——

AD-A039 780 VIRGINIA STATE COLL PETERSBURG DEPT OF MATHEMATICS F/6 20/4
NON-LINEAR EFFECTS OF TRANSVERSE GRAVITY FIELD IN CAVITY FLOW.(U)
JUN 77 K M AGRAWAL» S CHENG NO0014=-75=-C=0679

UNCLASSIFIED 77-1-0NR NL

| - | .....
ADAD3S 780
END
DATE
FILMED
6-77




: I g NON-LINEAR FFFECTS OF TRANSVERSF
? GRAVTTY FIELD IN y
| | (e ;
- S CAVTTY FLOW :
| <T f
Q
e |
i3
| ‘-4
' K.M. Agrawal
-
Report No. ONR-77-1
b Grant No. NOOO14-75-C-0679 ‘
| June 1977
k 1 :
R
: ;
| “ SCHOOL OF SCTENCE AND TECHNOLOGY 2 i i
1 o
S VIRGINTA STATE COLLEGE - !
| l . MAY 28 1ar7 ||
/ PETERSBURG, VIRGINIA 23803 i 3
‘ g = - v i
I:x public vslease; | ié
I Lution U imied 1§




_" .
g
Grant No. NO0014-75-C-0679 SUPPORTED BY THE
: Report No. ONR-77-1 OFFICE OF NAVAL
l June 1977 RESFARCH 1
| |
! :
NON-LINEAR EFFECTS OF TRANSVERSE : — . ||
GRAVITY FIFID IN CAVITY FLOW, - !
Al S by
=¥\ IrTsnan BaM. Agrawal :
: Z |
/ - J ,L
This document has been approved for public release
and sale; its distribution is unlimited
— 5 ind 1797
232 U] +
- '*l
| /\ s ™ ‘
#/_" L.' ‘.._/’ C !
. ¥ it AR Y 4 \ *:u‘,’r—-jr'\
Jung 1977 (]! T
F & ' Virginla State Collegc [ MAY 28 19717 !l
a Mathematics Departmert 4 T R | “
| e | /

I -y Petersburg, Virginia 23803 P ; ':-l:‘ S L




e

Acknowledgements

This work was supported by the Fluid Dynamics Divi-:ion
of the Office of Naval Research under the grant No.N00014-75-C-0679.
Thank also goes to Sheau-Yen Cheng for the assistance with the

preparation of this report.

e

e

T T TSSO ST




Abstract;

A non-linear analysis has been made to determine the
effects of the transverse gravity fleld on steady cavity flow
past a symmetric wedge. Tulin's (1964) single-spiral cavity
model is used to represent the flow and conformal mapping and
Riemarmn-Hilbert technique have been employed to obtain the
rmmerical solution. The ;Sresent theory shows that the cavity
length for the gravity solution is smaller and lies entirely
within the gravity-free case. Also, the change in the drag
coefficient from the non-gravity case to the gravity case 1is
small.
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'NOMENCLATURE

k]
]

the only non-zero power series coefficient

k=g
n

constant, power series jth coefficient

S

length of the cavity (f‘rgn point of detachment to the
rear of the cavity ) ( k°= C ) ,

H(t)= solution of the hamogeneous Hilbert _groblen
1. = wedge armm length a5
PO = reference pressure at infinity

p = pressure

p, = pressure in cavity

q = magnitude of velocity

9" magnitude of velocity at infinity

Q(t)= solution of Riemann-Hilbert problem

t = auxiliary half-plane

t,= real t-plane coordinate

al
W = complex potential

X = horizontal coordinate in the physical plane

vertical coordinate in the physical plane

seml angle of wedge

normalized conjugate complex velocity

dumy variable

vV R ww R«
"

constant, density of fluld
0" = cavitation number

¥ = dumy variable

W=1lg¥

47 = velocity potential

’~V = stream function
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1. TNTRODUCTTON

Onlyva few theories bave considered f.lic influcnce of' a gravity
field. The actual magnitude of the effect of the gravity depends
upon the Froude number and its orientation relative to the flow
direction. In general, the Froude number attained in water tumnel
tests Indicate a small gravitational effects. However, the effect of
the gravity may became important near free surface and certain other
applications. The purpose of this work is to study the transverse
gravity effect on a flow past a symmetric wedge, with a finite
trailing cavity.

Parkin [l]and Street [Ierye presented linearized theories
for flows in a transverse gravity field using an additional approx-
tmation in the boundary conditions. Street | 3]nas this approximation
to be quantitatively equivalent to a first-order solution in the
small parameter 1/F2. In all these theories the assumption has been
made that the ambient pressure is constant on each of the free stream-
lines, being lower than the reference pressure at the forebody on the
upper, and higher than this reference pressure on the lower stream-
line.

The case of a longitudinal gravity field was studied by Acosta 4]
and Lenau &Street[ S] - Acosta[4]has developed a linearized theory
by considering the flow past a symmetric wedge whereas Lenau &Street[sl

have developed a non-linear theory by representing the cavitating flow
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by a modified Riabouchinsky model. They have found that for a gravity
field pointing the same direction as the flow the cavitv is shortened,
while for a gravity field in a directlon pointing in a opposite to that
of the flow, the cavity is lengthened. It is also interesting to note
in these theories that after some critical values of the field strength,
the tralling edge of the cavity becomes cusped rather than blunt. As
mentioned by Tulin [6 ]r'eal cavity flow involving longitudinal gravity
fields are in most cases unsteady and the effect of the unsteadiness can
easily predominate.

The effect of gravity on the stability of the cavity is discussed

by Chang-Y1 Wang [1 ].

! 2. GENERAL THEORY
5 We consider the steady, two-dimensioned irrotational flow of an
inviscid, incompressible fluid nast a fully cavitating symmetric wedge

of angle 2& under the influence of transverse gravity. By fully

cavitating flow we mean a cavity extending along the entire suction

side and even beyond the tralling edge. Bernoulli's theorem can be

written

p+1l/2 f’q2 + gfy = constant (1)

where p - is the pressure
q - 1s the speed of the fluid
! y - 1s the vertical distance between a point in the
I fluild and some reference elevation

- f‘ -is the fluid density

g - is the acceleration due to gravity




We define the cavitation number

e~ P
r--t : (2)
3 P%a
and the Froude number
F- % (3)

J

where l is same characteristic length, and will be taken as the
wedge length in what follows. In the presence of gravity, the fluid

speed q can be expressed in terms of q and the Froude number by

? =(|-_‘__'_%)l/z

(4)
3 1+e p2

We also define the following symbols :

Z. X-}iu

W = é'l'ilp

w -i0

Foe g u-iv = ge e
a4 (6)

@ = 9-03 T i QOJ % + L (-8)

The method of solution consists of two basic parts :

(a) Construction of conformal mapping between the physical plane and
the camplex potential plane and a parametric half plane.

(b) Solution in this plane of a well posed Riemann-Hilbert problem.

Towards this poal we can determine W as a function of the half-

plane variable t by conformal mapping. Then by using the Riemann-Hilbert

technique we construct w) explicitly as a function of t and once wi(t)




is known, the drag coefficient can be determined using Bernoullil's theorem.

The general solution of the Riemarm-Hilbert problem in the upper-
half plane is well known [8 ,9]. In this problem 1f the Imaginary part
of an analytic function Q(t) 1is known at all points on the boundary,i.e.,
on the real t-axis, then Q(t) is obtained in the entire upper-half plane

from the formula :

oo b 3
qee)= '11\-_J "%[-.5?-’-]- dt +L Mt (1)
- 0o =0

where AJ a.r"e real constants and J represents all positive integers.

Now, it remains to relate @wtt) to Q(t) so that Im Q(t) is known at
every point on the real line.

We map W-plane onto the t-plane so that the wedge is mapped cnto a
finite segment of the real axis, and the cavity boundary onto the
remainder of the real axis. Then, we have boundary conditions along the
real axis in termms of awit).

We can convert these conditions to those of the Riemann-Hilbert
problem follwolng the general method of solution reported by Cheng and
Rott [Io]. The original function w(?) is alternately purely real or purely
imaginary on the real axis, hence we construct an auxiliary function H(t)
which makes the quotient Q(t)= —:’:(‘—f;— known on the entire real axis, and
always imaginary as required. Tt is to be noted that H(t) is a solution
of the homogeneous mixed boundary value problem; i.e., the prescribed
values of w(t) are all zero along the real axis. The choice of the

homogeneous solution H(t) is quite arbitrary.

A choice of H(t) satisfying our reauirement is ( see Fig. 3 )




2
Be) = 1 [t )] 2 T e 8)

where tl ard t 5 correspond to the ends of the wedge.

i Im[(H(t))])O

on the real axis for t<t., and select a branch cut on the real axis

1!
interval (tl’ t2) so that H(t) 1is single valued. Hence w¢¢) can explicltly
be constructed by the use of the Riemann-Hilbert solution where

wit)= H(t) Q(t) .

3. ANALYSIS

The solution to our problem is based on an iterative procedure
suggested by Larock and Street[ll] which employs the non-gravity solution
as the initial trial solution ( The non-gravity solution is obtained fram
Ref. 12 ). We are using the same cavity model ( single spiral vortex
model ) as is used in the non~gravity case. There are two distinct
rumerical advantages in using this particular model as discussed in
Ref.Jl ( see also figures 1,2 and 3 ).

Let us dencte 1, and yU be the respective values of y(t) for the
lower and upper streamlines beyond wheih y(t) becomes constant (Figl )
and corresponding values of t are tL and tU . Then, for t$tL .

y(t)=y, 5 for t 2ty , v(t)=yy -

L}

In this problem the gravity acts parallel tc the y-axis and in the
negative direction. The formulation can now be completed by starting
the boundary conditions. They are :

s N 12y /2 3
l.g=gq.(1 e ,l) , on the cavity and as z —» eo

L__,-_;.L:“W) , Im (Wee) ) =0, t= 1k




2. The combination of the body and cavity must b~ closed. The

3. Lastly, the flow cannot contain non-integrable singularities
on the slit or have multiple values off the slit [l 3}.

Corditions 1 - 3 are sufficient to determine the flow field.

Using the Ref.12 we can construct the following boundary value

problem :

g Ee e TR S
. dm[“’]": ok ’ -1<t < o
|
; Om[k’]='°(. o <t < |
E . | I 23“’] | ¢+ < oo
Z Rg[w]-—-;_—f»;[l—”r —F-; 1 .
1

equivalent statement is that the net source strength must be zero [I 2] 5

(9)

where F 1s a prescribed Froude number; o ,0, 2 and y(t) are respectively,

the semi-wedge angle, cavitation number, wedge length and the ordinate
of the free streamline for the gravity problem.

In order to apply the Riema:m-—Hilbert technique, we now form & [I 2]

1 &)
} as follows :
) I 24¢)
Im[ ] = =7 B[t~ 77 5 S [oroce- "] o
+ "
Jm[:—(i,‘, = o([(l-t)(Ht)] ’ -1<t<¢o
(10)

we 1 %
""‘[ HE® "“[“'”"”’J , 0o < t<|

1
+)
; O % Q'J[' T I;I He [('H)“_')] (s

S T -_!" AN R

- arongy—

T
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The Riemann-Hilbert power series will still give only one term as in

Ref.12 . Hence
L i
cMHHM%IV%“##%Aq
1n o (q[.t)(,tld)/z.

|
+315° dn o 1LJ A
T, (q-t)(-2)% ™ (1-*.)(!-1(3)‘/:.

o o 1:(1)]
o 9-3["‘ vo f* d
PRl 5[ (1('*) ( 1lt_ l) Va2 ’( t A J— -(11)

Here, two terms have been added to the non-gravity expression for w¢t)

i.e., the integrals over (o0, -1) and (1 ,00 ) .

In order to evaluate the extra integrals we will follow the Larock
and Street method [I1 ]. Recalling that y(t)= y, , for t & t ; and
y(t)=yy; » fort 2 t; . We obtain

[ Il e )

-0 (q-t) (')

L’J (1- ul»r l:z 21“0)

[ J’m['-.lrp”i'lm

o LH00-1)"% tL(ﬂ-t)(«(‘.l) ke

Likewlse,

1 1y&)
j b’[l-w Fl—'{. dy = fo (1_'_'_i’)
Py (e T B ltar Ty
'5” R MG tuh['- iF B s )Jd
ty ('1“1'-)('1;"')‘/" | ("[-'t)(&t..l)/z

The integrals over (-oo, tI) and (tU ,2) can be evaluated exactly.

The unkmowns of the problem are the same as in the non-gravity case. We

can rewrite Fq. ( 11 ) as




s | oA

ooy
&o('t) H‘t)(-"—' QDJ I- N'G' ‘:t z:‘-)s (1\_t)1(11|)%
00
b2 Jb 9 e J' 4
T ), (-t)(-9) %2 T Jo (A-t)(1-g")%
: % L\ "1 1

i 2y, oo | -l | 246
TLJ(' Lol 8 s )J (*l-t)(‘{ )% z'rer‘j—L(' S b g )4

(n-t) v
tbnt(-{ 1)z

+z'_r"mu-7:—.%’l,{’l’>« el
[ (o-t)(m-1) % ? j --- (12)

Cri the real t-axis, taking the proper branch of H(t) in the different
region, we obtain [I 2 ]

o A . I-U‘tz)x 2 z
wie)= - 2 [- i - fu m}] beke B Ty

24 A
+ Uﬂl(" T:‘F fl‘- Tk) [ {(l*t)V‘(l-tL)&-((-t)(|+-h.)y* 1
J

2 1-4t2)% ()2 ( |-t;,)’*+ (n-e)”( u—u)"ﬁj

— oy {t- Lu-t*)’g}J

| 2dv

+ ¢ Qg (1- g FL X )[SLJ {-h-lcl—f-‘)x}

2R (1-t2)

. %
- L {(wt)’*(s-tu)‘/‘- (l-'f-),é(H'fu) l
G+ t)A (|- tu)2 4 (-t)% (H‘tu)y‘J

TR e

|




i AT - a-4t) A ] .
wit) I["‘“"!’:{u(\ ) } + A°(|-t‘)/= + JL(t)

4 i -5 ,',.sz)[ oy { N R e }

R T k()R 4 (B (et )k

- B - ta-eoR)]

du
5 lx"i(‘nrr'zz&) . S it
2 (- [&3{* i }

5 ﬂ»g { («+4=>"'u-tu)y* - U—t)”‘(w—tv)yz } ]
(*e)Ve(-tu)% 4 (1) % (1440) %

where
a o & tg)
----- (1)
Va t )
Jp o) = _"_'_‘_'LU "h('-r"r;éizl;fz'ﬂﬂ ! foy - - 5 42 "(]
e P () (ot t, () (o)
----- (15)

wit)= —{— [; LT+ 21 omtcm(tz-l)vz] iy LAO(*}")Vzi LJ(t)

iy
G 1. ) Ceeic ity (- AR
: [ ]

1 (t2-1)% FOk(-t) % + (- R (+¢)A

,Qog{tt(-t‘-l)‘i}]

2 \
+ fyU-a7 &= -?13) [ i {L.n)’*u-t.,)"%(.-u‘(mo)x 1
2r(t-1)" A=t % (-1)% ()%

t Loy ftt e} ]

For t6 -t , take (+) sign

For x> 1, taKe (=) sign




where

‘*'t 't
4 1 2¥( v
Jeor= S [ [ e m 30 it [ tyl-de 3= Pt
| "‘,'t)(ﬁl"’|)'/l “+5 l‘-t)(‘)(‘-l)vl

()
— J b(l*'.:,—,'.':—,_z%!)btj
4. (o-v) (il"- )%

Fo\' +51
----an
t-

5 oV £ ) . i
Jex)- (_*-:'1) [ I oy (- e g 3-'“’( f m(l-,,'—.;—,—f"’) dy
)

ADA-" T T ReEn

7 )
— [ mO-g g Fug
tte ("('t)('ll.l)‘/z

For t<¢ -
- ---(18)

As in the non-gravity case, we have two unknowns AO and K. Since boundary
conditions at infinity (t=1k) still hold, the following integrals (using
the ndtation of Larock and Street [H]) will be found useful :

12 s 2
I g v 7
I, 1) = by (- 7 g1 g ) o

1 (% K*) (m~1) %

o )
Low, )= | a0 )i
LS o O W RIS

h
R
g

o ST
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A numerical investigation shows that the integrals (Eq. 12 ) over the
interval (tU ,00 ) and (-o0 , tL) ( these integrals represent the spiralling
region of free streamlines ) have very little effect on the other integrals.
Therefore, in further calculation we will neglected these integrals.

The two equations for determining the unknowns (similar to non-

i
gravity case, Ref. 12 ) are : i

- 5 fygeeny s & L

(k)2 } & (1+ k)%
(14 k272 4 zZ7 ; L

{ L (), ty) —I;(*L,-i)} + A0(|+‘<:)'/1 |

----- (19) |

i S

T k(kL*"')v" + 21 [_("kt)'/l {Il ('1*0)- Il ('tl..,'l)} ;;

! Kho _ 1
+ 2k(l4—k‘)'/‘{ Iztl,*u)-Iz(fL,-n)}]‘m&—0 |

————— (20) 1

From these two equations we can always find Ao, K for a given o , r,tL and

t 0 ;l
U i
!
4, CALCULATIONS FOR WEDGE LFNGTH, DRAG AND LIFT "

The expression for the wedge arm length is :

Vi
B Vo, = AU-t) T T % -
L= Jn laz| = ) 2K+ e [IMM.‘)V‘ "t At !

o
ﬁ‘ﬂ;‘] _

5 b (t'+ k) ]

The expression for the 1ift and drag 1s given by :

6 8
DHil = -LfAcr-maz ¢ iJA<P—P‘) iz

e

e




‘rom the Bernoulli's equation we have

= Fe 3 Sy | 2¢
W'[' A ]

Defining the 1ift and drag coefficients, respectively, as

Sl T D ;1
e SR |
'Wl\/(
e u
C"“CL“/HA[“‘E"W??TJ“ B
e :
£ Z | | |
5084 SA {‘“‘1{2‘.7; ;—17‘] A :
8 B i
= ! e N ;S %2 :
= 2S|ﬂ0((l*]lT;.—F—L$m0ﬂ)+ ‘4[(—2—)“-4&(?)&1 f»
5 . ok(“_‘“L'S\'V\*)i-;'/S‘ 0w ‘-7[-'5““}
B we 1 Rlobg Ty e
R WO Lo I, A
:25"1\&((‘7;:'}7;‘5\?\ )-{- { ge
°
I b ]% tk (K1) dt
1+(1-17) V2 (t+ k)2
o ~iat Aell- t) t Jg () L%
e € : ['_Ziﬁ)_/z_]ﬁ,{k:(k’ﬂ)&t
of 1+(-t7) (t*+Kk*)?
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- 1 0a o
i I, = 2K (e 1) 5 eAO(H i n-u-t')‘/‘ /"i:djc
Then,
- ) | ; )
¢y = 2 sin (-5 sind ) + ( I, - L) sme s
L (IC.+Icz)C’S‘* - == -=--(22)
where IC 1s the value of Ic with 1imits 0 to 1; and IC 1s the value
1 2

of IC with 1limits -1 to O .

The parametric representation of the free streamline 1s given by

+

- W)
- - dw
L- L, L. € at TR e e (23)

where wt)1s given by Eq. ( 14 ) and t,= 1 for the upper streamline

ard t o= -1 for the lower streamline.

5. NUMERICAL PROCEDURE

The iterative method which we have used in finding the numerical
solution to the present problem 1s described in detail by Larock and
Street [Il]. The iterative procedure works in the following manner :
(1) We determine all the parameters and the physical plane, especlally
y(t) on the streamlines, from the non-gravity case ( Ref.12 ) for a
given K and o . '
(2) Using the input data from step (1) where appropriate Il’ I, and A (Eas.19,
20) are then computed. Then we determine J(t) , y(t) and JL('c) (Fas. 18,23 & 15)
(3) Another gravity solution is obtalned using the data from the step (2)

as input data.

R R PP SRS 1Ty L SRy W
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(4) Step (3) is repeated until the results of two successive integrations
differ by less than same specified amount; at this point we stop the
calculations ard gravity solution 1s obtained.

The method just described is direct and simple to apply. However,
there 1s one drawback to this method, namely, that it is very time-
consuning. Even camputation of one 1teration takes a considerable time
on a high speed computer.

First, y(t) or some approximation to y(t) is assumed to be known
as a continuous function of t. The function J(t) and Jp(t) must also
be determined as continuous function of t since they occure in various
integrands. It is not possible to compute the value of these functions
for all t because 1t would be a very tedious and expensive process.
Therefore, y(t), J(t) and Jp (t) are camputed for a selected, finite
number of points t; . Then, by using interpolation methods these functions
are approximated between the points ti'

In numerical calculations, proper care must be taken at the singul-
arities of the integrands, even though a singularity is integrable.

In Eq. 18 » valid for t £ -1 , the integrand over the interval
(15 B tU) has a square root singularity at 1. We treat the remainder of the
integrand as a constant over the interval (1, 1+£ ) and integrate the

singular portion : 4 +£
+ it 0 Az ! .‘O ;
J “ Loy (- i m ) A ﬂ-;["‘:—raz?] dq
() (r-) e 201-1) 1Y

i

e
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“fglicgr R T 1w
et (-t (o-1)%2

+

I 1 24 tu '
w Mgliege- 20 22 1 Bl Loy (1- 7 ;:}"'“jﬂ
2 G-t PR S T S IR

For a specified t and £, the term can now be computed numerically.

So long as 04 € < 1, the specific choice of ¢ is not importnat.

Likewise, we can treat the integral over the interval (tL, -1).
As pointed out in Ref. 12, the points where the streamlines

are vertical at the end of the cavity can.be found as a function

l of t by finding the first zero of the integrand of equation (4.1Y4)
in Ref. 12. We call this point tU Since we are considering a
i ' symmetric wedge flow in the non-gravity case, the value of tj
\ ' will be the negative of tU. ( The roots which make the integrand

‘ zero are obtained by a bi-section procedure. )
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6. DISCUSSTON
Figures 4 and 5 show the effect of the Froude muber on the
cavity shape. The cavity for the gravity solution is smaller and

lies entirely within the gravity-free case. Also, the change in
the drag coefficient from the non-gravity case to the gravity case
is small.

From the present theorv there results a negative 1ift
coefficient. Intuitively, it seems that it will become positive
only when the cavity is so short that its downward pulling effect
is balanced by the buoyant force of the free body.

As discussed by Larock and Street [Il]and Park_in[ | ]it can
be shown in the present case also that the effect of the gravity
increases with decreasing cavitation number. ( This was not done
because of computer time constraint .) This simoly means that

longer cavities are more affected by the gravity than the short ones.
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>
The effect of Froude number ( F'= 36 ) on the cavity |
shape shown by the broken lines. .
The smooth lines show the cavity shape when ( F¢= 0 )
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shown by the broken lines. 5
The smooth lines show the cavity shape when F°= 0.
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