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SECTION I
INTRODUCTICN

The currents and charges that are induced on the surfaces of rockets,
aircraft, shielded transmission lines and other metal-clad, three-dimensicrnal
structures by an electromagnetic field in the form of a standing or traveling
wave or a pulse are of interest for several reasons. One is the determina-
tion of the scattered far field from which is derived the radar cross section.
Another is to understand the near field, specifically in its relationship to
the imperfect shielding properties of the metal walls either when interrupted
by small apertures [1], [2] or because of their finite conductivity [3].
Closely related and also involving the near field is the coupling between tie
exterior and interior regicns by exposed conductors that pass through the
walls [4]. In all of these examples the field and the associated currents
and charges on conductors in the interior of the metal structure are airectly
related to the currents and charges induced on its outside surfaces. The
currents induced in circuits within a cylindrical sheath that simulates a
rocket or missile due either to fields that penetrate the imperfectly con-
ducting walls or that enter through slots, holes or other apertures have been
studied {1]-[4]. Illowever, the scope of the investigations has been limited
to cylinders (with radius a and half-length h) that are electrically very

thin (ka << 1) and relatively short (kh < 2v). This range of study is
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inadequate at frequencies for which the cylinder is electrically thick or

long or when the exciting field is a pulse.

To determine surface currents and charges on metal structures like air-
craft is more difficult owing to the awkward geometry of the boundaries and
the presence of a junction region with intersecting surfaces. Numerical
methods have been used [5]-[9] to determine the currents on electrically very
thin crossed wires when the arms were quite short, ranging between 0.1 and
0.3 wavelength. Unfortunately, the critical problem of the junction was not
treated completely since only the continuity of the confluent currents but
not of their‘slopes was enforced at the junction. The results obtained are i
adequate for calculating far fields but not near electric fields since spuri-
ous concentrations of charge occur where the sldpes of the currents are dis-

continuous. This difficulty was overcome in an analysis of the distributions

of both current and charge per unit length on mutually perpendicular, elec-
4 : trically thin, crossed wires that are not restricted in length but are as-
E sumed to have equal radii [10]. Conditions were imposed that assured the

g continuity of both current and charge per unit length at the junction. The

b generalization of these to intersecting electrically thin wires with differ-

i ent radii has been formulated [1l]. Unfortunately, the quasi-cne-dimensicnal

} theory of electrically thin crossed conductors is not adequate tc descrile

! the distributions of current and charge on structures with members that have

! electrically large cross sections. This is a consequence of one of the basic
assumptions characteristic of electrical thinness, namely, that transverce
currents be negligible. As soon as the cross section is large enough to sup=~

port significant transverse currents on any of the conducters, thin-wire

theory is inadequate., Nevertheless, computations have been made to determine

currents on electrically thick structures by applying electrically thin




theory and juncticn conditions [12] to crossed electrically thick cylinders!
The distribution of current on an electrically thick cylinder in an in-
cident plane-wave field is well known for any polarization when the cylinder
is infinitely long [13]. But this 1s quite different from the current on a
similar cylinder that is finite in length, as is evident from the analysis of
the electrically thick tubular cylinder of finite length by C. C. Kao [14]-
(17] and the associated extensive computations of the distributions of the
surface densities of current and charge by King et al. [18]. Since no theory
is available for the distributions of current and charge on the surfaces of
two crossed electrically thick cylinders, recourse must be taken to the di-

rect measurement of these quantities. Since this involves the use of mcvable

calibrated electric and magnetic field probes traveling in slots and the gen-
eration of a plane electromagnetic wave, a thorough study of the accuracy of

such measurements is essential. These have been carried out for electrically

thin wires and crossed wires by Burton and King [19], [20] and for thick tub-
ular cylinders by Kao [21] and Burton et al. [22]. They reveal both the pos-
sibilities and the difficulties associated with the experimental simulation
of a plane electromagnetic wave and the measurement of the currents and
charges induced by it on extended conducting surfaces. Only after a complete
validation of the apparatus and techniques of measurement on structures for
which theoretical results are available has been achieved, can the experi-

mental methods be applied'with confidence to the measurement of the currents

and charges on crossed metal structures including especially those with cross

sections that are electrically large. From a studvy of the measured currents

and charges on the crossed thick cylinders ~ especially in and near the junc-
tion region - and the knowledge of forced and resonant distributions on iso-

lated thin and thick cylinders and on crossed thin cylinders, an understanding




can be sought of the basic phenomena that determine the distriﬁutions of cur-
rents and charges on crossed thick cylinders.

It is the purpose of the following sections to lay the foundations for
such an understanding by reviewing the induced currents and charges on circu-
lar highly conducting cylinders in an incident plane-wave field in the fol-
lowing sequence: 1) Infinitely long cylinders with unrestricted radii;

2) Electrically thin cylinders of finite length; 3) Electrically thin
crdssed cylinders; &) Tubular cylinders with unrestricted radii and finite

length; 5) Crossed electrically thick cylinders.




SECTION II
THE INFINITELY LONG CYLINDER IN A PLANE-WAVE FIELD
A section of an infinitely long, perfectly conducting cylinder with rad-

ius a is shown at the top and center of Fig. 1. It is illuminated by a nor-

mally incident plane electromagnetic wave traveling in the direction of the

positive y axis. The electric and magnetic vectors are mutually perpendicu-

YT
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lar and lie in the xz-plane. It is well known that Maxwell's equations (with

-

-1mt),'V xE = iuB, V x B = -i(kzlw)E, are separable

the time dependence e

into two independent groups when aE/az =0, aﬁ/az = 0 as is true when the

scattering cylinder is infinitely long. In the one group, the induced cur-

rents are entirely axial and are derivable from Einc (E-polarization). In

the second group, the induced currents are exclusively transverse and depend

only oa B:nc (H-polarization). With the cylindrical coordinates (p,0,z), the
induced surface density of axial ‘current, Kz(e), with E-polarization satis=-

fies the integral equation

1 ika cos 6 5y
Ee + fwnga i K,(8')G(a,8;a}8') d8' = 0 (2.1)
0

The induced surface density of transverse current with Hl-polarization satis-

fies the equation

27 2
) i ika cos 6 = " N 3 PO T %
35 [5;¢ ] - uya é Kg(8") [ 55557 Glo,8350",8")] _ v a8 0(2 e

In (2.1) and (2.2), G(p,830',6') = (1/4)nél)(kn) with R = [p° + p**

- 2pp" cos(® - e')]l/z. ¥hen ka is not too larpge, the eigenfunction expan-

sions [13], [22] are convenient solutions. They are

Kz(e) & kil v ¢ (M cos mo
\
BN "M neo ™ u{D gra)

and

19




x

Plane wcve)

e o 4
}

cylindrical
{wave

Line source
\O —))}—-» - -

e—— p, —i

-~

Fig. 1. Plane wave (top) and cylindrical wave (bottom) normally incident

on infinitely long cylinder with radius a,
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Ke(e) =447 E i im-l cos mf (2,4) 4
E;nc mgoka 2y om Hél) (ka) b

1/2

where ¢ = 1 form = 0, 2 for m # 03 gy = (uo/co) = 1207 ohms. Hél)(ka)

1
is the Hankel function, Hél) (ka) its derivative with respect to the argument.

Note that in (2.4), Ei?°/co

In subsequent discussions interest centers on conductors that are elec-

5 Binc/uo Ar Hinc. 3

trically thin with ka = 0.04 and electrically thick with ka = 1. In the for-
mer, the first rotationally symmetric term with m = O dominates for both E=-

1
and H-polarizations. With Hél)(ka) = 1 - (21/7)[2n(2/ka) + C] and Hél) (ka)

L (2i/mka), Hil)(ka) = =(2i/vka) and Hil)'(ka) = (21/uk’a"). It follows that
Kz(e) = 2 1
inc ncoka 1 - (2i/m)[2n(2/ka) + C]

+ 2ka cos 6 {2.35) ‘4

Ez ;

The leading rotationally symmetric part can be expressed in terms of the to- 1
tal axial current, Iz = 2'r.aKz, in the normalized form: ﬁ
ke, T .2 )1+ Qumi;m@/ka) + ) .43 i

.7 . ]
Ei“° xE:“C "o | 1+ (a/mPeaca/ra) + c)? ;j

For the H=-polarization

|
|
f
|
i
;
l
|

Ko (0) 1
1 3 = <= (1 + 2ika cos @) 2.7)
nc T

Ex 0 .

where the leading rotationally symmetric term is simply Ke(e) = -Einc/

%0
_u:nc = -Bfnc/uo, which is independent of ka so long as this is sufficiently

small.,

With ka = 0.04,

inc
2

inc

kaKz/E -

= IZ/AE = 0.184 + 10.526 mA/V (2.8)
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When ka = 1, the densities of surface current in (2.3) and (2.4) can be

expressed as follows:

E-polarization:

K (8)
im = A+Bcos 9+ Ccos 20 +Dcos 30 +E cos 48 + F cos 58 + ... (2.9) ;
z &

E

H-polarization:

. |
ke(e) 5

= c - 58 2
AH+BII cos 8+CH cos 20‘+ DH cos 3G+EH cos 48 +I‘H cos S8+ e 2.10)

inc
Ex

where the complex Fourier coefficients A = AR -+ iAI through F = FR + iFI

(with and without the subscript H) are given in Table 1. It is seen that in

each case only the first four coefficients are significant. The transverse

distributions of Kz(e) and xa(e) are shown graphically in Fig., 2. Note that

Ke(e) decays much less rapidly than xz(e) from the center of the illuminated

side at 8 = 180° to the center of the shadow side at 6 = 0°. The real and

imaginary parts are of interest since they are contained individuvally in &

(2.,3) or (2.4) and lxl and 6 are determined from them.

The surface density of charge n(6) on the infinite cvlinder is, for E-

polarization, y £
3K_(8) -
n(e) -% Z— =0 (2.11)

For H-polarization with (2.4), :u
|

2 ) 4

ey, L Tl Ty T e n e e G253 .

Einc Einc a 3o kzaz ﬁO n Y(l)’(“a) e !

X w X o m Xm i< '
}.

inc [

With ka = 1, cn(e)/Ex = -i[B“ sin 0 + ZC” sin 20 + BDH sin 38 + &El sin 48 +...].

1
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This quantity is shown in Fig, 3 in its magnitude and phase on the left, its
real and imaginary parts on the right. .

Since the problem of generating a plane wave in the laboratory for pur-
poses of testing is formidable, a knowledge of the distributions of current
and charge density induced by an incident cylindrical wave is of interest,
With a line source at p = Pgs O = 180° (Fig. 1, bottom), the appropriate

.

eigenfunction expansicn for E-polarization is [23]:

n (1)
K, (8) 5 ® (1) (ko))
= e . ) € Ok $ cos mf (2.13)
Ez ﬂkacodo (‘DO) m=0 Hm (ka)

When kpo is sufficiently large so that the asymptotic formula

i(kpo - /4 - mn/2)

i(kp., = ©/4)
Hél)(koo) = Z/cho e = (-1)m¢2/7koo e 0

(2.14)

is a satisfactory approximation, (2.13) reduces to (2.3). For ka = 1, only
four or five terms in (2.13) are needed and (2.14) is an adequate approxima-
tion when kco > 10. The current density in (2.13) has been evaluated accur-
ately for ka = 1 and kpo = 10 and shown graphically in dotted lines in Fig. 2
along with the corresponding components of the current excited by an incident
plane wave. The calculations assume that the line source at P * (20/2m)X =
1.59X maintain the same electric field, viz., 1 volt/m, along the axis of the
cylinder with ka = 1 as the plane wave. It is seen that the currents with
the plane- and cylindrical-wave excitations are quite similar even when the
line source is only 1.59) from the axis of the cylinder. The largest rela-
tive differences are in the shadow region. Evidently with a thin-wire socurce
at distances of Py = 4), 7.5) and 10} (used in actual measurements) or k:U =

25.1, 47.1 and 62,8, the slipght curvature of the wave front in each transverse
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SECTION III
DISTRIBUTIONS OF CURRENT AND CHARGE PER UNIT LENGTH INDUCED
IN THIN WIRES BY A PLANE-WAVE FIELD

The original interest in the current distribution along electrically
thin conductors excited by an electromagnetic wave was in connection with
their reradiating or scattering properties. In early work [24]-([26] approxi-
mate expressions for the current were derived or postulated as trial func-
tions in variational methods for calculating the backscattering cross secticn.
This is an average quantity not very sensitive to the detailed distribution
of current., For the determination of the near fields, especially in small
apertures on the cylindrical surface, more accurate formulas are needed.
These have been obtained for the currents in both shorter and longer thin
wires in the ranges of half-lengths h given by 0 < h/X < 0.625 [27], [28] and
0.25 < h/X < = [29], [30]. For present purposes the formulation for the
longer lengths is required.

When the electric field is normally incident and parallel to the axis of
the wire, the induced current I(z) and charge per unit length q(z) are civen

in normalized form by [29]:

2 y C
Ifz)‘ = i Ap—- - 2—:—1- (M(h + 2) + M(h = 2)] + = [U(h + 2z) + U(h =~ 2))
ypine 4ne .1 K 2
Z 0
x cos kz + CS[S(h + 2) - S(h - z)]sin kz L (3s1)
” € * C
_qT(_)__ = - -—0—_; i [1+C_cos kh)[M(th + z) + M(h - 2)) + -2 [SCh + z)
Sanc 3 k s 2
AR 8w
2 Cs
- S(h = z)]cos kz + -5 [Uh + z) + UCh - z)]sin kz (Sl

/2 /2

where ¢, = (u./e )l 1207 ohms, k = w(u.c )l = u/c = 2%/) and
0 Q0" 0 0°0

anz/szl ~ @ri/K)M(2h)

= -
s T(2h)cos kh + S{2h)sin kh
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21 ]
= . " - ”e s o = 7S¢ a—— .
Alsc’ Ql QO + irr/2, Qo ZD(Z/ka) 0~577~: I'(X) eXP(lk}\) [ Qz 59)

X
— ). 2.0 = 2[tn(1/ka) - 0.5772] + 2n(2kX) + 0.5772 = in/2; and Q,(X) =
(0 2 3
QZ (X) + 27,

2k AL B -2
= - n[l + in(Qo - 2) J-(xn /12)[(52O -2 ¢n 2) - (QO -2 2n 2
T(X) /2ni
+ 1v)‘2} + zn[n3(x /2,(x)1 + 0.825[952(X) - QSZ(X)] - MX) /4%
(3.4)
~UC0) /hrd = 2l () /0, (0] + 0.825[9;7(X) = 37 (X)] + M(N /4K (3.5)

These formulas were deri&ed with the time dependence e-iwt. They are not
good approximaticns within a quarter wavelength of the ends where the current
is known to vanish so that a simple extrapolation is possible., Their deriva-
tion assumes the conditions: ka << 1 and kh > #/2. The approximation im=-
proves with increasing length of the wire.

The distributions of current and charge in the forms

ie ig

Iz} » I, + £, [1]e i 3 afz) = qp + g, = lqle 1 (3.6)

as calculated from (3.1) and (3.2) are shown graphically in Tigs. &4 through 6
for three thin and moderately long wires with electrical half-lengths kh =
3.5m7, 37 and 2.5n, The first and third are near resonance, the second near
antiresonance, TFor all three, the electrical radius is ka = 0.04. Extensive
comparisons with measuremegts have been reported (19] with generally gecod
agreement with theory. An example is in Fig. 7 for comparison with Fig. 6.

A glance at Figs. 3 through 7 reveals that the distributions of charge
per unit length are very simple in form with q(z) ~ sin kz an excellent ap=-
proximation., The more complicated form of the currents can be understood

from the components in phase and in phase quadrature with the incident field
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shown in Fig. 8 for six lengths., They are seen to be essentially vertically
displaced cosine curves. The constant valué corresponding to the shift is
the forced current, the superimposed oscillation is the resonant current.

For the resonant lengths (kh = 57/2 and 7n/2 in Fig. 8) a useful, very simple

representation is
I(z)/kE:nc = Ae(kz) + Ar cos kz (3.7)

where A = AR + iAI is approximately the complex amplitude of the current in-

duced in the wire when infinitely long, and Ar = A + iAr

R is the complex

I
amplitude of the resonant part of the current. The function e(kz) is showm
graphically in Fig. 9. It is equal to one for all values of kz to within a
quarter wavelength of each end where it decreases smoothly to zero. When

multiplied by the appropriate complex amplitude, e(kz) represents the forced

currents. An analytical representation is
e(kz) = U(kz + kh - n/2)[1 - U(kz - kh + 7/2)] + U(kz - kh + 7/2)
x sin k(h = 2) + [1 ~ U(kz + kh = 7/2)])sin k(h + z) (3.8)

where U(t) = 1 when t > 0, U(t) = 0 when t < 0.
With ka = 0,04 and kh = 57/2, the currents computed from (3.1) combined
with the simple form (3.7) have the values: 1(0)/xni“° = 1,60 + 11,39 =

.inc

b
A+ Ay, T(M/AE"C = =(1.10 + 10.09) = A = A, I(Zw)/AEznc = 1.80 + i1.35 =

A + AR. With the average values of I(0) and I(2n), it follows that A = 0.32
+ 10.64 (which differs somewhat from the value A = 0,18 + 10.53 given in
(2.8) for the infinitely long wire) and g 1.42 + 10.72. Accordingly, for

kh = 57/2,
1(z)/xzi“° % (0,32 + 10.64)e(kz) + (1.42 + 10.72)cos kz  mA/V (3.9)
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Fig. 8. Real and imaginary currents on parasitic antenna in normally
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The corresponding value for kh = 77/2 is

I(z)/AE:nC 3 (0.33 + 10.64)e(kz) = (1.36 + 10.67)cos kz wA/V (3.10)

inc .

The normalized associated charges per unit length are cq(z)/XEz

-1[(0.32 + 10.64)e’ (kz) + (L.42 + 10.72)sin kz] for kh = 57/2 and cq(z)/AE."
= -i[(0.33 + i0.64)e'(kz) + (1.36 + i0.67)sin kz] for kh = 77/2., 1In these
formulas, ¢ = 3 x 108 m/sec.

The simple approximate representation (3.7) for resonant lengths is

readily generalized to other lengths. The appropriate formula is
1(2)/kEinc = (A + A_ cos kh)e(kz) + Ar(cos kz = cos kh) (3.11)

Thus, for the antiresonant length kh = 37 with ka = 0.04, the currents cal=-
culated from (3.1) at kz = 0, m, and 27 give: A = 0.31 + 10.65, Ar = =0,10

+ 10,56 so that
I(z)/AE:nc 2 (0.21 + 10.09)e(kz) + (0.10 + 10.56) (cos kz + 1) mA/V (3.12)

Similarly for the general length kh = 10.696 with.ka = 0.04, A = 0.32 + 10.61,

Ar = -1,70 + i10.83 so that with cos kh = =0.295,

1(:)/xzi“° % (0.82 + 10.36)e(kz) = (1.70 = 10.83)(cos kz + 0.295) mA/V  (3.13)

The simple approximate representations in the form (3.11) in terms of a
shifted forced component (k + Ar cos kh)e(kz) and a shifted rescnant compon=-
ent Ar(cos kz - cos kh) are quite accurate and satisfactory for many purposes.
If the scattering wire lies in the plane of the incident plane electro-
magnetic wave but has its axis rotated through an angle y from the direction
of the clectric vector, the entire formulation in this section is valid if
inc inc

Ez cos ¢ 1s substituted for Ez . On the other hand, when the wave normal

33




is at an arbitrary angle 6 with respect to the axis of the wire (instead of

at 8 = 90° for normal incidence), the phase'of the incident wave is not con=-
stant along the wire. This more difficult problem has been analyzed for
shorter lengths by King [27] and King et al. [28] and for long wires by Chen
[30]. Graphs showing the real and imaginary parts of the induced current
with 8 as the parameter are in Figs. 10 and 11 for kh = 0.757 and 1.97, re-
spectively; the magnitude of the current induced in a long wire with kh = 4=
is in Fig. 12. It is seen that the distribution is very sensitive to the
angle of incidence even in antennas that are not very long. A departure from

normal incidence of as little as 2° is sufficient to change the current

greatly when the wire is four wavelengths long.
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Fig. 1l. Real and imaginary currents on parasitic antenna in normally

incident, plane-wave field; kh = 0.95m.
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SECTION IV
CURRENTS AND CHARGES ON CROSSED THIN WIRES IN A PLANE-WAVE FIELD

A pair of crossed mutually perpendicular wires in a normally incident
plane-wave field is shown in Fig., 13 when the incident electric field is
parallel to one of the conductors. The solution when the electric vector is
parallel to the other wire is obtained by a simple change in the notation. A
superpositiun of the solutions for the two polarizations gives the solution
for an arbitarily polarized, normally incident wave. The wires have equal

radii a and extend from x = -ll to x = £2 and from z = -hl to z = h2 with the

center of their junction at x = y = z = 0. The incident field is Einc(

<

) =
jwt

€ is the value at y = 0 and the time dependence is e .

a,

Eince-jky

where Ein
z z

Under the action of the incident field, standing-wave distributions of
charge and current are induced on the vertical conductor and these, in turn,
induce distributions on the horizontal arms. Subject to the condition
ka << 1, all transverse currents are negligible so that on the vertical con-
ductor K= EKZ, on the horizontal conduétor k= §Kx. Since the excitation is
not rotationally symmetric, the induced axial surface currents and associated
surface charges also depart from rotational symmetry. However, when ka << 1,
the asymmetry is negligible and total currents and charges per unit length
defined by Ix(x) = ZﬁaKx(x), Iz(z) = 27aKz(z), q(x) = 2wan(x), and q(z) =
2ran(z) are good approximations. The currents and the charges per unit
length are related by the equations of continuity: BIx(x)/ax + juq(x) =0
and 312(2)/32 + jwq(z) = 0. The four sets of currents and charges per unit
length are: Ilz(z), ql(z) in the range -hl <z < =a; IZz(:)’ qz(z) in the
range a < z < hz; I3x(x), q3(x) in the range -21 < x < =a; and Iéx(x),

qa(x) in the range a < x < £ The following conditions defining electrical

2°

thinness are assumed:

ka <¢ 1 hi/a >»>1 , /a>»>1 L= 1, 2 (4.1)

ST R E e W G
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Fig. 13. Crossed wires in normally incident, plane-wave £ield.
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At the open ends of the tubular conductors, the total currents vanish so

L)phy) = I, () = T, (4;) = L, (2) =~ 0 (62

If the boundary condition a x E =0 could be enforced accurately on the
surfaces of the conductors including the junction region and the surface den-
sities of current and charge determined from the conditions ¥ = -uglﬁ x ﬁ’

n = -soﬁ L E, no additional conditions would have to be imposed. The cross
would be treated as a sinpgle structure with mutual interactions correctly
treated., In the approximations implicit in thin-wire theory, the condition
n x E=0 is enforced only on the parts of the conductors that have rotation=-
ally symmetric surfaces and in a manner that assumes rotationally symmetric
currents and charpes. In effect, the cross is treated as four separate con-
luent conductors, each with two ends. The junction with its irregular sur-
face is replaced by fictitious, rotationally symmetric extensions of the four
conductors from le = !zl = a to lx! = |z| = 0. These are physically un=-
available since they necessarily overlap. However, the surface area of the
junction region defined by -a < x < a, -a < z < a is of the order 32 and

hence, with (4.1), electrically negligible as a chargeable surface. Thus,

the substitution of the idealized extensions each of length a and with charge-

4
able surface 27a” for the actual junction surface involves a negligible error

and the ranges of the four conductors may be taken as -h, < z €0, U=z<h

1
-21 <x<0,0<x< 22 in which approximately rotationally symmetric total
currents and charges per unit length are defined. Thus, in conductor 1 are
the current Il(z) and charge per unit length ql(:) = (j/m)[)Il(z)/3z] with

the condition Il(-hl) = (0. An additional condition on Il(:) as z =+ U is re=-

quired in order to bound Il(z). Similar conditions cbtain for I,(z), 13(X)’

40
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and IA(x). The required four conditions are:

112(0) - 122(0) + 13x(0) - Iax(o) =0 (4.3)

and

[BIlz(z)laz]z=0= [BIzz(z)/Bz]z-0= [3I3x(x)/3x]x=0= [BIAx(x)/ax]x=o (4.4)
With the equations of continuity, (4.4) is equivalent to:
q;(0) = q,(0) = a4(0) = q,(0) .5)

Condition (4.3) is Kirchhoff's current law., Since the junction contains no
charge~separating generator and has a surface too small to permit the accumu-
lation of significant charges, the charges per unit length on the four con-
fluent conductors must be equal where they join. This is true when the fcur
conductors have equal radii. The generalization of (4.5) to conductors with
different radii is considered later.

Integral equations for the currents in the four conductors can be de-
rived in the manner familiar in thin-wire theory by the imposition of the

ap
boundary conditions in terms of the scalar and vector potentials ¢ and A,

viZey
[« = linc - —-——aé(z) — 1. -~ = . —
Ez(z) E, = jmz(u) =0 hy <z <h (4.6)
. SR 1+ SR w0 Al .
Ex(x) 53 jqu(x) o s 11 < x < 12 (4.7)

on the surfaces of the crossed conductors. VWhen the explicit intecgrals [10]
are inserted in (4.6) and (4.7), the following simultaneous integral equa-

tions are obtained for the currents [10]:

hz hz 2")
] 1(z")K(z,z")dz' -"—;’33;[ [ a(z")K(z,2")dz'+ [ q(x'")K(z,x")dx']
-hl k -hl -nl
[zontinued]
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- o J4% ine (4.8)

wy 2z
% Ly By
/ I(x')K(X.X')dx'—J%%[ [ a(x")R(x,x")dx"+ [ q(z")K(x,z')dz']=0
-2y k -2 =h, (4.9)

12

where K(z,z') = exp(--jkl’.z)/Rz with R, = [(z - z')2 + az] and K(z,x') =

exp(-j’.:Rcz)/Rcz with Rcz = [22 + x'2 + 32]1/2. These equations have been
solved By iteration for the four currents subject to the conditions (4.3) and
(4.4) and the four distributions of charge per unit length have been obtained
with the equations of continuity. Fxplicit formulas are available [10] in
zero- and first-order apbroximations. Graphs of first-order currents and
charges per unit length have been computed for numerous special cases ([10].

In the simplest special case, the junction is at the center of the ver-
tical element so that hl = hz = h/2, the horizontal element is in the neutral
plane, and no currents or charges are induced in it. The currents and
charges on the vertical conductor are the same as in the absence of the hori-
zontal member. The theoretically determined currents are illustrated in Fig.
14 for the antiresonant length hl + h2 = h = A, They have the typical anti-
resonant form with the resonant components only slightly greater than the
forced ones. A comparison with the top graph in Fig. 8 shows agreement be=-
tween the two quite different mathematical formulations.

In order to understand the distributions of current and charge per unit
length on crossed thin wirés with different lengths and locations of the
junction, it is useful to take note of the forces acting on the charges in
the several members. The primary exciting force is the incident electric
field which acts uniformly along the vertical conductor to excite the forced

part of Iz(z). Since the conductor is finite in length, the alternating in=-

duced current locates periodici}ly reversing charges necar the ends which, in
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turn, excite resonant currents in varying proportions that depend on the
length of the several possible circuits. Since the horizontal members are
perpendicular to the vertical ones, there is no inductive coupling between
them. On the other hand, there is capacitive coupling among the confluent
conductors near the junction and this is greatest when the standing-wave pat-
terns on the vertical and horizontal wires locate charge maxima at the junc-
tion. It is smallest when there is a charge minimum at the junction. A
standing-wave pattern in the vertical conductor that locates a maximum of
q(z) near the junction excites a corresponding q(x) in the horizontal members.
Note that, whereas E;nc acts equally and instaﬁtaneously unidirectionally
along the vertical conductor, the electric fields due to a positive charge
near the junction are directed outward along all four conductors. Thus, the
currents induced in the two horizontal members must always be oppositely di-
rected. There are six distinct circuits with possibly different resonant
frequencies. These have the following, generally different lengths: h, + h

1 2"

hl + 11, hl + 22, 1 2 + h2' The degree in which a res-

onant current is excited in any one of these circuits depends on the ampli-

21 + iz, PG h2 and 2
tude of the exciting field and the tuning of the circuit. Fcrced currents
are excited by the incident field only in the vertical members. Possiblie,
theoretically evaluated distributions are shown in Figs. 15 through 17.
Other examples are in the literature [11].

In Fig. 15 are shown the currents and charges par unit length on the
four arms of a cross in which the six possible circuits have the follecwing
lengths: h, + h, = h, + 2. = h, + 12 = 3X/2y Ay + Ly =

Rt Sl Gaal Tl it Tack Sl Ve
A/2. In the E-polarized, normally incident field all the circuits except 2

+ h, = h, + 1, =

1

+ 22 are resonant. This last is not excited because of symmetry - the currents

i 11 and EZ must be equal and opposite. Furthermore, the junction is located

44




R

T

+~

kx
Ly 0 72

= \ el(x)

P il

,IIx(x”
/
/
= -
5 IxR(X) A{
// Ix[(X)
..I..
. A
2
kz
OF
=Lk
2
-1+
-3l
2
Vg
=27 A
N\
N
_§7_T Salluis] |1\ e
2 =5

I;(z) in mA/Volt

kh,= 9772,

ka = 0.04

8, (z)

Khp= kP = kb, =772

"-’“——T\\.;‘

e

v
\

\ k '

] L XL
L S R » S R
Radians wq(z)in mA/Voy

Fig. 15. Theoretical distributions of current and charge per unit leagth

on crossed antenna in normally incident, plane-wave field;

kh

j

= 57/2, Khy = ki, = ki, = n/2.

—

i

P o

S




at a current maximum and charge minimum in gach of the five possible standing-
wave patterns. The calculated current in the vertical sections 1s secen to be
similar to the current in the absence of the horizontal arms (see Fig. 1 in
{19]), i.e., a forced component of the type shown in Fig. 14 with a superim-
posed resonant current with approximately equal amplitude, In this case

there is a discontinuity at the junction where the current from the lower

member entering the upper member is reduced by an amount equal to the sum of
the currents entering the horizontal arms. MHowever, these last are relative-
ly small since there is no inductive coupling between the mutually perpendi=-
cular elements and capacitive coupling among the four ends at and near the
junction is small with a charge minimum in all of the standing-wave patterns
located at the junction.

In Fig. 16 the six circuits have the following lengths: h, + h, =

1

hl + 21 = hl + 22 = 23}, 21 + 22 = 21 + h2 = h2 + 12 = A. The circuit hl + hz

is antiresonant in the normally incident field with a maximum of current and
a minimum of the associated charge per unit length at the juncticn. The cir-

-+ 3 -
cuits 21 + 22, 21 ! h2’ h2 + 12, h1 + 21 and hl + 22 are individually reson

ant with equal and cpposite currents in %, and 12. These have minima at the

1

junction. The associated charges per unit length have maxima at the junction.

In Fig, 17 the lengths of the circuits are: h, + h, = 34, h, + £, = h, + ¢, =

1 2 1 1 1

5)/2, g+ £, = 21 +h, = hz + 22 = ). The length h1 + h, is again antires=-

onant but this time with a minimum of current at the junction. Nevertheless,

the associated charge per unit length also has a minimum at the junction.

The circuit 11 + 2, is apain resonant with equal and opposite currents in 21 i

and 12 and a maximum of associated charge per unit lenpgth at the juanction,

The circuits 21 ¥ Ty Ny P lz, hl + 21 and hl + 22 combine antiresonant prop=-

erties in the vertical member with respect to the normally incident field and
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resonant properties in the horizontal members with respect to the capacitive
coupling near the junction. The currents in the horizontal members are rela-
tively small because the primary oscillation in the vertical conductors (with
the typical antiresonant current with nearly equal forced and resonant com—
ponents) has a minimum of charge at the junction with a correspondingly small
excitation of all modes that are related to the equal and opposite currents
in the hérizontal members,

In Fig. 18 the circuits have the lengths: h, + h, = h, + 2, = h_  + &, =

1 2 1 1 i 2
S5\/2, 2. + 2, =4 +h, =h, + £, = A, The circuit h. + h, is resonant in

1 2 1 2 2 _ 1 2
the normally incident field. The current consists of a resonant part approx-
imately equal to the forced component in amplitude. It has a minimum at the
junction while the associated charge per unit length has a maximum there,
The circuit 21 + 22 is resonant with equal and opposite currents in 21 and 22
and a maximun of the associated charges per unit lenggﬂ'at the junction. The
circuits 21 + hz, h2 + 22, hl + ll and hl + 22 combine antiresonant proper-
ties in the vertical conductors with respect to the normally incident field
and resonant properties in the horizontal members with respect to the capaci-~
tive coupling near the junction. Since the oscillatioms in both hl + h2 and
21 + 22 locate maxima of charges per unit length at the junction, the two
modes are closely coupled and the currents in the horizontal arms are compar-
able in magnitude with those in the vertical sections. The currents in the
vertical members are superpositions of comparable resonant and antirescnant
distributions. The real parts have relatively larpge resonant components, the
imaginary parts only small resonant components superimposed on the forced
currents.

It is seen from these relatively simple crossed wires that the distribu-

tions of current and charpge are quite complicated. This complication in-
{ q f 1
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creases when the lengths of the four arms are all different and not simple
multiples of a quarter wavelength. An example 1s in Fig. 7 of [19].

Direct experimental confirmation of the theoretically evaluated currents
and charges on the thin-wire cross has not been carried out because intricate
movable probes without external cables are required. However, closely re-
lated measurements have been made on crnssed wires erected on a metal ground
plane [20] with a probe system controlled from below through the lower verti-
cal member. With the associated image these crossed wires correspond to an

isolated structure with a vertical section of double length, 2{(h, + hz), and

1
two identical horizontal sections each with arms of length il and 22 located
at equal distances h, from the ends of the vertical conductor. This is a

2

more complicated structure than the single cross since it involves two junc-
tions and the coupling between the two horizontal members. It provides nine
possible resonant circuits instead of six and correspondingly more intricate

superpositions of currents. These circuits have the following, generally

!
i

different lengths: h, + L., b, + 2., b, 4 2hy + 2., he + 2h. + 2., 2(h, + h.),

-l Ll Sl N - L L i S L Sl |
2(£l’+ hl), 2(22 + hl), 21 + Zhl + 22 and 21 + 224 lowever, under special

conditions the currents in the upper half of the symmetrical double cross can
be made to resemble those in the single cross. Specifically, with 2(h, + h2)
-~
L P R o R R o R s B S s e SR S SR R g e R R
W Talt Gy Bl Bk  Snlt e L B Bl Sty St et Tt B
conditions resembling those in Fig. 15 are obtained. Ixcept for the presence -
of the lower (image) cross, the circuits are the same. The measured currents
and charges per unit length on the half above the ground plane are shown in
Tig. 19. They are seen to apree quite well with the currents and charges on
the section of Fig, 15 above the center of the vertical conductor. Similarly
with 2¢(h. + h,) = h, + 2h, + = + 2h, + = S5Afdy %3 F K ¢ 1
- ( 1 ‘) ) by 21 h2 th 22 SAfds 1 2 = Yy + h,

h2 + %, = A, the measured currents and charges per unit length above the

a“
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1 ground plane are those shown in Fig. 20. These are in good general apgreement
2 with those in Fig. 18 above the center of the vertical conductor. Note that
the measured charges on the four conductors in Figs. 19 and 20 zpproach the
same values at the common junction in agreement with the boundary condition
(4.5) and the theoretical graphs. The condition (4.2) on the currents is
also satisfied.

The e;tension of the theory to crossed electrically thin conductors when
these lie in the same plane but the angles at the junction are not all 90° is
straightforward but has not been carried out. In general, there is both in-
ductive and capacitive coupling between cach pair of confluent elements and

the sinultaneous integral equations involve more complicated kernels. The

conditien at the junction remains the same so long as the angle § between any

pair of elements is not too small; the condition ka << 1 must be generalized

to |ka sin(8/2)| << 1. .

g

When the conductors do not have a comrmon radius a, the condition (4.5) at

the juncticn must be replaced with [11]

ql(O)x’fl = q (00, = a4(0)0, = q,(0)y, (4.10)

where
v, = 205a@/ka) =], s, 3 A4 (4.11) f‘
vy = 2 ta@2s/a) 8y < M4 (4.12) 5

and where s stands for hor 2, 1 =1, 2, 3 0or 4, and ¢ = 2n y = 0,577 is

2!

uler's constant, The intepral equations also become more involved since i

IS

different values of a occur in the different ranges of integration. Specifi-

cally, a = ay in the range from z = 0 to z = ~h,, etc. |
-

Paa—
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SECTION V
THEORY OF THE TUBULAR CYLINDER OF FINITE LENGTH

When the circular cylinder shown in Fip. 1 is finite in lenpth and unre-
stricted in radius, the analytical determination of the distributions of cur-
rent and charge induced on its surface by an incident plane wave is three-
dimensiocnal. In order to simplify the analysis the cylinder is idealized to
be an infinitely thin-walled, perfectly conducting tube extending from z = =h

to z = h with the inside radius a_ and the outside radius a_ , both sensibly

+$
equal to a, The induced currents and charges are, therefore, in a single
thin layer at p = a. When the field is normally incident and E-polarized,
the forced currents are axially directed as when the cylinder is iufinitely
long, In reversing their direction periodically they must satisfy the condi-
tion Kz(e,z) = 0 at z = *h, This requires the presence of concentrations of
surface charge n(8,z) with periodically reversing sign at and near the edges
at Iz[ = h. The sign of the charge density near z = h 1s opposite to that
near z = ~h. These charges act to excite standing-wave distributions of cur-
rent and charge between them. Since the induced forced current and the as=-
sociated charge concentrations near the ends are not rotaticnally symmetric,
the currents they excite must have both axial and transverse componentcs, Un=-
like the infinite cylinder which has only z-directed currents and remains un-
charged in an E-polarized field, the finite cylinder supports surface densi-
ties of both charge and transverse current in addition to the axial current.
Similarly, in an H=-polarized field the axial distribution of charge associ-
ated with the forced transverse currents isnot uniform near the ends of the
tube so that axially directed currents are generated and combined with the
transverse currents induced by the incident field. Thus, on a finite cylin-
der there are distributions of Kz(e,z), Ke(e,z) and n(e,z) with either E- or

H=-polarization.
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The determination of these currents and charges by Kao [14]=[17] in-

volves the solution of integral equations obtained from the boundary condi- ]
tion Etang = 0 on the surface of the cylinder. The first step in the formu-

lation is the expansion of the incident field in a Fourier series of the form

(-]
Einc(o.e) = 2 Einc(p!n)cos nd (5.1)
P n=0 P

where p = z for the E-polarization, and p = 8 for the H-polarization. The

nth-order Fourier coefficients in (5.1) are

s, ~Seialet § sliadeiiCoe? = VRSN L o

e 1ny = e 1™ (up) (5.2)
n n

inc _ n g .
E, (oln) = ¢ £77 (ko) 5 Fy

il betiod et

where en =1 forn=0and e =2 for n > 03 Jn(kp) is the Bessel functicn !

n |
and J;(kp) its derivative with respect to the arpument., Further steps ia the 5
analysis include the expansion of all functions of 8 in Fourier series and

the separate treatment of each Fourier component as due to an incident wave

of the form eine. The formation of Fourier transforms with respect to the sé

axial variable z permits the expression of hoth the p and 8 components of the 1
electromagnetic field in terms of the axially directed components Ez and Ez.

These, in turn, satisfy the Bessel equation in the radial variable p, viz., 1

|

[(3%/30%) + 07(3/30) = (% /6%) + £71EGo,z]n) = 0 (5.3) ¥

2 2 2 = f

where £° = k° = ¢z“, ¢ is the transform variable, and f(p,5|n) is the Fourier ji

transform of the axial components of the scattered field Ez(o,:!n) or H

ﬁi(p,:}n). In order to express them in terms of the current on the tube, use éj

is made of the following boundary conditions which require the continuity of :i

the tangential electric field and the discontinuity of the tangential mapgne- E

tic field:

E:<a+.:ln) = f:(a_.cln) (5.4a)
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Bp(a_,_.cln) - Bp(a_.cin) = -uoKp(c.[n) (5.4b)

where p = z with the upper sign and p = 6 with the lower sign. Ep(c{n) is

=inc

dne and bz are

z

the trausform of the current density in the tube. Since E
both continuous at p = a, it is correct to impose the boundary conditions
(5.4a,b) on the scattered field. The expressions for Ej(o,cln) and E:(o,c|n)
can be ﬁseh to obtain formulas for ﬁ:(a,;ln) and Eg(a,;ln) on the surface of
the cylinder, o = a, Izl 2 by With § = 13/3z, the inverse Fourier transforms
of Ei(a,:ln) and ﬁz(a,c[n) lead to two differential equaticns with respect to
z. With the help of a common factor, the solutions of these equations can be
combined and used to satisfy the boundary condition requiring the vanishing
of the tangential component of the totzal electric field on the surface of the
cylinder. This results in two integral equations for the Fourier components
Ke(zin) and Kz(zln) of the transverse and axial currents. For normal inci-
dence with E-polarization they are:
kh

2 £ Ge(u,u'ln)xs(u'}n)du' = :ink-la-lc sin u + Ce(n) (5:.5)

kh o1} kh
2 é Gz(u,u'ln)Kz(u'[n)du' + 2nk "a é ng(u,u'!n)Ke(u',n)du'

= Ccos u+C_(n) (5.5)

(The equations for H-polarization are the same but with sin u replaced by

- cos u and cos u replaced by sin u.) The constant C is determined from the

conditicn Kz(u{n) = 0 at u = kh. Tor E~polarization, C_(n) = -agrin(:oku)—l
1- 2l - ¥ = - PR n—l L \-l
X Jn(“a), uo(n) 0; for ll=polarization Cz(n) 0, Ce(n) L“ni (Houa,

2 \=1 - g
x Jé(ka). The kernels are Ge(u,n':n) = 2(;0k a) [Hg(u - u']n) ¥ ue(u4-u']n),

-1, - p -1
Cz(u,u'{n) = 2(:03) [Az(u -u'fn) ¢ Az(u +u'ln)], Gzo(u,u'[n) = ~k(nco) x

o7
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[Nze(u - u'ln) T Mze(u + u'|n)] where the upper signs are for E-polarization,

the lower signs for H-polarization. The M's are the inverse Fourier trans-

forms of ﬁe(cln) = -(ﬂwuo a/2)J! (aE)H(l) (at), M (r[n) = =(ma/2uwe )J (ak)

In| |a] |n|

x H(l)(aﬁ) T ( [n) = (nn;/bwsog )J (aE)Hfli(ag) with 52 = k2 - c2. The
n

By |n|

nth-ordcr Fourier component of the total current was calculated by first de-
termining Ke(u|n) from (5.5) and using this value in (5.6) to obtain Kz(u!n).

The total currents for E-polarization are:

k (8,z) = E C (n)n |n)cos nd (5.7a)
n=0

Kg(8,2) =1Z € _(n)K,(z|n)sin ne (5.7b)
n=0 ° =

For H=-polarization:

o

K (0,2z) = & z c (n)k (z‘n)51n nd (5.3a)
# n=1

Ke(e,z) = z C (n)Y (“]n)cos nd (5.8b)
n=1

These series have been summed using numerically obtained solutions of (5.5)
and (5.6) for the Fourier coefficients Ka(uln) and Kz(ufn). Graphs and

tables were constructed by Kao [14], [15] for ka = 1, 2 and 3, kh = 0.57, w,
and 1.57. Kao's computer program for Kz(e,z) and Ke(e,z) has been expanded

by B. Sandler to include the surface density cf charpge defined by

; 3K_(0,2) e 3Ky (8,2) R
e = -l e ! o

where ¢ = 3 x 108 m/sec.,
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With ka = 1 only a small number of terms in (5.7a,b) need be retained.

Specifically, for E~polarizationm,
Kz(e,z) = A(kz) + B(kz)cos 8 + C(kz)cos 28 + D(kz)cos 38
+ E(kz)cos 468 + F(kz)cos 56 (5.10)
Ke(e;z) 2 1[B'(kz)sin 8 + C'(kz)sin 28 + D'(kz)sin 36) (5.11)

where the coefficients are given in Tables 2 and 3 for kh = 1,57 and in
Tables 4 and 5 for kh = 3n. Comparison with the corresponding cocefficients
for the infinitely long cylinder reveals that C(kz) through F(kz) are sen-
sibly constant at the values C through F given in Table 1 except within a
quarter wavelength of the end where they decrease smoothly to zero at z = h.
It is seen that E(kz), F(kz) and D'(kz) are small.

In practice, infinitely thin-walled, perfectly conducting cylinders are
not available. The walls of metal tubes useful in an experiment are much
thicker than the skin depth and separate currents can be identified on the
outer and inner surfaces of the tube. Measurements made with probes travel=-
ing along the outside surface measure only this part of the current which
does not vanish at the open ends of the tube but continues over the edge to
become the entering inside current. This decays rapidly as the tube is en-
tered if the cross~sectional size is small enough to cut off wave~guide modes
as when ka = 1, Although the current density K(O,z) and charge density
n(8,z) on an infinitely thin-walled, perfectly conducting tube are not physi-
cally separable into inside and outside parts, it is possible to associate
parts of the currents and charges with the fields outside and inside the
walls., Specifically,

R(0,2) = -uals x [B(a,,0,2) - Bla_,0,2)) = K (3,2) + K_(e,2) (5.12a)
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TABLE 3

FOURIER COEFFICIENTS IN mA/V FOR Ke(e,z) FOR TUBULAR CYLINDER, S
E-POLARIZATION, kh = 1.57, ka =1

kz B'(kz) C'(kz) D' (kz)
0 0.00 + 10.00 0.00 + 10.00 0.00 + 10.00 b
«25W 0.18 = 1015 0.00 + 10.00 0.00 + i0.00
S0 0.24 - 10.30 0.01 + 10.00 0.00 + 10.00 ‘
1
o 15T 0.06 - i0.45 0,02 = 10.02 0,00 + 10,00

1.007m -0.56 - 10.61 | 0.02 - i0.08 | 0.00 + 10,00
1.257n -2,32 - i0.81 | 0.02 - i0.33 | 0.03 + i0.00
1,307 -3.04 - 10.88 | 0.01 - i0.47 | 0.05 + i0.01

1,407 =5.,57 - i1.09 | 0.01 - 11.18 | 0.16 + i0.05




TABLE 4

FOURIER COEFFICIENTS IN mA/V FOR Kz(e,z) FOR TUBULAR CYLINDER,

E-POLARIZATION, kh = 3w, ka = 1

kz A(kz) B(kz) C(kz) D(kz) E(kz)

0 2,89 10.93 | =3.26 + 12.66 -0.14 - 12.03 0.58 + 10,00 | 0.00 + 10.10

«25% § ' 2.70 10.57 | =3.22 + 12.44 -0.14 - 12,03 0.58 + 1C.C0 0.00 + 10,10

S0m | 2.21 10.30 | -3.15 + i1.88 -0.14 - 12,03 0.58 + 10.00 | 0.00 + 10,10

75w | 1.70 i1.14 .-3.14 + 11.28 | -0.14 - i2.04 0.58 + i0.00 0.00 + 10,10
1,007 | 1.44 11.45 =3.26 + 10.96 <0.14 - 12,05 0.58 + 10,00 | 0.00 + 10,10
1.257 1,58 11.01 -3.49 + 11.12 -0.15 - 12.05 0.58 + 10.00 | 0.00 + 10,10
1.50m 2.06 i0.09 -3.71 + 11.70 | =0.15 - 12.04 0.58 + 10.00 | 0.00 + 10,10
1751 2,65 10.76 =3.75 + 12.45 -0.16 - 12,03 0.58 + 10.00 | 0.00 + 10.10
2.007 3.03 10.99 -3,48 + 13.00 -0.16 - 12,01 0.58 + 10.00 | 0.00 + 10,10
2,25 | 2.96 10.40 -2.90 + 13,03 -0.15 - 11.99 0.58 + 10,00 { 0,00 + 10,10
2.,50m | 2.38 10.68 =2.15 + 12.44 -0.12 - 11.94 0.57 + 10,00 0.00 + 10.10
2,75% 1.42 il.45 =-1.32 + 11.39 -0.08 = 11.75' 0.53 + 10.00 | 0.00 + 10.0¢
3.007 0 0 0 0




e

FOURIER COEFFICIENTS IN mA/V FOR KG(Q,Z) FOR TUBULAR CYLINDER,

TABLE 5

E-PCLARIZATION, kh = 37, ka =

b |

kz B'(kz) C' (kz)

0 0.00 + i0.00 | 0.00 + 10.00
.257 | -0.03 + i0.07 | 0.00 + 10.00
.50m | -0.04 + i0.11 | 0.00 + 10,00
<757 | =0.00 + 10,11 | 0.00 + 10.00

1.00m | 0.06 + 10.05 | 0.00 + 10.00
1.257 | 0.11 - i0.04 | 0.00 + 10,00
1.507 | 0.11 - 10.14 | 0.00 + 10.00
1.757 | 0.03 - i0.21 | 0.00 + 10.00
2.00m | -0.14 - i0.20 | 0.00 - 10,01
2.257 | =0.37 = 10.01 | =0.02 - 0.02
2.50% | =0.65 + 10.54 | =0.08 - 10,02
2,757 | =1.04 + 12,10 | -0.33 - 10.03
3.007 o (= =}
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o35 v [EGa,,0,2) - E(a_,8,2)]

n(8,z) = -¢

n,(8,z) + n_(6,2) (5.12b)

| where the identity on the right defines the outside and inside surface densi-

ties of current and charge with subscripts + and -, respectively. The cur-

; rents and charges measured on the outside surface of a metal tube with walls
that are many skin depths thick must be identified with the fields outside
the tubé and compared with ﬁ;(e,z) and n+(e,z) near the open ends where they
differ significantly from E(G,z) and n(8,z).

g The numerical evaluation of the outside and inside currents was carried

i out by first calculating.the difference current E+(6,z) - E (8,2z). From this

i 2

} -> -> - &

1 and X(8,z) = K+(B,z) + K_(8,z), the outside and inside currents K+(8,z) and

ﬁ_(e,z) were obtained.

T L ——
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SECTION VI
THEORETICAL CURRENTS AND CHARGES ON A TUBULAR CYLINDER

Extensive computations and graphical representations of Kz(e,z), ¥ (8,2)
and n(8,z) have been carried out by King et al. [18] in order to gain insight
into the physical phenomena and provide a foundation for measurements designed
to develop and test experimental procedures and techniques. For this purpose
tubular cyl nders with ka = 1 were selected since a circumference of one wave-~
length is large enough to involve most of the characteristics of electrically
thick tubes and small enough to avoid the complications of higher~order trans-
verse resonances. Later studies will include ka = 2 and ka = 3., The initial
computations and measurements were made with kh = 1l.57. iater, in anticipa-
tion of crossed cylinders, kh = 37 and 3.5m were also studied.

Consider first a cylinder with ka = 1 and kh = 1,57, The axial distri-

bution of K _(8,2) = le(O,z)!exp 8, = K o(8,2) + 1K __(,2) is shown in Figs.

2
2la,b,c as a function of kz. At € = 0° (shadow), {xz(e,z)l and ez have
strongly rescnant forms with a high standing-wave ratio and a 180° phase
change, whercas at & = 180° (illuminated region) they have the nearly cen-
stant values characteristic of predominantly forced distributions. At inter-
mediate angles a gradual transition takes place. In Figs. 22a,b,c are shown
graphs of the transverse distributions of Kz(O,z) which are seen to be quite
different frcem one another at various values of kz. They are reasonably like
those along an infinitely long cylinder with the same radius (shown by
crosses in Fig. 22c¢) only when kz is near 0.57 where resonant currents have a
minimum., This is easily understood if it is recalled that there are no res-
orant currents on the infinitely long cylinder. It is evident from Figs.
2la,b,c and 22a,b,c as well as Fig. 1 in [19] that the distribution of
K_(6,z) on an electrically thick cylinder cannot be constructed as a simple

combination of the axial distribution along an clectrically thin cylinder of
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Fig. 21lc. Real and imaginary parts of Kz(ﬁ,z) on tubular cylinder;

E~polarization, normal incidence.
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Fig. 2Za. Theoretical amplitude of surface density of total axial current

on tubular cylinder; E-polarization, normal incidence.
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Fig. 22b, Theoretical phase of surface density of total axial current

on tubular cylinder; F-polarization, normal incidence.
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the same length with the transverse distribution around an infinitely long
cylinder with the same radius. :

On an electrically thick cylinder of finite length a very significant
transverse component of current Ke(e,z) = |Ke(e,z)|exp Ot = KeR(e,z)+ iKGI(e'z)
is excited by the periodically varying, non-rotationally symmetric charge dis-
tributions at the ends. IKe(e,z)[ is shown in Fig. 23a, et in Fig. 23b, and
K,p(6,2) and K,p(8,2) in Fig. 23c. Note that IKe(e,z)! vanishes at 6 = 0°
and 180° and has a maximum near 6 = 90° for all values of kz. Ke(e,z) is very
small compared with Ez(e,z) except near the open ends where it rises steeply
to very large values - infinity for the idealized infinitely thin-walled tube.

Both Ke(e,z) and Kz(e,z) are complex so that at each point (a,8,z) on

> - > > - -~
the cylinder K(8,z) = KR(B,z) + iKI(e,z) where KR(G,z) eKeR(G,z)+ szR(e,z)

and §1(9,z) = 5Kel(9,z) o EK:I(G,z). The real vectors ER(S,z) and ﬁl(e,z) at
uniformly spaced points on the surface of the cylinder are shown drawn to
scale in Fig. 24, At each point the length of the vector is proportional to
]ER(G,z)I on the left, IEI(G,z)I on the right; the direction of the vector
gives the direction of ER(Q,Z) or EI(Q,Z). The general direction of flow and
the standing-wave pattern in the shadow are evident.

The real instantaneous current ﬁ(e,z;t) = gKe(e,z;t) + EKZ(O,z;t) has
the components Ke(e,z;t) = KGR(G,:)cos wt + Kel(e,z)sin wt and Kz(e,z;t) =
KzR(B,z)cos wt + KZI(G,z)sin wt. It is easily shown that ﬁ(e,z;t) is ellip-
tically polarized as shown in Fig. 25.

An important aspect of a standing wave of current on a conducting sur-
face consists of the associated standing-wave concentrations of charge. The
surface density of charge n(0,z) = |n(8,z)|exp 0n is related to the rates of

change os both Kz(e,z) and Ke(o,z) as given by (5.9). Graphs cf |n(0,z)[ and

en are shown in Fips. 26a,b. The charge density is seen to have a simple
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Fig. 23c. Real and imaginary parts of KO(G,:) on tubular cylinder;

E-polarization, normal incidence.
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standing-wave pattern with zero amplitude at kz = 0, a maximum near kz = n/2,

a minimum near kz = m, and a high maximum at kz = kh = 37/2., The standing-
wave ratio is much lower in the illuminated region than in the shadow. A
clear picture of the overall distribution of charge density is obtainable
from Figs. 27a,b which show contours of constant }n(e,z)l and en, respective=-
ly. The important characteristics in Fig. 27a are the very high maximum at
the opeﬁ end, the secondary maximum in the shadow near kz = 0.57, 8 = 0°, and
a deep valley between the contours marked l.5. Fig. 27b suggests a phase
front diverging from kz = 1.5m, 8 = 180° and converging toward kz = 0, 6 = 0°.
The distributions of axial current on cylinders with ka = 1 and lengths
other than kh = 1.57 are shown in Fig. 28 for a range of electrical half-
lengths extending from kh = 1,47 to 3r in steps of 0.2n. The graphs reveal
the significant fact that the distributions are virtually identical when kh =
khl and kh = kh, + nm in the ranges 0 < kz < kh

1 3L

Specifically, all curves for kh = 27 virtually coincide with those for kh =

and nw < kz < khl + nm.

3m in the range m < kz < 27, The same is true for the lengths kh = 1.8% and
2.8%, L.67 and 2.6%:, atc.

In view of this periodic behavior of the currents, it is sufficient to
exanine the associated distributions of charge density for only selected
lengths, The most interesting are the resonant lengths like kh = 1,57 (TFigs.
26a,b and 27a,b) and kh = 3.5m (Figs. 38 and 40) and the antiresonant lengths
like kh = 3w, The axial distributions of |n(8,z)| for kh = 3r are shown in
Fig. 29 for 8 = 0° to 180° in steps of 20°., The associated c&ntour diagram
is in Fiz. 30. The corresponding representations when kh = 3,571 are in Figs.
38 and 40, They are seen to be substantially the same in the range 0 < kz <
27. The graphs in the range 27 < kz < 3.5m in Figs. 38 and 40 are squeezed

together axially into the range 27 < kz < 37 in Figs. 29 and 30. The boundary
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Fig. 27a. Theoretical contours of mapnitude of surface density of charpge

on tubular cylinder; E-polarization, normal incidence.
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condition n(0,0) =.0 dominates and the distribution is substantially like
n(0,z) ~ sin kz for all lenpths - resonant, antiresonant, and in between -
with suitable modifications within a half wavelength of the open end. Thus,
the contour diagrams in Figs. 30 and 40 have three maxima in the shadow re-~
gion near kz = (2n + 1)w/2. When kh = 3w, the charge maximum is superimposed
on the steeper rise in charge density at a quarter wavelength from the open
end instead of on the slower increase at a half wavelength from the end when

kh = 3.5m.
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SECTION VII
EXPERIMENTAL VERIFICATION; CYLINDER WITH ka = 1, kh = 3.57

In order to develop and test apparatus and techniques for measuring dis-
tributions of surface charges and elliptically polarized surface currents,
extensive measurements were made on cylinders with ka = 1 and kh = 1,57 [22].
The apparatus and movable probes are shown schematically in Fig. 31. Two
ground planes of very different size (6.3 x 4.2 and 30.5 x 15.25 wavelengths)
and distances (p0 = 4)\ and 10)) from the axis of the 6 in. diameter cylinder
to the monopole source in a corner reflector were used successively. Gener-
ally very good agreement with theory was obtained with both ground planes,
Differences were observed in the phases of the transverse currents where
these were very small and accurate measurements difficult and in the ampli-
tudes of the charge densities in pa<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>