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IINTRODU CTION

The purpose of this report is to present some analytical

correlations between loadings and their mechanical effects on the

thin plating in a gun tube. These effects are manifested in terms

of the resulting stress and strain. The analytical techniques of

continuum mechanics thus provide an efficient means for a systematic

study of the plating stress condition for a variety of material and

loading parameters. Al though the mathematical models used in this

report are quite simple , the extension extrapolated from this direction

should prove to be valuabl e in the selection of plating material s or

the plating process for a prolonged service life of gun tubes .

MATHEMATICAL MODELS

For a crude approximation, the tube may be considered as a hollow

cylinder without the thin plating. Assume that the thin plating has

the same strain as the bore surface of the tube , then the stress in the

plating can be estimated. For a better approximation , the tube is

considered as two hollow cylinders . The outer cyl i nder is of gun -~
steel with radii r

~ 
and r2, the inner cylinder is of electrodeposited

chrome with radii r1 and r~
. The inner radius of the outer cylinder

is the same as the outer radius of the inner cylinder under an

unstressed condition. In both cases, the cylinders are assumed to have

an infinite length . The applied loads on the bore surfaces of the

cylinders are radial pressures uniformly distributed either over the

entire tençth of the cyl inders or over ~ seml -inf~nit .e axial range of

1
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the cyl inder. Four different mathematical models are obtained from

various combinations of assumptions in material properties and loading

conditions.

Model 1 : A simple tube subjected to a uniform pressure over the

Infinite l ength.

Model 2: A composite tube subjected to a uniform radial pressure H
over the entire length.

Model 3: A simple tube subjected to a uniform radial pressure

over the negative axial range of the cylinder.

Model 4: A composite tube subjected to a uniform radial pressure

over the negative axial range of the cylinder.

The mathematical model for the study of steady state thermal effects

is a composite tube with free ends; the bore surface maintains

temperature T1 and the outer cylindrical surface maintains temperature

T2 and T.~ > T2. At the interface of two different materials , the heat

flux Is continuous. All temperature fields are functions of radial

coordinate r only.

LAM E ’S SOLUTION

For very thin platings , the stress In the plating material can

be estimated from a solution of model one, taking the strain to be the

same as for the inner sur face of the tube . The solu tion of the pro bl em

of model .1 is due to Larn~ in 1852. Let r1, r2 denote the inner and

outer radii of the cyl i nder, and p1, p2 the uniform internal and

2 
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external pressures. The stress components are given by) see page 59

of reference [1],

r 2 r 2
or( r )  = 

2 
-l 

2 
{p2r2

2(l - + p
1
r
1

2 (_ ~?~_ - l)} (1)r2 — r 1 r r

r 2 r z
00(r) = 

r2
2 - r 1

2 
{p2r2

2(l + —4~—) - p1r1
2 (— ~.-- + l)} (2)

In the case p2 
= 0, we have

r 2 r 2
I = 

1 (._L_  1) (3)0r’t” P1 r2
2 

- r1
2 r2

r 2 r 2
= 

2 r 2 ç2~~~~ 
1)

r2 - 

1

These equations show that 0r is always a compressive stress and 0~ a

tensile stress. The maximum compressive stress 0r and tensile stress

GO occur at the inner surface r =

r 2 r 2
IO n pi (os) = p

1
(_?~~ + 1)/(_?T. - 1) (5)

decreases as the wall ratio r 2/r1 increases, and (a~) i s
- ... 

~
.

alwa ys greater than the internal pressur e p1. Let denote (a
~
)max

in (5), a graph of a00/p1 
vs r2/r1 is shown in Figure 1.

If the cylinder has open ends and there is no constraint to

prevent the cyl inders from extens ion or con trac ti on i n the ax ial
• . direction, then a

~ 
= Q. If, on the other hand , the cylinder is

clamped between fixed planes so that displacement in the axial

dl rec t ton is preven ted , then can be obtained from

1 S. Timoshenko and J. N. Goodler, THEORY OF ELASTICITY , McGraw-Hill
Book Co. , New Yor k, 1951.

3
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2vr1
2

= v(cir(r) + o8(r )) = 
2 2(r2 — r 1 )

This equation shows ‘~hat is a tensile stress and its magnitude is

less than the minimum value of o8(r) (since v ~ 0.5).

To estimate the stress 001 in the thin plating, we simply

equate the strain £01 in the plating to the strain CO at the bore

of the thick tube. Neglecting the small effect due to and we

have
= o00/E2 (6)

where subscripts 1 ,2 indicate the plating and the tube respectively.

ONE-DIMENSIONAL SOLUTION OF A COMPOSITE TUBE

In order to assess more precisely the stress and strain condition

in a plated tube , the problem of a composite cylinder must be

considered . A composite tube consists of two tubes of different

material. The inner tube is made of chrome with inner and outer

radii denoted by r1 and rc respectively. The outer tube is made of

gun steel with inner and outer radii r
~ 

and r2. Let E1, E2 be the

elasticity modula and 
~l’ 

‘~2 be Poisson ’s ratios of inner and outer

tubes. At the initial unstressed condition , there is no force acting -~
on the interface r = r

~
. Let 

~c 
be the pressure at the interface

when the composite tube is submitted to an internal pressure p1.

The probl em is actually a rotationally symetric , two-dimensional

one. The boundary conditions are

4
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At r = r 1 : 0r1 = T • ~ = 0 ( 7)
At r = r 2: fYr2 = O  

~rz2 ° (8)

At r = rc: 0rl = 0r2 = -Pc
Trzl = Trz2
Url = Ur2 (9)
uzl = uz2

A solution of this problem can be obtained by using the method

simi ’~ar to that described in detail for the odd symmetric (in z-axis)

probl em defined in model 4.

In a case where the plating is very thin , its effect on the

bulk steel tube is , of course , small. The one •dirm~ns ional so l ution
for the steel tube should hold reasonably well. As for the inner

tube, we may first treat it as a one-dimensional problem. Then from

the static equilibri um in the axial di rection , we can find stress

components trz and 0z due to the difference in material properties.

If Trz and a~ are small in comparison with ~ in the inner tube , that

is, the correction on a due to the presence of r and a is small ,0 rz z
then the one—dimensional solution for the inner tube should be a good

approximation. The boundary conditions (9 ) in the one-dimensional

pro b lem are re placed by

0rl 0r2~~~~c~j  f o r r = r
~ (10)

Url = U r2

_  _
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Using (1) and (2), the stress components are :

For the inner tube , r
1 

< r < r
~
.

= 
rc

2
~ 

r1
2 { P 1

r
1

2 ( ~~~~~ - 1) + p
~
r
~

2(l - (11)

o01
( r )  = 

r 2 — r
1
2 
{p 1 r1

2(_.~-
_ + 1) - p r

~
2(l + 

~-I—) (12)

For the outer tube , r
~ 

< r < r~,

= 
r~

2
~~

’

~~c
2 (—

~
--- — 1) (13)

p r 2 
r 2 *

= C C  

2 
(_L + 

~ ) (14)

Where is still unknown and is to be determined from the remainin g

boundary condition Ur1 = Ur2 at r = r
~
.

From the relat ion

1
= —~~ = ~~

- [a - \)(Gr + c )  (15)

Where

— 
çÜ for the state of p lane  stress ( 16 )

- 

~
u(or + G

~~
) for the state of plane strain

We obta in two expressions for p~

= 

2p
1 r1

2

C 
ri

2+r
~
2-vi (r

~
2-r1

2) + ~~~ ~~~~~~~~~~~~~~~~~~~~~~~~

plane stress (17 )
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2p 1r12 ( l -v 1)
= E, ~r 

2 r,2
~ ,1+v~~r,2 + ( l— 2v ,)r 2 + __!

~ ~. C2— I j I ~ 
~‘[r 

2+(1— 2v )r 2]
I c E2 (r2 — r~ )(1+v1 ) 2 2 C

plane strain (18)

Equations (17) or (18) and (11) to (14) determine radial and

tangential stresses for any value of r. In the axial direction , we . —

can approximately compute stress components a~ and Trz from the

static equilibrium. For instance , if we use plane stress formulation

= 0, the strain components for the inner and outer tubes are

= — 

~~Zar1
(r) + a01 (r)] = - . ] _  

2(~~fl2~~c~~~) , r1 < r < r
~ 

(19)
1 1 r

~~
ri

v V 2 r 2
e
~2

(r) = - 

~
?{a r2 ( r )  + a02 ( r ) ]  = - 

r 
~ C r~ < r < r2 (20)

2 2 — r e

If c 1 
= c 2’ then all boundary conditions in (9) are satisfied . In

Z Z

general , c~ ~ 
cz2, i f  denotes the final Contraction per unit

— length of the composite tube , then

0z1 = E1(e
~ 

— CZl) ‘ 0z2 = E2(c~ 
— CZ2) (21)

azi (r 2 
— r1

2) + a
~2 (r 2

2 — r
~
2) = 0

4 The shear stress at the interface is given by

Trz(r = r
~

) = ozi (rc
2 

- ri 2)/2r~ 
(22) .~

SIMPLE TUBE UNDER RADIAL PRESSU RE OVER A SEMI -INF INITE LE NGTH

The objective of this investigation is to study the effect on

stress distribution of load discontinuity . It is a basic problem in

the study of an infinitely long cylinder subjected to an axisyninetric

pressure distributed uniformly or arbitrarily on curved surfaces over

7
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a part of the axial length [2 - 5]. From the principle of super-

position , the problem may be consider ed as the sum of problem I and

problem II illustrated in the following graph:

I I I I + fr/2

- — - -i —s.- - _____ - - —~~ -—o 2 0 2 11 0

We have already discussed the Lamé solution of problem I. We

shall concentrate here on problem II. In the case of torsion-free ,

rotationally symmetric about the z—axis , and in the absence of body

forces , the general solution of the displacement equations of equi-

librium, following Bonssinesq, is representable as the sum of the two

displacement fields

2G[u.v,w] = grad q~ (23)

2G[u,v,w] = grad (z~) 
- [O ,O,4( l-v )~] (24 )

2~ j~~ Tranter , “On the Elastic Distortion of a Cylindrical Hole by a
• Localized Hydrostatic Pressure” , Quarterly of Applied Mathematics ,

No . 4 , p. 298 , 1946.
3~, L. Bowie , “Elasti c Stresses Due to a Semi-Infinite Band of Hydro-
static Pressure Acting Over a Cylindrical Hole in an Infinite Solid ” ,
Quarterly of Applied Mathematics , No. 5 , p. 100, 1947.
4A . W. Rankin , “Shrink -Fit Stresses and Deformations ” , Journal of
A pplied Mechanics , Vol. 11 , p. A77, 1944 .
5p. p. Radkowski , J. Bluhm , 0. L. Bowie , “Stresses and Strains in
Elastic, Thick-Walled , Circular Cylinders Resulting from Axially
Symmetric Loadings ” , Technical Report WAL No. 893/172, Dec . 1954.

8
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provided q (r,z) and Ip(r,z) are arbitrary harmonic functions , i.e.,

v2q = O  , v 2
~p = O  (25)

Here [u,v,w] are the Cartesian components of displacement , G is the

shear modulus. The displacement fields , equations (23) and (24),

together with their associated fields of stress, which are obtained

from the displacement-stress relations , will be referred to as the

first and third Bonssinesq solutions , respectively. For a specific

prob lem, a new solution obtained by certain combination of basic

Bonssinesq solutions may be used in place of a basic solution for

convenience. For our rotationally symmetric problem , we will use the

first and fifth basic solutions defined by the following table:

STRESS AND DISPLACEMENT FIELDS IN TERMS OF HARMONIC FUNCTIONS

AND THEIR D E R I V A T I V E S

__________________ 
1st Basic Solution 5th Basic Solution

Harmonic Function 
_____________________ ___________________

2GUr ______________________ 
rri
~

2Gu r~~ 0 0

2Gu z ~rnr-4 ( l-v)n j

. 0r ~rr rflrz+(l_ 2v) f lz

a r L
~r+r 2

~0 (l-2u)nz

___________________ ______________________ 
-rnrz-2(2-v)nz

Tr — 
r 

~r~~
’ 

~~~ _ _ _ _ _ _ _ _ _ _ _ _ _

Trz 
— ~rz rnzz-2 (l-v)nr

_____________  

r~~~0~ 0

9
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I
Where a subscript after the harmonic function ~ (or n) means a

partial derivative of ~ (or n) wi th respect to the subscript.

The stress functions, ~(r,0,z) and ~(r,o,z), must satisfy

Laplace ’s equation which admi ts the product solutions

r I (kr)1 rCos no~ [Cos kZ

or or or

LKn(kr)j Lsj n nO j LSifl kz

where k and n are separate constants. For the rotationally symmetric

case n = 0, and the load is odd symmetric in z, we shal l confine our

attention to the four aggregates of stress functions defined by

~1 (r,z) = 
~~~

j- I~(kr) sin kz

= .1_ K0(kr) sin kz

n1(r,z) = - ~!_ I0(kr) cos kz

n2 (r,z) = - ~ K~(kr) cos kz

The solutions obtained from the first basic solution with 
~ 

and

= 

~2 
are denoted by [SA] and [SB] respectively. Similarly, [Sc]

and [S0] are solutions obtained from the fifth basic solution with

= and r~ = ri2. A solution, [S]k, of the problem for an arbitrary

k is obtained by superposition .

[Sik = A(k)[SA] + B(k)ES8] + C(k)[Sc] + o(k)[501 (26)

Where A(k), B(k), C(k) and D(k) are superposition coefficients to be

determined from the boundary conditions :

10
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Trz (rl,z) = T rz (r 2, z)  = 0 (27)

Gr(r2,z) = 0 (28)

4’ ç p/2 for z > 0
0r~ ’1~

Z —
~~~~

~-p/2 for z <  0

The final solution of the problem is

{S] = 

~: t~1k dk (30)

Using the fol l owing abbreviations

I
~ 

= 10(kr1 ), I~ = I1 (kr1 ), K0 = K0(kr1 ), K1 = K1 (kr1 ) (31)
= I~(kr~), 1~ = I1 (kr2), (~ = K0(kr2), 1(1 = K1 (kr2)

The boundary conditions (27) to (29) may be written in the form:

A11—BK 1+C[kr1 10+2(l-v)11]+D[kr1 K0-2 (l—v)K1] = 0 (32)

A11-BK 1+C[kr2I +2(l—v)11]+D[kr2K — 2(l—v)r (1] 
= 0 (33)

A(kr210
_ 1

1 )+B(kr2K0+K1
)+C[(1_ 2v)kr210

+k2r2
21

1 ]+D[(l_ 2v)kr2K0
_ k2r2

2k
1] = 0

(34)

A(kr1 I0-I 1 )+B(kr1 K0+K1 )+C[(l-2V)kr1 I+
k2r1

21
1 ]+D[(l-2v)kr1 K —

k2r1
2K1] 

=

pr 1/ii (35)

Where A,B,... are A(k),  B(k),...  and to obtain the last equation , we

have used
. ,ir/2 f o r z > O

r sin kz ,, — j  (36)
k 

U
~~~l_ .ff/2 f o r z < O

After a rather lengthy algebraic manipulation , we have

= (K1 -~1 h1 ’)h0’/h1+2(1-v) (kr1 K0-kr2R0h1 ’)+~0[h0R1-K1-2(l-v)h1 R1] (37)

11
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= (1 1-11h1 ’)h0’/h1-2(l-v)(kr1 10-kr210h1 ’)+a0[h011-I1-2(l-v)h111] (38)

= -kr1K0+kr2R0h1 
‘+c~0K1h1 (39)

= kr1 10-kr210h1 ’+a011h1 (40)

Here - - - -
= kr1 (10K1#K011) , h1 = K1 11— 1 1 K1

h0’ = kr1kr2(K010-10K0) , h1 ’ = kr2(I1 K0+K1 10) (41)

= 2(1—v)+k2r1
2 
, a1 = 2(l—v)+k2r2

2

=

• Using (30), we can compute stress and strain at any point (r,z). For

instance ,

a0(r,z) = r ci0(r ,k)sin kzdk (42)

a
~

(r ,z) = 
~ 

a
~
(r ,k)5

~
m kzdk (43)

Where a0(r,k) a~
(r,k) from (26) and Table 1 are given by

a0(r,k) = 
A(k) 11 (kr)- 

8(k) K1 (kr)+C(k)(l-2v)I (kr)+D(k)(1-2v)K (kr) (44)

a
~
(r,k) = —A(k)I0(kr)—B(k)K (kr)—C(k)[(4—2v)I (kr)+krI

1
(kr)]

~-D(k)[(4—2v)K (kr)—krK1 (kr)] (45)

COMPOSITE TUBE UNDER RADIAL PRESSURE

OVER A SEMI-INFINITE LENGTH

This problem may be considered again as the sum of problem I and

problem II mentioned in the preceding section . Both problems I and

12
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II are two—dimensional. However , the one-dimensional solution of

problem I, obtained previously, is a good approximation for our thin

l ayer of chrome plating. The sol utions of problem II for the inner

and outer cylinders , similar to (26), are

[Si]k = A i (k)[sA] + Bi (k)[SB] + C
~
(k)[Sc] + Di (k)[SD] (46)

where i = 1 for the inner tube and i 2 for the outer tube. The

eight coefficients A1, A2, B1, . . .,  are to be determi ned from the

boundary conditions (27) to (29) and the following continuity

conditions at the interface r = r
~
.

a i (r~
, z) = a

2
(r
~
, z)

Trzl(rc, z) = Trz2(rc, z)

U ( r c, z) = Ur2(rc) z)

U
~i (r~

, z) = U
~2

(r
~
, z)

Introducing the new abbreviations Io = I0(kr~), Il = Ii (kr~
) etc., the

set of 8 equations for the determination of A1,...,D2 is

A1 11 -B1 K1+C1[kr1 10+2(1-v1 )11] + D1 [kr 1 K0-2(l-v1 )K1] = 0 (47)

A2!1—B2K1+C2[kr210+2 (l-u2)11] + 02[kr2K0-2(l-v2)K1] = 0 (48 )

~~ 
11 )+B1 (K0+ ~~~~~

— K1 ) + C1 [(l—2v 1 )10+kr1 11]

+ D1 [(l—2v 1 )K0-kr1 K1] = 
~~~~~

- (49)

A2(10- kr2 ~ 
)+82(K0+ ~~ 

K1 ) + C2[(l-2u 2)I+ kr211]

+ 02[(l-2u 2)K- kr2K1] 
= 0 (50) 

_ _ _ ~~
_•1~~~~ -~~~ •~~~~- ~~~~ - •--~~~~~~~~~--~~~~- - - -  - - -~~~~~~~~~

_ -  _ _
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(A
1
-A
2
)(I - ~~~~~~~

- 11 ) + (B
1-8

2
) ( K

0
+ ~~~~~~~~ K1 )+[(l-2v1 )C1-(1-2v2)C2]10

+ (Ci -C2)kr~
I1 + [(1-2v 1)D 1-(1-2V 2 )02]K0 - (D 1-D2 )kr~K1 = 0 (51)

(Ai.A 2 )!i (Bl_ 8 2 )K 1+(C i:C2 )krc
j

o+2[( l_v i )C 1_ ( l_ u2 )C 2]11+(01_ D
2 )kr c Ko

-2[(1—v1 )D1-(1-v2)02]K 1 
= 0 (52)

(A 1_UA2)Ii _ (Bi _pB2)K i+(Ci
_1JC2)kr~

I0+(Di
_pD

2)kr~
K0 = 0 (53)

(A 1 —~jA2)I +(B1-ijB2)K
+(C1-ijC2

)kr I
1
+ 4[(1—v1 )C1-(l-v2

)C
2
]I

-(Di_ pD2)kr
~

Ki+4[(l_v i)D i_ ( l_ v 2 )D 2]K0 = 0 (54)

in which ~i = G1/G2. The solution 0f the system of equations is

= 

~~~~ 

(d5d8-d6d7)~~[krd 8(K1 I+ I 1 K )+d6(I1 K1-K1 I1 )]

0
2 

= —

~~~~~~ 
(d 5d8

_d
5d7 Y 1[krcd7 (K 1I0+I1Ko)+d5 (I 1K1

_ K,Iifl

C1 = d1C2 + d2D2 , D1 = d3C2 + d4D2 
(55)

pr 1 pr 1A 1 = — K1 
- a5C1 - a3D1 , B1 = I.~ + a1 C~ + a7D1

A2 = -a 6C2 - a4D2 , B~ = a2C2 + a8D2
where

a1 = k2r 1
2(10

2— 1 1 2)—2(1—v1 )I1 2 , a2 = k2 r22(10
2— 1 1 2)—2 (l—v2 )I1 2

a3 = k2r1
2(K

0
2—K1 2)—2(l-v1 )K 1

2 , a4 = k2r2
2(K

0
2-K1

2)-2(l-v2)K 1
2

a5 = k2r1 2(10K0+11 K1 )+2(1-v1 )(l+I1 K1 ), (56)
a6 = k2r2

2(1
0K+ 1 1K1 )+2(l-v2

)(l+1
1K1
)

a7 = k2r1
2(1

0K0+11 K1 )—2(l—V 1 )(1—1 1 K1)

a8 = k2r22(10K0+11 K1 )-2(l—v2 )(l-1 1 K1 )

L 
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b1 = a5I0-ai K,~
—kr

~Ii , b~ = a6I0
_a
2K0

_kr
~
I1

b3 = a3I0
_a
7K0+kr~

Ki , b~ = a410
_a
8K0+kr~

Ki
-. — -. -. — .. (57)

b5 = a5Ii+a1Ki -kr~
I0 , b~ = a6I1+a2K1_ kr~

I0

b7 = a3I1+aiKi
_kr

~
K0 , b8 = a4I1+a8K1

_kr
~
K0 H

d1 = 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

d
2 

= 
2(i_V l

(l_u) {bB
K
l
+
~~C

1b8
K
o
_b
4
K
l
+4(1_V

2
)K
o
K
lfl 

(58)

d3 
= 

2(i_Vl) 6h l c E
~
b
6
b
o

b
2
1
l

4(1 v
2
)b
o
I
l
]}

d4 = _______

d5 = krc(b2_b i dl_ b 3d3)+2(1_v1 )(kr
~
Ko

_K
l )d3+2(kr~I0+Ii )[(

l_
~vi )d1

_ (l_v
2)]

d6 
= kr (b

4—b 1
d
2
—b
3
d
4
)+2(l-v

1
)(kr 1 -4- I )d

2
+2(kr R -R

1
)[(l--v

1 
)d
4
-(l-V

2
)]

d7 
= ~b6-b5d1-b7d3 , d

8 
=

The final solutions for the inner and outer tubes of problem II are

[S1] = 
f ~

° 

~ i~k 
sin kzdk , i = 1 ,2 (59)

For instance ,

a01 (r,z) £° ci01 (r,k) sin kzdk , I = 1,2 (60)

a
~j
(r,z) = j

00 

a2j (r~k) s in kzdk , i = 1 ,2 (61)

Where

a01 (r,k) = I1 (kr) - K1 (kr)+C 1 (l-2v~)I (kr)+D1 (l-2v 1
)K( kr) (62)

15
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a
~
.(r,k) = —A 110(kr)—B1K0(kr)—Cj[(4—2v 1 )10(kr)+krI 1(kr)]

—D 1[(4—2v 1 )K0(kr)—krK1 (kr)] (63)

THERMA L STRESSES IN A COMPOSITE TUBE

Consider an Infinitely long, circular cyl inder and assume the

temperature in the cylinder is symmetrical about the axis and

independent of the axial coordinate z. We shal l suppose that the

axial displacement is zero throughout and then we shall modify the

solution to the case of the free ends [1 , page 408].

On account of the symmetry and the uniformity in the axial

direction, there will be three non-zero stress compor~ents 0r’ 08 and

and these must satisfy the condition of equilibrium

(64)
dr r

The stress-strain relations are

Cr — aT = [Op~ -

(65)
- aT = [a0 - V(ar+az)]

- aT = 
~~~ 

[a~ 
- v( ar 4-ao ) ]  (66)

where a is the coefficient of linear thermal expansion and I is the

temperature.

Since the axial displacement is assumed to be zero, i.e., £z = 0,

(66 ) becomes

= v(0r4a0
)_ aET (67)

1 S. Timoshenko and J. N. Goodier , THEOR Y OF ELASTI CITY , McGraw — Hill
Book Co., New York , 1951.
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Solving a~, and G O from (65) and (67) we find

= 
(l+v)(l~2V) r tV6 0~~~~~

T} (68)

= 

(l+V)(l~2v)
{ v 0~~ r + aT} (69)

Substituting these into (64) and using Er = 
~~~~~~~ 

c~ = u/r , we ob ta in

d ~l d(ru) 1 = ~~~~~~ (70)r dr 1-v dr

Integration of this equation yields

u = ~~~~~~~~ a Trdr + C1r + (71)

where C1, C2 are integration constants and the l ower limi t a in the

integral can be chosen arbitrarily. Using (71), (68), (69), the final

expressions for the stresses are

= - l-U~~
1a Trdr + 

~~~~~~~~ ~1-2v 
- (72)

GO 
= 

1-v~~~ a 
Trdr + TL ~l-2v 

+ - (73)

2vEC,
— cLL u +a2 — - 

T~~~~5~ (l- v)(l—2v) (74)

Equation (74) gives the normal force distribution required to keep

u~ = 0 throughout. To get the therma l stresses in the cylinder whi ch

i s free from external forces, we have to apply at the end of the

cyli nder a resul tant force

R = jb 0z 2~rdr = 2~aE f~Trdr - 

(1+~~(12 ~~~(b~~a~ (75)



By Saint-Venant ’s principle , this force will produce at a sufficient

distance from the ends a uniforml y distributed stress R/1T(b2-a2),

denoted by C3. This uniform stress will not change 0r and 00 but

will add a term -vC3r/E on the right side of equation (71) for the

displ acement u. The axial strain is given by C3/E.

For a composite tube , we have four integration constants , C11,

C12 for the inner tube and C21
, C22 for the outer tube to be determined

from the four boundary conditions.

ar1(r=r1 ) = 0, ~~~~~~~~~~ = 0, ~~~~~~~ = 0r2(rr c), (76)
u1 (r=r~

) = u
2(r=~-)

Using (71), (72), and (73) and observing that

lim r lim 1r÷r1
1 
‘r1 

Trdr = 0 , r÷r1—~- J ~

’ 

Trdr = 0

We have the following four equations

Cli C12 - (77)l—2 v1 
- 0

- 

a2E2 
1
r2 Trdr + 

E2 C21 
- _~~~.?] 0 (78)

1-v2 rc
2 rc l+v2 l-2v2 r22

- ~1~ 1 ....L 
f~
’C Trdr + 

l+vl~
l-2v1 

- = 
l+v~ ~

l_ 2-
~2 

- 

“2 
(79)

~~~ ~
]_ f ”

C Trdr + C11 r~ 
+ C21r 4 

C22 (80)

The solution of this system of equations is

E2 (l+v 1)( l-2v i)(r 2
2 -r

~
2)

Cii =

l+vi E1 l+v2 r2
2+ (l-2v2)rC

2 
~ 2a2(l+v2)r~

2 
T } (81)

~ lTc:[ ~~

— +  

~~~ ~~~~~~~~ 
2 2  2c
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-

r1
2

12 = 
l-2v 

C11 (82)

— 
( l+v2)( l-2v2 )

C21 
-

{ai Ei (l+vi )2rc
2lcl + C [E1(1+V2)(r 2 r 2)+E (l+~~)(r

2+
~-v2

(l_2v
l )rc2)]} (83)

(l+v2)r 2

C22 = ~ 
~
2ai Ei (1+v i )(l-v 2)r2

2T
~1 + cL2T2C[E2 (l+vl)(rl

2+ (l-2V1)rC 2)
(l-v2 ) ~
—E 1 (l+v2)(l_2v 2)(rc

2_r
i 2)]} (84)

where

A ’ = 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
[r1

2+ (l—2vi )r~
2] (85)

r
Tcl = f cTrdr T2~ = f Trdr (86)

r1 rc
The thermal stresses in a composite tube for plane strain can be

easily obtained from (72) to (74) provided the temperature distri-

bution T(r) is known .

In the case of force free condition at the ends , the one-

dii~enslonal treatment can only give an approximate solution. We

find C31 and C32, the unifo rm axial stress in the inner and outer

• tubes respectively,

2ct E 2 v E C

(i-u1 )(r~
2-r1 2)  cl (1+’u l ) (1-? ~~~~~

2ct E 2 v E C

( l—u 2 )(r2 
2 _ r

~
2) C 

( 1 + — 7 ) ( l — 2 v 2 ) 

—~~~~~ -- _ _

l~~ ~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~

—-

~~~~ 

_ _ _ _ _
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The corresponding axial strains are
C31 C

= —r-- and c~2 
= 

~~~~~~~~ (89)

If is greater than and if the bond between the tubes is strong,

then there is a shearing stress trz at the interface and additional

axial stress es a
~
.l ’ and 022 ’ are introduced which can be found from

the static equilibrium.

021
’ 0

22
’ 

=~~~E1 E2 
z2 zl

a
~1

1 (r
~
2_r

1
2) + a22’(r2

2-r
~
2) 0

r
~
2-ri 2

T
rz 2r

~ 
021

Steady state flow of heat in a composite tube:

The equation of conduction is

= 0 r1 < r < r 2
The general solution of this is

I = A + B log r

where A , B are constants to be determined from boundary conditions.

For the composite tube, let  11, Ic ’ T2 be temperatures at r=r1, r~, r2,
respectively.

Then 1(r) where r1 < r < r2 is given by

11 log(rc/r) + I~ iog(r/r)~T(r) = — ri < r 
~ ~c 

(90) ‘1log(r~/r1 )

1(r) = 
T~ log(r2/r) + 12 log (r/rc) r

~ ~
_r r2 (91)

log(r2/r~)

20



where I~ can be found from the continuity condition of the flux over

the surface of separation , that is

2trK1 (T1 - 27TK2(T
~

-T 2) (92)
log (r~/r1) log (r2/r)

where K1, 
~2 

are conductivities of inner and outer tubes . Solving

for 
~~ 

we have K2 log(r
~
/ r i)

11 + 1
T = 

K1 log(r~/r~) 2 
(93)

C 

~ + 
1 2 log(r~/r1 )

K1 log (r2/r~
)

Using (90) or (91), equations (86) become

Tcl 
= 
Tcrc

2-Tlrl 2 
+ 
~ 
(1l~

1c)(rc
2
~
rl

2
~og (r

i
/r) 

(94)

T2c 
= 

12r2 -T cr~ + ~ (T~~T2)(r
2
2
~r 2) l (95)

NUMERICAL RESULTS

The elastic constants of gun steel used in our co~r~itat inn ~re

= 0.285 , E = 30x l0 6 psi , and the y ield point is 16 5x 10 3 psi . A

large range of mechani cal properties for electrodeposited chro~ne is

reported in various books. The following average values are used in

most of our computations: v = 0.31 , E 2Ox l O6 psi , t he u l t ima te

strength is 4Ox1O 3 psi. To study the effect of Poisson ’ s r a t i o  and

the effect of modulus of elasticity on the stress distribution , we

vary the value of v from 0 to 0.5. the value of E from l5xlO 6 psi

to 30xl06 psi for the chrome.
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In Fig 1 , the curve a00/p1 as a function of r2/r1 is for the

Lame solution , equation (5). The maximum hoop stress 
~~ 

is often

used to normalize other stresses in our presentation of numerical

results. In model 1 , the ratio of °~l’ the hoop stress in the plating ,

to 000 is a constant , according to equation (6). For E2/E 1 = 1.5 ,

Gel /pl vs r2/ r1 is plotted in broken lines. The solid line of

vs r2/ r1 is the results of model 2 , equations (12) and (17) ,

with E2/E1 = 1.5 , v1 = 0.31, u~ 
= 0.285 , re/ri = 1.005. The estimate

based on model 1 is quite good in comparison to the model of the

composite tube. After normalization by a~~/p1, we have 011/0
~~

plotted as a function of r2/r1 in the same figure for the composite

tube of model 2. For a fixed r2/r1, the ratio 0pl /0~ 
increases

slightly if the thickness of the plating increases (see x and o in

Fig 1). If we use equation (18), the plane strain formulation , in

place of equation (17), the overall results will not change more

than 2%.

Even though model 1 gives a good estimate on 001 in the plating,

model 2 provides more information on stress variations in the plating

due to changes of material properties . The ratio , E2/E1, has a

large effect on the maximum hoop stress in the thin l ayer. In Fig 2,

the graphs of cY
0 1/000 VS “2”'l are shown or E2/E1 = 1 , 1.5 and 2

with v = 0.31 and u~ = 0.285 remaining fixed . The maximum tensile

stress in the plating decreases as the modulus of elasticity of the

plating decreases.



12. - ~~~~~~~~~~~~~
r0/9 = 1.010 x

10. - = 1.001 - .5

8.— \ E2/Ei = 1.5 
- 4

I h
031

b~ \ \ V2
_ 0.285

6.- \\ ~ /r~~= 1.Q O5 - .3

4-
- - .2

~~~~~~~~

2 -  ~~1/9 ~~~~~~~ .1

0. 1 1

1.0 1.2 1.4 1.6 1.8 20

Figure 1. Maximum stress in a plating as a function
of wall ratio for Model 1 and Model 2.

_ _ _ _ _ _ _  ~ —-~~~-- • - - - -  • - - • ~~ - •  -- -~~~~~~~~-- 
_ _ _ _



~~~
— 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

1.0
_

~~~~~~~~~~~~~~~~~~~~~
_

•

I I I I 
-

= tO

.9- 
_ _ _ _ _  

H
= 0.31

V2 0.285

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

~~~~~~~~~~~E,=ao

Figure 2. Effect of moduli of e las t ic i t y  on maximum
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Poisson ’s ratio of the chrome also has a large effect on the

stress distribution between the inner and outer tubes . In Fig 3, the

graphs of 001/000 vs r2/ r1 are given for v1 = 0, 0.31 and 0.5 with

= 0.285 and E2/E1 = 1.5. The maximum tensile stress is reduced if

the plating has a higher value of Poisson ’s ratio.

For a com~osi-te tube subjected to an internal pressure, p1, when

the maximum stress in the inner tube equals the ultimate strength of

the chrome, the pressure is denoted by 
~ m~c• 

Similarly, when the

maximum stress in the outer tube is equal to the yield point of the

steel , the pressure is denoted by 1
~m

1s• If [Pm1c > 
~

Pm]s’ the steel

tube reaches the yield point before the chrome reaches its ultimate

strength. The chrome is less likely to crack. If 
~
Pm]s~~

Pm~c 
>

the chrome will crack before we can have the full use of the steel ’s

• strength. A plot of [Pm~s
’[Pm]c vs r2/r1 is shown in Fig 4. Curve 1

is based on the average values of E and v for the chrome. Curve 2 is

- ‘ 
based on the most favorable mechanical properties for the chrome,

while curve 3 is a result based on the most unfavorabl e values for the

chrome. If Mises ’ yield criterion is used to compute the pressures

~
Pm~s 

and [Pm~c’ 
the ratio 

~~~~~~~~ 
is plotted in dotted lines in

Fig 4. It shows that 
~ ni]s’[~m

]c is always greater than unity and

the chrome will crack before the steel starts to yield.

As mentioned previously, the one-dimensional analysis of the

composite tube is a good approximation if the stress components o
~

and Trz from (21) and (22) are small. Numerically, with E2/E1 = 1.5,

= 0.31, rc/rl = 1.005, we computed Trz/opl (rr l ) and o21/a01 (r=r1 )

25
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Figure 3. Effect of Poisson ’s ratio on maximum stress
in the plating for Model 2.
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Figure 4. Ratio of failure pressures as a function
of wal l  ratio under various conditions
for Model 2.
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for r2/r1 from 1.1 to 2.0. The former ratio is always less than 1%

and the graph of a~~/a~ vs r2/r1 is shown in Fig 5. In the same 
• 

-
,

figure, we also plotted c01 ’/c01 as a function of r2/r1, where e~~
’ is

the strain at r=r1 wi th the correction of 0zl given by (21), and

is the same strain with 
~~ 

= 0. This can easily show that the effect

of in the chrome layer caused by the difference in between the

two mater ia ls w ill increase max imum 00 in the chrome no more than 5%

for the ranges of material constants and dimensions of the composite

tube used here.

For model 3, the improper integral (42), also valid for (43), is

evaluated as an infinite sum of integrals

r o e (r,k)sin kzdk = 
~ 

o0(r ,k)sin kzdk (96)
n=1 (n-i) -

~~
-

Each integral in the series can be numerically computed by Simpson ’s

rule. However , the ser ies i s a slowl y convergent one whose terms

alternate in si gn. The transformation of Euler , see [6], is particularly

helpful in dealing with the slowly convergent , alternating series. We

assign a small even number to N and sum the series from n l  to n=N by

straightforward addition. The Euler transformation is then applied to

the remaining series. For small values of z, the value k = becomes

very large even If N is a small integer. Asymptotic expansions for

I
~

(kr) and K
~
(kr), see [7], mus t be used .

1 (z) eZ {l~ 
i~i+ 

(~~l)(p-9) - l p .~9
_2S 

+ . .
-
~V 12~1 8z 21(82)2 3!(8z)3

6E. I. Goodw in, et al. MODERN COMPUTING METHODS, Philosophical Library ,
2nd Ed., 1961 .
7M. Abrarnowl-tz and I. A. Stegun , editors, HANDBOO K OF MATHEMATICAL
FUNCTIONS, National Bureau of Standards , Applied Mathematics Series-55 ,
1964.
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K
~
(Z) 

~~~ 
e~ {1+ + l)(P 9) 

+ (~~~ - i ) ( ~~~-9)(~~~ -25)  
+ . . .}  (98)

where p = 4v2. Upon substitution of these expansions into (37)-(41 )

and after careful asymptotic analysis, we shall be able to evaluate

the integrals in (96) for very large values of k.

The sum of the solution of probl em II , such as equations (42)

and (43), and the Lame solution is the solution for the model 3. For

r2/r1 = 1.25, the distribution of stress components 00(rr1) and

a
~
(rr1) in the vicinity of load discontinuity is plotted in Fig 6.

The solid line of is an odd syninetric in z with the plane stress

formulation in problem I. If the plane strain formulation is used in

problem I, Is shifted vertically a constant distance , shown in the

dotted line for z > 0. From Fig 6, it is obvious that is still

the dominant stress in the thick tube. On the bore surface, at

z = 0 is considerably lower than a~~, the maximum 00 of the Lame
’

solution, and it approaches o~ rather rapi dly . A maximum val ue of

occurs at z near -1 , and the maximum is only 3% higher than

It is interesting to know whether the maximum 00 may become substan-

tially higher than 
~~ 

if we vary the wall ratio r2/r1. In Fig 7,

the stress component a0(z) on the bore surface, normalized with

respect to = ae(z = _co) , Is shown for r2/r1 = 1.1 to 1.5. The t
ratio - aeo )/ae~ 

Is always less than 3%. The change in wall ratio

r2/r1 only causes the change of location where 00 is a maximum.
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The strain component E€ 0 is computed from Ee 0 = 0
O

_ \)(ar + ar).

Let c01 (z) of the plating equal c02(z) of the tube at the bore

surface , then we may estimate the hoop stress 001 in the chrome

as a function of z by 001 (z ) = ~~~~~ [E 2c02(z)]. Numerical results for

= 1.25, E2/E1 = 1.5 , wi th the plane stress assumption in

problem I, are plotted in Fig 8. Normalized by the corresponding

the numerical results of E2a02(z)/o00 for other values of r2/r1
are shown in Fig 9. The tensile stress in the thin plating can be

estimated for ary value of E2/E1 from Fig 9.

• For model 4, work is being carried out on numerical analysis ,

but is not complete at this time . The method of computation for model

3 can be fol lowed closely here. The asymptotic analysis for both

extreme cases k-’-O and k-*c= must be carefully worked out for (56),

(57), (58) and then for (55) in order to evaluate the integrals (60)

and (61). This is quite time consuming. The interesting points in

the numerical results of model 4 are to see (1) whether in the

ch rome layer , due to the load discontinuity , is still relatively

unimportant as in model 3 and (2) whether the maximum in the

chrome layer remains only slig htly higher than that obtained in

model 2.

To compute thermal stresses in a compos i te tube , a2 = 6.5xl0 6

in./in./°F is used for the steel , and the following basic values are

used for other parameters : r2/r1 = 1.5, re/ri = 1.005, K2/K1 = 0.5,

= 3.5xl0 6 in./in./°F , 11 = 800°F and T1 -T2 = t.T = 400°F, the

temperatures suggested by Joseph Throop based on his study of thermal
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effects on autofrettaged residual stresses in rapid fire gun barrels,

an unpublished research. The radial stresses in the plating and the

tube are found to be negligible. The axial stress in the plating may

also be neg lected . The hoop stress in the plating may be tensile or L

compressive depending on the ratio of a2/a 1. For a2J a1  > 1 , the

stress is tensile. The maximum hoop stress is at r=r
~
. The difference

in hoop stress at r=rc and at r=r1 is very small since the thickness

of the plating is very thin. In our discussion , only c,0(r=r1 ) = 001
will be mentioned . In the thick tube , the hoop stress varies from

compressive at i -= r  to tensile at r=r2, and the axial stress is about

the same order of magnitude and also varies from compressive at r
~ to

tensile at r2. The stresses , °02c = 002(r= rc) and °z2~ 
= 022(r—r c),

are numerically largest in the ranges of parameters of interest.

Using °u = 40xl0 3 psi as the ultimate strength of the chrome to

normalize 001 and = 165xl03 psi as the yield point of the steel to I -

normalize and °z2c’ the dimensionless stresses are plotted in

Fig 10 wi th basic values for all parameters except r2/r1 which varies

from 1 .1 to 2.0. The heavy line gives both 
~°02c’°y 

and _o z2c/~y with

the upper boundary representing the former and the l ower boundary

the latter. The influence of the thermal conductivity is small.

Increasing the ratio of K2/K 1 from 0.5 to 2.0 , the change in stresses

is within 2~1. The effect of the thickness of the plating is also

small. The stress variation is found to he no more than 1~’ if the

thickness is doubled from (r
~
-rl )/rl = 0.005 to 0.01 .
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With other parameters fixed at the basic values except a1
varying from 3.5xl0 6 to 9.5x10 6 in./in./°F , the hoop stress and the

axial stress in the tube remain nearly a constant. The hoop stress in

the plati ng is a linear function of a1. Numerically, we found

001 = A1a1 + A2 where A 1 , A2 
are constants once the values of para-

meters are fixed . For basic values , we have A 1 = —23120xl06 and

A2 = 105500 and the results in psi for The stresses are 001 = 24572

and -114140 psi for a1 = 3.5xl0 6 and 9.5x10 6 in ./in ./°F respectively.

The linear relation can also be obtained between the stress and the

temperature . We can write 001 = B
1
T
1 
+ B

2
T
2 

and = D
1T1 

+ D2T 2
where B1, B2, Dl, 02 are functions of other parameters . Using basic

values for other parameters , B1 =-2l.68 , B2 104.79, Dl = -153.15 and

02 = 152.07. For instance , if T1 = 800°F, T2 = 400°F, we have

• 001 = 24572 psi , °02c = -61692 psi. We note that the stresses in the

thick tube remain practically constant for a fixed temperature difference

but the stress 001 changes wi th the temperature difference and the

temperature level (T1 or 12).

CONCLUSIONS

In this report we have confined our attention to the elastic

anal ysis of a chrome-plated gun tube under internal pressure. The

Lani~ solution gives a close estimate of maximum stress in the chrome

l ayer. The reduction of elasticity modulus of the chrome will reduce

the maximum stress in the chrome (Fig 2). The higher value of Poisson ’s

ratio for the chrome will also reduce the maximum ctress in the chrome
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(Fig 3). The increase in thickness of the chrome layer will cause

a slight increase in maximum stress in the chrome . However , the

increase in stress is so small that the thickness of the chrome

should be considered from other factors. The stress distributions in

both chrome and steel tubes are very sensitiv e to the wall ratio r2/r1.

Except in extreme cases where the Poisson ’s ratio of the chrome is

small , the maximum stress in the chrome , o0(r=r1 ), increases faster

• than that in the steel (o
~
(rrc)) as we decrease the wall ratio. This

means that for a tube with a smaller wall ratio , the stress in the

chrome is larger when the maximum stress in the steel reaches the same

level .

It seems that the load discontinuity only increases the maximum

stress slightly. However , further numerical results must be obtained

for model 4 to confi rm this conclusion .

From the stress analysis based on the linear theory of elasticity ,

the chrome layer is likely to crack when the steel tube is subjected

to an internal pressure which produces a maximum stress close to the

yield point of the gun steel .

For a steady state temperature field wi th the highe st temperature

T1 at r1, the thick tube has stresses 00 and ~ compressive at rc and

tensile at r2 which , similar to the residual stress in an autofrettaged

tube , will strengthen the tube to sustain a higher internal pressure.

The therma l stress alone in the temperature range of interest , will

probably not cause a crack in the chrome layer. For Ii = 3.5x10 6 in./

in./°F , the hoop stress ~ol 
in the chrome is tensile , which will add to

39
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the high tensile stress due to the internal pressure. The

combination of the internal pressure and the temperature field will

produce a much too high tensile stress in the chrome to cause cracks.

However , if we can choose a plating material with a high linear thermal

expansion coefficient , say a1 > 6.5xl0
6 in./ in./° F , then a compressive - - I

thermal stress shall be introduced in the plating which might be

helpful in elimi nating part of the tensile stress 00 due to the

internal pressure.
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