
F ( Y  , ~ ) for  an i n e r t  sp e c i e s  of irormali ~~~C - C ~ C O I i C (  s t ’~aticn V ~u cb

t h a t  i t  is unity in  t h e  f u e l,  s t r e a m  a n d  z e r o  i n  t h e  a i r ’~ t r e a m ,

t h e n , using t h e  i d ea s  g i v en  a b o v e  we  c a n  c n l c u l a t e  t h e  p r o h a~-

lity d i s t r i b u t i o n  f u n c t i o n  f-o r  t h e  r ea ct i n g  s p e ci e s .  as  w e l l  es

f o r  t h e  t e m p e r a t u r e  if  t h e  f o l l o w i ng  m a u i  a s su T i p t i o n  c a n  I.e u s e d :

a )  Equal t h e r m a l  ari d m a s s  d i f f u s i v i t. i e for all t h e  spe~~~ es

b )  I n f i n i t e  r e a c t i o n  r a t e  w i t h  an i r r e v e r s i b l e  r e a c ti o n .

_ _ _
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