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ABSTRACT

NIJMESH is a computer program for the numerical
generation of boundary-fitted coordinate systems for
two-dimensional regions. A numerical transformation
maps a doubly-connected region bounded by arbitrary
curves onto a rectangular computational field with a
square mesh. Nnnerical solutions of partial differential
equations may be obtained from the computational field
without interpolation regardless of boundary shape. The
mathematical procedure and the use of the program arc
described . Two types of meshes can be produced which
are usefu l for solving problems such as flow past a
submerged body in a channel or under a free surface .
The use of interactive graphics permits a mesh to be
generated, viewed, and regenerated with slight alterations ,
until a suitable mesh definition is obtained. Meshes
are shown for several configurations involving circular
and arbitrarily-shaped bodies.

I NTRODIJCT ION

The value of finite-difference schemes for solving partial
differential equations has been demonstrated by their wide-spread use in
many areas of applied mathematics, particularly in the field of fluid
dynamics. The usual problem is one in which a partial differential
equation or system of partial differential equations is to be solved on
some bounded region. Many of the available schemes are limited by
complicated geometries which give rise to difficulties stenining from

• inaccurate numerical representation of boundary conditions. The boundary
condit ions are usually best represented when the boundaries themselves
are coordinate lines. As a result, much use has been made of “natural”

• coordinate systems such as cylindrical and spherical coordinates,although

• 1

• ~~~~~~~~~~~ •~~ -- .- . -• ~. •



the practical usefulness of such systems is restricted to a few specialized
cases. A general method was needed which would give a boundary-fitted
curvilinear coordinate system for any specific geometric configuration,
such as that of an arbitrary body shape under a free surface.

This report describes NtIIESH, a computer program for the numerical
generation of such a coordinate system for an arbitrary two-dimensional
geomet ry . NUMESH uses a procedure developed by Thompson1 which leads to a
numerical transformat ion mapping a set of grid points in the physical
region under consideration to a square mesh so that each boundary is
coincident with a grid line or portion of a grid line. The numerical
solution of a partial differential equation in the physical region may
then be calculated on the square mesh without interpolation, regardless of
body shape or mesh spacing .

In Thompson’s early work,1 he describes a mapping in which a body in
the interior of a physical region is mapped to one side of the rectangular

transformed plane and the outer boundary is mapped to the opposite side.
The remaining two sides of the calculating region are the images, under
the transformation, of a cut running from the outer boundary to the body.
The type of coordinate system thus created has many of the characteristics
of polar coordinates and appears to be suitable for problems in which
there is only one important boundary, such as fluid flow about a body in

an infinite fluid.
Thompson also presents2 a transformation in which the body is mapped

to a slit within the rectangle and the outer boundary of the physical
region is mapped to the sides of the rectangle. This type of coordinate
system is more rectangular than the one first described and seems suited
to problems in which there is more than one important boundary, e.g., flow

Thompson, J.F., F.C. Thames and C.W. Mastin , “Automatic Numerical
Generation of Body-Fitted Curvilinear Coordinate System for Field Con-
taining Any Nuther of Bodies,” Journal of Comp. Physics, vol. 15 (1974),
pp. 299-319.
2 Thompson, J.F., F.C. Thames, C.W. Mastin and S.P. Shanks, “Use of Numer
ically Generated Body-Fitted Coordinate Systems for Solution of the Navier-
Stokes Equations,” Proceedings of AIM 2nd Comp. Fluid Dynamics Conf.,
Hartford, ~onn. (1975).
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about a body in a channel. NU’.IESH can produce this type of mesh , known
here as Type 1.

For the problem of flow about a hydrofoil beneath a free surface,
Thompson suggests3 another configuration in which the transformed region
is made up of two adjacent rectangles. Here the body , the outer boundary ,
the free-surface , and the cut running from the free surface to the body
are all mapped to the exterior of the transformed region. The resulting
mesh is used by Thompson for the hydrofoil problem in a fluid of infinite
depth.

NtJMESH can produce a new type of mesh, referred to as Type 2, which
has some characteristics of all three of the above configurations. The
Type 2 coordinate system, described in detail in this report, was designed
in part for the problem of an arbitrary body under a free surface in a
fluid of finite depth. Because it is polar near the inner boundary and
rectangular near the outer one, the Type 2 system allows the user to
refine the mesh in the vicinity of the body with little change elsewhere
in the field.

DESCRIPTION OF THE METhOD

The brief discussion of the mathematical formulation of the method,
presented here, and the notation, follow those given by Thompson1’2’3 and
provide background for the development of the finite difference scheme
used in I’U~1ESH.

We wish to transform a two-dimensional, doubly-connected region of
arbitrary shape in the physical plane into a rectangular region. The
transformation functions from the physical plane (x,y) to the transformed
plane (~ ,r~) are generated by solving an elliptic system with boundary

Thompson, J.F., F.C. Thames, J.K. Hodge, S.P. Shanks, R.N. Reddy, ani
C.W. Mastin, “Solutions of the Wavier-Stokes Equations in Various Flow
Regimes on Fields Containing Any Number of Arbitrary Bodies Using Boundary-
Fitted Coordinate Systems,” V. International Couf. on Numerical Methods in
Fluid Dynamics, Enschede, The Netherlands (1976).
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conditions such that one of the transformed coordinates is constant on
each of the physical boundaries . A convenient choice for the elliptic
generat ing system is the Poisson equation because the inhanogeneous terms
allow for some control over the generated coordinate system . Let the
generating system be

+ E C~ exp { -  /~~~~~~~~)2 +(~~~~~~ )2 } P(~~~)

(1)

+ + 
i~l 

D1 exp { _ / ( ~
_
~1

)2 +( n_ n 1)2 }  Q(~ ,n)

with
= const .

or (2)
n = cOnst.

on each boundary.
Since all computations are to be done on the square mesh in the

transformed plane, the dependent and independent variables are interchanged

giving
ax~~- 2Bx~~+ yx 

- J2(Px~ + Qx)
(3)

ci y~~- 2$y~~+ y y  - J2(Py~ + Qy)

where
a — x2 +

n n
B — ~~~ + y~y

(4)
y — x~ + y~
J — x ~~ -x ~y~

The boundary conditions are the physical coordinates of mesh points on the

boundaries.
The ability to alter the spacing of the grid lines in the physical

plane is necessary to improve the accuracy of the numerical solution of the

partial differential equation of ultimate interest. Since the physical

coordinates of the points at which the grid lines intersect the boundaries4



are input to the procedure, some control of spacing near the boundaries
can be achieved by adjusting this input. Further control of the mesh
configuration in the field is achieved by varying the P and Q functions in
the generating system. The ~ and r~ lines may be attracted to or repelled
from the specified points (

~j,r1
~
) in the field through proper choice of

the C. and I)..1 1
The approximation of Equations (3) and (4) using second-order ,

central differences for all derivatives yields

= 
Z(a

~~~~j
+Y

~~~~j
) { a j  ~(x~ ~+1 +x~ ~~ ~~~~

(x.~~~ ÷1

xi l j xi+1 j+l+xi + l j l )+ y . .  (x~~1~~+x.+1 .)

+ .(x. . -x. )+Q .(x. .-x.2 i,j  i,j+1 1 ,3-1 i,j i-1 ,j i+ l ,j

(5)
= 

1 J~ + )~~~~~~
(

~‘i ,J 2(a . .4y. .) ‘

~ 
j ,~ 

y 1 j+ l ~i ,j-1 2
1,3 1,3

~~~~~~~~~~~~~~~~~~~~~~~~ 
y i ,j ~ i-l ,j~

’i+l ,j~

+ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

where

= l/4 1 (x~~1~~~x~+1~~) 2 +

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

( t )

= l/4I (x~,~+1
_x

1,~~1
)2 + ~~~~~~~~~~~~~~

J — 1141
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Equations (5) and (6) may then be solved on the rectangular trans
formed field. NIJMESH uses an accelerated Causs-Seidel iteration scheme
to obtain this solution, although other methods may work as well. R , the
relaxation factor used to speed the convergence , must be chosen between
0 and 2. The computation is said to have converged after the kth i teration

when
k k-i kx . . -x. . < c  x.
1,3 1,3 1 1,3

and (7)
k~~~~~k~1
1,3 1,3 1 1 ,3

for all i ,j such that
k

X
1 3  

>

and • -• — (8)

v~~ . > C 2

There is an optimum value of R, R0, in the range 0 to 2, which causes
the scheme to converge in the minimum number of iterations. Experimentation
with various meshes has shown that this value is often about 1.6. A
choice of R greater than R0 may cause the iteration scheme to diverge. The
iteration procedure is halted after the computation has converged or
after a maxiui nn of 50 iterations. If the convergence criterion has not
been met after 50 iterations, the calculation may be converging slowly or
may be diverging. The printed output, described in the following section,

should be an aid in determining which is the case. If the computation
appears to be slowly converging, the relaxation factor could be increased.
Additional iterations can be done by using the current results as input for
another program run. If the calculation appears to be diverging , all user-
supplied input, especially the relaxation factor, should be examined to
determine the cause. Available interactive graphics routines are
particularly helpful in locating errors in the boundary input data.

As st ated earlier , NIJMESH generates two types of boundary-fitted
meshes when the physical region is doubly-connected, being bounded by two
arbitrary non-intersecting curves . The exterior curve is mapped to 

the6



perimeter of the computation region and the interior curve , hereafter
referred to as a body , as in fluid flow problems, is mapped to a slit
within the region.

Type 1: All grid l ines connect either two points on the outer
boundary or a point on the outer boundary and a point on the body . See
Figure 1.

Type 2: A predetermined number of grid l ines encircle the body and
close on themselves. Special computer code is needed to calculate grid
points near the body for this type of mesh. See Figure 2.

Both types of meshe~ are suitable when accuracy is needed near both
the exterior and interior boundaries such as in problems involving the
flow of a fluid past a submerged body in a channel or under a free
surface. A Type 2 mesh seems to he useful when hi gh accuracy i s
particularly important near the body.

Examples of the Type 1 mesh are given by Figures 3, 4, 5 , and 6.
The Type 2 mesh is illustrated by Figures 7, 8, and 9. The input parameters

discussed in the following section , which were used to generate these

examples , are siminarized in Table 1.
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TABLE 1 - I~~ JT AND CONTT~)L PAJW.U~TERS

Parimeter Fig. 3 Fig. 4 Fig. 5 Fig. 6 Fig. 7 Fig. 8 Fig 9

MAXI 22 fl 22 20 48 48 48

MAXJ 21 21 21 51 41 41 41

ISIT 11 11 11 10 24 24 24

.111 8 8 8 27 18 18 18

JRT 14 14 14 41 24 24 24

El .01 .01 .01 .01 .01 .01 .01

E2 .001 .001 .001 .001 001 .001 .001

R 1.6 1.6 1.6 1.6 1 .6 1.6 1.6

PIT 0.0 20.0 20.0 25,0 0.0 2 x 2 x 1O3

PRT 0.0 20.0 30.0 25.0 0.0 2 x 2 x
QLT 0.0 20.0 20.0 25.0 0.0 2 x 1O~ 2 x

ORT 0.0 20.0 30.0 25.0 0.0 2 x 10~ 2 x 10~
MESH 1 1 1 1 2 2 2

INTL 0 1 0 0 o 1 0

NCRIB — — — — 3 3 3

6400CPU
TIME 5 sec. 4 sec. 1 sec . 25 sac : 54 ~~~~~. 34 ~~~~~. 61 sec .

17



USE OF THE PROGRAM

INPJF

All input to the program is given in the form of 80-column card

images with variables in free format .
The variables MAX!, MAXJ , ISLT , JLT, JRT are specified on the f irst

data card. See Figures 1 and 2.
Variable Description

MAX! t’&jmber of mesh lines in n-direction (50 max.).

MAXJ !&rnber of mesh lines in ydirection (50 max.).

ISLT n line to which upper portion of body is mapped.

JLT, JRT Extremities of body on ~ axis.

The variables El, E2, R are specified on the next data card .

Variable Description

El Maximum percent change in values allowed for
convergence. c1 

in Equation (7) .
E2 Minimum absolute value of x and included in

convergence test. in Equation (8).

R Relaxation factor.

The variables PLT, PRT, QLT, QRT are specified on the succeeding data

card.
Variable Description
PLT Parameter controlling c-line attraction to

points (JLT,ISLT) and (JLT,ISLT+l).
PRT Parameter controlling ~-1ine attraction to

points (JRT,ISLT) and (JRT ,ISLT+1).

QLT Parameter controlling n-line attraction to

points (JLT,ISLT) and (JLT ,ISLT+1).

QRT Parameter controlling n-line attraction to

points (JRT,!SLT) and (JRT,ISLT+l).

The variable MESH, control variable for the type of mesh to he
generated , is specified on the next data card . Setting MESHz1 results in

a Type 1 mesh; MESHs2 produces a Type 2 mesh. If MESH 2 , the variable

18



NCRTB , the number of grid lines completely encircling the body, is given

on the card following. The NCRIB data card is omitted if MESHs1.
The ccmtrol variable for mesh initialization , INTL, is specified on

the succeeding data card. If INTL=0, boundary input data follow s
innediately. If IN’rL~O, the mesh is initialized by reading the previously
generated mesh coordinates from input file device TAPE44. The boundary

I,~put data cards , if needed , specify the x- and y-coordinates of the
boundaries . Each card has an x value followed by a y value ; the
coordinates are read in the sequence given in the following table.

(Refer to Figure 1 for Type 1 mesh and Figure 2 for Type 2 mesh,)

Type 1 (Figure 1) Type 2 (Figure 5)

1) A t o B  1) A t o B
2) Dto C 2) Eto D

3) A t o D  3) A to L
4) B toC 4) Bto D

5) E to F (upper) 5) K to L
6) E to F (lower) 6) N to M

The following table si.zumarizes the user-supplied input needed to

generate each type of mesh :
Type 1:

Card No. Variables
1 MAX!, MAXJ , ISLT , JLT , JRT
2 El , E2 , R
3 PLT , PRT, QLT , QRT
4 MESH
5 INTL
6ff. boundary input data (if needed)

Type 2:
1 MAX!, MAXJ , ISLT , JLT , JRT
2 El, E2, R
3 PLT , PRT , QLT, QRT
4 MESH
5 NCRIB
6 INTL
7ff boundary input data (if needed)

19



cin ~~~rr

The printed output consists of all the input parameters , the number
of i terations performed, and ERROR. ERROR is the maximum percent change
in the x- and y-values that occurred during the last iteration. This
output may be used to check the accuracy of the input data and the
convergence of the iteration scheme . The arrays X , Y , SI , TA are written
in free format to the output file device TAPE33 in a form suitable for use
as initialization input to a subsequent N!J’IESH rtm . Initialization in

this way usually results in fewer iterations when a mesh is desired which
is li ttle changed from the previous one.

Variables Descript ion
X , Y Physical coordinates of mesh points .

SI , TA Parameters needed for potential flow solution

on generated mesh.
I, J Transformed coordinates of the mesh points .

CONTROL CARDS

It is usually desirable to save and catalog the output from NUMESH
for future use . The control cards and deck structure needed for
executi on on the CDC 6700 are as follows:

JOB card
CHARGE card
~~N.
RE(’~JEST ,TAPE33 ,*PF .

‘~A’[TACH,TAPE44 ,[previous output c~ie name ] , I [)=CXXX .
LGO .
CATALOG,TAPE33,[output file name ] , !D=CXXX ,AC= .
7/8/9
source deck

data cards
6/7/8/9

This card is omitted if mesh is not to be initialized from a previously
generated mesh .

20



GRAN I CS

In order to obtain an accurate numerical solut ion to the partial

differential equation under consideration , a suitable mesh must he

generated. It is therefore desirable to have a means by which the output

from NtJMESH may be displayed graphically. Plotting routines with this
capability such as IMAGE (documentation will he available in the near

fu ture ) are available in the Computation , Mathematics , and Logistics

Department. For details on the use of these programs , contact Code 1843.

CC~I1JTER REQU I R~~ENTS

NUMESH is designed to run on the CDC 6700 computer system and requ i res

about 75K octal words of storage. It is difficult to estimate the

running time because of the large number of factors involved . The computer

time required for NtIMESH depends on the number of mesh points , the

attraction parameters, the convergence criteria , and the geomet ry of the
problem. Execution times for the figures are given in Table 1. NIJMESU

compiles in under 15 CP seconds on the CDC 6400 processor .

PROGRAM L IST ING

A program listing is given on the following pages.

21



PR O GR A M NUMf SH ( rNpuT,oUT pUT ,T* Pc i;, rap E1.~~,r1pr~~,f~4pIJT,
COMMON ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

I
C
C ‘“ TMT ~ PROGRAM NUMER ICALL Y GE N ERA T ES S 8oo v ~~r I T ’ T w c  ~~ ‘~ 4
C

GILL INPUT
IF (MESM .E Q.1 ) CALL COM PUT I
!F(MESN .E Q.2) CA LL COM °UT2
C ALL OUT PU T

SURROUTI NE INPUT
COMMON ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

I ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
C
C “ THIS SIThROUTINE R~ A0S INPUT D ATA A ND COMPUTES T~4~’C ATTRACTI ON FUNCTION VALU~ S
C

READ 5,’) MA XI, NAX J, TSL T ,JL T ,J RT
MAT J M I ’ M A XJ — I
MA I I P 4 Iz MA X I  —1
QE AD (5,’) EI.€2.R
PR INT 102 ,MA1I, MA ~~J ,I5LT , JLT ,JR T ,Ej,F2,Q

10? FORNA T (/ ’ MAXT. ’T3 ,51’MA ~~J”I5,5 X’ISLT’’I5,5!’JL T~ •
I I5 ,5X JRT : I5,5X Ei* F7.3,SX C2z F7 .3,5W ~~ :F 5.tf )
RE AO (5.’) PLT ,PRT , QIT ,Q RT
PRI NT i00,PIT.PRT ,QLT ,QRT

100 FOpMA Tu jx .pLyz *F~ o.2 ,5xI oRTz ’r~~Q .2 ,51s0Lt~ ’cj:. z,5x’~ QT~ ’Ft:.?)
RESO IS, ’) MESH
PR INT i05 ,’4ESH

105 ~ORM A T(~~iIX’ME SHz ’!3)
IF (M ESH.~~Q. I) GO TO I’3
R(A 0c5 ,•I NC RIR
PRINT 200,NC R IR

200 F’ ORM*T(/1U ’ NCRI8~ ’T3 )
10 QEAD (5,’) INTL

PRINT i01.INTL
101 FORMAT (F I1X’TN TL= ’13 )

ISLT PIzISLT ,1
TF (INTL.EQ.0 ) ~M TO 20
00 ~ Iit ,M A X I
00 q J*j,M A X J

q REAO(~~.,’) X(t.J) ,Y(I ,J) ,SI (I.JI ,TA (I,J I,T OUM ,JCIIJM
PRI NT tfl~

I0~ FORM AT (/IUX ’ ME S H IPIIT AL IZED FRO)’ PREVIOU S RUN ’)
GO TO 30

C
C “ INITIAL IZE CR1’)
C

20 PRINT 103
103 FOQNAT (/jS~~’ MESH TNITI *L IZEO FROM INPU T 3ATA ’)

IF tNESP .EQ.2) GO TO 70
ISL TPISISLT .i
ISLTP2~ ISLT 42
00 1 Jxl ,M A X J

I READ fS,’) Xl t ,J ), Y~ 1,J)
00 2 J’j,M A X J

2 READ (5,’) X(MA T I,J ),YIMA II, J )
00 3 Isl ,ISLT

I READ (3, ’) X ( I , t ) , Y ( t , j )
X ( I S LT P I , 1 )’ X ( I SL T ,t )
YIISLTPI,j ) ‘VIIS%.T,j)
00 A La IS LT P2,M*XI
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A REA D (5,’) X ( I ,j ) , Y ( 1 , j t
00 3 Iaj ,ISLT

S RE AD (5. ’) W U . M A EJ ,V1I, MA! J)
X ( ISLT PI ,M A I J )  *W (I SLY ,M & Y  i t
Y(ISL TPI ,M A X J ) .Y(ISLT , ”A ~~J)
00 51 I. ISL T P2 ,MA Y I

St READ (5. ’) X I I, M A IJ ) ,Y(I, M AI J )
00 i J Z 2 ,MAX JM1
00 7 1R2 ,M A IIM I

~lT,J)s’ (1 ,JI
7 Y(I, J)’Y(E,lI

00 52 J .JL Y .JRT
5? RE AD (5,’) xt!SL T ,J , Y(IS LY ,J)

00 60 J’JL T .JRT
60 RE A D (5, ’) IIISLT PI ,J), YI ISLY P I ,J )

GO TO 30
70 ITP. ISLT-NCRI6

IAM .ISLT .sCpIe .t
ITPM I’IV 0—t
I~ M PIsIeN. t
00 71 J.1,M A W J

71 READ 15, ’) II1,J ) , V ( 1 , J I
00 72 .Jat , M**J

7? READ *5,’) X(M AX 1 ,J ), Y(M &~~1 ,Jt
00 73 I~~t , T Y ~~M 1

73 READ (5. ’) X ( t , t ) , Y ( T , 1 I
00 731 I’ IT P, IRN

731 X I I .  I b s Y  ( I . 1)a 0 .
00 73 ? !aT BM PI , M S X I

732 REAO (3,’) X 17,j),Yfl, j)
00 TA Iz1 ,ITPNI

TA READ (5,’) X U, MAX J ) , Y ( I , MS! J)
DO 7A3 I. ITP ,ISN

71,1 1* T , M &X J )’Y (I, M A X J ) ‘0.
00 TI,? I*IONPI ,MAEI

TA? READ 5, ’) X( 1 ,M A X J ),Y(I, MA I J t
00 0 J’2,M A X JM I
DO S 1z2,MAII N I
X(1,J) .X(t ,J)

S Y (I,J)ZY (I ,i)
00 75 J’JL T ,JRY

75 READ (5,’) X( I SLT ,J) ,Y (ISLT ,J)
00 76 J JLI,JR T

76 REA D (5, ’) X( I SLTPI,J ,,Y(IS LTDI. J )
C
C “ INITIALIZ E P AND 0 ARRAY
C
30 JLTI’JL T

JRTI’JRT
IATT I .ISLT
f A T T 2~ ISLT P1
ISTARTsISL T +2
IE NO ’ISLT—I
JST A RT’2
JE NO’ MA X JM I
IFI MESM .EQ.j) GO TO IS
JLTI’JLT -2
JRTI’JRT .?
IA TTI s ISL T— NCRI8.1
IA TT2’ISLT .NCRIB
ISTART ’ISLT ,PICRIR , 2
IE NO’ISL T-NCRIR— i
JST*RT .JLT
J ENOSJ RT

10 00 6 I’t ,NSXI
00 6 J.1,NAX J

________ 
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S CONTINUE
C
C “ READ ATTRACTION PARAM ETERS AND COMPUTE VALUE S
C

JCTR ’ (JL T+JPT) 12
I SL TM 1.151 T — I
ISL TP?’ISLT .2
00 11 I’?,IENO
R I . !
00 It J ’JS Y A R T .J CTR
P) T I ‘P) T
IF (J.GT.JLT I) ~L T1~~— PLTt
RJz J
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

II 0 (I ,J)zQ(I ,J )— QLT ’EXP (—SQRT ((RI—!ATT II’’2 ,IRJ— JLTI ,’’?)
00 12 I’ ? ,I(NO
RI.!
00 12 .I’ JCTR ,JE NO

IFI J.LT. JR T 1 ) PRTI’-PRTl
RJ : J
P(!,J trP( I ,J )_ PR T l EX 0*~~S~ R T ((R !_ IA T T t )~~~~e (R J _ J Q T I t U ? ) )

12 QU ,JFQ (I ,J )—O RT ’ETP(—SOR T ((RI—IAT TI )’’2 , (R J— JR T I) ’’2 ,)
00 1’. I2 IS TAR T ,M A XIM I
RI’ !
00 1¼ J= JS TA Q T,JCTR
PL T1’PLT
I F (J .GY .J L T I )  P L T1 ’ — ~ LT 1
RJ’J
P (I,J)’P (I,J)~~PLT 1’EX ~~(— S0R T ((RI—IAT T?)”’ ,lQ J — JL T 1 ) ” ? ) )

IA Q (1,J )5Q (I ,J),QLT ’EIP (—S ’)RT (IRI—IATT2t’’2 , (RJ—JLTU’’2 ))
00 15 ! : I S T A R T ,MA X ! N 1
RI’!
00 15 J JC T Q .JENO
PQT 1 PRT
Ic(J.L T .JRT I) PRTI’—PQT I
RJ’ J
P(I,J)’P(I ,J)—P RT I’EXP(—S ’)RT((R1—ISTT2)”? ’ (~~J-Jfl 1)”2))

15 0 (I.J ) :Q (I ,J) ,QRT ’EXP(—SQRTI(RI—I A TT2 )’’2.(R J— JPT1 )’’2))
RE TURN
EN’)
SUB ROUTIN E COMPUTI
DIMENS ION X O ( 2 ? . ¼ 5 ) . Y O ( 2 2 , A ’ )
COMMON !(22,Aq) ,Y (22,Aq), D(22 ,Aq) .0(22,I,q, ,M A Y T , lA Y J . M IT ,A E R P ,

I
MSI~~Mj ~~M A X I — 1
M A 1JN1~ M A X J— I
!SLT MI’!SL T—l
ISLT PI’ISLT,t
!SLTP2’IS LT + 2
JL TM I .JL T I
JRTPI’PT* 1

C
C “ THIS SUB RO UTINE COMPUT E S THE K A PIO V C~ O Q INA T~ S Or T H~ M E S H  TY DF
C

N IT~~0
00 10 I’l. MA I I
00 10 J$t , M A X J
SI I ,JP ’TA (I,JI’O .

10 CONTINUE
00 1 M 2 j, 3~~

NIT zN !T+1
C
C “ SAVE OLD K *P40 V VALUES FOR CONVERGENCE C HC C N
C
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00 2 I.1,MA KI
00 2 J .1 ,MSKJ
X0*T ,J).K(I,J)
VO (!,J)aV (I,J)

2 CONY IMUE
C
C “ CALCULA TE K AND V FOR UPPER HALF OF RE G ION
C

00 3 I.2.ISLTML
00 3 Js2 ,M*K JMt
KKs(K(T, J .t)—KII,J-1))/2 .
KE.(K lI—1, J )—KiI.1 ,J ))l ?.
YI .IVII, J .i )—V II,J—1H12.
YE . (VU— I, J) —V (1.1 ,J) /2 .
AL . XE ‘XE eYE ‘YE
SE.XI ’XE .V I’VE
G A . XX ‘lie Vi’ Vi
AJ2s KI ’VE—XE ’V K ”?

I (X(I—1, J .j )—il I—I ,J— 1)— K(I4t, J .j),X( te j ,J- jPI/ 4 .
2 .GA ~~~./ l S L . G A ) ’ ( X ( ! — 1 , J I e x ( ! . t ,J t l
3 .A J 2 ’ P I I ,J ) ’ W X / ~~.~~ ( A L e G A ~
I,

j  (V ( 1 — 1  • J et )  —V ( 1 —  1, J 1) — V I l e ! ,  i’ ll ’ V i l e !  ,J 1 ) )  1¼
2 •GA / 2 ./(A L CG A t ’ (Y (f— t ,J) C Y IICI .J ) I
3 •AJ2’D il,J) ’VK/2SIALCGA)
A •A J 2 ’Q l I ,J ) ’V E /2 . / I ALC GA )

V (I,J)sVOlI,J) ,R’(V(I,J)—VO(I, J))
SI II. J) ‘AJ2 ‘Oil , J)
TA (I,J)’AJ ?’P (I,Jt
CONTINUE

C
C “ CALCULATE K AND V ON SLIT A H E A D  OF ROOV
C

P !.ISLT
00 ¼ J .2,JLTM I
XX ’ (XiI,J + l )—K (t ,J— I ) (/2.
KE= (l(I—j,J)—X(t4?,Jl ,#’2.
VX ’ (V II ,J .tt—YU ,J—l ( (‘ 2.
YE’(Ylf—t, J P-Y fl•2 ,J ) )F2.
AL ’ XE • XE . YE ‘ YE
BE ’ Xi’ W E . V K’ YE
G*~~XX ’KX.V l’VW
AJ 2 ,lKi IVE .K !eVX)~~’?

1 (K(I—1. Je1)— X( I .t, J—1I— X(!. 2 ,J ,t )Cll!. 2 ,J— t )I,¼ .
2 •~ A~ 2.~~(ALe GA )’ (X(I— t ,J )eK(j ,2 ,J ))
3 •AJ2’P(I,J)’K112. /IA L C GAt
A •1J 2 ’ Q * I , J ) ’ K E F 2 ./ I A L . GA I

I (V I I— 1. JCI) —V (I — I, J— 1) — V I I . ? ,  J e t ) .  VI! ,?, J— ~ I)
2 eGA~ 2./(AL ,GA)’ (Y(I—1,J) ,VU•2,J))
3 •$J2’P11,JI ’Y X/2 ./ (AL ,GAt
I, •AJ 2 ’Q (t , J l ’Y E /Z . / (A L ,GA I
K(I ,JIIKOII,J( .R ’lXfI ,J )—XO(I,J))
VU .J).YO1!,J)CR ’iYi l ,J )— V O i I ,J ) )
SI *!,JIsAJ2’Ol I,J)
TA U,J)’AJ?’PiI,J)
YUSL TPI ,JtaKII .Jt
YUSLTPI ,J) ‘Vi I ,Jt
SI(ISLT PI ,J)’AJ 2’QIISLTPI,J)
tA IISLTPI,J)’AJ2’°IISLTPI,J

A CONTI NUE
C
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• C “ CALCULATE I AN D V ON SLI T BE H !W F)  Ør~~Y
C

DO 3 J.JQTP I ,MA K JMI

XE ’ (i([—1 ,Jt—K (E .2 ,J)),2 ,
Vi~ IV (I, J e t )  —V (T ,J—I) (‘2.
YE’iV (I—t , J ) — Y ( l ~~? . J )  (/2 .
AL ’  WE’IE eYE ‘YE
RE ’ K V ’ K E C V K ’ Y E
GA ’XX’iX ’V X ’VK
Si? ’ ( I K ’ Y E — X E •V X ) ’ • Z

1 ( K i I — 1 , J , t ) — t * j — t , J — t ) — X i ! , 2 , J . I ) . V ( t . 2 . J — 1 I t / 4 . .
2 •GA /2. ,IAL.GA )’iXIl -t ,J) ,I(I.2 ,Jt)
3 .AJ2’PI~ ,J) ’Xi~2./ iA L .GA )
1, •AJ ? ’ O I I ,J t ’ KE/2 . f l A L . GA )
Y(1.J)’AL/ 2 ./1SLCGA) ’ (Y(T ,J ,I) ,Y(f ,J—1) (_ )r/ (A ICCA) ’

1 (Vi! — 1, J+~~I — V I I  — I. J— 1) — V I l e ? ,  J et ( eV i l . ? ,  i — I t t  /¼
2 • G l / ? . / 1 A L . GA ) ’ i V ( I - 1 , J ) 4 Y 1 1 4 2 .J ) )
3 •AJ 2 ’ P ( I ,J ) ’ Y X ~ 2 . / i A L C G A )
a, .AJ 2’Q(I,J( ’YE,2.,(A L,G*)

I I I , J ) ’ i O ( I , J ) . R ’ ( K t I , J t — X ’ ) ( I ,J I t
Y iI ,J)~~YO( I,J1 .R ’iV (l,J) VO (I ,J)(
Sit! , J)  ‘ AJ 2 ‘01 1, it
T A  t!,Jt’$J2 ’PII,J)
I ( T S I T P I .J ) ’ i I I , J)
Vi ISLY PI ,J) ‘7(1, JI
Sl ( ISLT P I ,J ) .A i 2 ’ O i IS LT P I .J )
TA ( I S L Y P  1. J ) ‘AJ2 ’ °  ( I S LY P I ,  3)

5 CONT INU E
C
C “ CA LCUL ATE I AM O V BELOW ‘100!
C

00 6 I’ISLTPZ, M A I I M I
00 6 J’?.MAKJP)l
X K ’ ( X (I , Je t t— K (I , J — I )  (/2.
IE’(iit— l,J )— i(t .i,J) (/2.
Y X.(Y(t, J4j)—Yil ,J—t))/? .
YE~~I V (I—1 ,J )—YiI+t ,J ) (/2 .
AL z WE’IE .VE’VE
BE .XK’KEIV K’VE
GI~~i i ’ X X,Y t ’Y K
A J 2 . ( K i ’ V E— X E ’ V K )  “2

I (K(I— j,J ,l )— it j— t , J— 1 ) — X i ! ,t , Je 1 ) + V ( t ’ I . J— t t I / 4 .
2 • G A / 2 . / I A L , G A ) ’ i X I I — t , J ) C X ( t , t , J t t
3 •AJ2 PII ,J)’iW/2 ./IALCGA )
I,
Y (~~,J),kL~ ?./(A~ .G&)’i V (I,J,1I .Y(I,J t)) ’1~ /iAL .GA )’

I (VII— 1 .3 .1)—V (I—i • 3—I) — Y (I .1, Jet). V (1St , J 1)1/’..
2 •GA/ ? .,1AL ,G1)’*V(I—t ,J)’YII ,I,J))
3 •AJ2’P*I,J) ‘ V X / Z . / ( A L C G A )
A •AJ2’Q(I,JP ’VE/2. /I lt.•GAI

X I  I,Jt’XOi l.J) ,R’ iii!, 3)—ID (1,3)
YiI,J) .VOiI, J) ,R’ iY iI, J )—VOiI, Jl )
SlI1 ,J)’AJ?’O(I,J)
TAII,J(’*J?’PiI ,J)

A CON TINUE
C
C ‘‘ CMECK!NG CONVERGENCE
C

At PR ‘ 0.
00 7 I’t,MAX!
00 7 J ’JLT ,JR T
IP ( A B S*Y ( I , J ) ) . L ( .U t  GO TO S
~lR.AR5 i i Y O I j , J ) — Y ( E , J ( ( ’ Y t l . J ) ~

- 

•
~~

•
~~~



IF (ERR .G?.AERR) *ER*.EPR
S IF(ARS1I(! ,J),.LE.E2) GO TO 7

ERP aA BSI(KOiI ,J) —XI1 ,J)) ,Iif,Jt
IFIERR.GT .A ERR ) AERR ,EPR

7 CONTINU E
IF (AERR .LE .E1) GO TO B

I CO NTINUE
B RETU RN

END
SUBR OUTINE COMPUT ?
DI MENSION XOi?2,AB), YO(22,¼ 9)
COMMON K(??.AB ),Vi?2,¼q) ,D 122 ,a ,q) .Oi2?.ABI ,M A X I , M A X J .NIT ,A rOR ,

I E1,E2,1SL T ,R,5I (?2,a ,B),YA (2? ,a,9),JLT,)RT ,Mt~ ’i ,NCR!B
IT~ ’ISLT-NCR!B
ISM .ISLT .NCRIBCI
MA IIN I .MA KI —I
MAX JM1.NAK 3—1
ISLT$I’ISLT—l
ISLT PI .ISLTCI
LT PMI ’ITO—t

• 
~• ITPPI’ITP ,i

IBMPI’IBM ,i
IR M M L S IBM— I
JRTPI’JRT .l
JLT M I .JLT—t

C
• C “ THIS SUBROUTINE COMPUTES THE K AN O V COORINAT ES OF TW E MESH TV ~E 2

C
NI TaO
00 200 IzI ,NAXI
00 200 J’I ,NAIJ
SI (I,J)’TAiI ,J (’O .

20 0 CON TINUE
DO I N’I,50

• NITaNIT .I
C

• C •“ SAVE 010 K AND V VALUE S f OR CON VERGENCE CHECK
C

• 00 2 I.I,$A XI
DO 2 J .I ,MAK J
XO*I,JI’I(I,J)
YO1T ,J (.V (I,J)

2 CONTINUE
C
C ‘ UPDATE DUMMY VA LUES
C

00 10 Ja1,J (T$~
K(ITP ,J).X1IBMPI,j)
V*!TP ,J)’Y I IBNPI .J(

10 CONTINU E
00 11 JU JR TP1 .MAX J
i(ITP,J)zK 1IBMPI ,J)
VII TP ,J) ‘Vi IBNPI,J)

II CONTINUE
C
C “ CALCULATE K AND V FOR UPPER HALF OF REGION
C

00 3 I.2,ITPNI
00 3 .I~2 ,MAX JM1
iX’ (XU ,J•j)—X (I,J—t ) U? .
XE.(X(I—1 ,J)—X(I ,j ,J) Fl?.
V i’iY(I ,J.t)—Vi! ,J—j) ) I?.
YE’ IY II—1,J )—V (1,j,JI Fl?.
AL.XE’Xf eYE ’ Vt
SE’iK’Xt CYX’YEI
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A J 2si KX ’V (—XI’VX )”?

I (i(I—1 ,J .Ib—K (I—1,J—t )—i (I .j ,J .jI.E (t .t ,J—1 ))/b .
2 •GAF2. l (AL.GA)’*XII—j,J$.K(I.j,Jlt
I .AJ2’P*I,J)’1Xl2.l(AL.6A )
A •AJ?’Q(!,J)’Itfl.l(IL .GAI

I (V i 1—1,3 .1) —V (1—1 ,3—1 )—Vt! . 1,3.1 IcY 1101 ,3—I )) l~~.
2 .Ga~ 2./fAL.GA )’tVl!—1 ,JF cV tI .1 ,J))
3 •AJ2’P(1,J)’VX/2./IAL ,GA )
A •*J?’Qt! ,JI’VF~ 2./(AL .GA )
Xl! ,J).XO (I,J)eR ’IXII ,J)— iOII,J ))
VlI,J) .VO( I,J)eR ’ (YlI ,J)—V OiI ,J ))
SI 11,J)’AJ2’Oi I.J(
TA t!,J)’AJ?’P(I,J)

3 CONTI NUE
C
C “ UPDATE OUMM Y VALUE S
C

N’S
00 12 IaITP ,IO M
N’ Nej
I(I,JLTMII ‘K (IRMD I—N , .3(T)
I(T ,JRTPI) ‘i(IBMPI—M ,JRI(
Y(! ,JLT MI ) .V(IRMPI —N , JLT I
Y ( I , J R1Pi)~~Y ( 1RMD 1-N,3R1(

12 CONTINUE
C
C ‘ CALCULATE I IN’) V AR OUN D THE BO DY
C

00 16 Ia IT P , IBM
!F(I.EO.ISLT .OR.!.EO .!SLT~~I) GO TO tS
00 13 J .JL T ,JR T
1Is( i( I , J C j ) — K ( t , J — t ) t l 2 .
XE ’ (1(1— 1,3) — 1 ( 1 .1 , 3 )  (/2.
YI’ (Y (I ,J.I)—YU.J—t ) (I?.
YE ’iYII—I, J )—Y i!.t, J)Fl2.
AL ’ WE ‘ XE e YE ‘ YE
BE. IK ’ KE.Y X ’YE
GA :WK ’XKCVI ’VX
532* (Xi’VE—it’YX )’’?
I(I ,J ) ,A L , 2 . # (A L ,G A I’ ( X (t ,J , t t ,X (~~, J — 1 ) t — B ~~/ iA L .G A) ’

I ii(I—t, J ~ ji— X (I— j ,J— j)— XI! ,1 ,J ,1) •i*Ie i.J—1I )/A .
2 •GA /2 .f (AL ,GA I’IKII—t ,J I .X*Ie I ,J))
3 ,AJ2 ’P (l,J)’iW/2./ ISLeGA )
A ,A J2’QII ,J)’WF/2./(ALe &A )

I I V( I — 1 , 3 e 1 )  — V I I  — 1,J 11 V i i  .1 • 3,1). V (le t • 3—1 )) IS.
2 .G A /2./1AL .G4 )’ (V (I .t ,J)CY I !.1.J))
3 ,AJ2 ’Di l ,J ) ’YX12.F  1S L OG A )
I. .AJ~~ Q i~ ,J)S V rF2 .~~I5(eGA )
It I,J)’KO( I. 3) CP’ (  XI! , J).XO (j,J)
YiI, J ) ’V Oi! ,J) .R’I V(l, J )— V O (l. J ) )
SI it ,J) .AJ2’OlI.J)
TA (I ,J)’5J2’Pi 1,3)

13 CO N tINUE
16 CONTINUE

• C
C “ UPDATE DUMMY VAL u ES
C

00 IA J’t ,JLTP( I
KI1 ~ s,Jps X I1TPMI ,J)
V (IBN,J) .V(ITPM1 ,J)

14 CONTINUE
00 15 JaJRT DI. NIXJ
KI IR M,J ) all ITPMI ,J)
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• . VUSM,J UYIITR NI ,J
13 CONTINUE
C
C “ CALCULSII I AND V BELOW BODY
C

DO A I.IB$P1,NA X INI
00 6 .~~!.NAXJM1
Xi. iI(I,J’l)—Il! .J—1t )I~~.lt.1lII—t,JI—il1.1,J) (#2.
Vi. (V ( I,J.1 ) — V U ,J — i )  I /?.
V t.iV( I—t , JI —Vile t ,Jt ) F~~.AL • it • It C Vt • Vt
BE.Ii’XE.Yi ’Yt
GA .KX ’KXCYI’VK
AJ2 .l Il’YE—Xf’YI)”2
XI ! .J PaA L#?.# IA t .GA I ’ ( l ( I,J , I) .X l l ,J —l ) ) —St# (A L .GA ’

•1 I (II 1 I  .3.11—Ill—I, 3—Il —III ~1. 3.1) .1(1.1 ,J— 1 I l/A .
• 2 •GAI2.IIAL .Gs)’lIII—t ,J) ,X(l.i,J)I

3 •1j2’P(!,J)’XX#t.II*L•AA)
4 CAJ?’Q (I,Jl’IEfl.IISLCGA )

• V ( I .J ).A L~ 2 ./ (A ( . GA ) ’ I V( l ,J C I ) •V I l , J — 1 ) )— S t l (A ( • GA ) ’
I (Y ( I— t , J . 1 )— Y ( I — 1 ,J — 1 I — V ( I . 1 ,J . t t . V ( I ’ t , J — 1 ) ) / 4 .
2 • GA # ? ./ (A L C G A ) ’ ( ? (  l—1,J )6Y l  1ej ,J ))
3 •AJ2’Pi1 ,JI ’?I#2.IIAL .GAI
4 •AJ 2 ’Ql I ,J I ’Yt f l . # iA I.. A )

X ( t ,J PaXO( ! ,J P .R’IK(!.JI—lOII,J))
V iI,J$’VO(I,J).R’ (V (I,J)—VOil,Jl)

• SIII,J)aAJ2’O (I,J)
TA it , JI’ £32 ‘RI 1, 3)

A CONTINUE
C
C “ CHECKING CONVE RGENCE
C

AEPP’I.
00 7 I’?,NAKIMI. 2
00 1 J.J LT,J PT
!FIASSIV II.Jt).L (.U) GO TO S
EUUA SSI IVO ( I ,J )—V i I ,J ) I IV( I,J ))
IF (ERR.GT.SEPR I AERP EU

I IF($BSI1t I ,J ) ).L E. t2)  GO TO 7
ERP .IUSIIXO II,J)— iiI,J))#X (I ,J))
IFIERP .GT .At*R ) A ER* CRR

7 CONTINUE
IF IIEN*.LE .Et) GO TO B

1 CONTINUE
C
C “ UPDATE DUMMY VLAU E S
C
B MaO

00 17 IaITP ,IBM

III ,JLTNI ).X1ISN PI—N ,JLTI
i(1,J*TDt) .X(ISMPI— N, 3!?)
V (I,JLTN1) aV IISMPI—N,J( T)
YlI,J*TP1).V IIBNPI—N ,JRTI

17 CONTINUE
J(.tNZaJI T-2
JR ,P2’JRT.2
00 13 I.ITPPI,IBMM I
00 13 Js1, .ItTMZ
Ii!,J l ’S.

13 ~~l,J).I .
00 IS IaITPPI ,IRMNI
00 15 .~~J*TP2,MA IJ
1(1,3$’S.

IS Yl ! ,J IaS.
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RETURN
END
SUBROUTINE OUTPUT
COMMON XiZ2,¼3),YIfl,43),P(22,49) ,Q(2?,A3) ,MAX!, MA IJ ,NIT .A (RQ ,
I f1,U ,l~~~T ,R,Sllfl,49I,T*(2?,43I.JLT,JIT ,ME SH ,WCP I5

C
C “ TWIS SUBROUTINE PRINTS OUTPUT OATS AND WRI TES I AND V TO FILE
C

PRINT S,NIT, AEIR,E1,E2
$ FOR MATII/’ ITtR5TI0NS.~~I5.3I~tRRO Pa~ FI0 .6,5W’E11’FS .3,5X’t2”Ff.))

00 3S l’l,M$Il
00 II J’l.NAXJ
WRITEIJ3,’) III,J),ViI,Jl, S1(I ,J),YAII ,J) ,I .J

31 CONTINUE
RE TURN
END
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