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I ABSTRACT

I
I

A unified approach for the implementation of direct time integration
procedures in structural dynamics is presented. Two key performance
assessment factors are considered, viz . ,  computational effort and

I error propagation. It is shown that these factors are stron gly affected
by details in the reduction of the second-order equation s of motion to a

j system of first-order equations, and by the computational path followed
at each time step. Part I is primarily devoted to the study of the

I organi zation of the computational process. Specific implementation
forms derivable from the unified approach are studied in detail, and
rated accordingly.
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Section i

INTRODUCTION

Motivation

The use of direct time integration proc edures for the numerical treat-
ment of structural dynamics problems has attracted an increasing number

of investigator s in rec ent years. Most studies have concentrated on the

development of new methods, and on the formula tion and verification of

performance-evaluation criteria. These studies have established sta-

bility and accuracy (in that order) as the most important attributes of a
t ime integration operator , and there is an emerging consensus on the
use of evaluation criteria appropriate to the treatment of mechanical
equations of motion (or , in fact , any stiff-oscillatory sy stem). Accuracy
can be assessed by measuring numerical damping and frequency distor-
tion as a function of the sampling rate when the integrator is app lied to
u.ndamped linear-oscillator models. Stability can be assessed by studying
the amplitude growth of the computed solutions of linea r and nonlinear

model problems.

There is presently widespread agreement on the stability advantages of
implicit operators for treating structural dynamics problems, in which
the gross response of the discrete model is dominated by the low-frequency
compon ent s of the moda l spectrum. Explicit schemes are still widely used ,
however , in problems involving shock-type excitation and wave-propagation
type respoi~se. where the contribution of the hi gh-frequency components

remain si gnificant throughout the ana lysis process. Performance cross-

over point s between explicit and implicit schemes have not been firmly
establi shed as yet.

The algorithmic properties pertaining to stability and accuracy play an

important role in the preliminary evaluation of time integration operators,
and represent a usefu l source of information for selecting methods appro-
priate to different classes of problems. There have been conflicting

L  j— —— . ~~ - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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reports, however, as regards the actual performance of the same

integrator in different computer programs. Contradictory claims are

especially frequent in nonlinear analysts. These unresolved question s

suggest that the computer implementation of a time integration proc edure

has a substantial bearing on the performance of a transient analysis pro-

gram. It will be shown that computer implem entation details affect two

important performance characteristics: the computational efficiency and

the propagation of computational error.

Computational Efficiency

For a given stepsize sequence, the efficiency of a transient analyzer is

largely controlled by the volume of arithmetic operati on s and data transfers

performed at each step. These activities are governed in turn by the allo-
cation of storage resources and by the order and manner in which array-

processing operations are carried out . It will be shown that several ways

of implementing the basic time-advancing cycle are possible even if

the same integration operator is used , and that these implementations

display varying efficiency characteristics.

Computational Error Propagation

Computational errors  arise from three main sources:

• Rounding errors resulting from the use of finite-precision arith-

rnetic. This source is significant if the linear or nonlinear

algebraic equations that must be solved at each time station are

ill-conditioned.

• Inaccuracies result ing from the approximate solution of the

aforementioned equations by iterative techniques in the case of

nonlinear problems.

• Errors in the calculation of app lied forces .  This source can be

signi ficant if the excitation depends on the solution of a coup led
initial value problem , as in the case of f luid-structure interaction,
dynamic therma l loads , and certain types of material nonlinearity.

I-2 
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The “local” computational error due to the combined effect of the pre-

ceding sources at a typical time station t~ may be viewed as a spurious
F excitation source. This disturbance is propagated , and usually amplified,

by the integration operator to the stream of computed solutions for t > t .
The effect of a local perturbation on downstream solutions will be called

the propagated computational error. The overall computational error at

a given time station results from the combination of the local error and

of the propa gated error s emanating from all previous stations; this

quantity will be called the accumulated (or global) computational error.

A compreh ensive theory of error propagation in the direct integration of

nonstiff ordinary differential equations (ODE) has been laid out by Henrici

[1, 2] .  His investigation s conc entrated on the development of asymptotic

bounds for the accumulated computational error , i. e., bound s applicable

if ht (< I, where h is the integration stepsize and are characteristic

roots of the associated homogeneous system. This paper complements

and extends Henrici’ s results to the stiff ODE systems arising in struc-

tural dynamic s application s, and studies the crucial effect of implementa-

tion details on error propagation.

Objectives of the Paper

The paper has two basic objectives. First , to present a general framework

for reducin g the second-order equations of structural dynamics to an equi-

valent f irst-order system, to which a pair of linea r multistep (LMS)

implicit time integrators is app lied , and to categorize the resulting

implementation variants. This approach is shown to produc e many of the

computer implementations in current favor , as well as a myriad øf

hitherto untried ones. Second, to study the dependence of the propa gated

computational error on various implementation s resulting from the general

approach , and to correlate that behavior with compositional properties of

the integration operator.

Because of its length and varying degree of mathematical sophistication

expected from the reader , the paper is subdivided into two parts , which

address the preceding objectives in turn.

‘-3
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Outline of Part I

The reduction of the governing matrix equations of linear structural

dynr~mic s to a f irs t-order system is presented following the auxi liary-
vector procedure introduced by Jensen [3]. Two LMS implicit integration
operators are applied to the resulting first-order system to derive a set
of coupled differenc e equations. Thi s set contains arbitrary wei ghting
matrices associated with the choice of auxiliary vector. The selection of
convenient wei ghting matrices leads to specifi c formulations, which in turn
subdivide into variants according to the computational path followed in the

typical time-advancing cycle. Operation counts associated with major array -
manipulation tasks are exhibited as a function of the computer implementa-
tion, sparseness attributes of the mass and damping matrices, and certain
compositional properties of the integration operators. Associated starting
procedures that minimize the need for additional computations are des-

cribed. Finally, the advantages and disadvantages of the various formulations
are summarized.

Practical considerations on the computational error propagation behavior

associated with various implementations are interspersed throughout Part I.
These considerations represent an extract of relevant conclusions of the
investigations reported in Part II, and are offered so as to make Part I

relatively self-contained for those readers that are not particularly moti -
vated to follow the details of the error analysis.

Linear dynamic systems are emphasized throughout , as this keep s the
major points of the exposition uncluttered from unnecessary complexities
brought about by the intrusion of nonlinear terms. Many of the conclusions

regarding computer implementation aspects and error propagation behavior
are applicable “locally” to the linearized forms of the governing nonlinear
dynamic equations, whether resulting from the tangent-stiffness or the
pseudo-forc e approach.

‘-4 j 
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1 ~- Section 2

SUMMARY OF NEW RESULTS IN PART I

S.

1. Categorization of computer implementation proc edures according

to the selection of auxiliary vector for the reduction to a f irst-

order system.

— 2. Distinction of three basic computational paths for the evaluation

of auxiliary vectors in the time-advancing cycle.

3. Tabulation of computational effort associated with various

implementations.

4. The conc ept of “ starting operator family” to minimize the need

for additional computations in the starting procedure.

5. Formal embedding of the special , two-derivative operators of
structural mechanics (Newmark, Houbolt , Wilson) within the
general implementation-classification approach. 4 -

~ -g~ - -
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FORMULATION OF DIFFERENCE EQUATIONS

Governing Equa tions

*5  The governing equations of motion of a linear , discrete mechanical

system with fl f degrees of freedom may be written —

M~~~ + D ~i + K u f(t) (1)

-
~~ where u = u(t) is a state vector containing fl

f 
displac ement coordinates

defining the spatial confi guration of the discrete system at each time t,
M, D, and K are the linear mass, damping, and stiffness matrices,
respectively, and f( t ) is a vector of time-varying applied generalized

- 

forces; in (1) a dot denotes temporal differentiation.

- Reduction to a First-Order System

. .  A general procedure for reducing (1) to a system of first-order equations

- 
has been presented by Jensen [3]. He introduced an auxiliary vector v

- - 
defined as a wei ghted combination of displacements and velocities:

v A M ~~~~+ B u  (2)

• - where A and B are (for the moment) arbitrary nf by n1 matrices with the

- - 
proviso that A be nonsingular. The resulting first-order system is

• -Li a 2.
I + 1  1 = (3)

A D - B  I]  ~ ~ A K  0]  v A f

where I and 0 denote the identity and null matrix, respectively. Eq. (3)
L a  fits within the standard ODE-system format:

1-6 
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j  = F(~ ,t) 
(4)

where
— (5)

and ~~-1• 9 . l
F i I (6)

~~~~~ U

Integration Method

We consider the numerical integration of the f i r s t -order  system (3) usin g

rn-step,  one-derivative , linea r multi.step (LMS) operators to discretize

the time variation of u and v. A detailed treatment of these methods can

be found elsewhere , e. g . ,  [1-2, 4-5]. For a constant stepsize h , LMS

operators applied to Eq. (3) at the n-th time station t~ can be written

in m

= h
1 ~~l 1 1 m ~ 1, n � in

1=0 1=0

v .  h 
~~~~~

5i ~ 
~o 

~ °~ ~ 0

where ~~~
., 

~~
., ~~~~~‘ 

and 6. are scalars associated with specific finite

differ enc e operator s~ and ~~~~~, ~~~~~, 
.. . stand for the vectors a(tk), v(t k),

computed through the discretizatiofl procedure (7). The above

differenc e expressions may be scaled by arbi t rary factors.  In the sequel

they will be normaliz~4 by r equiring that

= 1 
(8)

Rer-tark. In the most general case one could use an rn-step and a k-step

(k < rn ) LMS operator in (7). The latter can always be con sidered as an

rn-step operator , however , by appropriately appending (rn-k) zero coeffi-

cients. 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~ , •
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• With a view to sub sequent manipulations, it is convenient to intr oduce a

more compact notation than (7), which neverth eless separates explicitly
the current state variables u , , v , ~ from historical terms-n -n -n n
involving pa st solutions:

• U •
u + a  = h u  + h b
—I-t —n ~ n —n

(9)
v • Vv + c  h v  + h d—n —n 8—n —n

where the “generalized stepsizes” h~~, h6 
are defined by

h~ h~~ h
8 

= h o (10)

and vectors a , b, ... denote linear combination s of past solutions:

= [.~n_ l  
~~
“ 

~n_m] ~ ~1 ~
‘l o

il 
(11) 

- - •

in which z is an arbitrary vector symbol, which may stand for  u , i ,

etc. The current state solution (u , v )  can be expressed from (9) in

the form L
U

u h u  h—n ~ —n —n
+ (12)

v h~~~ h H

—n 6— n  —n

where

U U uh = h b  - a—n —n —n
• (13)

= h d ” - 
v

—n —ii —ii

will be called , following Jensen [3], the historical vectors pertaining to

a and !. , respectively.

I-S
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- Implicit Discretization

We shall consider only implicit LMS operators , for which both 
~ 

and

are nonzero , whenc e h � 0 and h � 0. Elimination of Ci and ~‘ from (3)
6 —n —ri

• and (12) then produces the linea r al gebraic system of order 2 flf :

- r A M + h  B -h  Ii u A M h U
- ~•-~ ~~~ I —n ~ — —n

- I I = )(14)
• l A D  - B + h  A K  P1 1 I v ( A D~~~B ) h U +~~lh

V + h  A f
L — — — — —~ —n —n

- where  T~~ h~~/h 8 ~~I ~~~~~~~ Finally,  elimination of v from (14) yields the

- nf -th order linea r system

E u ~~~z g ~ (15)

- where

E = M + h
5

D + h ~~h8
K + ( h ~~-h 8

) C

= [M + h (D-C)] h
U 

+ h A ’ h
v + h h f (16)

— 5 — - —ft —n ~ 6-n

=

• . —lAs M , D , and K are  normally symmetric, C = A B should also be a
- symmetric matrix if h~ # h 6 in order to avoid the appearance of an

unsymmetric  coefficient matrix E. Thi s may pose certain constra ints  on

the selection of A and B.

The generali ty of the discretization (7),  in which different  LMS operators

may be used for u and v , has two important advantages. First , the use of

different  approximations for u and v is allowed , should that prove desirable

on account of the physical meaning of v result ing from specifi c choices of

A and B in (2). Second , special two-derivative integrators  devised for
• t reat ing the second-order system (1) directly, such as the widely used

Newmark [6], Houbolt [7], and Wilson [8]operators , can be presented

as special cases of a slight extension of (7) ,  in which a historical  u - t e r m

is appended to (7b) , as shown in Appendix A. It follows that a sepa rate study

of the computer implementation of those special methods is not required.

1-9
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H H I
The selection of a common LMS operator for both a and v i s  natural if

the analyst wishes to keep similar discretizatton accuracy on both state

vectors. For this particular choice, Eqs. (9) become

- u + a t1 
= h *~ + h b U

- 
—n —n s—n —n

- (17)
- v • vv + a  = h v  + h b

—ft —U ~ —ft —ft

and the components of (15) simplif y sli ghtly to

• E = M + h ~~D + h K

— g = [ M  + Ii (D - C)] hU 
+ h A 1

h” + h 2 f (18 )
• —ft — — — — 12 fl

The coefficient matrix E becomes independent of the choice of A and B in

this case , as noted by Jen sen [3].

1-10
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Section 4
COMPUTER IMPLEMENTATION

Implementations of the implicit time integration procedure outlined in

the preceding section may differ in two respects; (a) the selection of

weighting matrices A and B in (2), and (b) the manner in which the result-

ing auxiliary vector v and its temporal derivative ~ are computed at each

step. We deal with the latter topic first before passing to discu ss the

selection of computationally conveni ent A and B.

Computational Paths

Three basic computational path s, labelled (0), (1) and (2), may be followed

• in advancing the discrete solution over a typical time step . The associated

sequences of calculations, for arbitrary A and B, are flow charted in

Figure 1.

The path-identification index (0-2) gives an idea of the number of backward

difference operations performed in the determination of v and ~.r over each
fl —n

solution-advancing cycle. As shown in Part II, this index plays an impor-

tant role in the study of the error propagation behavior of particular

impi erri entation s.

Path (0) is consistent with the f i r s t -order  differenc e system (14), i. e.,

the computed vectors satisfy (14) exactly if computational er rors  are

ignored. The ori gina l ODE system (1) is also sati sfied. On the other hand,

the computed u , ii and v do not , in general , verify the auxiliary-vector—ft —n —n
definition (2),  which is satisfied only in the limit h-’ 0.

A sli ght variant of path (0), labelled (0 ’), is also shown in Fi gure 1. In

thi s variant the velocity vector is recomputed so that (2) is also
• verified at past stations. This additional operation is not only expensive

for general A and B, but worthless as it does not improve the error propa-

gation characteristics of the integrator. It is included here, however ,

I—l i
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because it occurs naturally in the conventional c•hoice v ~i discussed
below.

Path (1) satisfies both differential expressions (1) and (2) at the expense of

(14). Finally, path (2) enforces the v-definition (2) and the difference

system (14) at the exp ense of the ODE system (1) .

Remark. It should not be surmi sed that the flow chart of Figure 1 exhausts -•

all possible computational paths. There is in fact another path family in

which steps (c, d) are carried out prior to (a, b). The practical implemen-

tation of these sequence types is tied up, however , to very specific choices

of A and B , which become (linear) functions of the stepsize h. A study of

these alternative implementations, which offer certain organizational
advantage s, will appear in a sequel article.

— Selection of Auxiliary Vector

The behavior of the propagated computational error is independent of the

selection of auxiliary vector v through Eq. (2), but the computational

effort per step is not. For certain choices of A and B the volume of com-

putations--and, to a lesser extent , the storage requirements--can be

si gni ficantly reduced because some of the computational steps di splayed

• in Figure 1 can be either simplified or bypassed entirely. The actual

operation counts turn out to depend on sparseness characteristics of the

matrices M and D, as well as on certain properties of the integration

operators, and are discussed in a later section. We proceed next to

examine some computationally convenient choices of A and B, which will

be henceforth identified as formulations or “forms” for short.

Conventional Formulation (C-Form)

The choice of ~ described in standard textbooks--e. g., [1, 2 4 , 5]--and

in most papers dealing with second-order systems is

(19)

which corresponds to

1—13
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A = M ’, B = C = 0 (20)

The temporal derivative ~r is simply the acceleration vector U .  With this

choice , the compon ents of the algebraic system (15) become

E = M + h
5
D + h

6
h~, K

(21)

= (M+h D)hU + h  M h u + h  h f— 6 ‘-  11 — —n 6 ~

The sequenc e of calculations corresponding to path s (0’),  (1) and (2) of

Figure 1 are listed in Table 1, where they are identified as (C 0’) , (Cl)

and (C2), respectively.

The fact that the choice (19) effectively compresses the four state vectors

~~~~ 
t~t , v , ~r )  into three ~~~~~~~ ~~~~~, t i )  leads to some simplifications in

the general computational sequences of Figure 1. Some of the steps become

• trivial, but have been left in Table 1 for compatibility with the arrangement

of Figure 1. Some practical considerations pertaining to the computational

sequ ences of Table 1 follow.

1. (C 0’) Form. The determination of accelerations in step (a) -j
r equires that the mass matrix M be nonsingular. Thi s is an

unfortunate restriction, as many commonly used mass-lumping

procedu res in finite element prog rams as sign zer o mass to

non-translational degrees of freedom (the assignation of small

“fictitious” masses does not solve the problem because M remains

ill-conditioned). If M is nondiagonal, step (a) is computationally

exp ensive.

2. (Cl) Form. The appea ranc e of is avoided by working with the

inertial force term M ~i throughout; consequently, M can be singular.

3. (C2) Form. The r equirement of nonsingular M applies only to the

starting procedure , during which the initial acceleration

= = M~~~(~~~~~] D K )  (22)

_ 
- — - - •- •~~
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- - Table l

• COMPUTATIONAL SEQUENCES ASSOCIATED WITH THE
CONVENTIONAL (C) FORMU LATION v =

a ii = M4 (f - D~ z - K u—n—i ‘—n— l — n—l — n—i

b , b’ it h” + h U—n—l —n—i 6 —n —i

Cl Uc h = h d  - c-n -n -n

d hu = h b tl _ a~‘fl fl —n

• (GO’)
e ~ ~~~_ 4M + h  D )h u + h  M h ” + h  h f

~‘n - — 6 —~ ~ 6—n

H f E =

I L  g =

h Ci = ( u ~~~~hU)/h—n ‘—n —ii

a M~ i f - D C i  - K u
— —n —1 —n—i — —n — 1 — —n — 1

b = C i -  (trivial)-n-l -n-l
• (Cl)

c M h ’1 = h d M
~

l
~~~M c Ll

— —

d-h Same as (GO’)

a ~~. = (trivial)-n-i -n-l

b Skipped

(G2) c-g Same as (GO’)

ii = (u - h” - h h’~)/ (h  h )
1i fl —n B— n ~ 6

h ~~

1-15
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I
must be calculated from the initial conditions u , . The—o —o
calculation sequence shown in Table 1 differs slightly from that
of Figur e 1 in that the accelerations are determined (through

a double-differencing operation) prior to the calculation of velo-

cities. The sequenc e in Table 1 is used more extensively in

practice (especially in undamped systems) than that of Figure 1

but the numerical behavior of both implementations is identical. 
• -

Note that formulation (GO) is not shown. The implementation of path (0)

always demands that v and Cl be kept as separate arrays and is con sequently

incompatible with the compression to three state vectors (~~~, Cl , U )
induc ed by the choice of (19).

Jensen’s Formulation (J-Form)

Jensen [3] has advocated the selection

(23)

which gives

(24)
M U  + D Ci. f - K u

The auxi liary vector v can be interpreted as an array of generalized

momenta. Its temporal, derivative ~ represents the unbalanc ed dynamic

force , sometimes called the “impulse” in classical mechanics.

With the choice (23) , Eqs. (16) becom e

E = M + h
B
D + h

o
h
B
K

(25)

2 = M h U + h  h V + h  h fB—n 8 B — n

If the damping matrix D does not vanish, (25b) is sli ghtly simpler than

(Zlb).

1-
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Table 2

• COMPUTATIONAL SEQUENCES ASSOCIATED WITH THE JENSEN (J)
FORMULATION V = M C i  + ~ a

a -
~‘ f - K u• —n-i -n-i ~~—n-l

b v = h v + h ~~~’—n—i -n—I 8 — n — I

v v v
c h = h d  -c—n —n —n

d hu = h b U
~~~aU

—ii —n —ii

- 

- .. 
(JO)

e 2 Mh
u + h h

v + h h f.—‘ —n B —a 6 s—n

— f E = M + h
B

D + h
o
h
B
K

g

h C’ = (~~~
_ h

~
1)/h

B

a v = M C ’  + D u
—ii — 1 — —ii —1 — —n —1

b = Cv - h ” )/h— n — i  —n- i  —n—i 6

c-h Same as (JO)

7 
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I
- The sequence of computations corresponding to paths (0) and (2) of

Figure 1 are displayed in Table 2, where they are identified as the (JO) and

(JZ) formulations, respectively. Formulations (JO’) and (Ji) are not shown

• as they lack any practical value (the verification of thi s assertion is left

as an exercise to the interested reader).

In both J-forms , the presenc e of a singular M does not cause any particular

difficulty . There are also no special problems associated with the starting

- 

• 

procedure.

- 1

-

I

i
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Section 5

COMPARISON OF IMPLEMENTATION PROCEDURES

Computational Effort

In order to make an a priori comparison of the computational effort
- involved in specific implementations, it is necessary to make some

- - simplifying assumptions:

• I. The computational effort per step required to integrate a linear

- - 
dynamic system with fixed h is con sid ered to be dominated by
matrix/vector operations. Operations involving only vectors

- - 
are neg lected. Diagonal matrices are  considered equivalent to

vectors. The assembly and factorization of E--step (f) in
- - 

Figure i--is not included in the count, as this operation is per-
- formed only onc e for fixed h and its effect on all formulations is

identical. Similarly, the effort spent in starting and stepsize-
- -  change procedures is ignored.

• 2. The unit of work (U) is a stiffness-matrix/vector multiply, e. g .,

K u . Matrices M and D are assumed to be either diagonal

(D rnay be null) or have the sparseness structure of K. It follows

that the E matrix (Zla) or (25a) has the sparseness structure of K.

The solution of the linear system (iS) is counted as ZU (one unit

for the forward pass and one for the backsolve). This value is

accurate only for fairly dense system s, but is not far off for
matrices stored in a “ sky line” or variable-bandwidth format.

3. In the case of large discrete systems that require out-of-core

processing, the number of work units gives an idea of the number

of passes of block-partitioned matrices through core buffers .

On many computer systems, these I/O activities may dominate the

total run cost.

1-19
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4. The effort  involved in the evaluation of the applied for ce vector

1(t) is not consider ed, as this is not implementation dep endent.

Table 3 summarizes the work per step associated with the implementations

described in the preceding section. Work units are tabulated as a function

of commonly occurring sparseness at tr ibutes of M and D as well as of

certain properties of the integrator discussed in the following subsection.

Optima l formulation s , in the sense noted in the table , are given for each

case. It is clear that the (JO) formulation is preferable in the majority

of situations.

Backward Difference Operators

A backward differenc e (BD) operator is one possessing no “historical”

temporal derivative t e rms .  For instanc e, 0 (i 1, . .  . m) in Eq. (7a).
BD operators represent a sub set of the general class of LMS operators

tha t is widely used to treat stiff differential  systems. Important members

of that subset include Gear ’s s t i f f l y - s tab le  family [4] (which is A-stable

for m = 1, 2), and the 3-step, A-stable  Park’ s method [9].

As indicated in Table 3, considerable reductions in the computationa l

effort  per step can be realized in most formulations if a pair of BD

operators is used in Eq. (7). For example, in the (Cl) and (C2) forms,

the calculation of acceleration t e rms  is no longer required. The bene-

ficial effect on vector storage requ irements is discus sed in Appendix B.

Error Propagation Behavior

The following considerations represent a synopsis of part of the material

expounded in Part It, which is selected insofar as it impacts the rating of

the formulations listed in Table 3.

It is well known that the response u(t) of the linear differential system

(1) can be expressed as the superposition of normal components pertaining

to the frequencies w
~ 

and mode shapes 
~~ 

of the associated vibration

el genproblem

1-20

~~~• • .~~~~~~~~~~~~~~~~ —--- - - .  
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -



• - -

—

~~~~~~~~~~~~~~~~~~~

______ _ _ _ _  I
ol  1.4 —.a)III U

b~) Lfl rfl ~fl rfl m g

~eJ
C’ •
4-4 14

0 a)
4. 

‘4

- — a m  m
4) a) . ~:2_ ‘.4U) 0. ~~

o ..-. U’
1..4

N ~ —
I-.

0 14 a)
.~~ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _  

Q a) ~~
I — — —  ‘4.

0 0 U 0

14 ~ —

4) Q U

.~~ 
a) ~~~~~~~

‘4 
Cl) 

_ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _  2

E

~14 . ~~~~~~~~~~~~~~~~ ~~~~~~~
a)
S ~~ 0 ~~~

- •
~~~cd 0

I-I a) 
_________________  _________  ~~0 ~ 

— 5 5 .
~~ U~~~U

z ~~
— -

~~ o.2  ~.0 — .,~~~ 4. 14
Li ‘4 - - 0

‘fl c~ ~~4 rfl k’J U

~ 5 , )
- •

0.4 — — — —  _ _ _ _ _ _ _ _ _ _  _____ 4-k .5• a)..c
~ ~) 5 4-).5 C~~

‘4 * .54 .  .... 5 4 .
Li .5 *
0 —1 a) 

* (I) U~ ~- - ‘4 .5
~~~~~~~~~~~~ Z Z ~~~~~~~~~~~ >. 

~~~~~~~~~~~~~~~~~~o .. ._. 4 .1 4  5 01)U) 
_ _ _ _ _ _ _ _ _ _ _  

i~~- 0~~~ 5
‘-4 0 ’-  ..-. p. ~~~~ 0 .~~~ ‘4

1., ‘4 - .  ‘~ ‘-4 U’ ‘4
04 4-)~~ l 0

o — C C C k a )  0~~ -~~~~~a) ‘...

U 0 0 ~~ ~~ 0 ~~~~~01J~ 
.-) -p. ~ 4.

r~4 ,E~ 0 z~0 -4

_ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _ _ _  
(~i (I) Cl)

_ *— 4-. 1.4 -‘I. -0 — ~~~ ~ e— p. o 0 .
Q O O~~~~~~~~~~~~~~~~~~)  Q 1-)4 Z

I -21

_________________________________________ -~~ — - -~~---.!-— ~~~~~~~~~~~~~ ..i m~4



- -~~~~~~~~

(w~~
M + u i

D +
~~~) 

x. 0 (26)

A simila r decomposition applies to the local computational error sources,

and to the propagation and accumulation of such sources.

• Discrete element dynamic models of m echanical systems generally fall

into the category of stiff-oscil1atory~ differential systems. Thi s term is

used to mean that the ei genfrequencies w. lie close to (or on) the ima ginary

axis , and that the ratio w w - spans several orders  of magni-
4 8 max mitt

tude; typically 10 to 10 . If these sy stems are treated by implicit time

integration procedures , an A-stable scheme [4] is normally required.

For most problem s in linear s t ructura l  dynamics, the energy content

charac ter i s tics  of the excitation f ( t) - - i .  e. ,  its energy f requency  spectrum--

is such that the response u(t) can be adequatel y represented by the super-

position of a set of normal responses pertaining to low freque~icy modes.

Accordingly, the stepsize h is chosent so tha t the circular sampling

frequencies a = h vary from Q << 1 (corresponding to normal compon-

ent s to be accurately traced) to Q >> 1 (corresponding to normal components

to be “fi l tered out” by the integrator).  (A more precise stepsize cla ssifica-

tion scheme is discussed in Part IL, )

The propagation of a modal error source to downstream solutions depends

on three factors: the samplin g frequency CI , the computational path

followed , and certain properties of the integration operator. It turns out

that the amplification of a local error can only be significant in the low-

frequency (CI << 1) and high-frequency (CI >> 1) region s of the moda l

spectrum.

In the low-frequency end (CI << 1), the error propagation is primarily

affected by the computational path . Pertinent results are  summarized in

Table 3. If path (O)--or  its variant (O’) - - i s  followed, the downstream

*The qualifier “stiff” is used here to denote a mathematical property (widely
different time constants) and is unrelated to mechanical stiffness.

~In practice, the stepsize h is cho sen adaptively by the integration program ,
which “ senses” the characterist ics of the excitation through accuracy-
monitoring procedures .  - •
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I
amplification of a moda l error source is asymptotically independent of

the stepsize. On the other hand , if path s (1) or (2) are  followed , local

modal e r rors  are  amplified by a factor asymptotically proportiona l to
—l -CI . For example , if CI = wh = 0. 01 (a common sampling rate for the

fundamental f requency) ,  the error amp li fication di f ference between

path s (0) and (1, 2) is two order s of magnitude, and thi s result  holds

regardless of the particular integrators selected in (7).

The error amplification behavior in the high-frequency reg ion c~ >> 1 is

controlled by the computational path followed and by the coefficients

and 6. of the integration operator s (7). As hi gh-frequency error propa ga-

tion is relatively unimportant in linear structural dynamics, it has not

been included as a rating factor in Table 3.
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Section 6
STARTING PROCEDURES

The actual implementation of the starting proc edure for LMS operators

with m � 2 is rarely mentioned in the literature. The most common

procedure consists of using a one-step method, such as the trapezoidal

rule , to generate (m-1) initial solutions; after that the program switches
to the standard integrator. Thi s approach usually requires one extra

factorization, because the coefficient matrix (16a) of the starter does

not necessarily coincide with that pertaining to the integrator (7). We

describe here a technique that avoids the additi onal factorization.

Introduc e the “ starting fami ly” of LMS operators:

+ = h
B 

Ci1 ÷ h b ~’ (1-step)

+ a’
~ = h

B
Cl
z 

+ h b ’~ (2-step)

(27)

u + a U = h ~i + h bU (target operator)
• 

— —m —m ~ —m —m

which are characterized by identical values of the generalized timestep

h
B
. A similar fami ly is constructed for v i f  h

B 
� h

8
. As an example,

if the ta rget integ rator for u is the 3-step Park’ s method [9] , for which

h
B 

0. 6 h , a convenient starting family is

u - u  = 0 . 6 h C ~ + 0 . 4 h C t—l —o —1 —o

+ 0 . 2~~~~~ = 0 . 6 h C t 2 + 0 . 2 hC i
1 

(28)

u -1. 5- u + O . & u  - O . l u  = O . 6 h C ~ , n 3 ,fl f l-i  —n -2 —fl -3 —n

The two auxiliary formulas (28a, b) are A-stable [(28b) is obtained by corn-
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binin g 40% of the trapezoidal rule with 60% of Gear ’ s two-step integrator];

hence, no spurious high-frequency oscillations can be triggered by the

starter.

A change in the stepsize h requires an additional assemb ly and factoriza-

tion of E in most existing implementations. A matrix-scaling technique

can be used , however , to eliminate such refactorizations in linear or

nonlinear problems [10]. -

-

L I

-j
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Section 7

CONCLUSIONS

A general framework for categorizing computer implementations of direct

time integration proc edures based on the treatment of an equivalent first-

order system by implicit LMS operators has been presented. Five parti-

cula r implementations as sociated with c omputationally convenient choices

of auxiliary vector and with certain calculation sequences have been

studied in some detail. It is appropriate to summarize in this final section

the relative merits and disadvantages of those specific formulations.

The (CO ’)  form has excellent error propagation characteristics for low-

frequency components, but is substantially more expensive than the other

forms if either M or D is nondiagonai. The explicit determination of

accelerations r equires the presence of a well-conditioned mass matrix.

As this form is in no case superior to (JO), it is not recommended for

practical use.

Both (Cl) and (C2) disp lay poor error propagation behavior as regards low—

frequency response components , sinc e local errors are magnified by an

amount inversely proportional to the stepsize h. (It should be noted tha t

for many of the integration operators studied in Part II, thi s amount is
larger if the (C2) form is used. ) The (Cl) form has the advantage of not

being affected by a singular (or ill-c onditioned) mass matrix, because

the product M ti can be kept throughout the advancing cycle. Implementa-

ti ons based on (C2) may run into starting problems if M is singular or

ill-conditioned, as is often the case in finite element models that include

rotational degrees of freedom. If a BD operator pair is used in (7), these

two forms are computationaily equivalent, and the preceding r emarks do

not apply.

The (JO) form emerges as an easy winner for a general purpose implemen-

tation. It has excellent error control , is not affected by the condition of

1-16
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the mass matrix, and minimizes the computational effort per step in

the general damped case.

The (J2) form can be considered a convenient adjunct of (JO). It is easy

• to implement both (J) forms in the same computer program, since their
storage arrangements (cf. App endix B) are similar , and a simple branch

takes care of the difference in steps (a , b) of Table 2. The (J2) form is

cozr~putationa1ly. optimal in the freq~ient case of an undarnped , lumped-

.ma.ss model, and could be used in such instance if the analyst is not parti-

cularly conc erned about error propagation characteristics. -

_ _ _ _ _ _ _
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Appendix A

TWO-DERIVATIVE METHODS

In the discussion of numerical integration proc edures for second - and

higher -order ODE systems, it has been customary--see, e. g., [1,4]--

to categorize LMS methods as follows:

(I) The original equations are recast into a f i rs t -order  system, which

is treated by standard (one-derivative) LMS operators. This is

the approach followed in the main body of the paper.

(II) LMS formulas containing higher-order  derivatives are app lied

directly to the higher-order system.

For the second-order dynamic equations (1) , approach (II) requires the

introduction of an LMS operator containing the accelerations a. A

general form of such schemes has been studied by Geradin [11] . His

expression, rewritten sli ghtly to conform to the notation style of Eq. (7),

is

m m

u 
-i 

= h 
-i

m >1 , n � m
i=0 1=0

(Al)

= T1h
2 

~~~~~~~~~~~ 
= = 1

i=0 i=0

where  T1 is a scalar used to effect the normali zation = 1 in (Aib), and

~ 0 for implicitness. The identification of the coefficients in both

right-hand sides follows from elementary consistency considerations.

Explicit expressions of the Houbolt , Newmark, and Wilson operator s in

the multistep form (Al) may be found in [11] ; some specific examples are

1-28
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given in Appendix C (after Part II). Eqs. (Al) may be rewritten using a

compact notation similar to Eqs. (9):

u . Ci
u + a = h u + bb
-U —Il —fl .. (AZ)

u + c
U
~~~~~h h U  +~~~h

Z
b
U

—n —n a— n —fi

Sub stractin g (Aaa) from (A2b) to eliminate ~~ and collecting historical

terms, the LMS pair (AZ) may be presented in a form analogous to (12):

• 
a )  h~~Cl hU

= + v 
(A3)

Y
n )  ~~~~~

where
v , ~r ~i , h T~h—n —n S

(A4)

~ = h bu -b ’~ + ( a ~’ - c~~~/h
0 —n 5 ,—n /

Substitution of (A3) into (16) gives

E = M ÷ h 5
D + h~~h6

K
(A5)

= M ( h  h b U
~~~c

hi \ + h D h ~’ + h h f
~ 5 —n - n j  5 n ~ 6 fl

If = 0 , the algebrai c system (15) reduces to

(M + ii h K) u = M (h h b’1 - c’~~ + h h f (A6)
~ 6 — —ii — 5 —n -n! S —ti

which expresses the well-known fact that the approximations of velocities

through (Ala) is not requir ed for the direct integration of an undamped

system.

The implementation of these method s is seen to be inextricably linked to

the conventional choice (19) of auxiliary vector. Accordingly, the three

1-29
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• computational path s (0’ , 1, 2) of Table 1 may be used (with appropriate

modifications to account for the expression (A5b) of .g~ ). But it is not

difficult to show that (CO’) and (Cl) are computationally identical in the

case of an undamped system, and very similar if there is slight damping.

Hence , only two implementation variants need to be considered: (CO’/Cl)

and (C2).

Both implementations turn out to display local error amplification of order

h4 for low-frequency components, i. e., the beneficial effect of the (GO’)

form on error propagation control is lost if a two-derivative operator (Alb)

is used. As (CO ’ /Cl )  consistently involves equal or larger computational

effort per step than (CZ)- -c f .  Table 3--th e latter emerges as a clea r choice.

Henrici has described [1, Ch. 6] a radical modification of (Alb), called the

“ summed form , ” which eliminates the O(h~~) dependence of the propagated

local error. For an undamped (D 0) sy stem (1) , this device is equivalent

to using the r educed first-order form:

M Cl M v
(A7)

M~ ’ f - K u

Eq. (A7a) is treated by a standard LMS operator derived from (Mb) by

formal  division of the polynomial -y0 ~
m + + 

~
‘m by (z-1) while (A7b)

is treated by a backward-Euler operator. Thi s technique essentially

amounts to a splittin g of (Aib) into the forma l product of two one-derivative

operators. Therefore , effective control of computational er ror  propagation

demands a reduction to a f irst-order system , whether explicitly done as

in (3) or conc ealed under a special name.
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Appendix B -:

ARRAY STORAGE REQUIREMENTS

Thi s Appendix should be of interest to implementors involved in the pro-

grarnming of one of the formulations defined in Tables 1 and 2. Table 4

provides a “snapshot” view of array structures involved in forms (Cl)

and (JO), which are chosen to typif y the (C) and (J) formulations,

respectively. The flow of computations required to advanc e the solution

over the current (n-th) step is indicated with arrowed paths. Matrix

storage is not exp licitly shown, as this is formulation-independent.

If the number of degrees of freedom (nf ) does not exceed a few thousands,

all vectors displayed in Table 4 can be kept in high-speed memory (core)

throughout. Vector storage counts in such case are

Form General Operators BD Operators

(Cl) 3 m + 3  2 m + l

(JO) 4 m + 4  Z m + 2

where account is taken of the fact that some of the vectors shown in

Table 4 can be overwritten as the computations proceed. For most LMS

operators used in practice , m = 1 to 3, which gives vector counts ranging

from 3 to 16. The beneficial effect of using BD operators is clear.

If nf exceeds a certain value (typically 3000 to 10000), it is necessary to

plac e some or all vectors on auxiliary storage. In this case the minimal

number of core vectors becomes 2, one of which serves as a rea d buffer.  
I 

-

In a dynamic memory management environment , the transient analyzer

typically beg ins by requesting storage for matrix block buffers  to the

data management system. Remaining core storage is then parsed in fl f~
word blocks to accommodate vector structures. The vector storage area

1-31
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Table 4

VECTOR STORAGE ARRANGEMENT FOR (Cl) AND (JO) FORMULATIONS 
-

•

L 1
Multistep Historical Previous Step Current StepForm Information (missing if m 1) Information Information

-m -~n -2 ~~~~~~~~~~ ~~~~~ -~n

(Cl) ~ n-m ~ n-2

[M ci ... M~i ] ~[M fi ] -  g
fl—n-m —‘ — n-2  — - n-l

~ n-m ~ n~ 2 l n  ~n

U~~~~ ] 
(~~n-l 

_ _ N
(JO) v ... v __

~~~~~k~~~~~~~i~~~~~~~~~~~~~~h ” ~~~—n-rn —n -2 / 
~~~ 

1n4 —ti

Xn~ l
f
f f
—n-l —n

I

NOTES:

If a BD operator pair (b = d = 
~
) is used , information enclosed in brackets

is not required for advancing the computations, and those computational steps

identified by broken-line paths may be omitted.

2. Storage arrangement for M, Q, K, E is not shown, as matrix storage
requirements are formulation-independent.
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p
1

is commonly admini stered as a “ revolving pool,” which can be viewed as

a rectangular array of row dimension flf whose columns are  assigned to

- specific vectors through a pointer string linked to a cyclic reservation

• scheme.

—4 -
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ABSTRACT

The propagation of computational error in the direct time integration

of the equati ons of structural dynamic s is investigated. Asymptotic

error propa gation equations corresponding to the computationa l paths

presented in Part I are derived and verified by means of numerical

experiments. It is shown that there exists an implementation form tha t

- achieves optimum error control when used in conjunction with one-

deriva tive methods. No such form is found for two-derivative methods.

A numerical beating phenomenon is observed for  certain implementa-

tions of the average acceleration method and the trapezoidal rule , which,

from an error propagation standpoint , is hi ghly undesirable.
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Section 1

INTRODUCTION

• The materia l presented in Part I may be sufficient for those readers who

are  primarily interested in organi zational aspects of the computer imple-

mentation of time integration procedures .  Part II , on the other hand , is

devoted to a detailed analysis of the computational error associated with

the calculation sequences describ ed in Part I, and provides substantiation

for claims made as regards the error propagation behavior of those

implementation forms.  Thi s Part endeavors to answer questions such as:

which implementation form minimizes error  propagation effects? , what

a re  the advantages of one-derivative LMS operators over two-derivative

methods? , how do implementation forms affect the al gorithmic properties

of the integrator ? , and , finally, how can the importance of computational

e r r o r s  be assessed in advanc e of the actual computations? The answers

to these questions have obviou s bearing on the implementation of advanced

error control strategies in t ime integiation packages developed to support

~enera l-purpose s t ruc tura l  analy z e r s .

The potential importanc e of computati onal e r ror  propagation can be

appreciated f rom the following considera t ions .  A t rans ien t  response

analy sis by implicit integrat ion proc edures  typicall y involves 102 to

time steps. Each step in tu rn requi res  a substantial number  of al gebraic

manipulations. Computational e r r o r s  introduced at each time step are

propagated to subsequent t ime stations by the integrat ion operator. Tht ~
compound effect  of propagation and accumulation of local e r ro r s  can

seriously jeopardize the accuracy of the solution in many instances ,

especially in largc-scale problems.

Organizat ion of Par t  11

A summary  of m w  resul ts  obtained in this Part  is provided to aid the

reader  in p r o g r es s i n g  through subsequent sections. An introductory sec-

tion presents  basic concepts required in the error analysis. Sources of



local computational error  are exhibited in some detail, and mechanisms

of propagation and accumulation described. Governing equations for the

propagati on of a single local error source for a linear system are then

introduced; it is shown tha t the study of the propagated error suffi ces to

characterize the behavior of the overall computational error.

Computational error sources are classified into operational and inherent

according to the functional dependenc e of the associated propaged er ror
on the stepsize h. The operational error is introduced by inexactness in
the solution of the algebraic equations that must be solved at each step,

whereas the inherent error is due to unc ertainties in the specification of
• app lied forces.

A linear , undarnped oscillator model is used to examine the behavior of

the propagated operational error  as a function of the sampling rate. An

asymptotic analysi s technique is used to show that the long term behavior
of the propagated operational error can be character i ’ ~d, for small step -

sizes , by a limit differential or integro-differential propa gation equation.

Examination of the amplification factor associated with these equations

indicates that the computational sequenc e labeled as path (0) in Part I

is immune to local er ror  propagation, hence achieving optimal accumulated

error behavior.

An important source of local inherent error in nonlinear structural

dynamics  is exhibited by consideration of a sample nonlinear system treated

• by the pseudo-force  lineari zation technique. While a complete ana lysis of

the inherent error propa gation in nonlinear problems is not undertaken, its
quali tat ive “ semilocal”  behavior is i l lus t ra ted through a l inearized treat-
ment .  A more  thorough t rea tment  of the c oup lin g of the propagated inherent

e r r o r  wi th  computed  solutions of hi ghly nonlinear problems will be the sub-
j ect of f u t u r e  investi gations.

Numerical  experiments to character ize  theerror propagation behavior of
several commonly used integrator operators have been per formed over a
five-magnitude range of sampling fr equencies wh , and the resul ts  are

disp layed in the form of amplification factor spectra. In the low-frequency
end , these results agree very closely with the prediction s of the asymptotic

11-2
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1
analysis. In the high-frequency end, an interesting error growth is noted

for weakly A-stable operators such as the trapezoidal rule (and its two -

-- derivative counterpart, the average acceleration method) under certain
computational paths. This phenomenon is shown analytically to be

-- caused by “numerical beating” associated with the asymptotic appea rance,

as wh -. ~~ , of secular terms related to closely allied characteristic
roots of the propagati on equation. Finally, the implications of the pre-

• • c eding result s on the organization of problem-adaptive time-integration
software are discussed.

-. 11-3
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Section 2

SUMMARY OF NEW R ESULTS IN PART II

The analysis of computational error  propagation in linear dynamic

problems relies on the decomposition of error sources over a fr equency

spectrum encompassing sampling rates normally encountered in practice.

To our knowled ge , this approach has not been previously used for that

purpose. More specific results  include:

1. Classification of computational error sources according to

their importanc e with respect to the sampling rate.

2. Derivation of deterministic local error propagation equations

for the implementation forms discussed in Part L

3. Tabulation of accumulated error estimates as function of

implementation form and local error correlation properties.

4. Exhibition of a numerical beating phenomenon associated with

high-frequency error propagation of certain implementations of

the trapezoidal rule and the average acceleration method.

5. Disp lay of experimentally generated spectral e r ro r  propagation

characteristics of specifi c integrators , and comparison with

analytical predi ctions.

11-4



Section 3

COMPUTATIONAL ERRORS

Definition

Let u(t. ) denote the solution of the differenc e equations (15) obtainable
with exact computations. The computationa l error e(t.) is defined as the
residual

e. e(t .) ‘
~ (t. ) — u(t .) (29)

where ’
~i(t .) is the computed solution . The computational error results

from the propagation and accumulation of local e r rors  committed at each
integration step. Consequently, an analysis of (29) must begin with a
study of the local er rors .

- • 
Local Errors -

Local er rors  may be studied in vacuo by ignoring, for the moment, the
processes of propagation and accumulation. At each time step t ,  we
effectively solve the “perturbed” equation

(30)

instead of

E u  = g (15)—n ~n

In Eq. (30), and 1~u represent the errors made in the calculation of

• the ri ght-hand side and soluti on vector ~~~~~, respectively, and ~E is an
equivalent perturbation of the coefficient matrix E in the spirit of the

-
• backward error  analysis of Wilkinson [12]. We use the notation

• I! 
~~~~~~~ 

I! II ~~~~ ~= (31) 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 



- -

to identify relative local errors , where J~ 
. ~ denotes any appropriate

vector norm.

Sources of Local Error

The three main sources of local error m entioned in the Introduction to

Part I will be examined now in more detail. For the en suing discussion

we refer to an expanded form of (30), which display error terms pertain-

ing to diffe rence sources:

r s f r s f
= + ~~~~~~~~~~~~~ (32)

in which

= -~~E (u + ~u ) ~ -t~E u
fl — -n —n — —fl

(33)
= h

~~
h ô~~

f

and where other undefined terms are defined in the text below.

Rounding errors caused by the use of finite precision arithmetic contami-

nate all of the computational steps exhibited in Tables 1 and 2. The

aggregate effect of those errors is collected in the ri ght-hand side per-
turbation ~~ r which induces a solution error E~u

’ . The term is
-

~~~~

relatively unimportant in most circumstances, with a possible exc eption:

errors  introduced in the calculation of accelerations in step (a) of the (GO’)
form (or of the starter of the (C2) form) if the mass matrix is ill-conditioned.

Solution errors  made in solving (15) by dir ect or iterative techniques are
represented by the term ~u 5 and the cor responding ri ght-hand side residual

~~~~ If a direct solution technique is used , the matrix perturbation ~, E
results from factorization errors .  If an iterative solution proc edure is

used - -as required in nonlinear problems--the term is augmented by
uncertainties ar is ing from the acceptance of solution iterates that have
not attained the full digital si gni ficanc e allowed by th e condition of th e
i teration operator.

11-6
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Finally, force evaluation errors affect the accuracy of the right-hand side
throu gh the term given by (33b), in which ~f denotes the uncertainty
in f . The corresponding solution error term is ~u• -n

The relative magnitude of ri ght-hand side and solution e r rors  is related

by the condition number of matrix E:

e � C(E) e
U — g

(34) -
•

C(E) = II ~~~ !! II ~~~~~~~

From the error analysis viewpoint, rounding and solution error terms can
be lumped together into a component called the “ operational error ” source.
Because of the presenc e of the h factor in (32b), force e r rors  are  treated
as a separate component called the “inherent error ” source.

Remark.  The term “inherent error ” was introduced by Henrici [1] to

identify errors in the evaluation of the forcing term f(y, t) while integrating

the single ODE y’ = f(y, t). He th en used the term “induced error ” to de-

note the equivalent of rounding and solution errors;  we prefer  the more

suggestive term “ operati onal error . ”

Error Propagation

The foregoing analysi s of local e r rors  would be sufficient for time-

independent (static) problems. In a dynamic system, however , local

e r rors  committed at t. are propagated to the stream of solutions u(t k ),

i � j ,  by the feedback effect of historic terms. The overall computational

error (28) at t~ may be expressed as the accumulation of propagated

sources:

e = e(t ) = 
~~~

c ’(~~~~x’k t
~
u
Jk) 

(35)

where 
~~ 

are influence coefficients expressing the propagated error at

t. due to the k-tb component Au. of the local error  Au. at t . ,  and G’ is—j j  — n

11-7 
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a vector operator mapping the contribution of the i-th station onto e .
For general ODE systems, X

~k are nonlinear functions of the solution
vector u. In the case of a linear system, however, the principle of
superposition can be invoked to eliminate the nonlin ear operator G’,
whence (35) simplifies to

~!n E~~~~~
xjk Au j k (36)

i=O j=O

where the are independent of ~, and can be collected, after summing
on i , into “propagation matrices” L. For constant stepsize h , these
matrices assume a regular pattern illustrated below for the case n = 0, . . - 3:

e I - . Au-o - -o

~ l 
= ~~l L A~ 1

i~z ~~i 
I . Au2

L~Z .b 
— 

A~3

where L5 dep ends only on the station index differenc e s = n - j. It is
therefore  sufficient to investigate the propagation of a typical local error
source, which can be taken to be for conveni ency. The resulting
propagation function r(tn) = 

~ n A~~ can be used to fill up the f i rs t  column
of the supermatri.x in (37), and other columns follow by simple shifts.
The accumulated error e(t ) can then be calculated by applying stati stical
assumptions on the occurrenc e of local errors Au. on the ri ght-hand side
of (37).

A detailed , component-by-component calculation of e(t ) is seldom useful

(or even possible). All that is needed for practical app lications is a rough
estimate of the relative error ~ ~JJ/ II u~ given the local level of accuracy
(31) and some gross problem identification parameters. An important
step in this regard is to effect a spectral decomposition of the propagated
error by pas sing to normal coordinates , and to identify error sources
whose frequency spectrum is similar.

~

- - • - -

~

-

~ -



4.

Operational and Inherent Error

For reasons outlined above, it is convenient to sepa rate the propa gated
- • • 

~~. typical local source into two components:

r(t ) L Au = E(t ) + a(t ) (38)

where p(t) denotes the operational error resulting f rom the propagation or

rounding and solution errors , and a(t) is the inherent error,  which result s
from the propagation of force errors. These error functions satisfy the
linear propagation differ ence equations

n 0 , 1,... (39)

under initial conditions discussed in following sections. The ri ght-hand

side terms and are to be evaluated following the computational

sequences described in Part I , in which the external force term f is-n
set to zero.

The di stinction between operational and inherent e r ror  ar ises  naturally

from the study of their dependenc e on the stepsize h, or , more precisely,

the c i rcular  sampling frequency ~ wh. Broadly speaking, the operationa l

er ror  is dominant for  “ small” s tepsizes  wherea s the inherent error  becomes

important for  “intermediate” stepsizes. The concept of stepsize ma gnitude

is defined more precisely in the following subsection.

Modal Decomposition

As noted in Part I, the transient response of a linear dynamic system can

be viewed as the superposition of normal response components of (generally

complex) fr equencies w k ,  which are  the solution s of the ei gensystem (26).

Given a specific frequency value w , a step siz e h will be called

Small , if Iw ht  < 0.1

Intermediate, if 0.1 < wh < 2

Large, if Iw h I  > 2 (Nyquist frequency)

11-9
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In the analysi s of stiff-oscillatory differential systems by implicit inte-

gration procedures, the stepsize h is generally such that there are normal

compon ents in the three foregoing categories. Generally speaking, small

stepsizes are used for components to be accurately traced, intermediate

stepsizes for components to be roughly traced , and large stepsizes for

components to be “ filtered out” by the integrator.

All error vectors--local, propagated and accumulated--can be decomposed

into normal components. This spectral decomposition technique will be

used in following sections to establish practical estimates on the peak

amplifications of the propagated operational and inherent errors.

I

11-10



Section 4

THE OPERATIONA L ERROR PROPAGA TION PROCESS

The operational error is dominant for those modal response components

associated with small stepsizes. Consequently, thi s is the only error

sourc e that the analyst  should be concerned about in problems where

the bulk of the excitation ener gy is contained in low frequency modes.

As noted in the preceding secti on , it is sufficient to study the propagation

of a single operationa l error source at t = 0, and the resulting propagation
function p(t ) can be projected on the normal coordinates:

a(t) =
~~~ 

pk (t) 
~ k (40)

The principal features of a typical modal propagation function p(t) pk (t)

associated with a smaLl stepsize, i. e. , w~~ h < 0. 1, are illustrated in

Fi gure 2 for the undamped case. Three stages may be noted: an initial
j ump due to local error initial conditions , a transient (boundary layer)

period , and a f r ee  oscillation reg ime.

Initial Conditions

The appropriate initial condition s for the modal analog of (39a) are

= Au~ +

= p / h
e 

(41)

p_ i = P_2 = - - = 0

where the value of j results  f rom (l2a) ,  in which h’~ = 0 on account of

(4 1c). The conditions (41) may be interpreted as the app lication of a step

“ error velocity ” 
~~ 

at t = -h~ , as depicted in Fi gure  2.

11—11 
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I
Transitional Propagation (TP) Period

The TP period extends from t 0 to t = t F D  and “brid ges ” the initial
discontinuitie. (40) with the f ree  propagation regime. The end of this
period may be conventionally characterized by an almost uniform velocity

= f ( t F) not vary ing by more than 1% of 
~~~~~~~

‘ 
if wh is set to zero. If a

one-s tep method is used , or if path (0) is followed , thi s period lasts one
step, i. e., tF = h. On the other hand , for multip le step methods (m � 2)

implemented using paths (1) or (2) ,  tF depends on the effect of the initial
• conditions (41) on the spurious roots of the integrator , and on the rap idity

of decay of such spurious oscillations; nonetheless , t F ~ 2 m h rep r esent s

a good approximation f or most commonly used A-stable  operators .

The exit conditions from thi s period have the small-h expansions

~ F = p p ~-l 
+ 0(1)

= op + 0(Q) Q = wh (42) -•

= ~~p Q  + 0(Q2)

in which 
~ 

denotes the integral fp ( t )  dt , and where p , a and ~ a r e

scalars of order uni ty . The values of p and a , which recur in the
asymptotic analy sis of next sec tion , are  tabulated in Appendix C for

• s evera l  commonly used integrators .

Free Propagation (FP) Regime

For t � t i,, the propagated modal error  oscillates with a period associated
with the (general ly integrator-distorted) frequency pertaining to that mode.
The amplitude of the oscillation is primarily de termined by the exit con-
ditions (42) and by the samp ling frequency Q wh.  The al gorithmic
proper t ies  of the integrator  intervene only through second-order  effects  —

such as frequency distortion and numerical  damp ing, which vanish rapidly
as ~ approaches zero.

Th e e r ror  amplification factor is  defined as the ratio

11-13 
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= 
~max~~o 

(43) 1
where 

~ max is the largest absolute valu e attained by p(t) . It is intuitively

clea r from Figure 2 that for  small wh the maximum of p(t) is reached at

the f i r s t  amp litude peak in the FP regime , as succeeding maxima are

abated through numerical damping effects.

Amplification Analysis Proc edure

The central  problem in the study of operational error propagation consists

of establishing the dependenc e of the error  amplification factor (43) on the

sampling frequency for specifi c operators and imp lem entation procedures.

A comprehensive study spanning a wide wh range requires the numerical

integration of the governing di f ference equation (39a) on the computer.

Thi s is in fact the approach followed in the numerical experiments reported

later. Valuable insi ght on the effect  of the computationa l path on (43) for

wh < < 1  can be obtained , however , by an asymptotic technique.

For a modal component of frequency w,  the dependence of ~t on the

stepsize can be expressed as the Laurent series in Q = wh:

t = c  Q 1 + c  + c Q + . . .  (44)
p -l o 1 —

where  c _ 1,  c 0 , . . - are  weighting coeff icients  depending on the integra tor

and computationa l path used. The purpose of the asymptoti c analysis

carried out in the following section is to determin e the leading ( f i rs t  non-

vanishing) term in (44). The analysis involves two sta g~~s:

1. The calculation of the TP exit conditions (42) by solving the

propagation difference equations (39) up to t F~ 
The leading

expansion t e rms  in (42) can be obtained by s etting h = 0

ab initi o, which simplifies the computations considerably.

Result s for  specific operators ann computational paths a re

collected in App endix C

2. The asymptotic behavior of p(t )  in the FP reg ion (t � t F) is

established by replacing the propagat ion  d i f f e r e n c e  equation (39 a)  - —

11-14
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• by the differential  (or in tegro-di f ferent ial)  form approached as

wh tends to zero. A closed form solution matching the TP exit

values (42) as initial conditions at tF then yields the desired

information on peak values.

The algebraic manipulations a re  simplifi ed by i gnoring the damping term

ID ~i consistently throughout the er ror  analysis , and working with the

homogeneous system

M~~~~+ K a O (45)

or its modal counterpart

j
~ 

+ w2 p = 0 (46)

as source differential  systems for the propagation differenc e equation

(39a). The introduction of li ght modal damping in (46) in fact trims the

amplification factor by an amount of the order of the f i r s t  neg lec t ed t erm

in (44).
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Section 5

ASYMPTOTIC ANALYSIS OF OPERATIONAL ERROR PROPAGATION

The variation of the propagated operationa l e r ro r  in the FP regime can be

studied as an undamped , free-vibrat ion initial-valu e problem. In this

section we examine the limit differential fo rms  associated with computa-

tional paths (2) and (0), as typifi ed by the (CZ) and(J0) formulations,

respectively.

(C2) Form

The error propagation equations are  obtained by specializing the calcula-

tion s of Table 1 to Eq. (45):

(M + h
~~

h
ô 

K) p = M (h~ + h 6 
h~ ) (47)

or
• p - h r - h  h~

h~~h~ 
+ K~~~~~= M ~~~~~+ K p~~~~~~O (48)

where  the vector  expression postmult ip ly in g M ha s been r ecogni z ed to be

the d i f f e r en c e approximat ion used for  the acceleration s in the (C2 ) fo rm.

Consequentl y,  as -~ h -. 0 , (48) approaches the different ia l equation (45).

It s gene ral  solut ion i s eas i ly exp r e s s e d  by pass ing  to normal  coordinates.

The solution of the associated modal equation (46) with the initial conditions

~ F ’  ~ F a t t t F . is

p(t )  = P F COS t t F ) + a p F 5
~~~~~~t t F) (49)

Subst i tut ing the expansions (42a , b) into (49) and est imating the peak value

gives

= p (~~h)~~ + 0(1) (50)

I
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(JO) Form

The ana lysis of this form is more involved. The error propagation equa-

tions follow by specializing (25) to the undamped case:

( M+ h~~h6
K) ~~ = M h ~~+ h 6

h’~
’ (51)

in which v M ~ denotes here the auxiliary vector (24a ) associated with

a(t). Thi s vector is determined recursively from the differential equation ,

i.e.,

~~

v = hv + h ~~~ 

(52)

To eliminate v from (51), the historical vector has to be expressed

in terms of the value of a at past stations. It can be shown that

= - h (53)

in which are coefficients resulting from the Taylor expansion of the

generating rational function

m8 + 8  z +  ... 8 z
0 ~ m 

= ~, +~~ + ... +~~ z~~~
1 (54)m o 1 n- l

+ 
~
‘l ~ + 

~~~ ~
‘m ~

where and 8. are coefficients of the v-integrator (7b). The -
~~~~ limit in

(53) can be rep laced by zero on account of (4lc). Define now

L = h~~~~~ _ h
8

K~~~hV / h ~ (55)

It turns out that is a discrete integral of E(t) . This can be verified by

expressing (9) for and

p = h p  + h d ’~~ - c ~ (56)
6 -n —n —n

11-17
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in which and can be recursively calculated in terms of ~~ using

(52). As an example, for the trapezoidal rule (-y1 = ~~~, 6~ 61 = 1/2), we

obtain

= 1/ 2 h ( ~~ + 2 ~~~ + .... + 2 ~~~~~ +~~~ ) (57)

which is the well-known trapezoidal quadrature formula. Inserting (53)

into (51) produces the differenc e expression

- 
~~ )/h~ + K~~~ = 0

(58)
or

where is the differenc e expression used in step (b) of Table 2. In the

limit wh -, 0 , (58) becomes the integro-differential  equation

tn

M~~~~+ K [ a d t 0  (59)

Jo
The solution of the associated normal equation

t

+ w2 dt = 0 (60)

satisfying the initial condi tions 
~ F ’ ~ F at tF is

p(t) = 
~ F cos w (t - t F

) - W 
~ F sin w (t - t

F

) (61)

Introducing (42b , c) into (61) and estimating the peak value produces

= a + O(wh)  (62)

The error amplification factor of the (JO) form is asymptotically indep end-

ent of the stepsize h. Consequently, thi s imp lementation is immune to

local propa gation error effects .

Remark  1. The choice of the (J) and (C) formulations to exhibit the error

propagati on behavior of the (0) and (2) path s, respectively, has no special

si gnificance. In fact , the same analysis  (leading to identical conclusions),

could be carri ed out for an arbi t rary  auxiliary vector.

11-18
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Remark 2. An analysis of computational paths (0’) and (1) leads to the

limit forms (59) and (45), respectively. The corresponding amplification

factors have expansions similar to (62) and (50), respectively, but the

coefficients p and a are generally different (cf. Appendix C). Conse-

quent ly, a detailed analysis of these paths will not be given.

Remark 3. The integro-differential equation (59) that governs the error

propagation behavior of the (0) path has the important property of being

insensitive to the initial step velocity (4lb). This smoothing property

has been actively exploited in the field of discrete sequential estimation

for the desi gn of stochastic fi l ters [13]. The elimination of error  ampli-

fication effects  is in fact analogous to the filtering of process noise

through a Kalman fi l ter .

Two-Derivative Methods

An analysis of the operational er ror  propagation for  the two-derivative

operators mentioned in Appendix Aleads to moda l amplification factors of

the form (50), regardless  of the computational path used. The smoothing

effects of the auxiliary vector sequenc e (52) a re  lost in the (0) path

because computed solutions are independent of the velocities in the

undamped case. Consequently, the error filtering effect of the (CO) and

(JO) implementations is lost if a two-derivative operator is used. This

can be a si gnificant drawback of two-derivative methods when the opera-

tional error can severely a f fec t  the quality of the answers.
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Section 6

ACCUMULATED OPERATIONAL ERROR

The accumulated operational error, denoted by e ~~, results f rom the

composition of propagated operational sources. An estimation of

nece ssarily requires some assumptions on the stati stical distribution of

sequential local error occurrences. The reader is referred to Henrici

[1, 2] for a detailed exposition of statistical analysis techniques. We are

here content to illustrate the accumulation process pertaining to a small-

step size moda l component (wh < 0. 1) in the simplest instance where local

modal errors are perfectly correlated , i. e.,

= ~u . = ~u~’ + , for each i (6 3)

For computational paths (1) and (2),  the dominant term in the propagation

function (49) is , for  small Q =

p(t) w~
1 

~F 
sin w(t - t .)

Consequently,

e~ = W P F ~~~~~~~Sifl W ( t  - t .) w
~~~~~~~Esi f l i

~

= 
~ F sin l / 2 ( n - l) Q  sin 1/2 Q cosec 1/2 C2 (64) 1

Expressing 
~ F 

in terms of (63) through (42a), the following expansion for

the peak valu e of e~ is obtained:

e~~ = max ~e~~j p Q 2 
t~u + O(Q 1) (65)

A simila r argument for path (0),  using the dominant term in (61), yields

a ~u + 0(1) (66)
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• Leading terms of the asymptotic expansions of the propagated and accumu-

lated errors in the low and high fr equency reg ions of the modal spectrum

are collected in Table 5. The error exponent v defined there is a measure

of the correlation of sequential local error occurrences.

R emark. In single ODE’s, where rounding is the only significant local

error source, it is generally assumed that sequential local errors are
normally distributed about a zero mean, which leads to a favorable

exponent V = liZ. For large-scale stiff systems, however, that assumption

may be unrealistic. If the system is at least moderately ill-conditioned,

the solution error term ~E u tends to dominate over the rounding error.

— 
As the same E is normally used for many steps , the factorization error

perturbation ~E remains unchanged; furthermore, the 
low-frequency modal

components in u~ vary slowly at the usual sampling rates. The net effect

is that successive local errors may be highly correlated , and the error

exponent approaches the most unfavorable value v = 1.
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Table 5

ORDER OF LEADING TERM IN ASY MPTOTIC
EXPRESSIONS OF MODAL OPERATIONAL ERROR

Integrator Comp. Sniall-stepsize, Large-stepsize, high-frequency
Type Path low-frequency range Q> >  1

range Q< <  1
Strongly A-stable Weakly A-stable

operators operators

POE AOE POE AOE POE AOE

(0 ’) 0~~
Pair of one- 0(1) O(Q
derivative (0)
operators (7) 0(1) O(c~ ’) 0(1) 0(~ ~

‘)

(1, 2) 0(Q4) O(ci~~ )

Two-derivative (0’ 1) 0(Q) O(c2~~~ )operator (Alb) ‘ 

0(Q 4) O(Q4
~~

’) 0(1) Q(Q V
)(conventional 

(2) 0(1) O(r~
’)implementation)

NOTES:

1. POE: Modal amp lifi cation factor (43) of propagated operational e r r o r .

2. AOE: Modal amplification factor e~ /~~~ 
of accu--iulated operationa l er rorm a x

I- 
where A~I is an statistical average of local modal e r rors  Au.

3. The error exponent v varies  f rom 1 for perfectly correlated sequential local

errors  to 1/2 for uncorrelated (random ) sequential local e r r o r s .  (The value

appropriate to the low.frequency range is not necessa r i ly equal to the valu e

appropriate to th e hi gh-frequency range, but virtually nothing is present ly
known as to the dependence of ~ on Q . )

4. A strongly (weakly) A-s tab le  operator is character ized by the lar~~est z o o t

of the polynomial 
~~ 

~ 
~m having a modulus less than (equal to)

unity. This root characterizes the filtering properties of the operator as

regards suppression of hi gh-frequency noise [4] .

_ _
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Section 7

INHEREN T ERROR

A Sample Nonlinear Equation

As previously noted , the inherent error arises from uncertainties in the

forcing term. As a general rule , the effect of inaccuracies in the specifi-

cation of external forces can be ignored in practic e, unless the externa l

force field result s from the con current solution of a coup led initial value

problem (e. g. , f luid-structure interaction , coup led thermoela sticity) .

Internal force  errors , on the other hand , may be important in nonlinear

structural dynamics , as the following sample problem i l lustrates.  Con -

sider an undamped nonlinear dynamic system governed by the state

equilibrium equation

M ~i + N(u) = f( t )  (67)

where  N (u )  is a nonlinear s t i f fness  term.  Two widely used l inearization

techniques for  treating that term are

N(u ) = N(u ) + K (u - u ) - AN
— —n — —n — 1 —j n — 1 —n —n — 1 —n

(68)

N(u ) K u  - Q  K u  - ( l + p ) Q + c p Q  - AN
— —1_I _ —ii —n —n —n -1 —n -2 —n

where K is the Jacobian of N (u) evaluated at u , K is a Jacobian
~ n-1 — — —n-i

evaluated at the referenc e state u = 0 , Q is a nonlinear “pseudo-force”

term , cp is a extrapolation parameter in the range 0 to 1, and AN is the

local approximation error. The Taylor series linearization (68a) is

called the tangent-st iffness method, whereas  the fixed-point linearization

(68b) is referred to as the pseudo-force or secant-s t i f fness  method in the

engineering literature. For the sake of brevity, we use the latter technique

in the following analysis. Substitution of (68b) into (67) evaluated at t

yields

M~ i + K u  = 1  + (69)
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where the eff ective force~~ and inherent error source are given by

= £ + ( l + c p ) Q - q:i Q
—n —n —n-l —n-2

(70)

+ 
~~~

In (70b), A f denotes the appli ed or external force error, as in (33b). The

practical importanc e of the term AN n should not be overlooked. In problems

involving path-dependent material nonlinearities, such as plasticity, the

extrapolation error in (68b) may lead to a pseudo-force error of the order

of 1-10% o f f  unless a reliable equilibrium-correcting strategy is used.

In a highly nonlinear problem, the inherent error source (70b) propagates
in a complex manner. As the modal spectrum changes with time, the

principle qf superposition of individual sources is not app licable. The

following considerations are restricted to linea r systems, but should also

provide insi ght into the “ semilocal” fo rce-e r ror  propagation in mildly

nonlinear problems.

Linearized Analysis

Eq. (69) is linearized by assuming that the ri ght-hand side terms are

independent of u. The propagated inherent error 1(t) associated with a

single source at t = 0 then satisfies the lin ea r differenc e equation

(39b) . The appropriate initial condition s a re

= h
B
h
o A

~~ 

-

q =
—0 (71)

=

= 

~ —2 = =

All of the results obtained in previous sections concerning operational

error propagation apply to the inherent error  function ~ (t) if and

are replaced by q0 and §
~ 

given by (71b, c). It is not convenient, however ,
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to use the analog q~~~~~/q0 of (43) as modal amp lification factor. A more
si gnificant measure  is the rati o of moda l force  errors :

w2 q 2 q
- max - 

Q max- _ _ _ _  - 
~~72q A~~ q

which agrees  with q / q  in the hi g h-frequency end wh >> 1.

Inherent Error of the Average Acceleration Method

The average acceleration (AA) n~ ~thod , which is a member  of the two-
derivative Newmark’  s operator family [6 ] ,  is present ly the most commonly
used implicit integration scheme in linea r structural dynamics. It is also

widely used in nonlinear dynamics notwithstanding its poor performance as
regards hi gh-frequency noise amp lif icat ion , experimentally not ed by many
investigators [9, 14]. The error growth is ca us ed by the coalescenc e of
the two characteristics roots of the integrat ion operator as wh -

~ ~~~

if either computational path (0) or (1) is followed. Near-root  coalescence
brings out a “numerical beating” phenomenon, which is briefly analyzed

below and substantiated in the numerical  experiments.

The propagation differenc e equation (39b) associated with the AA method
is (cf. Appendix C ) :

q~ 
- 2 q

~ _1 + q
2 

+ 1/2 Q 2 (q + 2 q~~~1 + q 2) = 0 (73

The general  solution of (73) is

q = C
1 

X~ + C 2 X~ (74)

whe r e
- ±iO -l 

_ _ _ _  —— e , 0 tan 2 (75)
l - l / 4 Q

The appropriate initial condition s for (73) a re  q 1 = 0 , q = q , whenc e
(74) becomes

= q0 ( X ~~~ - ~n+l ) / (X 1 
- X 2

) (76)
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which , upon introducing (75), can be reduced to

= q Q 1 (1 + 1/4 Q2) sin n 0 (77)

The beating frequency 0,  given by (7 5), approaches 4 Q~~ if Q >> 1. The
amplification factor (72) associated with (77) is

~tq = Q ( 1 + l/4 Q2) / ( l + Q 2 ) ~~~ l/4 Q if Q >> l (7 8)

The same beating phenomenon occurs in the use of the trapezoida l rule

when implemented in the (CO ’) form. In this case , the appropriate initial

conditions are q _ 1 = -q (since h~ = l/ 2 h ) ,  which causes the propagation

function (77) to double.

Identical conclusions app ly to the propagation of operational error .

However , this source is not usually important in the hi gh-frequency range.
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Section 8

NUMERICAL EXPERIMENTS

In formal paper presentation, numerical result s , if any , are  generally

offered as verification of the correctness of the analytical derivations.

The implication is that the analytical framework was somewhat put

together magically by the investigators , who then walk to the computer to

reap the deserved confirmation of thei r brain labors. As detailed in

Appendix D, however , computationally-oriented research seldom conforms

to such a neatly staged schedule. In real life , numerical experiments and

theory development proc eed concurrently, with the fo rmer  often suggest ing

avenues of progress for the latter. The synergistic interaction of experi-

ment and theory has in fact been largely responsible for the success of the

present stu dy . With these sobering thoughts out of the way, we p roceed to

describe summarily the procedures  followed in the experimental ph a se ;

thi s is followed by a detailed discussion of the numerical  resul ts  presented

in Fi gures 3 through 27.

Experimental Setup

The numerical  results presented here  were  obtained by solving the propaga-

tion d i f fe renc e equation s (39), specialized to an undamped linear oscillator ,

at a prescr ibed  set of sampling frequencies ranging f rom Q = wh = io~~ to

lO s. The stud y parameters  considered were: (a) the integration method ,

(b) the error source type (op erational/inherent),  and (c) the computationa l

path followed. Observed peak responses were collected into amp lification

factor array s for subsequ ent generation of amp lification spectrum diagrams.
— In addition , options were  provided to produc e time history p lots of the

propagatt o~’ process at specific sampling frequencies.

The computer program that carries out those tasks was not assembled as

a final product, but evolved in stages closely integrated with p rog re s s  in

the theoretical understanding of the error propagation process. The initial

version was used to investi gate the e rror  propagation characterist ics of

one-step, one-derivative methods under the ba ’~ c computational path s (0 -2) .
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Multip le step one-derivative operators  were  incorporated onc e the basic - •

prop erties of one-step operators were  reasonably well understood , and ,
finally, a set of two-derivative operators was implemented.  The distinc-
tion between paths (0) and (0 ’) was detected in the final stages of this study
(cf. App endix D).

The present version contains ei ghteen one- and two— der ivat ive  operators ] -
~~~

as built -in methods. These in tegra tors  are  simply accessed  by symbolic
key , e. g. , ‘ METHOD TR’ calls for  the trapezoidal rule coefficients . (Some
of the built-in operators are  actuall y integrator  families , such as Newmark’ s —

and Wilson ’ s, in which case the identification key is accompanied b~ one or
more  parameter  values. ) The program also allows the direct specification
of in tegrator  coefficients.

The error  analysis code can be operated in either batch or conversat ional-
interact ive mod e through a f ree- f ie ld , probler~ -or iente d  language.  The
interactive capability has been found to be valuable - hen the p rog ram is
used as an experimental tool to guide and/o r  c o nf i r m  t r ~ ’- - r e t ica l  developments .
Results  can be displayed in ei ther alphan u mer i c  or . raphi .~ m — r ~t- . Graphic
display is generated throug h the DISSPLA p lott ing pac~~~~c. Gra phic output
produced  in int era cti ve work  can be d i rec t ly disp la yed in in - l i ne  Tektronic
te rmina ls .  These “ quicki e” plots are usefu l for  ~~ru ~~r~~m and input  data
debug ging, and also represent  a conveni ent mean s of p r epa r ing  the genera-
tion of hi gh quality off- l ine  plots.

~~~g~ nization of Numer ica l  Resul t s

A comprehensive set of numer ica l  r e su l ts  on e r ro r  p ropaga t ion  characteris-
tic s of spec i f ic in tegr a tion me th ods is p resented  in Fi g u r e s  3 to 27. Two
set- inc lus ion cr i t e r ia  were  used: (a) the resul t  pertain s to a commonly used
in t e g ration me t hod , or (b) the r esu l t  i l lus t ra tes  a p a r t i c u l a r iy important  or
notewor th y fea tu re  p r e v i u u s ly discussed in thi s par t .  All of the p lot s were
entirely compu te r -p roduced  on the Comp 8O microf i lm r e c o r d e r  throu gh
the DISSPLA p lott ing package; onl y the fi gure  caption s have been added.

The p lot ser i es i s organ i zed ~ts  follows.
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Figures 12-17: Amplification spectra of propa gated op erational er ror  for

two-derivative methods

Figures 18-19: Time history plots i l lustrat ing the propagation of small-

and large-s teps ize  operational error  sources

Figures  20 -22 :  Amplification spectra of propagated inherent er ror  for
one-derivative methods

Figures 23-24: Amp lification spectra of propagated inherent er ror  for
two-derivative methods

Fi gures 2 5-27: Time his tory plots of propaga tion of inheren t  e r r o r
sources i l lus t ra t ing the formation of “beats ” in the average
acceleration method

In all results  pertaining to one-der ivat ive  methods , the same operator was
used in the discretization of u and v.

Operational Er ror  Propagation for One-Derivative Methods

Figures 3 throu gh 6 show amplification factors corresponding to the general
one -derivative, one- step A -stable integrator family

u = u + h [f ~i + (1 - f)  ~ ] , 1 � f � 1/2 (79)—n — n — l —n — n —I

for  the values f = 1.0 , 0. 60 , 0. 55 and 0. 50. The limit cases f = 1 and f
0. 5 co r respond to the backward Euler mdhod  and trapezoidal rule , respect-
ively. These four  p lots provide a fair ly good picture of the t rans i t ion  f rom
a hi ghly numerically-damp ed BD operator (backward Euler)  to a weakly A-
stable operator (trapezoidal rule) . The gradual development of resonant

amplification in the large stepsize (hi gh frequenc y) range Q >  2 for  path
(0’)  is especially noteworthy.

Fi gures  7 to 8 i l lustrate two-step methods. Gear ’ s two-step operator ,
being an A-s table , hi ghly damped BD scheme, displays amp lification
behavior simi lar to that of bac kwa rd Eu l er . Fig- ire  8 shows resu l t s  for
the two-st ep member  (27b) of Park’ s t h r ee - s tep startin g fami ly (27) .

F igures  9 to 11 i l lus t ra te  th ree -s tep  methods.  The unbounded amp lification
of Gear ’ s t h r ee - s t ep  me thod (F igure  9) for 1/2 < Q < 2 is typical of a
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stiffly stable method , for which the instabil i ty region intercepts a portion
of the imaginary frequency axis. Figure 10 shows result s for a method

labeled as Formula 3 in Jensen’s paper [15]; the ~rigina1 stiffly-stable

method has been A-stabil ized by addition of recommended numerical

damping terms. This operator i~ in teres t ing in that it is the only one-
derivative m ethod for  which path (1) has been found to be inferior to path (2)

in thi s experimental series. Park’ s three-s tep  method, shown in Fi gure 11,
disp lays amp lification characteristics similar to those of the other two A-
stable BD operators (Figures 3 and 7) despite having less numerical  damp ing.

In all cases , an excellent agreement with the predictions of the asymptotic
analysis  expansion s (51) and (62) can be observed in the small stepsize

reg ion ç~ < 0 . 1. In fact , the agreement  is surpris ingly good even in the
intermediate s tepsize  reg ion and up to ~i 1 for  most methods.

Operational E r r o r  Propagation for  Two-Derivative Methods

Error  amp lification p lots associated with two-derivative implicit operators
show at most  two curves corresponding to paths (0) and (2),  as paths (0) ,
(0’) ,  and (1) coincide. For BD operators such as Houbolt ’ s, all paths
are  identical.

Fi gure  12 shows amplification spectra for  the average acceleration method.
This operator deserves special attention because  it is the most widely used
integrator  in linear dynamics.  Moreover , this scheme is amenable to an
exact amp lif icat ion analys i s , typified by Eqs. (73) to (77) ,  which provides
factors valid for  all samp ling f r equenc ie s .  The curve  for path (0) has
the equati on

= ~ 
-l 

(1 + 1/4 ~ 2 ) (80)

which is symmetric about the Nyquist  frequency i~ 2 .

The central  d i f ference  method (Figure  13) is the only exp licit operator
included in this series on account of its wide application in shock dynamics.

(The integration of the propa gation equation s was car r ied  out through a spe-
cial branch in the program , and the label ‘ path (0)’ has in fact  no meaning. )

It is interesting to note the smallness of the amp lificati on fac tor  even while
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very close to the foldin g frequency Q = 2. As in the case of the average

acceleration method, an exact treatment of the propagati on dif ference equa-

tions presents  no difficult ies and leads to the expression

-l 2 -1/2
= Q (1 - 1/4 c~ ) , for ~ < 2 (81)

The Houbolt method (Fi gure 14) di splays the excellent hi gh-frequency noise

suppression behavior that can be expected from a BD operator with hi gh

numerical damping. This feature has contributed to the popularity of this

integrator in nonlinear dynamics.

The linear acceleration method (Fi gure  15) is a conditionally stable member

of two operator families: Newmark ’ s (for ~ = 1/6) and Wilson ’ s (for 8 = I).

The ampli fication factor becomes infinity at the folding frequency c~= 12 1/2 =

3. 464. It is interesting how much worse  path (2) is for  thi s particular

method.

Wilson ’ s one-parameter operator family is A-stable for 8 >1. 3660.

Fi gures 16 and 17 i l lustrate the cases 8 = i. 37 and 8 = 2. 0 , r espectively.

This in tegrator  has been cri t icized on account of its poor er ror  propagation

charac te r i s t i cs  when imp lemented as a s e l f -s tar t ing method [16] . In the

usual  imp lem entation , the solution is advanced beyond the next t ime station

(ta) up to t + (8 - l ) h  by an extrapolation procedure;  the method then

r e g r e s s e s  to t~ through interpolation. Hi gh e r ro r  amp lifications (e. g.

a ‘—s l0~ at Q 0 . 1) a re  in fact common to all of the so-called “advanc ed”

LMS methods. In our study, the Wilson operator was imp lemented as a

regular  th ree - s t ep  LMS method [11]. Fi gures  16 and 17 indicate that in

such a case the low-frequency e r ror  amp lification behavior is similar to that

of other two-derivative methods , wherea s the high-frequency attenuation

resembles that of Houbolt ’ s method (cf. Fi gure 14). The numerical  results

suggest  that the dependenc e of the small-stepsize amp lification factor on

the parameter 8 is

= 8 + 0(1) , for path s (0) ,  (0’ )  and (1)
(82)

a = 6 c~’/ e~ + 0(1), for  paths (2)p p

If these expressions are correc t , all paths would be asymptotically ictenti-

cal for 8 = = 1. 817.

11-31 -

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  

— — -_
~~~~~ —---- - - - - - — -~

-- -
~~

_ - - -.- ---— ~~~~--- - - --- - -



- - -

Time History Propagation of Operational Error  Sources

Figures 18 and 19 are included to illustrate the temporal propagation of a

unit operational error source pertaining to small stepsize (c~ = 0. 1) and

large stepsize (Q= 100) norma l c omponents , respectively, for the trape-

zoidal rule. The propagation histories in Figure 18 disp lay the typical

smooth harmonic behavior of low frequency components , as predicted by

Eqs. (49) and (61). The transitional propagation period (cf. Fi gure 2) is

barely perceptible at the scale of the plot , since it lasts only one step.

Fi gure 19 i l lustrates  the high f requency “numerical  beating” behavior asso-

ciated with path (0’ ) ;  histories for the other path s have been suppressed as

they would be undistinguishable from the time axis.

Inherent  E r ro r  
-

The amplif icat ion of inherent e r ror  sources , a s m ea s u r e d  by the fo rce

error  ratio (72) ,  cannot be si gnificant in the small stepsize range on account

of the presenc e of the factor Q2. With the exception of weakly A-s tab le

operators imp lemented under certain computational paths , all methods dis-

p lay bounded amp lification as ~~. Because of this similarity of behavior ,

onl y five representat ive cases are  presented.

Fi gures  20 through 22 show inherent e r ror  amp lification spectra associated

with the backward Euler scheme, Park’ s three-s tep  method , and the t rape-

zoidal ru le , respectively. These p lots are  chosen to typif y the behavior of

strong ly and weakly A-stable  one-derivative methods. The only unbounded

growth occurs for  the trapezoidal rule if path (0’ )  is used , in which case

— l/2 ~~~~ for 1 >> 1.
q -

Fi gt~. es 23 and 24 dep ict inherent e r ro r  amplification spectra of the average

accelerat ion method and of Wilson ’ s operator (8 = 1. 37), r es p ect ively. The

f o r m e r  exhibi ts  unbounded growth  for path s (0) ,  (0’ )  and (1), as predicted

by Eq. (78).

. FinallI, Figures 25 through 27 are in cluded to i llust ra te  the p r o c e s s  of

format ion  ~f hi gh f r equency  “beats ” for  the average  accelera t ion  method.
A unit moda l f o r ce  e rr or is  in t roduc ed at t = 0. At a sampling frequency

= wh I (— 6 samp le s / cyc l e ) ,  the propagat ion h is tor ies  of Fi gure  25 still
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exhibit rough harmonic behavior. The incipient emergency of beats in

path (0) at C) = 10 can be perceived after some study of Fi gure 26. The
- beats are perfectly developed at C) = 100 (Figure 27).
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Section 9

APPLICATIONS

We have so far  examined the effects of implementation forms on the

behavior of the propagated computational error. This error is different

from the al gorithmic error  as commonly assessed in te rms  of numerical

damping and phase distortion. From the foregoing analysis , it is clear
that the computational error should be taken into account in the desi gn of

reliable transient analysis software. As this aspect has rarely bee n dealt

with in present structural dynamics programs , we sketch here  how the

results of the error analysis can be put to use  in the development of step -

size control strategies. We consider the simplest case of linear struc-

tural dynamics, in which the bulk of the excitation energy is associated

with low-fr equency components , and assume that the (JO) form has been

implemented. A rough idea of the peak (relative) computational error can

be obtained from (34) and Table 5:

I! ~~ —1- ’____max (w . h) C(E)  c (83)
ii~~~ii 

nun g

where  a is an estimate of the lowest f requency .  A stepsize h is
rrn n

initially selected , usually on the basis of al gorithmic accuracy require-

ments , and E is formed.  An order-of-magni tude  estimate of the condition

number C(E) can be economically obtained onc e E is factored [12]. (Note

that C(E) is a function of h ,~ and varies from C(M) as h — 0 to C(K) as
-dh -. =‘ . )  The local accuracy  level € g can be estimated as fl f 10 where

d is the di gita l si gnificance used. Because of the hi gh uncertainty on most

of the quantities in (83)--part icularly the error  exponent-- the frequency

W i n needs to be estimated only within an order of ma gnitude. If (83)

exceeds a desired accuracy threshold , a hi gher arithmetic precision

level is likely needed. In any case , (83) provides an idea of the minimum

acceptable stepsize. If there is a capability for adjustable preci sion work ,

L

a much sharper estimate of (83) can be obtained by carry ing out a short

integration in two precision modes.
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Anothe r app lication of the error analysis is the problem-adaptive s~~lec-

tion of optimal implementation forms. For example, if the mechanical

system is undamped, the use of a pair of BD operators in conjunction

with the (Cl) form would be desirable in terms of minimizing the con-iputa-

tional effort (cf. Table 3). A prior estimation of the computational error

determines whether such strategy is permissible; if not, the integration

should be carried out with the somewhat more expensive (JO) form.  Other

situations can be similarly treated.
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Section 10

CONCLUSIONS

The material covered in Part II represents an initial contribution to the
study of computational error in direct time integration of second-order
ODE systems. Although the app lication to structural dynamic s has
been emphasized , the conclusions readi ly extend to other physical pro-
blems modeled by sti ff-oscillatory systems. A summary of our main
findings follows.

Implementation forms are found to have a deci sive effect on the error
propagation behavior pertaining to low-frequency, small-stepsize normal
components, while the algorithmic properties of the integrator p lay a
comparatively minor role. Both factors are equally si gnificant in hi gh-
frequency error propagation.

We have shown that the best error control is achieved when one-derivative
LMS methods are  used in conjunction with the path (0) imp lementation. In
this case, the local error propagation equation approaches , as the step -

size is r educed , an integro -differential form that is insensitive to local
velocity perturbations.  This favorable behavior cannot be dup licated by
any conventional implementation of a two-derivative method.

The trapezoidal rule and the average acceleration method are often con-
sidered to be optimal integration operators in linear dynamics due to
the i r  al gori thmic proper t ies :  no art if icial  damping and minimal phase
distort ion within the class of A-stab le  m ethods. Under  certain computa-
tional paths , however , these methods exhibit a numerical  resonance
phenomenon that amplifies hi gh-frequency e r ror  components. Thi s effect
seriously undermines the viability of such implementations in the frequent
cases where  an effect ive  f i l tering of hig h-frequency noise is required.

It should be s t ressed that these conclusions are of practical importance
only if the computational error  propagation can si gnificantly affect  the
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quality of the computed response. This condition is seldom easy to

identify before the problem Is presented to the computer. It is hoped that

the information presented here will be useful for diagnosing whether

accuracy problems due to error propagation exist , and , if so , in providing

realistic estimates of the local precision level required.

In our opinion , two area s deserve fu r the r  investigation: (a) the propagati on

of inherent e r ro r s  in hi ghly nonlinear problems , in which a si gnificant

exchange of “ error  energy ” among spectral components can take plac e, and

(b) the establishment of statistical propert ies  of sequential local error

occurrences in large-scale, ill-conditioned systems. The study of either

subj ect is likely to require  extensive numerical  experimentation.
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Appendix C

NUMERIC QUANTITIES FOR SPECIFIC OP ERATORS

(1) Integrator Coefficients for Some One-Derivative Methods, Eq. (7a)

Operato r , Coefficients 
~~ ~~~~~

, i = O~ . .  . m
(Stability’) m

i = O  i = l  i = 2  i = 3

Backward Euler  (A) 1 -y 1 -l
1 0

Gi~~r 2-Step (A) 2 1 --4 /3 1/3
2 / 3  0 0

Gear 3-Step (S) 3 1 18/11 9/11 — 2/1 1
6/11 0 0 0

Jensen F3~~~(A) 3 1 -1. 92601 1. 13841 -0 . 21 240
0. 52503 -0 . 0291 6 -0. 29085 0. 08136

Park 2-Step (A) 2 1 -1 .2  0 . 2
0 .6  0 0

Park 3-Step (A) 3 1 -1.5 0.6  -0. 1
0.6  0 0 0

Trapezoidal  Rule  (WA) 1 1 -l
0 . 5  0.5

* (A) A-stable, (WA) = Weakly A-s table , (5) - Stiffly stable.
Formula 3 in [is] ; includes recommended numerical damping to attain
A-stabil ity.
Two-step member  of s tart ing fa mi ly (27).
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(2) Integrator Coefficients for Some Two-Derivative Methods , Eq. (Alb)

4—

Coefficients -y. , 5. , i = 0 , . . .
Operator I

( Stability~~~) m
i = O  i = l  i =2  j = 3

Average Acceleration (WA) 2 ‘y 1 -2 1
(~~ 

Newmark ~ = 1/4) 5 1/4 1/2 1/4

Central Differenc e (E) 2 1 -2 1
5 0 1 0

Houbolt (A) 3 1 -2. 5 2 -0 . 5
o 0. 5 0 0 0

Linea r Acceleration (C) 2 1 2 1
(~~N ewmark ~ = l/6)~.~~-~ 5 1/6 4/ 6  1/6

Wilson , 9 = 1. 37 (A) 3 1 -2. 27007 1. 5401 5 -0 . 27007
o 0. 31 282 0. 36820 0 . 05507 -0 . 0061 6

W ilso i , 8 = 2 (A) 3 1 -2. 5 2 -0 . 5
o 2/ 3  —5/12  1/3 — 1/ 12

* = in the notation of Appendix A.

(A) = A-s table , (WA) = Weakly A-s tab le , (C) = Conditionally stable,
(E) = Exp licit

Also coincides with Wilson , 9 = 1.
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(3) Coefficients p and aOccurring in Asymptotic Expansions (50) and ( 6 2 k ,
for Specifi c Operators and Computational Path s

* PathOperator  p / a  
__________ ________ ________ _______

_________________________________ _____________ 
(0) (0’) (1) (2)

Backward Euler p 0 0 1 .0  1. 0
a 1.0  1 .0

Gea r 2-Step 0 0 0 2. 25 2. 25
a 1 . 5  1 . 5

Gear 3-Step c 0 0 3. 36 3. 36
a 1 .89 1 .89

Jen sen F3 p 0 0 6 . 6 5  3 .63
a 1.905  3 4 7

Park 2-Step p 0 0 2 .08 2. 7~
a 1.67  1. 25

Park 3-Step p 0 0 2. 78 2. 78
a 1 .67  1 . 6 7

Trapezoidal Rule p 0 0 2. 0 4. 0
0 2 . 0  1. 0

Average  Acceleration p 1 .0  4 .0

Central D i f f e r ence  p 1 .0

Houbolt  p 2 . 0  2 . 0

Linear Acceleration p 1. 0 6. 0

Wilson , 8 = 1. 37 p 1. 37 3. 20

Wilson , 9 = 2 p 2 . 0 1. 50

The valu e of a is given only if p = 0 , t. e. ,  expansion (62) holds.

~~* Computational path dis t inct ion does not appl y to exp licit methods.

—A
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A ppendix D
POST SCRIPTUM: THE WAY IT WAS

The organizat ion of the main bod y of this paper follows the traditional style
of scientific writing, viz. , the presentation of a chi efly analytical bod y of

theory,  followed by its experimental substantiation. Experi enced researchers

know, h owever , that the processes  of experimentation and theory deve lopm~ nt

usually int erweave in a comp lex manner .  The formal  presentat ion of corn-

putationally oriented papers is , in many respects , a holdover f rom the pre-

computer  era. Numerical  experiments  w~~ e then p or f o r m e d  either to

demonstrate  the validity of a proposed theory or mere ly to tabula t e der ived

resu l t s .  Computationa l mechanics  has by now evolved to a stage  in whi ch

exp loratory computation s cannot only o f fe r  direct  insight into phys ica l  pro-

cesses (numerical simulation) , but may lead the way into the establishment

of mathematical  theories.  In this r ega rd , com putational  Work is g radua l l y
complementing,  if not actually rep lacin g, conventional experimental methods.

Note that we have labeled Section 8 of Part II “Numerica l Experiment s”
ra ther  than “Numerica l  Resu l t s . ” In thi s Appendix , we shall attemi t to

descr ibe , in roug h chronolo gical order , wha t we w e r e  try ing to fi nd ou t ,
what we did , and why, and when. We hop e that the readers  (and the wr i te r s
will become such af ter  thi s is w r i t t e n ! )  will id&i tif y with and benef i t  f r om

thi s candid reconstruct ion of the course (and cu r ses )  of a research  pro-
ject .

The Setting

As stated in the Introduction to Part  11, our main objective was to fin d a

computer imp lementation form , within the class of one-derivative

imp licit integration procedures , which requ i res  minimal computational

ef for t  per step and yet achieves satisfactory error  propagation contr~~1.
Three imp lementation s were initially considered:  the (f - K u )  fo rm , the
(Mci) fo rm , and the conventional imp lementation of the Newmark  family ;

these  were later c lass i f ied as (JO) ,  (Cl) , and (C2) f o rms , respectively,

in the nomenc la tu re  of Part  1.
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Another departure point was an awareness of the existence of techniques

for assessing the propagation of rounding e r rors  in the conventional numeri-

cal solution of f i r s t -o rder  initial value problems.  Virtually all of the

existing theory has been developed by Henrici  [1, 2 ] .  A s t renuous journey

through Referenc e [1] revealed , h ow ever , that the class of computational

er rors  we had in mind was not dealt with at all. The e r ror  sources we

were  mostly concerned about included starting e r rors , uncertaint ies in the
evaluation of mass and s t i f fness  mat r ices , and a lgebraic solution e r ro r s

arising from inaccurate matrix factorizat ions (in linear problems)  or extra
polati on/iterative schemes (in nonlinear problems) ,  in addition to the

rounding errors .  Moreover , Henrici did not s t ress  the distinction between

propagated and accumulated e r ror , nei ther  did mention the f r e q u e n c y -

decomposition approach on which most of our work was to be based.

With these “initial supp lies ” behind us , we plunged into the research

labyrinth , through which we progressed  by a combination of i terative

experimentation, theory development, and some degree of luck.

The Initial Adv enture

As a starting point , the one-step method family

u = u + h [f ii + (1 - f) ~i ] 0 < f  � 1 (Dl)n n — l  n n — l

was used to t reat  a sing le , undamped linear oscillator

+ w2 u = 0 (DZ)

adopted as model error  propagation equation (u here  denotes disp lacement

error) .  The initial conditions were:

U = 1, u 1 = ... = u = 0- - (D3)
= l/ (h f ) ,  u 1 = ... = 0

These conditions were just i f ied as follows. An assumed unit er r o r  source

in the disp lacement occurs at a typical time station , which can be taken to

be t = 0 for conveniency. To stud y the propagation of this e r ro r  sourc e,

we simpl y i gnore er ror  sources at other sta tions as well as the computed
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solution on account of the linearity of Eq. (D2); this scenario leads to (D3).

Proceeding through the f i rs t  t ime step of the (Cl) form (see Table 1) gives

2 2
u = -w u = -w

0 0

h~~ = + (1 - f) h = [1 - f( 1 - f) w2 h 2 J / ( h  f)

U •h u + ( l - f ) h u  = 1/f1 o o

g1 
= 1/f ~ 

[ 1 — f(l — f) w2 h 2 ] (D4)

g1/( 1 + f 2 w2 h 2 ) -, 1 + 1/f as wh -. 0

u 1 (u 1 
- h~’) / ( h  f) -. 1/ f as wh -. 0

Another cycle pr oduces the values

u 1 ~~— 1 + 2/ f
as wh —. 0 (D5)

~~ l/ f

The precedin g calculations suggested that the disp lacem ent e r ror  source

( D 3 a )  is amplified on subsequent station s if the (Cl) fo rm is used.  The

next obviou s question is: how does the peak amplitude depend on w h ?

Thi s question was posed to the computer. In this instance, numer ica l

experiments were  p re fe r red  over analytical p rocedur es on account o f

expediency (quick answers are  v ery important in the initial sta ge s of a

r esearch pro jec t ) ,  and the likelihood of cri pp ling mistakes being committed

in long hand calculations. The computer  output indicated that peak amp li-

tudes were proportional to (wh )  in the small stepsize range , a resul t

obviously in harmony with the t~ ~nd suggested by (D4) and (D5) .

The (JO) forni was then programmed and run through the amp lification

analysis .  The resul ts  were  puzzl ing .  Peak amplitudes for  the trapezoidal

rule (f = 0. 5) and backward Euler  method (f = 1) remained very close to two

and one , res p ect ive ly, even as wh -. 0. Back to pencil  and paper.  One

cycle  th roug h the (JO) computational sequence (Table 2) gave

u I/ fI 
~

- as wh -. 0 (D6)
0
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and the same asymptotic values recur red  cycle a f te r  cycle. With these
preliminary findings in our possession , it was time to begin establishing
a more comprehensive theory.

The Reasoning

The error propagati on analysis procedure  typified by Eqs. (D4) throug h
(D6) relies on the step -by-step integration of the d i f ference  equations , af t er

which wh is made to approach zero in order to isolate leading expansion
terms. Thi s approach is straig htforward but laboriou s , and provides
information onl y over as many t ime step s as the analyst ’ s enduranc e can
withstand. Moreover , specific operators have to be introduced ab initio,
which i s hard ly conducive to the establishment of general  conclusions.  On
the other han d , if the propagation response could be asymptotically charac-
te r ized  by th e closed for m solution of a dif f e r entia l equa t ion , not only would
the r es u lts be app licable over the whole ti me domain , but the tedious case-
by-case  approach would be circumvented.

We were therefore motivated to seek the conversion of the propagation
differenc e equations to a limit dif ferent ia l  fo rm approached as wh -. 0 .
Propagation his tor ies  produced by the initial experiments  s u g g e st & ~d tha t
u(t ) approaches a smooth harmonic behavior (cf.  Fi gure 18). Intuitively,
one would expect the difference equation (15), specia lized to an undamped
oscillator , to approximate the model 0. D. E.

~ + w2 u 0 (D7)

whose solution satisf ying the initial conditions (D3) is

u( t )  cos wt + ( w f h )  1 
sin at  (D8 )

As wh -. 0 , the sine term is dominant and gives a peak of order (whY ~ ,
which is the cor rec t  dependence. This result  is not par t icular ly sta r t l i n g ,
as it is well known th at e r ror  d i f f e r ence  equations have the same fo rm as
the governing d i f f e rence  equations. Thus , Eq. (48) was easily derived as
descr ibed in Section 5 of Part  II.

The e r ro r  a r r e s t i n g  p roper t i es  of the (JO) fo rm could not be exp la in t d ,
however , by Eq. (48). The numer ica l  resu l t s  indicated that the so lu t ion
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of the asymptotic e r ror  different ia l  equation had to possess the s t ruc ture

u(t) = u cos wt + c sin wt  (D9)

where c must be 0(1) for wh << 1. Therefore , the limit form had to be

insensitive to the initial velocity jump (D3b). Fortunately, we were aware

of the properties of the stochastic differential equation used to model noise-

free  regulators. Optimal noise-free regulators possess the important

property of smoothing white Gaussian noises , which are  formal  derivatives

of Brownian motion processes.  In stochastic filtering theory, such behavior

is modeled by the Wiener-Hopf integro -differential  equation. As the “ error

velocity ” jump (D3b) can be viewed as the formal derivative of the initial

di splac ement e r ro r  source , it was conjectured that the limit e r ro r  propagation

equation of the (JO) form had to be
t

+ u dt = 0 (DlO)

0
And so it was. Setting down all of the details of the formal  derivation of

Eq. (60) required many hours  of brainwork, however.

Getting It All Together

After the important milestone of deriving the asymptotic error propagation
equation s (48) and (60) was reached , effort  was directed toward the identifi-

cation and categorization of local e r ror  sources.  Thi s finally resulted in
Eqs. (32) and (33). An appropriate term was needed to identif y disp lace-
ment error sources such as (D3a), which become important in the small

stepsize range. After  some discussion the descriptive name “ operational
er ror ” was agreed upon.

By thi s time , the error analys is  program had grown from a small deck to

one box of cards , and a set of multiple-step LMS operators had been imp le-

mented in addition to (Dl) . A comprehensive test series was run using

several in tegra tors  and the three basic imp lementations. An examination of

the output revealed that the peak responses, although evincing the correct

power dependence upon wh , did not match the results of the asymptotic

ana lysis as far  as the proportionali ty coefficient was concei ned. A study
of the initial stages o the propagation history clarified this discrepancy.

The initial conditions (D3) may be regarded as a unit impulse or “ error
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shock” app lied at t 0. In computational shock dynamics , it is wel l  known

that if the spatial difference operator used to tr eat the numerical  shock d is -

persion spans m grid points , then post-shock ef fec t s  will be f e l t  over 0(m)

grid points. Similarly, in the case of temporal  shock dispersion , it takes

0(2m) steps for the error shock to disperse when rn-s tep  one-der ivat ive

methods are used (th e factor of two appears  because we are  dealing with

second-order 0. D.E. systems).  After  0(2m) steps following the initial

impulse, the asymptotic error differential  equation is closely sat isf ied and

a smooth harmonic response is observed. When the values (42) were  used

as initial conditions to be matched by the as y mptotic p ropa gat ion solutions

(49) and (61), an excel lent  ag reement  b etween theory and exper iments  was

rea ched. The physically suggest ive term “transit ional propagation period”

was coined to identi fy the “temporal boundary layer ” shock-dispersion

r e g ion that br id ges the impulse  (D3) with the f ree  propa gation osci l latory

reg ime. We r e m a r k that thi s p rocedu re  is a pa r ticu lar  ca se  of the “ method

of matched asymptotic expansions” [17].

The Beaten Path

The computer p rogram was fu r the r  expanded by the addition of two-der iva t ive

opera to rs  (which turned out to be a disappointment f rom the  stand point of

operational error propagation control) ,  the implementation of inheren t  er r o r

analysis , and the incorporation of on-line graphic disp lay capabilities.

Eventually came the time to examine the propagation of inherent ( fo rce )

er rors .  Analytical consideration s had indicated that the propagation of this

typ e of e r ro r  sources can be si gnificant only for la rge  wh , i. e . ,  in the

hi gh t requency  range.  The sensitivity of the average  acceleration m ethod- -

as imp lemented by Chan , Cox , and B enfield [18J--to the propagation of J
hi gh f requency error  sources had been noted by other investi gator s. The

appearanc e of the associated numer ical  beating ph enomenon was t h e r e f o re

not surpr i s ing ,  and was readily explain ed by the elegant analytical t rea tment

given in Section 7 of Part II. The same ph enomenon was observed , however ,

in the t rapezoidal  rule imp lemented under the programmed (JO) form;  thi~
was unexpected and led to a ca re fu l  re-examination of the imp lem entat ion

procedure .
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The Fixing

While the authors were pondering over the trapezoidal rule beating in path

(O)--supposedly the best error  c ontrol implementation--a quick fix was

worked out: choose B = D + h~ K in (23b) instead of B = D. This trick was

successful  in that it eliminated the beating, but turned out not to be needed

at all ! It was discovered that the (JO) form had actually been programmed

as follows:

— l
u - E gn n

= (u -h ~’)/hn n U ~

n ~~~~
— n + l  (DIl)

2
V = -w un- i  n-I

Vv = h + h  vn- l  n-l  5 n-i

At thi s point , v 1 appears to be the equivalent of “n-l  for  the model equa-

tion (D2), as the mass is unity. In the interest  of saving a few words of

memory, the program developer fell into the trap of using the same array

to store ~ and v, which implies the (uncoded) operation

= v (DlZ)
n — L  n — I

The “ past velocity correction” obv ious l y violates the (JO) s equenc e listed

in Table 2. The investi gators of implementation proc edures had fallen prey

to an imp lementation detail!

Onc e the four state quantities u , ~r , v , and ~i were  carefully separated, the

(JO) form pe r fo rmed  as expected over the whole wh range. We decided

to label the calculation sequence involving (Dl2) as path (0’) ,  which occurs

naturally in the conventiona l (C) formulation . By then Fi gure  1 had been

back to the drawing board for the N-th time , and we had fou r path of fspr ings

instead of three , and we real ized tha t the quick (JO) fix had actually opened

the doors to another computational path family (cf. R e m a r k  in Section 4 of

Part I). As in all mushrooming underta kings , there  is an appropriate
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t ime  to stop and appraise what has been accompli shed.

The Ending

This study was initiated in earne st in August  of 1976 and continued , in ter-

spersed with other activities , for the next five months. By December ,

Part  I had been rewritten once , and Part 11 twice over. Several poten tially

interest ing topic s, such as the statistical accumulation of pr opagated err or

sources and the inherent error propagation in highly nonlinear problem s,

had been hardly touched upon. Non etheless, 1976 was rap idly drawing to a

close; it was t ime to prepare for  the 1977 ASME meetings , the Independent

Research and contract reports would be soon due , and the e r ro r  ana lysis

program hovered close to 4000 cards.  So we decided to sit down and finalize

the formal pape r !

I
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Fig. 4 Amp lif ication spec tr a of propagated operational  e r ro r
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Fig. 9 Amplification spectra of propagated operational error
for Gear ’s three-step method [Paths (0’) and (2)

_______ coincide with (0) and (1), respectively) —

~iIIIIrIIlFI._ — -— — - — - .~~.—~ -~ . .— ~~ —-—--~-— .~, ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~ ~ —- ——~.-‘— -——.. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~



AMPLIFICATION OF PROPAGATED ERROR SOURCE

METHOD : JENSEN FORMULA—3

0.

N0.

N
°
~z,.

D

LEGEND
a-OPERAT IONAL ERROR, PATH (0)
0-OPERATIONAL ERROR, PATH ( U I )
t~- OPERAT IONAL ERROR, PATH U)
+ - OPERAT I ONAL ERROR , PATH ( 2)

U 1 1 1 1 1 1 1 1  I 1 1 1 1 1 1 1 1  1 I I I I U J J J  I I 1 1 1 1 1 1 1  I V I I l J I~

10’ 1O~ 100 10’ 10 10
CIRCULAR SAMPLING FREQUENCY wh

Fig. 10 Amplification spectra of propagated operational error
for Jensen ’ s Formula-3 [15)
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Fig. 11 Amplification spectra of propagated operationa l error
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Fig. 15 Amplification spectra of propagated operational error
for the linear acceleration method ~~aths (0), (0’) and
(1) coincide)
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FI g. 16 AmplifIcation spectra of propa gated operational error
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Fig. 17 AmplIfication spectra of propagated operational error
for Wilson ’s method with e = 2 .0 [Paths (0), (0 ’) , and
(1) coincide)
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Fig. 22 AmplIfication spectra of propagated inherent error
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Fig. 23 Amplification spectra of propagated inherent error
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FIg. 24 AmplifIcation spectra of propagated Inherent error
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