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ABSTRACT

A technique is presented that allows the numerical evaluation of

the velocity potential for a pulsating source in a fluid with a free

surface and finite depth. The series expansion used to obtain a

numerically tractable representation of the finite depth potential is

in a form sui table for use with ship motion programs that employ source

distribution techniques in conjunction with strip theory. The effects

of water depth , source submergence , and pulsating frequency on the

free—surface elevation are explored with the intent of demonstrating

finite depth effects on a readily identifiable physical parameter.
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INTRODUCT ION

One of the most useful techniques employed in the theoretical analysis

of ship motions is the “strip theory” approach, originally derived for pitch

and heave motions by Korvin—Kroukovsky and W.R. Jacobs (1957) and later

improved and extended by Salvesen, Tuck, and Faltinsen (1970). This theory is

based on the assumption that the three—dimensional hydrodynamic properties of

a ship may be expressed as the sum of the two—dimensional characteristics of

specified transverse cross sections of the ship hull. Strip theory has

proved to be a useful tool for analytic ship motion analysis and enjoys wide

application. Since the use of the theory requires that the two—dimensional

riydrodynamic characteristics of various cross—sections be determined ,

techniques cie&igned to provide this information form an important role for

proper application of strip theory to ship motion work. The two principal

u~eans of obtaining these properties are the multipole expansion method

(often referred to as the conformal mapping technique) and the source

distribution method .

The multipole expansion technique was first employed by Ursell (1949)

for determining the hydrodynamic characteristics of a circular cylinder

oscillating in the free surface. Several investigators have contributed to

the extension of this technique to the Lewis forms and later to more general

shape.; especially notable are the works of Grimm (1953) and Porter (1960).

Korvin—Kroukovsky (1957), Gerritama (1966), Smith (1966), Grim (1960), and

Vassilopoulos (1964) all employed the imiltipole expansion technique to

determine the two—dimensional section haracteristics for use with strip

th.ory .

2
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The source distribution technique was developed by Frank (1967). The

Frank approach has been very successful because of the wide variety of

unusual form. that can be treated , e .q .  bulbous bows , submerged bodies ,

and catamarans . Thus , certain bulbous bow shapes that are d i f f icul t  to

accurately represent with mapping techniques offer  no special diff icult ies

for the close—fit source distribution approach . The source distribution

technique has been used in the most advanced ship motion work currently

available. The work of Frank and Salvesen (1970) utilizes this technique

for pitch and heave motion prediction . The most recent effort in the

f ield by Salvesen, Tuck , and Faltinsen (1970) employs the source distribution

technique to determine the hydrodynamic characteristics of a ship in all

six degrees of freedom.

The original work by Frank is restricted to the deep—water case.

However , problem. such as operation of supertankers within near—shore

waterways and naval vessels close to shore have created interest in the

behavior of ships in finite depth waters. It is desirable , therefore ,

to extend the infinite depth fluid case to include the effects of water

of finite depth. The first and most difficult requirement for this

extension is to obtain a numerical method for predicting the velocity

potential for a pulsating source of arbitrary strength in a fluid with

a free surfac. and finite depth. With a suitable evaluatiom of this

potential, the next step is to adapt it for use with a source distribution

program such as that by Frank (1967). Thi. will allow two—dimensional

added—mass and damping characteristics to be predicted for a variety of

shapes. Such data can then be used with strip theory to determine

motions of various marine vehicles in a finite water depth environment
.3



The objective of this work is the development of a numerical technique

to accomplish the first of the above steps. Specifically , the following

effor ts are presented:

1. Derivation of the velocity potential for a single pulsating

source in a fluid with a free surface and finite depth.

2. A numerical technique for evaluation of th. resultant potential.

3. Exploration of the following parameters:

a. Water depth h

b. Source submergence b

c. Pulsating frequency a

In addition, it will be demonstrated that as the water depth increases, the

solution tends toward that obtained for infinitely deep fluids.

The required finite depth velocity potential has been given by several

investigators: John (1950), Wehausen and Laitone (1960), Thorne (1953) and

Porter (1960) . Both Wehausen and Laitone (j960) and also Porter (1960)

provide detailed explanations of the procedure used to formulate the velocity

potential for both th. infinite and finite depth two—dimensional problems.

Thorne (1953) also provides a good description of the procedures used to

formulate the potential but gives considerably less detail.

Numerical evaluation, of the finite depth potential for the purpose of

finding added mass and damping have been attempted by several investigators

with mixed success. Yu and Ursell (1961) used infinite series expansions of

a type suggested by Thorne (1953) to allow comparison of experimental and

theore tical wave amplitudes and obtained generally good agreement . McCreight

(1970) experienced some difficulty with hi. numerical evaluation as depth

increased , but he obtained good results for shallow water values of. his depth4



parameters . Porter (1960) experienced di f f i cu lty  in the numerical evalu-

ation of his f ini te dep th potential and had to abandon the e f f o rt  before

the problems could be remedied . Kim (1969) appeared t~ ha ie some ~i f f  i-

culty in comparing his resultq with t~os. of Yu and Ursell (1961) , and his

e f fo r t  may contain some errors . Kim states that he eutploy*d the same

expansions of the velocity potential as used by Yu and Ursell and one

would expect their results to be in close agreement.

The technique used in this report to evaluate the velocity potent ia l

follows an appro ach due pr imarily t o John ‘19~O) and -e~~n ~~d

(1960) , although the derivation of the potential in Appendix A follows an

approach suggested by Thorn. (1953). The form of the potential ultimately

employed for numerical evaluation is slightly different than that suggested

by Wehausen and Laitone (1960). The differences occur as a result of

misprint. in the text of the original reference. It i. believed that

the form of the finite depth potential is correct a~ given in later sec-

tions of this paper.

Subsequent sections and appendixes provide a formulation of the problem ,

a solution technique, a presentation of the effects resulting from pre-

scribed variations of th. problem parameters and a description and listing

of a computer program. The results of the effort indicate that the repre—

sentation and numerical evaluation technique obtained herein will allow a

practical numerical calculation of the finite depth velocity potential

that can be adapted for use with ship motion computer programs

.5



FORMULATION OF THE PROBL~~f

The objective Is to determine the velocity potential and then the free—

surface elevation for the two-dimensional problem of a pulsat ing sourse of

arbitrary strength f ixed in a fluid of constant f in i te  depth.  The problem

will be formulated in terms of potential—flow theory with a m eat tied

free—surface condition. This approach allows the following assumptions :

1. The fluid is an ideal fluid, i.e., Incompressible and inviscid .

2. Surface tension effects  are negligible.

3. The motion amplitudes and the fluid velocities are

small enough so that all but the linear terms in

the free—surface and other boundary conditions may

be neglected .

A complete discussion of linearized free—surface theory is provided by

Stoker (1957).

A two—dimensional coordinate system with the y—axis pointing upward

and the x—axis in the undisturbed free surface, as shown in Figure 1, is

used as a reference for the problem formulation and numerical calculations.

V

Free Surface
— 4

° It IP~ourc e

__________ 
So$%om

Figure 1 — Reference Coordinate System and Problem Geometry
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An approach for solving this problem can now be formulated in terms

of a velocity potential ~ (x ,y;t) which must satisfy the following linear

boundary value problem :

1. The Laplace equation :

$ +~~ — 0xx yy

except at (a, b).

2. The free—surface condition :

+ g $ — 0

on the undisturbed free surface , y — 0, where g denotes the acceleration

of gravity.

3. The bottom condition :

— 0 at y • —h
y

4. The radiation condition , i.e., the waves are progressive and

outgoing at large distances from the source. As derived in Appendix A ,

the velocity potential that satisfies the above conditions , is:

C) I r r2 I k+v e~~~cogh k(h+b)cosh k(h+y)cos k(x—a)q (x,y;t) - 
~~~

L’°
~~~ 

+ log-s- _2j k 

* e~~
’ 

ks~.nh kh—vc osh kh

+ —c— dkl cos at

h 
[1]

—Q ~~~~~ e mo sinh m~,hcosh m0 (h+b)cosh m~~(y+h)cos m~~(x— a) 5i~ ~~nto v h + s inh2 m h
0

~.ihere Q is the source strength , a is the x—location of the source , b is

the y—location of the source , t is the time , a is the pulsating frequency,

and h is the depth of the fluid . The remaining terms in Equation (1] are

given by the following expressions :

7



2• a /g

/ 2 2~r • (x—a) + (y—b)

r2 
- / (x_a)2 + (y + 2h + b)2

is the root of the equation : m0 tanh m0h — v

The derivation of the potential expression in Appendix A follows a

method outlined by Thorn e (l95~) for the infinite depth case. The form of

the potential in Equation (1] is given by Wehausen and Laitone (1960)

with slight modif ica t ion. The two form. are equivalent , however , as is

shown in Appendix A. The modification to the Wehausen and Laitone (1960)

form of the potent ia l  involves a change of sign in one of the terms within

the principal value integral. The chan ge is indicated by an asterisk above

the modified sign in Equation [1].

The free—surfac e elevation due to a submerged pulsating source was

selected as the parameter most suitable for observing the influence of

f l u i d  depth , source submergence , and frequency . This was done because the

free—surface elevation is a more easily recognized phys ical parameter than

the value of the potential itself. According to potential—flow theory ,

the f ree—surface  elevation is:

r~(x ,o; t)  — — $~ 
(x ,o ,t )

Numerica l determination of the f ree—surface  elevation requires that

the potential  be expressed in a form having “good” numerical behavior , that

is, converging to a solution in a reasonable manner for  all expected values

of the physical parameters .

B



.0 SOLUTIO1I OP THE PROBLEM

Appendix B provides a bri ef explanation of the pr ocess invo1~.d in

expressing the potential in terme of a series expansion which can be uaed

f or numerical computations. The resulting form of th. potential is:

$(x,y;t) — 
~~~~~~ f (W~+v) . ~~ cosh 

~~1 cosh m0(y+h)cosh m0(b+h)s in (m0Jx-a I— at)
‘n0 L 2m0h+sinh 2m0h j

[2]
cos m.~(y+h)cos ln~(b+h)e kt~

C
~~ cos at

m. (hm k +hv -v)
k—l

where are the positive, real roots of the equation

m.K 
tan ‘5k — —v

and in~ is the poetive , real root of the equation

in0 tanh in0 — v

The free—surface elevation thus becomes :

n(x,o;t) — 
I(rn~+v)e~~ 0hCOsh 2 m0j il cosh m0(b4h)cos (in0J x—a~ —at )m.~,g [2m0h+einh 2m0h J

2 2 (3]

- 
~5 m ~_ + V 

mk (b+h)e mk L l  sin at

~
L
i~~ 

(hink
2+hv 2—v 

m.~(hco5

A computer program has been developed for numerical evaluation of Equation

( 3 ] .  The details of the program are given in Appendix C.

9

__________________ .r - ____________



S

PRESENTATION AND DISCUSSION OF RESULTS

The results of a study that systematically varied the value of the

principal parameters, the water depth, the depth of the source below the

free surface , and the frequency of oscillation are presented at the end

of this section in Figures 2 — 5. The computations for a given wave form

were performed for constant values of all the physical parameters, with

the exception of the x—distance of the field point from the source. The

x—distance was varied so that the wave form in the figures represents a

“slice” of the wave at an instant in time. The source strength was unity

for all computations.

Figure 2 provides a comparison of the wave f orm generated by using

the finite depth program and that generated by using a previously developed

infinite depth program. The conditions f or the finite depth runs were:

h (water depth) 10 f t

b (source submergence) — —3.0 f t

a (frequency) — 3.5 rad/sec

For the inx inite depth runs, the source was located at —3.0 ft and

the frequency was 3.5 rad/sec. The values of the time parameter selected

for both programs were t — 2.0196, 4.0392 and 5.3851 sec. These values,

in combination with the selected frequency, result in the at term in

Equation (3) assuming values of n/4, w/2, and 0 respectively. Both phase

and amplitude of the resultant wave forms may be compared by calculating

the wave forms at several different values of time.
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0
Figure 2 demonstrates that the infinite and finite depth results are

in close agreement for selected conditions . There is a small difference in

the wavelength (A) , with the finite depth wavelength equal to 16.4996 and the

infini te depth wavelength equal to 16.5158. Otherwise , agreement between the

wave forms generated by the two programs is quite close . Shown in Figure 2b

as a dashed line is a 5—f t depth case with other conditions the same as

for the 10—ft case . The results exhibit the expected characteristics :

first , the wavelength is reduced (A — 15.8938 versus A — 16.4996) and

second , the amplitude of the wave is increased.

Figure 3 illustra tes the results of keeping water depth, frequency, and

time constant while varying the depth of the source. For all of the runs in

Figure 3, water depth was 6.0 ft , freq uency was 3.5 rad/sec and time was

2.0196 sec whereas source submergence varied between —5.0 and -1.0 ft. The

wavelength remains the same at all values of the source submergence because

wavelength is a function of in (A — 2ir/m ), and in
0 is independent of the

source submergence. The amplitude of the wave is dependent on the source

submergence , however , as is the “range” of the significant influence of the

logarithmic terms. The asterisk in Figure 3a indicates that the value of

the term that contains both the principal value integral and the logarithmic

terms is less than 0.0001 at an x—distance of 21.0 from the source for the

—5.0 source submergence case . The asterisk in Figure 3e indicates that the

corresponding point for the —1.0 source submergence case occurs at a some—

what smaller value of the x—distance (x • 20.0). In addition , the importance

of the term as a percent of the total wave height is more significant for the

b — —5.0 case than it is for the b ‘.4.0 case , thus the statement that the

significan t influence of the logarithmic terms is decreased as source

submergence is .

11



Figure 4 indicat.s the •ffsct of varying the water depth while holding

source submergenc e, frequency, and t1~e constant. Water depth was varied

between 3.0 and 3.0 ft while source submergence , fr.qu.ncy, and tie. wer e

held constant and equal to —2.0 ft, 3.5 rad/s.c, and 2.0196 sec respectiv.ly .

The water depth affects both wave amplitud, and wavelength. The

wavelength becomes significantly shorter as depth decreases. In Figure 4a

(h — 5.0) the wavelength i~ 15.8938 whereas in Figure 4c (h — 3.0) the wave-

length is 14.3058. The wave amplitude increases as water depth decreases.

Also, as water depth tends toward small values, the rate of increase in wave

height becomes large .

Figure 5 shows the wave form that results from a lower frequency of

osci llation. Part a of Figure 5 corresponds to part a of Figure 4 in all

para met ers except frequency . The wave form in Figure 5a is for a frequency

of 2.5 whereas th. wave form in Figure 4a is for a frequency of 3.5. The

same cor r espondence exists between Figures 4b and 5b.

The lower frequency results in longer wavelengths and a slightly

smaller amplitude compared with the higher frequency case. As in previous

examples , the results shown in Figure 5 indicate that as water dep th

decreases , waveleng th decreases and wave height increases. For the same

change in parameters, however , the effects of depth on wavelength are

slightly more noticeable for the lower frequency than for the higher

frequency results. For example, the ratio of the wavelengths in Figures

4a and 4b was 1.04 where as the corresponding ratio for Figures Se and Sb

was 1.08. A comparison of the amplitudes in Figures 4s and 5a shows that

th. wave amplitude for thi lower frequency was less than that for the higher

frequency (0.0472 versus 0.0460) .

12
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CONCLU SION S

As a result of this study, the following conclusions may be drawn :

1. The techn~.ques employed in this study, for  a numerical eva luation

of the f inite depth potential , will allow the extension of the source

distribution method to prov ide two-dimensional added—mass and damping

characteristics in a fluid of finite depth for use with modern ship motion

strip theories.

2. Comparisons between wave forms computed f rom both f in i t e  and

infinite depth pàtentials indicate that fluid depth does not begin to

signi f icant ly  alter the wave form unt i l  the ratio of wavelength to water

depth is 1.7 or greater .

3. The deeper the submergence of the source , the lower the amplitude

of the wave fo rm.  Wavelength is not a f fec ted  by source submergence. Also,

as the source is placed closer to the free surface , the significant effects

of the logarithmic terms in the potential expression decay more rapidly

with distance from the source.

4. As f luid depth decreases , wave amplitude increases and wavelength

decreases. The rate of increase in wave amplitude is increased as fluid

depth decreases .

5. Pulsating frequency, or frequency of oscillation, af fec ts  both

wavelength and wave amplitude. With other parameters held constant , the

effec t of fluid depth on wavelength becomes more noticeable and wave amplitude

is reduced as frequency is decreased .
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APPENDIX A

DERIVATION OF THE VE LOCITY POT~ IT IAL FOR WATER OF FINITE DEPTH

The derivation of the velocity potent ial for a sourcs pulsating in a

fluid with fre. surface and f in i te  depth is presented in this appendix.

The derivation follows a mathod suggested by Thorne (1953) for the infinite

depth case. However, the computer program us•d to evaluate the potential

is based on a form due to John (1950) and elaborated on by Wehausen and

Laitone (1960). The two forms are equivalent , however , as will  be shown

at the end of this appendix.

COORDINAT E SYSTEM AND I DENTIFICATION OF PHYSICAL P ARAMETER S

Figure A.l shows the coordinate system used for the derivation and

illustrates the basic geomatr ic parameters. The y—axi s is positive

downward and the x—axis is in the undisturbed free surface of the f lu id .

(°.‘b)’ 
~

— 

r Fr.. SsarI ocs 
— ~~~~- •~~.v )(sb )  .---j

k

Bottom

V

Figur e A.l  - Coordinate System and Problem Geomat ry for Deriv at ion

of the Potential Expression
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The coordinate system is the same as employed by Thorne (1953)

but differen t than that employed by Wehausen and Laitone (1960). The

latter employ a system that has the y—axie positive in the upward direction ,

as shown in Figure 1. The computer program also employs the coordinate

system shown in Figure 1 and not the one given in this appendix.

The phys ical parame ters ar e def ined, as follows:

h • depth of fluid as measured f rom the me an free surface

to the bottom; the bot tom is assumed to be uniform

a — x—location of the source -

b — y—location of the source

—l0 — tan (x—a)/(y—b)

0’ — tan~
1 (x—a)/(y+b)

r - /~x-a)~ + (y—b)
2

— /~x_a)
2 + (y+b )~

’

x — x—location of the point at which we wish to compute

the value of the potential

y — y—1.ocation of the point at which we wish to compute

the value of the potential

a — frequency of oscillation of the source

STATEMENT OF PROBLEM

Since this analysis is for the two—dimensio~*l case , the singularity

viii. be logarithmic in form. The statement of the problem has been presented

in the main text , but it is repeated here for continuity of presentation.
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and because of the possible confusing over the d i f fe ren t  coordinate systems .

We seek a function of the form

~(x ,y;t) — $1
(x ,y)coe at + c~2

(x ,y)sin at (A—li

def ined for y ~ o , except at (a ,b ) and satisf ying the conditions

1. — 0, i — 1,2, excep t at (a ,b)

2
2. + ~~

-
~-- — 0, 1 — 1,2, v — a /g -

3. — 0, i — 1,2, at y — h

4. The radiation condition , i.e., the waves are outgoing as x tends

to infinity

5. 4>1
(x ,y) — log r/ r ’ + ~~ (x ,y)

DERIVATION OF POTENTIAL

Thorne (1953) suggested the following form for the ~~(x ,y) potential :

$(x ,y) _f[A(k)sinh ky+B(k)cosh k(h_y)]cos k(x—a) dk (A—2]

This is a ha~monic function that satisfies condition 1 since

oxx — fk
2 A(k)sinh ky+B(k)cosh k (h_y)]  cos k(x-a)dk

— Of
~

2 A(k)sinh ky+B (k) cosh k (h_y)]  cos k (x— a)dk

and hence oxx 
+ oyy — 0. The •2

(x ,y) potential will be determined later

to satisfy the radiation condition (Item 4). The function A(k) and B(k)

must be chosen such that the integral in [A—2] converges in the region

-— < x < — , 0 < y < h

To accomp lish this task , the expression for •1(x ,y) is put into the

free—surface condition (Item 2) to give :
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1o~ 
L, + viog , + .

~
,[ ~~k)sinh ky+5(k)coeh k(h-y~cos k(x-a)dk

+ vj ’[A(k)sinh ky+B(k)coeh k(h_y )]cos k(x—.)dk • 0 (A-3 1

At y — o, th. following is true from consideration of the gso~~try of

the problem :

r —2br —, — 2 2 (A—4Jy r (x—a)+b

The derivative in (A—3] may be •xpr.as.d as follows

ky+B(k)co ah k (h_y)] coB k (x— a) dk

[A-Si

.L[~~~~
cosh ky—kB (k)sinh k (h_y)] cos k(x—a)dk

Substi tuting the FA—4 1 ~nd (A—5] relations into (A—31 for y — o give s

sinh kh—vcosh khl cos k(x—a)dk 2b 
2 2J (x-a) +b

The “well-known” identity*

fe

_8
~c.o~ mx(hc — 2 for B > 0

can be written in ten~ of the problem variables as

2Je
kbcos k (x—a)dk — 

2b

(x-a) +b
0

Using this I dentity with Equation (A—6 ] and equating the integrands of the

resulting integral expres sions gives the following equation in A(k) and B(k):

* Se. Hodgm.n (1959), page 314, nueb.r 430.
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-kb
k • 

-kA (k )+2e
~ -ksinh kh+vcosh ~~ (A-fl

Consider now the bottom condition (Item 3). The final form of the

function muat satisfy this condition for y • h. At y • h, the

problem geometry gives :

~~ 
r h—b _______—~~og . — 2r (x-a) +(h—b ) (x-a) +(h+b)

k( x-a)dk (A—8]

Setting y — h in Equation [A—5 J and equating th. right—hand side of this

expression to the integral in (A—8] yields the integral equation

j kA(k)cosh khcos k(x—a)dk _ _2je
1
~~cosh kbcos k(x—a)dk [A—9 ]

It can now be observed that in order to iatL.fy the bottom condition the

following must be true :

A(k) - k;o:h kh sinh kb [A-b )

The combination of Equations (A—fl and [A—b ] provides an explicit

expression for B(k):

-kh -kb
B(k) — 

2(e sinh kb+e cosh kh) [A— il]
cosh kh(ksinh kh+vcosh kh)

Int roducing th . expressions for A(k) , (A— b ) ,  and 3( k ) ,  (A —il ] ,  into

Equation (A—2 J gives the desired expression for the potential :

— 2 1 Jcosh k(h-b)co.h k(h-y) - e~~~ sinh kbsinh ky 
~~~ k x-a)dk~~~~~ J t~~

s)
~ 
kh(vcosh kh—ksinh kh) kcosh kh

0 (A—12 J
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The next step is to determine $2(z,y) , which is the second term in the

potential expression in (A—i); •2(x,y) must be selected such th.t •(x,y;t)

represents an outgoing wave M X  tends to infinity (the radiation condition).

To accomplish this step , the form of the •~ 
potential f or large values of

x must be found. This requires evaluation of the integral in (A—12] around

a contour formed by the quadrant R(k) > 0, 1(k) > 0 but excluding any singu-

larities that occur along the R(k) axis. Figure A.2 shows such a contour.

1(k) 

~ R(k)

Figure A.2 — Contour of Integration

It is convenient to rewrite the integral express for $0
(x,y) differently

than that shown in (A—12] to give:

2I Ikcoeh k(h—b )cosh k(h—y)—e~~ ’sinh kbsinh ky(vcosh kh—ksinh kh)
~ L kcosh kh’(vco*3 kh—k sj nh ’kh ) 

-

.cos k(x—a)dk

— 2J’2$~~ cos k(x—a)dk [A—l3]

We are concerned with the case where k is greater than zero. The only

singularity in the integral expression , (A—13], therefore, occurs at the

value of k — iu~, where is the postive, real root of the equation:

vcosh kh—ksinh kh — 0 (A-l4]
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The integral expression in (A—l3] may now be written as the sum of the

integrals along the parts of the contour of integration plus the value

of the residue term at k — in0 :

~ ~aa i{[-~~~ Q
_ikx

dk} — R e 1 {~
’
2~~L e d B

- _iir(Rssidue]e~~
0
~’

—~~~~~~~~~---
_~~~~~~~~~~~~~~~~~~~ 

flX~~ (A—l5]

+}
~ 

~~~~ 
e~~~~

0
’
~d (Re

10)
q (Re )

where along the axes

k — B+in, dk dB for —~~~~~

dk .idri for

and along the arc

k — ReiO dk — iRe~
0d0

R > 0 , 0 < 0 <

The individual expressions in (A—l5] are now examined.

The integral alon g the arc

it /2

f p(Ra t0) ixRe10
jReiOdO

.~, 
q(Re 0)
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tends toward zero as R -~ .

The integral along the imaginary axis

~ 
(‘p( in) flXdJ q( in )  e Ti

0

tends toward zero as x -~ ~~.

The integral along the real axis is the principal value Integral we seek to

evaluate. The integral on the left—hand side of (A—l5 ] is an integral about

a closed analytic region and is zero by the Cauchy integral theorin . The

value of the residue term is determined in the following manner:

Define

1(k) — and b
1 — the residue at k — in

0

According to Churchill (1960), the residue of f(k) due to a singularity at

k — in0 existø if

a.

b. q(m0) ~ 0

c. q’(m0) ‘~~ 0

Since inc, is defined as the root of the q(k)  function and q (in0) — 0 ,

condition b is satisfied. Likewise condition a is satisfied since p(m 0) ~

O if k > 0 , and such a restriction on k has already been specified . The

expression for q’(k) must be examined to determine whether condition c is

met by the f(k) function. Now, q ’(k) may be expressed as:

q’(k) - vcosh 2 kh + 2kvhsinh khcosh kh

- ksinh 2kh - k2hcosh 2kh
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Also , at k • in0,

v - in0 
~~~ 

and q ’(m0) • sinh m0h + m0
2h

In order to sa t i s fy  condition c the exp r.ss~on

sirth 2m0h + 2m0h ~ 0 (A-1 6J

must be true. The only root of Equation [A—l6] occures at 2m0h — 0

or at m0.O since h is always greater than zero. The value of in0

cannot be zero if h is greater than zero and therefore condition c is

satisfied . The residue term in Equation (A—iS] thus becomes

b — 
-2cosh m~,(h-b) cosh m~ (h—y) ( A — l i ]1 2m~h + sinh 2m0h

All of the integrals and terms in Equation (A—1 5] have now been evaluated.

Taking the real part of the resultant form of the integral yields an

expression that is introduced into the potential function , Equation (A—12],

to yield the following form for ~0 (x ,y) for large x :

• ~ — 
4rcosh m~(h-b)cosh m~,(h—y) ~~~ [A-18)2m0h + sinh 2m0h °

As x becomes large , the logarithmic terms dissipate rapidly. This means

that the sum of •(x,y) and $2(x,y) must combine to ensure that the radiation

condition (Item 4) is satisfied. A function that performs this task is:

— 
—4itcosh m,,(h—b)cosh m~(h—y) c a A—19•2~x,y, 2~~h + sinh 2m~,h ~ mOX

All of the functions required to obtain the total velocity potential

expression are now available.

Introducing •(x,y), Equation (A—12], •2(x,y), Equation (A-19],

and the logarithmic terms into Equation (A—i] provides an expression for
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the velocity potential that satisfies all requirements and constraints :

— —p- + 
,f j cosh k(h —b )co sh  k(h — y )

•(x,y, ~ 2~ ~ 
og r ’ J (cosh kh (vcoah kh—k sinh kh)

- e~~
1
~sinh khsinh kY} k(x_a)dk

]
cos at

(A-20]

— 
2gcosh m,.~(h— b)c osh m0(h—y) cos m0 (x- -a) sin at

2m0h + sinh 2m0h -

This is the same as the form derived by Thorne (1953).

ALTERNATE FORM FOR THE VELOCITY POTENTIAL

The most convenient form for the velocity potential is not the one

expressed by Equation (A—20]. Because of planned adaptat ions of the

numeri.a1 evaluation of the potential , a form given by Wehausen and Laitone

(i960) is more desirable . The princi pal differences between the two

al ternate  forms stem from the reference coordinate systems employed by the

individual investigators . As mentioned previously , Thorne (1953) employs

a coo rdinate system with the y— axis positive in the downward direction , as

shown in Figure A.l. Wehausen and Laitone (1961), however, base their

potential on a coordinate system with the y—axis positive in the up

direction as shown in Figure 1. Other differences are due to slightly

differing methods of representing geometric parameters. To convert from

the potential form in Equation [A—20] to the equivalent expression as

given by Wehausen and Laitone (1960) requires the following transformations

and identities :
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y — — y , x —  x

a • a , b — b

h - h

J i  

— cos r~ e~~~di.i — log (r 2+B2 ) u / ’2 
, ~ > o

(A—21]
f — B ~ —hii h-e —e di.~ • log B B > 0

e~~ 0~’sinh tn~h 
- 

2e inohcosh m0h - __________

vh+sinh~ in0h 2m0h+sinh 2tn0h hin0
2 hv 2+~

Substitution of (A—2l] into (A—20 ] and algebraic manipulation results in

the desired form of the velocity potential :

• ( x , y ;t)  - .
~~~~

- [‘og ~ + log .~~ - _ 2
~~{ 

0 C 0  
kh~~cosh kh con k(x-a)

+ 
~~

___

} 
dk]cos at (A— 22 ]

~ e~~o
hsinh m0hcosh in~(h+b)cosh m0(y+h) cos m~(x—a) sin at

in0 vh + sinh m0h

where r - / (x — a )
2 + (y—b) 2

r2— 
,4x_a)2 + (y+2h+~~~

’
, and y is positive upward .

The source is thus located at a distance y—b beneath the free surface and

the bottom is located at a y.—h distance from the free surface.
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APPENDIX B

SERIES EXPAN S ION S U SED TO NUMERICALLY EVALUATE THE VELOCITY POTENTIA L

A brief outline of the procedure used to derive a series expansion for

the finite depth velocity potential is provided in this appendix . A more

detailed explanation may be found in John (1950) .

The integral expression for the potential is given by equation [A—22]

but is repeated here for convenience:

•( x y t )  - ~~ Fl~ ~ + i~ 
_~~~~~ ~~~~~ 

e
_kh

cosh k (h+b)cosh k (y+h ) c os  k(x-a)
2ir L h g h J k ksinh kh — ~cosh kh

0

-kh 1
_

~~~~~
— dkJ cos at

[A-22 ]

— QV~ino ~~~~~~~~~ in0hco sh mo (h+b)cosh m0(y+h)cos m0( x-a) sinat
vh + sinh2 m0h

The first step is to express the coefficient of the sin at term in the

potential expression, equation [A—22], in a different form through use of

the following identity :

e~~’°1
~sinh m0h 

-

vh + sinh 2 m0h hm0
2-hv2+v

Next, the identities provided by equations [A—21] are used to include the

bogarit~znic terms under the integral in the coefficient of the con at term

in equation [A—22 ] .  The integrand of the result ing integral is now

expressed in the form of a partial fraction expansion and integrated term

by term. The resultant expression for the potential is:
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•(x , y ; t )  — 2 2 -~~sh m0 (y+h)cosh m0(b+h)sin (m0J x—a~—at)

0 hm0 -by
— 2 2 (B— i]

— ~ h 2 + h v 2—v 
COB m.K (y+h)cos mk (b+h) e~~ k k 8 t cos at

k-i

where in
0 

is the positive real root of the equation

in t a n h m h - v
0 0

and are the positive, real roots of the equation 
-

tan m.~h — -v

The asterisk under the cos at in equation [B—i] indicates that this

term differs from the corre spond ing term in the expr ession given by

Wehausen and Laitone.

An expression for the free—surface elevation may now be found by

recalling that

n (x ,O ; t)  — — •~ [B—2]

Introducing the time derivative of the potential expression in equation

(B—2] results in the following equation for the free—surface elevation:

2 2

n (x ,o ;t) — 
~~~ 0 

—v 

2 
cosh m hcosh m0 (b+h)cos (m0I x—a j—at)

~~~ 
hm0 —h’v +v

[B — 3 3

— ~~ cos m.Khcos mk(b+h)e mkI
~~~~ sin at

k— i

35
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A slight ly  d i f f e ren t  form of thia expression was adopted for use with the

computer program. This form employs the identity

-m0h2e cosh tn~h —
2m0h+sinh 2tn0h h%

2
—hv

2+v

to change the form of the f i rs t  term in equation (B—3 ] .  The f inal

expression for the free—surface elevation, as pro granuned , is:

n (x ,o ; t)  — ~~~~~ 
(mo+v)e

_inOhl cosh 2 
m0h cosh in0 (b+h)cos (m~~x —al — at )

m0g 2ni0h+einh 2m0h

2 2

~~~~~~ 

mk +v -m,~j x -  al 
(B-4]

g 
~~ hin,~

2+hv
2
— 

cos tnkhcos m.K (b+h)e sin at

k— i
This representation is valid for b>O , h>O , and r # 0.
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APPEND IX C

COMPUTER PROGRAM , LISTING , SAMPLE INPUT AND SAMPLE OUTPUT

The computer program has been assembled for use with a CDC 6700

computer and is written in the Fortran IV language. The program is easily

adaptable to any modern high—speed computer with only minor changes in the

Fortran IV program listing. No special input , output , or external storage

devices are required . The program consists of one main program and two -

subroutines. The total program is entitled FINDEP ; a ), isting is provided

at the end of this appendix.

MAIN PROGRAM 
-

The main program performs all input, output, and most of the numerical

calculations involved in determining the free—surface elevation . The

potential itself is not actually determined , but the program could be -

easily modified to provide such data .

The infinite sum term found in equation [B-4] is evaluated to N number

of terms in the main program. A convergence criterion, stated below ,

determines the value of N for each value of x at which computations are

performed . For computational purposes , the value of all parameters were

considered constant except the x—distance of the field point from the source.

The resultant wave form , therefore, represents a “slice” of the wave at an

instant in time.

The convergence criterion of the infinite series is based on the

difference between the average values of the summation term . Figure C.l
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shows a typical plot of the term P1112 (k) versus k for x — a — 0. The

symbol PHI2 (k) represents the sum of the individual terms In the infinite

series. As can be observed in the f igure , convergence of the series to a

representative value is quite slow. An estimate of the convergence value

is made by determining the maximum and minimum values of P 1112(k), taking

the average of these numbers, and returning the value of the last average

when the difference between previous averages is less than or equal to

0.0001. The value of N at which the criterion is met is the number of terms

at which the series is truncated . If the convergence criterion is not met

by the time N — 189, the average of the last minimum and last maximum value

is returned . Thus, the value of N never exceeds 189 .

For values of (x—a) not equal to zero, the series convergence is

greatly accelerated because of the rapid decay of the exponential. term.

SUBROUTINE ROOT1

The ROOT1 subroutine computes the root, n, of the transcendental

equation

n tanh n B

where n — m0h and B — vh- The technique used to solve the equation employs

the “Newton—Raphson” iteration technique with a convergence criterion that

requires the incremental estimate for the root to be less than or equal to

O.C000l. The “Nevton—Raphson” technique works quite well and a suitably

accurate root is generally attained within seven iterations . Figure C.2

presents a representative graphical solution to the equation for

hypothetical probiem parameters. It is clear from the figure that as B

gets large, the value of B/n approaches 1.0, and that the root will

aivay s be positive and real. A detailed description of the “Nevton—Raphson”

technique is given in Hildebrand (1956).
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SUBROUTINE ROOT2

The ROOT2 subroutine computes N number of roots of the transcendental

equation

s tan a — -B

where a — m,~h and B — vh. As with subroutine ROOTI, the “Newton—Raphaon”

iteration technIque is employed to determine the value of each of the

required N number of roots.

Figure C.3 provides a representative plot of a graphical solution to

the subject equation for typical values of the problem parameters. The

positive, real roots of the equation are sought, and the roots must there-

fore lie- in the second and fourth quadrants where the tangent function is

negative. As a gets large, the value of the root approaches kn, where k

is the summation index as shown in equation [B—4J.

INPUT

The required input is identified below together with the data card

requirements. Two data cards are required.

Data Card 1 (7FlO.4)

The following floating point parameter values provide input via data

card 1. They are listed in the order in which they must appear on the card.

1. Q — source strength 4. H — water depth2. C — gravitational constant 5. A — x—location of source
3. F — frequenc y 6. B — y—location of source

7. T — t i m e
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Data- Card 2 (P10.4 , 16)

The parameters that provide input via data card 2 are as follows:

1. STEPX — incremental value of x

2.  STEPY — incremental value of y

3. STEPZ — number of points at which the free—surface
elevation will be calculated plus 1

The size of the increment step within the range of x is determined by

STEPX. The value of STEP? must always be zero. The value of (STOPZ—l)

determines the range of the calculation. Thus, the number of values of x

at which the elevation will be calculated, M, is- (STOPZ_1)*STEPx — 1’f

For the present intended use of the program, inclusion of an iteration

on y is not necessary. It was included , however , because of planned

extensions to the program that include the calculation of the velocity

potential at points other than on the free surface.

The program is constructed such that all calculations start at a

value of x — 0.0.

SAMPLE INPUT AND OUTPUT

A sample set of parameter values and constants is identified below in

terms of the variables in equation [8—4].

Data Card i Q—l.0 ,g—32.2 , b— 3 . 5

h — 6.0, a — 0.0, b — —4.0, t • 2.0196

Data Card 2 Incremental value of x — 1.0

Incremental value of y — 0.0

Range of x values + 1 — 42
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The results of operating the progr am with  the above input values

are shown in the “OUTPUT ” l isting at the end of this appendix. Other

than t i t l e s  and i den tit i at ions , the f i rst inf ormation output is a listing

of the input data-  Certain inter im Lalcu la t ion terms are printed next :

2
SIGMA — ~ /g

GMU —

ANGL 1 - cosh m0(b+h )

SINF — sin at

COEF1A - 
m~~v e

_mo~coah m0h

COEF1B - 
cosh m0 (b+h)
2m0h + sinh 2m0h

COEF1 a 2*COEFFIA*COEF1B -

and the calculated wavelength . The f inal  output list includes the listing

uf the wave height as a function of x and y, the number of ioops plus 1

(N + 1) required for the infinite series to meet the convergence criteria

(LOOPS), the last value of m.K for each x iteration (M(k)), an interim

coefficient value (COEF2), the coefficients of the cos (m~,( x—a J —at) term

in Equation (2] (PHIl), and the coefficient of the sin at term in Equation

[B—4] (PHI2A(k)).

The execution time for the program is in the neighborhood of 10 sec

for the sample problem. The greatest amount of time is consumed in

determining the convergence value of P 1112(k) for  the x - a a 0 case. The

program is quite economical to operate.

42



S

PROGRAM LISTING

PROGRAM ~ IP~~(P I INPUT,OUTPUT ,TAP!i.TNPUT,yAp(6.OuTpuy)
D!MtP4S!ON PN12(200),X(20O),Y(200),PHI1 200),ET*(200 ,NO (200),Apo(2
iOn) ,APGH(200) ,PMU(200) ,BMU(200) ,WAYOUT (200) ,COEF2(200) ,PMIMA(100),
2P)4 12A( 100)

RF~AL LAM BDA
INTEGER STOPZ
COSH(W)a0.5~ (f XP(W).1.0/EXP(W))STNW (W).0.5•(EXP (W)—i.0/EXP (W))
RF A D(5 ,1)  0 .G.r ,H,A ,B ,T

I FOP 4AT (7F 10.4 )
RF:A0 (5,2) ST~ Px ,STEPV,5T0P7

2 F ORNAT (2F10.4,16)
STGMA.F•F/G
S TGNA2*S 1GMA~S IGMA
STGMAP4 .SIGMA*H
CALL P0011 (SIGMAH,FMU,P4)
GMUw FMU/H
I AMRDA~6 • 2R32/GMU
GMU2=GMUCGMU
F PF0sF~ TPOWA. EXP (— ~ MU)
AMPL !=0~F/GCOSFaCOS (FPF~0)
SIN ~~ S1N tFR~ 0~i
ANGL1.COSH(GI4U*(R.14))
ANGL2.SINH (2.*FMU)
ANGL3zCOSH (FMU)
Cfl~F 1*. (GMU .SIGNA) •POWA ~ ANGL 3/GNU
COE~F1A=ANG11/ (2.*FMU,AP4GL2)
COFF1.2.~ COFF1A~COEFi8
X (1).—S1TPX
Y(i).—STEPY
DO 100 JJz2,STOPZ
X (JJ )aX (JJ- 1 ) .STEPX
~
‘ (JJ)~ Y (JJ—1) .STEPYAPG(JJ).G)J~ (A8S (X(JJ)—A) )-FPc QAPG$4(JJ) .GNU~ (Y(JJ) ,H)PHT1 (JJ) CO€F1*COSH (APGH (JJ))
PH!2(i)a0.
Cfl!F2(1)a0.
KPCaO
KM!N.0
KMAX.0
DO 90 (.2,190

CALL R0012(SIGMA$4,AP41J,1,K)
!F(I.GT.100) GOTO SO
BMtJ (K) • AMU
AMU.AMU/H
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APGO.AMU •(V(JJ ) .14)
F 

ARGI .*MU’(R.$)
P0W.ANUe A~~S IX (JJ) —A)
AMU2.AMU *AMU
COEF2(N).(AM U2.SIGWA2)/IA MtC(H*A MU2.H.SIGNA2—SIGSIA,)
D (POw.GE.200.O) GO TO 56
Pw 12 (K) aPp4I2 (K—i) .COEF2 (K) *COS (ARG 1 •COS (ARGO ) ‘UP (—POW )
GO TO 57

56 PNIN PHI2(K—1)
PI4AX.PHI2 ( K—I )
GO TO 43

57 D(K.GT.4) GO TO 40
GO TO 9O 

-

40 IF (PH12(K—2).E0.~~4I2(K—I).ANO.PH12(K—1).EO .P$4!2(K)) GO TO 39
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ GO 10 41
IF (PHI2(K—2).LE.PNI2(K—1).AND.PN12(P~—I),G(.PN!2(K)) 60 10 42GO TO 90

41 KMTN.KMIN.i
PMINaPP4I2 (K—i)
IF (KMAX.EO.O) GO TO 90
GO TO 43

42 KMAX .KMAX .I
PMAX.PH!2(K—i)
IF(KMIP4.EO.0) GO TO 90
GO TO 43

39 PM INzPKI2 (K—i )
PMAXmPI4T2 (K—I)

43 KK.KK.1
PI4IMA (KK ) z.5’ (PNIN .PMAX)

22 D (KK.GE.2) GO 10 44
GO TO 90

44 OTFFaP .4IMA (KK)— PNIMA (KK—i)
Ir (ARS (DIFF ).LE..000i) GO TO 95

90 CONTINUE
95 NO(JJ)~ L

PHT2(NO(JJ) ) .PMIMA(KK )
ETA(JJ)aAMPL I’(PHT I(JJ)’CO! (APG ( JJ))— PP412(NO(JJ))’SINF )
PMU (JJ)aAt4t J
WAVOUT (JJ) .CO~~2 IL)pNr2A (JJ )zPt4!l~A (KK )
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100 CONTINUE
GO TO 30

50 WP!TE(6,55) I
55 F ORMAT (20X ,3H 1.,16)

W PTTE (6,58) JJ,K
SA FORMAT(20X ,4H JJa ,13//20*,IH Ka ,I3)

GO TO 20
30 WQITE (6,7)

W RITE (6,3)
3 P OPNAT( 11OH PROGRAM TO COMPIJTE THE FREE SURFACE DISTUPRANC E DUE 1’
1 A STATIONAR Y PULSATING SOURCE IN WATER OF FINITE DEPTH)

WR ITE (6,4)
4 FORNAT(// / / / )

W RITE (6.5)
5 FOP’4AT (22H THE INPUT VA LUES AR E— )

W RITE (6 ,6)  Q,G,F, P~,A ,R,T
6 FO PNAT (23X,17H SOURCE STREPGTH. ,Fl0. 4//23X,22M GRAV ITAT ION CONSTAN

ITz ,F I0.4//23X,21H PUISATTNC• FPFOUENCIs ,Fl0.4//23X,13H WA TE R DEPTH=
2,Fi0.4//23X,22H X LOCATION OF 5OUPrE~~,F i0 .4/ ,23X,2?H V LOCATION OF
3 SOURCE= ,F lO.4//23X ,6H IIMFs ,F)0.4)
WRT1t (6,il) STE PX,STE PY,STCPZ

Ii FORMAT (//23X,7H STEPXz ,F10. 4//23X ,7H STEPY.,FlO.4//23X,7H STOPZ. ,!
13)
WR I it (6,7)

7 FOPM AT ( 1HI )
W PITE(6,12) SIGNA.GMU,ANGLI,SINF,COEF1,COEF1A,COEFIB

12 FORNAT (7H SIGNA ,FiO.4/SH G~’U.,Fi0.6/7H ANGL 1 ,$l0.2/6H SINFz,FIO .
i6/7H COEF1= ,Fi0.4/RH COEF1 A .,FI0.4/8H CO(F18= .FIO.4)
W PITE (6,R) IAM RDA

8 FORMAT(18H THE WAVELENGTH !S .1X.F10.4 )
WR ITE (6.4)
WR ITE (6.9)

9 FORMAT(5X,?H X,1OX.2H Y,11X,12H WAVE HEI-GHT,4X,6H LOOPS,8X,51$ P4( K)
1.IOX,6H COEF2,9X,5H PHII,9x,9H PHI2A (K))
WQITE (6,1O) IX (IT) ,Y (IT) ,ET* (IT) ,PlO(TI ) ,PMU(II) ,WA Y OUT (I I)  ,PHI1( II)

i ,PHI2A (II) ,II.2,STOPZ)
10 FORMA T (1X ,F10 .4 ,2X ,Flfl.4,7X,FlO .5,RX ,13 ,5X ,Fl0,4,SX,FI0.4,5X ,FI0.4

1,E X . F I O . 6 )
20 STOP

END
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SUBROUTINE ROOT 1 (SIGM*H,E NL,N)
P4.0

3 TF(S IGMA H— .7) 10,10,4
4 IF (SIGNAH—1 .O) 13,60,5
S IF(S!GMAH-1.2) I5,15~66 F MU .STGMAH
7 GO TO 21

10 D..S’SOPT(9 . — 12 . ’S!GNAM)
FMU*SORT (1.5—0 )
GO TO 21

13 FMUaI.19
GO TO 21

15 FMU.1.2
21 N=P4. 1

A=FMU4(TA NH(FNtJ ) )-S IGMAI~BaFMU* (1.0—TANH(FMU)’TANH (FMU) ).TANH(FMU)
C=AAS (A/B)
D((C/FNU)— .00001) 50,50,30

30 TF (N—I00) 40,50.50
40 FMU.FMU-A/R

GO TO 21
50 RFTURN
60 FMU’1.19967

RE TURN
END

C SUBROUTINE TO COMPUIR THE REAL , POSITIVE ROOTS OF THE EQUATION
C (M)’TA N(I ) .P*O

SURQOUTINE POOT2(SIGMAH,AML,I,K)
C TESTS TO SET AN INITIAL VALu E FOP AMU

IF (K-2) 4.4.5
4 AUUa ((SIGM*H..01)/SIGMAP4)’3.1416/2.

GO TO B
5 G.K

AMIJ.((SIGMAH,.01)/SIGMAt4)’3.1416/a.+(G—2.0)’3.14l6
GO TO A

C START OF THE NFWTON-PAPHSON ITERATION
8 1.0
9 1.1.1

T .AN U ’TAN (A M U ) .SIOP4AH
8 .AMt J . (1 .0 ,TA N(A M(J )*TAN ( A P4L ) ),TAN C &MU)
RaA~ S(T/B)

C TEST FOR SIZE OF INCREMENTAL EST IMATE
IF(P .LF..00001) RETURN
T F( I .GT. 100 )  RETURN
A MU.AMU—T/R
GO TO 9
END
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Sample Output

00005*6 70 Cfls*u10 7,4 IIf ~ SLJRPOCO DI%1U166u.Cf 01* 70 A %1*Ttfl..*p, P~~ %07 ~ ,4 %o~~~~ ç I~ •~~7!* 7. .~~~.ç n .,..

7,4 I~~ I~T VA L~*S LIP.
SOUUCI ST0066IM. 1.0000

G S L V f I*T I C ’ *  COWSYAs Y . 07.2000
PI.* .S*TDI(. ‘Sp oup Ncv. 3.300 0

wolF. OPPIs. 4 .0000

LOrATIOS Of SOt*Cf . 0.0000

I lOCAYI OL. OF SOIISCF. -4 .000 0
liMe . 7.0106

STpDt. 1.0000

StCP~. 0.00)0

37007. 4?

1106*. .3004
5’51. .307751
A’dGLI~ 1.37
31,4. 7 0 7 l 1 9
CoO,;. .080!
COOflA. 1.0000
COIFIl. .0230
7,4 W LVF LPPOOTH IS  *6 .2 08 0

V 5*40 ,4IO#7 LOOP S w~ .I COO’?
0.0000 ‘1.00)0 .0 )921 5? 26 .7012 .006? .2103 .2? ~ I0l
1.0*00 7 .11070 .03039 II 6.213* .0266 .2003 - .100770
2.1*01 0.0000 .0336? 10 ~~6SI0 .0338 .2363 - .127040
3.1900 0.0000 .03030 0 3.6479 .0859 .2191 - .004055
4 .0000 0.0000 .02301 I 3.6elO .04 55 .2 7 0 1
3.0000 0.00*0 .01341 I 3.6410 .0850 .230) - 0374 70
6_OSl O 0.0000 .00171 0 3.6410 .0430 .2301 - .02 ,237
7 .0000 0 .0000 — .00770 S 3.4479 .0435 .2103 - .016036
5 .0000 0.0000 - .11671 a 3 4*1S .0039 .230 ) .. 0 I* 3 7 ’
0 .0000 0.0000 — .02100 S 3.4479 .0439 .2301 - .00763 1

11.1*00 0.00*0 — .07345 S 3.4470 .5439 .2)0) — .003146
11.1000 0.0000 — .0241? 5 3.4473 .0450 .2301 - .00)64?
12.0000 0.0090 - .01019 I 3 4470 .0430 .219) - .06?)?’
11.0000 0.5000 — .01131 5 3.0419 .0439 .1)0) — .00*360
14 .1600 0.5000 - .00*7! 7 3.1214 .0317 .210) - .00 * 035
*5 .0900 0.0090 .001*? 0 3. 1214 .50)7 .0101 - .0007 ! !
14.1001 0.0000 .01603 7 3 .1214 .0537 .13911 - .0 00410
17 .0900 0.0090 .02364 1 3 .1214 .001? .1311 - .0001?!
11.1900 0.1000 .0730? 7 3 .1218 .0037 .210) - .000714
0.0550 0.0000 .02477 7 3.1214 .0037 .0303 - .000* 86
25.5900 0.0000 .02000 7 3.1214 .0337 .0)0) - .000000
21.0*00 0.0000 .01234 7 3.12)8 .0337 .2)0 1 ..000069
22.0090 0.0001 .11201 1 3.1714 .0337 .030) - .000084
23.0000 0.0000 -.10113 1 - 3.1214 .03)7 .210) - .000030
20.5000 0.0000 —.01657 7 3.1214 .0337 .. 101 - .000020
73.1011 0.1110 — .92233 1 3.1214 .0317 .2311 - .000014
26.5000 0.0505 - .02540 7 3.lzi~ .033? .2)01 - .00000.
27 .0050 0.1011 — .02304 7 3 . 1 2* 8  .0537 .2)03 - .000000
21.1900 0.0000 -.52057 7 3.1214 .1337 .2191 - .000004
23.5000 0.0000 — .113?) 7 3.1014 .5337 .0301 - .0000 01
30.0011 1.1111 - .11313 7 ).1b14 .0337 .2301 — .06000?
31.1111 1.1001 .10616 1 3.1214 .051’ .2)03 — .00000 1
37.0000 0.0090 .1)311 1 3.1214 .0537 .210) — .000001
31.0000 0.0005 .00001 1 3.1214 .~ 337 .2151 — .000001
36.1101 0.0000 .00334 1 1.1214 .05)1 .2751 - .000000
n So0l S.iSOS .02315 1 3 .1214  .2,17 .739) .900000
36.0000 1.1111 .02)77 7 3.1214 .0537 .2)03 — .000000
37.5000 1.0110 .51410 7 3.1214 .05)1 .230 ) - .0 0 0 0 0 0
31.0000 0.0000 .11466 7 3.12 )4  .0537 .2)07 — .0*0000
33.0150 0.0000 - .10315 7 ).IP*~ .0517 .7101 — .000000
40.0000 0.0000 — .11431 7 3 .1018 .0537 .0)0) — .000*00
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