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FUN I)ANE NTA L S O’~ TUE EDGE— F UN CTION ~ ET~WD V I A  LAN.ACE ’S EQ UAT[ e :1

by

P. M. QUJNLAN~
1
~

Introduction

1. OUTLINE

The Edge—Function Method as applied to two—dimensional problems is a

procedure for obtaining approximate solutions to boundary value problems in

regular or irregular polygonal regions ~iith , or without , cavities and cracks.

It may be described as a piecing together of “asymptotic” solutions to a set

of linear partial differential equations for the several parts of a domain

D to satisI~y the boundary conditions in a discreic least squares sense.

The method was originally developed by Quinlan (1] for the solution of

the torsion problem for prismatic bars of polygonal cross—section. In the

succeeding 10 years it has been successfully applied to problems in- the bend—

icg of isotropic thin plates [2,3,4]; coup l.~d linear systems in elastostatics

(4 ,5,6,7] and in moderately thick plates ai”i shallow shells (8]; cracks and

stress concentrations in elastostatics (9]; vibrations of Thin Plates [10]

and vibrations of Shallow Shells [iii.

The present paper arose out of a cour~e of lectures on E.F.M. given by

the author in December 1975 at The Georgia Institute of Technology. The aim

is to illustrate as simply as possible the main algebraic and programming

features of the method by applying it to Laplace’s equation as it arises in

L heat flow and torsion problems.

2. PLAN OF PAPER

The paper is divided into four sections: 
-

(a) Section 1: Introduces Edge—Functions and Vertex Functions for steady

state heat flow in a polygonal region the temperatures being specified

on the boundary. The resulting boundary identities are satisfied by

harmonic matching using Fourier sine series.

The importance of the vertex equations is shown. The Edge—

Functions are obtained using a half—strip mathematical model.

A simple program, LAPEX, and an illustrative example, is given in

Appendix A for problems covered by this section.

. . .

(1) Profess or of Mathematical Physics , University College, Cork , Ireland.
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(b) Section 2: Extension is made to regions with mixed conditions on

the boundary segments,and circular holes are included. Harmonic

matching is now based on using the (full) Fourier series, with
corresponding (full) Edge—Functions.

Provision is made for Logarithmic Singularities, where they
arise , using Log—Vertex Functions.

Programming requirements for a comprehensive program LAPCEN,

as a development of LAPEX, are discussed and a suitable program

LAPGEN, with examples, is attached in Appendix B.

(c) Section 3 — Curved Boundaries: This uses conformal mapping to extend

the treatment of the previous section to holes of elliptic shape, and

to circular and/or elliptic indentations on the boundary . The ensuing

Curved Edge—Functions are developed , and programmed in subroutine PMAP
in LAPGEN f or elli ptic curves.

(d) Section 4 — Other Basic Problems: This section treats the case of

a reentrant angle, and also where singularities occur on the boundary,

using appropriate half—strip models. These features have not been

included in LAPCEN, but are available in QUINP. 
-

The models used may be termed “BASIC MODELS” for the problem,

the corresponding regions being termed “BASIC REGIONS” and the

corresponding functions being termed “BASIC FUNCTIONS”.

(e) Section 5 — Harmonic Fitting: A discrete least squares method fot

fitting a set of orthogonal functions to a given curve is developed .

It is applied to solve the boundary identity problem by minimising

the boundary residuals, on each segment, using a discrete least
squares criterion. This process is given the name “Harmonic . 

-

• Fitting”, and follows from Harmonic Matching when the integrals

concerned are replaced by the corresponding trapezoidal rule

quadrature formula.
(f) Section 6 — Distinctive Features of the Edge Function Method.
Appendix A: LAPEX, with example of heat flow in a quadrilateral .

Appendix B: LAPGEN with example involving the torsion of a quadilateral
- region with an elliptic hole

Appendix C Data Input for L~PGEN on the “black box” principle.
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SUFfi ’IARY OF ~~ TH0D

Accordingly to apply The Edge—Function Method to any new situation

e.g. thin plates, shells, 3—D Elasticity , we require to find the corresponding

BASIC FUNCTIONS, and f it a superposition of these to the boundary conditions
• 

. by “HARMONIC FITTING” using a computation scheme similar to that given in

- 
the attached program LAPGEN.

- . . Sections 3, 4 and 5 may be omitted when studying the Edge—Function Method

for the first time.
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Fig. 1

Consider the linear partial differential equation:
2

L(u) = f(x,y); L 2 
+ ‘ ‘

2 ~ 
(1)

~x 9y
where L, in the present paper, is restricted to the Laplace operator.

It is required to find a function u = u(x,y) which satisfies the
above equation in a domainSLbounded by any number q ’ piecewise smooth

segments, or straight lines, and which takes prescribed values

u = g ( x ,y) (2)

on the various boundary segments correspond ing to q 1,2,. ..,q~.

For example in a steady state heat flow problem u is the

temp~
’erature and f(x,y) is the heat generation term, and for a heat

source of strength Q at a point (u,v), f is given by
f(x ,y) = Q& (x—u , y—v), (3)

where iS is the delta function.

If u = u~ is a particular solution of eqn.(l), then
L(u~) f(x ,y) (4)

A more general solution, involving the addition of another

function uC, may be written in the form
. u u P + u C (5)

where, since t is linear,

L(u~~+ u
C) L(u1’) + L(uC) f(x ,y) , (6)

and on subtracting eqn.(4), it follows that

L(uC) — 0, (7)

which is called the comj,lementary equation of eqn.(l).
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The problem is now split into finding
(a) a particular solution u~ , and

(b) suitable complementary func tions uc, with sufficient flexibili ty
p c

to enable solution u + u to satisfy, in an approximate manner,

the boundary conditions (2). -

The present paper is restricted to the case f 0,

for which u~ = 0.

On obtaining I suitable solutions u~, 1 = 1,1; of eqn.(7)

and superposing,’we obtain

I
u ~Z A.u~ (8)

1=1

involving the I arbitrary superposition constants A1, and these must
be evaluated to satisfy conditions . ( )  in an acceptable approximate

manner.
-
_ I eqns. are required to determine the I constants A.. Various schemes

for producing I eqas. are: -

(a) Point—Matching, or collocation (Conway, Leissa etc.]

Select I points on boundary in same manner — equidistant

distribution, or have a somewhat closer spacing near corners—

and write eqns. to ensure that boundary conditions (2) are

satisfied at the selected points. Check the boundary

residuals (or deviations) at points in between the selected

points. The system of simultaneous equations may become

unstable, giving ill—conditioned equations, as I is increased.

There is an art in selecting the optimum spacing for the

points.

(b) Least squares fitting This requires that the boundary conditions

• be satisfied , in a least squares sense, at M points,

where M > I, there being more points selected than there
are unknowns. This improves the process up to about M 21,

but much additional computation is involved in pr dueing the

resulting normalised equations.

(c) Harmonic Matching (Quinlan 1962—70)

Consider the boundary identity on the q~~ side, in fig.l,
where points on the side are specified by the parameter

which requires) on subs t i tu t ing  from eqn .(8) in (2)~ that

I

~ 
A1UC g (x ,y) , (9)

5 
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th
for all points P(x~) on q side in the range (O~aq).

Since the coordinates (x ,y) for any point P can be expressed
I

in terms of x’, Identity (9) can be expressed as

-~~ :.  - A~u~ (x ’) - 5q (X~) O~ (10)

or, for short,

*q
(X~~) E 0; 0 ~ x~ ~ aqi (11)

with similar identities for each boundary segment .

- 

- On expanding identity (11) in a Fourier sine series , we

• obtain
- . -

• 
= 

• , _  N-n
E CN sin nx 0; n = — , (12)

• 
~~~~~ 

q q

where the Fourier coefficients CN 
are given by the integral

CN = ~~ 1q 1Pq(X~
) sin nx~ dx~ • (13)

Since we have but I degrees of freedom in eqn.(8) — or I arbitrary

- 
constants A . — and if these were to be shared out 

‘equally between
1 - 

*
the q ’ boundary segments, we would then allocate N. ,.vhere

N* I/q~ (14)

to each boundary identity (Ii). Accordingly, the bes t way - ,

to satisfy identity (12) would appear to be to set the first N
* •

harmonics to zero, giving rise to the equations

c1 = 0  
.

- (15) - -

CN* 0

This process is called Harmonic ‘Matching

On substituting from eqs.(i1) and (10) into (13), we obtain,on setting - 
• 

- ,

0, for the Nth harmonic:

Z A1 
jq u~ (x’) sin mc’ dx’ — 1q Bq

(x~)sin nx~ dx~ = 0, (16)

where N goes from 1 to N*. On evaluating, a linear equation results

in the unknowns A1. Simi1ar~1inear equations follow for each side of the

polygon and accordingly a total of I linear equations result for the I

unknowns, A1,.which system 
- 

may be written in the matrix form

(17)

where is the I x I coefficients matrix.

• .-... -- •e~~~~-— ,--- . -.5- - —-5- . 5 - - . 5 -
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however setting the first N* harmonics to zero does not

satisfy (12) exactly, but leaves as a residual the higher harmonics

. 5
- — *

~~ 
CN 

sin nx’; N N + 1 (18)
N=N q

and we require this to be negligible — which will be the case

only if the series is sufficiently convergent.

• As shown in texts on Fourier series the sine series expansion

of (11) will have a Gibbs effect at the ends x’ = 0; x’ = a —

1 
q q q

• with convergence only of order — unless the function being

expanded, ~Ji , is zero at both ends of the range. In this latter

case the convergence improves considerably, to be of order l/M ,
and consequently the residual series (18) can be made negligible,

in a practical sense, by taking N* sufficiently large. Accordingly we

must ensure in identity (11) that -

~ q
(X~ ) = 0; x~ = 0 and x~ = a

q 
(19)

- This involves two additional equations for each side — called

the Vertex Equations — and if we still wish to restrict to N

equations per side, we must reduce the harmonic equations set
(15) for each side by two,corresponding to truncation at L harmonics

where L = N*_2. It is obvious , due to the greatly increased •

convergence of the expansion (12) to 1/M3, that this scheme is a

better utilisation of the available resources per side (N constants)

in seeking to satisfy, in an acceptable approximate way, the

boundary identities (11) . - •

If the temperature is continuous at all points on the boundary ,

- • including all corner points, then eqs.(l9) reduce to a single equation

4, = 0 at each vertex.
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Basic Problems (20)
( If solution forts (8) is capable of providing an acceptable

solution to the problem , then it is especially important that it

should represent the main features of the solution in all the

critical regions of Fig. 1. On examining some critical parts of

the boundary we note that:

(a) in any corner, say at A, the solution (1—8) must approach

the solution in an infinite sector B’AE ’, where B’ and E’

are points at infinity on AB and AE respectively. In

particular, if there is any singular behaviour — physically

corresponding to infinite stresses — in the infinite sector

solution, there must be corresponding singularities in

solution (1—8). Hence crc must first solve the infinite

sector problem, and include its more singular terms — called

Vertex Functions — in superposition (8) for each of the

• vertices in Figure 1.

(b) at a distance from any corner where the vertex effects have

moderated , say on A*B*, solution (8) should, in the neighbour-

hood of A*B*, behave like the solution for the half—plane

problem bounded by A ’B’, where A’ and B ’ are points at

infinity on AB. Such solutions are termed Edge—Function~ ,

and an appropriate nun~ber of these must be included for each

straight siae of Figure 1. 
-

(c) in the vicinity of’interior ’hOle C the solution should

approach that of a hole ’C in ’att ’infinite region, and again ‘

an appropriate number of the more singular (or characteristic)

of these solutions should be included .

• The appropriate “mix” of functions from (a), (b) and (c) will
be determined later from analytic considerations. We now proceed to

solve the basic problems for Laplace’s equation, as exemplifi ed by
the heat flow problem:—

2 2
+ -~L4 = 0 , (21)

• ~x ~y

where the superscript c has been omitted .

-, -.~~ ~~-- — ~
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( 
[ - :1 VERTEX FUNCTI ONS (Ang le Problem)

Polar type solutions of Laplace’s equation are provided by the well

known harmonics of order A :

u ArA cosA G + BrA sinAG , (2!a)

where A and B are arbitrary constants, and A is arbitrary . The

appropriate boundary conditions for a sector of angle a, with one

side e = 0, are the corresponding zero conditions1

u 0 ;  &= 0  
• (22)

u 0 ;  e = a ,
as these give rise to an eigenvalue problem.

On applying conditions (22) to eqn.(21a) we obtain

0 = A
A .O B r  sinXa ,

a solution to which1other than the trivial one u 0, is given by

sinAc * = 0  - (23)

This is called the eigeuvalue equation for the problem, and its

solution is
Acc = icr,

where k is any integer. On denoting the above discrete set of

values — called eigenvalues — for A by A
~ 

we obtain as solutions

Ak • 
-

u.~ Br sinxk
e; Ak 

= kit/a, (24)

where u are calfed the eigenfunctions for the problem.
‘5’ • . . *Similar eigenfunctiorts — here called Vertex Functions —

• • must be incorporated in “mix” (8) from all vertices 3 = 1,3’; (j’=q’).

Accordingly the kth eigenfunction, or vertex function, for the

3
th vertex is denoted by the symbol Vkj, where

Uk 
B
k
.[r k sinAkOl. (25)

the subscript 3 outside the square bracket denotes that the
corresponding origin of coordinates is at vertex 3, with e = 0

along side j. The corresponding arbitrary constant is written

as 8
kj’ 

sin~e it can change with k and 3
Note that is a point—function, and this can be emphasised ,

:
~

en required , by writing it as Vkj (P).

Eqn.(20) is invariant under a rotation of axes, and accordingly on taking

the polar axis e .= 0 along the 3th side with pole at vertex 3, harmonic
solutions (21), and eigenfunctions (24) apply to the vertex 3.
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The permissab le range of A k values is determined b y the physics

( 

of the problem. Negative values of A k cannot be admitted as these

would require i n f i nit e  temperatures at the corresponding vertices ,

but can infinite temperature derivatives (at r. = 0) be admitted?

Consider the heat flux q, where

q = _BVu
k 

= —
~~~~~~~~~ 

+ (26)

The flow through any circular arc of angle a, due to each

V
k
.,iS given by
3 

q = f
a

~~~~ J rdo -

- Aic a 
•A~ r f sinA kodo (27)

A °

= r k{1 — cosA .cx}, •

and this is infinite — and thus physically inadmissable — if

A k < 0. Accordingly in (25) we require that

Ak
>O. (28) 

—

The corresponding heat flux, as given by (26) on substituting
A

for Vk3, is of order r , aud i f O < X ,~~< l t h e flux is

Infinite at r 0, but this is admissable since the nett heat

flow through the vertex is zero .

Note that,if A
k 

is not an integer, all roots A
k 

> 0
have infinite derivatives of order p and higher ,where A k 

— p < 0.

Accordingly all functions Vkj are singularity functions in the

sense that all their derivatives above a certain order are S

singular at r = 0. :

When a temperature discontinuity occurs at any point P on

the boundary, or at any vertex, the corresponding discontinuity

can be incorporated in “mix” (8) by including an zero order

harmonic solution to eqn.(20) for each such point given by

u = B e  (29)
.5
- 

0 0

[b] EDGE FUNCTIONS (half—plane problem)

Consider the solution in half plane y~ > 0 , where the edge—
axes for 3

th side ~lcnoted (x ’~,y!) are taken respectively along and
hperpendic ular to the 3 side and are at an angle 0. to the

reference axis (x,y).

~~~~~
_ _ _  

a- •
~~~~~~~
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On tr ansforining eqn .(7) to the above edge—axes w i th  the aid of

the relations:

x = (x—x~) cos~~ + (y—y.)sin~3

• 
y = —(x-x

3
)sini~3 

+ (y—y.)cosc~3

3 A A A , 9 A , 9
= x .V = x . ( x .  ~~

—
~
- + y. -b-—.-) (30)

3 3

9 • 3
= cos+. ~~

—
~
- — sinq .

3 .  3

sin~ . f-, + cos~~.

we obtain 
-

L(f , }—) = L’ (-~~-1- , f-~
)
~ (31)

where the coeffic ients  in L ’ may depend on ~~~~~.

Since Laplace’s equation is invariant ~tnder a rotation of

axes , then eqn.(7) is invariant and hence transforms to 
-

2 2
( ,., + —2-)u 0  (32)

3 3

Solutions of eqn.(32) that are trigonometric in x~ will be of the

form •

u = F(y ’)sin(mx’ + a ) ,  • (33)

and on substi tut ing in (32) it follows that

2 m F 0 ,

the solution to which is
—my~ my~F(y

3
) A e  j + B e  j

On seeking functions that could represent the propogation inwards

of the deca y ing e f fec t s  of boundary adjustments on side 3, we must

exclude the posi t ive  exponential part~ Accordingly

u = A
~3
e ’

~~
j sin(mx ’ + a) ,  (33a)

where the arbit rary  constant A may change with m and 3 and is

‘
I w r i t t en  as A 3. We def i ne , as in Quin lan ( 1 ) ,  on sett ing c c O,

Edge—Functions for straigh t e~g~~ in a Laplace 
problem:

~
my.E . = A . e j  sin mx. (34)

where f u r t h e r  an:iys~ s is required to show that  ni must be restricted

‘ to the discrete set (36).

-
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As in the Case of Vkj 
t h L S  is a point function and can , if required,

be written ds

EDG E— FUN CTION S ( l t a t f - ’s t r i p p rob lem)

Recent developments in Edge—Functions show that it is useful

to consider the basic problem (b) as approaching the solution in a

semi—fini te  strip on the side AB , (Yj  
= 0) as base, with infinite

sides x! = 0 and x ! = a.. Since the other sides of the boundary
3 .1 3 * *are assumed to have l ittle e f fec t  ott the solution along A B , it

follows that the insertion of the semi—infinite sides, with appro-

priate boundary conditions, will likewise have little effect on

the solution along A*B*.

Accordingly in the case of sine series expansion (12), we

set up the ha l f—str i p problem , for Fig. 2 under , with the boundary

conditions

u 0 ; x! = 0 , x! = a.
3 3 3

u + O  asy~~+~~ 
(35)

u = G(x!) ; y! = 0, 0 ‘~ x’ -c a..
53 3 — ) _  3

We seek a solution, in the usual manner, to eqn.(32) that is -

trigonometric in x’ — corresponding to the pair of zero boundary

conditions — in the form

u F(y
,
)sin(mx~ + a)

where, as in (33a), on solving for F(y) and applying condition

u -‘ 0 as y! ÷ ~~~, we obtain

u = Amj e~~
’j sin(lmc! + a) (35a)

Conditions u = 0 when x’ = 0 and x! = a. require
.3 3 3

a 0 ; ~ = irM/a. ; M = 1,2 , . . .  
- (36)

The solution for ant actual half—strip follows, in the usual way, on

taking the superposition

• . u = ! A .  e 1
~~j  sin mx! ; m = rH/a. (37) 

-

M=1

where the remaining condition (35) requires that

= ~~ A . sin tax!

(4 

.3 .3

the coefficients A
3 

for a Fourier sine series expansion being

given by a.

-
~~

.

, I G(x’~)sin nixj dx 
(38)
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5 ThiS analYs is indicates ~~~~~~~~~~~~~~~~~ of typ~~~~~),

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
to the discrete values m rN/ a. ,

~~~~~~~~jn Sol.,9t,t0fl “~~ix” (8) . However the coe f f~ ci~~.~!JL~J 
must

be obtai d by so’~e scheme , as iu (9) that al lows for ~~~~~~~ ff ~~ .~~

of the other boundaries — rather than A .  as given by (38) using the

crude mathematical half—strip 
model. It might reasonably be

expected that, when C(x~) is not 
identically zero, the actual

calculated coefficients would be of 
the same order as these result-

ing from (38). ,

If expansion (12) is truncated at 
L harmonics , it foLlows

that the series (37) should be 
truncated similarly at M = L, or

in solution “mix” - (8), we shouldJ~~l0de as 
many ~~~~~~~~~~~~~

from each side as we have significant 
— i.e. ret ained~~~~!~~ 0fhc9

on that side . -

D r~~~~~~
_

~~~\
C

5

,
. 

A~ ~ 

B 

‘
_

5

5 
0

- ‘ 
Fig. 2

It is evident that there is a distinct advantage in using the above

half— strip model in place of the half—p
lane model in 20(b).

i J  

-
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.- It remains to provide additional functions equal to the

total number of vertex eqs. (19) in the pr oblem — and the obvious

sources to provide these are the Vertex Functions Vk
.. It has

been found in practice that it does not matter how many are

taken from each of the various vertices, provided that sufficient

of the lower eigenvalues A 1, A2, X3... are 
included from each vertex

to itubed its asymptotic behaviour into the solution forts.

E XANPLE
It is a simple programming task to set up matrix (17), 

using

eqs.(1.6) and (19) with truncation at any specified level L,for a

polygonal region with continuous temperatures on the boundary .

A simple program, LAPEX , is given in Appendix A(l), with some

explanatory captions .

Appendix A(2) gives results for a quadilateral region with zero

temperatures on three edges, while on the remaining edge q 
= 1

condition (2) is specified by

u = g
1
(x,y) = t(1 — t) ; t = x~/a1 

(37)

The integrals in eqs,(16) are evaluated by the trapezoidal

rule, noting that the integrarid is zero at both ends of the 
range

since sin is then zero. This anticipates the replacement of

Harmonic Matching by the much more economical Harmonic Fitting

Method as given in Section 5.

The equations are grouped in successive harmonic sets

F N = 1, N = 2 N = L, the equations from each side being

arranged consecutively in each set. The columns f or the Edge—

Functions and the rows for the corresponding harmonic equations

S 
are arr anged to intersect on the diagonal of the coefficients

matrix. This produces diagonally dominant matrix for the E.F.

coefficients — the characteristic matrix form for E.F.14. The four

vertex equations are arranged in rows after the harmonic equations,

and the columns for the corresponding vertex functions 
follow those

for the edge—functions . The right hand side is put up as the final

column of the matrix, and the attached simple solution 
subroutine,

Qsolve, solves the matrix using Gaussian elimination. 
.5

With a view to their extension in Appendix B simp
le subroutines

BDCEF and POLW are in&róduced for the evaluation of the respective

Edge and Vertex Functions at any point (xk ,yk).
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The Bounda~~ 
Rcs~ dualS — the difference between the values ~~~~~~~~~~~~

computed from the solution form (8) as obtained and the prescribed

boundary values — are computed and printed at a specified 
MDLV

points on each side . Their root mean square is obtained and

printed as a suitable overall measure 
of host well the boundary

conditions are satisfied on each side.

A sing le data card specifying points A(u1,v1) a
nd B(u2,v2)

and MDIV, instructs the program to 
compute the temperatUre at each of 

the

MDIV equidistant points on the line 
AB. In the production phase

use is made of that part of the program 
set up for the calculation

of the boundary residuals, merely 
by cutting the 3—cycle to a

single pass, corresponding to 3 = 1. An indicator N code = I

indicates the production phase; the boundary residuals phase

being denoted by Ncode = 0. A blank card, which reads MDIV as zero,

- terminates the program. -

SECTION 2

Mixed Boundary Conditions and F Harrnoflic~Mat~h $

We now proceed to generalise to 
mixed boundary coriditi~nS,

where either u or ~~ can be specified 
on any edge segment,

for regions with or without holes. If the boundary identity (11)

for u is expanded in a full Fourier 
series in the range (O~aq

)~ eqn.(
12)

is replaced by the series 
S , -

- —

= Z B cosax’ + ~ C sinflX’ 0 ; n = 2-uN/a (39)

q N=0 
N q N=1 

N q 
- 

q . 
-

Truncation at L harmonics gives, on 
zeroing the relevant harmonics,

B
N
= O ;  C

N
= O ;  N 1 tOL - (40

B0 
0 ; (zero harmonic term)

S 

This process will be called Full 
Harmonic Matchi~g, 

and

the corresponding 2L + 1 eqs., analogous to eqs.(16), can be

written as a a

~ 

A~ 
1q  u~?(x’) cos(nx~ 

+ ak
)dxI~ 

— ç q  g (x~)cos(flX~4.a~)~~~~0,(Z

for the sequence N 0 ; N = I with k 1 and k = 2 

— ; N L with k = 1 and k 2; where

a1
O ;  a2

1/2 
(

-

.  

- -

-~~~~~~~~~ - 
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Each sid e, including each hole, contributes 
its set of harmonic

f 

equations , and the correspond~~g 
cosine and sine harmonics from all

sides are grouped together in 
harmonic sets N 0,1 L, to constitute

the rows of the coefficients 
matrix.

Again as in (18) convergence of series 
(39) to the order l/N~ can

be insured by setting, in accordance with 
Fourier series theory,

~q
(X~) =O  1

~~ (x’) 
x~ = 0 and x~ a

q 
(43)

~~~~~~~~ 
q = 0  j- -

q
A similar analysis applies on any 

segment q on which the normal

derivat4ve 
~~~~~~

, is prescribed~ in 
which u is replaced by ~~~~~~, in the

Yq 
Yq

boundary identity (10) and ~q
(X~) is define

d accordingly.

Four vertex equations follow from 
eqs.(43) for each boundary

— — —~ — S —

- segment, though care must be taken, 
as in subroutine COLMAT in

Appendix B, to omit equations that are 
redundant — as is the case when

u is continuous at a verteX.

The computation of eqs.(43) for 
all possible boundary conditions

requires that the following derivatives:

a •
~~~~~ ~~j i 

‘ (44)

q q q q

be available for all functions in 
solution (8).

We now proceed to reexamine the 
basic problems, and to obtain the

necessary derivatives.

(a] Vertex Functions for the J
th vertex

When mixed boundary conditions 
occur on the sides of sector i~i

Yig.3, we identify four possibilitieS~ 
distinguished by the indicator

NVEX = NVER(3), where

(i) Case I: NVERU) = 1 corresponding to conditions 
ii 0 on both

sides 3 and (3—i) of sector, which as in 
(25) gives

A 0 ; B 1 ; 
~k 

= k-u/cl ; k = 1,2 (45)

(ii) Case II: NVERU) = 2 corresponding to conditions u = 0 on side

3 on which 8 0, and 0 on side 3—1 on which 0 a
3
; ~ denotes

the normal to side 0 = a and can be denoted by the 
unit vector

* ~1 
.— 

—

.5— 
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Fig. 3

Since in polar coordinates 
- -

- ~.Vu 
= 

~~~~~~~~~~ ~~ 
+ -

~~~ ~~ ~] 
(46)

it follows on applying to eqn.(21) that

- 

• 
= Xr~’~~ (—A sinA0 + B cosXOl (47)

Accordingly on analysing the sector conditions , as in (22),

we obtain

A = 0 ; B = 1 ; cosAn = 0, 
(48)

S 
the eigenvalUes of which are

A k 
= k/a - r/2a ; k 1,2 

(49)

and the corresponding co~~er functions are given by form (21) on - •

using the above values for A ,B , and A .

(iii) Casej~! NVER (3) 3 corresponding to conditions 
= 0 on

- 0 = 0, and u = 0 on 0 = a. Results follow similarly and are 
give1~

in table I under 
-

(iv) Case IV: NVER(j) = 4 corresponding to conditions ~~~~~. = 0 on

0 0 , and 0 on 0 = a. All results are collected together in

table I under, in a form that 
facilitates programming.

TABLE I — ~~RTEX FUNCTIONS

S 

a

-4
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5.

The corresponding Vertex Functions for 3
th vertex are denoted~

( 

by Vkj 
where

Vki u = r 
k[A COSA

k
O + B sLUA

k
O]; (50)

- The physics of the problem requires that Ak b~ 
positive . The

normal derivative for any direction ‘~~~
‘ follows, as in (46):

~u A , A , ~u A  1~~u A
ay ’ 

= Yq 
Vu = Yq 

(~ r + ~ ~~~~~~ u]

- 

= {—As in (A ’O + 
~qj
) + B cos(A ’O +~qj

))XrX ; A ’ = A—I (51)

- 4
~qj = +q~~j

- - 

on noting that
A , A
y • r = cos(ir/2 + • .— 0) = —sin(~ .— 0)

S

. ~~~~~ - = C O S ( ~~qj 
—

where ~~~‘ is a unit vector, normal to direction ~~ ‘ , which makes an
q q

angle 
~ 

with y axis , or an angle wi2 + 
~~~~~~

. with the jth side.

(b l (Fu ll) E~~ e—Funct iOns

S 

Since expansion (39) involves a full Fourier Series expansion

— on the side AB in Fig.1 with periodic extension to all other points

on the infinite line of which AB is part, it is appropriate to

C 
introduce periodicity int•o boundary conditions (35) for the half—

strip problem of Fig.2. Accordingly we take the boundary conditions

on the infinite sides of the strip as

u(O ,y~) = u(a.,y~) ; y~ > 0, - (52)

which on applying to solution (35a) require -

m = 2-irM/a
3 

- (53)

• Superposition (37) mus t then be rep laced by

u = A + ~ A ~~~~~ cosmx! 
+ E B • e ’~~~sin mx! , (54)

0 M= 1 
Dl) ~ M=1 ~3 3 5

where Fourier integrals , similar to (38), follow for A~3 
and ~~ in

an actual half—strip problem. As previously we associate the cosine
- S and sine edge—functions in (56) with the corresponding cosine and - 

- 
—

• 5 sine harmonics, (M corresponds to N) in expansion (39) — and arrange

that the corresponding columns and rows intersect on the diagonal

of the coefficients matrix .

The above cosine and sine edge—functions are combined in the

following definition:

- - S- i- ‘-S -
~~~~~~~

.
~~~ --—--. .---i.- -. - ~~~..... . - - .
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FUll) E~~e FUnCtb0n!., for side 3-

f
f 

Emj
E
~j~~rnj 

1c 
= Ak. c J

yj COS (flI
3
X~+ ak) ;  k 1,2

in. = 2irM/a. ; a1 
= 0, cl

2 
/2 , (55)

where k = I and k = 2 g ive the respective cosine and sine edge—

functions . The term (Full) is usually omitted , as expansion

(39) is more economical computerwise than tile sine series

expansion in (12).

If truncation on any side 3 in expansion (39) is taken

a t L , then L (Ful l )  Edge—functions from side j should be included in

solution “mix” (8) to match up the corresponding harmonics for

N 1,2 L. This leaves the zero harmonics in (41) — the

• total number for the problem being tallied 
as NZERO — unmatched

by corresponding edge funetiotts, and an additional NZERO Vertex -

Functions must be provided to match these. The equations for

the zero harmonics are inserted , as rows in the matrix, directly

af ter  harmonic set L.

As in eqn.(5l) the required normal derivative 
for the

directiOn 9’ follows as:
q

__= 
~~~~~~~~. V(E~~) 

~E
k. 

5

’

9’ - + 9~ 
‘~3} - (56)

q jax. ~ 
ay.

4- 
3 3

ic —m .y !
= —A

~3 
in

3 
e 3 i cos(m

3
x
3
+ 4’qj + CI

k
) ;  

~qj~
”
~
’q~~j’

since
A , A , . A , A ,

Yq • = ~S1fl4~qj ~ Yq • COS+qj•

[c) Curved Boundaries Including Holes

The polar solutions of Lap lace ’s eqn . in (21) app ly to closed

curves — wh~ere 0 acts as a parameter for points in the boundary with

a range (0 , 2-u ) — previded that A is an integer , say A k .  Positive

values for k correspofld to an outer boundary , and negative values to

an inner one. -

Development follows as above for  (Full) Edge—Functions, where the

range of 2it for  0 corresponds to a. for x ! .  Accordingly when t runcat ion

is at L, for any closed curve we must include in set(8) the funct ion s

~~~~ V!~~’~
• 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - 

S

w 
-

- 
‘S - — =—= Z”  
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~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~ ~~~~~~~~~~ 
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j ’ L -

~~ { 
~ P~ •) (57)

3= 1 k=O
where the as t er i sk  denotes that the terms only app ly to closed curved

boundaries j arising in the problem , with

1’kj  — r~~ cos(M.0) + BM . rMj  sin(M .0)

M = 1,2 ,3 

H. — N , if j relates to a curved outer ‘boundary (58)

=—M, if 3 relates to a curved inner boundary
- When k = 0, we require the zero order harmonics

S 

• 
= A

03 
+ B

0
. log r (59)

where the log r term is omitted If the section is solid.

The origin for the coordinates (r ,0) can be taken at any

- suitable point within the corresponding’ closed curve , and could be taken
at d i f fe ren t  locations if both inner and outer boundaries are

closed curves.

a P .
The normal derivative follows from eqn.(5l) on putting A Nk .

q

— Note: Functions (58)  may be thought of as Edge—Functions for the

corresponding curved boundaries , and must be inserted in the

appropriate rows in the harmonic Sets in the Matrix.

(d] Log,arithrnic Singularities at Vertices: Log—Vertex Functions

As noted in the analysis of vertex functions (21) infinite
- : deriva tives of order p , where p > A , occur when A is not ank k

~~~ *
integer. On performing a limiting analysis as Ak 

+ K , where K

is an in teger, it can be shown that the solution to eqn.(20)

denoted by V . ,  for A = K*, where

V~ . = }
~
. [Ar A cosXO + Br~

’sinX0], (60

= [Ar 1 cosA 0 + Br1 sinlellog r

- 

- 
- —AXr1sinAO + BAr1cosXO , (63

I 

satisfies the following conditions:—

(I) Function (60) satisfies Lap lace eqn .(20) since the deriva tive 
S

w.r.t. the parameter A of any solution (21) of eqn.(20) also

satisfies the same equation.

4
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(ii) the coefficient of log r — the singular part  of the solution — is

zero on the sith~s 9 = 0 and 0 = a , since A , B and A are determined in

Table I f or the specified boundary conditions on the angle. However ,

in the interior of the angle , 0 < 0 < a , the coeff ic ient  of log r is

not zero, and hence the solution provides logarithmic singular behaviour

within the angle.

(iii) an analysis , as in (27) , of . the total heat flow from term

through any circular arc isolating the vertex , gives — on interchanging

the operations of differentiation 
and integration —

q. = ~~~~~ (r~
’(I — cosXn) 1

= r1((l — cosAct) log r + AsinAc&1, A A~ ; 
(62)

and consequently form (60) is physically admissable in solution “mix”(8)

provided condition (28) , 1k 
. 0 , is satisfied .

. * . 

S

Note: Functions V . wil l  subsequently be called LOC—VERTEX FUNCTIONS.
kj

t e)  Derivatives required in set (44)

T1e derivative -~~f fo110w5~~~
0in those given in eqs.(5 1) and (56) o.~

replacing 4’ . by 4’q • — v/2 , since the direction ~~ ‘ is ui2 behind that of

A , 
qj 3 

q

Yq 

S

On app ly ing the operator

A
= x’ . v

axq 
q

to eqs.(51) and (56) respectively we 
obtain 

-

a2v .  ,

= (-A sln(A” 8 + 24’qj )+B 
cos(A ”8 + 24’qj )}A A ’r1

S 
. A” = A— 2 ;A ’ A l

a 2E .  , 
-

-~-;zl-~~~i = A~3 
m~ e

_m j Yj sin(m
3
x’

j 
+ 24’qj 

+ Ok) (63,

Derivatives of functions (58) follow from these in (63) on putting

.5 

S A N k.

Difficulties are encountered in deriving 
analytical expressions for

S 

- 

derivatives for  Vertex Eqs .(63) in the case of curved boundary 
segments, -

-~ as shown in sectiofl 3(a), and numerical 
differefltiati0m is recommended

in these cases. -

~~~-— ~~~~—- ~~~~~~~~~~~~
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~~~~~~~~ Accordingly to enable the program LAPGEN in Appendix 2 to deal

with all boundary segments , whether straight or curved , numerical

differentiation is used for derivatives a4’q required in Vertex Eqs.(45)
ax ’q

for all straight line segments. This is based on the two-point formula

f ’( x) f (x  + Ax) — f (x  — Ax) (64)
2Ax

and the corresponding computation — involving the computation of two

point values — we shall refer to as a “two—point” equation. Similarly

analytical expressions for the derivatives of V~. in (60) are best3 -

obtained by computing numerically, using formula (64), the of the

corresponding derivatives of These are given in POLW, where the

increment AX = delta is read in.
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(/ PROC EAM LAPC EN

The program in AppendLx A(l) now requires to ba expanded to include :

(i) Examine all vertex eqs. for redundancy, and — for convenience —

set up all in format ion  to enable the corresponding point— eqs . to

be put up in rows of matrix , after those for the zero harmonics.

The assigned subscripted variables are — position , (XFIX ,YFIX) ;
associated slope, BFIX; side , JFIX; function indicator HBFIX;

location subscript , (LOC); and position on ~ide , (DFIX). The

number of equations is tallied by NFP.

(ii) Total no. Vertex Functions NORF required is

NORF = NFP + NZERO (66)
where NZERO is total no. zero harmonics (-~ no. of sides NS in a
Lap lace problem) .

(iii) Provide for d is t r ibut ion of NORSF Vertex Functions between the

vertices of polygon , the number required at 3
th vertex being-

computed as NAD(j). Locate any integer values for and -

arrange to include the corresponding Log—Vertex functions (60).

(iv) Set up, in subscripted locations, the information required for

computing the coLresponding column sets , NP , of the matrix:—

function type NFN; vertex location N~ ; associated A and B

from Table I in coef(l ,NP) , coef(2,NP); and eigenvalue lk in

E. It is economical to put up functions (52) and (57) two

columns at the time — corresponding to each value of M — and
each two such columns is said to constitute a column set.

Vertex functions (Si) are put up in single columns , or column

sets of one. - S

(v) Put up right hand side of matrix as its last column set, 12.

The above tasks are performed in subroutine COLMAT in Appendix B(l).

Function indicators, NT, are introduced , in accordance with the

following table: S

NT 1 2 11 12 5 5 3 , 5

2
- au an a nFunction u ax’ ~~‘r V

q q

Table 2: Function Indicators

Note The harmonic conjugate v of u is given by NT 3. -

;:~~
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A more elaborate solution program SOLCOR is required , which uses
Gaussian elimination on the harmonic eqs., and single pivoting to locate

the maximum element in the corresponding column for zero harmonic and

point—eqs. These latter equations , since they are matched by Vertex

functions, cannot be put up in a diagonally dominant pattern in the

mat r ix.

SOLCOR solves coefficients eqs.(17) not only for the specified

truncation level at L harmonics , but can also obtain ,as a bye product —

requiring only a few percent increase in the overall computer time —

the solutions for respective truncations at L—l , L—2 and L—3 harmonics.

The indicator LS specifies the number of solutions required

where LS < 4 in the present program. Accordingly, exact solutions are

obtained to LS mathematical models , of increasing complexity, for the

given problem. - 
-

Provision has to be made to provide the derivatives listed in S

set (44) for the point—fns . computed in subroutines EDGEF and POLW.

Subroutines POLC and PMAP are added to provide respective Curved Edge

Functions for circular or elliptic boundary segments and/or corresponding

shaped holes.

Consequential adjustments are required in LAPEX in the

information input, and in the putting up of the matrix . Points on

ellipses are located , if required , by the usual parametric coordinates

x a cos 4 ’, y = b sin 4 ’, and are computed , together with corresponding
slopes, in subroutine ELPS. 

-

Provision is made to adjust the number of integration points, S

NOK ( j ) ,  on any side by reading in a proportionality factor NHS(j).

These are roughly proportional to the lengths of the corresponding

boundary segments, and

NOK(j) = 2*FSET*L~NHS(j) + 3 (67)

where FSET is a factor > 1. Fset increases proportionally the number - 
S

of integration points on all sides , as is required later when using

Harmonic Fitting, as developed in Section 5, in place of Harmonic

Matching. - S
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An indica tor  NBDY is used to indicate  t h e  type  of bounriary
r

condi t ions  (2) a r is ing  in the problem. Thu s NBDY I indicat~~; that

on the  ~th s ide  — where the occurance of non — ~ cro boundary  co nd i t i on s
is indicated by the subscripted variable NBY(j) = 1 — the  bounda ry

conditions are of the polynomial form

6 -

g . ( x ,y) = E C(j ,k) tk l  
, (65)

k=1
whe r e t = x!/ a .. The required coefficients C(j,k) are read in for
each side which has NBY(j) = 1.

• 
- 

- 
Computation of point values of (65) is done in a subroutine

POLP , which also provides numerical coefficients — without requiring

to read them in as in the case of NBDY = I — for the torsion problem as

ir1dicated by NBDY 2. Additional cases can be inserted , corresponding

to values of NBDY > 2, in PULP as the user requires.

The checking of the boundary residuals is as before except that

it is done for LS truncation levels.

Production is based on one data card for each line of production ,

hut is now done in a special subroutine PRODN , which enahlc~ va~ icus
operations indicated by NCODE = 1,2 ,3 — differentiations , principal

stress computations and integrations — to be performed . The user cart

readily incorporate into PRODN any further facilities that may be

required . - -

The expanded program , LAPCE N, with explanatory captions is
att-”ched in appendix B(l), and an illustrative example is given in S

Appendix B(2). A user guide to inputting data on the.black box

principle is given in Appendix C. S
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(a) Curved Edge—Func tions for Curved Boundary Seg~~n t AB

If the mapp ing

C = F(z) (68)
maps the rectilinear region A ’B ’R’S ’ in the C—p lane onto the curvilinear

region ABRS in the z—plane, then any solution of Laplace ’s eq.(7) in the

c—p lane satisfies Laplace ’s eq. in the z—plane.

Analogous to the half—stri p approximation (35) to basic problem

(b) at (20) ,  the solution near A*B* — where the other sides are assumed

to have little effect — has the characteristics of the solution in ABRS

in the region A*B*, when , as in (52) , we set

u(~~, n 1) u(~~, ~
12

) ; 
~ ~ ~l’ 

(69)
as the conditions on sides BR and AS respectively.

These conditions can be satisfied by requiring that u be periodic in n,
.5 the period being 

~2 
— r~~. In the transformed problem in the

C—p lane, the solution in the reg ion of A B ’ is characterised by edge—

func t ions , analogous to functions (55), which may be written in the form

L. ~ ~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ‘‘~~~‘ • - - - ‘~~ 

---~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Cmj 
= C~~+C~3

; C~~ A
k. ~~~~~ cos (m .n.+uk

); k 1,2

= 2 itM/ (r ~2—~ 1) 
~~ 

= 0 , Cl
2 

n/2 5 (70)

where the mapped plane C corresponding to the j~~ s ide , when curved ,
is denoted by

= 
~~~

. + ir~., (71)

and may be termed the C
3
—plane.

In subsequent work it is advantageous to work with the complex

- variable ç., and to write furtctioa (70) in the form

-m.c. -m .F~.

- 

. C~~ = Re {Amj e ~ = e -~ 3 [A
~3 

cos(m
3
n
3
)~A~3 

sin(m
3~ 3

)] (72)

where A . is a comp lex constant
mj

I
A . = A .  — i A . (73)

tnj mj

- and Re denotes tii~ real part.

Accordingly, the appropriace functions C .  mus t be introduced ifltO

solution mix (8) for each curved edge—segment.

We now proceed to find the derivatives of C .  as required in set (44).

Analogous to mapp ing (68) we can write the mapp ing for  curved

side j as 
-

C3 
= F.(z)

Since C - is a function of z and z, saymj

Cmj = G(z ,z) ; z = x+iy ; = x—iy - 
-

we r equ ir e the ope r ator s -

= + ~~4’q 
~~

a - 
i4’q a . _i4’

q a
ie — — i e  — (75)’

—

q

The operator -
~~

-
~~

-, follows on noting , from fig.1, that the coordinates

of any point P(x,y) are given by:
x = x + x ’ cos 4’ — y ’ s in  4’

_
S
b q q q j q 

- - -

Y = Yq + x~ sin 4’q ~~~
‘
~~~~
‘ cos 4’q , 

(76)

~~~~~~~~~~~~~~~ ~~~~~~~ _ _ _ _



- - - S - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

28.

K 

where the coordinates of the qth vertex are (X
q~Yq)• 

On operating

on C(z ,z) it fol lows that

~G _~~G 3 z  ~G~~z— -
~
-;; •

~~~~~
‘ 

+ —: -
~~

-;
~~

‘ ‘
q q ~z q

and on substituting

= + - - 
4’q

ax ’ ax ’ ax ’ , ax~ 
— e

the operator for is obtained . The oper:tor ~~~~ , follows similarly. 
Sq q

-~ Accordingly we obtain

- aC . — m . C .  -mj R r A  !_ te 3~~~~1‘
~ mj 3y ’ ‘ - ‘

q -  q 
S

i4’ dC . —m .C. -

= Ret—im
3 
A
mj 

e q 
~~~~~~~~ e ~ (78)

The parameter 1q’ for segment q, now corresponds to x~ — the paramete r
for points on qth line segment — as used in harmonic matching eqs.(41).

Analogous to the vertex eqs.(43), we require derivatives w.r.t. ~~
‘for 

-

all functions in solution “mix” and for all their normal derivatives.

These are difficult to compute and are best obtained by numerical

differentiation using “two—point” eqs. formula (64) as set up in LAPCEN.

(b) Example: Elliptic indentation -

If AB in Fig.4 is a segment of an ellipse, with principal axes
x’ and y ’, the required mapping is

c cosh 
~
; z ’ = x’ + iy ’ 

5 

(79)
from which the point correspondences are

x’ c cosh~~~cos~~
y’ c sinh ~ sin Th 

5 
(80)

The mapp ing is rendered single valued by taking the limits

~(O,
o
~) and ~(0 ,2v) . The corresponding singular points in the z—p lane

are at F’(—c,O), F(c,O) with a cut from —c to c on the x’ axis. S

k ~~ 
=—. - a’

~~~ 
—~~‘~- 

~~~~~~~~~ 5~~
- , -_j -

~ _ -
• . - 5,- - 

-
-. -S- S ~~~~~~~~~S 
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On eliminating ~ front eqs(80) i t fo L lows tha t

- : -

2 2 + 2 2 = 1 , (81)
c cosh~~ c sinh~~

or any line ~ = in the C—plane corresponds to an elli pse in the
- . 2 2 2z —plane with semi—axes a c cosh b = sinh c = a — b *

- 
Similarly ~1 

~0 
corresponds to a branch of a hyperbola that has

the same focii as the ellipse. Then, it is easily shot-in that AERS

is ‘mapped onto A’B’R’S’ in a one—to—one manner.
I It

To obtain point—values for the coefficients of A . and Amj mj
f rom C . ,  or its derivatives , we require to find ~ and ri for any

point P(x’,y’) in the domain St — where (x~ ,y I) are coordinates of

P w.r.t. principal axes for elliptic indentation . Equation (81)

gives the quadratic

2 ,2 2 ,2 ,2 ,2 - 2c i  + T(c —x —y )—y = 0 ;  T—sin h ~~

from which ___________________

S 2c 2T = — (c2—x ’
2
—y ’

2
) + V~~~~x1 2.-y t 2)

2 
+ 4c 2y ’2 , (82)

the positive square root being taken since T > 0. When y ’ = 0 then
‘2 2  ‘2 2T x /c — 1 ; x > C (82a)

— ‘2 2— 0  ; x < c
C ~~ fo llows that -

sinh 1(/T) log (v’T + Ifl:T), (83)
and eqs (80) then give

— 
—1 y’cosh~~ 

-

— tan (— , - ) , - (84)x sinh~~
where n must be adjusted,for quadrant location of F, to lie in (O,2ir)

A suitable subroutine , P~’AP, 
similar to EDGEF and POLC in Appendix

B, is included . The values for and are obtained from (84).

Note that  s ingula r po in ts of mapp ings (74) are not allowable in the

domain of solution (8), which must be regular at all points other

than the singular points specified as in (3). If the singular points of

any mapp ing occur in the domain �L of the problem then either (i) split

J~~into elements to ensure that the domain of any set of curved edge—

funct ions  does not include the corresponding singular points of the

transformation ,or (ii) superpose other suitable functions , as over in

(e), to neutralise any unwanted singularities.

_ _ _  

-‘
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Cc) Circular Indentations

This f ollows as in (b) on us ing  the t r ans fo rma t ion

z = e ~ (85)
Al ternatively, if AB in Fig.4 is an arc of a circle , the corresponding

basic problem can be taken as that for a curvilinear region bounded by

radii r = r 1, r r2; and radial lines 0 = O~, 0 = 

~2’ where r2 +

The solution then follows in form (57) on setting

i-i. = —2nM/(0
2
—0

1
) - (86)

(d) Smooth Inner Boundaries

If the inner boundary is a smooth curve the corresponding Curved

Edge Functions , analogous to polar functions (58), follow from eq.(82),

on adding the periodicity requirement

- 
111 

= 0 2v 
, 

(87)

(e) Solid Elliptical. Section

Let us examine the mapping

= c cosh C, (88)
as in (b), in the case of a region bounded by a solid ellipse , shown in
Fig. 5. 

-

Fig. S

The corresponding Curved Edge—Functions for ~ 
~~~~

, analogous to those
in (72) , that decay inwards from the boundary, are

MC F-1~ , ,, -C
M
= Re(A~1e 

} = e (A
11 cos M~ 

— A
M 

si~n Mii i (89)

~~~~~~~~~~~~~~~~~~~~~~~ 2 L ~~~~~ ~~~I -~~ _ _ _ _
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These require a cut FF ’ in the z—p lane , which corresponds to the
limiting ellipse ~ = 0. On taking ~(0, ) ,  rj(0,2ir) to render mapping single—

valued ii is discontinuous on the cut, having jalues , at respective

neighbouring points , (i) of n a and ri = 2s—~ at P1 
and P

4 
and (ii) of

n = u — a  and r~ = 1r+ct at P
2 and P3 where 0 < a < ur/2.

It follows that cos M~ is continuous on cut FF’ but sin Mr~ is
discontinuous as it changes sign — and according ly C

M is discontinuous.

The functions got on replacing M by —M in (89)

- C
_M 

= I
~
e{A

M 
e = e M

~iA .~ 1 cos M~ 
+ A”

M sin Mn], (90)

have a similar discontinuity on FF’, and on superposing,the resulting 
-

S discontinuity on E = 0 is 
S

2 , ~‘ “ ‘ -
— kt

_M) Sifl L1Cl ,

and this reduces to zero on setting

A’~~~= A ~ (91)

Analogous to eq .(78) , and noting from eq .(88) that -
1 

5 

92
, dz 

— 

c sinh C ’
the discontir~uity between points P and P~ in the derivation 

-
~~

-
~~
-

~~ 
of

CM
+ C

M is,on
~~~

=0 : q -

Re(iMe q -
. ~~~~ 

1 ç ___) ~& ~~~~ — A e ’~~ )]
S ic sin r~ —M

i$ .

= .~?! Re(e q (A.
~
_A

M
) 

~~ 
+ 

~~~~~~ 
sinM ~1 

5 (93)

and hence the discontinuity in the term cos Mfl/ sin n vanishes if

Also note that at the singular points of mapping (88) the function

CM + C_M and its derivative .~~
-r. is everywhere finite since limit -

of (sin Mt~/sin n) -+ M at points F’, 1) = u, and F, n = 0 or 2u.

Similarly all the higher derivatives of CM+C .~ 
can be shown

to be finite and continuous at all points within and on the elliptical

boundary.

If a region is bounded internally and externally by ellipses , - ‘

then the curved Edge Functions for ihe outer bounded must be rendered

finite and Continuous by superposing the corresponding C.M when the

focii F and F’ of the outer ellipse are in the reg ion of the problem.

C ~~~
. ‘~~~~ ~~~~~~.~~~~~~~ I-~~~~-,-L .~~~. - - ‘ .~~~ .~~ 
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(f) Appro ximate Curved Edge—Functions
S f ~

” If the mapp ing (79) is used to map* the side A ’Ii o~ the

rectang le A’B’R ’S’ onto an elliptic arc in the z—planc that is not

- 
- too different from the curved boundary segment AB , then the functions

- 
- - C . as got from the elliptic mapping approximates pretty well theIn_i **characteristics of the solution in region A B and can be included

in solution “mix” (8). -

S 
Points on the actual  boundary can be expressed in terms of

- fj and n ,  where r~ is in (r11, ri2). The parameter n can be used for the
- 

actual boundary points, the corresponding ~ being where the curve fl
- intersects the actual boundary — and nq~ 

for segment q, ther, corresponds

- 
- to parameter x’ in eqo.(5l) for harmonic matching .

Accordingly on exact mapping (79) is not essential , and in most
- practical cases a “fitted” elliptic mapp ing is sufficient. -

-

*ITt practice this would require the fitting , by a least squares criterion ,
• of an elliptic arc — involving five parameters (axes, centre , orientation) —

• to th e prescribed arc KB. We shall re fer  to the rc3ulting mapp ing as a

-
‘

S “f i t  tad ” mapi) i zig. - S
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/ SECTtON 4 — OTHER BASIC PROBLEMS

A y F

/ -

- 

- 

/ ~~~~~~~ ~~~~~ 

71’ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

~~~~~~~~JK
\ B \

Fig. 6 -

(a) RE—ENTRANT ANGLE 
S

The semi—finite , or half—strip model, used in arriving at Edge—

Functions (37) or (55) does not apply to the sides of a reentrant angle,

as at D in Fig.6. On considering the side DE, the assumption that the
S solution on DE’ is related to a periodi.c repetition of that on BE is
S clearly untenable . Also in the region y! < 0 the exponential becomes

- positive and obviously cannot represent a propogation into the interior

of the boundary actions on DE.

However if we divide up Fig. 6 into two convex regions, I and II,

• by taking a cut from D anywhere within the angel E’D C’, say along BA,
this will ensure that y ’ > 0 for each region, and that all the corresponding

Edge—Funct ions  have the characteristic negative exponentials at all points

in their respective regions. S

C —~,- ‘ — ‘  ~~~~~~ —~~~~~~ -.--—-=--‘ - .-_ S - - 
~~~~~~~~~~ - - - -- ‘ - S .- * - S ’ - ’ ~~~~~~~~~~ ~~~ ‘ S -
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V The solution “mix” for eq.(l) can then be written as

U = U + U -
- o (i)

=
~~~~ ÷~~~~~~~.. (9 3)
0 (ii)

for regions I and II respectivel y,  where u0 denotes all  the funct ions

that are common to both regions and are continuous , and with

continuous derivatives , across the cut.

The functions u . and u ~~~. . , whi ch are confined to regions I
(i) ( ii )

and II r espect ivel y,  must then be matched across the cut to give

continuity , in a least squares sense , across the cut for u and -
~~~~~

Since the Edge—Functions from DC and DE produce a discontinuity

across AD, this must be negatived by superposir~ functions that are

characteristic of a line, KB, of discontfnuit’jes in u and -
~~

-
~~

- . Anaidgous

to the half—strip model (52) the solution characteristics in region

A*D* are s imilar  to those for  an in f in i t e  s tr i p bounded by inf in i te

sides perpendicular  to AD throug h A and D redpectively.

On taking edge—axes x’ and y’ for AD as shown in Fig.6, we S

require that the solution u(x’,y’) satisfy the following boundary

conditions for the strip:

(1) u (x ’,y ’)+Oas y ’ --~~~and y ’ -’- —o-’,

(ii) u (O ,y ’) = u(a ’ ,y ’) ,  for all points on x ’ 0 and x ’ = a’, where

a’ = AD. .

Since u(x’ ,y’) satisfies Laplace ’s eqn. suit~hIe forms for u,

in semi—finite strips y’ > 0 and y ’ < 0, analogous to forms (54), are,

with m 2~rM/a’ : 
‘

u = ~ e
mY
~{A~ cos mx’ + B sin mx ’} , y ’ > 0

(94)
m y -  , , • ,e {A cos mx + B sin mx } , y < 0

In an actual s t r ip problem , if the discontinuities in u and ~~~~ , were

specified as f(x’) and g(x’) respectively, it follows that

f ( x ’) = Z{(A —A ’)cos mx ’ + (B —B’)~;in mx ’}

- 

g(x’) = Z{—m (A IA’)cos ?~1x ’ + —m(B~+B’) si.n mx ’} ,

and on using Fourier coefficiei~is formulae the coefficients in ~94)

follow .

However iLl an actual pr oblem , as in Fi Z . 6 , the c o e f f i c i e n t s  mu s t

be dcte rm int-d a~i in (U )  which a l lows for  the i n f l uen c e  of a ll  sides , and

func t iom’ (94 )  mtIS t lie inc luded in solution “mix ” (8) -

~ —-~~ —--— —- -- — ~
—‘

~
‘ —‘- 

—. - -~ - - - -: - 
- - ... ~~~~ 

- - S
S 

‘-—‘5 ~~~~~~~~~~~~~
‘ - -- ~- - - -SS- S



These latter can be identified as Edge—Functions of

type (~~) for the  upper and lower side of the cut AD , whe r e the upper s ide

has indicator j  and the lower has (j  + 1).

(b) SINGULAR ITY ON EDGE S

Consider a singularity , as in (3),

u = Q d( ~ — r i )

act ing at the point P , paramete r r i ,  on curved boundary segment KB in

Fig. 4. On taking ABRS as the basic region with conditions (69), and

superposing solutions (72), to satisfy the conditions on KB, ~ =

we require -
-mF (1 (2)

Q ô (n—n0
) = E e [A

mj 
cos(rnn) + Amj sin(mn) L- (95)

The coefficients follow , on taking a summation M 0 to M ~~ , as 
-

~~ 
—m~~

A’.’ e = ~ J ~(ri—n )cos(mri)d~ ,“i “)2 fl ~l ° -

which gives for ~~~~ and , similarly ,  for  ~~~~ 
-

1fl
~’

A~
1
~ = 

Q e cos(mn 0)
mj 

- 
(96)

‘~2 ~l

A~
2
~ 

Q e sin(m~~)
S mu n2—” 1

Series (95) provides a useful particular integral (4) for above type

of boundary singularity. Since its value is known,QS (n—n 0),on AB ,

the series only requires to be evaluated at interior points (E ,ri) 
S

whe re ~ > ~~~~, and it is then dominated by the negative exponential

fac tor ~~~~~~~~~

Note (i) that all quantities ~1, ri 1, ri2,n0 
and in relate to side j,

but subscri pt J j~ omitted here, as not necessary.

(ii) If the singularity acts on a straight side we require the

obvious replacements

~~-~~x ’ ; 
~i = 0 ;  ~1 = O ; fl 2 a1; ~~~= a ,

the singularity being at the point x’ = a.

- 5 -
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SECTION 5 — DISCRETE ORTUOCONAL FIJ~CTIONS

If the function y f ( x )  is given as the set of n discrete points x~

in the interval (a,b), by

~A = f (x x ) ; A = l,n

and {øk
(x)}is a set of in discrete orthogonal functions , then we can

approximate f(x) by the polynomial

y = ~: c
køk

(x) (98)
A=l

— 

- by minimising the sum of the squares , ,,
2 of the weighted errors —

we ight f a c to r s w~ — at the n data points x
~
: 

-

= 1 w
x(yY A

)
x=l A

2 
- -

= ~ w~ [y~— 
~ 

c
I Ok

(X
A

) ]
X~l k=l

where is tha value of y at x~.

On minitnising with respect to the unknowns c.;j l ,. . .,m by

setting

0 ; j l ,...,m; n > m ;

we obtain n m

~ w~jy~ 
— Z ckOk

(x ) ]  Ø.(x
~
) = 0 (100) —

A=l k=l

If the set (Ok
(x)} is orthogonal over the discrete points x A wi th

weight factors w~ , this means 
that

A 
w
~
Oi

(x
~
)ø
~ ~~~ 

N. ; (101)

where N. is the ‘norm ’ of the function and is the Kronecker

delta. According ly, equation (A—5) give.s on replacing subscri pt J

by k:

n
c, = E W

1 Ø
k

(X
~~~

) - (102)
k A=l

- - . - 
~1 ~~~~~~ 

-
~~~~~ 

— — ~~~~~ - ~- ~- - -

--— S 
- - - -

~~~~~~~~ ~~~~~~~~~ 
- 
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I f the set Ok (x) is complex , then ~~~ . (x) in (101) and (102) n~ust be

rep laced by i ts  comp le x conjugate  ø* . (x) s ince N.  i~tus t be real giving

X=l 
w
AOk A )øi(X

A
) =

1 *Z w~y~ø~ (x~), (103)
k A— i

on not ing that the r ight  hand side of (98) must be real which imp lies

that c
kOk

(x) must be real , and tha t is real.

Two limiting cases for n are of special interest:

(1) If n~ m , then the obvious minimum condition for is that each of

the errors should be zero, or the approximating curve y should

pass through the set of points (xx,yx
) ,  X=i ,...,n, and hence y and ~

would be point—matched , or col located , at the above set of po ints .  If

a unique solution exists it is necessary that n > m .

(ii) If u -
~ and in -- c-~~ then the discrete set X, becomes the continuous

x in the interval (a,b), and (98) becomes an expansion in the infinite

set of orthogonal functions (øk(x)J. When 0k~
<
~ 

is comp lex , the -

coefficien ts follow from (103) as

= 
~ f w(x)y(x)Ø~ (x)dx , (104)

- k a

and the condition for orthogonality of the func tion ø
k
(x) in (a,b)

follows from (102) as b S

a 
w(x)Øk(x)O~

(x)dx, (105)

where w(x) is the associated weight factor in (a,b).

Discre te Fourier Pol ynom ials S

If 0k~~ 
= e~~~ in (98) it is easily shown that these functions

satisf y the orthogonality relations

ç~ ~
ikx 

e~~
j kdx = 2~uS~ ; i ,‘—i , (106) -

:-~ the quadrature e:~press ion  for which is

Lt ~ W
A
C A  = 2ir~~ , (107)

S 

- 
~~~~~~~ X~—n

C - - — , .S—_ — - - - _5 55,~, S~~ - 
- 
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where the wei ght factors art’ w , th e origin for x being taken at the

mid—point of the interval (—ir ,ii) , which, is divided for convenience

into 2u equal parts. lkx A
Result (107) shows that the functions e are orthogonal over

the infinite set of discrete points X
A 

in (— I T ,’r) with weight fac tors
W A . We now ask can some WA and dis tribution of points X

A 
be found ,

resulting from the app lication of some quadrature forn,ula to (106),

wh ich will satisfy relation (107) for finite values of n and thereby

p r ov ide a m e t h o d  of deducing a set of discrete orthogonal polynomials

from a corresponding set of continuous orthogonal functions .

On inves t i gat ing the trapezoidal formula , w i th  i t s  associated
weight factors

A~~~ + n  -

= 1 ; J AJ < - (108)

and taking the equidistant distribution for x 

-
X

A 
= ; A — —n(l)n,

we are led to examine the finite analogue , S, of series (107):

s = w 
i(k_j)x

A w ~iAU 
, (109)

A A 
A——n 

A

where

0 = ir (k—j)/n.

On substituting into (109) for w
~ 

from (108) and apply ing the formula

for  summing (2ii+l) terms of a geometrical progression , it follows ,
when k 

~ 
j, that 

. . j (2n-i-1) O 
- :

S = ~~ (e
1
~~° + e

hul O
) + e ht

~~ , (110)

where

~~~ 
= ~~~~~~~ cos(k—j)v = + 1 ; k 

~~ 
j ,

depend ing on whether (k—j) is even or odd . Accordingly it follows

that S = 0.

If k j, then the series (109) reduces to

S = 
~ 

W
A 

2n , (lii)
A —n

and hence [o r a l l  k and j
n ikx~ _ 1JX

A
S C e 2n (112)

A—— n

~ ~~~~~~~~~~~~~~ £ ~~~
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~~~~ wh ich e s tab l i s h e s  cond i t i on  ( 103) w i t h  N
k 

= 2n for th e ,  Cu~ ctj on3
e1

~~ A when k is any intege r , i ncluding zero. It follows fr~ ni (103)

tha t  

k 
- 2n A=-a 

W A Y A e
X A

and if we take a corresponding ly balan ced polynomial form for (98)
by writing 

— 
rn

Y ~: C~~ e , (114)
k--rn

it follows from (113) that
*

C
k

Ck ,
*

where C
k 

in the comp lex conjugate of Ck ,  and on writing

c
l

a
k
+ ib

k
series (114) reduces to the real series

m in
y = c + 2Z ak cos kx 2Z b

k
sin kx , (115)

S k—i k—i -1
where on taking real and imaginary  pa r t s  of r e s u l t  (113) , we ob tain

n
2ak 

— — 1 WA Y A COS kx
~A — n

I -2bk n ~ 
WA Y A S1n kx

A (116)
A--n

- On se t t ing  x = x’ it , we easily show that (115) and (116)
are invar iant  in x ’. Hence the above formulae, hold for the x ’ interval

(O,”-ir) , and this can be mapped onto the interval (0,c) by setting
x — 2ir x ’/c , rep lacing kx ’ by 2itkx”/c Or , on dropp ing - the dashes , this
means that (114) and (116) app ly to the interval (O,c) on replacing k

- by 2 irk/c .  -

Tri gonome tric Interpolation Series

Since boundary identity (39) can be approximate by the
truncated series L L 

S

E cos nx ’ + 
~ 

C~ sin rix ’ , ( 117)q 
N—O q N~=1 

q

in t h e  in te rva l , 0 < < a~ ; ri = 2irN/a
q~ 

we mig ht regard the

t r i gonr i rn ct r ic ser ies  on the r.lhs. as a tri~ ononietric iii t~~rp ol . iLion
* ser ies for ~‘(x ’) in the speci f i ed  i n t e r v a l . ‘[h ,~ fitting coefCici~’ttts-

then Eel [ow by di-crcte 1ca~it squares as in eq. (98), the  c o e f f i c i e n t s

being given by foroolac (116) -
4
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We observe  t h a t  the series (115) is si i ; i i 1~ r to a 1-our icr series ,

t runc a ted  at rn ternrs , for the interval (—it ,ii) ~t IL d that t h e  summat ion

f o rmu l a e  (116) [ok- the Fourier coefficients 2a
k 

afl(1 _
~
2b
k 

are what

would be o bt a i n e d  h~~~ y a l u at i n g  the  co rr e s~ o n d I u ) ~~~- ou r i e r  ~;eries

i n t e g r a l s , analogous to these in (16) , by tho trapezoidaL rule ,

involving the division of the interval (—ir ,ir) into 2n equa l  p a r t s .

Hence :i working r u l e  for the harmonic equations in sets (16) or (41)

Evaluate all Fourier integrals by the trapezoidal rule

This , in effect , substitutes series (116) for the corresponding

integra ls , as is required when harmonic m atch ing  is rep 1 tced by

discrete least squares minimisation of the boundary res iduals  on

each boundary segment.

- 
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The distinctive features of t h e  Edge—Function ?-Iethod , as illustrated

by the examp les in Appendices A and B and the forriulation in the present

paper , arc :

(a) Algebra:

The f u n c t i o n s  in t roduced  in solution “mix” (8) may appear comp licated

at first sig ht , but an effective algorithmic method of control l ing the

resulting algebra — called the Computer Form Method — was developed by

Quinlan [12 ,131. According ly ,  Ed ge—Functions , Ve rtex Functions and any of

S their derived functions like normal slopes , moments or shears , can, on

ca lling the appropr ia te  subroutine , be obtained as readily as any trigono-

metric or exponential function.

(b) Programming :

A systems approach to programming , based on a main program Qui p

together wi th 18 subroutines — each with its own definite task to perform —
is given iii [4]. This has bean used to advantage by subsequent resea rch

workers , Tai, Nash , Dashmukh , O’Callaghaa and others , to cons iderabl y

simp lif y and shorten the programming tasks arising in extending the Edge—

Function Method to problems of greater comp lexity , in vibrations and

shallow shells. The program Quinp [4] and i,ts accompany ing program—

F description is still adequate, though it is proposed to issue s h o r t l y  an
S up—dated version to include cuts, cracks and reentrant angles. 

-

The progra~’t LAPCE~T given in Appendix B(1) illustrat es the chief

features of QUINP. If one is familiar with LAPCEN , the v a r i o u s  p a r t s  of

QUINP should then be readily understandable.

(c) Computing—Time :

Considerable computing time is saved by using the discrete —

rather than the continuous — least squares method of minir.iising the

boundary  residuals , as developed in Section 5, thus saving considerable

time for setting up the coefficients matrix. The rows are arranged in

the coe f f i c ien t s  m a t r i x  so that the equations for each harmonic are

grouped t o get h e r  in successive b ands , the reb y producin :; a strong ly

d ia g on a lr ,sed system w i t h  a cous i - .  ble having in solution tHe. More-

over t h i s  a r r a n g em e n t  of the m a t r i x  enables the so lu t ions  cor r e spon d ing

to a l~~r;or mu sh e r  of harmonics  to lie deduced w i t h o u t  any a pp r o c  i ab le

iucre:t~e in compu te r  time . According ly ,  as a r o u t i n e , s o lu t i o n  vectors

corresponding to teroinat irrg the  b o u n d ar y  i d e n t i t i e s  at L—3 , L—2 , L—l and

1. ha,- nre a~ es respect ivo l y are computed and tes ted for each prob lem .
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(d) Ac ceptabiligy ot Solution:

Each so lu t ion vector provides an “exact” solution to a problem

governed by the same differential equation but with slightl y different

boundary conditions to those specified . Such solut ion s may be regarded

as ma thematical models of the physical problem. In each case the

difference — termed the Boundary Residuals between the boundary values

as com puted  and the spec if ied v a lues , is computed and reported through

i ts approximate root mean square value — r .m.s .  — on each side of the

S 
boundary and for each boundary condition. The set of r.m.s. values

S 
- provides a simp le yet comprehensive reliability test to enable an

- 
engineer to decide whether, or not, to accep t the results. -

- 
- (e) Convergence Demonstration:

A practical “convergence” demonstration is provided by the routine

provision in each problem of several solutions , corresponding to increasing-
harmonics and matrix size, with r.m.s. values presented for the resulting

boundary residuals .  These invariable decrease rap idly as the number of

ha rmonics used increased. Likewise production results (e .g.  nermal slopes ,
shears, harmonic conj ugate , et c.) as required at in~erior points, are
always computed f or a number of different harmonics and hence as in examples

given in appendix B their “convergence” can be seen at a glance. No other

competing system — finite element, finite differences or bouridary integral — -

can of f e r  th is eff ect ive compari son of the effect on the results of

increased computer time expenditure , without involving a very considera~le
increase in computer time over that which would be required for a one—shot

solution based on the largest matrix size involved. -

( f )  No pre—co mput er  processing of the problem is required 
-

As can be seen from Appendix C and from the data cards at the end

of each exa mple , no pre—computer processing is required. Only the geomet ri ca l
and load data and material’s moduli are required , together with one control

card. These do not require any knowledge of E.F.M. for their preparatiot~. 
S

According ly E .F .M.  can be operated completel y as a “Black Box ” . This is in
sharp c o n t r a s t  to the intricate element networks required in finite element

and boundary integral methods. Production is based on a single data card

for each production set, requiring the computation of a specified function

at a specified number of equ id i s t an t  points ott a specified line.

- ‘ 
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APPENI)IX A — LAPEX

r
Program LAPEX consists of a simp le main program LAPEX w i t h  four

subrout ines  EDGEF , QPOLAR , POLW and QSOLVE(NE). The program is

described briefly at the end of Section 1 and is at tached together with

i l l u s t r a t i v e  examp le (37) as Appendices A(1) and A (2).

The corresponding data cards are

(1) CONTROL CARD -

L , Ns , Ndiv , Mdiv , Nprog

where
—.5

-~~~ L = Truncation level

Ns = N o s ides

Ndiv = No.division s used in integral evaluation

Mdiv = No.of  check points on sides S

Nprog = Examp le no.

(2) COORDINATES VE RTICES OF POLYGON

x ( j ) ,  y (j)

(3) COEFFICIENTS FOR BOUNDARY CONDITIONS (37) on sides

c ( j ,k) (k 1,4) — for each side

(4) PRODUC T ION

U
1
, V1, U2, V2, Mdiv ,

for funct ion u at ~-Idiv equidistant  points on line (u 1
,V1) to (U 2, V2 ) .

It is urged that the reader should become fully conversant with

LAPEX , b e f o re proceeding to its f u l l e r  development in LAPGE N in Appendix

B(2).
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(5) Two Minor S ub r o u t in e s  are included: QPOLAR , to deteL-nine polar

coordinates , and GAUSS to determine division points and weight

factors for both Harmonic Fitting and Gaussian Integration. The

program LAPCEN fol lows wi th numerous exp lanaE ory capt ions , the
refe rences being to the main paper. -

An i l l u s t r a t ive  examp le is appe nded , as Append ix B(2) , to a t tached

progr am LAPGEN , Appendix B(l) . This deals with the torsion of a quadilateral
se.ction with an ellipt ical  cavity , Fig. 7 , for  four  d i f f e r e n t  t runcation

- levels.

An effort has been made to wake the output in Appendix B(2) self

- 
- explanatory . The Boundary residuals are less than 1%, and the differences

b e tween computed quant i t ies  for  levels LL -
~ 2 and LL 4 are seen to be -

‘

considerably less. -
.

Solutions of acceptable engineering accuracy are provided by

truncation level LL = 1, involving only 53 equations with a time requirement

on any computer of less than 150% of the time it  would require to solve 53

linear equations using Gaussian e l iminat ion.

y ’ 
.

E 
(u2,v2) c

A (u 1, v1) 
- 

B 
x - - - 

-

Fi gure 7.
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A P I F N D T X  H — LA1’(;!-:N

S 

-

This program consists  of m a in  p rogra m I.Al’CEN and 10 sub rou t ines

consisting of

(1) COLMAT Sets up data for points at vertex j in the vertex equations
t ak ing  care to el iminate  any redundant equations . I t  then assigns

the f u n c t i o n s  for  solution “mix ” (8) ,  and sets up the necessary

data  f~ ’ their evaluation at any point. Assigned points and

func t ions  are then p r in ted  out as a u se fu l  aid in checking .

(2) PoIt :T FUN CTIO? ’~S for  indicators  MT = 1,2 ,3

(a) EDCEF Evaluates coef f s  of unknowns E 1. and E 2 . for  Edge—
mj

Functions in eqs (55) and (56) . - 5

(b) POLW Evaluates Vercex Function V . in eq (50) and also Log—

Vertex Functions V~ ., eq (60), where they replace Vk .. 
-

(c) POLC Evaluates Harmonic Polars, eq (58), incl ud ing the zero

pola r log r.

Cd) PNAP Evaluates curved Edge—Functions based on section 3 for

mapping z = c cosh w as given by eq (89) including the special case

of a solid ellipse.

(e) POLP Evaluates r.h.s. of matrix. Particular integrals not

yet included. Provision is made for boundary conditions of types

NBDY = I and NBDY = 2.

(3) SOLCOR Solver routine for LS truncation levels , based on single

p ivoting for columns using the relevant equations.

(4) PRODN Arranges for production , other than computat ion of results

for NT = 1,2,3 as indicated by Ncode = 1. This is divided into

two categori es : Ncode = 2 , and Ncode 3 corresponding to d i f f e ren t —

tiation and integration respectively as the main operations involved .

The several cases in each category are designated by the indicator

NOFN . Provision is made for torsional rigidity , shear stress ,

-: 
r e s u l t a n t  stress and shear lines for the torsional p rob lem deve loped

in Sokolnikoff (14]. Other cases can be added as they arise , and
thus a comprehensive program for  Laplace/Poisson  problems can be b u i l t

up.

II. • ~ 
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APPENDIX C — DAT A INI ’UT FOR LAPCE~I

The data sets required are

(1) CONTROL CARD 
-

L , NS , NB , NPRO C , NBDY , LS , N MAT , NPRLN , MDIV , DELTA , FSET, GNO D

where

L = Maximum no. harmonics - if set as pe rc entage of opt im um ,
program will set corresponding L.

NS = No. boundary segments

NB = No. closed boundaries

NPRO G = No. assigned to problem -

NBDY =~ Type indicator for n on— zero  boundary conditions
6 k-I

= 1 indicates polynomial E C(j,k)t
k=l

= 2 indicates torsion cortdit~ons as set in POL?.

LS = No. Comparative solutiotts required

NMAT Matrix print out given if set NMAT = 1

NPRIN =~ Gives print out of residuals on boundary if set NPRIN = -i
MDIV ~ No. of checking points required on boundary

DELTA = Increment for use in numerical d i f fe ren t ia t ion

FSET = Degree of smoothing required

CMOD = Torsional rigidity; if dealing with torsion problem

S read in value for GMOD. 1
Note L , LS , MDIV , DELTA and FSET : if any of these are left blank , program

wi l l  provide an appropria te  value. Consequently only NS and N B mus t  be

specified.

(2) DATA FOR EACH SEG~G~NT 
S - 

- -

MB (J)  , NH S( J ) ,  NBY(J) , NTYP( J ) ,  X(J ) , Y(J)

wh ere
- ‘ MB (J) = Fun ction ind ica to r  MT as def ined  in Tahie 2

NII S(J) = Proportionality fac tor  to regulate no. f i t t i n g  points

per side , approximately proportional to length . If

left blank , will be set to one.

NB Y(J) -~ Indicates if set to one that non—zero boundary conditions

~f type NBDY I occur on side j ,  and correspond ing c o e f f s .
- must  be read in as d a t a  set (6) under .

• - -~~~~~ — ~~~~~~~~~~~~~~~ —-- S - - - - -
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NTYP (J) ~ Boundary curve type indicator for segment J where:

0 indicates straight line

= 1 indicates curved indenta t ion
= 2 indicates curved mound

= 3 indicates closed curve

X (J ) ,Y(J) = Coordinates of ver tex  J , where appropriate

(3) ADDITIONAL DXrA CARD FOR EACH CURVED SECNENT

AE(J) , BE(J) , XE (J) , YE (J) , zE(J), 
S

where for elliptic , or circular boundaries

Semi—axes are AE , BE ; centre (XE,YE) and inclination of major

ax is ZE (as mul t ip le of -ir/2) .

(4) NON—ZERO BOUNDARY COE FF5. FOR - NBDY = 1  5

C(J,K),  (K 1,6), for sides J with indicator NBY(J) 1.

(5) PRODUCTION — one card per production se t, unless whan NCODE = 2

or NCODE = 3 a second card mus t follow to describe the func t ion
tha t  is sough t .  -

U1, V1, U2 , V2. BXK , MDIV , MT, J, NCODE , NO FN , NAXIS ,

where product ion is for

(i) SEGME NT (L 11,V
1

) to (U 2,V2) or if J is specified it is for

segment J of boundary

(ii) BXK angle associated with production (i.e. shear

axis) as a mu l t i p le of ~r/2 .

(ii i) MDIV = No. equidis tant  points  at which results are

required .

(iv) NCODE ~ Indicates type of p roduc t ion  required

= 1 : Functions NT = 1,2 ,3 as in Table 2
= 2 : Funct ions involving some d iff e r e n t i a t i o n s

= 3 : Funct ions  involving i n t e g r a t i o n

(v) NOFN ~ Indicates d i f f e r e n t  f u n c t i o n s  avai lable  f o r  each

of t h e  p roduc t ion  types  N CODE = 2 and NCODE 3 .
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