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CHAPTER 1 . INTRODUCTION

1.1. Obj~ctive

Numerous structura l analys is programs are available today to assist in

the structura l desi gn process. However , the complete structura l design

involves not only analysis , which determines the structura l response on the

bas i s of given element properties , but also the selection of element properties

so that imposed constraints (e.g. stresses and displacements) are met. Today ,

two genera l methods are available for desl gninq structures to meet specified

constraints: optimization methods, in which the analysis and the satisfaction of

constraints are perforned simultaneously, but at great expense; and Iterative

schemes, where successive analyses and modifications performed through a

man-computer interaction until the constraints are specified.

The objective of this study is to develop a combined method for

designing selected components of a structure subject to a

set of performance criteria simu l taneously with the analysis process.

1.2. Background

The method presented here is based on the work of A.M. Murray-Lasso in

compu ter-aided circuit design [1 ,2]. In the method originally presented , the

actual elements of the network are augmented by fictitious elements which

Impose constraints on the network variables (voltages and currents). These

elements are represented by singular admittance matrices , hence the term

“singular embedding . The constraints expressed by the singular elements

produce additional equation s appended to the network equations.

In this method , selected elements ray be designed by treating their

elemen t voltage drops and Currents as separate variables. After the system

equation s, inclu ding the additional constraints , are solved for the unknowns,

the computed voltage drops and currents can be used to determine the necessary

element resistances , i.e. desi gn the elements .
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1.3. Sco pe of Report

Chapter 2 presents the basic approach to design by singular embedding ,

by essent ially interpreting the method in structural engineering terminology .

Chapter 3 consists of three parts. First , the basic method is significantly

extended by introducing a large number of constraints occurring In structural

design , involving limits, ratios , and ranges on the desi gn and response

parameters . The system equations Including these constraints are also

formulated . The second part discusses methods of solution for the combined

anal ysis-constraint equations , and the post-processing to obtain the design

parameters. The chapter conc l udes with a number of examples and a brief

discussion of the computational errors introduced .

The report concludes wit i a brief surrriar1,’ of findings and conclusions

arising from the study in chapter 4.

The new approach using singular iribed ding, presented herein , can hel p t he

designer to design structures to meet performance characteris tics without

having to perform the complete analysis to check the requirements and without

hav ing to select in i tial sizes for al l members.

I

II
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CHAPTER 2. APPR OACH

2.1. Introduction

I 
To understand the concepts of the approach to design presented herein ,

the requirements on a structure to be designed are first examined . For

I example , in a floor system the midspan deflection is normally held to a

specified ratio of the span length; in a frame the sidesway is limited to

I specified drift limits; in members the stresses must not exceed allowable

I 
values for the material used . Comon to a l l  these p ro b lems is  th at the

netwo rk variables , suc h as forces and displacements , or their ratios , are

I constrained . The desi gn problem is to determine the element properties in

accordance with the constraints. If the problem is specified wit h sufficient

var ia b les , one or mo re solutions will exist consistent with the imposed

I 
constraints. Conversely, if the problem is specified with insuf ficient

variables inconsistent equations develop aid there is no solution.

I Network analysis methods for structural analys is [3,4,5] require that the

member properties for all members of the structure are known . Therefore , the

I network method can he used only for analyzing structu res wh c~~e properties are

I 
kno wn , to determine if the results (i .e. join t disp l~ic~m~nt c , member distortions

or member forces) meet the specified requiren nts placed on the design. Desi gn

I of statically indeterminate structures to meet a set of specified requirements

is normally an Iterative procedure , in which the initial element properties

are selected based on approximate analysis rr~ thods [6]. Unce the members are

I 
selected , the structure is analyzed and the results compared with the specified

requirements. if the results of the analysis match the spec ified requirements ,

the design is considered satisfactory . If not , the elements are redesi gned

and the 6tructure reanalyzed on the bases of new member properti es. A complete

I analysis is needed to determine if the structure performs in the specified

manner whenever a redesign Is made . The new approach using singular imbedd ing,
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presented herein , can help the designe r to design structure s to meet performance

characteristics without having to perform the complete analysis to check the

requirements and without having to select initial sizes for all members .

2.2. Singular Elements

A new element is introduced to represent constraints. Since adding this )
element to the network will cause the structural stiffness matrix to become

singular , this constraining element is called a singular element. Although the

structura l varia bles (i.e., d isplacements and forces) are vector quantities ,

constraints Imposed on structura l design problems are generally specified

individually (i.e. as single disp laceme nt or force components). Therefore ,

a singular element is a scalar element.

Two types of sin gular elements are utilized . These two singular elements

are Joint Displacemen t Forcing Elements (JDFE) arid Member Force Forcing Elements

(MFFE), which are used for constraining joirt displacements and member forces ,

respectively.

The JDFE is defined as a singular element which constrains a displacement

component at a specified joint to a spec i fied value , while no force is allowed

to occur in the element. Since displacements are across variables in the

structural problem , to constrain the joint displacement of joint j the JDFE

is applied parallel with branch i , which is connected between joints k and j

as shown in Fi gure la. One end of the JDFE is connected to ~jo int j whose

displacement is constrained , and the other end is connected to a fixed joint , ~~~.

Since no forces pass through the iDlE , the continuity law and equilibrium law

are affected only to the extent tha t displace ment at joint j relative to the

fixed joint k is now constrained to he equal to the specified va l ue .

The MFFE is defined as a singular element which constrains a member force

component to a specified value wh ile allowing no displacements to occur in the

element. Since forces are through var iab ln s in the structura l prob l em , the MFFE
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I is applied in series with branch i , at the negative end of the branch , to constrain

I a member force in b ranch i, as shown in Fi gure lb . The continui ty law and

equili brium law are affec ted only to the extent that the member force in branch I

is now constrained to be equal to the specified value because the MFFE allows

no dis placements to exist.

:: rEJDFE J J branch i

~~~~~ k H
a) Disp1acr~~i n t  at j u i r t  j  ~~~~; t r a i r ’ l  1)) ~ ~~~~~ j f l  br~~r i h  I coi ’ a i r E ~-~

by Jo in t  D t i ~j ’1 ;tce n ~r t .  Forci ni~ ~ . i  ~~~ Ij :. t~. ; r ~i •~ r Force  Forc i ~~

~r e  1

~~ ~~ 1a r F 1~~~:ri t

The JUFE’ s and the MFFE ’ s can be thought of in terms of idealized elements.

The necessary elements are nullators 1, ideal branches , and idea l loads [1].

A nullator is defined as an element which allows only zero displacement and force

to occur . A nullator is used to show the relationship between nodes. A

nul lator can be represented schematicall y as shown in Fi gure 2.

II
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( 0 1
I

Fi gure 2

Schematic Representa tion of Nul lator

The nul lator is the main element used in constructing the JDFE’ s and the MFFE’ S

in terms of idealized elements as shown in Figure 3.

i dea l load

t
Branc h t  I _ _ _ _ _ _ _[ JOFE I L 0 1 1 MFFE 

~ LOJ
ideal load

ideal loads

~~

ideal branch

a) b)

F ig ure 3 *
Equ i valent Representation for

JUFE and MFFE Using Null ator
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In F igure 3a , an equ i valent rep rese nt a ti on for the JDFE us i ng a nulla tor

( i s shown . The element is composed of a nul lator and an ideal branch connected

in series . The ideal branch is a scalar element whose properties are : (1)

it has stiffness in the component direction of interest (i.e. axial , shea r , or

bending) equal to unity , and (2) its direction is always negatively incident on

a common node to which the nul lator and ideal branch are connected . The nul lator

is connected to the joint whose displacement is constrained. The ideal load is

appli ed at the node on which the ideal branch is negatively Incident. The value

of this ideal load is equal to the value of the constrained joint displacement.

The sign of the ideal load is the same as the sign of the constrained displacement.

If the JOFE is used for constraining a disp lacement at a joint in the x-directio ri ,

the i dea l load will be an axial load . It will he a shear load for a displacement

in the y-direction and a moment for a rotational displacement.

In Fi gure 3h , the equivalent representation for the MFFE using a nu ll ator

is shown . Only a nul lator and ideal loads are needed to represent a MFFE.

The nullator is inserted in series between the negative end of the member in

which a member force is constra i ned and the node on which the r i  IS

negatively incident. The ideal l oads are applied at the nodes on which the

nullator is incident. The sign of the ideal loads depends on the sign of the

constrained force. If the si gn of the constra i ned force is positive , a posit ive

ideal load is applied at the node connect m g  the null ator and the member and

a negative ideal load is applied at the other node of the nu llator . These will

be reversed if the si gn of the constrained force is negative.

The singular elements , JDFE an d MFFE , are added to the network graph

representing the structure . Since the structura l stiffness matrix is composed

of the individua l stiffness matrices , the inser t ~on of the singula r elements

into the structure will affect the structura l st it tn c~~. matrix and the noda l

equations. The nodal equatlur~ for the structure will be written by first
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nullators from the struc ture . The nodal equations with nullators

removed can be written as

/ /
[K. j u = p ( 1)

where

is the structura l stiffness matrix 

.

u is a vector of joint displacements in glo bal coordinates.
/
P is a vector of applied joint loads in global coordinates.

“ .e effect of the nul lators on the nodal equat ions can be handled in two ways.

First , the noda l equations (Eq. (1)) are augmented by the set of constrai nts:

[~~J [~] = ( 2 )

where

A is ~ matri x expr ” sinq ~~~~ c n ~ t~ a ints fo r ri ul lators

y is the vector of con~ tra1nt value.

This method will be expanded t~ hardle a variety of constra ints in Chapter 3.

The second m ethod adjusts the ‘.tiffn e~s matrix in accordance with the constraints. I
We can ll ’ ustrate the method by connecting a nullator between two nodes say I and j.

Since the rullator allows no d~sp )acement to occur ~~ and are constrained to

be equal. Writi ng the displacements for nodes I ari d i as = ~~ the

nodal equations can he written as

ii,
ktl2 ~

‘tl i + k
t1~~

) . 
~~~~~~~~~ 

U
1

k t21 kt22 (k
~21 k t ) i ) . . ~~~~ ~‘2 H

k tNl k tN2 ~~tNi 
+ . . . k

~~1, 
u’

I
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~~~~~~~~~ the addition of m nullators causes the addition of m columns

I in Y, and reduces toe dimension of the vector u by m . The reduced set of

equations for a planar frame (i.e. three degrees of freedom per node) can be

denoted as

{K t]3~ x (3n-m) {~~ (3n-m )xl !p !3nxl 
(3)

where

I K t is the structural stiffness matrix excluding nullator s

n is the number of free joints

is t~e number of nu llators
/
P is t he vector of applied joint loads.

by sunrning colur n s the number of variables becomes smaller than the number

o~ equations , thus the nodal equations are ro longer independent after adding

S singular elements to the netw ork . This is compensated for by introducing

er ber forces in variable erte rs as unknowns and explicitly adding them into

the nodal equations.

I 2 . 3 .  v a r ia b l e Members

~r 1 ~ort ari t step in desi gn is the determination of the necessary member

properties. This aspect can also be included in the approach explicitly.

The desi gn problems applicable are those in wh ich the properties of some

members (cross-sectional area and ol ent of inertia for members of planar structu red)

I are known , while for some othe r members these properties must be determined so

‘ 
that the structure will perform in a spe cifi ed manne r . The members whose

properties are known will be referred to as defined members and the members

I with unknown proper tie s will he referred to as variable members. The variable

members will be included in the an al ys is by first explic itly adding the ir applied

I r embe r forces (fixed-end forces) int o the nodal equations. This Is done by

determinin g the joint loads induced by the applied member forces using the
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t /
relat ion A P = P,and then adding these derived joint loads with si gns reversed

to the nodal equations. After the variable members are selected , the nodal

equations can be written as

[Kd] J~= fr! - [A~] fr~J (4)

where

Kd is the structural stiffness matrix of the structure containing

only the defined members.

is the branch -node incidence matrix associated with the variable

members.

are the applied member forces of the variable members , in local

coordinates.

T he vectors a nd ~ are both variables and •iay he combined by matrix

partitioning as

J~
)

[A t 
~~ ~~ 

= (5)

By introducing member forces in variable members as unknowns and exp lic itiy

adding then to the nodal equations, the nu~~ er of variables is increased .

Thus the degrees of freedom removed by imposing singular elements into the

network , as represented in Equat ion (3), are repla ced by the unknown s Introduced by

the variable members. These additional unknowns are shown by rewriting Eq. (5)

as

[A t Kd J 3flx ~C3n-m)+3nvm }~ ~~ {(3n-m)+3nvm }xl j 
~~3nxl 

(6)

where nvm Is the number of var ia~ l e members. The solut ion of Eq. (6), yields

both the member forces 
~v 

and the joint displacements u~ Member forces In

the variable members are obtained directl y f r n n the solution , whereas member

distortions in the variable members are calculated by the relation u,,, A
~

m.’.

whe re u~ is the vector of v aria h l e membe r distortions.
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2.4. Suninary

I In rev i ew , the following steps are performed in the singular i nibedding

I 
approach:

1 . The singular elements are imbedded and variabl e members designated

I in the network graph representing the structure ;

2. The structural stiffness matrix is writ ten for the specified members

I with the nullators removed;

3. The loads representing the variable members are added to the nodal

equations;

4. The nodal equation s are appended with the set of constraint equations.

In the next section , these procedures will be generalized In order to

I deal with different types of constraints.

I

I

I
I
I
I
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CHAPTER 3. GENERAL PROCEDURE

3.1. Introduction

I f a wide range of constraints is to be considered , a corresponding

range of singular elements has to be available. Therefore , a more genera l

procedure than the one presented so far must be developed. A general procedure

is to describe any constraint as an equation in terms of the unknown variables

in the augmented nodal equations namely the joint displacement and member

forces . As a resul t, inequality constraints as well as equality constraints

can be applied .

3.2. Types of Constraints

Structural var iables used as constraints can be either behavio r variables

such as member forces, stresses , and displacements , or design variables such

as cross sectiora l area and orent of i r e rtia. A constraint can be used for

restricting t~e structural varia b les to a desi red value (an equality constraint)

or desi gnati ng a desired range (an inequal ity constraint ). The general

const raint equation is a scalar row , enab liri ~ structur al variables to be

specified along specified ue~~ rees of freedom . Fo r exam p le , onl y the displacement

in the x-direction at a joint may be constra ined , or all di sp lacements at a

joint can be constrained . Di ff~reri t types of constraints can be used together

in the same problem , pert aini rn ~0 ~~~ define l rer t~rr~ and variable members .

The following is the development of general c ,n stra in t equations for structu ral

design problems .

a) Member ii stortions - Let the value of the constraint beu * for a

member distortion coi ponent; it can be related to the ur I r (Jwn joint displacements ,

by the continu iti law , u~ A~. For each equalit y constraint the equation is:

(a g)md 
= u~ (7)
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I where

I g is the member in which the r’ernher distortion is constrained ;

m is the component of the constrained displa cement; and

I ag is the gth row of the branch-node incidence matri x.

For an i nequality constraint , the following inequali ties apply:

(a g)m~~ 
u~ (lowe r limi t) (8a )

I (d g)m(J~~
u
~ 

(upper limit) (8b)

I 
b) Joint Displa cements - Let the value of the constraint be * for

a joint displacement component. For each equality constraint the equation is:

I ~i ,m 
= (9)

I 
w here

I is the joint at which the displacement is constrained; and

I m is th e component of the cQnstrain ed displacement.

For an inequality constraint the inequalities are:

I 
~~,m 

u 1~

I U i m  U2~ (lob)

I c) Member Forces - Let the value of the constraint he ~ * for a member

I 
force component. If the member considered is a vari at le m ember , the following

equality equation applies:

I ~g,m 
(11)

where

I g is the member in which member force is constrained ; and

i m is the component of the constrained force .

For each inequality constraint , the equation is:

I 
.. .‘,.
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Pg,~~> Pt (l2a )

(l2b)

If the member considered is a defined member , the following equalit y

equation applies for each equality constraint:

(~gg)(~g) 
m = (13)

where

kgq is the member stiffness subm atrix written for member g, in

member coordinates. $

For each inequali ty constraint , the relation is:

(k99) (a~) ~ ~~~~~ (14a )

(,
kng~ ~a~

’

) ~ 
u�P~~ (14b)

d) Member Properties - Member properties wh ich may be constrained for

a planar frame cross-sectional area , momen t of inertia , and modulus of

elasticity . Only cross-sectional area and moment of inertia will be used

as constraints. For a variable member for whi ch the cross-sectiona l area

is constrained to be equal to A5, the equality equation is:

p
g,x 

- (
~ 

A

~
](a;))x 

= 0 (15)

where

g represents the variable member;

x represents the axial component;

x is the unknown axial force in member g; and

~~ 
A~~ is calculated using A5
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For a variable member for which the cross-sectional area Is constrained to

I the range between At and A~ (At A~), the i nequa lities are:

I 
~
‘g,x 

- 

(
~~*gg) 

A1

_]
(a$) 

u’�O (l6a)

~g,x 
- ~~*

gg) 

A
~
j(a)) 

u’�O (l6b)

where

~ k*gg
’
) A*Tj is calculated using At; and

~~*gg
’
) 

A*~
J 

is calculated using A~.

For a varia ble member for which the moment of inertia is constrained to

the equal ity equations are :

Pg y  
- (~

) O~~~~
g)) y 

= 0 (l7a )

Mg 
- = 0 (l7b)

where

y represents the transverse component;

e represents the rotational component;

Pg,y is the unknown shear force in member g;

is the unknown bending moment i n member g; and

k~g ~o Is calculated using I~ .

For a variable member for which the moment of inertia Is bounded by ‘t and
I ( I t  I~ )~ the Inequal ities are

I Pg y  - 

((k~) 
1(a
g))y ~~~~~~~

I - 

((k;g) 1(ag))e 
ü�O

I



16.

Pg y  - 

(

‘

(k~9) 

‘

~ (
~
))
~
, J~ o (19a )

Mg ~ag~~ ~ (19b)

wher 
It

[(k;g) ] is calculated u~ inq and

[~;g) 

1

2] calc ulated us i r g J~ .

Since the modulus of elasticity has to be ~nown in determining variable

member properties , a modulus of elasticity constraint s i l l  be considered in

the determination of the variable member properties.

e) Stresses - The procedure for constrai ning stress in a variable

member can be done in two ways. In the first i~~thod , the member forces i n

variab le meriber can be calculated by solvirq he nodal equations. (Eg. (5)).

These member frr ,.es are then used to find the section properties which will

give the allowable ~~r constrained stresses. In the second , the cons tra i ned

stresses are included in the nodal equations lirect ly. This can be done by

calculating the member forces induced by the constrai ned stresses. As a

result the member forces will be in terms of the unknown section properties;

therefore , the section properties of variable me~~, r ~ are the unkno~” var i ab les

in the noda l equations. By solving the nodal equations the Section properties

can be determined.

Stresses induced in defined members can also be const rained. Since the

member properties are defined , the member for es induced by the constrained

stresses can be found . Thus a stress constraint is transformed to a force and

the procedure for constraining member forces can f. used.

f) Displacement Ratio - This constraint wi fl f o rce one displacement to

have a specified relation with another d i s p l m e r ~’nt. It constrains the ratio

of two or more displacements w ith out constrain ino their specific va l ues. For

each equality constraint involving member di~ pl~ c. ”~t~ ratios the equality
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equation is

I (a~ )m i~
’ 

- ii (a~)~ u~ = 0 (20)

I 
where

is the ratio va l ue ;

I m and q are the components of the constrained distortions; and

ag and a~ are the g
th and ~th row of the branch-node incidence

I matrix , respectively .

I 
For each i nequality constraint , the equation is:

(a g)m ~ 
- o (ap)q iS 0 (21a)

I (a g)m i~ - (a p )q 0 . (21b)

For joint displacemen t ratios , the equality for each constraint is:

I Ui,m~~~~
Uj ,g O (22 )

I where

I and j are the joint at which displacements are constrained ; and

I m and q are the components of the constra ined displacements.

For each Inequality constraint , the equation Is:

I I /
U
i ,m 

- Li U j ,q  0 
. 

(23a )

I ~1,m - l~j ,q 0

I 
g) Force Ratio - The concept of a force ratio constraint is similar

to the displacement ratio constraint: constrains the ratio of two or more

I forces, but not their specific values. For variable members; the equality

for each constraint Is:

I Pg,m L i Pp q = O  (24)

I where

g and p are the variable members in which forces are constrained ,

I
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m and q are the conponents of the constra i ned forces; and

p 15 the ratio value.

For each inequality constraint , the equation is:

Pg m  
- ~ Pp q ~ 0 (25a)

or

P -~~~P ~ 0 ( 25 b )g,m p,q —

For de fi ned members , the equation for each equality constraint is:

~ k
gg)(a~~~in ~ - 

~~~ pp)~~p))q 
~ 

= 0 (26 )

For eac h inequality constraint, the equation is:

or ~~ (~~))m ~ 
- u (~kpp~)(ap))q ~ ~ 0 (27a)

~~ gg~ (a~~ 
- ~~pp~~àp~~q ~ ~ (27 b )

Member forces in a variable member and a defined member can be constrained

together . For each equali ty constraint , the equation is:

~g,m 
- u~~~pp)(ap~ q 

= (28 )

For each inequality constraint , the equat ion is

or ~g,m 
- 

~
(
~pp)~~p~~q ~~° (29a)

~g,m 
- 

~ ~~ (ap))q 
u~ ~ (29b)

The constra int equations for the various types of constraints are

sumari zed in Table 1 and Table 2.
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I
Tabl e 1

I Constraint Equations for Variabl e Members

I _ _ _ _  
_ _ _ __ _ _ _ __ _ __

Type of Type of Constraint

I Structural
Variabl e Equali ty I neq uality

I
,

member distortion ~, a ) u- u~ (a ) u’~ uT0

I _ _ _ _ _ _ _ _ _ _  _______________ 

(a)u~~u~g m

J 
joint displace- I

aent U’ =. u’ U ) U~1 , 5 0 l , a

I _ _ _ _ _  _ _ _  _ _ _ _  

u1,5

I member force P P P
g.m 0 g, m 1

P
g,m 2

I
member property A’ A ’
1. sectional area P ~J r k* I °1~ 

‘
~~~u’1” 0 P _ ( fk * 1 ~~~ ~\ u’O

g,x 1.j  ggj 
~~ 

g, x 
~~~~~ 

ggJ L gJ ) x
A’

I P -~~k’1 ~~~
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  

g, x_~1~~~)__~_gj)x

2. moment of 1’ :1’
inertia i -((i ’ 1 ~

1a 1~ ~~
‘- 0 ~~ - Ilk ’ ~ 

1(a l\ u’~m Og,y U.. ~J 1 ~~,Y ~~~ ~~~~ ~
) L ~J i Y

I 1’
H -‘1k’ 1 0~a 1) u~- 0 N _

~‘t~k* 1 ~~ag 
~~~~~ ~J ~ U~ ~~j ~I I’

P -‘~
‘k’ (a ’h u’~mOg,y  (L~€~ I aJ)Y

I I.
a - 1k’) 2

~a l)0u’~O
_ _ _ _ _ _ _ _ _ _ _ _  _______________ 

g
__

(~ ggJ 1€j

1
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Table 1 (continued )

Constra int Equations for Variable Members

Type of Type of Ccristraint
Structural

Variabl e Equal i ty  Ineq uality

stress Same as member force

displacement
ratio

1. member distor-
tion (a ) u’ - )i(a ) u’ = 0 (a ) u’- 13( a ) U’ ~ 0p q  g m p q

(a ) u’-~~2(a ) u’~~~0gin p q

2. joint / /
displacement u - u ” 0 u 4 - u > 0

i ,m ~ j,q ~, m ~ j ,q

u1 - p u ’ 
~5 0j ,q

force ratio P -} L P = 0 P -~~LP > 0
g,m p,q g , m p ,q

P - 1.& P ~~~0p,q

t
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I
I

Table 2

I
Constraint Equations for Defined Members

I _ _ _ _  
_ _ _ _ _ _ _ _ _ _ _ _ _ _

Type of Type of Cons traint

I Structural
I Variable Equality I Ineq uality

member distor-
tion Same as var iabl e membe r

I
joint displace-

ment Same as variabl e member

m~ iber force (1k ‘1 ía ~\ u”- P~ ~Ik 1 ía l\ u’~ P’

I L ~J L gj J s  gj j

I _ _ _ _ _ _ _ _ _ _ _ _  

_____________________ ([k~~][ag))~ u~~5P ~

stres s Same as membe r force

I
displacement

ratio Same as variable member

force ratio ([ku] [agJ)m
u’_ ~([k~~] [apJ)q

u’=o ([ku] [agj)5u
’_ i~&([kpj~[ap})q

u’~0

(~
k
gg] [a~~m

u’([~p~[ap})q
u’~ o

I
I

II
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3.3. Genera l Form of Nodal Equations

In the previous section , constraints were presented for both equal ity

and inequality constraints. By adding these equ a lities and/or Inequalities

to the nodal equations , the specifie~l con strdint s ~r~’ explicitly Included

in the anal ysis. The general procedure ~ t~e s~nqula r imbedd ing approach can

now be described as follows :

1. Genera te the nodal equations for t~~ t vr ’ion of the structure

which does not contain var iable ~~~~~ as

~A~ K0A~ j~~~} = (30)

wnere A0 and K0 are written only fur the de fined members.

2. Add r en,t~ r forces in var ia~ le mer Je r ~ to t h e  nodal equations by

describing the’ as the unknown applied member forces , P
~
.

By adding these applied ~,ewt c~r f ‘ ‘ ~~~ tu the nodal equations , the

variable n,er~bers are incl uded in t~’~ analys is explic itly.

The nodal equations become :

{~) = {~~- 
~~~~~~~~~~~~~~ 

(3 la)

adding A t 
~ 

to both sides , the t~~u i t io ns are :[
~ ~

A~K0AJj~~~~= (
~I (3l t )

3. Add the constraint equat iun~ ~r~~’nr i ’,e ;ual it i es to En . (3l~ ) ,
yielding:

+ /
A 1 A f r ’  ~ — ( 32)
V n o n  v —

u y

where the added te~i’~

[~
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represents the constraint equations and/or inequalities;

~~ are partitioned matrices representing coefficients of the

unknown variables and ~, respective l y.

y Is the vector of constant va l ues of the constraint equalities and/or

i nequalities.

Equation (39) Is the final design eq uation in which the variable members

are designed according to the specified constraints. By solving this equation ,

the force-displacement relation s of the variable members are determined. From

these relations , variable member properties are calculated through the member

stiffness equations for each member.

3.4. Methods of Solution

Equation (32) is a system of equality and inequality equations. If all

equation s are equalities , the Gauss-Jordan method (7) can be used for solving

Eq. (32). If some of the constraints are inequalities , the linear programing

technique is used for the solution . For the case of all equal i t i es , the linear

programing technique can still be applied .

3.4.1. Gauss-Jordan Method

Writing equation (32) specifying the dimensions of the matrices yiel ds

IA
~ 

A
~

KOAO1 ( 33)

L r : ~ 
(ndf(n+nc))x(ndf(n+ndf)xnvm )

J__
~rewritten as

r 1JQ 1 Q2 1 { x }
L J nexnv nvxl

I



24

where

~nd °2 a re  n~rtitioned matrices representing the matrb

~A t K Al

p

~e~ r~ se nts t~ ~~ ‘
~~~~~ v a r i a t l e  vector --

,
~~

- , and

W~ is t r ~ c onsti ’t ~ecto r repni~ ent i ng the vector

n is t~ rj inbe r free jo ints

ndf is t he  nu’~rs~r r ’ deqrees of freedom

nc is t~ r j ,’ t~~ r r~ t ra i f l t s .

nv r is t~~ ~r ~ . a r ~~ i~ 1 ~~~~~~~~~

~‘e i S ~ ri’ L,er ‘ 1 n~ ~‘. t  ic r is equal to (ridfx(n+nc

is c r 
~~ ~r ~f ~ ~ i ~a r ’ ut l~ s whi ch is equal to (ndfx (n+ndf)xnvl

If ~~ n 4 r~~~~~r t~~’ ,r~~~r . ‘ ,~ ‘~ ib 1e~ r v is eq ii~ l tn the number of the

equat ions ‘j e , a u n iq ue solut iu n f i r 1nd will he ~i tern ined . If the number

of t ’~ u”~ n ) w ~ ~ i~ le~ rv is l ar ~r than tb~ number Hf the rnri u ining nv-ne

‘.ariab les . i~~~ir~r , if the nu irte r cf the equations is larger than the number

if unkn o~ n var iatle s (ov~ r-con strained ~u~~~lem ), E q. (34) w i ll ~e unso lvab le.

P~fter apply ing the Gauss -Jordan me thod to Eq. (34) tee resuP can be

represented as

E ~~~ (35~

where

is a v~ c f u r  c f  r e n d F r  forces in v i r i~iHe ,1er~I)prs und jointx 2
~1 isp la ceiiients ; ~r d

I is the unit (identity ) matr ix
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$ e and ~ are the resulting submatrices after transformation .

The so lution, X 1, can be written in te rniis of as:

Ix i!+ _
~uix 2i 

(36 )

I
If the number of unknown var iables and equation s Is equal , the vector

I will be empty . Otherwise , the numbe r of elements In vector is equal

I
to the difference between the number of unknown vari atl e s and the numbe r of

equation s, as stated earlier . Elements In vector can be either member

I forces in variable members or joint displacements or a combination thereof .

The member stiffness matrix is used to determine t ro magnitudes.

1 3.4.2. Linear Prograniiiinq Techniqu e

The second method for solving Eq. (32) is the linea r programing technique

(8,9). This technique can be app lied to the case when any combination of

I equality and Inequality constraints is given . The starting point of this method

I 
is also Eq. (32 ) except that the condjtiun of the constraint equations now can

be eithe r equal to , greater than , less than , or any combination thereof. Hence

Eq. (32) is written as:

~ 
( 3 7 )

~ 
1
/(3n+nc)x (3n43rvm ) (3n+3rivm )xl (3n+nc)xl

or , in the form of Eq . (34) as:

I (
~l 

Q~ 
> 

~W }  (38 )
Jnexnv nvxl nexi

I Linear programing requires that the vector denoted ~W} have onl y positive

entries. This requirement can be achieved by multiply ing all rows In Eq.

1 (38) which have a netative entry in the vector by (-1) yiel d ing

(v~ 
Y2)IX}~IZJ (39)

where
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(l 
v2) ,~1) are obta ined from (~l 

Q2) and

respectively, by multiplying the required rows by -1.

Linear programing also require s that the variables in Eq. (39) be

positive. The variables and i~ representing negative values are written as

I, 
~~~~

= - (40~)

/ F,
u = u - u (40b)

// ;i/ /. i/ I
where F~1~ u , and u~~0.

Substituting the values of P~, and u expressed in Eq. (40a ) and (40b )

respective l y, into Eq. (3~) y ields

Y~
) 
~ (41)

Since only a fe~~i~ le solution to the problem is desired , onl y phase I

of the sir ;~lex iret hod is used. Ry applying phase I of the simplex method

Eq. (41) io reduced to a canonical form identical to Eq. (35), namel y:

(i ~o)~~i)= 
(‘

~ 
(42)

r wri tten as ir E~ . (43), the solution i s :

~~ 
=~~ ~~~ ~~~ (43)

where

represents the basic variat l es , and

represents tee non ha sic variables.

The nonb asic variables are those variabl ’~s to wh ich values can be assigned

arbitrarily. The basic varia bles can then be calculated.

3.5. Beterminatlon of V a r iab l e  Member Pr~p~rt Ito

Properties of variable members are dete rnined by using the member stiffness

equation . The equation in matr ix form i s :
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I Pg = (k
gg )ug ( 44)

I Expanded for a plane frame for a parti cuL~r nemh~r the equation is

I EA/L / 0 0 u (45)
X / 3 2 1

= 0 12 E1/L -6E 1/L ,J u~,

I 
M 0 ~~6 Ei /~ 4E 1/L/

I 
B~ so lv ing Eq. (34) or Eq. (41), whichever is applicable , var iab le  membe r

forces and joint displacements are obtained. V a r iab le  member d is to r t io ns  can

I 
then be determined frn i the joint d i sp la ce r ents. If the modulus o ’ e l a s t i c i t y

is specified , the cross-sectional area and moment of ~nert ia can be determined

by substituting member forces and membe r distortions for the variable members

into Eq. (45). Some var iable member forces and/or jo int  displace me nts may be

expressed in terms of other variable member forces and/or joint displacements;

that is; the vector in Eq. (36) or Eq. (43) ra y not be empty. Therefore , the

number of unknown variables in Eq. (45) for any one member may be large r th an thr

I number of equations. If the number of elerients in vector X2 pertainin g to

the member in question is one , Eq. (45) can fe solved directl y because there

will be three unknowns namely the cross _ sectional area , the moment of i ’~ertia ,

and an element in vector X2. Otherwise , the number of unkrown s exceed i ng three

has to be specif ied tefor e the member s t i f f ~e~ s equa t ions  can ~e solved for

the member properties . A designer ay a r t i t r a r i l i  se l e c t  v a r 1~ t les fo r which

I
to designat e va1 ue~ . If var iab le  ,re r ;, t er for ces and /o r joint d is p lac e me nts are

se lected , these var iab les  can f e  spec if i ed  e i ther Lefure or after s~~st i tut in~

I member forces and member d is tor t ions into the ‘ enter st i~~ ness equations. If

cross-sect ional area and/or or ient of ine rtia are selo ted , the li values will be

I specI fied after the member stiffn ess equat itr ’ s are wr itt e ’ .

In the c a s e  w hen ‘he nnd u lu~ of elastic ity h i  n c !  been chosen , a t r ia l

I procedure can be used to deteri’ine the variable member properties. The

techni ques applied for the case i f known modulus cf elasticity are still

- - - ___________-—
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applicable except tha t cross-sectional area and moment of inertia will be

dete rmined by trial and error . By substituting the modulus of elasticity into

Eq. (45), the cross-sectional area and moment of inertia associated with that

modulus of elasticitly are found. This computational procedure will be performed

for different values of the modulus of elasticity . A s a result, different

va l ues of cross-sectional area and moment of ine rti a are determined . A

desi gner can then select the type of ma terial and var iable member properties

desired from the set of feasible options.

3.€ . Des ign Problems

Two example problems are used to illustrate the procedures and to

demonstrate the capability of the singular imbeddin g approach. ‘be f i rs t

desi gn problem consists of a set of spe cified equa lit , constra ints. Since

constra ints are equalities , the Gauss-Jordan r;otho d is o ; i  lied for sol vi ng

the equations. The second prob lem consists f inequality cono tr a int s . The

linear program ing technique is used for solving for the second examp~e as

inequality constraints are present. Since the ~~r,eur programing technique

can be used for the case of eithe r u l l equality constra ints , inequality

const raints , or the combination of both , a computer proq air was written for

this technique.

Example 1: For the structure shown in Fi gure 4, desiori the beam (member 2 )

such tha t the displaceme nt at joint 2 in the x-direct in’ Is 1 . 43 ir hec d r l

the bending moment in the beam at joint 4 is 4.5 kips - inches.
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f 3 kips/unit length
p 

~~~ ~~~ i 1~ 
—

2 kips -— 

~ ~I)

I V

I 1>x
I

Figu re 4 Structure , Exam ple 1

I
I Desi gn informati on :

I 
Column properti es are: .~1 ’A 3

=l O . 1n~ , I 1 =I 3~
lO . in~

Modulus of elas ticity , E = 10 kips/ in 2

I Member 2 is a variable member.

The constraint equation s are

I (~ 2 ,x 1. 43)

I (~M2 4.5)

Expanding equation (40) yIelds

I H~~2 1 - -
~~~~

-1 0 0 : 1.2 0 6 0 0 0 2. (

1 o -1 o ~ o o o o - 15.

0 -10 _ I : 6 0 4 0 0  0 0

1 
1 0 0 0 0 0 1.2 0 6 ~ 

0 (
0 1 0 0 0 0 0 10 0 ‘~11 -15.

U
2

r

o 0 
~ : ~ 0 0 6 0 ~~~~~~

- ‘ 2 5.

I U . •
~

~ ~~:
0 0 ~ : ~ ~ ~ ~ 0 o~ ‘

/1
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Apply ing the Gauss-Jordan method to the equations above , one obtains

1 
[

J.o7s 1
i o.~ 

‘- I)’ 1.047)33

-

1 0.02 
— 

-1.3 ;~~~
‘?

0.0 5 -0.~~~ l67

-o . ). ‘ 
‘
~~ -1 .6~~73J

I O .I 5~ 
0. 5 12 5

L ~‘ j

Multi p l y ing and solving the equations yields

-j .075-0.J

1. ’ ~7j 3 3 - 0 . .  ~(~~~j

u2 ,x

U’ —
~~ . 

)o ’  1 1 • 1 ’ ,
2 1y

-o iP~5I ~r °/ O  . 5 U~

-~~ j “0.02 ‘

~~~~ 
,~

0 . 0 1 2 ’ r 0 .15 ~
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I /
Displacements in member 2 are found using u Au; hence, after substitution

I /

~~~ = _l.43+u
4~~

I u2~~ 4.442204+0.54
~4 x

I U
2 ,6 = 0 •977667 _ 0 • l I

~4 ,x

I By substituting the values for the forces , distortions , length and

modulus of elast i c i ty for member 2 into equation (52), the follow i ng is

obtained

~~3. 075~0.i~~~~ 1 A 0 0 r 1 . 4
~

U
~
,x 1

1.047333-0.2~ ,~~( 
= 0 0.121 -0.61 ~

4. 5 J 0 -0.61 41 0.97?667~
0.1u

~ ,~

expanded and rearranged

~
3.075-0.3I

~4x  
= -l .43A + 

~~~~~ 
(1)

l.047333-0.2t
~4,~ 

-0.0535361+0.1248 
~4x

.I (i i)

4.5 1.24534 61- 0.724 
~4 ,x I (i i i)

I There are three equations and three unknowns , therefore, these equatIons

are solvable. From (lii):

1 I 1.245346-0.724 
~~~ 

( iv)

I

II
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Substituting both values of ‘~4 x  into equation (iv) yields

— 1.095666 I = 9.95

tJ4 x 9.739541 I = -0 .7 75

Only the positive va l ue of I Is acceptable. Therefore , the values of

u4 ~ 
1.095666 and I 9.95 will be used to determine the value of A.

Substitut ing the value of 
~

‘
4 x  into equation (i) yields: A = 10.18

Therefore, the final desi gn for member 2 , is A - 10.18 in~ , and I = 9.95 iri~

Example 2: Design the beam (member 2) such that the axial distortion of

the beam is greater than or equal to -02 in.

t . .~ k/tt.

10k ~~~~~ ~ ~~~~~~~ I

I 6 ’
~ t~~2 ”

0 0
,ryrr ~~~~77

4 4f r~ ‘1

Fi gure 5 Struc ture , Exam ple 2

Design Information :

Column properties: A 1 A3=22.7 in~, I 1 =I 3=457.in~

Modulus of elast i c i ty, E 29 ,000 ksi.

Member 2 is a variable member.
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The constraint equation is :

I ~~2,x 
+

I Equation (37) is written as

I ~~1 0 0 22 .~~~9 0 2157 .065 0 0 0

1 0 — 1 0. 0 3 5 20 .6~45 0 0 0 0

o ~~~ -- 1 .J 5/ .O~ 5 0 ?‘r’lfl ’i . ‘.2~ 0 0 0

I 1 0 0- 0 0 0 ?‘ .5~ 0

o i o 0 0 0 0 ~0 0 .645 0

0 0 1. C 0 0 2 1 57 (i(~5 0 ?76 1( ’~~. 25

•
0 ~~~~~~~ 

I

I P2.y 

- 

10 .1
I N , -214 .

-1920.

I x 
u~~v 0.

:~:
I [~~o. c? J
I I

I
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‘u l tip l yirc the rows which have a negative entry by -l u ’ritinc i each

var i at l e in terms of tOo difference of two positive quantities and solvinq

the equations by usin q pease I of the simplex method yields:

r
: 0 .~ 3j 0. - 7 0 ,y ~i. • i-:

:o .~’,’ - -i. 3; ~~~~
/ I

~~ ~~~~~~~~~ 0 . 30000 12 ~~~~~~~; 0 . 3-~~
/

:o . - ~: 0.~ - 
~~~ : , -- 0. ~~~~~~~~

/

0. 178 _ 0. O0 i~~ 
I ‘~,- - -2 . 3

/

I . O . ) 1 ) 5’~~— O .  2 
U Lj , , r~~. 01 ’’2~

/

0 . - •~~~~~~

)

)

Here the basic variables are P 2~~~, ~~~~~~~~~~~~~~~~~~~~~~~~ and 
~~~~~~~~~~

The ruiiLa si c variaMes are P2 and M
2~ M ulti p ly in e and so l v ir ; the equation

yields

2 I i  ~~~~~~~~~ 
-
~ o. I p o . . ~y ::

- 0 .170 F0 f 0. - 2?

U
1 -0. i - O . O r 0 -  2 0.00 00~2 2
2,y , \

0 2’- ’. ~~~. 3 ’  j J , - ‘0. -J1~~~1 ,
- ~-

—2 . 3 — 0 . 17~3 P , -+ 0 . ‘ 3 1
- ‘ I x . 

,_( - -
- 0 10 2 15 5  

~~~~~~ 
O~ ~

- - ~~~~~

0.001 3~) ~ ‘
, , ~ 

~‘ r 5

U —0 .22

U
2 1  

15 . “ . 5  - .11) 1 2 , x 0.,00 i~>

Ii;) Q — L i .U ( - O c  — 0.0 (i e~3 F
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By substituting the values for the forces , distortions , length , and modu l u s

$ of elasticit y for member 2 into equation (45), the following Is obta i ned :

I 
~2,x I 60.4167A

1 10.636? + 0.533 
~2,i 0.

1)(1~17 M , 0 o.~ o3 15I -0.75521

I 
N J 0 —o . 7 1~ 521 201 . ~7 I

I
I x -1 5. 05 1005 - 1.1139 1 1 2 ,x~ 

0. 000’;O

I [ -0. 2550-2 - 0.00093 P2

$
I

Expanding and rearranging:

I p
2,~ 

= -1.208334A (1)

1 0.53 3 
~2 x  - 0.00417 M2 + 0.04531 ~ 0.002 81 P2~~.I - 0.00002 M2 .I 10.6367 (ii )

I 
M2 - 10.62338! - 0.6 1647 P2~~.I + 0.00526 M2.I 0. (fi)

There are four unknowns and three equations; therefore , one of the

unknowns must be specified . Let I = 1340. in~ By su bs ti tu ti ng the va lue  of

I into Eq . (Ii) and (iii ), respectively, the fo l lo wi ng equa t ion s are ob ta i ned

I from (ii) 4.2984 
~2 ,x - 0.03097 M2 = -71.5129 (iv)

I ( i i i )  -826.0698 + 8.0484 M2 = 14235.3292 (v)

I Solving (W) and (V) simultaneous l y yields:

I p
2,x -14.946555

u M2 
=



Substituting the value of P2~~ in Eq. (i), vit  ‘ i A 12.37 . There f r e ,

.4for r~er b€ r ~ , use A = 2 . 3, n . , I = 4 i

3.7 . Computationa l Error

In order to study the accurac y of the si , :jula r irnb eddin g approach , the

results 2htained by th ig app roach ~~~~~~~~~ c 0 ~i t ~‘ S~ P L SS [11] result s.

Initi a lly, structures were anal ,zed ~~~ing t~ u- STPF~ C p~~~i 1ra . T~fter constraints

and variable members were selec t -d , ~be stru tun es ~er~’ designed to meet the

specified constraints ~y using t~ e s~ 1 ’5 1la r iiL e d d i ng p roa ch. The analysis

results obtained fror STRESS .~e r e  used d S  t h~ ir 1~;o’.~’d ~~rs r a i nt o on the desi gns.

Thus , t5e difference between the two ~~
‘ -

~~~
‘
~ of ‘es u lts ~~i5  8 direct indica t ion

of the acc uru cy of the singular embedd~nq dpr NJac~~ .

Singula r Ir ’ iI ed0~nq Stress
- _ _ _-  --_ -- _ _

i
~ar~ a L1e “c’ her 2 Nbr 3cr 2 ~ cc ’- 2

‘,t r a i rt  o in~ 2 ~oint 4 
____________

-lO.s 521 -l~ .8509 -10.8518

P 1 .5081 1. b~ 5l 1 .S 7 oy

33.3941 33.6624 33.5499

U -0.1)21)4 -0.0201 -0.0210
x

3.5103 3.5055 3.~ 103y

0.0112 .0112 0.011::

A 13 .ls l3je

1* 584.35 5~ -, l 2

577.56 574.98

Ta b le
Com parison of Resu lts fi~r ~inq1e-Pa y,

~ing 1e-Story Str u ctun r
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I
I

k CAS~ 1.2 k/ft

p 
~ 

‘
~~~~~~~ 

~~~~~~~ _ _ _

A 1 =A 3=22.7 in 2

1 1 13 457 in 4

£ = 29 ,000 ksi L~~= 192”

0
-L~~ 

,n

480”

Fi gure 6 Sing le Bay, Sing le Story Structure

I
I
I
I

II
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(Af 2.4 k/ft.

F — 4  ~~~~~~~~~~~~~~~ 

.~ ~~~~~~~~~

~ ___________________

.k fr 4 1 . 4  4 ’ k  1’ ~‘ 1. 1.~~ 1.V _.
~~~~....

L~. 240”

D
C 36cY’ coo ”

Member 1 and member 2 are variabl e members .

member 3 : A — 11.8 1n~ , I .‘ 612 1n~

member 4 : A - 18.0 in~ , 1 1540 1n~

member 5; A — 16. 2 1n~ , I 1)40 in~

member 6 m  A — 16.2 tn ’ , 1 1340 tn~

member 7~ A 20,0 1n~ , I 1820 1n~

member 8~ A — 27.7 in ~~, 1 j27() 1n~
member 9: A 27.7 in~ , I 3~?) in

’
~

member 10: A — 27.7 1n~ , I — 3270

E — 29,000 k31.

FIgure 7 Two-Story , Two-Bay Structure



I
I

Co (~) .- ~~ ‘0 ‘.0
C’.J .— ~~~‘ CD CO CD

U ( f l u  C\J a . —  CO C)
4) 4) r-.. ‘.0 ~~ a a C) CO ~~

~~ E a a a a —
n 4) (•~) I I

I C) ‘.0

— (.0 Co CO (.0 N.. .-(fl CD .~ (%J a’I.. CO V-.. N. C~) ‘.0 C)

~~~ ‘.0 a) C) .— a a).0 . . . . .
E ‘.o a c’~i a ‘ —
41 ~ I I

£ I (.0

Co (1 ‘.0 ‘.0 >,
~~ e..j a a a

~. u c’.i .— a — ce a N- .~~,4) r-. ‘.0 a a a ~
— .—. 0 0  . . . . . . . . . 4)

E I- a’ a a a a .— c’.i
4) C’.) .— C~) I I .— ~— a’
E E  I C) ‘.0 ‘.0 C 0)

I— ..- I..I V.,
- - 4-)

C’.) i- u
0 ~‘I- 1~CO CO ‘.0 N. ~ - 

4.)
— v~ ‘.o a ~~ ‘.j a’ .— ,~., ~U) N- N- r’~) ‘.o a CO N- Cfl 4) 4.)
S~ U ~~ ~.o ce a a v-- — .— .— .— >,

.0 1...
.0 0 ‘0 0 c’~ a a a .— c’.J C’.) ‘.fl 0
E ‘4- ~~ I ‘ I I .— .— I— w e~4) I ‘.0 ‘0

4- 41
0 —

a’
C C

a’ 0 —
C v V.)
.- .0 - •1~~v a a ~~ ‘.0 ‘0
D C’.) ~~ C’~) C’) a a Co 0 I0
4) C’.J .— a’. — CO 0 Co (‘~ 0 0.
.0 1- IM N- ‘.0 ~~ C) ~~ a N- C’) Co Eo
— .0 C 0’. u~ 0 (~~ CD C) .— — C’.) L)

I- C’.) . C’) I I . . —
1- o a s.o ‘.0

‘7
a’C — —

0
—~~~~~ CD — Co ‘.0 C’- —N- C) C’.) C’) a’
I- ~‘~I Co N- ‘.0 C’) ‘0 ~ ) C’) N-
4) 4-’ ~~ ‘.0 ‘.0 CD .— aD ‘.0 Co

E — ‘.0 ~ ~
.j a a a .— a ‘.o

o ~ I I I I — Lfl



— k ~ 2 k/ f t

p - _____ ~~~ .~ & — ~~~ k 4_ ~~— ~~ 
,
~
. ~

. 
~ ~~~~~~~~~

- L.. -

120

k ___________________

F 12.5 ~~, ~
. 4. ,~~ 

&p 
~ 4’ - 4” ~‘ 4. 4.

a

L =  1

k/ f t

~~~~~~~~~~~ 
_ 4 , 4 .  ‘~~ ~~~~~~~~~~~

0 C>
77/7 77~~~

44 L2
420 

~ 
~~~~60” ~

Q J o i n 4 - N

M —2. r h . -

F ~~~~~~~ S tr u’ t u

E 1 ~~~ r c  8

F ramed St ,~ : - t . -r ~ :try l ~J ’  x k  ‘~
-ip h 3

‘ihr . -~ 34 r— y , ~~~~~ ~~~ St r u c ’~~:’



41

I
Membe r I ,  member 2 , a n ! member 3 are variable membe rs .

Member properties of member 4: A - 24.8 1n~~, I — 28)0 1n~

member 5: A — 27.7 In., I — 3270 in.

member 6: A 41.6 in~~, I — 7460 in~

member 7~ A 20.0 tri ~~, I — 1480 in
Z
t

I member 8; A — 1 6 . 2 In~~, I 1340 i n ~

member 9: A 20.0 1n~ , I — 1820 in~
’

member 10: A 16.2 in. , I — 1140 tnt .

I member li : A ” 1 6 .2 in~ , I 1~~i’0 ini~

member 12 : A — 27.7 1n~ , I — 3270 in~
’

I membe r 1): A 20.0 in~ , I - 1480 in?

I member 14: A 16.2 in~ , I — 1340 in?

member 15 : A 16.2 1n~ . I 1340 in?

I member 16: A = 14 .4 ln~~. I — 971 in?

member 17: A = I4 .~ tn~~, I — 971 in?

member 18: A • 22.4 in~ , I — 2100 In?

I member 19: A 20.0 in~ , I 1460 in?

member 20 : A = 20.0 in~ , I — 14.80 in?

I member 21 : A 20.0 1n~ , I 1480 in?

£ — 29.000 ksi .

I FIgure 8 (cont.)

I

I
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CHAPTER 4. SUMMARY r’i C0NCLUS ION~

4.1. Sumary

A mathematical tool called singular element was introduced for constraining

a structure to perform in a specif ied manner. The singular element is composed

of a nul la tw , an ideal branc h , ari d an idea ] 1~ a-J . P’~-pe rties of the nu llator

an~ the ideal branch were presented. Two type s of th ’ singula r elements , the

Joint Displacement For cing Element and t e  ~ ‘vbe r Fo r :~ For cing Eleme nt for

constraining joint dis p lac e~ent s and ~e ’~ er fo’ .ec , respectively were

introduced. It was s~cwn that ly addi ng the sin ;LJ ar eli ’ ’~ents to the network

the nun-ber of uri~ro~~ vari ihl es in the nodal ~hua ti~’n is reduced. Additional

dejrees of freedor - were obtained t-’y in t r~duc ir i —~’ ’c ~iber forces in var 1~ D1e

embers as unkn cwc, applied ner :-cr 4 orces and e~pl i c i t 1 y addin q them into the

nodal equations. The v~i r ia1 - le ~rrter pr ope rties were th en directl y detenr:ine d

suc h th at the specified constrjints placed o’ the ; robl er were satisfied .

Types of constraints which can he handled t y ~hi app roach were presenteci .

They are member distortions , joint displacements , r c r t e r  fo rces , stresses ,

member properties , force ratios , and displace m ent ratios. The constr aints can

be either equalities or inequalities. Thus the desi gner does not have to

desi gnate specific constraints on the problem ; instead upper and/or l ower

bounds of acceptable performance may h e used as constr aints .

There Is one limitation inherent in the ‘“ethod presented . If all

members connected to a joint are selected as vari :ble rne bers , displacements at

that joint have to be prescribed as constraints; otherwise, the values of the

joint displacements will be calculated as zero , and it will he i mpossible to

find the section properties of the v a r ia3 le nc r  hers connected to that joint.

Two methods , the Gauss-Jordan method and ~r~ - linear proqra nrriing technique ,

were introduced for solv ing the nodal equ atIons. The Gauss-Jordan method is

used when all constraints are equalities. The linear programing technique can
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be applied when the constraints are all equalit ies , but must be used when some

of the constraints are inequalit ies . After solving for the system variables,

the stiffness equation for a variable member was solved to determine the variable

member properties. Since system variables may not be Independent , member forces

and member distortions of the variable members may he expressed In terms of some

system variables.

4.2. Conclusions

The singular imbedding approach presented has some advantages over a

conventional design method in designin g a structure to meet specified requirements ,

espec ially In the computational aspects. Instead of having to Iterate on

analys is and design until the requirements are met , a sing le com putat ional

p rocedure is used when the singular i mbeddin g approach is used . The approach

also provides flexibility in desi gn i ng var i able members to meet the constra i nts

imposed on the structure . Hence , the des ig ne r w i l l  sa ve t ime an d w i l l  have a

choice In selecting properties for the variable members .

The approach has been shown to be efficient for design ing a structure to

meet a set of specified requirements. The class of problems which Is best

suited to this approach is the fo l low i ng : given a structure with

prespecifled topology and geometry , with a si gni fican t fraction of r”enhers

prespecified , and a relat ively small number of constraints , design the remaining

var iable members to yield the desired performance. This class covers a

sufficiently wide range of problems to make the method dttractlve. As an

example , In a tall building, lateral displacement or drift limitatio ns m~~v be

Imposed , and many members may already be prespecified , eithe r because of grav ity

I loading requirements or other considerat ions , such as repeated use of a slr;le

structural shape to reduce costs.

I
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I Appendix 1. Nomenclature

( A = Branch-node incidence matr ix,  a lso cross -sect ional area of a
member

An 
= Matrix expressing the constraints for k nullators

A = Branch-node Incidence matrix for the graph of defined structural
members

= Branch-node incidence ma trix for the graph of variable structura l
members

E = Modulus of elasticity

H = Transla ti on matr i x

I = Moment of inertia of a membe r , also unit matrix

= Structural stiffness matrix of the structure which contains onl y
def i ned members an d s i ngu la r elemen ts

K0 
= Diagonal matrix of member stiffness matrices of structu ra l members

K5 Structural stiffness matrix of structura l members

Kt 
= Structura l stiffness matrix of the structure with singular elements

L Len gth of a member

n = Number of free joints

m = Num ber of nu l l a to r s

I nc = Number of constraints

I 
ne = Number of equations In the noda l equations

nm = Number of structura l members

nv = Number of unknown variables in the nodal equations

nvmn Number of variable members

I p = Vector of member forces

I 
Vector of member forces in variable members

= Vector of joint loads

T Rotat ion matrix

I
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u Vector of member distortions

U = Vector of joint displacements

‘5’ = Constra i nt magn i tu de

Superscripts:

t = Matrix transposition

* = Constrained values

I
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