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A CANONICA L BREMMER SERIES DECOMPOSITION OF SOLUTIONS TO
THE LOSSLESS WAVE EQUATION fl’~ LAYERED ~~~ DIA

Jerry M. Mend el
University of Southern California , California

Abstract equation Into physically meaningful components
In this paper , we prove the truth of the (I. e., primaries , secondaries , etc. ) as a

canonical decomposition.following decomposition of the solutions to the
lossless wave equation In layered media: the In this paper , after we review the stat e space
complete output from a K-layer media system , model of a K-layer media , we prove the truth
which is comprised of the superposition of of the canonical decomposition and illustrate

• primaries , secondaries, tertiaries, etc. , can Its use by means of a simulation example. We
be obtained fr om a single stat e space model of show that , whereas the complete model (I. c.
order 2K - the complete model - or from an the model that generates primaries and all
Infinit e number of models, each of order 2K , multiples for the K-layer media) has both poles
the output of the first of which is just the pri- and zeros , similar to an ALMA model, the• I man es , the output of the second of which is partial residual models (such as the primaries
just the secondaries , etc. This decomposition model , which generates only primary r efl ections .
of the solution to the lossless wave equation and the secondaries models , which gener ates
into physically meaningful constituent s (I. e. , only the secondary reflections) only have zeros ,
primaries, secondaries, etc. ) Is called a similar to MA models. As such, the partial
canonical Bremmer Series deco mposition , after residual models are much easier to compute
Bremmer , who In 1951 eatabli~hed a similar with than the complete model , since they are
decomposition. open4oop models , whereas the complet e model

is a feedback model. In many geophysicalIn many geophysical situations , where reflection
situations , where reflection coefficients are

• coefficients are quit e small, the decomposition
can be truncated after secondaries or tertiaries; quite small , the canonical decomposition can be

truncated after secondaries or tertiaries ; hence .hence, it also repres ents a way to approximat e
it also represents a way to approximate t~ e 

—• the solution to the wave equation.
complet e solution to the wave equation.

I. Introduction After the author had developed and proved the

• Nahi and Mendel (Ref . 1) hav e developed state canonical deco mposition, he discovered that  the
space equations for a model of a horizont ally idea of such a decomposition, as well as a

collection of integral equ ations for accomp lishi ng
- 

• stratified nonabsorptive earth with vertically
travelling plane compressional waves. Their ~~ were presented by Bremrner (Ref. 2 :  in
model is based on a ray theory solution to the 1951. In fact , such a decomposition is i~efe rr ed

lossless wave equation in layer ed media. As to as a Bremmer  Series (Reis. 3 and 4~ ; ~.ence .
such , It is not limited just to layered earth we shall refer to our canonical decomposition

as a Bremmer Series decomposition. Ourmodels; however , sinc e our interest is in the
seismic area , our discussions will be in the approach to the development of this decompo-

• 0 cont ext of such models. Mendel (Ref.  1) con- sition Is quite different from Bremxner ’s. We

• j ectured , and demonstrated by examples , that shall have more to say about this In Section VII.
‘tth e complete output from a K-layer media A system of K-lay er ed media is depicted in
system, which is comprised of the superposition Figure 1. We adopt the convention of calling
of primaries , secondaries , tertiaries , etc. , can the layer below Lay er K the basement. Each4 be obtained from a single model of order 2K - Layer ls character ized by its one way travel
the complete model - or from an infinit e number t ime ~~~~ velocity. V. and normal incidence
of models , each of order 2 K . . . , ’ the output of reflection coefficient~~ r~ ~j 1. 2  K).
the f irst  of which Is just the primaries , the Additionally, Lnterface -O den otes the surface
output of the sec ond of which is just the second- and is characterized by ref lect ion coefficient
ar ies , etc. We refer  to this decomposition of r 0 .  In Figure 1. m(t) and y~t) denote the in -
the complete solution to the losslea s wave put ( e . g . ,  seismic source signature f rom

~1
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.~lynamite, airgun, etc.) to the layered earth stat e space models for obtaining the constituents .
system* which is applied at interface-O , and y1( t) ,y 2(t) Our stat e space models can
the output (I. e., ideal seismogram) of the be thought of as numerIcal procedures (alga-
system which Is observed at the surface, res- rithms ) for obtaining the constituents of y(t) .
pectively. Let us express each reflection coeffIcient In
As in Ref. 5. we shall find It convenient to terms of a small number , say e; that is to
draw ray diagrams with time displacement say , given r0, r , r~ and e, numbers rb ,
along the horizontal axis , so that the ray s ~~~~~~~ rk can be determined such that
appear to be at non-normal incidence and so r = e r ’ , j = o, i k ( 2 )do not overlap one another. j j
Figure 2 depIcts primary and multiple r e.flec- From our preceding discussion on the pro~
tions for a 2 layer media, and illustrate the portionality of y1(t) to products of 21 - 1 reflec -
very complicated internal behavior of the two- tion coefficients, we see that

• Layer system, and, that y(t ) has components
which occur at specific values of t. The prl- y1

(t) 52i-l y (t) • I = 1, 2, . . .  ( 3 )

mary r eflection components of y(t) , denoted which mean s that y(t) In Eq. (1) may be ex-are depicted in Figure 3a, whereas the pressed as the following power series in t :secondary r eflection components of y(t), denoted
• y 2(t) , are depicted in Figure 3b. y(t) = ty~(t) + e3y~ (t) + £ 5y ’~(t )+ . . .  + C • I y I (~) ~~~~~~

t ( 4 )
Observe, from this simple example, that 2~i. This equation suggests the possibility of truncating
mary reflections result from exactly one reflec - the Bremmer Series decomposition after a small
tlon off an Interface in a layered media system; number of terms (unless the amplitude of y~(t) is
hence, primary reflection components, y 1 (t) comparable to ~2l-l , which is possible in certain
Include only those terms which, neglecting the applications). It also provides us with a method
effects of two-way transmission factors , are for proving that our partial residual stat e equation
proportional to linear functions of the reflection models generate just the primaries, or just the
coefficients (e.g. , r 0(I - r f)  m(t - Z’r 1) x r 0m(t - 211), secondaries (these models are described in Sections
where denotes proportionality]. Observe, III and IV), etc. We shall prove that the output of
also, that secondary r eflections result from our primaries model, y1(t), is propo rtiortai to t.
exactly three r eflections off of interfaces within that the output of our secondaries model, y2 (t) , is
a layer ed media system; henc e, secondary re- proportional to ~~~~~ etc.
flection components . y2 (t), of y(t) include only In Section II we review the state equation modelthose terms which, neglecting the effects of described by Nahi and Mendel (Ref. 1) fortwo-way transmission factors, are proportional generating the complete response. In Section
to cubic functions of the r eflection coefficients. in we develop and prove the validity of a stateIn general, n-ar-y reflections result from ax- equation primaries model. In Section IV we

• actly Zn - 1 reflections off of interfaces within a develop and indicat e the proof of validity ~f alayered media system; henc e. n-ary r eflectIon state ecuation secondaries model . A completecomponent s , y~ ( t) ,  of y(t) include only those statement of the canonical Bremmer  Series de-• terms which , neglecting the eff ects of two-way composition is given in Section V. An example
transmission factors , are  proportional to pro- which demonstrates the decomposition for aducts of Zn - I reflectIon coefficient s , Bright Spot application is given in Sectior~ VI.
By think in g of y(t) as the superposition of its Relationships between our results ind Eremrrier s .
constituents - primaries , secondaries , etc.,  - as well as conclusions , 4 re  given in Section VU.
we can write it as

II. A State Equation Model for Complete
y(t) = y (t) . ( 1 )  P,.esponse

i.1 ‘~ There are (at least) two different ways for
Equation ( 1) is the Bremrner Series decompo- obtaining a stat e equation model for the corn-
sit lon of y(t) .  We shall demonstrate that such plet e response, y(t ) ,  of a K-layer media system
a decompositIon is possible, and , shall provide (Ref. 1). The brief derivation of this model.
_____________________ 

given below , is based on a starting point which
should be quite familar to all exploration geo-- 

In a marin e environment, layer I can be physicists. It Is the ray diagram, depicted In
taken as water. For the purposes of the pre- Figure 4, whIch Is taken from Ref. 5. Symbolssent paper , we assume that both the source and 

uk and d~ denote the upgoln g and downgoing
the sensor are locat ed at the surface. The waves in the k-th layers , respectively; and , we
generalization of our results to subsurface adopt the convention that waves at the top of a
source and sensor is straightforward. layer occur at present time , t . To dev elop the

_ _ __ _ _ __ _ _ __ _ _ _ _  _ _ _  
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• state equation model we direct our att ention at u1( t+ 1 1) r
1 d 1(t) + (1 - r

1
)u 2(t)

the Intersection point of the ray diagram and -

apply superposition to obtain the following d~(t + rj
) = (1 + r

3 i~ 
d~ - 1(t) \equatIons for signals u,,~(t - 1k) and

j =2 , 3 K — l
which leave that point: - rj j  u~(t)0 u.K(t+l’

k
) = r

k
d

~
(t _ T

k ) + (1 _ r
k)u.~+l

(t) (5a ) 
—— r d (t)

d~~~1(t) = (1 +r k )
~~

(t
~ 

1k
) - r

k~~ ÷l
(t) ( Sb) + ~~ ~

3
r~~u . 1 tt~ 

) -

These equations are applicable for k =  1, 2, . . . ,  d
K

(t
~~~K

) = (1 +r K j )d
K 1(t) - rK l  u~~(t)

K - 1. At the surface (Figure 5a), we obta in

y(t) = r0m(t) + (1 — r 0
) u

1(t) ( 6 )  uK(t + r
K ) = rK

d
K

(t) 
( 1 2 )

• 
- 

d~ (t) = ( 1+ r 0) m(t) - r
0 u1

(t) ( 7 )  By means of transformation ( 1 1 )  each pair of
equations In (10)  now only Involves two time
points . t+  ‘r~ and t. Equations (12) and (6)

and , at the Kth Interface, we assume that together represent the stat e equation model foi• 0 ~~ +i (t) = 0, to obtain (Figure 5b) the complet e output y(t ) ; henc e, they are re-
ferred to In the sequel as the ~p~~plete model.

+ = r
K 

d~~(t - 1K
) ( 8 )  

Comment. Equations (5a) , (5b ),  (7) and (8) . for
uniform travel times (i. e. .  1~~r 2 .  ..~‘1’K A T ).d~~~1(t) = (I + rK

) d
K~ 

- 

~~~ represent the starti ng point for the well-known
Signal y(t) in Eq. (6) is the measurable system transfer funct ion, models of a K-layer media
output. Signal c+1(t) Is also a system output ; (Ref s. 5, 6 and 7, for example). Start ing with
but , since It cannot be measured , we shall those same equations, we have taken a path
ignore it In following analyses. different from the one which leads to transfer

function models; our path leads to time-domain,
- ~ It Is convenient to group Eqs. (5a), (Sb), (7) and stat e spac e equatIons. In the special case when

(8) In a lay er order ing, as follows: 11=12= ... =1Kg 1 , Eq. (12) can be reduced to a
collection of fInIte-difference equat ions , byd’

1(t) -r
0 u1 (t> + ( l +r 0

)vn t) 
choosing t = k e . We shall explore the implI-
cations of taking this other path on such pro-u 1(t+’r 1) = r 14 (t . ‘T i

) + ( 1 -r 1 ) u 2 (t) 
blems as computation and deconvolut lon in a

d ’f t~ = (1 + r  )& (t -~ — 
) forthcoming paper.

) 
In order to develop additional insig ht into the

j j —l  j — 1  j 1
0 

- r , u (t) structure of our stat e space model , it is in-• 
j — 1  j

3 K -i  structlve to portray that model in signal-flow
— - ) = d ’(t - ~ ) graph (SF0) form. Because all importantj j i i  j

features of our model can be observed from the
+ ( 1  - r ,) 

~~ , , (t) nature of a two-layer example. we shall pre-
J sent our SF0 for that ease , leaving generali-

d.~(t) ( 1 — r
K i~ 

dj( 1(t - - rK l  uK (t) zations to the reader.
-f  For purposes of constructing a SFC it is ‘:seful

4 K~ 
— 

K~ 
= r

K 
d
K

(t - 1K
) 

( 1 0 )  to rewrite Eq. t 12) ,  for K = 2 , as follows:

• •~ This system of 2K equatIons is not in useful state d 1
(t) = -r 0 u 1

(t - ~ ) (1 +r
0
)m(t - r 1

)
- •• eq uation format , yet , since signals in its left -

hand side occur at t and delay ed t imes , and d
2(t) = (1 + r

1
)d

1(t- 
- ,) - r 1u2(t -  ‘T 2~signals on the r ight-hand side occur at t , t -

and t - . . In order to put Eq. ( 10) into usefuf u2(t) = r 2 d2
(t - i’~~)

state eq~iation format , let •

d.(t) ~ d
’(t — J ) (11 )  u

1
(t) = r

1 
d
1
(t — r 1

) -~ (1 — r 1) u
2

(t — -‘i)

-I
for all j =  1 . 2 K .  Observe , from Figure 4. The ordering of the state - d 1, d 2, u,, u 1 - is a
that the downgoing states dj (t occur at the computational ordering, because that is pre-
bottom of a layer. Equation (10) becomes cisely the order in which we would solve these

m(t) and Eq. (6) is depicted in Figure 6. For. -r 0 u (t) ~
. ~i ~ r 0 

four equations. A SF0 based on these equations

simplicIty in drawing the SF0, we do not show

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~ • • • • • •~~~~~~~~~~~~~~~~~~ •~~~~~~~~~
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the explIcit dependenc e of nod e signals on time; In these equations , d 1 ,j , u 1 , and y 1 denote
and, we use operators z 1 and z2 to denote primary dowugoing and upg~~ng state and the
and 12 sec. time delays , respectively (I. e., primary reflection portion of the complete out -
z in= m(t - 11) 1. The feedback nature of the put , respectively.
la

1
yer ed media system is clearly evident from At this point Eqs. (13) and (14) are conjectural

the SF0. Three feedback loops are present; in nature; i. e. • that they do give just the pri-
the inner loop being associated with layer 2, marIe. remains to be proven. We do this in
the other loops being associated with layers 1 Paragraph B below, They have been validated
and 2. by ray tracing arguments for a three-layer
The feedback nature of the complet e model in- example In Ref. 1.
dicates that it has zeros as well as poles ; Before  validating our model , we wish to point
henc e, It Is similar to an autoregressive moving out an important property of the primaries
average (AR.MA ) model. It Is the feedback model: Its SF0 has no feedback paths. We
natur e of the complete model which produces iuu.trat e this for a two-layer media In Figure
the multitude of multiple refl ectIons (see Figure 7, Thi s property causes y 1(t) to be comprised2, for example). of a finite number of terms - K + l , for a K-

III. Primaries Model layer ed media - and enables y 1(t) to be com-
puted in a very straightforward manner. The

Conceptually, the primary reflectIons (I. e., open-loop nature of the primaries model in-
primatires) are easily obtained directly from dicates It only has zeros; hence, it Is similar
ray diagrams (Figure 3a , for example); however , to a moving average (MA ) model.
that approach does not lead to a dynamical B. Validation of Primaries Model
model which can be associated with the pri-
maries . In this section we show hew to modify We shall show that y 1(t ), as given by Eq. ( 14) ,
the complete model in * very simple manner so Is proportional to C g 1(t).  Function g 1(t) is not
as to obtain a state spac e model which generates equal to y~ (t) in Eq. ( 3 ), because we use pro -
only the primaries. We refer to this model portionality. rather than equality , arguments in

0 either as a prima ry r eflection model or a 
~~~~~~~~ 

our proof. Now , It is possible that we may not
man es model, have account ed for all terms which are propor-

tional to a in our conjectured primaries model ;
A. Conj ectured Primaries Model hence, we must examine the residual b etween
We conj ectur e that state equations for a pri - y(t)  and y 1(t) .  We shall show that that residual
mar ie. model are obtained from Eq. (12) by contains no terms which are proportional to e ,

• deleting the term -r u (t) in the equations for hence , y 1(t )  contains all the terms which are
0 d - ( t + ’ r ~) . J 1, 2 ~~~ 

‘~ Our reason for deleting proportional to a ,  and , ther e fore, our con-
t?iese terms is based on the foUowin g observa- jectured primaries model is a valid pr imaries
tion: a multiple r eflection can occur only when model.
an upgotn g wave reflects off of the top of a
layer. Observe, in Fi gure 4 , that the contri- 1. y 1(t) Proportional to a

bution due to u
~,~+j (t) in d~ +1 (t) represents just We wish to show that y 1(t ) .  as given by Eq.

• such a reflection; hence, we delete these corn - - ( 1 4 ) ,  is proportional to a g~ (t ) .  To begin. We
ponents from the complete model in our &.~~. 

rewr ite Eqs. ( 1 3 )  and (14) in proportionalIty
marie. model , whose equations are given below , format , using a computational orderin g of the

states , where we assume (1 ~ Cr ’ ) f( e) ~ 1(t) . Dy

~~

- . -~ d1 1(t+ ~~ 
= (1 +r 0) m( t) this technIque, we are absorbing all the two-

~ 
j u 1 1

( t + ~~~1
) 

: 
r
1 
d1 1(t) + (1 - r 1) u 1 2 (t) which appear In y 1(t) ,  in the proportionality

way transmission factors , lik e ( 1 - r~ ) ( 1 -

i , j  1 d . (t) 
arguments. Equality arguments can also be

d (t 4’ ) (i+r l .) -l  used ; but . t~. algebra associat ed with them Is
more complIcat ed.

• r~ d 1~~ (t) ? j = 2 , 3, .. . , K.1
d 1 1 (t -’ ” 1

) 2 m(t)
-4. ( i — r , ) u  (t) I

0 j 1, j+1  
~ d (t + 1.) ~ d

1 ~~~~~ J 2.3 — 1
1, j  ~d (t~~I ) • ( 1 ~ r ) d

l , K K K-i  i ,K - 1 U I K~ 
+ T

K
) ~ a d 1 K

(t )
u 1 K

( t 4
~
1
K ) r

K
d l K (t) ( 1 3 )

u 1 ~(t~~~ .) e d 1~~ (t)  u 1 1 (t )
and

(ti r0 
m (t) (1 — r

0
) u1 1(t) (14 ) = I • 2 K— i ( I  S

I ~~~~~~~~~~ •-~~- ~~~ - ——— -~~ ~~~~~- __
~~~~ •• ~~~~~~ _ -~ • 0 - - — — — - ————~~~~ — --~~ — —~~ .———• ~~-
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S.

and 
- ~•L 1 1

( t+ 1’
1

) r
1 
6
i 1(t) + ( I  - r 1) .~1 2 (t)

y1
(t) I m(t) + u1 1(t) . 

- 
( 1 6 )  -

‘ 
0

6 (t+1 ,) ( 1+ r  ) 6 (t)l , j  j = j — l  i , j — l  ‘\

in a. From Eq. (15). it foUows ‘that - r . ~~ . - r . u ,( t)
Obviously, we must show that u 1 1(t) is linear

J — l  1,3 j —l  1,3
d1 2(t + 1z) ~ d1 1(t) m( 

~ 
a2(t) 

~ .~~~ + ~ .) = ~ 6 Ct ) 2 3t — 1  ~
1 j  ~ j 1, j

d1 3 (t+13) d~~2(t) a 2( t - 1 2) ~ ~ 3
(t) 

+ ( 1 r .) ~ 1~~~ 1
(t) J

• 6
i .K

(t+ 1
K~ 

= ~~ + rK+i ) 6 1, K _ l (t)

~~d (t ) 2 ad
1 K(t + 1

K
) 

1. K— i K — I  
(t — ‘TK l ~ ~ 

a~~(t)
- rK_ l u l ,K (t) - rK_ l u l K (t)

( 17 )
• r 6 (t) ( 2 2 )

which demonstrates that all primary downgoing ~ l .K (t + K
) 

K 1.K
states are not proportional to a, at all. From and
Eqs. ( 15) and (17), It also follows, that s 1(t) = (1 - r0

) .i
~ 1(t) (23)

4 U 1 K (t + 1K J d1~~~(t) aK~~~~& ~ a b~~(t)
By its very definition, s 1(t) comprises all the

~ a du
l K l

(t +  1K_ i ) 
l K l ~

t) + u l K
(t) multiple reflections for a K-layer media system.

Observe that the first residual state equations

I 
a a~~~1 (t - 1K_ i ) + a b

K
(t - are driven by the upgoing states from the pri-

maries model.
a b~~_ 1 (t) 3. s~~(t) Contains No Terms Proportional to a

In terms of proportionality, Eqs. (22) and (23)
become:

u 1 1( t+ ~~1) a d 1 1(t) + u 1 2 (t)
6
~ 1

(t+1
1
) —G i.L~ 1

(t) — a u1 1(t)
~~ t m ( t -1

1
) +  b

2
(t— i’

2)
~ a 6 1 1 (t) +~~ 1 2 (t)

~ g b
1(t) ( 1 8 )

= 6 (t+ ) 6 (t) ,.~ (t)i ,j  
~ 

‘
~ ~~~~ 

— ~ i j
which demonstrates that all primary upgoing ‘ ‘ I
states are proportional to t . Finally, from Eq. - t u .(t)  = 2 , 3 K-i
( 16)  and the last equation in ( 18), we see that

*y 1(t) a ni(t) i’ a b 1(t) a g~ (t) , ( 1 9 )  l ’j  l j

~ (t -
~‘ 

— ) x 6 (t )  — a (t) — I , ( t )
which was to be shown. l ,K K l .K-1 .K

2. First Residual Model ~ 1 K
( t T

K
) 6 l , K~~ 

( 2 4 )

We form a residual model between our complete and
model and primaries model. Let 

~~ ~(t ) .  6 i , j (t) .  s 1
(t) 2 ~~ 1

(t) ( 2 5
and s 1 (t ) denote the first  residual up ’;oing and
downgoin g states , and first  residual output , Obviously, we must show that u 1 1(t) containsrespectivel y , where (j 1, 2 K) no terms which are proportional to a. For

* .(t) • u (t) - u 1 3
(t) , ( ZOa ) illustrative purposes , we do this for K 2; the

i , j  j generalizatIon for K > 2  is straig htforward and

~ 6
1 1

(t) = d~(t) - d
1 1

(t) , . can be deduc ed from the topology of the SF0
for K> 2 .  A proportionality SF0. in which

and nodal signals are proportional to incoming
signals Is depicted in F igure  8.

s 1(t) • y(t) - y
1
(t) . ( 2 1  

By SF0 algebra or Mason ’ s Reduction Theorem .
Subtract the respective equations in Eqs. (12 )  we obtain the following relationship between
and (13 ) .  and (6) and ( 14) to obtain the following s 1(t ) and u 1, 1(t )  and u 1 2 ( t 4 :

f i r s t  residual state equations: f— ) • -rI ~~ 
t~ 1( t ”  

~ 0
.L

1 1
(t ) — r

0 ~ 1, 1~

- --- -~~~ - -~~~~~~~~~~~~~~~~~~~ - -~~~~~~~~~~~~ - -- - -~~~~~~~~ ~~-- - -- - - . -~~~~~~~ - -- -- - -— --~~-.----- ~~~~~~~~~~~
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S

‘ 2 2 2  2 2  2 2  U, ( t+ 1 .) = r d (t)
—a a 1 

a 2 — a z 1( l  + C a 2
) ‘~ ~~~~~ j=2, 3 K— l

s1(t) 
A 

u 1 1(t) + (1 _ r~) u2~~+1
(t ) )

2a z 1 z 2 ) dZ K ( t + r K ) ( 1 + r K j ) dz,K_ l (t)
— u 1 2

(t) ( 2 6 )

where 
- T

K _ 1  
u
l K (t) -

2 2  2 2 2  2 2  4 2 2A = 1 +a  z 2 + a z 1z2 + a a 1 + a z 1z2 (27 ) u2 K(t + 
~K~- -‘ r

K 
d

2 K
(t) 

- - - - - - ( 2 9 )

Observe that a~ Is common to each term in Eq. 
• 

and 
—- - — -  - -

(26), AdditIonally, we showed in Eq. (18) that y 2(t) = ( 1 - n
0

) u2 1(t) (30 )
u1 and u 1 2 are proportional to a; hence, - - -

d14-iding A Ii~to the numerator operators In Eq. In these equations , d2 
~~

• u2 , 
~~ 

and denote
(2 6),  we see that second ary downgoing a~nd upgoing states and the

secondary r eflectIon portion of the complete
s 1

(t) ~ ~~ s (t) + other terms ( 2 8 )  output , respectively.

By means of this 2-layer example, we have Before discussing the validation of this model,
demonstrated that s 1 (t) contains no terms pro- we wish to point out that the SF0 of the
portional to a; hence, all terms proportional to secondaries model has no feedback paths. We
a have been accounted for in y 1(t) . This corn- illustrate this for a two-layer media in Figure
plates the validation of our primaries model. 9. This property causes y2 (t) to be comprised

of the requisite number of terms , and enables
IV. Secondaries Model y2 (t) to be computed in a very straightforward

manner. Because the secondaries model only
Secondary reflection components of the complet e has zeros , It also is similar to a MA model.
response are much more difficult to obtain from
ray diagrams (Figure 3b , for example) than are B. Validation of Secondaries Model
primary r eflections . The main reason for this It can be shown that y2 ( t ),  as given by Eq. (30).
is that there are many more secondaries than Is proportional to e3g2 (t) . The proof of this
primaries. In this section we show how to follows the proof in Section III. B. I that y 1(t) is
modify the first residual model in a very simple proportional to C. First, show that all
manner so as to obtain a state space model secondary downgoing states are proportional to
which generates only the secondaries. We refer  a 2 . Then show that all secondary upgoing states
to this model either as a secondar y reflection

____________________ are proportional to ~~~~ Finally, f rom Eq. ( 3 0 ) ,
model, secondaries model , or first partial show that y2 (t ) 2
residual model,

N ext , form a residual model b etween our f i r s t
A. Conjectured Secondaries Model residual model and secondaries model. Let
Compare the first residual state equations (2 2 ~ ~ 2 ~ ( t ) . Iz ~ ( t ) .  and s2(t) denote the second

with the complete model state equations ( 12)  to re~ idual u~ goin g and dow-ngoin g states , and
observe that they are structurally quit e similar , second residual output , respectively, where

- - 
- Recall that in the development of the primaries (i = 1~ 2 , . . . .  K)

C - model we deleted the term - r- 1 u. ( t )  in the .i , ~(t)  ~~ 1~~~~( t )  - u2~~(t) ( 3 l a )
equations for d - t t  — 

~~), becaus~e that term re-
presented the ~lgnal3 which reflects off of an (t) = i~ ,~

(t) — d2 ~(t) (3 1b
!-
~ i interface and returns down Into the layered ~~‘ 3

media. We conjectur e, therefore, that the and
term _r~_ 1 .11 .(t) in the equations for 6~ 

.(t + 1
j ) s (t) • s~~(t)  — y

2(t) ( 3 2 )
play s an anal~gous role to the -r 3_ 1 u1

(t) ‘f~erm;
henc e, we delet e the former terms from the The second residual state and output equatIons
first residual model to obtain the followin g cart be obtained by subtracting the respective
secondaries model (or , first ear t ial res idual equations in Eqs. (22 )  and (29) , and (23) and
model): (30) . These equations will look exactly lik e thet first residual stat e and output equations in Eqs.d2 1

(t + r~ ) —r
0 u 1 1 (t) 

(22)  and (2 3 ) ,  with 6~ ,~ 

, u 1 • and s 1 (t )  re —
u2 1 (t 4. 

~~ • r 1 d.~ 1
( t)  + (1 - r 1 ) u

~ 2(t) placed by 6 2 , u-, ,~
, ‘and s-, , respectively, and ,

u 1 (which t’orces’ the f i rs t  residual state
~ eq~iatlons) replaced by u, 

~~
. The second residuald2 ~

(t — —
~~ = (1 — r 4 - ~) d

2~ J _ l ( t l  
state equations are  driven by the izp going states

- r ;,, 1 u j j (t) f rom the secondaries  mod el.

- - 
-—-— - ---- - —-~- ——-- - -  - -  — • - - ~~— -——~~~~~ ----—- .— 
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Final validation of the secondaries model is to [L f . ,  ‘~~* ;( t) J are proportional to 12n54, to show
show that s2(t) contains no terms which are that all (n~ +l)-ar y downgoing states are propor-
proportional to a 3. The proof of this follows tional to a zn *. We then show that all (n 4,+l)-ary

• the proof In Section III.B .3 that s 1(t) contains upgoing states are proportional to a 2n*~’l ; henc e,
no terms proportional to a, and Is left to the y~ 4,~1(t ) 2 c 2n*+1g~~

÷1(t) , Next, form a residual
reader, model between the n 4 residual mod el and the

_ (n *+l)_a r y model. Let s~~*4,1( t) denote the (n 4,+l)
V. Canon ical Bre rnm er Series Decomposition residual output; i. e. ,

~~~*Our results in the two preceding sections n 4,1 (t) = 5n*(t) - y
n*+i

(t) ( 3 5 )
suggest that a complete decomp osition of a Finally , show that Sn*+l(t) contains no termsseismogram (I. e.,  y(t)] into a superposition of which are proportIonal to c~~~”+1 . S
outputs from primaries, secondaries , tertiaries,
etc., models is possible. We summarize this VI. Example
dec omposItion in the following: To illustrate the canonical Bremmer Series de-
theorem. The complete output , y(t), from a composition, we have chosen a 3-layer media

• K-layer media system can be obtained from a (Figure 11) which can be associated with a bright 
- 

-

single model of order 2K - the complete model , spot phenomenon, because of the thin low velocity
given by Eqs. (12) and (6) - or from an infinite layer which is sandwiched in between the two thick
number of models , each of order 2K, inter- high velocity layers. We attribute no other geo-
conn ected as shown in Figure 10. The pri- logical plausibility to this example. For layer 1,
mar ie. model is defined by Eqs. (13) and (14). V 1 7, 500 f t /sec  and :~ =2. 2 gm/cm3; for layer 2.
The n-aries (or n-lst partial residual) models V 2=5 , 500 f t / sec  and 02=1, 6 gm/cm 3; for layer 3,
are defined by the following: V 3=V 1 and ~3=Q 1 ; for the basement, V4=l2 , 000

ft /sec and P4 was approximated by the :-powerd (t + i~ ) = -r u (t) law, 0. 23 V~ (Ref. 8).xi , 1 1 0 n-l , l

u ( t+i ’  ) = r d (t) + (1 - r  ) u (t) Figure 12 depicts the complete response asn, 2n, 1 1 l n , l 1
well as the primaries , secondaries and some

d , ( t + r .) = ( 1+ r . 1
) d of the tertiaries (those through 2 seconds).n.j j j— n.j—I I

Occasionally, a tertia r y and secondary will be
- r  u coincident so that their sum, which appears inj - l  n-i , j

u ( t + T  ) = r. d (t) 

(t) 
(j2 ,3 K-i the lower plot , looks different from either

constItuent (see  the last spike , for example) .n , j  j  j n.j. ) £v-en more interesting are the large secondaries
+ ( 1 - r ) u  (t) and tertiaries which occur well into the seismo-j n , j+I  /

gram. These large component s always involve
d K

(t
~ ~~~ 

- (1 +r K l ) d
K l

(t)  (at least one) reflection off of the surface inter-
face , where r 0 is close to unity; however , that

- rK l  U L K
(t) in itself does not explain such large  components.

There is a reinforcement phenomenon presentu ( t+ r  ) = r d (t) (33 )
a, K K K n, K in a K-layered med:a system, regardless of

the values of the one-way travel times, Byand

r - ~‘~~
(t) = (1 - r ) U (t) ( 3 4 ) this phenomenon, it is possible for rays to

0 n . I travel different path s and yet reach the seismic

____  

a

for n =  2, 3 Additionally, y(t)  is given by sensor at exactly the same time. In Ref. 1,

Eq. ( 1) .  ray diagrams are  given for secondary reflections
in a 3-layer media system. There are 14

Proof: An inductive proof of this theorem is distinct paths for the secondaries , but only 10
straightforward, although details are tedious in distinct times at which the secondaries will be • -

nature, We have validated the primaries model recorded. The four times at which two
in Section III, and have validated Eqs. (33) and secondaries add together (I. e .,  r einforce one
(34), for ~~= 1, in Section IV. Assume the truth another) are: t=4 ’ r 1 + 2 ” ~~. 4 ’~ +2 2 + 2 ’ 3 ,

4 of Eqs. (33) and (34) for n=n~’ and show that 4 1 44~ 2~~
2 3 ,  and ZT 1~~4 ,+ 2 - 3 .  In our

they are valid for n =  n’~+ I via the inductive step, example , the reinforced secondaries occur at
We do not give all the details, because they are t = 0.836 , 1.37 , 1. 406 , and 1.006; those
so similar to the ones in our validation of the secondaries are starred in Figure iZ. The
secondar ies model (and primar ies model). To situation is much the same for the ter t iar ies.
begin, we can show that ~~ e4,1(t) is proportional The large negative tertiary at t~~ l. 6 is due to
to e 2n *+1 g0*4, 1. In order to do this , we use the the reinforcement of a number of (as of yet

• the (assumed) fact that all n*-ary upgoin g states unknown) ter t iar ies .  We are presently studying

t
7
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this reinforcement phenomenon to establish the from knowledge of 02 ,  which is calculated
times at which a reinforcement occurs as well from knowled ge of u 1 ; hence, 03 is calculated
as the number of components which add up to from knowledge of u 1; u5 is caiculated from
give the complete signal at those times, knowledge of u3 ,  etc. Ortce the primaries , u 1,

have been computed , we can combine Eqs. (36b)
VII. Conclusions - and (36c) so that we can view 021+1 as being

calculat ed from knowledge of 
~~~~~ 

( 1 = 1 , 2 . , , , ) .
We have developed a canonical Bremrner Series This dichotomy between the algorithm used for

computing the primaries and the algorithm used
K-layer media system. This decomposition is for computing all other constituents also appears

- ~ decomposition of a complete seismogram for a

depicted in Figure 10. Our algorithms for in our Section V algorithm.
computing the constituents, y 1( t ) ,y 2( t ) , . . . ,  etc. ,
of the complete seismogram are state space - - In our development , we have only been interested
primaries , secondaries etc. models . res - in the surface seismogram . y(t) . in Bremmer ’s
pectively. These algorithms are summarized development , the surface is at x =  0; hence, his
in the theorem given in Section V. We have constituents u 1(x), u 3(x ) , . . . ,  are related to our
shown that each one of our constituent models - constituents y 1(t ) ,y 2 ( t ) , . . . ,  by the relationship
only has zeros , whereas , as is well known, the that y5

(t) u2 1 1  (x = 0 ) ,  j 1, 2 Just as he
complete model has both zeros and poles. This has related 021+1 to u21,, 1 , we have related our
property of our constituent models makes them upgoing stat e vectors (see Figure 10) u .~ to
easy to use for computation purposes; arid , in so that y~ (t) can be comput ed using

trunc at ed after a relatively small number of involve the constituent s directly, whereas our
- i many situations the Br emmer Series can be knowledge of 

~~n- 1’ His recursive relationships

terms . Hence, the canonical Bremmer Series recursive relationships involve the states for
decomposition can also be viewed as a corn - successive partial residual models.
putational technique for approximately solving It would be interesting to explore the relation-
the !ossles s wave equation. ships between Bremmer s algorithm and ours
We conclude by relating our algorithms for in more detail. This remains to be done.

— computing the constituents y1(t) ,y ,(t ) , . .  to those
given by Bremmer (Ref . 2). In ~ remmer ’ s Acknowledgement
notation , u . denotes the constituent of y associated The work report ed on in this paper was per -
with exact 1~ j reflections; hence, hls u 1, u3, 05. . . .  formed at the University of Southern California ,
should be associated with our y 1,y 2, y3 Los Angeles , California, under National Scienc e
Bremmer ’s equations for his constituents are Foundation Grant NSF ENG 74-02Z97AO l , Ai r
given as a function of spatial variable x, where Force Office of Scient ific Res earch Grant
x 0 at the bottom of the  layered media and x AFOSR 75-~ 79’ , Chevron Oil Field Research
increases in the direction of the basement to the Co. Contr act-7 ’~. arid Teledyne Exploration Co.
surface. Contract TE C-7~ . The author would ~~~e to
Bremmer ’ s equations , f rom which we cart cal-  acknowledge the fact that the si m ulations were
culate 01. 03, 05 are  given by the following performed by Mr.  M. Chart , a graduate st- ~~ent
recursive integrals:  in the Electrical Engineering Department , at the

C 
~~ 

k 0 
‘
~~~~ 

University of Southern Cal iforn ia .  He would

= ~~~~~~~ I k ( s )  ds ,’ ( 36a ) also lik e to acknowled ge some helpful d i sc -~sg i o rs
I with Dr. Keith Clover ) formner ly  of the Univers i ty

4 0 of Southern Californ ia) ,  of Cambrid ge Univers i ty .
1 ~ k ’(s) about state variable t ransformations , and Prof.

= - 
2 [k(x) 1~ ~~~~ {k( s)]~ 

u ,i (s )  Tom Kailath , of Stanford University ,  about the

exp
~ 

-s  WKB approximation, which led to the uncovering
I t k(~~) d~ ( 36b ) of Bremmer ’s work.

x
I r k ( s) C021(x) = 

2[k(x j~ - 
ds Ik(s)It 02 1 1

(5) These equations were derived by replacing

{ 

x the inhomogeneous space x > 0  by a set of homo-
k(:)  dr ’~ ( 36c ) geneous layers 0 < x < x 1 , x 1 < x< x-~ , x , < x < x 3 , . . .

with the succ~ ssive constant wave numbers
where 1= 0 , 1, 2 , . . .;  k0 denotes the constant wave k 1, k ,.k ... At a later point , Bremmer
number of the homogeneous half space x c  0; and passes ?rorn this dIscontinuous medium to a
k( x) represents the var iab le  wave number in an continuously changing one by making the thick -

— inhomogeneous space x> 0. * Observe that U I is ness 1x3 x5 - x5 1  of the various layers in-
calculated f rom knowled ge of •-i~~; 03 ~! calculated fini tely small.
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(a) surface and (b) interface K.
Figure 9 SFG for secondaries model, for

K = 2 .  -

- - — roil

Figure 6 SFG based on computational ordering
of nodes (states) for K=2 .

Z,r Figur e 10 Canonical Bremmer Series decom-
- position of a seismogram signal ,

y(t) .  Vector 
~~~ 

deno tes the
Z ,(I +  r 0 ) 22 ( 14 r , ) Z 2 r 5 z ) i—r ) ( I— r I coilection of K upg oing states for

the n-a ries model.

A I R  r :0908
Figure 7 S~~G for p r imar ies  model , for  K ~~. ~~~~~~~~~~~~~~

• r1 0.200
0 ~,

: ‘ {  
____________________-Ez , jY 

-o~ § r3 ’o.267

H
.2 ~~~~~~~~~~~~~~~~~~~~ 

r’ 0272Figure  3 Proportionality SFG for f i r s t  res idua l  
~~~~~~~%EMENT ~~~~~~~~~~~~~~~~~

model, for K = 2, This SFC is
obtained using Equat 1ons (24 1 and ( 5 )
for K s  2 . Figur e 11 Three  layer br ight  spot example.
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