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A CANONICAL BREMMER SERIES DECOMPOSITION OF SOLUTIONS TO
THE LOSSLESS WAVE EQUATION IN LAYERED MEDIA

Jerry M. Mendel
University of Southern California, California

Abstract

In this paper, we prove the truth of the
following decomposition of the solutions to the
lossless wave equation in layered media: the
complete output from a K-layer media system,
which is comprised of the superposition of
primaries, secondaries, tertiaries, etc., can
be obtained from a single state space model of
order 2K - the complete model - or from an
infinite number of models, each of order 2K,
the output of the first of which is just the pri-
maries, the output of the second of which is
just the secondaries, etc., This decomposition
of the solution to the lossless wave equation
into physically meaningful constituents (i.e.,
primaries, secondaries, etc.) is called a
canonical Eremmer Series decomposition, after
Bremmer, who in 1951 established a similar
decomposition.

In many geophysical situations, where reflection
coefficients are quite small, the decomposition

can be truncated after secondaries or tertiaries;
hence, it also represents a way to approximate
the solution to the wave equation.

I. Introduction

Nahi and Mendel (Ref. 1) have developed state
space equations for a model of a horizontally
stratified nonabsorptive earth with vertically
travelling plane compressional waves. Their
model is based on a ray theory sclution to the
lossless wave equation in layered media. As
such, it is not limited just to layered earth
models; however, since our interest is in the
seismic area, our discussions will be in the
context of such models. Mendel (Ref. 1) con-
jectured, and demonstrated by examples, that
'"the complete output from a K-layer media
system, which is comprised of the superposition
of primaries, secondaries, tertiaries, etc., can
be obtained from a single model of order 2K -
the complete model - or from an infinite number
of models, each of order 2K ...,'" the output of
the first of which is just the primaries, the
output of the second of which is just the second-
aries, etc. We refer to this decomposition of
the complete solution to the lossless wave

equation into physically meaningful components
(i. e., primaries, secondaries, etc.) as a
canonical decomposition.

In this paper, after we review the state space
model of a K-layer media, we prove the truth
of the canonical decomposition and illustrate

its use by means of a simulation example, We
show that, whereas the complete model (i.e.,
the model that generates primaries and all
multiples for the K-layer media) has both poles
and zeros, similar to an ARMA model, the
partial residual models (such as the primaries
model, which generates only primary reflections,
and the secondaries models, which generates
only the secondary reflections) only have zeros,
similar to MA models. As such, the partial
residual models are much easier to compute
with than the complete model, since they are
open-loop models, whereas the complete model
is a feedback model. In many geophysical
situations, where reflection coeificients are’
quite small, the canonical decomposition can be
truncated after secondaries or tertiaries; hence,
it also represents a way to approximate the
complete solution to the wave equaticn.

After the author had developed and proved the
canonical decomposition, he discovered that the
idea of such a decomposition, as well as a
collection of integral equations for accomplishing
it, were presented by Bremmer (Ref., 2} in
1951, In fact, such a deccmposition is referred
to as a Bremmer Series (Refs. 3 and 4); hence,
we shall refer to our canonical decomposition
as a Bremmer Series decomposition. OQur
approach to the development of this decompo-
sition is quite different from Bremmer's. We
shall have more to say about this in Section VII.

A system of K-layered media is depicted in
Figure 1. We adopt the convention of calling
the layer below layer K the basement. Each
layer is characterized by its one way travel
time r;, velocity, V;, and normal incidence
reflection coefficients r, (i=1,2,...,K).
Additionally, interface-0 denotes the surface
and is characterized by reflection coeificient
rq. In Figure 1, mit) and y(t) denote the in-
put (e.g., seismic source signature from
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dynamite, airgun, etc.) to the layered earth

system™ which is applied at interface-0, and
the output (i.e., ideal seismogram) of the
system which is observed at the surface, res-
pectively.

As in Ref. 5, we shall find it convenient to
draw ray diagrams with time displacement
along the horizontal axis, so that the rays
appear to be at non-normal incidence and so
do not overlap one another.

Figure 2 depicts primary and multiple reflec-
tions for a 2 layer media, and illustrate the
very complicated internal behavior of the two-
layer system, and, that y(t) has components
which occur at specific values of t. The pri-
mary reflection components of y(t), denoted
¥1(t), are depicted in Figure 3a, whereas the
second:ry reflection components of y(t), denoted
ya(t), are depicted in Figure 3b.

Observe, from this simple example, that pri-
mary reflections result from exactly one reflec-
tion off an interface in a layered media system;
hence, primary reflection components, Y1 (t)
include only those terms which, neglectlng the
effects of two-way transmission factors, are
proportional to linear functions of the reflection
coefficients [e.g., ro(l - r%) m(t -27)) = romit - 27)),
where = denotes proportionality]. Observe,
also, that secondary reflections result from
exactly three reflections off of interfaces within
a layered media system; hence, secondary re-
flection components, y,(t), of y(t) include only
those terms which, neglecting the effects of
two-way transmission factors, are proportional
to cubic functions of the reflection coefficients.
In general, n-ary reflections result from ex-
actly 2n-1 reflections off of interfaces within a
layered media system; hence, n-ary reflection
components, y,(t), of y(t) include only those
terms which, neglecting the effects of two-way
transmission factors, are proportional to pro-
ducts of 2n -1 reflection coefficients,

By thinking of y(t) as the superposition of its
constituents - primaries, secondaries, etc., -
we can write it as

E ]
vty = Z oy . (1)
jor
Equation (1) is the Bremmer Series decompo-
sition of y(t). We shall demonstrate that such
a decomposition is possible, and, shall provide

" In a marine environment, layer 1 can be
taken as water. For the purposes of the pre-
Sent paper, we assume that both the source and
the sensor are located at the surface. The
generalization of our results to subsurface
source and sensor is straightforward.

y() = ey)(t)+ ¢3y'2(t) + tsy;(t) POy

state space models for obtaining the constituents,
¥1(t).¥5(t),... . Our state space models can
be thought of as numerical procedures (algo-
rithms) for obtaining the constituents of y(t).

Let us express each reflection coefficient in
terms of a small number, say ¢; that is to
say, glven TgrTpseses Ty and ¢, numbers ro,
rl"""k can be determined such that

r.=er. j=0,1,c.00k (2)

i b}
From our preceding discussion on the pro-
portionality of yi(t) to products of 2i-1 reflec-
tion coefficients, we see that

- 1
H Al tE L&, - (3)
which means that y(t) in Eq. (1) may be ex-
pressed as the following power series in e¢:
Al +...

: (4)
This equation suggests the possibility of truncating
the Bremmer Series decomposition after a small
number of terms (unless the amplitude of Yi i(t) is
comparable to ¢2i-1, which is possible in certain
applications). It also provides us with a method

for proving that our partial residual state equation
models generate just the primaries, or just the
secondaries (these models are described in Sections
II and IV), etc. We shall prove that the output of
our primaries model, y1(t), is proportional to ¢,
that the output of our secondaries model, ya(t), is
proportional to €3, etc.

In Section II we review the state equation model
described by Nahi and Mendel (Ref. 1) for
generating the complete response. In Section
III we develop and prove the validity of a state
equation primaries model. In Section [V we
develop and indicate the proof of validity of a
state equation secondaries model. A complete
statement of the canonical Bremmer Series de-
composition is given in Section V. An example
which demonstrates the decomposition for a
Bright Spot application is given in Section VI.
Relationships between our results and Bremmer's,
as well as conclusions, are given in Section VII.

II. A State Equation Model for Complete
Response

There are (at least) two different ways for
obtaining a state equation model for the com-
plete response, y(t), of a K-layer media system
(Ref. 1). The brief derivation of this model,
given below, is based on a starting point which
should be quite familar to all exploration geo-
physicists. It is the ray diagram, depicted in
Figure 4, which is taken from Ref. 5. Symbols
u and dy denote the upgoing and downgoing
waves in the k-th layers, respectively; and, we
adopt the convention that waves at the top of a
layer occur at present time, t. To deveiop the
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state equation model we direct our attention at
the intersection point of the ray diagram and
apply superposition to obtain the following
equations for signals w (t-T,) and d __ (t),
which leave that point‘:"'k dk“

uk(t+'rk) = rkdk(t - Tk) +(1- rk)ukﬂ(t) (5a)

dk+l(t) = (1+ rk)dk(t - 'rk) - rk“k+l (t) (5b)

These equations are applicable for k=1,2,...,
K-1, At the surface (Figure 5a), we obtain

y(t) = rymit) + (1 -ro)ul(t) (6)

d'l(t) = (L+rgmet) - ryu, (1) (7)

and, at the Ktk interface, we assume that
uK+1(t)=0, to obtain (Figure 5b)

t&((t«&-fx) = rKdI'((t'TK) (8)
de® = (Terde(e-n) (9)

Signal y(t) in Eq. (6) is the measurable system
output. Signal di“l(t) is also a system output;
but, since it cannot be measured, we shall
ignore it in following analyses.

It is convenient to group Egs. (5a), (5b),(7) and
(8) in a layer ordering, as follows:

d'l(t) = -rgu () + (1+x ) enit)
u (t+7)) = rldi(t-ﬂ’l) (17 )uy(t)

diftt = (1+z, )d _(t-r,
0= (Arr pder )
« g, . uit)

-1
’ . 103, 8 p0es s Kel
a(t+Tr,) = r. d(t-T,
b J) ] J( J)

+ (ler)u, . (t
( I'J)u‘l (t)

+1
dg®) = erg Pt ) = Tl i (®

gt Ty = T dglt - T) (10)

This system of 2K equations is not in useful state

equatior. format, yet, since signals in its left-
hand side occur at t and delayed times, and
signals on the right-hand side occur at t, t-Til1
and t-7.., In order to put Eq. (10) into usefu
state equation format, let

d(t) 2 dlt-r
J( = J( j) (11)
for all j=1,2,...,K. Observe, from Figure 4,

that the downgoing states d.(t) occur at the
bottom of a layer. Equation (10) becomes

dx""l’ = -ryu,(t) + “"o) m(t)

“1(t+Tl)_ = rl dl(t) + (1 -rl)u.z(t)

dj(t+'rj) = (l+rj_l)dj_l(t)
- r, . u/(t)
i-17j §52,3,...,K -1
8 2 i
uJ( +'rj) = rJ dJ(t)

+ (1 -rj)uj“(t)

%((C‘FTK) = (l+rK-1)dK-l(t) - rK_luK(t)

St el ¢ red 8 (12)

By means of transformation (11) each pair of
equations in (10) now only involves two time
points, t+T; and t. [Equations (12) and (6)
together represent the state equation model for
the complete output y(t); hence, they are re-
ferred to in the sequel as the complete model.

Comment. Equations (5a), (5b),(7) and (8), for
uniform travel times (i.e., T;=T,=...=Tp i),
represent the starting point for the well-known
transfer function models of a K-layer media
(Refs. 5,6 and 7, for example). Starting with
those same equations, we have taken a path
different from the one which leads to transfer
function models; our path leads to time-domain,
state space equations. In the special case when
T1=T2=...=2Tg 8T, Eq. (12) can be reduced to a
collection of finite-difference equations, by
choosing t=kt. We shall explore the impli-
cations of taking this other path on such pro-
blems as computation and deconvolution in a
forthcoming paper. a

In order to develop additional insight into the
structure of our state space mocel, it is in-
structive to portray that model in signal-flow
graph (SFG) form. Because all important
features of our model can be observed from the
nature of a two-layer example, we shall pre-
sent our SFG for that tase, leaving generali-
zations to the reader.

For purposes of constructing a SFG it is useful
to rewrite Eq. (12), for K=2, as follows:

dl(t) = -roul(t - 71

(1 +r1)dl(t- Tz) - rl uz(t- 'rz)

) + (l+ro)m(t-1'l)

d,(t)

uz(t) T, dz(t - ?Z)

ul(t) = rl dl(t-fl) + (l-rl)uz(t-'rl)

The ordering of the state - dl'dz'“z'“l -is a
computational ordering, because that is pre-

cisely the order in which we would solve these
four equations. A SFG based on these equations
and Eq. (6) is depicted in Figure 6, For
simplicity in drawing the SFG, we do not show
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the explicit dependence of node signals on time;
and, we use operators z, and z, to denote T,
and T, sec. time delays, respectively [i.e.,
zym=m(t-7))]. The feedback nature of the
layered media system is clearly evident from
the SFG. Three feedback loops are present;
the inner loop being associated with layer 2,
the other loops being associated with layers 1
and 2.

The feedback nature of the complete model in-
dicates that it has zeros as well as poles;
hence, it is similar to an autoregressive moving
average (ARMA) model. It is the feedback
nature of the complete model which produces
the multitude of multiple reflections (see Figure
2, for example),

III. Primaries Model

Conceptually, the primary reflections (i.e.,
primatires) are easily obtained directly from
ray diagrams (Figure 3a, for example); however,
that approach does not lead to a dynamical
model which can be associated with the pri-
maries. In this section we show how to modify
the complete model in a very simple manner so
as to obtain a state space model which generates
only the primaries. We refer to this model
either as a primary reflection model or a pri-
maries model,

A, Conjectured Primaries Model

We conjecture that state equations for a pri-
maries model are obtained from Eq. (12) by
deleti.ng the term -r. ., u.(t) in the equations for
(t+7y), j=1, Z.....Kl Our reason for deleting
t!)xese terms is based on the following observa-
tion: a multiple reflection can occur only when
an upgoing wave reflects off of the top of a
layer. Observe, in Figure 4, that the contri-
bution due to uk“(t) in d;“_l(t) represents just
such a reflection; hence, we delete these com-"
ponents from the complete model in our pri-
maries model, whose equations are given below,

d

l'l(u»fl) (1+r°) m(t)

9%, l(t+11) =r dl.lm + (1 -rl) “1.2"’
dl'j(td’fj) = (l+rJ l)dl.j-l(t)
ul.j(“"j) = rj l,j') j=2,3,...,K-l
+ (1 -rj) “1.j+1‘*’
1 K(t<|»r ) = ““'K-l)dl,x-lm
ul'K(t.&fK) = rK dl,K(t) (13)
and
Yl(t) = ro m(t)+(l-r°) \.\l l(t) (14)

In these equations, dl jeul, e and Y1 denote
primary downgoing and upgoﬂng state ;nd the
primary reflection portion of the complete out-
put, respectively.

At this point Eqs. (13) and (14) are conjectural
in nature; i.e., that they do give just the pri-
maries remains to be proven, We do this in
Paragraph B below. They have been validated
by ray tracing arguments for a three-layer
example in Ref. 1.

Before validating our model, we wish to point
out an important property of the primaries
model: its SFG has no feedback paths. We
illustrate this for a two-layer media in Figure
7. This property causes y,(t) to be comprised
of a finite number of terms - K+1, for a K-
layered media - and enables y1(t) to be com-
puted in a very straightforward manner. The
open-loop nature of the primaries model in-
dicates it only has zeros; hence, it is similar
to a moving average (MA) model.

B. Validation of Primaries Model

We shall show that vl(t), as given by Eq. (14),

s proportional to £g,(t). Function g;(t) is not
equl to y,.(t) in Eq. (3), because we use pro-
portionality, rather than equality, arguments in
our proof. Now, it is possible that we may not
have accounted for all terms which are propor-
tional to ¢ in our conjectured primaries model;
hence, we must examine the residual between
y(t) and ¥yt We shall show that that residual
contains no terms which are proportional to ¢z,
hence, y(®) contains all the terms which are
proportional to ¢, and, therefore, our con-
jectured primaries model is a valid primaries
medel.

1.  y;(t) Proportional to ¢

We wish to show that y,(t), as given by Eq.
(14), is proportional to ¢ g,(t). To begin, we
rewrite Eqs. (13) and (14) in proportionality
format, using a computational ordering of the
states, where we assume (lzer') £(t) = £(t). By
this technique, we are absorbing all the two-
way transmission factors, like (1 - x-z) =(1-¢2r'2),
which appear in y,(t). in the propcrtionuity
arguments. Equality arguments can also be
used; but, the algebra associated with them is
more complicated.

dl. l(t*'1’l) = m(t)

d .(t+T)=d %) +» J2di8, o0 Kl
1“‘( j ]

1,j-1

K(t + TK) = gd (t)

., 1,K
ul.j(C¢fj) = ‘dl,j(n oulljﬂ(t) "

j=1,2,.0¢, K=l (18)
FOTESOR GG
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and

: Y0 = em(t) +u, (1) . ' (16)

1,1
Obviously, we must show that uy, 1(t) is linear
in ¢. From Eq. (15), it follows that

d) lt+7y) =d) () = mit-T1)) A a,(t)
dl's(t+'r3) = dl'z(t) = a,t-1,) z a3(t)

x =
4T T 4 ka®

! = ax-l(t-f

s
k-1 = %®

(17)

which demonstrates that all primary downgoing
states are not proportional to ¢, at all. From
Eqgs. (15) and (17), it also follows, that

“l.K‘“fK’ L dl.Km x® ¢ aK(t-fK) é (4 bK(t)

(47 ) = ed (&) +u, _(t)

“1,K-1 1,K-1 1.K

x - -
t ‘K-l(t TK_I) +¢ bK(t TK)

a
& eby

« o

ul’ l(t«f-ﬂ'l) L dl. 1(t) + ul. 2(t)

= ¢ m(t- ‘r'l) + ¢ bz(t-‘rz)

2 [ bl(t) (18)
which demonstrates that all primary upgoing

states are proportional to :. Finally, from Eq.
(16) and the last equation in (18), we see that

y () = em(t) + eb (1) L g,® . (19)

which was to be shown.
2, First Residual Model

We form a residual model between our complete
model and primaries model. Let "*l.jm' 61'j(t),
and sl(t) denote the first residual upgoing and
downgoing states, and first residual output,
respectively, where (j=1,2,...,K)

“l,jm = uj(t) - ul'j(t) ’ (20a)

61,j(" = dj(t) - dl'j(t) » . (20b)
and

$,(t) = y(t) -y, (t) . (21)

Subtract the respective equations in Eqs. (12)
and (13), and (6) and (14) to obtain the following
first residual state equations:

'l(t) -r

o (t)

51' l(t,u'l) z .r

01 01,1

“1. 1(1:4-1'1)

&
1,

ul.)

1.k

K

and

[+ T,
J( TJ)

JEET
( ))

(t+ 'rK)

(t+'rK)

s, (®)

+

x-.1 61’ 1(t) + (1 -rl) H'I.Z(t)

(e )8
- rj-lul,j - rj-lul.j(t)
(l-rj)ul.ju(t)
A+re) 8, xa®
K-1%1,k® ° Tk.1%,xk®
T 8 L0 - (22)
(=g iy | (® (23)

By its very definition, 8,(t) comprises all the

multiple reflections for a K-layer media system.

Observe that the first residual state equations
are driven by the upgoing states from the pri-
maries model.

3. ll(t) Contains No Terms Proportional to ¢

In terms of proportionality, Eqs. (22) and (23)

become:

61. l(t<l-‘rl) = -t

R |

(t) - eu

l.lm

§=2,3,...,K-1

ul'l(u-?l) = ¢ 61. l(t) *“1.,2"’
T 8. -
el'j(t+ .j) - l.j-lm zul'j(t)
- € ul.j(t)

,.;l‘j(ti-?j) =« g él’j(t) ?Jl,j+l(t)
.‘51'K(t+'K) = 61.1«:-1‘“ - z;..l'x(t) w8
;I.K(t“‘rx) L el,K(t)

and
o il WL

(t)

1,.X

Obviously, we must show that Jdi, 1(t) contains

no terms which are proportional to e.

For

illustrative purposes, we do this for K=2; the
generalization for K>2 is straightforward and
can be deduced from the topology of the SFG

for K>2.

A proportionality SFG, in which

nodal signals are proportional to incoming
signals is depicted in Figure 8.

By SFG algebra

or Mason's Reduction Theorem,
we obtain the following relationship between

sl(t) and ay, 1(t) and ux'z(t):

ik

o — TR o !




-(zzfzz - ¢zz (l+ezzz) {
sl(t) = - ul,l‘t)
tz 2
- —T—{“l,z(t) (26)
where : -
A = 1+¢zz§+ tzzf §+ tzz§+ ¢4zf : (27)

Observe that tz is common to each term in Eq.
(26). Additionally, we showed in Eq. (18) that
U g and up, 2 are proportional to g; hence,
dividing A into the numerator operators in Eq.

_(26), we see that

sl(t) = ¢3 s'x(t) + other terms (28)

By means of this 2-layer example, we have
demonstrated that s,(t) contains no terms pro-
portional to e; hence, all terms proportional to
¢ have been accounted for in y,(t). This com-
pletes the validation of our primaries model.

IV. Secondaries Model

Secondary reflection components of the complete
response are much more difficult to obtain from
ray diagrams (Figure 3b, for example) than are
primary reflections. The main reason for this
is that there are many more secondaries than
primaries. In this section we show how to
modify the first residual model in a very simple
manner so as to obtain a state space model
which generates only the secondaries. We refer
to this model either as a secondary reflection
model, secondaries model, or first partial
residual modei.

A. Conjectured Secondaries Mcdel

Compare the first residual state equations (22)
with the complete model state equations (12) to
observe that they are structurally quite similar,
Recall that in the development of the primaries
model we deleted the term -r 1 %:(t) in the
equations for d.(t+T.), because th&t term re-
presented the ﬁgntl‘l which reflects off of an
interface and returns down into the layered
media. We conjecture, therefore, that the
term -r;_;u; :(t) in the equations for 61 (t+ 1))
plays an antlogoul role to the -r; ;u. :(t) ferm;
hence, we delete the former terms from the
first residual model to obtain the following
secondaries model (or, first partial residual
model):

(t+7) = -r u

(t)

Z 1 %
1(tm'l) = 1-1 dz_ 1(t) + (1 -rl) “2, 2(t)
dz.j(t+'j) = (l*rj_l) dz;j-l(”
g ul'j(t)

u, .(t+T.) =r, d, .(t)
=
7 2] §52,8, 000 K1
+ (l-rj) “z,5+1‘”
K(t-l-TK) = (“'rK-l) dZ,K-l(t)
Tk %,k
ZK(t+1’)= KdZK() R g (29)
and e e e
yz(t) = (l-r )uz 1 (30)

In these equatw.ons, dz jr» U2, i and y, denote
secondary downgoing and upgomg states and the
secondary reflection portion of the complete
output, respectively.

Before discussing the validation of this model,
we wish to point out that the SFG of the
secondaries model has no feedback paths. We
illustrate this for a two-layer media in Figure
9. This property causes y,(t) to be comprised
of the requisite number of terms, and enables
y2(t) to be computed in a very straightforward
manner. Because the secondaries model only
has zeros, it also is similar to a MA model.

B. Validation of Secondaries Model

It can be shown that y2(t), as given by Eq. (30),
is proportional to ¢ gz(t}. The proof of this
follows the proof in Section III.B.1 that Vl(t) is

" proportional to e. First, show that all

secondary downgoing states are proportional to
¢“. Then show that all secondary upgoing states
are proportional to 3. Finally, from Eq. (30),
show that yz(t)=z3gz(t).

Next, form a residual model between our first
residual model and secondaries model. Let

(L), 62 :(t), and s,(t) denote the second
res;dual npgoing and dow-ngomg states, and
second residual output, respectively, where
(121,8ce0:5)

“Z.jm = ul,j(t) - uz'j(t) (31a)
52,3'(" = 6l_j(t) - dz,j(" (31b)

and
s,(t) = ll(t) = v,® (32)

The second residual state and output equations
can be obtained by subtracting the respective
equations in Eqs. (22) and (29), and (23) and
(30). These equations will look exactly like the
first residual state and output equations in Egs.
(22) and (23), with 61 jeu, 0 and s,(t) re-
placed by 62 sala 4y and s,, respectwely, and,
u, ; (which {orces the first residual state
equations) replaced by u; Vit The second residual
state equations are dnven by the upgoing states
from the secondaries modei.
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Final validation of the secondaries model is to

show that az(t) contains no terms which are
proportional to e3. The proof of this follows
the proof in Section III.B.3 that sl(t) contains
no terms proportional to ¢, and is left to the
reader.

V. Canonical Bremmer Series Decomposition

Qur results in the two preceding sections
suggest that a complete decomposition of a
seismogram [i.e., y(t)] into a superposition of
outputs from primaries, secondaries, tertiaries,
etc., models is possible. We summarize this
decomposition in the following:

Theorem. The complete output, y(t), from a
K-layer media system can be obtained from a
single model of order 2K - the complete model,
given by Egs. (12) and (6) - or from an infinite
number of models, each of order 2K, inter-
connected as shown in Figure 10. The pri-
maries model is defined by Egs. (13) and (14).
The n-aries (or n-lst partial residual) models
are defined by the following:

G 1T S R el

un' 1(t-i-‘?l) = rldn, 1(t) + (1 -rl) un' 2(t)

dn,j(t+fj) = (l+r, )d (t)

j=1" 'n,j-1

R .(t)
=1 ‘m-1.} Jo2, 8. %1

t+T) =r.d (t
un—J( 1’J) r:.l n-J.( !
+ (1 -rj) un’ j+1m
dn'K(t—‘-TK) = (l+rK_l) dn.K-l(t)
* g Saatx'
un.K(“.TK) = r.-K dn.K(t) (33)
and
Yo = (L= a (0 (34)

for n=2,3,,.. . Additionally, y(t) is given by
Eq. (1).

Proof: An inductive proof of this theorem is
straightforward, although details are tedious in
nature. We have validated the primaries model
in Section III, and have validated Eqgs. (33) and
(34), for n=1, in Section IV, Assume the truth
of Eqs. (33) and (34) for n=n* and show that
they are valid for n=n™+1 via the inductive step.
We do not give all the details, because they are
so similar to the ones in our validation of the
secondaries mocdel (and primaries model), To
begin, we can show that y «, ,(t) is proportional
to e2n *1 Zp*.p+ In order to Jo this, we use the
the (assumed) fact that all n*-ary upgoing states

[i.e., un*';(t)] are proportional to EZn*-l' to show
that all (n¥+l)-ary downgoing states are propor-
tional to €20, We then show that all (n*+l)-ary
upgoing states are proportional to €2R*+l; hence,
Yok () = €20%41 gn**’}.(t). Next, form a residual
model between the n* residual model and the
(n*+l)-ary model. Let So#.(t) denote the (n*+1)
residual output; i.e.,

’n*+l(t) = 8 4(t) - Yn*+1(t) (35)
Finally, show that Sp*41(t) contains no terms
which are proportional to e¢2n*+l, s

VI. Example

To illustrate the canonical Bremmer Series de-
composition, we have chosen a 3-layer media
(Figure 11) which can be associated with a bright
spot phenomenon, because of the thin low velocity
layer which is sandwiched in between the two thick
high velocity layers. We attribute no other geo-
logical plausibility to this example. For layer 1,
V1=7,500 ft/sec and p1=2.2 gm/cm3; for layer 2,
V32=5, 500 ft/sec and p,=1.% gm/cm3; for layer 3,
V3=V1 and P3=01; for the basement, V4=12, 000
ft/sec and g4 was approximated by the 2-power
law, 0.23 Vi (Ref. 8).

Figure 12 depicts the éomplete response as

"well as the primaries, secondaries and some

of the tertiaries (those through 2 seconds).
Occasionally, a tertiary and secondary will be
coincident so that their sum, which appears in
the lower plot, looks different from either
constituent (see the last spike, for example).
Even more interesting are the large secondaries
and tertiaries which occur well into the seismo-
gram. These large components always involve
(at least one) reflection off of the surface inter-
face, where r, is close to unity; however, that
in itself does not explain such large components.

There is a reinforcement phenomenon present
in a K-layered media system, regardless ot
the values of the one-way travel times. ZEy
this phenomenon, it is possible for rays to
travel different paths and yet reach the seismic
sensor at exactly the same time. In Ref. 1,
ray diagrams are given for secondary reflections
in a 3-layer media system. There are 14
distinct paths for the secondaries, but only 10
distinct times at which the secondaries will be
recorded. The four times at which two
secondaries add together (i.e., reinforce one
another) are: t=47;+27,, 47, +27+275,
4f1+4f2+2'3, and ZTI +4~'2+273. In our
example, the reinforced secondaries occur at
t=0.836, 1.37, 1.406, and 1.006; those
secondaries are starred in Figure 12, The
situation is much the same for the tertiaries,
The large negative tertiary at t=1.8 is due to
the reinforcement of a number of (as of yet
unknown) tertiaries., We are presently studying
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this reinforcement phenomenon to establish the
times at which a reinforcement occurs as well
as the number of components which add up to
give the complete signal at those times.

VII. Conclusgions

We have developed a canonical Bremmer Series
decomposition of a complete seismogram for a
K-layer media system, This decomposition is
depicted in Figure 10. Our algorithms for
computing the constituents, y,(t),y,(t),...,etc.,
of the complete seismogram are state space
primaries, secondaries,...,etc. models, res-
pectively. These algorithms are summarized
in the theorem given in Section V. We have
shown that each one of our constituent models
only has zeros, whereas, as is well known, the
complete model has both zeros and poles. This
property of our constituent models makes them
easy to use for computation purposes; and, in
many Situations the Bremmer Series can be
truncated after a relatively small number of
terms. Hence, the canonical Bremmer Series
decomposition can also be viewed as a com-
putational technique for approximately solving
the lossless wave equation.

We conclude by relating our algorithms for
computing the conastituents yl(t), yzlt)... to those
given by BEremmer (Ref. 2). In Bremmer's
notation, u.; denotes the constituent of y associated
with exactly j reflections; hence, his Up, Uz, UG, ...
should be associated with our y),y, y3,...
Bremmer's equations for his constituents are
given as a function of spatial variable x, where
x=0 at the bottom of the layered media and x
increases in the direction of the basement to the
surface.

Bremmer's equations, from which we can cal-
culate u,,u,,u.,..., are given by the following
recursive integrals:

ko z , a® 3
uo(x) = m expiLxJOk(s) ds; (36a)

N P
o]t o %° Teeng “2l®

o™ * -

up{xj; k() do} (36b)

’ k'(s) !
[k(s)]2 “2i-1

l x
u,,(x) = fa

D - (s)
2i 2[k(x) ]2 LA

exp{if: (2) d:} (36c)

where i=0,1,2,...; k, denotes the constant wave
number of the homogeneous half space x< 0; and
k(x) represents the variable wave number in an
inhomogeneous space x>0, Observe that u; is
calculated from knowledge of up; uj is calculated

_ In our development, we have only been interested

from knowledge of u,, which is calculated
from knowledge of u,; hence, uj is calculated
from knowledge of uj; ug is calculated from
knowledge of uy, etc. Once the primaries, u,,
have been computed, we can combine Egs. (36Db)
and (36c) so that we can view u,;., as being
calculated from knowledge of up;_ ) (i=1,2,...).
This dichotomy between the algorithm used for
computing the primaries and the algorithm used
for computing all other constituents also appears
in our Section V algorithm.

in the surface seismogram, y(t). In Bremmer's
development, the surface is at x=0; hence, his
constituents ul(x),u (x), ..., are related to our
constituents yl(t),yz(t),.. ., by the relationship
that y.(t)=uy; (x=0), j=1,2,.0e0 « Just as he
has reélated uj;.; to uz;_ ), We have related our
upgoing state vectors (see Figure 10) u, to
Wn.1» SO that y,(t) can be computed using
knowledge of u _;. His recursive relationships
involve the constituents directly, whereas our
recursive relationships involve the states for
successive partial residual models.

It would be interesting to explore the relation-
ships between Bremmer's algorithm and ours
in more detail. This remains to be done.
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These equations were derived by replacing
the inhomogeneous space x>0 by a set of homo-
geneous layers 0<x<x;, X) <X<X3, X;<X<X3,...
with the successive constant wave numbers
ky. k5 kgpe00 o At a later point, Bremmer
pasl'e's rom this discontinuous medium to a
continuously changing one by making the thick-
ness ixg=Xg=-X, ; of the various layers in-
finitely small.




o A s

SO RN

b ve B oA S R e A

W 1 e

References

1. N.E. Nahi and J.M. Mendel, "A Time-
Domain Approach to Seismogram Synthesis
for Layered Media,' presented at the 46th
Annual International Meeting of the Society
of Exploration Geophysicists, Houston,
Texas, October 24-28, 1976.

2, H. Bremmer, '""The WKB Approximation as
the First Term of a Geometric-Optical
Series,'" The Theory of Electromagnetic
Waves, A Symposium, Interscience
Publishers, New York, pp. 169-179, 13551.

3. R. Bellman and R. Kalaba, "Functional
Equations, Wave Propagation, and Invariant
Imbedding,' J. Math. and Mech., Vol. 8,
pp. 683-704, 1959,

4. F.V. Atkinson, '""Wave Propagation and the
Bremmer Series,'' J, Math., Anal. and Appl.,
Vol. 1, pp. 255-276, 1960,

5. E.A. Robinson, '"Multichannel Time Series
Analysis with Digital Computer Programs,"
Holden-Day, San Francisco, 1967.

6. J.F. Claerbout, '"Fundamentals of Geo-
physical Data Processing,'' McGraw-Hill,
New York, 1976.

7. E.A., Robinson, '"Basic Equations for Syn-
thetic Seismograms Using the z-Transform
Approach,' Geophysics, Vol. 33, pp. 521-
523, June 1968.

8. G.H.F, Gardner, L.W, Gardner and A.R.
Gregory, ''Formation Velocity and Density:
The Diagnostic Basis for Stratigraphic
Traps,' Geophysics, Vol. 39, pp. 770-780,

1974,
lmu) Tym

e
// /\:W/cv ”"'2");:’//,//’;/
i ///’// P
\ »Loyfl‘ Zl‘r\,.\vl}‘\\ YA \
~ 7/ ave 3ty Ng) S S

= Intertace ~O(r,)

Interface =i ()

Intertece =2(r)

Intertace =3(ry)

Interfoce~(K-2)(r, ;)

intertace =(K=|)(r._)

R
| Laver K (T,

\

Interface = K (r,!

Basement /-
)

Figure 1 System of K-layered media,

% y(t)

e
]
mop £ PSS /9«/; /y
/ // 7 /// /7 // £
L LA /4/ a //

7\

2
Figure 2 Two layer example.
y, ¥,
\ b | A —— e
2 4
" #77
r +
WA
f2
(a)
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lines denote the primaries which
cause respective components of the
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Figure 5 Reflected and transmitted waves at
(a) surface and (b) interface K.

Figure 6 SFG based on computati.onal ordering
of nodes (states) for K=2.

z(l+ el

Figure 7 ST G for primaries model, for K=2.

Figure 8 Proportionality SFG for first residual
model, for K=2, This SFG is
obtained using Equations (24) and (25)
for K=2,

Figure 9 SFG for secondaries model, for
K=2.
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Figure 10 Canonical Bremmer Series decom-
position of a seismogram signal,
y(t)e Vector u, denotes the
collection of K upgoing states for
the n-aries model.
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Figure 11 Three layer bright spot example.
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