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Some Research Direc tions in Finite

Elas t ic i ty Theory *

by

R.S. Rivlin

Lehigh Univers i ty

Bethlehem , Pa., U.S.A.

Abs trac t

A number of topics in finite elasticity theory which appear

to lend themselves to further development are briefly discussed.

These include Ci) the effect of kinematic constraints which are

exac tl y ,  or approxima te ly ,  satisfied; (ii) the mechanics of

elastic membranes; (iii) the applicability of results in finite

elasticity theory to problems involving stress relaxing materials;

(iv) the development of necessary and sufficient conditions for

material stability of isotrop ic elastic materials; (v) the con-

di t ions for b i fu rca t ion solu t ions to ex is t in defo rmed elas t ic

bodies. ,
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1. Introduc t ion

The object of this paper is to present some research

directions in finite elasticity theory, which have no t, in

the opinion of the author been fully exploited . The choice

of topics has been governed by discipline oriented rather

than problem oriented considerations. That is  to say ,  the

choice has been determined , not by the importance of the

engineering appl ica t ions which may stem from the r esearche s

d iscussed , but ra ther by a des i re  to indica te d i rec t ions in

which the theory of finite elasticity can , in i ts presen t

state of development , be extended in a logical fashion.

With these objectives in mind , the basic equations of

finite elasticity are succinctly presen ted in § 2 .  Then , in

§~ 3 and 5 , the modification s to these equations which result

from the existence of kinematic constraints on the possible

deformations of the material are discussed. These constraints

may be local in charac ter (~ 3), or global (~ 5). In §6 , we

d iscuss  the manner in wh ich problems could be solved in si tua-

t ions in which the kinema t ic cons tra in t cond iti ons are only

approximately satisfied.

In § 4 , we draw attent ion to the app l i cab i l i ty , wi th minor

modifications , of certain results of finite elasticity theory

to problems involving viscoelastic solids with fading memory.

In §7 we mention briefly some recent ideas on the mechanics of

elas t ic membranes , due mainly to Skalak and h i s co l l a bo ra tors ,

which would appear to merit further exploitation .

‘I
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Fina l ly  in §~ 8 and 9, we descr ibe  some recen t resul ts of

Sawyers and Rivlin on material stability of an incompressible

iso trop ic elastic material and on the conditions for a bifurca-

tion from the pure homogeneous deformation of a thick plate of

such a material to exist when it is subjected to a thrust.

— —~~~~~~~~ ‘-. w ~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
,
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2. The basic equations of finite elasticity theory

We consider the Isothermal deformation of a body of

elastic material. Some identifiable configuration of the

bod y,  general l y, but not necessa r i l y ,  that in which the

mater ia l  is uns tressed , is taken as the reference config-

uration. We identify the particles of the body by their

vector positions X , with respect to a fixed origin , in

the reference configuration . As the body is deformed , the

vector positions of its particles change to x , where x

depends on X and the t ime t , thus:

x = x (X ,t) . [2.1]

We denote the components of X and x in a fixed rectangular

car tesian coordina te system x by XA (A=l ,2,3) and x 1 (i=l ,2 ,3)

respectively.

The strain-energy per unit mass , deno ted W , is  assumed

to depend on the local deformation gradients X
j A  

. For

brev ity ,  we w i l l  use the no tat ion

= ‘‘ ~~ 1A ’ ’  = X I A  . [ 2 . 2 ]

g is called the deformation gradient tensor.

Since the superposi t ion on the assumed de forma t ion of a

4:. r ig id rotation leaves W “nchanged , i t fo l lows from ra ther

simple mathemati cal cons idera t ions that W mus t be expres s-

ible in terms of the deformation gradients through the

components in the system x of the symmetric tensor C ,

the Cauch y s tra in tensor , def ined by

V

~~~:T~r-- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~ mr~~.- - 
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‘~~r ~~~~~~~~~~~~~~~~~~~~~~~ •~~ -‘ .- ~~~~.

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~ —.--—~



- —~~~~ —-~~~~- 
________ --~

..-- .-- SLL~io. _~~~~~

- 5 -

= 
‘ [2.3]

where the dagger denotes the transppse. Thus,

W = W(C) . [2.4]

Symmetry of the material in its reference state implies

restrictions on the form of W . Thus, if S denotes a

generic transformation of the 3x3 matrix representation of

the symmetry group S of the ma ter ia l , W must satisfy the

re la t ion

W(SCS t) = W(C)  . [2.5]

The group S and correspondingly its 3x3  matrix representation ,

is either the full orthogonal group or a sub-group of it.

Equation [2.5] must be satisfied for all elements of the

group S

In the case when S is either the full or proper orthogonal

group , corresponding respectively to an isotrop ic ma ter ia l  which

is or is not centrosymmetric in the reference configuration , it

• follows that W must be expressible as a function of I~~, 12

and 1
3 , where

= tr C , 12 = ~-[(tr C)
2 

- tr C2)

[2.6]
;~~
. 1

3
= d e t ç ,

4 thus:

W = W( 11,12,13) . [ 2 . 7 ]

For deformations which are possible in a real material ,

det g (which physically is the ratio between the volumes of

~~~~~~~~~~~~~~ 
‘ C .  ~~~~~~ “ -  ~~~~~~~~~~ - -. .J ~~~-v~~. ------ ‘ --.--_ --
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a material element at time t and in the reference configura-

tion) must be positive and it follows that

de t g = I~ . [2.8]

According ly,  W is expressible as a function of I~~, I2~
de t g , thus :

W = W( 1 1,12,de t g)  . [ 2 . 9 ]

For mater ia ls  which are transverse ly  iso trop ic , the

restrictions implied by eq. [2.5] were obtained by Ericksen

and Rivlin (1). Those corresponding to the cases when S

is one or other of the crystallographi c po in t group s were

de termined by Smith and Rivlin (2).

The Cauchy stress tensor a and Piola-Kirchhoff stress

tensor TI are g iven in terms of W by*

a = , r~ = , [2.10]

where p is the material density in the reference configuration .

a and 11 mus t , of course , sati s fy  appropria te equa t ions

of mo t ion which are

I~ V c + p4 1 = p5~ , V~.rr + p41 = p~ , [2.11]

where denotes the spatial gradient taken with respect to

the configuration at time t and denotes that taken with

respect to the reference configuration.

By ~W/ 3g , we mean the  m a t r i x  w i t h  e l e m e n t  3W/3x 1 A 
in

the It h  i~ow and Ath  co lumn .
9
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The stress boundary conditions on a and II are

= an , F = II tN , [2.12]

where n and N are the unit normals to the boundary at

time t and in the reference configuration respectively

and £ and F are the applied forces, per unit surface

area measured at time t and in the reference configuration

respe c t ive ly .

If the material considered is isotropic , so that W

may be written in the form given in eq. [ 2 . 7 ] ,  then from

eqs. [2.3), [2.61, [2.71, and [2.10] it follows that a

is g iven by

a = 2 PI ~~~[(W 1+I 1W 2 )c - W 2 c 2 
+ 13W 36] , [2.13]

where W~ deno tes 
~W/ ~ Ia (c~=1,2,3) , S denotes the unit

tensor , and c is the Finger strain tensor defined by

C = . [2 .14 ]

Apart from the explicit forms for W for transversely

iso trop ic materials and for materials with symmetries corre-

sponding to one or other of the crystallograp hic group s , the

results discussed so far were known very early in the present

cen tury .

If a . (i=1 ,2,3) are the principal stresses and X .

(i=l ,2,3) are the princ ipal extension ratios , then 1
19 1

2 9

:~ 
1
3 

may be expressed by

:~ I l = A
2 + A

2 + 12 
= + + X

2
A

2

13 = 

[2 .15 ]

.

- - - - -
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and

ai 
= 2 p I ~~~{W1A~ + (I 1-A~ )W 2X~ 

+ i3w 3 } . [2 .16]

I
5-,

.1

‘4 -

~ 
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3. Kinematic constraints and controllable deformations

If the material consi l,Iercd is iri com pi ’essible , then the

deformations which are  possible in it ~tre subject to the

cons tra in t

1
3 

= 1 [3.1]

and cor respondin gly the expression for o in  eq. [2.101 is

replac ed by

= Pg (
~~~) 

- 
p~~ 

, [3.2]

where p is arbitrary if the de fori ’ation is specified ,

reflecting the fact that the superposition of an arbitrary

hydrostatic pressure on the force svste~ a plied to the bod y

leaves the deformation unaltered. In t he  case when the

material is isotrop ic , eq. [2.8] becomes

w = 
~~~~~~~~~~~~~~~~~~~~~ 

[3.3]

and from eq. [3.2] we find that eq. [2.13] is rep laced by (3)

a 2 p [ ( W 1+I 1~~7 )c  - - [ 3 . 4 ]

The effect of constraints on t h e  e x p r e s s i o n  fo r  the Cauch y

stress was investigated further by Ericksen and Riv l in (1).

They considered the pos sibility that a n u m h c r  of constraints

on the deformation of t~sc form
E r

f ( g ) = 0 (a= 1 , 2 , . . . )  [3 . 5 ]

are simultaneously present in the material and showed tha t

eq. [2.101 for the Cauchy stress must then be rep laced by

.A4.i. . 

- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-— ~~~~- - - --C  - ~~‘ ~~0 y - - ‘ , • - -~~ . .  

— 
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1- ~f 
t

a = pj ~ ½g(~~~) - ~ p I~~~~(~-~~) , [ 3 . 6 ]

where the p ’ s are a r b i t r a r y  if the d e f o r m a t i o n  is s p e c i f i e d.

An example of such constraints is provided by the case

when there  are one or more d i r e c t i o n s  of i n e x te n s i b i l i t y  in

the undef orm ed ma ter ial .  If el emen ts of length which are

i n i t i a l ly in the d i rec t ion  of the x1 ax i s  are i n e x t e n s i b l e ,

the corresponding  cons t r a in t  c o n di t i o n  is

C11 = 1 . [ 3 . 7 ]

The case when the re  are two d i r e c t i o n s  of i n e x t e n s i b i l i t y  and

in add i t ion  the m a t e r i a l  is incompress ib l e  was f i r s t  s tudied by

Adkins  and R i v l i n  ( 4 ) .  This  case and t ha t  in which  the mater ia l

is re in fo rced  w i t h  onl y one set of cords was f u r t h e r  s tudied by

them and by a number of o ther  workers , n o t a b l y  by Spencer , Pi p kin

and Rogers .  Exc el l en t accoun ts of mu ch of t h i s  work is given in

the mon ogra ph by Spencer ( 5) and the r evi ew ar t i c le by Pi pk in  ( 6) .

The cons t ra in t  imposed by i n c o m p r e s s i b i l i t y  is , as is now

wel l - k n own , much more significant in its implications than

might at first sight appe ar .  For , it enab les  us to solve

-

• ce r t a in  prob lems  w i t h o u t  mak ing  any s p e c i f i c  a s s u m p t i o n s

regarding  the s t r a i n-e n e r g y  f u n c t i o n  than  those  imp l i ed  by

iso t ropy and i n c o m p r e s s i b i l i t y  and expressed  by eqs.  [ 3 . 3 ]

and [ 3 . 1 ] .  A l thoug h these  p rob lems  are  a d m i t t e d l y  s imp le ones

they lend themse lves  to expe r imen ta l  r e a l i z a t i o n  and enable

one to take  the  c r i t i c a l  s tep of a c t u a l l y  d e t e r m i n i n g  for  a

p a r t i c u l a r  m a t e r i a l  - v u l c a n i z e d  rubber  - the manner in which

the s t r a i n- e n e r g y  f u n c t i o n  depends on I~ and 12 and to v e r i f y

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - -
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the predictive value of the strain-energy function so determined .

For example , i f we cons ider a thin s quare sh eet wi th

thickness h and uni t ed ge , it is f ai r l y easy to show that

the forces T1 and T 2 , which mu st be app li ed in order to

deform i t into a rec tangle of dimen s ions A
1 and A2 , are

given by (7)

T1 = 2Ph (A 1 
- 

X 3A 2 ) 1 2 2
1 2 [3.8]

T2 = 2Ph (A 2 
- _ _ _

where

= A~ + A~ + , 12 = 
~~~~~ 

+ 
~~~~~ 

+ A~ A~ . [3 .9]

Experimentally,  we can measure T1 and T2 for spec i f i ed

values of A 1 and A 2 and then use eqs .  [3 .8 ]  to determine

and W2 for the corresponding values of I~ and 12

obtained from eqs. [3.9].

Again , we may consider the tors ion  of a c i rcu la r  cyl inder ,

of radius a , by forces appl ied to i ts  plane  ends.  If  the

twist per unit length is ~ , we f ind  tha t  in order to m a i n t a in

the torsion we have to apply to the plane ends circumferential

forces 0 per uni t  area and normal  forces  Z per un i t  area ,

given by

0 = 2~prp (W1
+W

2)

[3.101

Z = _ 2~P
2
p(r

2W2 
+ i: rW 1dr)

where , in this  case ,

~~ ~~ I 
_ _ _ _ _ _ _  _ _ _ _ _- :_ - 

~~~~~~~~ 
— - — -
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—
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~1 = ‘2 ~ + ~
2r2 . [3.11]

Deforma tions wh ich can be suppor ted w ithout appl ic at i on

of body forces  and for  which the sur face  fo rces  can be calcu-

la ted wi thout making spec i f i c  as sump t ions r ega rd ing the form

of the strain-energy function , beyond tho se imp l ied by such

m a t e r i a l  symmetry and k inema t i c  c o n s t r a i n t s  as may be re levant

to the cla ss of ma ter ia l s under con sider ation , are cal led

cont ro l lab le  de fo rma t ions .  The a t t e m p t  to f i nd  a l l  poss ib le

con tro l l ab le  deforma t ions in an is ot rop ic material was initiated

— by Er icksen  (8) and considerably  extended by Sing h and P ipk in  (9)

and by K l ingbe il  and Shield ( 1 0 ) .

In the case of compress ib le isotr op ic el as t ic mater ia l s,

i t was shown by Er i cksen  ( 11 ) tha t the c lass  of c o n t r o l l a b l e

deforma t ions cons is ts only of homogeneou s deforma t i ons . In

the case of incompress ib le  m a t e r i a l s  it is s u b s t a n t i a l l y  w ide r .

We may also i d e n t i f y  a c lass  of d e f o r m a t i o n s  which  may be

cal led quasi-controllable deformations. As an example of these ,

we may consider  (12) an i ncompres s ib l e  i s o t r o p ic e l a s t i c  m a t e r i a l

to be conta ined  in the annu la r  r eg ion  be tween  two r i g i d  coaxia l

c ircular  cy l inders , one of which  is  moved p a r a l l e l  to the o the r

by a f ixed  amount , or ro ta ted  r e l a t i v e  to the  o ther , about the

common ax is , through a specified angle. In either case the

displacemen ts of the particles of the material are determined

as a func t ion  of rad ia l  pos i t i on  r by a s i n g l e  o rd inary

d i ff e r e n t i a l  equat ion  which depends on the fo rm of W . The

:‘ sur face fo rces  which mus t be app l i e d  in ord er to ma intain the
$
‘ 5 -

‘4-  

‘

—I~~- -~~~--~~~

- - -. —C -. -

~~~ 

-

~~ 
-- - ,.-, -*-

~~ • .5 -‘ .‘-

~~~~-~~~~~~~~~~~~~ - ~~~~~~~~~~ -- - - -• - - -



——-- -----— —5 — --- 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

— -
~~~

- ---——
~~~~— —- ---,w-1~~

.—
~
—

- 13 -

d e f o r m a t i o n  can then be calculated leaving open the precise

form of the s t r a i n- e n e r g y  f u n c t i o n  and t h e  consequent  r a d i a l

distribution of the displacement.

Another type of system which leads to tractable problem s

is the ela st ic membrane - typ i ca l l y  a vulcanized rubber membrane

which can be subjected to large deformations. Work on such

systems was firs t carried out by Adkins and Rivlin (13). If

the membrane and the deforming forces have- rotational symmetry

about an axis , the local deformation is a pure homogeneous

deforma t ion with principal directions along the lines of long i-

tude and latitude in the deformed membrane and principal

ex tension rat ios in the surf ace of the membrane , A 1, A 2 say.

The corresponding two-dimensional Piola-Kirchhoff stress is

then given by eqs. [3.8]. If i-c is ~inv known function of I~

and 12 , the point equations of equil i br ium can be integrated

numerical ly.

4-

- — - ,~~ — -~~~
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4. An application of finite elasticity theory to inelastic

ma ter i al s

It was noted by Rivlin (14) that the expressions obtained

for the forces  which must be applied to m a i n t a i n  con tro l l ab le

deforma t ions in iso trop ic* ela st ic mater i a l s  may be appl ied ,

with changes which are , f rom a ma themat i ca l  s tand poin t , t r i v i a l

in na ture , to obtain expressions for Lhe forces which must be

appl ied in order to main tain iden t ic al def orm at ions in s tr e s s -

relaxing materials.

We consider that a body of s tres s- re lax in g mater ia l is

deformed dur in g a small t ime interval ~t , say,  at the

ins tant of t ime t
o say , and that the deform at ion is then

held constant. We assume that af ter the lap se of a suf f icien t

t ime , the Cauchy stress  a depends on the deforma t i on gradien t

g and the t ime that  has elapsed** , t say,  a f t e r  the deforma-

t ion is produced.  Thu s ,

a = a(g , t )  . [ 4 . 1 ]

It can easil y be shown , from the cons ide ra t ion  tha t  if

an arbi trary r i g i d  ro tation is superpo sed on the assumed

deforma t ion , the Cauchy stress  ten sor is ro tated by an equa l

amoun t, that a must be expressible in the form

a = g f ( C , t ) g t 
, [4 .2]

*
Similar considerations apply, in princip le , to stress— relaxing
anisotropic materials.

** The extent to which this assumption is valid depends , of course ,
on the nature of the stress-relaxin g material and on the class
of allowable deformation histories by which the final state
of static deformation is attained.

-4-

L~ 
________ - ~~~~~~~~ — - 5 - ~~~~ - - — ‘T”~~.. - - 5 -~~~~ ‘ - -  

-
— --~~~~~~ -~~~ ----—- --~~~~-—~~~~ -- —- -- --- - -~~--  - -——I -- ‘~~~~ - -  --~~~~~~~~~—~~~~~~~~ - - ~~~~~~~ - - -‘---

~~ -b--



- 15 -

where C is the Cauchy strain defined by eq. [2.3]. This

s tep in our argumen t p a r a l l e l s  that by wh ich the pass age was

achieved from the assumpt ion  for  an e l a s t i c  m a t e r i a l  t ha t  W

is a function of g to the result expressed by eq. [2.4].

Again , paralleling the passage from eq. [2.4] to eq. [2.5],

we f ind that if the ma ter ia l  has symm etry in i t s re ference

state , then wi th the no tat ion of § 2

f (SCS t) S f ( C ) S t 
. [ 4 . 3 ]

For an isotrop ic ma te r i a l  t h i s  leads to the conclusion tha t

a mus t be exp ress ib le  in the f orm

a = + + 
‘ 

[ 4 . 4 ]

where the a ’s are functions of Ii, 12 and 1
3 

and of t and

a is the Finger stra in def ined by eq. [ 2 . 14] .  For an incom-

pressible material , this relation becomes

= + - p6 , [ 4 . 5 ]

where the a’s are now functions of ‘
~~ 

‘2 and t and p

is an arb itrary hydros tat ic p ressure . Comparing this equation

with eq. [3.4], we see that the la tter can be ob tained f r om eq .

[4.5] by replacing c~ and a
2 

by 2 p (W
1
+1
1
W
2
) and -2 pW 2

respectively.

The fo rc es  necessary to main tain a con tro l l ab le  defo rm ati on

is a stress-relax ing material can be obtained from those for an

elas t ic ma ter ia l , by rep lac ing  W1 and W~ by (a1+11a2)/2p

and -cz2/2p respectively. For exam p le , the formulae [3.10] for

the azimu thal and normal for ces , 0 and Z per uni t area , whi ch

- ~~~~~~~~~~~~~ - 
— 

— - ------ .~~~~~~~~~~~~~~~~~
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must be applied to the plane ends of a ri gh t - c i r cul ar cyl inder

in order to main tain in i t a s imp le  tor sion of amoun t lp become

0 = ~r[a1 
+

[ 4 . 6 ]
Z = ~2 

[
~a2r

2 
+ 
I:

al 
+ (3+~

2r2)a }dr]

where the a ’s are functions of l~
2r2 and of elapsed time

af ter the deform at ion is p roduced.

L 
_ _ _ _ _ _ _ _ _  
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5. Global constraints

A somewhat different type of co n st ia int from those discussed

in §3 m a>- be appropriate to certain syStem s . f-or example , i f  a

bod y of vul cani zed rubber is swollen hoiric eneously in some solven t

and is then inhomogeneousl y de fo rmed , th e  s o l v e n t  may m i g r a t e

from one part of the body to ano ther . Since both the vulcanized

rubber  and the  solvent  s epa ra t e ly  m a y ,  w i t h  good a p p r o x i m a t i o n ,

be t r ea t ed  as incompress ib l e , the  to t a l  vo lume  of the  bod y wi l l

be substantiall y unaltered by the deformation , but each element

of the v u l c a n i z e d  rubber  may change  the vo l ume it occup ies due

to the absorption or loss of solvent . Accordin g l y ,  1
3 , d e f i n e d

in eqs .  [ 2 . 6 ] ,  may be regarded as a m e a s u r e  of the  volume frac-

t ion  of solvent  at any po in t  and the s t r a i n- e n e r g y ,  at any r a t e

fo r  q u a s i - s t a t i c  de fo rma t ions  of the  s w o l l e n  rubber  v u l c a n i z a t e

must  be e x p r e s s i b l e  in the form [ 2 . 7 ]  . The c o n s t r a i n t  imp l i ed

by the constancy of volume of the bod y m a y ,  of course , be written

as

det g . dV = V , [5.1]

where  V is the  domain  occup ied by the body in the homogeneous

* r e f e r e n c e  c o n f i g u r a t i o n . The point equations which can be

der ived for  the  typ e of sys tem c o n s i d e r e d  a re  s i m i l a r  to those

for  a compres s ib l e  m a t e r i a l , except  t h a t  t h e  fo rce  bounda ry

c o n d i t i o n  i s  now g iven by

t . = (a . .  + p~~~
. )n . [5.2]

1,3 ij ~i

and the constraint condition by eq. [5.1 1 .

4-
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6. Perturbations of the constraint condition

We note that if we superpose on the deformation of a body

described by eq. [2.1], a unif orm dil atat ion , so that x is

replaced by Ax , where A is independen t of X , then the

Finger stra in  a def ined by eq. [2.141 is rep laced by A 2c

Simi l a r ly ,  the strain invarian ts Il~ 12 and 1
3 , def ined  by

eqs. [2.6], are replaced by A 211, A~ I2 and A 613 respectively.

Thu s, ~~~, J1 and J2 d e f i n ed by

= 

~~~~~ 
‘ ~l 

= hl~ 3 
= 12 13 [6.1]

are unal tered by the superposed d i l a t a t i o n . This  sugges t s

(Flory (15), Penn (16)) that , for  an isotropic  ma ter ial , we

express W as a function of J1, J2 and 1
3 , thus

W = W(J 1, J2 , 13 ) , [6.2]

ra ther  than as a func t ion  of I~~, I 2~ 13 as indicated in eq.

[2 . 7 1.  More conv en ien tly for our purpose s , we can ex pres s W

as a func t ion of J1, J2 and -r (=I~ ) , thus :

W = W(J 1, J2,i) . [6 .3]

Then , the expression [2.13] for a can be rewritten as

• zp f (~w ~W \ -  ~W -2

+ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ [6 .4 ]

If  W is an anal y t i c  func t ion  of -r in the nei ghborhood of

any isochoric deforma t ion , it can be appr ox im ated for  deforma-

tions for which the dilatation T-1 is sufficiently small by

‘4-



~~~~~~~~~~~~ 
W w0 (J 1,J2) + (t-l)w 1 (J1,J2) 

+ ~~ (T-l) 2w0 (J 1,J2) , [6.5]

where

w0(J1,J2) = W J 1 w
1
(j

1,
j

2
) =

w2 (J 1,J2) = 

~~~~~r=l 

T l  

[6 .6]

Then , if we intr duce e ’ . [6.5] into eq.  [6.4] and n eg lec t

terms of h ighe r  degree  than the  f i r s t  in -t - i  , we ob ta in

i 3w0 3w 3w
= 2~ I~(-~~

_- + ~~ -

- 

c~~~

- ~~ + 

~ ~2 ~~~ 
- 

7

+ 2 P ( -r ~~l) {(- ~_j! + 

~1 ~~~ 

- - 

~l

1
3W
1 

3w 0 ~-2 fl f~~o ~~~
~
j—f +

[~~ J ~~~~~~~~~~~~

[6.7]

We consid er a sequence of c o n s t i t u t i v e  equa t ions  fo r  n e a r l y

compre ssib le mate r ia ls , with specified density p in the undeformed

state , which has as its limit the constitutive equa t ion  fo r  an

3- incompressible material with strain-energy function g iven by

W w3 (J 1,J2) . [6.8]

The corresp ond ing expr ession for  the str ess is

a = 2~~{(~~~~+ J1 - ~~~~~~~ - p6 , [6.9]

- -
~~~~~~~ - I__ ,5_ - ~~ ~~~~~~~~~~~~~~~~~~~ . W .  W~~~W~~~~~ • ‘• 
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where p is an arbitrary hydrostatic pressure . We no te tha t

since all deformations in an incompressible material are

necessaril y i sochor ic , we have ~=c in this case.

The fact that for the incompressible material the con-

stitutive equat ion for  a must  t ake  the  form [6.9] leads to

the restriction on the coefficient of 2 p ( - t - l )  in eq. [ 6 . 7 ]

that  it tends to i n f i n i t y ,  in such a way t h a t  i t s  product  wi th

(-r-l) remains finite , as the material tends to incompressibility.

We can solve problems f or s l igh tly compress ib le  ma teria ls ,

for which eqs . [6.5] and [6.7] are valid , by first solving the

problem for an incompres sible material for which the eqs. [6.8]

and [6.9] are valid . Then , using a per turb ati on procedure , we

can f ind  the correct ion to the displacement  f i e l d  appropr ia te

to the slig htly compre ssible ma ter ial.

Analogous pro cedur es shou ld be poss ib le  in situations wher e

other cons tra in t condi tions than incompre ssib ili ty are appro xi-

mately valid. However , it must be borne in mind that the

per turba t ion s involved need no t necessar ily be regular (Rogers

and Pi pkin (17), Ever st ine and P ipkin (18)).

5~S
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7. T w o - d i m e n s i o n a l  m a t e r i a l s

One can con st  r u c t  an i n t e r e s t  i n m ~ t i ~o — d  l i n e n s  i ona  1 analog

to f i n i t e  e l a s t i c i t y  t h e o r y ,  w h i c h  i s  appa r e n t l y  app l i c a b l e

to v a r i o u s  l i v i n g  t i s s u e s , e .g . the  m e m b r u i i i ~ of the human red

blood c e l l  (F l ochmuth  and M o h a n d a s  (19) , S k a l a k , T o z e r e n , Z a r d a

and C h i e n  ( 2 0 ) ) .

We c o n s i d e r  a m e m b r a n e  of t r a n s v e r s e l y  isotropic elastic

m a t e r i a l , t h e  av i s  of r o t a t i o n a l  s y m m e t r y  b e i n g  normal  to t h e

m e m b r a n e .  W i t h  t h e  ii ~~u a l  a s s u m p t i o n s  of  m e m b r a n e  t h e o r y ,  we

can i~r i t e  t h e  st r a i n - e n e r g y  per u n i t  a r e a  (m e a s u r e d  in the

r e f e r ~ - nc e s t a t e )  as  a f u n c t i o n  of J 1 , !~ d e f i n e d  in t e r m s  of

the princi pal extension ratios A , A by

= + 
2 ‘ 

~2 
A~~A~ , [ 7 . 1 ]

t h u s:

= W (1 1, 1 2 ) .

The p r i n c i p a l  l i n e  stresses a (a=l , 2 )  a r e  t h e n g iven b y

a = 2 I~~~~ A 2 ~ + ‘2 r 1 2) 
. [7 .3]

-

- I t a pp ea rs t h a t  f o r ce r t a i n t i s s u e s , t h e  a r ea of an element

o f t he  membrane reamins approximatel y con sta nt as  t h e  m em bra n e

is deformed. We are therefore led to construct a constituti ve

equa t ion  w h i c h  i d e a l i z e s  this ob serv ation by  imposing t h e

constraint condition *

= 1 [7.4]

~f the m aterial of the m embrane i~ ai~~ o in e- -m~~ressible , this

implies , of c o u r s e , that it im ~ in ext - e n s~~b 1’ in ~ dire c-tion

normal to it.

U-
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on the deform at ion . Then , W :~~ a func t ion of I~ on ly,  thus :

W = W( 11) [7 .5]

and the constitutive equation [7.3] is replaced by

= 2 X~ ~~ - p , [7 .6]

where p is arb it r a ry  if the deformation is specified.

If the cons t r a in t  [ 7 . 4 ]  is only approx imate , the r e s u l t i n g

chan ge in the deforma t ion could be ca lcula ted in a mann er ana logous

to tha t in troduced in the case of sl i ghtly compr essible ma ter ial s .

~~~ - -.- - — - .. • .5  - -

- —a. ~~~~~~~~~~~~~~~~~~~~~ — —
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8. I n i t i a l  s t ress  prob lems

We have seen that for incomp ressible isotrop ic elastic

m a t e r i a l s , c e r t a i n  s imp le pr ob le ms can be solve d without

p a r t i c u l a r i z i n g  the form of the s t r a i n - e n e r g y  func t ion  beyond

tha t  g iven in eq. [ 3 . 3 ] .  The r e c o g n i t i o n  of t h i s  f ac t  led to

the fo rmula t ion  of a r a t i ona l  theory for  the solut i on of i n i t i a l

s t ress  problems in which  the s t r a i n - e n e r g y  func t ion  is l e f t

in the form [ 3 . 3 ]  and the i n i t i a l  s t r e s s  is t h a t  co r respond ing

to one or o ther  of the s o - c a l l e d  c o n t r o l l a b l e  s o l u t i o n s .

I n s o f a r  as con t ro l l ab le  s o l u t i o n s  ex i s t  for  compress ib le

i so t rop ic  m a t e r i a l s , analogous consideration s app ly.

The P i o l a -K ir c h h o f f  St ress  II fo r  a comp r e s s i b l e  m a t e r i a l

cor responding  to a de fo rmat ion  X~ x is g iven by eq.  [ 2 . 1 0 ] ,

viz:

11Ai = p . [8.1]
~ ,A

We now conside r an infinitesimal superposed de formation

x x-4-EU , wh ere c is s u f f i c i e n t l y  smal l  so t ha t  we can

linearize in i t .  This  superposed de fo rmat ion  may be t ime -

independent or time -dependent. The incremental stress c r r A .

is then g iven by

. = p u . . [8.2]
Ai 3x . 3x . j,B

i ,A j,B

t ~~ , If the material is isotropic , we can in troduce the exp ress ion

[2.7] for W and carry out the indicated diffe rentiations to

obta in  the app rop r i a t e  exp ress ion  for  -rr M . In th is express i on

we substitute for the coefficients of U j B  , the exp ressions

‘ - i
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appropriate to the known underlying static deformation . The

appropr i a t e  e q u a t i o n  of mot ion  for  the superposed  d e f o r m a t i o n

is

~A1 ,A 
= [8.3]

and the force- boundary condition is

!TA .NA = , [8 . 4 ]

where cL is the additional force associated with the super-

pos ed de form at ion .

In the case when the material is incompressible , the

exp ress ion  [ 8 . 2 ]  for  the incrementa l  s t ress  must  be m o d i f i e d

to reflect the fact that the superposition of a hydrostatic

pressure does not change the deformation . In addition , we

have to add an equation wh ich exp resses the fact that no volume

changes can take place .

On the basis of the considerations outlined above , a

n umber of initial stress problems have been solved. The

earliest of these was the calculation by Green and Shield (21)

of the effect of an initial finite extension on the torsional

modulus , for infinitesimal torsion , of a rod of arbitrary but

uniform cross-section . This generalized an earlier result of

Rivlin (12) for a rod of circular cross-section . The result

of Green and Shield (21) was corrected and verified experi-

mentally by Gent and Rivlin (22) . Shortly afterwards , Gre en ,

Rjvlin and Shield (23) discussed the effect of initial stress

on the indentation by a punch of an elastic half-space subjected

to an in it ial b i ax i a l  pure homogeneous de formation with two

U-
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equal  p r i n c i pal  ex t ens ion  ra t ios  wh i ch de f ine  a p r i n c i p a l  p lane

parallel to the bounding plane of the half-space . These results

and many others of a similar character have been discussed

extens ively in the subsequen t literature . He re we shall con-

side r only the initial stress problem for p lane waves of

infinitesimal amp litude propagating in a de formed elastic

mater i al .

Firs t , let us supp ose that the medium in wh ich the plane

wave propagates is a space of isotropic elastic material sub-

jected to a pure homogeneous deformation with principal

extension ratios A , A
2
, A

3 
and principal directions parallel

to the axes of a rectangular cartesian coordinate system x

Let us suppose also that the wave is sinusoidal , has an gul ar

fre quency w , wave n umb er k , slowness S = k/w , and p rop-

agates in the di rection of the unit vector n . Then , wi th

the usual complex notation , we can express the displacement

vector cu associate d with this wave in the form

F U = A exp i ( k n .x  - wt) . [8.5]

The secular equation determining the comp lex slowness S

• was ob tained by Hayes and Riv l in  ( 24) in th e cas e when the

material is compressible. Here , how ever , we sh a ll g ive the

somewhat simpler results , obtained by Sawyers and Ri vlin (25),

for the case when the material is incompressible. In this case

the secular equation is

14 2 2c~S 
- 

~pS + p = 0 , [8.6]

where

.4
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a = ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ + . . . ]

+ W1 [n~n~~(A 2 -A
3)
2 (W 1+A~W2)A 1 

+ . . . ] }

+ 4W 2 [ A A ~n~n~~(A 2-A
3)
2 (W 1+A~ W2) A 1 

+ . .
- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

[ 8 . 7 ]

= 2(W1+A~W2) [A~n~ + A~n~ + ( A 2 -A
3)
2
n~n~A 1] 

+

where the dots represent terms obtained from those given by

cyclic  pe rmuta t ion  of the s u b s c r i p t s  on the A ’ s , n ’ s and

A ’ S and where the A’ s are defin ed by

W +2A 2W +A ~~W
A
1 

= 2 ( A
2
+A )

2 11 1 12 1 22 
, [8.8]

W1
+X
1W2

wi th analo gous exp ress ion s for A2 and A
3 

. W11, W12 and

W22 deno te 32WJ3I~~, 3
2W/311312 and 32W/ 3I~ r e spec t ive ly .

We may regard  eq. [8 . 6 ]  as a q u a d r a t i c  equat ion in S2

The necessary and sufficien t conditions for it to yield two

pos i t ive  roots for  S2 are

ct>0 , ~2 > 4a . [8.9]

Fol lowing Hadamard ,we adopt these condition s as the condition s

for material stability .

-; It would be of interest to obtain condition s on W such

— tha t  the re la t ions  [ 8 . 9 ]  are s at isf ied fo r al l n , i.e. for

all directions of the normal to the wave-front. So far this

has no t been achi eved. How ever , Sawyers and Rivlin (25) have

ob tained necessary and sufficient condition s on W , so that

$ the relations [8.9] are valid for all waves for which n lies

4-
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in a principa l plane of the pure homo geneous deformation .

In this case necessary  and suffi cien t conditions that the

rela tions [8. 9] be sat isf ied are

W1
+ A ~W2 > 0  ,

1 
[8.10]

W
11 

+ 2A~W12 
+ A

1
~W22 

> -
~

(
~ 

- A~ 
- 

~:-~)~ 
(W 1

+A~W2)

(i=l ,2,3)

The condit ions [8 . 10]~ 
were previous ly obta ined by Baker  and

Ericksen (26) and are usually referred to in the literature as

the Bake r -Er i cks en condit ions . I t  has a lso been shown by Sawyers

and R i v l i n , in u n p u b l i shed wo rk , that the condition ~ > 0

follows from the Baker-Ericksen conditions.

The conditions [8.10] can also be obtained (27) from the

following considerations . We con si der the materi al to be sub-

jec ted to a pure homogen eous de forma tion as befo re . We now

superpose an infinitesimal simple shear for  wh i ch the plane of

shear is a pr i ncipal pl ane of the pure homo geneous de forma tion

and the directi on of shear is tha t o f a uni t vec tor , K say ,

ly ing  in th i s  p lane . We conside r the ch ange , as a resul t of

this  supe rposed simp le shear , in the tracti on in the direc tion

of K acting on unit area of a plane parallel to K and to

the normal to the pr inc ipal plan e cons i dered.  The ra t io be tween

this traction and the amount of shear is the incremental shear

modul us . The relations [8.10 ] are necessary and sufficient

con di tions for  thi s to b e pos itive for all cho ices of K in

a pr inc ip al plane.

.4-
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9. B i fu rca t i on  so lu t ions  for  a th ick  p l a t e  unde r thrus t

An example of ano ther  type of i n i t i a l  s t ress  problem wh i ch

can be solve d , without imposing restrictions on the form of the

strain-energy function beyon d those implied by isotropy and

incompress ib il ity ,  is provi ded by the calculat ion of the bifur-

cation condi tion for  a th ick  re ctan gular p la te of isot rop ic

incompressible elastic material , sub jected to b iax ia l  loading.

Suppose the edges of the p l a t e  are p a r a l l e l  to the axes

of a rectan gular  car tesian coordina te sys tem x and tha t the

length s of these  ed ges are 2~~1, 2~ 2 ,  2~~3 (2~~3 >> 
~~~~ 

2
~ 2
)

The plate is subjected to a pure homogeneous deformation , wi th

ex tension ra tios A1, A2, A 3 and p r inc ipa l  d i r ec t ion s pa ra l l e l

to the axes of the system x , and is held  so tha t A
3 remains

f ixed , the faces perpendi cular to the 2-direction being force-

free.  The value s of A1, A2 are then vari ed ( in accordance ,

of co urse , wi th the incompress ib i l i ty cond iti on A 1A2 = A~~)

and the c r i t i ca l  value of A (= A2 / A 1) is dete rm ined for which

a bifurcation of the flexural or barreling type in the 12-plane

can exis t . The f aces in iti ally perp endicul ar to the 1-di rec tion

are cons train ed , so that they remain perpendicular to the 1-direction

and the tan gen ti al surface trac tion is zero ove r them. Whi le

these cons tr ain ts are admi ttedly somewha t ar ti f i c ial , they have
* the meri t that , wi th them , the problem can be solve d exactly.

We denote the wave - length of the superposed flexural or

ba r r e l i ng  de formation by 2 -rr/~l , so that

= n-mr/22 1 (n=l ,2 ,...) . [9.1]
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Then , the cr it ical value of A , a t which a b i fu rca tion from

the state of pure homog eneous deform ation becomes poss ible , is

given, for spec i f ied  value s of n ( i .e. of the mode of the

superposed flexure or barreling) and of 22/2 1 , by

tanh Q2~ 2 - 
(c~~~~+A

2
c~

2 

~~~

tanh 
~1~2 

- 

~~
2+A 2~

2 ) ~~~~~

or [9 .2 ]
2 2 2 2

tanh Q1~2 (Q +A Q

tanh — 

I~O~+A
2
~2) 

cl~

accordin gly as the superposed de form at ion is of the f lexural

or barreling type . 
~~ 

and 
~2 

are de fi ne d by

= ~ ~~ [l+A 2+A(l A)2] ± [{l+A 2+A (l~ A) 2}
2
~ 4A 2J

½ } , [9.3]

where A is defined by

2(A +A )2

A = 
1 
2
2 (W + 2A 2W +A 14

W ) . [9.4]
W + A W 3 1  3
1 3 2

Equat ion s [ 9 . 2 ]  were apparent ly  first derived by Wesolowski

( 28).

It follows from eq. [9.3] that formally, at any ra te , we

may discuss the implication s of eqs . [9.2] in three distinct

cases:

(i)  ~~ and are bo th pos it ive ,

(ii) c~ and are comp lex con jugates ,

( ii i)  ~~ and are bo th ne gative .

It is apparent from eq. [9.3] that case (iii) arises if and

only if

.4-
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A (
A+ 1
)
2 

, [ 9 .5]

case ( i i )  ar i ses i f and on ly if

(
A+i
)
2 c A < -l , [9.6]

and ca se ( i ) ar ise s i f and only if

A > -l . [ 9.7]

The necessary conditions [8.10] foi material stability

derived earlier impl y tha t we n eed con sider  onl y ca ses ( i )

and (ii). We shall , in fact , con sider only case C i ) .

In order to discuss the q u al i t a t i v e  i m p l i c a t i o n s  of

eq s. [9.2], Sawyers  and Rivlin (29) found it convenient to

rewri te them in the form

s i n h [ ( 2 A ½cosh t 5 ) r~] = 
[(l+A 2)2-4- 4 sinh 25]cosh ~ , [ 9 .8]

sinhf (2A sinh 6)ri } [_ (1_A ) c
~#.4 cosh’6lsinh 6

where

fl7T~t 1 2
= 

~~~ 
= and sinh2i5 = ~~

-
~~

- (l+A) (X -l) [9 . 9]

and the p lus  and minus  si gns in eqs .  [ 9 . 8 ] ,  apply to super-

posed d e f o r m a t i o n s  of the f l e x u r a l  and b a r r e l i n g  types r e spect i ve ly .

Equa t ions  [ 9 . 8 ]  may be regarded  as equa t ions  for  the

determination of ~2G , and hence of n~ 2/~ 1 , c o r r e s p o n d i n g

to a specified critical value of A . Th en , provided A > - ]

•‘
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i.e. , 6 is real , it is f a i r l y easy to prove the fol lowing

theorems :

(a) If A-(l , corresponding to the s i t u a t i o n  when the appl ied

force in the 1-direction is tensile or zero , nei ther of

the eqs. [9.8] has a real solution for n22/~1 . Accord-

ingly in this case no bi furca t ion of e ither the f lexural

or barr el in g type is poss ib le .

(b) If A >l , corresponding to the s i t u a t i o n  when the applied

force in the 1-direction is a thrust , and the upper sign

in eqs. [9.8] is taken , so tha t we are consider ing only

superposed deformations of the flexural type, then one and

only one solution for n~2/~
,
1 exists provided that

4 cosh 2mS - (X-l)2 > 0 [9. 10]

and no solu t ion exis ts if

4 cosh 2 m5 - (A-l)2 < 0 . [9.11]

(c) If A>l and the lower sign is taken in eqs. [9.8] , so that

we are consid er in g superposed deforma t ions of the barr elin g

type , then one and onl y one solution for n2 2/~ 1 exists

provided tha t

-~~ 4 cosh~ m5 - (A-l)2 < 0 [9.12]

and no solution exists if

4 cosh 26 - ( X- l ) 2 
> 0 . [9.13]

I t fo l low s tha t wha tever may be the  s t r a i n- e n e r g y  func t ion ,

subject to the restriction A >-l , the r anges  of c r i t i c al  va lues

of A at wh ich b i fu rca t ions of the f lexur al and ba r r e l i n g  types

.4-
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can occur are di screte. The value of A separating these

regions is , of cours e , giv en by

4 cosh~ r5 - (A-l) 2 0 , [9.14]

and , wi th eq. 
~~~~~~ 

by

A 3 
- (3+A)A 2 

+ (2A-l)A - (l+A) = 0 . [9.15]

We bear in mind here that if the expression for W as a function

of I~ and ‘2 is known then the dependence of A on A is

also known .

For any constant value of A we can plot n against the

critical value of A for a bifurcation to occur . We obtain

curves of the form shown in Fig. 1. Generally, the situation

A = cons tan t is somewha t ar t i f ica l* . However , curves such

as those in Fig . 1 can be used to de termin e the crit ical values

for bifurcations of the flexural and barreling types , corre-

sponding to ~~~ spec if ied stra in- ener gy func t ion and a spec i f ied

value of ii , and hence of n2~2/2~1 . Fro m Fi g . 1 we read of f ,

for the specif ied value of r~ , corres pondin g va lu es of A and

A , for flexure, say. We plot these on a grap h and on the same

grap h we plo t corresponding values of A and A ob ta ined from

the expression [9.4] for A with the specified strain-energy

function. The intersection of these two curves gives us the

cri tical value of A f or a b ifur cat ion of the f l exur al type

to exis t . An analo gous procedure using A vs .  A curves for

barrel ing ,  ob tain ed from F ig .  1, enabl es us to de termine the

*An exceptio n arises in the case of the Mooney—Rivl in strain—
energy function for which A=0

.4
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critical value of A for a bifurcation of the barreling type

to occur .

A particularl y interesting conclusion results in the case

when n , and hence nZ2/~ 1 , is small (30). Using eq. [9.8]

with the plus sign , we can ob tain the fo l low ing formula for the

critical value of ri , corresponding to bifurcation of the

f lexura l  type , as a function of n , in the form

A - i = a1n
2 

+ a2n
14 

+ a3~
6 

+ a14~
8 +0(~

10 ) , [9.16]

where

- — 2 
— 

16 — 2 r l8’~a 1
—

~~~~~~~~, a . , — 4-~~, a
3 - 5-~- ( A 0

+ --7—) , —

a14 = ~~ (A~ + , [9.17]

and

= Lt A . [9.18]

It is easy to sho~ th at ~h at ever may be the expression

for ~%

• ()(~ -l )~ A~ + 0(r,14) . [9.19]

~se see f r o m  m n i s  re~~t 1 t n~~~t the c r i t i c a l  value of A-i is

ind cp€- n ient ot up t - ~ terms of order ri ’~ . Also , it depends

on ~ on1~ through A t S  second deri~- :m ti ve , evaluated in the

state for wh ich the thrus t is zero , up to terms of order

so that for t i 1  -i:i t~- -r ials having :t strain-energy of the Mooney-

Riv lin form , the critical value of k - i is the same up to terms

8of ord er n .

4 To give some quantit ative feel for the insentivity of the

S
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critical value of A to the value of n and hence of

we mention that if A0=0 and rj = .793 , which for n= l corre-

sponds to 
~2’~ 1 

= 0.505 , the valu e of A ob tained by tak ing

the first three terms in eq. [9.16] is 1.608 and that obtained

by using the exact formula [9.8] is 1.600 , corresponding , if

A
3
=l , to compressions of 21.14 and 20.94 per cent respectively.

A paral lel  insens itivity of the compr essive force to the

precise form of the strain-energy func tion is al so found . The

compressive for ce F , per unit cross-sectional area measured

in the undeformed state , is given by

F = ~4A~~ T0 (a1fl2+a2fl
14+bfl6+cfl8) + O(~

10) , [9.20]

where

b = ~~
- (A 0

+~ -~-) , c = 
~~~~~~~~~ 

(A 0
-~-~~--g-~-) . [9.21]

and

T = (W +A 2W ) I  . [9.22]
0 1 3 2  X=1

Ackno wledgemen t

This paper was written with the support of the Office of

Naval Research under Contract No. N 000l4-76-C-0235 with

Lehig h University.

‘-4

4 -

~ 

~~~ 
- . — — .~ - .5 -



—-~~~~~-—-~~~~~~~- --~~~~~- - - - - - - -- 

- 35 -

Ref erences

1) Er icksen , J . L . ,  R.S. Rivlin , J. Rational Mech. Anal. 3,

281 (1954).

2) Smi th , G . F . ,  R.S. Riv lin , Arch .  Rational Mech. Anal . 1,

107 (19 57)

3) Rivlin , R.S., Phi l. Trans. Roy. Soc. Lond . A 24 1 , 379 (1948).

4) Adkins , J .E ., R . S. Rivl in , Phil. Trans. Roy. Soc. Lond . A 248 ,

201 (1955).

5) Spencer , A.J.M., Deformations of Fibre-Reinforced Materials ,

Clarendon Press , Oxford 1972 .
1’

6) Pipkin , A.C., In Composite Materials , Vol. 2, ed. G.P.

Sendeckys , Acad . Press , New York 1974.

7) Rivlin , R .S., D.W. Saunders , Phi l .  Tran s. Roy.  Soc . Lond .
-I 

A 243 , 251 (1951).

8) Ericksen , J .L ., Z. Angew. Math. Phys . 5 , 466 (1954).

9) Singh , M., A . C .  Pi pkin , Z. Angew. Math. Phys. 16 , 706 (1965).

10) Kl in gbeil , W . W . , R.T. Shield , Z. Ang ew. Math. Phy s . 17 , 489

(1966).

11) Ericksen , J.L., J. Math. Phys . 34, 126 (1955).

12 ) R iv l in , R.S., Phi l .  Trans .  Roy . Soc . Lond . A 242 , 173 ( 19 4 9 ) .

13) Adkins , J . E . ,  R.S. Rivl in , Ph i l .  Tr ans . Roy . Soc . Lond . A 244 ,

505 (1952).

14) Riviin , R.S., Quar t. Applied Math. 14 , 83 (1956).

.4-

-U- -



- - — - _
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

- 36 -

15) Flory , P. 3 .,  Tran s . Faraday Soc . 57 , 829 (1961).

16 ) Penn , R . W . , Trans. Soc . Rheology 14 , 509 (1970).

17) Rogers , T.G., A .C. Pip k in , J. App lied Mech. 38 , 1047 (1971).

18) Everstin e , G . C ., A . C .  P ipkin , Z. Angew. Math . Phys. 22 ,

82 5 ( 197 1) .

19) Hochinuth , R.M. , N . Mohandas , J . Biomechanics 5, 501 (1972).

20) Skalak , R . ,  A.  Toz eren , R .P. Zarda , S. Chien , Bio phy sica l J.

13, 245 (1973).

21) Green , A.E., R.T. Shield , Ph il .  Trans . Roy. Soc. Lond .

A 224, 47 (1951).

22) Gent , A .N., R.S. Rivlin , Proc. Phys. Soc . Lond . B 65 ,

645 ( 1 9 5 2 ) .

23) Green , A.E ., R . S .  Riv l in , R .T . Shi eld , Pr oc. Roy. Soc . Lond .

A 211 , 128 (1952).

2~1) Hayes , M . ,  R . S .  R ivl in , Arch . Ra t ional Mech . Ana l .  8, 15 (1961).

25 ) Sawyer s, K .N . ,  R . S .  Rivl in , m t .  J .  So li ds Struc tures 9,

607 (1973) .

26) Baker , M., J .L . Ericksen , J. Wash . Acad . Sci.  44 , 33 (1954).

- . 27)  Sawyers , K . N . ,  R . S .  Rivlin , Developmen ts in Mechanics , Proc.

13th M idwes te rn Mechan ics Conf .  7, 321 (1973).

2 8) Wesolow sk i , Z . ,  Arch . Mech. Stos. 14 , 875 (1962).

29) Sawyers , K . N . ,  R.S. Rivl in , Tn t . J .  Sol ids  St ruc tures , 10 ,

4 83 (19 7 4 ) .

30) ~awyers , K . N . , R . S .  R iv l in , Mech . Res. Comm . 3, 203 (1976).

.4- -t

•5
- .~~~~~ ‘-~~ - — — .—————. ~~~~w w-=— - 

~~~~~~
‘— — U- ~ ~~~

--
~~~ 5 - 5 - - - .5 - 

— - - - - - - ‘~~~~~~~~ ~~~~~-- -b~~~~~~~~---~~~~~~ --- -~~~~ -~~~ -~~~~ —---



- - ——---- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- - -

~~~~

-—

- 37 -

— ~

/
/ 

,
1 /

/ , 1
/ / 1

/~~~~~/
/ / /

/ / /
/ // // /

— a--

/ /
U -

~ /
__#_ /

— -b--
a-.

(\j 
a)

a) C J A
~~~~c H

a—
V~’—~ A
c (\J

c~ ~~ U

a) <
- -  

0

- E ~~ ~~

-

I-

4

—

~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

-

~~~~~~~~~~~~~ --
~~~ r~~~~~~~ 

_ _ _ _  -



r~~~w —

~~~~~~~~~~~~~~~
- - - ——---— 

~~~~~~~~~~~~~~~

-

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
- -- - --

~~~
-

~~~~~~~~~~~~~~ 
—- - - - -

~~~~~~~~~

PART 1 - GOVE RN MENT

Adminis trative & Liaison
Activi ties

Chief of Naval Research Commanding Of f i ce r
Department of the Navy AMXMR-ATL
Arlington , Virginia. 22217 Attn: Mr. J. Bluhm
Atth: Code 439 (2) U.S. Army Materials Res. Agcy .

471 Watertown, Massachusetts 02172

Director Watervliet Arsenal
ONR Bran ch Off ice  MAGGS Research Center
495 Summer Street Watervliet, New York 12189
Bos ton , Massachusetts 02210 Attn: Director of Research

Director Redstone Scientific Info.Center
ONR Branch Off ice  Chief , Document Section
219 S. Dearborn Street U.S. Army Missile Command
Chicago , Il l inois 60604 Redstone Arsenal , Alabama 35809

Director Army R & D Center
Naval Research Laboratory Fort Belvoir, Virginia 22060
Attn : Library , Code 2029 (ONRL)
Washington , D.C. 20390 (6) Technical Library

Aberdeen Proving Ground
Commanding O f f i c e r  Aberdeen , Maryland 21005
ONR Branch Of f i ce
207 West 24th Street Navy
New York , New York 10011

Commanding Off icer  & Director
Director Naval Ship Research & Develop-
ONR Branch Of f i ce  ment Center
1030 E. Green Street Washington , D.C. 20007
Pas adena , California 91101 Attn: Code 042 (Tech.Lib.Br.)

700 (Struc.Mech.Lab.)
U.S. Naval Research Laboratory 720
Attn : Technical Information Div. 725
Washington , D.C. 20390 (6) 727

Defense Documentation Center Naval Weapons Laborato ry
Cameron Station Dahigren , Virginia 22448
Alexandria , Vi rginia  22314 ( 2 0 )

Naval Research Laborato ry
Army Washington , D.C. 20390

Attn: Code 8400
Commanding O f f i c e r  8410
U.S. Army Research Office Durham 8430
Attn: Mr. 3.J. Murray 8440
CRD-AA-IP , Box CM , Duke Station 6300

H Durham , North Carolina 27706 6305
6380

.4-

q . - ~~~~~~~~~ - 5-’. — 5 ~~‘ ‘  ,5~ ? — 5~~~W5~~ ’ - 
- —

.—~~..---—— — _.... ~~~~‘



— ~~~~~~~ - :~~ - .: -
~~~

--- — --—-—-——-—
~
-- .~

—__ —. - .- 

— 2 —

Undersea Explosion Research Div. Director
Naval Ship R & D Center Naval Air Developme~ t CenterNorfolk Naval Shipyard Johnsville
Portsmouth, Virginia 23709 Warminster , Pa. 18974
Attn : Dr. Schauer Code 780

Naval Air Systems Command
Naval Ship R & D Center Dept. of the Navy
Annapolis Division Washington , D.C.  2036 0
Annapolis , Maryland 21402 Attn: NAIR 320 Aero & Structures
Attn : Code A800, Mr.W.L. Williams 5320 Structures

604 Tech. Library
Technical Library 5203lF Materials
Naval Underwater Weapons Center
Pasadena Annex Naval Facilities Engng.Coinmand
3202 E. Foothill Blvd. Dept. of the Navy
Pasadena , California 91107 Washington , D.C.  20360

Attn: NFAC 03 Res. & Development
U S. Naval Weapons Center 04 Engng. & Design
China Lake , California 93557 14114 Tech. Library
Attn : Code 4520 Mr .Ken Bischel

Naval Ship Systems Command
U.S. Naval Ordnance Laboratory Dept. of the Navy
Mechanics Division Washington , D . C .  20 360
RFD 1, White Oak Atth: NSHIP 031 Ch.Sci. for R & D
Silver Spring, Maryland 20910 0342 Ship Mats.& Structs .

2052 Tech . Library
U.S. Naval Ordnance Laboratory
At tn : Mr. H.A.  Perry , Jr. Naval Ship Engineering Center
Non-Metallic Materials Division Prince George Plaza
Silver Spring, Maryland 20910 Hyattsvi lle, Maryland 20782

Attn : NSEC 6100 Ship Sys.Engr .&D.D.
Technical Director 6102C Computer-Aided Ship D.
U.S. Naval Undersea R & D Center 6105 Ship Protection
San Diego, California 92132 6110 Ship Concept Design

6120 Hull Div.
Supervisor of Shipbuilding 6120D Hull Div.
U.S. Navy 6128 Surface Ship Struct.
Newport News , Virginia 23607 6129 Submarine Struct.

Technical Director Naval Ordnance Systems Command
Mare Island Naval Shipyard Dept. of the Navy

• Vallejo , California 9 4592 Washington , D.C. 20360
Attn : NORD 03 Res. & Technology

U.S. Naval Ordnance Station 035 Weapons Dynamics
Attn : Mr. Garet Bornstein 9132 Tech. Library
Research & Development Div.,
Indian Head , Maryland 20640 Engineering Department

U.S. Naval Academy
Chief of Naval Operations Annapolis , Maryland. 21402.
Department of the Navy - -
- -  - Mr. Sidney Brown , Resident Rep.
~- sJ1r1gL.on , L I . L . . L U . ~~~~U Office of Naval ResearchAttn : Code OP-07T University of Pennsylvania

The Noore School of Elec. Engrig.Deep Submergence Systems 200 South 33rd Street
~-Iava1 Ship Systems Command Philadelphia , Pa. 19104.
Code 39522 , Dept. of the Navy

. 4.  Washington , D.C. 20360
Attn : Chief Scientist.

— - . — .-- - - . - ~ w—p—~
,w-• —a * - - - ~-



—---- ,-- — ------- —---- — - -

— 3 —

Air Force

Commander WADD National Science Foundation
Wright-Pat terson Air Force Base Engineering Division
Dayton , Ohi o. 45433 Washington , D.C.  20550
Attn : Code WW RMDD

AFFDL (FDDS) Director, STBS
Structures Division Defense Atomic Support Agency
AFLC ( MCEEA) Washington , D .C .  20350

Code WWRC
ARML (MAAM) Commander Field Command

Defense Atomic Support Agency
Commander Sandia Base
Chief , Applied Mechanics Group Albuquerque , New Mexico 87115
U.S. Air Force Inst. of Tech.
Wright-Patterson Air Force Base Chief , Defense Atomic Supp. Agency
Dayton , Ohio. 45433 Blast & Shock Division

The Pentagon
Chief , Civil Engng. Bran ch Washington , D.C.  203 01
WLRC , Research Division
Ai r Force Weapons Lab. Director Defense Research & Engng.
Kirtland AFB, New Mexico 87117 Technical Library , Room 3C-128

The Pentagon
Air Force Office of Scientific Res. Washington , D.C. 20301
1400 Wilson Blvd.
Arlington , Virginia 22209 Chief , Airframe & Equipment
Attn : Mechs . Div. FS-l20

Office of Flight Standards
NASA Federal Aviation Agency

Washington , D.C. 20553
Structures Research Division
National Aeronautics & Space Admin. Chief of Research & Development
Langley Research Center Maritime Administration
Langley Station Washington , D.C. 20235
Hamp ton, Virginia. 23365
Attn : Mr. R.R. Heldenfels , Chief Mr. Milton Shaw , Director

Div. of Reactor Dev. & Technology
National Aeronautic & Space Adniin. Atomic Energy Commission
Assoc. Administrator for Advanced Germantown, Maryland. 20767

Research & Technology
Washington , D.C. 20546 Ship Hull Research Committee

National Research Council
Other Government Activities National Academy of Sciences

2101 Constitution Avenue
Technical Director Washington , D.C. 20418
Marine Corps . Dev. & Educ . Attn : Mr. A.R. Lytle.

Command
Quantico , Virginia 22134

Director
National Bureau of Standards
Washi ngton , D.C. 20234
Attn : Mr. B.L. Wilson , EM 219.

~~~~~~~~~~~~~~~~~~~~ ~~~~~~ - 4



- - --- -
~~
-

-~~
---

~~~~~
------ -- -- - - — ------ ----

— 4 —
PART 2 - CONTRACTORS AND OTHER

TE CHNI CAL COLLABORATORS

Univers i t ies

Professor J.R. Rice Professor Paul M . Nuqhdi
Division of Engineer ing  Div. of App i .  Me s~ 
Brown Un ive r s i ty Etcheverry H a l l
Provi N~:nce , Rhode Island 02912 University of Ca1i~~ -r n i a

Be rkeley , Ca 1iforn i~ 9 4 7 2 0
Dr. J. rinsley Oden
i k ot .  of Engng. Mechanics Professor ~

- .

univers ity of Alabama University of California
Unn~~~ville , Alabama 35804 Dept. of Aero ~~~~~~~~ and Mech . Engng.

La Jolla , California 92037
P r o f e s s o r  R . S .  Rivl in
Center for the Application of Professor 3. Baltrukonis

Mathematics  Mechanics Division
LeilLgh Univers i ty  The Cathol ic  U: ive r~ L t y  of America
Bethlehem , Pa .  18015 Washington , D . C .  20017

Professor Julius Miklowitz Professor A.J. Durelli
Div.  of Eng g. & Appl . Science Mechanics Division
C a l i f o r n i a  Ins ti tute of Tech . The Cathol ic  Un i v e r s i t y  of America
Pasadena , Ca l i fo rn ia  91109 Washington , N . C .  20017

Pro fes so r  George C. Sih Professor  H .H. Bleich
Department of Mechanics Dept. of Civil Nnonq .,
Loiii :h University Columbia Univ~~. ~ity
Betl~L-hem , Pa.  18015 Ams terdam & 120th Stree t

New York , N . Y .  ~0027
Dr. Harold Liebowitz, Dean
School of Engng.  & Appl. Sci., Professor R . L) . Nindlin
George Washington University Department of Civil Engng.
725 , 23rd Street Columbia Univ~~r s it v
~cash~ ng ton , D.C. 20006 S.W. Mudd BuiiJ~ ng

New Yo rk , N . Y .  10027
Professor Eli Sternberg
Div.  of Engng .  & Appl.  Sc i . ,  Professor  A . ’~. Fr e u d e n t h a l
Ca l.  f n ~i tit u t e  of Technology George ~~~~~~~~~~~~~~~~~~ 

- ~n ive r s i ty
Pasadena , California 91109 School of Enqn i . ~ Appl.  S c i . ,

Wash ing ton , D . C .  2 0 0 0 6
• Professor Burt Paul Dean Bruno ~~~ . Eci L~~Univers i ty  of Pennsylvania Technological  Insti tntc

Towne School of Civil and Nor thwes te rn  T J n ~~ver s i ty
~4~ chanical  E n g n g . ,  2145 Sher idan Roa-0

-
~~ Room 113 Towne Bui lding Evans ton , I l li no i s .  60201 .

220  South 33rd Street
Phi l  ici c lphia , Pa .  19104 Professor  P . G .  ~~~~~~~~~~

Deoa r tment of A~~r~~~~~ cc E n g n g .
P ro fe s so r  S . B .  Dong & M e c h an i cn , U n i v .  ~~ ~~nnesota
U n i v e r s i t y  of Ca l i fo rn i a  Minneapol is , :-iinnesot~i. 55455.
Don~~rtrreii t of Mechanics
Los Angeles , California 90024 Dr. D.C. Dru~- --~ - r

Dean of En g in cr i n q
Univers i’ -: of I l l i n o i s
Urbana , I l l i n o i s  61801.

‘ ,

.4

0~
- a - - ‘--~~~~~~~~ ~~~ - - -- - —U ~~. .~ -~ ~- - - - - - 3-. * - .5 ~~‘ -  - —



— 5 —

Professor N.M. Newinark Professor A.C. Eringen
Dept. of Civil Engng. Dept. of Aerospace & Mech . Sci.,
University of Illinois Princeton University
Urbana, IlLnois . 61801 Princeton , New Jersey . 08540

Professor James Mar Dr. S.L. Koh
Mass. Institute of Tech. School of Aero., Astro. & Engng.Sci .
Room 33-318 Purdue University
Dept. of Aerospace & Astro Lafayette , Indiana. 47907
77 Massachusetts Ave.
Cambridge, Mass. 02139 Professor R.A. Schapery

Civil Engineering Dept.
Library (Code 0384) Texas A & M University
U.S. Naval Postgraduate School College Station , Te xas . 77840
Monterey , California. 93940

Professor E . H .  Lee
Dr. Francis Cozzarelli Division of Engng .  Me chanics
Div. of Interdisciplinary Stanford University
Studies and Research Stanford , California. 94305

Schoo l of Engineering
State University of N.Y. Dr. Nicholas J. Hoff
Buffalo, New York . 14214 Dept. of Aero. & Astro.,

Stanford University
Professor R.A. Douglas Stanford , California 94305
Dept. of Engng. Mechanics
North Carolina State Univ., Professor Max Anliker
Ral eigh , Nor th Carolina 27607.  Dept . of Aero . & Astro.

S t a n f o r d  Univers i ty
Dr. George Herrmann S t an for d , Cal ifo rnia 94305
Stanford University
Dept. of Applied Mechanics Professor Chi-Chang Chao
Stanford, California 94305 Div. of Engng. Mechanics

Stanford University
Professor J.D. Achenbach Stanford , California 94305
Technological Institute
Northwestern University Professor H.W. Liu
Evanston , Ill inois 60201 Dept. of Chem. Engng. & Metal.

Syracuse University
Director, Ordnance Research Lab. Syracuse , New York 13210
Pennsylvania S tate Univers ity
P.O. Box 30 Professor S. Bodner
State College, Pa. 16801 Technion R & D Foundation

Haifa , Israel
Professor J. Kempner
Dept. of Aero., Engng., & Dr. S. Dhawan, Director

Applied Mechanics Indian Institute of Science
Polytechnic Inst.  of Brooklyn Bangalore , India
333 Jay Street
Brooklyn, New York 11201 Professor Tsuyoshi Hayashi

Department of Aeronautics
Professor J. Klosner Faculty of Engineering
Polytechnic Inst. of Brooklyn University of Tokyo
333 Jay Street Bunkyo-Ku
B rooklyn , New York . 11201 Tokyo , Japan .

4-



r -

~~~~~~~

— 6 —

Professor J.E. Fitzgerald Dr. Y. Weitsman
Chairman , Dept. of Civil Eng. Dept. of Engng. Sciences
University of Utah Tel-Aviv University
Salt Lake City , Utah . 84112 Ramat-Aviv , Tel—Aviv , Israel.

Professor R.J.H. Bollard Professor W.D. Pilkey
Chairman , Aero . Engng. Dept., Dept. of Aerospace Engng.

• 207 Guggenheim Hall University of Virginia
University of Washington Charlottesville , Virginia 22903
SeaLtle , Washington. 98105

Professor W. Prager
P rofessor A .S .  Kob ayashi Division of Engineering
Dept. of Mech. Engng. Brown University
University of Washington Providence, Rhode Island 02912
Seattle, Washington 98105

Industry & Research Institutes
Professor G.R. Irwin
Dept. of Mechanical Engng. Mr. Carl E. Harthower
Lehigh University Dept. 4620 , Bldg. 2019 A2
Bethlehem , Pa. 18015 Aerojet-General Corp.

P.O. Box 1947
Dr. Daniel Frederick Sacramento, California. 95809
Dept. of Engng. Mechanics
Virpinia Polytechnic Inst.
Blacksburg , Virginia. 24061 Library Services Department

Report Section , Bldg. 14-14
Professor Lambert Tall Argonne National Laboratory
Lehigh University 9400 S. Cass Avenue
Dept. of Civil Engng. Argonne , Illinois. 60440
Bethlehem , Pa. 18015

Dr. F.R. Schwarzl
Professor M.P. Wnuk Central Laboratory T.N.O.
So. Dakota State University Schoenmakerstraat 97
Dept. of Mechanical Engng. Deift, The Netherlands.
Brookings , South Dakota 57006

Dr. We n~t~~ ~-
-

~~~~

Prof essor Norman Jones Val~~~~ Forge -8~ ace Technology C~n.
Mass. Institute of Tech . ~~e~eral~~ .~~ctric Qe~ —~~~~
Dept. of Naval Arch . & Mar .Engng. ~~Val]~~~~ orge,).~~ l04~~

g
~~ n ( i i~~~

Cambridge , Mass. 02139
Library Newport News Shipbuilding

Professor Pedro V. Marcal & Dry Dock Company
Brown University Newport News, Virginia 23607
Division of Engineering
Providence , Rhode Island 02912 Di rector

Ship Research Insti tute
Professor Werner Goldsmith Ministry of Transportation

p. Dept . of Mech. Engng. 700 , SHINKAWA , Mi tak a
Division of Appl. Mechanics Tokyo , Japan.
University of California
Berkeley , California. 94720 Dr. H.N. Abrainson

Southwest Research Inst i tute  —
Professor R.B. Testa 8500 Culebra Road
Dept. of Civi l  Engng .  San Antonio , Texas . 78206 .
Columbia Univ. , S.W. Mudd Bldg.
New York , N.Y. 10027,



~

Dr. R.C. DeHart
Southwest Research Institute
8500 Culebra Road
San Antonio , Texas. 78206

Mr. Roger Weiss
High Temp . Structurs. & Matt is.
Applied Physics Lab.
8621 Georgia Avenue
Silver Spring, Maryland. 20910

Mr. E.C. Francis , Head
Mech . Props . Eval .
United Technology Center
Sunnyvale , California . 94088

Mr. C.N. Robinson
Atlan tic Research Corp.
Shirley Highway at Edsall Road
Alexandria , Virginia. 22314

Mr. P.C. Durup
Aeromechanics Dept. 74-43
Lockheed-California Co.
Burbank, California. 91503

Mr. D. Wilson
Litton Systems , In c.
PJ4TD, Dept. 400
El Segundo
9920 W. Jefferson Blvd.
Culver Ci ty , California. 90230 .

Dr. Kevin J. Forsberg, Head
Solid Mechanics
Orgn . 52—20 , Bldg. 205
Lockheed Palo Alto Research Lab.
Palo Al to , California. 94302.

Dr. E.M.Q. Roren
Head , Research Department
Det Norske Veritas
Post Box 6060
Oslo, Norway.

Dr. Andrew F. Conn
Hydronautics , Inc.,
Pindell School Road
Howard County
Laurel , Maryland.  20810.

~1

— - 
- -

~ 
- - - - — - ~~~ ~~ -

~~ i 
--  

~~~~~~~~~ 

~~- .5 -

~~~
::—

~~
-- - - - -



- -  - - - -~~~~~-~~~~--~~~~~~~~~~~ ~~~~~~ - - -
--- - ---~

PART - 3

A Supplement List for Reports Mr. J.D. Ray , Chief
Relating to the Mechanical Behavior Plastics & Composites Branch
of Viscoelastic Materials. Nonmetallic Mat’ls Division

Air Force Mat’ls Laboratory
Army Wright-Patterson AFB, Ohio 45433

Army Missile Command NASA
Redstone Arsenal , Alabama 35809
Attn: AMSMI-RKP Mr. T.H. Duerr National Aeronautics & Space Adinin.

Code RPS (R.W. Ziem)
Ballistic Research Laboratories Washington , D.C. 20546
Aberdeen Proving Grounds
Aberdeen , Maryland. 21005 Universities
Attn: Dr. Alex S. Elder

Mr. H.P. Gay Professor F.R. Eirich
Polytechnic Inst. of Brooklyn

Picatinny Arsenal 333 Jay Street
Dover , New Jersey. 07801 Brooklyn , New York . 11201
Attn: Mr. Ben Lehman . —

Profess9.r~A.V. Tob9k-~1cy 
~~~~~~~~~~Navy Dept,~-6f Chemis~r~ —

~~~P~~icceton U rsity~~-~Chief of Naval Research ~~rinceto~.q-1’~ew Jers€y. 08540 
,
,‘

Department of the Navy
Arlington, Virginia . 22217 Dr. Rodney D. Andrews
Attn : Code 472 Themis Project Director

Dept. of Chemistry and
U.S. Naval Weapons Center Chemical Engineering
China Lake, California 93557 Stevens Institute of Technology
Attn : Code 6058 Dr.A. Adicoff Hoboken , New Jersey . 07030

Naval Air Systems Command Professor F. Wagner
Department of the Navy Solid Rocket Struct. Integrity Ctr.,
Washington , D.C. 20360 Dept. of Mechanical Engng.
Attn : NAIR Code 330 Propulsion University of Utah

5367 Rocket Components Salt Lake City , Utah . 84112

Naval Ordnance Systems Command Dr. M.L. Williams
Depa rtment of the Navy Dean of Engineer ing
Washi ngton , D.C.  2036 0 University of Utah
Attn: NORD Code 0331 Prop. & Propellants

Salt Lake City , Utah . 84112.
Air Force

California Inst. of Technology
Commander Attn : Security Of f i ce r
Rocket Propulsion Laboratory ( fo r  P r o f .  W . G .  Knauss)
Edwards AFB , California 93523 1201 East California Blvd .
Attn : RPMC Dr. F.N. Kelley Pasadena , California. 91109.

MKPB Mr. N. Walker
University of California
College of Engineer ing
Professor K.S. Pister
Be rkeley , Cal i fornia .  94720 .

F-’ —

~.5 — - - -- -* * ‘~~~~ W~~~3J  5 
- - — - — - - - - -  - ——- ---~~~~~- -~~~~~~~~~ - - - —-~~~~~~~~~~~~~~ — - -- —-—-



V 
-
~~~~~~~~~~

Indus try & Research Institutes

Mr. W.K. Bills , Jr., Dr. Paul J. Blatz
Dept. 4722, Bldg . 0525 Shock Hydrodynamics, Inc.
Aerojet-General Corporation 15010 Ventura Boulevard
P.O. Box 1947 Sherman Oaks,
Sacramento , California. 95809 Los Angeles, California. 91403.

Mr. Ross H. Petty
Technical Library
Allegany Ballistics Lab .
Hercules Powder Company
P.O. Box 210
Cuznberland , Maryland. 21501

Mr. R.F. Landel
Jet Propulsion Laboratory
4800 Oak Grove Drive
Pasadena, California. 91103

Mr. Harry  Leeming
Director, Research & Engng.
Lockheed Propulsion Company
P . O .  Box 111
Redlands, California. 92374

Solid Rocket Division
Rocketdyne
P .O .  Box 548
McGregor, Texas. 76657

Dr. Thor L. Smith
IBM Research Labs.,
Monterey & Cottle Roads
San Jose , California. 95114

Hercules , Inc., Bacchus Works
S.C. Browning
Magna, Utah . 84044

Dr. Norman Fishman
Stanford Research Institute
Propulsion Sciences Division
Menlo Park , California. 94025.

McDonnell-Douglas Corp.
— 

Douglas Aircraft Company Div.
• R.V. Mellette , A2-260

3000 Ocean Park Blvd.
Santa Monica, California. 90406.

Hercules, Inc.,
Bacchus Works
Jame s H. Thacher
Magna, Utah. 84044.

4-

-
- 

___ •__ * - ~=~~
_
~~1 ~~~ ~~~~~~~~ ~~~~ -• - — . - -

~~~~ ~~ U—-’- - ••
~~ 

- - -. * .5- - - - - - - -•‘  .5 - -


