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INTRODUCTION

The purpose of this report is to present some analytical
correlations between loadings and their mechanical effects on the
thin plating in a gun tube. These effects are manifested in terms
of the resulting stress and strain. The analytical techniques of
continuum mechanics thus provide an efficient means for a systematic
study of the plating stress condition for a variety of material and
loading parameters. Although the mathematical models used in this
report are quite simple, the extension extrapolated from this direction
should prove to be valuable in the selection of plating materials or

the plating process for a prolonged service 1ife of gun tubes.
MATHEMATICAL MODELS

For a crude approximation, the tube may be considered as a hollow
cylinder without the thin plating. Assume that the thin plating has
the same strain as the bore surface of the tube, then the stress in the
plating can be estimated. For a better approximation, the tube is
considered as two hollow cylinders. The outer cylinder is of gun
steel with radii re and ros the inner cylinder is of electrodeposited
chrome with radii ry and e The inner radius of the outer cylinder
is the same as the outer radius of the inner cylinder under an
unstressed condition. In both cases, the cylinders are assumed to have
an infinite length. The applied loads on the bore surfaces of the
cylinders are radial pressures uniformly distributed either over the

entire length of the cylinders or over a semi-infinite axial range of

e e
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the cylinder. Four different mathematical models are obtained from
various combinations of assumptions in material properties and loading
conditions.

Model 1: A simple tube subjected to a uniform pressure over the
infinite length.

Model 2: A composite tube subjected to a uniform radial pressure
over the entire length.

Model 3: A simple tube subjected to a uniform radial pressure
over the negative axial range of the cylinder.

Model 4: A composite tube subjected to a uniform radial pressure
over the negative axial range of the cylinder.

The mathematical model for the study of steady state thermal effects
is a composite tube with free ends; the bore surface maintains
temperature Tl and the outer cylindrical surface maintains tempereture
T, and T] > T2. At the interface of two different materials, the heat

flux is continuous. A1l temperature fields are functions of radial

coordinate r only.
LAME'S SOLUTION

For very thin platings, the stress in the plating material can
be estimated from a solution of model one, taking the strain to be the
same as for the inner surface of the tube. The solution of the problem
of model.1 is due to Lame in 1852. Let ry, r, denote the inner and

outer radii of the cylinder, and Pys Pp the uniform internal and




external pressures. The stress components are given by, see page 59

of reference [1],

2 r’ 22"
oplr) = rp? - g B = g il U
r 2 r 2
oo = =l + I ey @
L Bl
In the case Py = 0, we have
r 2 r 2
3 1 L (3)
O'r(r)/p-‘ s i rzz I 2 (r2 ])
1
gy ry’
og(r)/p, = R (r2 +1) (4)

These equations show that o is always a compressive stress and oy a

tensile stress. The maximum compressive stress o, and tensile stress

r
Og occur at the inner surface r = "

2

(9 g = B+ (08, = p]( $ /(- 1) (5)
1 i
(0,) decreases as the wall ratio r,/r, increases, and (o,) is
%8 'max e <A g 0 maxcw -~

always greater than the internal pressure Py Let SR denote (Ge)max
in (5), a graph of oeo/p1 Vs r2/r1 is shown in Figure 1.

If the cylinder has open ends and there is no constraint to
prevent the cylinders from extension or contraction in the axial
direction, then o, = 0. If, on the other hand, the cylinder is
clamped between fixed planes so that displacement in the axial

direction is prevented, then o, can be obtained from

Is, Timoshenko and J. N. Goodier, THEORY OF ELASTICITY, McGraw-Hill
Book Co., New York, 1951.




2vr12
o (P} = vl dr) ¢ gplr)) = ~——————p,
: (‘,.22 5 '.12)

This equation shows “hat 7, is a tensile stress and its magnitude is
lTess than the minimum value of og(r) (since v £ 0.5).

To estimate the stress gy in the thin plating, we simply
equate the strain €51 in the plating to the strain g4 at the bore
of the thick tube. Neglecting the small effect due to O.. and 0,, We

have
0g1/Ey = 0o/, (6)

where subscripts 1,2 indicate the plating and the tube respectively.
ONE-DIMENSIONAL SOLUTION OF A COMPOSITE TUBE

In order to assess more precisely the stress and straincondition
in a plated tube, the problem of a composite cylinder must be
considered. A composite tube consists of two tubes of different
material. The inner tube is made of chrome with inner and outer
radii denoted by ry and Te respectively. The outer tube is made of

gun steel with inner and outer radii r. and rp. Let E], E2 be the

c
elasticity modula and V15 Yy be Poisson's ratios of inner and outer
tubes. At the initial unstressed condition, there is no force acting
on the interface r = ree Let Pe be the pressure at the interface
when the composite tube is submitted to an internal pressure Py~

The problem is actually a rotationally symmetric, two-dimensional

one. The boundary conditions are




REwmibs B ol e % =0 (7)
At r = ry: Opp = 0 . L (8)
At r = ret O = G = =B

Trzl © Trz2

Yr1 T Y2 (9)

Y

A solution of this problem can be obtained by using the method
simiiar to that described in detail for the odd symmetric (in z-axis)
problem defined in model 4.

In a case where the plating is very thin, its effect on the
bulk steel tube is, of course, small. The one-dimensional solution
for the steel tube should hold reasonably well. As for the inner
tube, we may first treat it as a one-dimensional problem. Then from
the static equilibrium in the axial direction, we can find stress

components T __ and g, due to the difference in material properties.

rz

If 1., and o, are small in comparison with o in the inner tube, that

z
is, the correction on Og due to the presence of s and o, is small,
then the one-dimensional solution for the inner tube should be a good
approximation. The boundary conditions (9 ) in the one-dimensional

problem are replaced by

0 = O = -p
rl r2 c } for r = re (10)
Ur1 © Yr2
5




Using (1) and (2), the stress components are:

For the inner tube, ry <r <r.,

- e
-1 2 rc2 2 r"lz M
s sr sl G D e 10
BN e SRR 2(£Ei +1) -pr2(1+ fli)
o1 F2apt U cc i } (12)
c 1
For the outer tube, r < r< ry,
ma, Pcre’ 1’
Urz(r) 2 Y‘22 A Y‘Cz (Y‘z e ]) (13)
(Y‘) £l ch'c (r'22 & ]) (]4)
%2 rzz _ rcz 2

Where Pe is still unknown and is to be determined from the remaining
boundary condition Ur] = Ur2 at r = Fe
From the relation

U

RE T i,
hetr e - [0e - v(or + oz) (15)
Where
{0 for the state of plane stress (16)
o v(op + ag) for the state of plane strain

We obtain two expressions for Pe

2pq1ry 2
b, - 1M ,

r'] +r '\’]( _r]Z) * o -(——l{rzzﬂ‘ -\)2 Y‘2 'Y‘ )]

plane stress (17)
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2p]r12(1-v])

2y £ (Tc2~r12)(1+v2)r
| 5
Eo (r2-rc?)(14vq)

Pc ©
2 -
" + (1 2\)])rc

24(1- 2
r +(1 2v2)rc ]

plane strain (18)
Equations (17) or (18) and (11) to (14) determine radial and
tangential stresses for any value of r. In the axial direction, we
can approximately compute stress components g, and Tos from the
static equilibrium. For instance, if we use plane stress formulation

o,(r) = 0, the strain components for the inner and outer tubes are

v vy 2(pyri? 2
EZ](r) = = E_]_[O'r](r) + Q'e.l(r)] = Ell_g(p] ]z-pCZC ) . r.l o ] r‘c (]9)
1 1 Y‘C ‘Y‘]
o g _ V5 2p.r.’
szz(r) = - EE{OrZ(r) + oez(r)] = - EE';;ET;;? s T S EE €y (20)

If €50 = €50 then all boundary conditions in (9) are satisfied. In

1
general, €41 # €599 17 €y denotes the final contraction per unit
length of the composite tube, then

0, = Eyle, = e9) & 05 = Eale, = £55) (21)
9q{re” = 1y%) + opplr® - ) = 0
The shear stress at the interface is given by
Tpgll = Fe) * opglr. = rr*if2r, (22)
SIMPLE TUBE UNDER RADIAL PRESSURE OVER A SEMI-INFINITE LENGTH
The objective of this investigation is to study the effect on
stress distribution of load discontinuity. It is a basic problem in
the study of an infinitely long cylinder subjected to an axisymmetric

pressure distributed uniformly or arbitrarily on curved surfaces over




R S NN

a part of the axial length [2 - 5]. From the principle of super-

position, the problem may be considered as the sum of problem I and

problem IT illustrated in the following graph:

N

: = p/2 +  p/)2 p/2
__.__ﬁ. ——L—i - ‘_L..l - #Q’ —— - - =L _é = s
0 2 I 0 2 H 0 z

We have already discussed the Lamé solution of problem I. We
shall concentrate here on problem II. In the case of torsion-free,
rotationally symmetric about the z-axis, and in the absence of body
forces, the general solution of the displacement equations of equi-
librium, following Bonssinesq, is representable as the sum of the two
displacement fields

2G[u,v,w] = grad ¢ (23)
2G[u,v,w] = grad (zy) - [0,0,4(1-v)y] (24)

e Tranter, "On the Elastic Distortion of a Cylindrical Hole by a
Localized Hydrostatic Pressure", Quarterly of Applied Mathematics,
No. 4, p. 298, 1946.

30. L. Bowie, "Elastic Stresses Due to a Semi-Infinite Band of Hydro-
static Pressure Acting Over a Cylindrical Hole in an Infinite Solid",
Quarterly of Applied Mathematics, No. 5, p. 100, 1947.

an. W. Rankin, "Shrink-Fit Stresses and Deformations", Journal of
Applied Mechanics, Vol. 11, p. A77, 1944,

. p. Radkowski, J. Bluhm, 0. L. Bowie, "Stresses and Strains in
Elastic, Thick-Walled, Circular Cylinders Resulting from Axially
Symmetric Loadings", Technical Report WAL No. 893/172, Dec. 1954.
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provided ¢(r,z) and y(r,z) are arbitrary harmonic functions, i.e.,
V=0 , V=0 (25)
Here [u,v,w] are the Cartesian components of displacement, G is the
shear modulus. The displacement fields, equations (23) and (24),
together with their associated fields of stress, which are obtained

from the displacement-stress relations, will be referred to as the

T

first and third Bonssinesq solutions, respectively.

problem, a new solution obtained by certain combination of basic

Bonssinesq solutions may be used in place of a basic solution for

convenience. For our rotationally symmetric problem, we will use the

first and fifth basic solutions defined by the following table:

STRESS AND DISPLACEMENT FIELDS IN TERMS OF HARMONIC FUNCTIONS

AND THEIR DERIVATIVES

For a specific

1st Basic Solution 5th Basic Solution

Harmonic Function ¢ n

Zqu ¢ rn,

26u r1og 0

26u, ¢, -rna-4(1-v)n

Op by rnpz*(1-2v)n,

g r']¢r+r'2¢e (1-2v)n,

<3 %22 -rnpz-2(2-v)n,

Ty r ]¢r -r'2¢ai 0

trz brz rnzz=2(1-v)ny.

Toz r 192 0

9
P R PR P e
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B

Where a subscript after the harmonic function ¢ (or n) means a
partial derivative of ¢ (or n) with respect to the subscript.

The stress functions, ¢(r,6,z) and n(r,8,z), must satisfy

Laplace's equation which admits the product solutions

I (kr) Cos ne Cos kz &

f
or or or !
Ky, (kr) Sin n6_| | Sin kz |

where k and n are separate constants. For the rotationally symmetric
case n = 0, and the load is odd symmetric in z, we shall confine our ;

attention to the four aggregates of stress functions defined by

1 i
91(rsz) = 7 I (kr) sin kz

8p(r,z) = :%-Ko(kr) sin kz |

A |
: Io(kr) cos kz w

m(r,z)
Na{Ps2) = = %-Ko(kr) cos kz

The solutions obtained from the first basic solution with ¢ = L3 and
¢ = ¢, are denoted by [SA] and [SB] respectively. Similarly, [SC]
and [SD] are solutions obtained from the fifth basic solution with
n=nmn and n = ny- A solution, [S]k, of the problem for an arbitrary
k is obtained by superposition.

[S1, = A(K)[S,] + B(K)[SE] + C(K)[S.] + D(K)IS,] (26)
Where A(k), B(k), C(k) and D(k) are superposition coefficients to be

determined from the boundary conditions:

10




Trz(r1,z) = Trz(rZ’Z) =0 (27)

or(rz,z) =0 (28)

p/2 for z > 0
op(ry»2z) = { {23)

-p/2 for z< 0

The final solution of the problem is

[s1 = f, [S]y dk (30)

Using the following abbreviations

I0 = Io(krz), I] = 11(kr2), K0 = Ko(krz), K1 = K](krz)

The boundary conditions (27) to (29) may be written in the form:

AI]—BK]+C[kr210+2(1—v)I1]+D[kr2Ko-2(1-v)K]] =0 (33)

T _7 Y, 7 2. 21 ", Y _L2n 2¥ =
A(kr210-11)+B(kr2Ko+K])+C[(1-2v)kr210+k r I1]+D[(1 2v)kr2Ko k ry K]] 0
(34)
3 Zan e - CU2p 2 e
A(kr]Io-I])+B(kr1Ko+K1)+C[(1 2v)kr]Io+k ™ I]]+D[(1 2v)kr]Ko k " K]]

proy/m (35)
Where A,B,... are A(k), B(k),... and to obtain the last equation, we
have used 3 T e
g sink K2 dic = {-'n/Z gLtk (36)

After a rather lengthy algebraic manipulation, we have

A - 2 b4 - g

1




pr (I] I]h]')h /h1 -2(1- \))(kr'-| kr21 ')+a [h I]-I1 -2(1- v)h ] (38)

Cma . -kryK +kr,K ho oK h

pry 201 o (39) 1
DmA _ T :
pr, = kryI-kr, I hy '+ogI (40) |
Here |

hO = kr](IoK]+KOI]) ’ h] = K]I]'I]K]

h ' = kr]krz( T

0lo7ToKo hy' = krp (1K #K 1))

(41)

0 = 2(]-V)+k2r12 ’ a] 2(]-V)+k2r22

ag(hg?-0qhy 2)=(hy ' 2-aqhy " 2)- (o toy )

Using (30), we can compute stress and strain at any point (r,z). For

instance,
oe(r.z) = ﬂj oe(r,k)sin kzdk (42) i

a,(r,2z) = [: o, (r.k)sin kzdk (43) i

Where ce(r,k) oz(r,k) from (26) and Table 1 are given by i

\

og(rok) = AL 1 (k)= BLKL ¢ (kr)ec() (1-29) 1 (kr)40(k) (1-29)K (kr) ~ (44)
0 (rsk) = -A(K)T, (kr)-B(K)K (kr)-C(K)[ (4-29)1_(kr)+krl (kr)] ]

-D(k)[(4-2v)Ko(kr)-er1(kr)] (45)

COMPOSITE TUBE UNDER RADIAL PRESSURE
OVER A SEMI-INFINITE LENGTH

This problem may be considered again as the sum of problem I and

problem II mentioned in the preceding section. Both problems I and

12




II are two-dimensional. However, the one-dimensional solution of

problem I, obtained previously, is a good approximation for our thin

layer of chrome plating. The solutions of problem II for the inner

and outer cylinders, similar to (26), are

[Si]k = Ai(k)[SA] + Bi(k)[SB] + Ci(k)[sc] + Di(k)[SD]
where i = 1 for the inner tube and i = 2 for the outer tube. The
eight coefficients A1, Az, B], ..., are to be determined from the
boundary conditions (27) to (29) and the following continuity
conditions at the interface r = re-
cr](rc, z) = Orz(rc’ z)

(Fes 2) = (re» 2)

Trz1 Trz2

Ur1(rc, 2) = U le.. 2]

Uz1(rc’ z) = UzZ(rc’ 2)

~

(46)

Introducing the new abbreviations Io = I (kra)s I3 = Ijlkr,) etc., the

set of 8 equations for the determination of A],...,D2 is
A-]I]'B]K~'+C1[kr~llo+2(1'\)1)I]] + D-l[kr-lKo‘Z(]'\)])K]] =0
+ D][(1-2v1)K -kr1K]] -
Ay(1,- klz T )+B,(Ky+ -; Ky) + CoL(1- 2v,)1_+kr, 1]
+ 02[(]-2v2)Ko-kr2K]] =0

13
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(48)

(49)

(50)




vt e R, Nt :
(A=A (T - frg T1)+(8)-B,) (K + E;z-K1)+[(1-2v1)C]-(1-2v2)C2]IO

+ (CI‘CZ)erI] + [(1‘2V])D]'(]'2V2)Dz]io - (D]'Dz)krck1 =0 (5])

(A]-AZ)I]-(B]-BZ)K]+(C]:C2)kFCIO+2[(]-v])C1-(]-vz)CZ]I]+(D]-DZ)kPCKO
'2[(1’V1)D]'(]‘Vz)02]K] =0 (52)

~

(AI'UAZ)I]'(B]‘UBZ)K]+(C]'UC2)erI°+(D]-unz)krcKo =0 (53)

(A]-uA2)10+(B1-uBz)Ko+(c1-uc2)krcI]+ 4[(1-v])c]-(1—v2)C2]Io
‘(D]-uDz)krcK]+4[(]-V])D]'(]-Vz)Dz]Ko =0 (54)

in which u = G1/GZ' The solution of the system of equations is

pr -1 ~ ~ = =
Cy = - — (dgdg-dcd,) [kr dg(KyT +1,K )+dg (1K =K 1,)]
pr ] b e 7a
Dy * 5 Uglydgdy) kr by Ttk gt Ty i

= = (55)
€ = 1€y + dyDy , Dy = dgCp + d,D,
Py o
Ap = = Ky - agly - agdy s By = — I, + 240y + 3,0,

A2 = -a6C2 - 8402 s BZ = 62C2 + 3802

where

a1 = K ?(I*-1")-2(1-v) % 5 ap = K2rp*(To%-1y2)-2(1-vp) 1y

a3 = k2 2(K 2Ky 2)-2(1-v; 0Ky 2 4 3y = K2r,2(K 2K, 2)-2(1-v,)K; 2

B Bl e L L (56)
ag = k2r22(10K0+I]K1)+2(1-vb)(1+I1K1)

ay = k2r12(IoKo+I1K1)-2(1-v])(1-I]K])

ag = k2rp?(T K 11K )-2(1-v,) (1-17K;)

14
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~ ~ ~

b] = aslo-a]Ko-krcI1 E b2 = aGIo'aZKo'krcll
b3 = a3Io-a7Ko+krcK] 5 b4 = a4Io-a8Ko+krcK1
" s 2 l . o (57)
‘g b5 = a51-|+a-|K-|-kr‘cIO ’ b6 = asl]"‘azK]'erIo
\ b7 = a3I]+a7K]—krcKo = b8 = a4I1+a8K1-krcKo
-1 & ~ > ~ o~
d] = Ez?:;;;{(I-u)[krc(bGKo-sz])+b6K1]-2(1-v2)[1-2(1-u)krcIOK]]}
-1 ~ = ~ ~ o~
= - - + -
r d2 ETT:;;;(] u){b8K1+krc[b8Ko b4K1 4(1 vz)KoK]]} (58)

. i + +
d3 = 2—(]—_;]—)(1 u){b611 krc[_b610+b

3 § =
513::;3{(] u)[krc(belo

ds = krc(bz'b] d]'b3d3)+2(]-\)] )(krcKo-K] )d3+2(erIO+I] )[(]-\)] )d] ‘(]'\)2)]

211-4(1-v2)1011]}

o
S
n

+b4I]-4(1-v2)I]Ko)-b811]+2(1-v2)}

(=8
I

6" krc(b4-b1d2-b3d4)+2(1-v])(krcI°+I])d2+2(krcK0-K1)[(T-v])d4-(1-v2)]

The final solutions for the inner and outer tubes of problem II are

[51] = L) [Si]k sin kzdk . i=1,2 (59)
For instance,

oei(r,z) = L: cei(r,k) sin kzdk , §= 1,2 (60)

ozi(r,z) = £j czi(r,k) sin kadk , i =1,2 (61)

Where

A B |
0oy (rsk) = E% I (kr) - -k-?r- Ky (kr)+C, (129 ) (ke)#D, (1-2v,)K (kr)  (62)
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0,5 (rsk) = =AgTo(kr)-ByKy (kr)-Ci[ (4-2v¢ ) To (kr)+krly (k)]
-Di[(4-2v1)Ko(kr)-er](kr)] (63)

THERMAL STRESSES IN A COMPOSITE TUBE

Consider an infinitely long, circular cylinder and assume the
temperature in the cylinder is symmetrical about the axis and
independent of the axial coordinate z. We shall suppose that the
axial displacement is zero throughout and then we shall modify the
solution to the case of the free ends [1, page 408].

On account of the symmetry and the uniformity in the axial
direction, there will be three non-zero stress components Ops Og and

a, and these must satisfy the condition of equilibrium

dO’r+0r_Oe=0

dr r (64)
The stress-strain relations are
Tud (ot
e - o = f [0, - g oz)]
; (65)
g - of = g [05 - vlogto,)]
e, - aT = ¢ [0, - viog+op)] (66)

where a is the coefficient of linear thermal expansion and T is the

temperature.
Since the axial displacement is assumed to be zero, i.e., €, * 0,
(66) becomes
o, = v(or+oe)-aET (67)

]S. Timoshenko and J. N. Goodier, THEORY OF ELASTICITY, McGraw-Hill
Book Co., New York, 1951.
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Solving o, and 9 from (65) and (67) we find

E

0, = ——————(1-1)c _tve~(1+V)aT} (68
P (T 12y} i ;
B SR _
Og = (1+v)(1-2v){(] v)ee+ver (1+v)aT} (69)
Substituting these into (64) and using € T %%, Eg = u/r, we obtain
1 d(ru)y = 1+v dT
Sr 1" 15 %% (70

Integration of this equation yields

C
u=Taq [ Trdr+cyr+ 2 (71)

where C], C2 are integration constants and the lower limit a in the
integral can be chosen arbitrarily. Using (71), (68), (69), the final

expressions for the stresses are
C C

oE 2
O'r.=' 1= \)Y'! Trdr+-l+\) [-I 2\)’—2'] (72)
C, ¢
Jof 1gr B A S
%o * Yoo vy TP+ ys Ieme ks o] - S5 (73)
2VEC
s - OET o 1
oo ol prrdidly e T o (74)

Equation (74) gives the normal force distribution required to keep
u, * 0 throughout. To get the thermal stresses in the cylinder which
is free from external forces, we have to apply at the end of the

cylinder a resultant force

. 2vEC
s L _ 2maE (b 2 1 2. 30
R = Ia o, 2mrdr e faTrdr T T (b*-a?) (75)
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By Saint-Venant's principle, this force will produce at a sufficient

distance from the ends a uniformly distributed stress R/m(b%-a?),

denoted by C3. This uniform stress will not change o,. and og but

*
will add a term -vC3r/E on the right side of equation (71) for the

displacement u. The axial strain €, is given by C3/E.

For a composite tube, we have four integration constants, C1],

C]2 for the inner tube and C2 s C,, for the outer tube to be determined

=22
from the four boundary conditions.

or](r=r]) = 0, orz(r=r2) = 0, cr](r=rc) = Spokr=ro)s

(76)
u](r=rc) = u2(r=rc)
Using (71), (72), and (73) and observing that
Tim Tim
1 (r Y 1 r 2
T fr1 Trdr =0, rrioy fr] Trdr = 0
We have the following four equations
c o
11 12 .
2w "7 0 Sk
E E C C
- 221 ("2 qpgp s ]f [2l - 221 = 0 (78)
i e Cay  C
E
¥ a1kl 12 I”c Trdr + +1 {] ;1 v 13 - ]+2 ] 21 ¥ Zz] (79)
=y r." N T+ 71-2vp  r. vy 1-2v, 1y
T+vy @y T C C
_]l_lj ¢ Trdr + Ciqre * 212 - Coyret _22 (80)
The solution of this system of equations is
L E2(1+\)1)('|-2\)-|)(r22-rc2)
th = A
1401 E'l T+v, ?‘224'(]-2\)2)?‘(:2 2(12(1+\)2)rc2
foTe: - 1= 1 + E; T-y rzz-;;;..-q g ro’-r.? W
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r]z

Cip = C
127 5 (82)
(1+v2)(1-2v2)
Cap
Al
asT
{ogEy (T4vy)2r 2Tey + 2_3; [Eq (T+v2) (re2-r2)+Eo(14v7) (ry 2+
2
(1-2;)r )]} (83)
(1+v2)rc2
Cag & —Bor {2a1E1(1+v1)(T-vz)rzzTC]+ GZTZC[E2(1+v])(r]2+(1-2v])rcz)
(1-v2) A'
'E-I (]+\)2)(1-2\)2)(?‘c2-r‘-|2)]} (84)
where

A' = E](1+v2)(rcz-r]2)[r22+(1-2v2)rC2]+E2(?+v1)(rzz-rcz)

[ry2+(1-2v )r 2] (85)
e i

Tog = f Tedr o T, ® | “Trdr (86)
Ly e

The thermal stresses in a composite tube for plane strain can be
easily obtained from (72) to (74) provided the temperature distri-
bution T(r) is known.

In the case of force free condition at the ends, the one-
dimensional treatment can only give an approximate solution. We
find C3] and C32, the uniform axial stress in the inner and outer

tubes respectively,

C . 20.'|E'| L ZV]E]C]] (87)
T e rn?) T () (1-20,)
20, E 2vaEaC
C32 " 2 2 22 el (88)

(1'v2)('b2°rc2) 2 (]+v2)(]-2v2)
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The corresponding axial strains are

C C
=31 = 32
€1 E1 and €0 ° -—E- (89)

157 €52 is greater than ¢__ and if the bond between the tubes is strong,

z1
then there is a shearing stress e at the interface and additional
axial stresses oz]' and 022' are introduced which can be found from

the static equilibrium.

1 2 2 1 2 Y
9, (r - ) + 9,9 (r2 . ) =0
r  w Fe -F1" '
Yz zrc z1

Steady state flow of heat in a composite tube:

The equation of conduction is
d (4T, _
dr (rdr .

The general solution of this is

o P LS e

T=A+Blogr
where A, B are constants to be determined from boundary conditions.
For the composite tube, let T], Tc' T2 be temperatures at rErys ros oo
respectively.
Then T(r) where rp<r<n, is given by

Ty log(re/r) + Tc log(r/ry)
'log(rc/Y‘])

T(r) (90)

| A
-~

L
1

A
-

Te Tog(ra/r) + Tp log(r/re) fo SFE T, (91)

T(r) =
s Tog(ry/re)




S - T Gl - bl
o I A o Sl ok A BRI o 5715 b i —

where TC can be found from the continuity condition of the flux over

the surface of separation, that is

(92)
1og(rc/r]) 1og(r2/rc)

where K], K2 are conductivities of inner and outer tubes. Solving

for TC, we have K2 1og(rc/r1)
"t ey Tolalng) 2
7= L (93)
c
1+ ﬁlog(rc/r])
Ky 1og(r2/rc)
Using (90) or (91), equations (86) become
Tere <T1r1 1 : 1
T2 B bl (P Jfr fepd et (94)
cl 2 4 e el ?og(rc/r])
Torns2-Tar.2
Ty, = 2’2 "cle %-(T -TZ)(FZQ—F 2) 1 (95)
¢ 2 c ¢ ]Og(rZ/rc)

NUMERICAL RESULTS

The elastic constants of gun steel used in our computation are
v = 0.285, E = 30x10° psi, and the yield point is 165x10° psi. A
large range of mechanical properties for electrodeposited chrome is
reported in various books. The following average values are used in
most of our computations: v = 0.31, E = 20x108 psi, the ultimate
strength is 40x103 psi. To study the effect of Poisson's ratio and
the effect of modulus of elasticity on the stress distribution, we
vary the value of v from 0 to 0.5, the value of E from 15x106 psi

to 3Ox106 psi for the chrome.

T
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In Fig 1, the curve 080/p1 as a function of ry/ry is for the

Lame solution, equation (5). The maximum hoop stress Teo is often ‘?

used to normalize other stresses in our presentation of numerical

3
results. In model 1, the ratio of Og1» the hoop stress in the plating, ;%
to o4 is a constant, according to equation (6). For Ep/Ey = 1.5,
081/p] S r2/r] is plotted in broken lines. The solid line of
06]/p1 VS rz/r] is the results of model 2, equations (12) and (17),
with Eo/Ey = 1.5, vy = 0.31, s 0.285, r_/ry = 1.005. The estimate
based on model 1 is quite good in comparison to the model of the
composite tube. After normalization by Oeo/p1’ we have 061/080
plotted as a function of rz/r1 in the same figure for the composite
tube of model 2. For a fixed rp/ry, the ratio 061/090 increases
slightly if the thickness of the plating increases (see x and o in
Fig 1). If we use equation (18), the plane strain formulation, in
place of equation (17), the overall results will not change more
than 2%.

Even though model 1 gives a good estimate on 991 in the plating,
model 2 provides more information on stress variations in the plating
due to changes of material properties. The ratio, E2/E], has a
large effect on the maximum hoop stress in the thin layer. In Fig 2,
the graphs of o,q/0gq Vs rp/rq are shown for E,/E; = 1, 1.5 and 2 , 1
with v = 0.31 and Vp = 0.285 remaining fixed. The maximum tensile
stress in the plating decreases as the modulus of elasticity of the

plating decreases.




141

Figure 1. Maximum stress in a plating as a function
of wall ratio for Model 1 and Model 2.
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Effect of moduli of elasticity on maximum
stress in the plating for Model 2.
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Poisson's ratio of the chrome also has a large effect on the
stress distribution between the inner and outer tubes. In Fig 3, the
graphs of ogy/0g, Vs r2/r1 are given for vy = 0, 0.31 and 0.5 with
' v, = 0.285 and Ez/E] = 1.5. The maximum tensile stress is reduced if

the plating has a higher value of Poisson's ratio.

For a composite tube subjected to an internal pressure, pl, when
the maximum stress in the inner tube equals the ultimate strength of
the chrome, the pressure is denoted by [pm]c. Similarly, when the
maximum stress in the outer tube is equal to the yield point of the
steel, the pressure is denoted by [pm]s. If [pplc > [pplss the steel
tube reaches the yield point before the chrome reaches its ultimate

strength. The chrome is less likely to crack. If [pm]s/[pm] s

>
c
the chrome will crack before we can have the full use of the steel's
strength. A plot of [pm]s/[pm]c vs rp/ry is shown in Fig 4. Curve 1
is based on the average values of E and v for the chrome. Curve 2 is
based on the most favorable mechanical properties for the chrome,
while curve 3 is a result based on the most unfavorable values for the
chrome. If Mises'yield criterion is used to compute the pressures
(ppls and [pplcs the ratio [pm]s/[pm]C is plotted in dotted lines in
Fig 4. It shows that [p,]c/[p,]. is always greater than unity and
the chrome will crack before the steel starts to yield.

As mentioned previously, the one-dimensional analysis of the

composite tube is a good approximation if the stress components Oy

and 1., from (21) and (22) are small. Numerically, with Eo/Eqy = 1.5,

v1 = 0.31, r./ry = 1.005, we computed Trz/ool(r=r1) and 021/001(r=r])
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Figure 3. Effect of Poisson's ratio on maximum stress
in the plating for Model 2.
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for ro/ry from 1.1 to 2.0. The former ratio is always less than 1%

and the graph of °zl/°el vs rp/rq is shown in Fig 5. In the same
figure, we also plotted 661'/591 as a function of ry/ry, where 691' is
the strain at r=ry with the correction of 9y given by (21), and €g

1
is the same strain with iy 0. This can easily show that the effect
of o, in the chrome layer caused by the difference in €, between the
two materials will increase maximum gy in the chrome no more than 5%
for the ranges of material constants and dimensions of the composite

tube used here.

For model 3, the improper integral (42), also valid for (43), is

evaluated as an infinite sum of integrals
© nm ;
L? ag (r,k)sin kzdk = Z [T oglr.k)sin kzdk (96)
n=1 (n-1) 3
Each integral in the series can be numerically computed by Simpson's

rule. However, the series is a slowly convergent one whose terms

alternate in sign. The transformation of Euler, see [6], is particularly

helpful in dealing with the slowly convergent, alternating series. We
assign a small even number to N and sum the series from n=1 to n=N by
straightforward addition. The Euler transformation is then applied to
the remaining series. For small values of z, the value k = %} becomes
very large even if N is a small integer. Asymptotic expansions for

Iv(kr) and Kv(kr), see [7], must be used.

I.(2) = 25 (- =Ly QeD(u-9) | (u-1)(u-9)(u-28) , 3
b VIvz 8z  2!(8z)2 31(8z)3

(97)

6E. T. Goodwin, et al. MODERN COMPUTING METHODS, Philosophical Library,
2nd Ed., 1961.

7M. Abramowitz and I. A. Stegun, editors, HANDBOOK OF MATHEMATICAL
FUNCTIONS, National Bureau of Standards, Applied Mathematics Series-55,
1964.
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Figure 5. Axial stress oz in the plating and its
effect are small for various wall ratios




=2 p-1 , (u-1)(p-9) | (u-1) (u-9)(u-25)
Rlacs s Ml ey T By

where u = 4v2. Upon substitution of these expansions into (37)-(41)
and after careful asymptotic analysis, we shall be able to evaluate
the integrals in (96) for very large values of k.

The sum of the solution of problem II, such as equations (42)
and (43), and the Lame solution is the solution for the model 3. For
r‘z/r‘-l = 1.25, the distribution of stress components oe(r=r1) and
oz(r=r]) in the vicinity of load discontinuity is plotted in Fig 6.
The solid line of a, is an odd symmetric in z with the plane stress
formulation in problem I. If the plane strain formulation is used in
problem I, g, is shifted vertically a constant distance, shown in the
dotted line for z > 0. From Fig 6, it is obvious that o, is still
the dominant stress in the thick tube. On the bore surface, og at
z = 0 is considerably lower than Th0? the maximum 9 of the Lame
solution, and it approaches %0 rather rapidly. A maximum value of
0g occurs at z near -1, and the maximum is only 3% higher than T80°
It is interesting to know whether the maximum 0g may become substan-
tially higher than %80 if we vary the wall ratio rz/r1. In Fig 7,
the stress component oe(z) on the bore surface, normalized with
respect to oo, = 0g(z = -w), is shown for r,/ry = 1.1 to 1.5. The
ratio (oe - oeo)/deo is always less than 3%. The change in wall ratio

rz/r1 only causes the change of location where Tg is a maximum.
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The strain component Eeg is computed from Eeq = 04 - v(o

r ¥ o,
Let 591(2) of the plating equal eez(z) of the tube at the bore
surface, then we may estimate the hoop stress ogy in the chrome

as a function of z by 091(2) = %% [Ezeez(z)]. Numerical results for
r2/r1 = 25, E2/E1 = 1.5, with the plane stress assumption in
problem I, are plotted in Fig 8. Normalized by the corresponding
Ogo» the numerical results of Ejogp(z)/0y, for other values of r,/ry
are shown in Fig 9. The tensile stress in the thin plating can be
estimated for ary value of EZ/El from Fig 9.

For model 4, work is being carried out on numerical analysis,
but is not complete at this time. The method of computation for model
3 can be followed closely here. The asymptotic analysis for both
extreme cases k>0 and k>« must be carefully worked out for (56),
(57), (58) and then for (55) in order to evaluate the integrals (60)
and (61). This is quite time consuming. The interesting points in
the numerical results of model 4 are to see (1) whether a, in the
chrome layer, due to the load discontinuity, is still relatively
unimportant as in model 3 and (2) whether the maximum Oy in the
chrome layer remains only slightly higher than that obtained in
model 2.

To compute thermal stresses in a composite tube, ap = 6.5x10'6

in./in./°F is used for the steel, and the following basic values are

used for other parameters: r2/r1 2 |5y rc/r1 = 1.005, KZ/KI = 0o,

ay = 3.5x107° in./in./°F, T, = 800°F and T,-T, = AT = 400°F, the

]
temperatures suggested by Joseph Throop based on his study of thermal
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effects on autofrettaged residual stresses in rapid fire gun barrels,
an unpublished research. The radial stresses in the plating and the
tube are found to be negligible. The axial stress in the plating may
also be neglected. The hoop stress in the plating may be tensile or
compressive depending on the ratio of ay/ay. For apjay > 1, the

stress is tensile. The maximum hoop stress is at r=r The difference

c*

in hoop stress at r=r_ and at r=rq is very small since the thickness

c
of the plating is very thin. 1In our discussion, only og(r=ry) = 91
will be mentioned. In the thick tube, the hoop stress varies from
compressive at o to tensile at rro, and the axial stress is about
the same order of magnitude and also varies from compressive at r. to
tensile at ro. The stresses, Ogpc = 062(r=rc) and 0,5, = 022(r=rc),
are numerically largest in the ranges of parameters of interest.
Using O = 40x103 psi as the ultimate strength of the chrome to

normalize ogy and o, = 165x103 psi as the yield point of the steel to

b

normalize TGoc and o the dimensionless stresses are plotted in

zac’
Fig 10 with basic values for all parameters except rp/ry which varies
from 1.1 to 2.0. The heavy line gives both —oezcloy and ‘OZZC/”y with
the upper boundary representing the former and the lTower boundary

the latter. The influence of the thermal conductivity is small.
Increasing the ratio of KZ/K1 from 0.5 to 2.0, the change in stresses
is within 2%. The effect of the thickness of the plating is also

small. The stress variation is found to be no more than 1% if the

thickness is doubled from (rc-r])/r1 = (0.005 to 0.01.
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Figure 10. Dimensionless stresses in the steel tube and the
plating as a function of wall ratio due to steady

state temperature gradient.
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With other parameters fixed at the basic values except oy
varying from 3.5x107° to 9.5x1076 in./in./°F, the hoop stress and the
axial stress in the tube remain nearly a constant. The hocp stress in
the plating is a linear function of o Numerically, we found
og] = A]a] + A2 where A], A2 are constants once the values of para-
meters are fixed. For basic values, we have A] = —23120x106 and
A2 = 105500 and the results in psi for Tgy - The stresses are o4 = 24572
and -114140 psi for ay = 3.5x1076 and 9.5x107° in./in./°F respectively.
The linear relation can also be obtained between the stress and the
temperature. We can write ogy = B]T] 5 82T2 and Tgoc = 01Ty + D,T5
where B], 82, D], Dz are functions of other parameters. Using basic
values for other parameters, By =-21.68, B, = 104.79, Dy = -153.15 and
D, = 152.07. For instance, if T; = 800°F, T, = 400°F, we have
ogy = 24572 psi, Tgoc = -61692 psi. We note that the stresses in the
thick tube remain practically constant for a fixed temperature difference
but the stress o9 changes with the temperature difference and the

temperature level (T] or T2).
CONCLUSIONS

In this report we have confined our attention to the elastic
analysis of a chrome-plated gun tube under internal pressure. The
Lame solution gives a close estimate of maximum stress in the chrome
layer. The reduction of elasticity modulus of the chrome will reduce
the maximum stress in the chrome (Fig 2). The higher value of Poisson's

ratio for the chrome will also reduce the maximum stress in the chrome
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(Fig 3). The increase in thickness of the chrome layer will cause
a slight increase in maximum stress in the chrome. However, the .
increase in stress is so small that the thickness of the chrome
should be considered from other factors. The stress distributions in
both chrome and steel tubes are very sensitive to the wall ratio r2/r1.
Except in extreme cases where the Poisson's ratio of the chrome is
small, the maximum stress in the chrome, og(r=ry), increases faster
than that in the steel (og(r=r_)) as we decrease the wall ratio. This
means that for a tube with a smaller wall ratio, the stress in the
chrome is larger when the maximum stress in the steel reaches the same
level.

It seems that the load discontinuity only increases the maximum

stress slightly. However, further numerical results must be obtained

L T

for model 4 to confirm this conclusion.
From the stress analysis based on the linear theory of elasticity,

the chrome layer is likely to crack when the steel tube is subjected

to an internal pressure which produces a maximum stress close to the
yield point of the gun steel.

For a steady state temperature field with the highest temperature

i

T1 at r], the thick tube has stresses Og and o, compressive at e and

z

tensile at r, which, similar to the residual stress in an autofrettaged

tube, will strengthen the tube to sustain a higher internal pressure.

;

The thermal stress alone in the temperature range of interest, will
probably not cause a crack in the chrome layer. For oy = 3.5x10"6 in./

in./°F, the hoop stress 991 in the chrome is tensile, which will add to
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the high tensile stress due to the internal pressure. The

combination of the internal pressure and the temperature field will
produce a much too high tensile stress in the chrome to cause cracks.
However, if we can choose a plating material with a high Tinear thermal
expansion coefficient, say o 3_6.5x10'6 in./in./°F, then a compressive
thermal stress shall be introduced in the plating which might be
helpful in eliminating part of the tensile stress og due to the

internal pressure.
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EXTERNAL DISTRIBUTION LIST

OFC OF THE DIR. OF DEFENSE REE
ATTN: ASST DIRECTOR MATERIALS

THE PENTAGON
WASHINGTON, D.C. 20315

CDR

US ARMY TANK-AUTMV COMD

ATTN: AMDTA-UL
AMSTA-RKM MAT LAB

WARREN, MICHIGAN 48090

CDR
PICATINNY ARSENAL
ATTN: SARPA-TS-S
SARPA-VP3 (PLASTICS
TECH EVAL CEN)
DOVER, NJ 07801

CDR
FRANKFORD ARSENAL
ATTN: SARFA

PHILADELPHIA, PA 19137

DIRECTOR

US ARMY BALLISTIC RSCH LABS
ATTN: AMXBR-LB

ABERDEEN PROVING GROUND
MARYLAND 21005

CDR

US ARMY RSCH OFC (DURHAM)
BOX CM, DUKE STATION
ATTN: RDRD-IPL

DURHAM, NC 27706

CDR

WEST POINT MIL ACADEMY
ATTN: CHMN, MECH ENGR DEPT
WEST POINT, NY 10996

CDR

HQ, US ARMY AVN SCH

ATTN: OFC OF THE LIBRARIAN
FT RUCKER, ALABAMA 36362
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CDR

US ARMY ARMT COMD

ATTN: AMSAR-PPW-IR
AMSAR-RD
AMSAR-RDG

ROCK ISLAND, IL 61201

CDR

US ARMY ARMT COMD
FLD SVC DIV

ARMCOM ARMT SYS QFC
ATTN: AMSAR-ASF

ROCK ISLAND, IL 61201

CDR
US ARMY ELCT COMD
FT MONMOUTH, NJ 07703

CDR

REDSTONE ARSENAL

ATTN: AMSMI-RRS
AMSMI -RSM

ALABAMA 35809

CDR

ROCK ISLAND ARSENAL
ATTN: SARRI-RDD
ROCK ISLAND, IL 61202

CDR

US ARMY FGN SCIENCE & TECH CEN

ATTN: AMXST-SD
220 7TH STREET N.E.

CHARLOTTESVILLE, VA 22901

DIRECTOR

US ARMY PDN EQ. AGENCY
ATTN: AMXPE-MT

ROCK ISLAND, IL 61201
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1 copy to each

CDR

US NAVAL WPNS LAB
CHIEF, MAT SCIENCE DIV
ATIN: MR. D. MALYEVAC
DAHLGREN, VA 22448

DIRECTOR

NAVAL RSCH LAB

ATTN: DIR. MECH DIV
WASHINGTON, D.C. 20375

DIRECTOR

NAVAL RSCH LAB

CODE 26-27 (DOCU LIB.)
WASHINGTON, D.C. 20375

NASA SCIENTIFIC & TECH INFO FAC
PO BOX 8757, ATTN: ACQ BR
BALTIMORE /WASHINGTON INTL AIRPORT
MARYLAND 21240

DEFENSE METALS INFO CEN
BATTELLE INSTITUTE

505 KING AVE

COLUMBUS, OHIO 43201

MANUEL E. PRADO / G. STISSER
LAWRENCE LIVERMORE LAB

PO BOX 808

LIVERMORE, CA 94550

DR. ROBERT QUATTRONE
CHIEF, MAT BR

US ARMY R§S GROUP, EUR
BOX 65, FPO N.Y. 09510

NOTE :

2 copies to each

CDR

US ARMY MOB EQUIP RSCH & DEV COMD
ATTN: TECH DOCU CEN

FT BELVOIR, VA 22060

CDR

US ARMY MAT RSCH AGCY

ATTN: AMXMR - TECH INFO CEN
WATERTOWN, MASS 02172

CDR
WRIGHT-PATTERSON AFB
ATTN: AFML/MXA
OHIO 45433

CDR

REDSTONE ARSENAL

ATTN: DOCU & TECH INFO BR
ALABAMA 35809

12 coEies

CDR

DEFENSE DOCU CEN
ATTN: DDC-TCA
CAMERON STATION
ALEXANDRIA, VA 223.4
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WATERVLIET, N.Y. 12189, IF ANY CHANGE IS REQUIRED TO THE ABOVE.




