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• ABSTRACT 
J

The purpo se of this paper is to develop a
definitional framework for the constrained
optimization of an objective function with stochastic
parameters. Included in this definit ional f r a m e w o r k
are the construction of a deterministic reformulation
for the stochastic problem , guidelines for selecting
an algori thm for  opt imizing the deterministic
reformulat ion and a criter ion , called invar iance,
which is used for sciution sensitivi ty  analysis in the
context of stochastic parameter behavior.
Illustration of the application of the  def ini t ional
f ramework  and an analysis of the conditions imposed by
the invariance criterion is provided for linear ,
piecewise linear, and quadratic funct ions .
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I. iN TRODUC TION

The overhaul of a naval vessel is a three phase event ;  a
planning phase of approximately one year, an industrial work
phase, and a post—overhaul and inspection phase. The
typical overhaul has a budget in the millions of dollars and
involves several thousand individual jobs which are normally
aggregated into a much smaller number of managerial groups.
In this paper these managerial groups will be reterred to as
stages.

A major event in the overhaul planning phase is the job
screening conference. The purpose of this conference is to
iden t i fy  the stages in which advance p l ann ing  and
procurement should commence. This is accomplished by
individually reviewing the proposed jobs in each of the
stages and selecting, within stage and overall budget
liait~, those jobs which will be accomplished during the
overhaul. This screening process is, in effect, an implicit
approach towazd an optimal allocation of the available
resources. As these resources are incr3asingly limited
there is growing interest in formal iz ing  the screening
process into an explicit optimization which uses the
standard tools of mathematical programmi ng. One formidable
obstacle in the development of the explicit optimization
model is the identification of a measure of effectiveness
which is applicable to each of the stages. Even assuming
the existence of some measure there remains  a basic problem
which arises from the method of de te rmining  r e tu rn  as a
func t ion  of resource allocation for each stage. These stage
re turn  funct ions  will rarely be explicitly known and
therefore  must  be estimated from available data . R egardless6



of the quan t i ty  and quality of the data the  estimation will
result in stage return funct ions  with parameters  subject to
random error.  Thu s, in addit ion to identif ication of a
measure of effectiveness, a prerequisite of explicit
optimization of overhaul planning allocations is an abili ty
to conduct constrained optimization of an objective function
whose parameters are subject to random error.

The optimization of an objective function with
parameters sub ject to random error falls into the general
realm of stochastic programming. As noted by Nemhauser (8],
the concept of optimization in the presence of stochastic
behavior is not well defined, and is the subject of
continuing discussion. From this discussion two definitional
frameworks have arisen. One is highly theoretical and is
exemplified by statistical decision and game theory. The
other framework is more computationally oriented and is
exemplified by the method which addresses the creation of a
deterministic reformulation of the stochastic program to
which the optimization can be applied. There are several
variants but the central idea of a deterministic
reformulation is to select a particular value from the range
of each of the stochastic parameters, a common choice is the
expectation, and to treat these values as deterministic
parameters for the purpose of optimization. The approach is
open to considerable criticism, the most common being the
failure to account for  possible effects  on the solution
caused by differences between the realizations of the random
variables and the values used in the opt imizat ion.

The goal of this research is to develop, for an
arbitrary measure of effectiveness, a definitional framework
for the optimization of the general class of stochastic
programs posed by the overhaul planning problem . The
framework is to be computationally oriented and based on a
deterministic reformulation. The method defines a concept

7



I
called “invariance” which is used to assess the effect of
stochastic parameter behavior  on the set of stages in which
no advance planning and procurement actions are indicated.

• The criterion is directed toward this set rather than the
set of stages in which advance planning and procurement
should commence since the costs associated wi th  the
erroneous inclusion of a stage in the
no—planning—and— procurement set are much larger than the
costs associated with the erroneous inclusion of a stage in
the advance— p lanning—and—proc urement  set.

Chapter  two will develop a mathematical  model of the
overhaul planning problem , define the invariance criterion
and develcp the conditions imposed by this criterion on the
deterministic reformulation and its optimization. Based on
these conditions a solution approach for the optimization of
the overhaul  planning prob lem is proposed and  its
application illustrated in chapters three , four , and  f ive
for linear, piecewise linear, and quadratic stage return
functions.

8



II. PROBLEM FORMULATION AND CONCEPT DEVELOPMENT

A. MA THEMATICAL FORMULATION

Assuming that  there a re  n stages to be considered by the
screening conference a mathemat ica l  fo rmula t ion  of the
overhaul planning problem is dependent on the identification
of a composition operator used to form the overall objective
function from the individual stage return functions. As the
overhaul planning problem is of an economic nature , that is:
it addresses the allocation of scarce resources, any
arbitrary measure of effectiveness is, in effect, a form of
util i ty measure. A reasonabl e choice for the composit ion of
the stage returns into an aggregate measure of the utility
of the total overhaul package is summation. That is, stage
returns are assumed additive. Based on these assumptions
one mathematical formulation of the overhaul planning
problem is: -

n
,
~~

— 
*

MAX Z.... r (d)
:1= 1 j j

• 
s/t~~~~~d ~~BDj=1 j

O � d � ub j t ,2 ,...,n

where
* th

r (d) is the j stage stochastic return function.

9
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th
d is the  j  stage decision variable.

SD is the total budget constraint.
th

ub is the j  stage budget constraint.

Based on the economic context of the problem , it is assumed
that stage allocations are subject to diminishing returns,
thus the stage return functions are concave. In the same
context it is also reasonable to assert that the sum of the
individual stage budget constraints exceeds the total budget
constraint, thus at opt imali ty the total budget constra int
will be binding.

5. D E F I N I T I O N A L  F R A M E W O R K

1. Determin i stic St~ g~ R etur~~~

As previously noted the concept of optimization in
the presence of stochastic behavior is not well def ined .  The
stochastic optimization problem fo rmula ted  above is to be

defined in terms of a deter ministic reformula t ion , each

*
r (d ) being converted to a deterministic r (d) by
i i  j j

selecting f rom the respective ranges a specific va lue  for

each of the stochastic parameters. The optimization of the
deterministic reformulation is to be achieved by application
of one of the existing algorithms of mathematical
program ming. The specific algorithm will depend on the form
of the stage return functions used in the deterministic
re fo rmula t ion .

10
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2. So~jtion Sensitj ~~, ~~~~~~~~~

The effect of stochastic parameter behavior on the
optimal solution of the deterministic r e fo rmula t ion  can be
observed from three viewpoints, in terms of the values of
the decision variables and the value of the objective
function, in terms of the solution set or in terms of the
complemen t of the solution set.

+
The solution set S for an n—variable

n—constraint  problem is defined as the

set of variables d i f f e ren t  f r o m  zero.

The complement  of the solution set ,
-• 0

denoted 5 , is the set of variables

which are zero.

As this probl em is in a planning context the solution
+

set S , which identifies the stages in which a dvance

planning and procuremen t should commence , an d its complemen t

0
S , which identifies the stages in which there should be no

advance plann ing and procurement , are mor e impor tant than
the values of the decision variables or the value of the
objective function . Since the costs associated with a stage

0
being incorrectly included in S are muc h larger than the

11
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+
cost of a stage being incorrectly included in S , the

sensi t iv i ty  analy sis of the solution to the determinis t ic
re fo rmula t ion  should be directed toward the complement of

the solution set. Invariance, defined below , is the
criteria which will be used to a ssess the sensitivity of the
complement of the solution set to the stochastic par ameter
behavior . 

-

The opt imal  solution of the
deterministic r e fo rmula t ion  is invar iant
with respect to the specified ranges of
the stochastic param eters, if within
those specified ranges no zero valued

variable is required to depart the

cc~plement of the solution set, that is
become positive, to maintain optirality.

Basically fcr a. solution set to be invariant the variables

of the deterministic r e fo rmula t ion  wh ich have an optimal
value of zero must remain at zero for parametric
perturbations throughout the specified ranges of the
stochastic parameters. There are two concepts in the

definition of invariance which re quire additional
development .

a. Specified Parameter Range

Invariance is defined in terms of specified

ranges for each of the stochastic para meters. Some of these
param eters may be the result of a statistical regression and
as such they are assumed to be normally distributed random
variables with a nominal range of (—

~~,~~
) . Ranges  of this

magnitude would always violate the invariance criterion,

12



thus one requirement for meaningful analysis of solution
sensitivity is range restriction for each of the stochastic

parameters. The restriction must be accomplished about the

value of the parame ter used in the deterministic
reforinulaticn and must provide a reasonable chance for any

realization cf the random variable to be in the restricted

range. Additional assumptions for this paper are that the

restricted ranges are symmetric about the parameter value

used in the deterministic reformula tion and that
perturbations in any given restricted range have no effect

on perturbations in any other restricted range.

The individual restricted ranges may be
developed with statistical confidence inter vals , [ 4) and

[9], fr om previous experience, from known physical
limitations or any other approach which yields a restricted
range meeting the guidelines established above. The

specific method used to establish restricted ranges for an

invariance analysis is not dealt with in this paper.

The restricted range for a stochastic parameter

*
c will be denoted as;
j

*
C = C  + +
j  j  j

L I.
j  j  j

where
c is used in the ~eterministic reformulation.

• is a random variable.

is the limit for perturbations to c~~.

13



b. Changes to the Solution Set

A requiremen t of the invariance criterion is an

ability to identify when a variable must depart the

complement of the solution set to maintain optimality. For

an algorithm to be useful  for  the optimization of the
determinist ic reformulat ion in the context of the invar iance -
criterion it must be possible to perturb a prob lem parame ter
without necessitating a com plete reapplication of the
algorithm.

C. SO LUTICN APPROACH

For arbitrary return functions the stochastic program

posed by the overhaul planning problem can be optimized

within the definitional framewor k of invariance by:

1. selecting the prarameter values to be used in the

• deterministic reformulation,

2. restricting the range of each stochastic p a r a m e t e r
about tbe value selected in step one,

3..selecting an appropriate algoHthm , depending on the
form of the deterministic reformulation return

functions, and optimizing the deterministic

reformulation,

4. introducing perturbations within the established

ranges to the stochastic parame ters and checking the
invariance condition. -

14
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This approach will be illustrated for common classes of
stage return functions and for each class tests of

invariance will be identified . The classes of return

function to be examined are linear, piecewise linear, and
guadrat ic.

15 
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III. LINEAR STAGE RETURN FUNCTIONS

The simplest function in the general class of concave
functions is th~ linear function and while the assump tion of
linear stage returns may not be very realistic in the

economic context it does provide a useful starting ‘point for
illustrating the application of the definitional framework

developed to optimize overhaul  planning allocations.

Assume that each of the n stage return functions is a

linear function of the form

* * *r ( d ) = a  + c  d .
i i  j  j j

The initial steps in the propo sed solution approach are to

* *select the values of a and c , respectively a and  c ,
j  I I

for use in the deterministic reformulation and to establish

restricted range s about a and c . Given the estimates of
j j

a and c with appropriate restricted ranges about them and

the general mathematical formulation of the overhaul

planning problem the linear deterministic reformulation is

16 
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n

MAX ~~~~(a + c d
:1=1 1 1 1

s/t x d �  BD
j = 1 j

• 0 � b � ub j=1,2,...n.

*
As a affects only the value of the objective function it

can be dropped from the formulation with no loss of

general i ty .  The resultant  simplified for in~ilation is

n

MAX~~~~I c d
j = 1 ~ I

s/t d ~ SD
1=1 1

0 ~ d � ub j = 1,2 , . . .n

and the invariance condition need only be checked fcr the

*restricted ranges of c

*c =~~~~ + +

• I I I
L L

~
+1 ~ 

+ j  
� +1

The deterministic reformulation above is a linear

program and the most common algor ithm for such an

17
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optimization is simplex. The simplex algorithm can accept
parameter perturbations via the parametric sensitivity
analysis techniques outlined in Gass (5] and is therefore

useful  for the  optimization of the linear determinist ic
reformulation in the context of an invariance analysis.

As a reference for the investigation of the conditions
imposed by the invariance criterion, consider the fol lowing
four stage (n=4) example problem.

MAX 1.4d + 1.6d + 1.3d + 1.7d
1 2 3 4

s/t d + d • d + d � 1 0
1 2 3 14

d
1

d
2

d
3

d �4
14

d � 0 j= 1,2 ,3,4 .

For this problem the optimal simplex tableau is

B c  1 2 3 1 4 5 6 7 8  9 d
B 

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _

1 1 . 1$ 1 0 1 0 1 0— 1  0— 1  3

6 0 0 0 — 1  0 — 1  1 1 0 1 2
2 1.6 0 1 0 0 0 0 1 0 0 3
8 0 0 0 1 0 0 0 0 1 0 1 4
4 1.7 0 0 0 1 0 0 0 0 1 ‘4

z —c 0 0 .1 0 1.14 0 .2 0 .3 
—

1 1

where columns five through nine are slack variables.

18
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For notational simplicity and wi thout  loss of
generality the fol lowing assumptions are made ;

1. The standard simplex tablea us are used and  are
arranged so that the first n columns are the

decision variables ( d ) .  The 
st 

column is the

slack variable for the total budget  constraint,

which is binding at optimality, and columns n+2
through 2n+1 are the slack variables for each of the
decision variables.

2. At opt imali ty there is no degeneracy and no
alternate optimal solution.

Notat ionafly let
B be the optimal solution set or basis.

C be the vector of the c for j sB.
I

th
P be the j column of the opt~.mal tableau.

£ be the vector of the • for j €B.
B j
*

C be the vector sum of C and I .
B B B

It is important  to note tha t for the slack variables both c

and • are zero.

Linear optimizations have a property that for any
variable to depart the complement of the solution set a
variable must depart the solution set. Given this
one—to—cue corres pondence between cha nges in the  solution
set and its complement the requirements of the invariance

19
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criterion can be satisfied if wi th in  the specified
restricted ranges for the stochastic parameters there are no
changes to the solution set. In the simplex algorithm

changes to the solution set can occur only if the algorithm

optimality criteria are violated. Therefore, the key to an
invariance analysis in the linear case is the optimality

criterion of the simplex algorithm. The optimality

criterion of the simplex algorithm is that

(z —c ) = c P —c � 0 Yj .
I j 8 .1  j

Introducing the perturbations allowed by the restricted

parameter ranges has the following effect;

* * *(z —c ) = c  P — c
j j  B j j

=(C + I)P — (c+ 4 ’ )

=(C P —c ) + (I P —4

or 
B j  j B j  j

*( z — c ) = ( z — c ) + ( I P — ~~~ )
I i  I I  B j j

and as the perturbations were introduced at optimality the

necessary condition to m ai.ntain optimali ty is that

— ( I P — 4’ ) < ( z —  C ) Yj .
B j  j  J j

For the soluticn to be invariant  the optimali ty maintenance
condition must be satisfied throughout the restricted ranges
of the stochastic parameters, that is for

• L
-4’ �• _~~~~~4’I 3 j

The presence of the 
B 

term in the opt imali ty  main tenance

condition means that for any column j the maintenance of

20



optimality is dependent on perturbations to parameter c and

on perturbations to the parameters of the variables in the
optimal basis. Thus in the opt imal i ty  main tenance  condit ion
for any cclumn j there are mutual dependence effects from

the stochastic parameter perturbations.

The constraint matrix of the problem has a structure

which prcduces an optimal tableau whose elements are either

minus one, plus one, or zero. Further the assumption that

the total budge t constraint is binding at optimality
produces an optimal tablea u with only four types of columns.

These column types are identified as follows;

Type 0 = columns of basic variables.

Type A = columns of non—basic decision variables.

Type 8 = columns of non—basic slack variable.

Type C = the column of the non—basic slack variable of

the total budget constraint.

These special fea tures reduce the mutual dependence effec ts
of parame ter perturbations in the optimality maintenance
condition and allow the development of tests of invariance
for each of the column types identified.

A. TESTS OF INVARIANCE

Due to the special structure of the problem the simplex
algor i thm will  bring the decision variables into the  basis
at their upper bounds ub sequentially in decreasing order

of the rates of return. Under these circumstances

optimality will occur when the enterin g decision variable

21
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causes the tctal budget constraint to become b ind ing .  The
decision variable which causes the total budge t cons traint

to become binding will be the final variable to enter the

basis and will be denoted d . For the example problem d is
f f

d .
1

1. ~~~~ LY.2.~ .c

As shown in Gass (5) parametric perturbations

pro duce no change in the optiinali ty conditions fo r  type 0
columns, tha t is

*
(z — C )  = (z — c )  = 0.
I J 1 3

Thus there is no requirement to examine the columns Cf the

optimal basis under the invariance criterion. In the

exam ple pro b lem columns one , two, four , six, and eight are
type 0 columns.

2. ~~~~~~ ~~~~ ,~~

Cclumn three of the example problem is a type A
column. In general any column j of type A has three

- non—zero elements. These element s are located as fol lows:

A plus one in the row of d
f
. In the example problem

this is row one.

A p lus one in the row of the slack varia ble
th

associated wit h this, the j , variable.

22
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A minus one in the row of the slack variable

associated with d .  From the tableau assumptions

the slack variable associated with d is variable
f

n + f + 1 .  In the example problem this is variable six

which is associated with tableau row two.

As the 4’ of the slack variables are zero the scala r product

I P for a type A column mu st always be

I p = ,
B j  f

an d the optimality con dition is

— (  4 ’ —  4 ’ )  < (z — C ) .
f 3 1 3

As (z —c ) is a positive quant i ty  the worst cond i t ion  for
3 1

invariance is at

Lsf =

L

3 j

and the test for invariance in a type A column is

L L
• 

+ 
4’ < (z —c ) . 

-

3. ~~~~~~~

Examples of type B columns can be found in columns

seven and nine of the example problem. In general any

column j of type B has three non—zero elements. These

elemen ts are locat ed as fol lows:
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A minus one in the row of the d . In the example
f

problem this is row one.

A one in the row of the slack variable of d . Frcm
f

the tableau assumptions the slack var iab le

associated with d is variable n+f+1. In the
f

example  problem this is var iable  six which is

associated with tableau row two.

A one in the r ow of the decision var iable  associated
wi th this slack varia ble, by the tableau assumptions
this is variable j— (zi+1).

For this ty p e  of column the scal ar pro duct I P  is

I P = —4, + 4’
S j  f j— (n+1)

an d the optima lity con dition is

— (—4 • 4’ ) < (z — c ) .f j— (n+1) j  j

The wors t condi tion for invariance occurs when

L

• 

- •f $f
L

1—( n+ 1)  
- 

j- (n+1)

an d the test of invariance for a ty pe B column is

L L
4’ + 4 < ( z — c ) .f j— (n+1) I I

2 14
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An example of a type C column is column five of the

example problem . In general for column (n+1), which is the
only type C column , there are two non—zero elements. Thesc

non—zero element s are located as follows:

A one in the row of d .  in the  example  problem th i s

is row cne.

A minus one in tLe row of the slack var ia ble
associated wi th d. . From the tableau assumptions

f

the slack varia ble associa ted with d is var iable
f

n + f+ 1 .  In the example  problem this is variable six

whic h is associa ted w i th  tableau row two .

The scalar product I P for  the type C column is
B n r l

I P
B n+ 1 f

an d the optimality con dition is

r — 4 ’  <(z —c).
f 3 3

The worst con dition for invariance occurs when

L
=

an d the test for invar ianc e in the type C column is

< (z -c).
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The solution set is said to be invariant with respect

to the s pecified parameter ranges if the tes ts of invariance
are not violated for any of the columns of the optimal
tableau.

The tests developed abov e are sufficient but not

necessary conditions for invariance. Under certain

con ditions violation of the sufficiency test for a type B
column may not result in a violation of invariance. This

+
will occur when a variable in S can become zero without

0
requir ing a variable in S to become posi t ive.  The condi t ion
for this  occurence is tha t  it must be possible to allocate
all of the  units  of resource f rom the var iable  which  is
dropping tc zero to the variable whica is in the solution

set but not at its upper bound (d). If the violation of the

sufficiency test for a type B column occurs in coluin i a

new condition for invariance should be checked. This

con dition is

ub > u b  — d .
i—(n+1) f f

The solution will not be invariant if this con dition is
satisfied since the resource not allocated to d must be

f
0

allocated to some variable in S to maintain optimality. If

the conditicn is not satisfied the solution may be invariant
but to determine whether or not the solution is invariant

requires additional tablea u pivots.

Recognizing that the simplex algorithm brings the

decision variables into the solution set at their upper
bounds sequentiall y in decreasing order of their ra tes of
return and that optimality occ urs when a decision variable

26
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can enter only at some value less than its upper boun d a
logical sta~tement  of a test of invar iance is

* *max c < min c
i€S° 1 j

~5 I

This condition is equivalent to the tests of invariance

developed above.

27
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IV. PIEcEwISE L I N E A R  ~~~~~~~ FUNCTIONS

Since piecewise linear functions can exhibit diminishing

marginal returns they are economically more realistic than

the simple linear function. This increase in eccnomic

realism is gained at the loss of some of the math ema tical
simplicity of the simple linear return model. However , the

highly desirable property of linearity is retained .

Piecewise linear func tions gen erally arise fro m two sources,
one is segmented linear regression. The second and more

common source is the a pp roxima tion of non~ linear functions.

Assume that the individual stage return functions are

p iecewise linear f u n c tions of the form

* 1* 1 2* 2 ks kr ( d )  = a  + c  d + c  d + ... + c  d
i i  I i i  i i  i i

where
1 2 k

d = d + d + •.. + d
i i  I I

in in
0 ~ d � ub n= 1 , 2 ,...,k

and to ensure the desired concavity

m in+1
b > b m 1 ,2 ,...,k~~1.

Given the economic context of the problem it is reascnable

to assert that marginal returns are strictly positive . This

requires the piecewise linear func t ion  to be monotone  and is
ensured if

k
b > 0.
I

28 
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Graphically a typical three segment piecewise linear sta ge
return func t ion  will have the form

d~ I

6 u1b~

ub~
I-
o ub~

I I
I’ j,~3V J1 J

A further requirement which ensures that the algorithm used

for the optimiza tion of the deterministic reformulation
m+1

correctly models the  piecewise linear func t ion  is tha t  d
3

in
remain at zero until d is at ub • It should also be

I I

noted tha t

29



- •_~ -.•--~ -.•. . •‘_ -
~

---
~ • . ~~~~~~~ ~~~~~~~~~

—•••

k

Zub ~ ub
m 1  j I

thus  the original stage constraints remain in force. The
assumption of k segments for  each of the piecewise linear
function s is for notational simplicity an d is made without
loss of generality.

The parameters c • can be regarded as approxima tions
J

th
- to the slope of the j stage return function over the

rn — i in
interval (u b  , ub ) and as such they are subject  to

ran dom error. It must be noted that in addition to the

gu~idelines for restricted ranges established in chapter two

the restricted ran ges in the piecewise linear case must
ensure that  the funct ion remains concave and monotone

increasing. If the limits for a restricted range are —,

and 4 the maintenance of concavity requires that

in niL n+1 (m+1)L
c — 4 > c + 4’ m 1 ,2 ,...,k —1

3 1 1 j

and to main tain the monotonic behavior requires tha t

k kL
c — 4  > 0 .

I I

m
Given the estimates of the c ‘s with appropriate

restricted ranges about them and the general mathematical

formulaticn cf the overhaul planning problem the piecewise

30
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linear determinist ic  re formula t ion  is

n k

MAX ~~~ (a + I C 
m in

j 1 j  m= 1 j  j

a k

s/t Il d ~ BD
j = 1 m = i  j

in in
0 � d � ub j 1 ,2,..., n

ni 1,2 , . . . , k.

*As a~ af fects onl y the value of the objective fun c ticn it
3

S 

can be dropped f rom the fo rmula t ion  wi th  no loss of

genera l i ty.  The simplified formula t ion  which  results is

n k

MAX c ~ m
j = 1 in= 1 j  j

n k

s/tI Z d
in 

� SD
1=1 in=1 j

in in
/ 0 � d � ub j 1 ,2,...,n

1 —

r n 1 ,2 ,. . . ,k

and the invariance criterion need only be checked for  the
In*

restricted ranges of c

in in
c = c  + 9I I I

31
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The deterministic r e fo rmula t ion  above is a linear
1+1

program except for the requirement that d remain  at  zero

a in
until d is at ub . Fortunately this requirement does not

prevent the use of the simplex algorit hm since , as shown by

Dantzig (1] and (2], the concavity of the objective f u n c tion
ensures that the requirement will ~e satisfied at

optimality. Thus the simplex algorithm is applicable for
the optimization of the piecewise linear deterministic

ref or mula t i cn .

For notational simplicity and without loss of

genera l i ty  the fo l lowing assumptions are made;

1. The standard simplex tableaus are used and are
arranged so that the first ak columns are the

decision variables (d
W
) . The nk+ 1

5t 
column is the

slack variable for the total budget constraint,

w hich is binding at optirnality, and columns nk+2

through 2nk+1 are the slack variables for each cf

the decision variables.

2. The column arrangement is by block according to the
variab le inde x j and within each block the k

segments are in order from one to k. Thus the column

arrangemen t is of the form

1 2  k 1 k 1 Ic
d d ... d d ... d d d ... d
1 1 1 2 n n+1 n+2 2n+ 1

32
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3. There is a tableau row for each variable to enforce
its respective bound. Thus the tablea u will have

nk+ 1 rows and 2nk+1 columns .

4. At optimality there is no degeneracy and no

alternate optima l solution.

Notat ionally let
B be the optimal solution set or basis.

in in
C be the vector of the  b for  d €8 .

B I I

in
P be a col umn of the  opt imal t ab leau .

Ifl in
I be the v ector of $ for  d € B.

B j  I

*
C be the vec tor sum of C and I
B B B

The optimization of piecewise linear functions is a

linear optimization and as such there is a one— to—one
correspondence bet ween changes to the basic and non-basic
variables. However in the piecewise linear case this  is not
equivale nt to a one— to—one correspondence between changes to

the solution set and its complement. This is due to the fact

that  in the  piecew ise linear case invariance is ’directed at
täe original variables d not at the piecewise segment

In
variables d . The invariance condit ion can be s tated as;

I
if within the specified restricted ranges for the stochastic

1 0
parameters the d which are in S remain at zero the

33



solution is invar iant .  This condition can be checked th rough

the simplex algorithm optiinality criteria. In the notation

of the piecewise linear case the opt imal i ty  criterion of the
simplex algori thm is

(z — c ) = C P — c  � 0 Vi. m= 1 ,2 ,...,k.

Introducing the perturbations allowed by the restricted
parame ter ranges has the following effect ;

ni m *  * In
(z —c ) = C  P — c

i i  S I  I
In in In

(C + I ) P  — ( C +
~~~B B j  I i

In UI ID UI
= ( C P — c ) + (I P — ,  )5 1  1 B j  j

or
in In In In in

(z — C )  = ( z  — c  ) +(I P — 4
3 3 1 1 B j  i

and to main tain optimali ty
in in in m

— (IP — 4 ’  ) < ( z  — c  ) .
B j  I I

The invariance criterion requires tha t  the opt imality
main tenance condi tion be satisfied th roughou t  the specified
restricted ranges of the parameters, that is for

in mL
—+ � 4 ’  �4  .

I i I

The piecewise linear optimality maintenance condition

is, with notational differences, the - same as the simple
l inear  case. The only real differences are that  the re  are
now ak total decision variables instead of the ri for  the
simple linear case and t h a t  the  optiinali ty ma in t enance
condition need not be checked for all of the  co lumns  of the

34
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optimal tableau for the solution to be invar iant . The
columns for which the  op timal i ty  main tenance con dition need
not be checked are those of the non—basic structural

variables which  do not a f fec t  invar iance, t h a t  is the
ii

columns of d where m>1. These variables do not affect
I

invariance since the invariance condition for  the p iecewise

1
linear problem is stated in terms of the  d which are  in

G
S . The special f ea tur es of the pro blem , n a m e l y  the

cons t ra in t  matr i x s t ructure  and the assumpt ion  of a b inding
total budget  constraint , are intact and the opt imal  tab leau
has the  same four  column types  and e lement  a r r a n g em e n t s  as
the simple linear tableau. Thus the invariance analysis for

piecewise linear functions is virturally identical to that

of the  s imple l inear  case. The d i f f e r ence  is that  t he  only
type A columns w hich m u s t be checked for invar iance in the

t
piecewise linear case are those associated wi th  d ‘s which

0
are in S • Since the analysis for the columns which must be

checked is the same in the piecewise linear pro b lem as iii
the  simple linear problem the tests of the  s imple  l inear
case will simply be restated in the  current  no ta t i cn  for
those columns of the piecewise l inear case wh ic h are
relevant under the  invar iance  cri terion.

A. TESTS OF INVARIANCE

As in the simple linear case the subscript f d enotes the
decision variable which upon en t ry  in to  the basis causes the
total budget  constraint  to become b inding .



— --_-~
-- - -

1. Colu~~ Ty~e ~ ~~~~~~ ~~ria bl~~)~

No examination of the columns of the opt imal  basis
is required under the invar iance  criterion.

2. Coi.~~~ T~~~e A j~ on-bas~~ ~~~~~~~~~~~ !~~~~ab~~~~L

As pointe d out above the  only columns of type A
which  are relevant under the  invar iance cr i ter ion are  those

1
associated with d ‘s. The test of invariance for a relevant

I
t y p e  A c o l u m n  is

L 1L 1 1
9 + 4 ’  < ( z  — c ) .

f 3 3 I

3. Column Ty~ e ~ ~~~~~~~~~~ slç~ va ri~ blesI

The test for invariance for any column of type B is

L aL in in

4’ + 4 ’  < ( z  — c  ) .
f j— (n+ i )  j j

4. c~ iu~ n ~~~~ ~ ~~~~~ constra~~~ ~lack ~~~~~

The- test for  invariance for the t y p e  C co lumn is

L
4’ < ( z  — c  ) .

f nk+ 1 nk+ 1
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The solution set is said to be i n v a r i a n t  with
respect to the specified parameter ranges if the test~ of

invariance are satisfied for all relevant columns of the
optimal tableau.

As in the  simple linear case the  tests above are
s u f f i c i e n t  but  not necess&r y conditions for  i n v a r i a n c e .
Under certain conditions a violation of the type B column

sufficiency test may not be a violation of invariance. This

+
occurs when a variable in S can become zero without

0
requi r ing  a variab le in S to become positive. The condition

for this occurence is that it must be possible to allocate
all of the units of resource from the variable w hich is
dropping to zero to the var iab le  which is in the solution
set but nct  at its upper bound ( d ) .  However  in the

p iecewise linear case it is not possib le to state a

condit ion which checks for  this behavior .  This is due to the
fact  that  violation of the  allocation condition s tated above
way not result in a violation of invariance since the units
of resource not allocated to d may be allocated either to a

f
In

d where m > 1 , which  would not violate invariance , or to a

1
d which would violate invariance.
I

As in the simple l inear case the  simplex al g o r i t hm
will bring the decision varia bles of the piecewis e linear
case into the solution set at their upper bounds

sequential ly in decre asing ord er of their  rates of r e t u r n .
Opt ima l i ty  will  still be achieved when an e n t e r ’n g  decisi- n
variable encounters  the total  budget  cons t ra in t  a n d  the
logical s t a t emen t  of the tests of inva riance rem ains
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max c < mm c m= 1 ,2 , . . . k .
i~~S° I eS4 I

The solution is said to be invariant if this condition is
satisfied th roughou t  the specified restricted ranges .

38
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V. Q P ~~ L~c ~~~~~~~~~~~ -~~-~~~~~ ~~~~~~~~~~~~~~~~~~

Quadrat ic  func t ions  are another  move toward economic
realism for  the overhaul  p lanning problem s tage  re tu rn
functions. The advantage of a quadratic function is that

marg inal  re turns  can be made  to be con t inuous ly  decreas ing
whereas  t he  piecewise l inear  f u n c t i o n  could on ly
incrementally decrease marginal return. The gain in realism

wit h the quadra t ic  func t ion  has  a large price , the loss of

l inear i ty .  However this  loss is pa r t i a l l y  o f f s e t  s ince  th e

quadratic functio n is one of the simplest of the non—linear

func t ions  and there  is some a d v a n t a g e  over piecewise l inear
func t ions  because of the reduced number  of p a r ame t e r s  and
variables.

Assume that each of the a stage return functions is a

quadratic function of the form

* * 1 * 2

r (d) = a  d — — b  d
I I i i  Z j j

The conditions for the desired properties of decreasing but

alway s positive marg in ial  re turn~s, or monotonic concav i ty ,
are tha t  the first der iva t ive  be non—nega t ive  and the second
derivative be strictly negative. This means that

a > b ub
I i i

b > 0.
I

It should be noted that the restricted ranges in the

quadra tic case must, in addition to satisfying the

guidelines or chapter two , main tain the mnonotonic concavity
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of the individual stage return functions. If the limits of
- * * L

the restricted rang es of a and b ar e respectively ±4’
3 3 3

L
and ±0 the maintenance of monotonic concavity requires

tha t

L
b — ø  > 0
I I

and
L L

a —  > (b + 0  )ub
3 3 1

Given the estimates of a and b with appropriate
3 3

restricted ranges about them and the general natheam atical

f or m nu l a t i c n  cf the overhaul  p l ann ing  problem the q u a d r a t i c
deterministic re formulation is

a
1 2

MAX ~~~~_ a d - — b  d
1=1 1 j 2

s/t d ~ SDj 1  j

0 � ~ � ub j 1 ,2 ,... n.

The invariance condition inust be checked for the restricted

*ranges of b

*b = b  + 9
I I I

L4~~

—- ~~~~~~  ~~~~~ ~~~~~~—-  -——-— — ~~ -- — — —
~
-
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L L
-9 ~~9 ~~9I I I

*and for  the restricted ranges  of a

*a = a  + 4 ’
I I I
L L

— 4 �$  �$  .
1 1 i

It will be notationally convenient to shif t to matrix
notat ion wher e

D is an (nxl) vector of decision variables d .
3

E is an (mx 1) vector of paramete rs b .
3

A is an (nxn) positive definite diagonal matrix of

parameters a .
3

I is an (nm ) identity matrix.

*
1 is an (axi) vector of l’s.

US is an (nxl) vector of the stage constrain ts u b .
3

The deterministic reformulation can be written in ma trix
notItion as

t i t
MAX R ( D) = A D  — — B  DB

t *
s/t D l  � B D

0~~~ ID~~~ UB.

This is a convex non—linear  p rogram and the Kuhn—Tucker

conditions are necessary and s u f f i c i e n t  fo r  o p t ima l i t y .
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The initial attempt to optimize the deterministic

reformulation and apply the invaria nce criterion involved

the use of quadratic p rogramming ,  specifically the a lgor i thm
of Dantzig as described by Boot [3]. While this algorithm is

simplex based and technically satisfies the requirements for

the application of the invariance criterion it involves a

reformulation via the Kuhn—Tucker conditions and the

resultant problem proved to be conceptually and

computat ionally d i f f i cu l t. The specific d i f f i cu l t i e s  were;

1. The r e fo rmul ated p rob lem is conceptua l ly  an
existence problem ra ther  than an op t iw iza t i cn
problem. Thus there is no objective function in the

usual sense and this prevents tne determination of
optumality maintenance conditions.

2. The parameters to which perturbations are applied

are in the constraint matrix and on the right hand

side ‘-~~ the re fo rmula ted  problem . This s i tuat ion is
almost impossible to handle when per turbations are

• ap plied to more than one parameter.

The secon d algorithm selected for the optimizaticn wa s
the re duced gradient algorith m, [6], [7], and (10). This

algorithm is very similiar to the simplex procedure ,

identifing variables as either basic or non—basic. One of

the impor t an t  differences between this algorithm a n d  simplex
is that here the basic variables must be positive an d the
non—basic  variables may be d i f f e r en t  f r o m  zero. The reduced
gra dient a lgori thm can also handle parameter  per turba t ions
without  having to r eapp ly  the entire a lgor i thm , t h u s  the
algorithm is applicable under the requirements of the
invariance criterion. To put the deterministic equivalent

into the standard format of the reduced gradient algcrithm

add slack variables to the constraint  m a t r i x  and denote  the

42
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result as

r t * i
J D  1 ii ‘ 0’ 3D

W =  F--
~

-
~

- 
~ 

--
[ID ~0~~~I U S

where
0’ is an ( l x n )  vector of zeros.

*
0 is an (nxl) vector of zeros.

addit ionally at op tiwality let

Z be the set of the  n+ 1 basic variables.

N be the set of n non—basic  var iables .

P be the mat r ix  of the co lumns  of W associated wi th
the  basic variables.

C be the matr ix  of the columns of W associated wit h
the non—basic variables.

th th -I
g be the 1 element in the k row of Q = P C.
k,l

It should be noted that

+
1. The solution set S has elements f r o m  both Z and  N .

0
2. The complement of the solution set S has elements

only frcm N.

3. The column ar rangement  of W is the same as the

column arrangement of the constraint matrix in the

linear case.

4. For the slack variables 4 , S , and d are all zero.
1 1  1
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In the quadratic case there is no one—to—one

correspondence between changes in the solution set and its

co m plement.  Thus the use of the invariance criterion in the
quadrat ic  case requires a direct application of the

definition cf invariance, tha t is the invariance analysis
0

must be focused on the complem ent  of the solution set , S

The maintenance  of optiinali ty in the  quadrat ic  case is not
necessary for  invariance, in fact  opt imali ty  will  probably
never be mainta ined.  However , the op t iwal i ty  condi t ion  of
the reduced gra dient a lgor i thm does provide a me thod for
checking t he  invar iance cr i ter ion.  The op t imal i ty  condi t ion

of the reduced gra dient a lgor i thm is t h a t  all e lemen t s  u of
3

the movemen t vector U, defined below , be equal to zero. The

elements  of the movement vector are def ined  as

0 if RG � O a n d d 0
I I

u = Y j€N
I

Et3 o therwise
I

th
where RG is the j component of the reduced gradient RG

and

RG = — V R ( D )  P C  + VR(D)

or 
RG = —

~~~~~~~~~ ( a — b d ) q  + ( a  — b d ) .
I z€Z z z z  z,j i i i
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The key for the invariance criterion is that the
0

variables in the complement of the solution set (S ) are

specifically required to have  a reduce d gradient componen t
0

which is non— positive. Departures from S can only occur if

the perturbations within the specified restricted ranges
cause the reduced gradient component of one of the variables

0
in S to become positive, thus invariance is dependent on

the changes to the reduced gradient componen ts of the
0

variables in S produced by the parametric perturbations.

Introducin g the parameter perturbat ions allowed by the

restriced ranges has the following effect on the reduced

gradient .

* * * * *RG = — ~~~~. ( a — b  d ) g  + a  — b  d
I z~ Z z z z z , j  I I I

= — ~~~~~~ (a + 4  — (b + 9 ) d ) g
zeZ z z z z z z , j

+ (a + 4) — (b + 9  ) d
I I I i i

= — ~~~~~~~ (a — b d ) q  + a  — b d
zcZ z z z z , j  j  j  I

—
~~~~~~~ 

(4 — e d ) g  + 4  — S d
Z€Z z z z  z ,j I i i

= R G  —~~~~ (4 — O d ) g  + 4  — S d .
I z~Z z z z  z,j j j j

* 0
For invariance the RG of the variables in S must remain

I
0

non—positive. Noting that d for all variables in S must  be
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zero the changes in the reduced gradient  components  of the
0

variables in S s implif ies  to

RG = R G  —
~~~~~~~~~~~(4’ — e d ) q + 4 .

I j  z€Z z z z  z,I I

Since HG is a non—positive quantity the condition for the

*maintenance of non— positive HG can be expressed as

HG ? — (4 — S d ) g  + 4 V jes
3 zeZ z z z  Z ,3 I

an d for invariance this condi tion mu st be maintaine d for  all
0

variables in S and th rougho ut the  specified res t r ic ted

ranges , tha t is f o r

::: : :: : ::.
*The co nditi on for the main tenance  of non—posi t ive  HG

0
for the var iables in S can be sim plified by ex a m i n i n g the

structure of the constraint matrix W , which has ex actly the

same structure as the constraint matrix of the linear case.

Although in- the quadratic case there can be more than one

variable in the solution that is not at its upper bound the

s t ructure  of W allows for  the  occurence of only one of them
in the basis set Z. This arises as follows ;

The occurence of a variable which is not at its upper
boun d in the basis set Z requires that b9th the variable
and its slack be in Z. This requires th~ t the
(n+1)x(n+l) matrix P which must be non—singular ,
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contain both the column of the structural variable and
the çolumn of the slack. Each variable/slack pair after
t~e first fills two column dimensions but only ox~e row
dim~nsion in P. ~f an attempt is made to identify i>lvariables as not being at their upper bounds there wi~.lb~ (n— i+1)~ fi.~led column dimensions but only (n—i)
filled ;ov dimensions in P. Of the remain~.ng (a 

— +
1) variables in the basis , each is identif ied as being
at its upper boun~ an d fills only one row and only on e
çolumr) dimens ion in P. Thus the net result •f trying~toidentify mcre than one variable as not being at i-ps
upper bound is an unf i l led row dimensign in P and this
row of zeros wakes P singular, which is in violation of
the requirement for P.

Since only one variable can be identified as being in the
solution but not at its upper boun d the basis in the
quadratic case is exactly the same as in the linear case arid

the representation of the non—basic columns of W , that is -~~~,

at optimality is exactly the same as in the linear case.

This means that the columns of Q associated with the
0

varia bles in S have the sam e structure as the co lumns  of

the linear case which are associated with non—basic , and

therefore  zero valued , variables. The columns of Q
0

associated with variables in S are either type A , 5 , or C

columns where

type A = columns associated with  s t ruc tura l  var iables .

type  S = columns associated with slack variables.

type C = the column associated wi th  the slack of the
total budget constraint.
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A. TESTS OP I N V A R I A NCE

Deno te the set of variab les which are in the solution 
-

but not at their upper bounds as the set F. The variable of -
F which is identified as being in the basis but not at its -

upper bound will be denoted as d
f
. With this notation the -

ar rangement  of the elemen ts in the qua dratic type A, B, and -

C columns is identical to the arr-a-n-gement of the elements in -

the linear type A, 3, and C columns. For details of these
arrangements see pages 22, 23, and 25 respectively.

1. Column TX.~e A j~ tructura] .  vari~~~~~~

0
For d € S that are structural variables the

I
columns of Q will have the structure of the type A column,

*see page 22. Under this condit ion the summation in the HG -

maintenance  condi t ion becomes

— ( • — S d )  
-

*
and the condition for the maintenance of non—positive HG

1

is

— ( + — S d )  +

£4 8 -
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To obtain a test of invariance the variable identifed as

being in the solution b u t  not  at its upper  bound must  be the
variable in F whic h has the largest deviation fro m its
optimal value marginal return , that is select d to

L L
m a x ( 4  + 9  d ).

f€ F ~ f

The test of invariance for a type A co lumn is

L L L
HG > m a x ( 4  + 9  d
I f f f  I

2.  çç~~~~n ~~~~ ~~ ~~~~~~ !~~~~~~~~~1~~~ L

0
For d € 3  that are slack variables the columns of

3

Q will have the structure of the type B column ., see page 23.

*Under this condition the summation term in the HG
3

maintenance condition becomes

—( 4 — S d ) — ( 4  — e  d ).
f f f j—(n+1) j— (n+1) j— (n+1)

The test of invariance for type B columns is

L L
( R G j > m ax (~~ + e  d

I hE f f f
L L L— e  d ) + 4
3— (n+l) j— (n+l) I— (n+1) 1
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3. c~i~~~ ~12~ ~ ~~~~~~~~~~~~~ 
constra int slack var iab i~ j

The slack variable associated with the total budget

constrain t is variable nil. The column of Q associated with

d is a type  C column , see page 25. Under  this condit ion
n+1

*
the summa tion term in the RG main tenance condi tion becomes

I

- (  4 -e d
£ f f

an d the test of invariance is -

L LI R G 1 > m ax (+ _ + 9  d
3 feF f f

The solution is said to be invariant with respect to the

specified parameter ranges if the tests of invariance hold
0

for ai ld  € S .
I

The tests developed above are sufficient but not

necessary conditions for  invariance.  Under cer ta in
condit ions violat ion of the suf f ic iency  test for  a. t ype B
column may not result in a violation of invariance. This

• +
will occur when a variable ~.n S can become zero without

0
requiring a variable in S to become positive. The condition

for this cccurence is that it must be possible to allocate

all of the units of resource from the variable dropping to

zero to the variables in the solution set that are not at

their upper bounds. If the sufficiency test for a type B
col~~nn is violated for slack varia ble i a new con dition for
invariance should be checked. This condition is
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d ) I (ub — d ).
i— (n+l) f€P f f

If this condition is satisfied the solution is not invariant

since the  uni ts  of resource not alloca ted to the variables
0

in F must be allocated to a variable in S to maintain

opt imal i ty .  If this condition is violated the solution may

be invariant and to determine whether or not the solution is

invarian t requires additional algorith m iterations.

As in the linear case there is a logical sta tement
of the tests of invariance. This is derived by recognizing

that the reduced gradient algorithm will allocate

incremental units of resource in decreasing or-~~r of tae

maximum marginal returns, At optimality all variables in the
solution but not at their upper bounds will have a common

marginal ra te cf return A. As long as the parane tric
perturbations allowed by the restricted ranges do not cause

0
the marginal return at zero of a variable in S to become

+
larger than the marginal return of any variable in S the

solution will be invariant. This test of invariance is

equivalent to the tests developed above and can be expressed

as

L I.
max (a + 4  ) <m i n (a + 4 .  ) — ( b + 9 ) d

~€S I I ~~~ 1 3 j  j

If within the specified restricted ranges the c~ n dit ion is
satisfied the solution is said to be invariant.
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VI. CONCLUSIONS AND EXTENSIONS

The invariance criterion an d the definitional framework
in which it is applied provide an approach towar d the
optimiza tion of the stochastic program pose d by the over haul
planning problem . The complement of the optimal solution set
of the deterministic reformulation identifies the stages in

which no advance planning and procur enent should be
undertaken and the solution sensitivity analysis und€r the

invariance criterion provides some control over the risk

involved in basing decisions on a determin istic so lut ion to
a stochastic prob lem.  The key is t h a t  the  risk is o n l y
ccntrolled since even if a solution satisfies the invariance

criterion there is a positive probability that the

realizations of the stochastic parame ters wil l fall outsiie
the restricted ranges used for the invariance criterion.

Thus even if a solution satisfies the invariance criterion

it should not be regarded as an exact answer , but as a

foundat ion  on which objective management decisions can be

based. Even if a solution fails the tests of invariance

there is a positive result, the stages which are susceptibie

to stochastic behavior can be identified. For a solution

which fails to satisfy the invariance criterion there are
two ways to mcve toward invariance.

1. Reduce - the variance of the estimate used in the

deterministic reformulation. This generally

requires an enlargemen t of the data base used in the
estimation.

2. Reduce the restricted ranges on which the tests of

invariance were based. This viii increase the risk
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associated w i t h  decisions based on t he  so lu t ion  as
t h e r e  w i l l  be a greater  p robabi l i ty  of r e a l i z a t i o n s
of the stochastic parameters falling outside the

r e s t r i c t ed  r a n g e .

A s ign i f i can t  i m p r o v e m e n t  in the  invar iance  cr i ter ion
could be achieved if the  level of risk associated w i t h  an
invariant sciution could be specified. This would require

the development of a probability statement addressing the

joint probability of violating the specified restricted

ranges of the stochastic paramete r s .  U n f o r tu n a t e l y  a
realistic development of this probability statement would

require  dropping  t he  a s sumpt ion  of independence f o r  the
parametric perturbations and would necessitate the

development  cf jo in t  res t r ic ted ranges  f o r  the  d e p e n d e n t
parameters .  This will  grea te ly  compl ica te  the ma thema t i c s  of
the invar iance  analysis.
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