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1. I ’itr th.cC~~~ 2. 21.. ~ .a iuffi uos
S. lao losaraj u (2] i~ cen 24.ring the We viii now dat ins the set of m iss that

qusstton or how on. can sort on parallel .e— Jos.raj u bad considered. As is fnuth Ci], so
chisel was h a d  to consid.r paral lel .. chi~~~ consider arrays .1 0’s and l’s ra ther than am—
that are or~aniaed into n’s arrays, i .e. ,  con— rays of .mbttruy e~~~ir..
U$urations where the (t,j)th ~~chins can sap’
uwsicats only with the .achiaas (i.l ,j), (1-1,3 ) ,  ~~~~~~~~ 

~~~~~~ If a 0 appear. directly above(1,3.1), and (i ,j-1 ). The question iS~ f a 1, S iterchang. th. 0 and 1.cours., sot whither such arrays can sort but
tatbar how fast they can sort. l~ particular, (2) 3~iok.: If a 0 app. ars directly i~
lasaraj u wa, lead to a sp.cilic s1.ple set of frost of a 1 La a “snake order” on the
ru le. for the behavior of (he .schise, and then array , and rule (1) does tot apply to
n.sjectu*sd that for this . rules sorting re— this 0 or 1, then ist.rchanle the 0

• quired at .ost 0(5) ei.s Our pr inciple resul t , ~~~ 1.
kivuvar , is the failure of this conjecture. La—
d.ed . vs viii ds.oa.c ra te that Kosamaju ’s rules Lsteiag (1,3) r.preseac the row i, col. 3 ciii
require In worst case at least cn2(c’O n.sstaat) of the array , the “susha order” La
lies. (l.l) (l ,2) . . .  (1 ,n) (2 ,s)(2 ,n— l) .. .

The fact that Essaraju ’s ruins fail to sort 
(2 , 1 3 ,1 3 , 2~~~~ (3. )

Ia C(s) ties i.n.ds us to cossidsr the Isneral ending is (n ,n) for n odd and (n , l) for n even.
S (usslios: are all “Local” rul.s (in a ra ison— This is shown for n—4 end n— S in Figure 1.

• 1 able seas. ) asabi. to sor t in 0(n) eLse; iad.ed ,
d. all such rui n. require at least & use ta

•
pert this csnjs cturs is a sari.. of rules cm i— t
v.1st ca.. The evidence that vs have to sup- b :r_ i .lam to Ras.ra ju ’s that .11 have worst cas. sort—

knows (Thoupsan (3]) that there ar e arr ays that •_ — —as tins. of is2. On the other hand , It is

can sore is 0(n) tI es. Movsver , these arrays
one quit , non local ri4.s ; hence , they do not con— S •

dsitMt the notion of local. , 11,i. .$~r 2l- & ,3 I 1i 4— 1,5
tr adict our conjectur. but instead sarve to heap — — — __f

1— 

~~~~~~~~~~~~~~~~~ 

—

Jeceure is twofold. First , the question of
The estiva lion for studying kosaraju’. coo— ( ‘!~~ ~~~~ 

-
,

whether or not a local set of ruin. can sort La t_._.. — — —0(a ) t~~~ is an iatrnstin~ prabie.. Second , if ~~~~~ — _
~~~~~~

_ _
~~

_ _ •  —

there Is a set of local rules that can sort Is 
~~~“‘. —— t~~L.. ~ -.0(a) t 1 ,  then it 5~ be possibl. to build hard— I —

ware that lapissonts directly such an arra y . •

Finally, a note about the org lzatlos of
the rest if the paper. Zn section 2 vs will 

~~~~~~ 
f4~w. 2: Snak. svder on boards of s_4 d s_S.

• ~~~t Vasacaju rules and thus prove in sectIon 3 A step is the sort ing process is fros thethat the.. ruiss require on2 t Ies is worst case. current coaftiuratlun of 0’s and l’s to a newEs ascii.. 4 vs will ska tch several ctbi t sys— cisfigura tion is which all interchan ges allowed• tens if ru les with the a.. . worst case b.havi.r. by the ru les app lied to the current coaflgura—
II.. actually occur. Thus, the pro d s. does

- - - • - - ~~~ • ~~~• •
-

• ,~~
-
~~ . . . . . . t 1 : J I . L a ~~t1: I - 

~~~~~~~~~~ I - • -
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. —

~~~y siealtaneoua interchanges. The tine re— The structure of the co.putatlos nay be divided
qulted by these rules i than the nwsber of Into the following pieces:

• sscM parallel steps usul no tulsa are apphic— $
Steps 01 4 02

3. 25.. Lco~~r Dowid f or the Xoeu ’aJk Rub . Pr .anbi e 53
25.asav~,: The re exists an a’s binary array re— 1—Itiratiosa 03quimiag on1 (c’O) tIne to sort using the to.- aamaju sorting rule. 4

• ‘ P~sef: 
• 

(the rise analysis viii be given later).
Aaaone: a. 41.3 Ml Oaireiew of behi.ier : We viii clam that thu

The arm has the for. seurc i field anit a l’s at a wnifom. rat ., that
they nave up the £3 channel at (ha sass rate to
thu “1/2 way” point, F, cre is over (s.aothly) Ce• i s  ~ t h s$1 chanael , pr.cede up thia chansei and are

%.l —j k— 4  abaorb.d by thu target La a ss.oth rate. When
the source is chau.ted , than the two row fi.ld
~~~,. it will be she next source I laid and tha t

• _______________ It esters tha ca~ ngse ton suoothly. When the
ta rget fills , the ~~*t two row field beneath it

Define cbs I i.lds of the array as follovss bec.an. the sew tar get and that it do.. so
~~~eehly. N.~~~~jls, the 1 (0) field viii me-

— tARGE T • asia constan t l’s (0’.). F inally, dur ing the
j  

iteration steps cbs field 
~‘2 field) vii i be

‘I ~~ constant l’s (0’.).
- 0 D f ~nitdon: A field is amid to esif oa rlji isit
— aiw. (ueo) tf it deliversaito a fired culi of

$ the fIeld on alternating steps wstil it is am-
3 21 ksust.d.

• J A f 1.14 is said to w.ifoisilgt éso~ô en..
_____ • (... ) if it accept. 1’. fri. a fixed cell of the

— field on aitsrnatiag steps ustil it I. I illad.
Pi.t 2: The sian. d isitial states of cbs Raiu’l~: The stronger pmop.rty viii. be used that
£1.14. are as follows: sen’s onit l’s only originally is the fI.ld and

Source • all l’s — 2’k use’s will stor. the 1’. only within cbs field.
target — all 0’. — 2”k £ fluid Is said to ueifor,nb~, transaCt ouse

£ • all l’s • k-lsi it it naves l’s It o. a f Ixed cell to a fixed
• $ • all 0’. — k-2’l sell such that l’s are absorbed (eate ted) on ii—

1 tesnat lng steps.
F? • ‘2,0. • 1’2 

(k,i ,k .L)(k . i ,k,2) Pqct 1: Ths first step of the couputation is:
all 1 5  • hal

$3
.all O’e.k-l”l *1—all 1’. 0 1

O ”aL lO’e z : :
lest 3: The dIrectIonality •f the fiilds is ‘ 0

- 

~~•• ..• • I !
______ 

1 0
• 0 1

H -

~~~~~~~~
•
~~
• . Pete the conf Igur atIo , of TARGET Is the basis

4 : : step is the f.llsa6sg h ess.
-.-

~ : -: - - • £ i .  2: Target aitfomly absorbs seas pro-
• 

•- —. 

~ L . .~e.,,.,. 
rUed l’• are aiutoruly esitted fri. I

~
.

_ _ _  ~~~~~~~~~~ ~~~~~~~~- 

—
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Using dI rectionality (Fac t 2), argue in $y L a  4, *2 will be a son. SOVICI esits
two step. each by ludu cties. Iron upp.r right hand corssr. 0

$Iep ls fili op CorolZai~~ 1: (of L. - 3 & 4 )  F5 is a uto,
• • 

hypoth 
~~~~ i through .tsp k.

I ~ ... 1 0 1 J Coa ’oiiaa ’I, : (of L a  2) 
~2 ~ 

a use, through
‘~~~ ‘~ Z.—~ altsrnat tag step k.

• 
• 

_ _ _ _ _ _ _ _ _  l a n d O a r e co.—

~~~~ 1 scan t throu gh step k.
• 

... 1 0~] L~~~ S: After k steps (preanbi.) the cosfigur-
aties la:

• 
_____  ~0 1  J 

• 
11

• 

_ _  H0 1  10
0 0

h.p 2: llli botto. 1 0
bypath 

_ _ _ _ _ _ _ _

~~~~~~~~ 
o~~ J usa Ilayd 

_ _ _  
1

alternatIng 00
Ran ste the left and right halves of V as Ta ~~~ Pr oof:

Call $ the c.ii Apply l s a  and corollaries. 0
~enu*: The co~~utat ion is “stable ” hereafterL~~~ 1: During st.pe 2 through k , $ uso iron aitll the interaction coepietes. The behavior*55 tsp positlos. is as follows :

Pwosf: Source is ueo
llse. l’s ia l haveaOththentb.to.a- 

~. t.raju sore takes prec.desce. $y L a  1, target *3 is
C.. abs rb the l’s esifor.t y so th. alternating V is uto (by k naves)
asqusece isn’t bveh . 0 is a uto

• Le..a’&: S actually esIts all l’s curr estly Is tar get is 0 U50.

$ as step * by thI s srgsi.nt , but vs are ashy Vs now argue th. behavior of F and then describeeusc.r.ed with p a naves. Iteration.
L~~~ 3: Deriug steps 2 through k, £3 ..- 

~‘e- Lesion 7: As long as £3 1$ a uso and Is a use,
Vt d d  P~ ~es than F is a Ut. i*tIl k naves.

flais the el.u.st. of £3 alte rn ate they Dy Lees. Ssed hypotheses of l~~~~, vs say
will f ill Li .15cc the tosereju nave takes pr o- ~~~~~~~ only the local behavior which is isiti’

cadence provided they caseet escepe. Dy dlrsc 

-

___________

ti.salky (Fs.1 2) ..d Leese2thls ca.s.t hap— 1j_ ~~i~ 0 0
pan. C iIiaJo~ Ii 0
L~~~ 4: 1~ stape 2 threugh k, £3 anita sees iT ii 0 0
esifassly pv.vided ?~ is a use. 5 -

with directionality

~ iola t abe  prss.~~~~~~ 0

~~~ 

‘~~~~
-
~~~ ‘~~~~

_ _

‘
.
~~~~ ‘ ~‘ - _ _ _

-. •-.~~~. ~ - •• _
~ ~~• ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - • •• • . • •
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The transItions are (given A2 is ueo and $~ uao)

(aria Cs filled

k 

i1~
_
~I j~ fo I

3
transition rows

bypath
step (odd) (even) (odd)
Pest I: At step k . targe t contai ns t.i onus The three trsnsition rows viii be h Ued La the

• and source has esitced 1-i ones . conclusion.
D.f i,,jsion: An itera tion is coepleted when tag— Total steps ta conclusion — I(4k-2).l
$st ls fihled . b y L . 7

— 112+21+ 1
~~~~~~~ The results thu. far deaoostr aee that U ~ 16t~.34&pl 0the L’ s viii st re seilomaly into target smtfl
it fills. We ar e sacking to show that once ta~~. ~~ ~~~~~ ~~ tqget Is filled, a new one i. started without
breaking cadence; end analogously for source., Is this sectipn vs present two fur ther
Isfor. the actual ar gueent vs first dIscuss the ri4es and show (oç rather sketch) that they both
ttsia g is antIcipatio n of the coaplezity urgu - require on2 tine i thu worst case to sort.
~~~ta later. In the fir g ~~c of rules we consider that
L~~~ 9: Target requires 41-2 stops t. ~~ i th array is organised as a cylinder (ses Figure
Iwo. its initial configurati on. 2),
Pro of: _________

The initial configuration is Li

dote line
A total of 2k 1’. are required of which ona is
present. It takes 2 staps to each I.

_____ 

2(2k-i) • 4k-I 0 Pigww 2: The cyhindsr array.
~~~~~~ lots, initially I step is required to One cols is distinguished and 1. called theget la pha.e.” dot. Un.. The rules are then bubble If you can;

otherwise, shift to the left if you can (J ust asL~~ a 9: IS Is ate, than on cbs step that before). Is addition , vs add a new rulestarget 1. filled, a new target is defined and
is initial configuration . A 1 can wrap arousd (see Figure 3), I.e. ,

• cross the data h a s  going to th. loft pro—Pro of: vised the posItion a I. a 0.
1 1 1 . ..  i i  I l l  

_________

____________ 
______________  

(data line
1

1
P [~~ i i •  1 

~~~~~~ -

J

i LL 
initial :1] i p s i l

I- , I
PCgsur. J~ Pew rule.

Step before fIll fill 0 The ratio nale bab ied this rule is that it s.onsdL~~~ 10: “A new target Is sseothly defined” to allow the array to bre ak s~~ large blocks •f
l’s that are packed to the left as is the lose—
raju coseterex~~ la. louevsr , this is not the

L~~~~ 
3j~j 4~~:_ 1~~ sass~

_______ 
Th orom: The cylinder ach s require. an~ (c.0

~~~ n ~ L l~1. L 1~1 

capetant) La worst case.
________ We will suit Its. proof of ella thearus and
___________ reserk only that It is based as the e*~~~ls

Finally ib. final cesftgurat&es La s.c weaehed 1ent il enS stapa (c’O constant).
Pse.fz 0~~~ eseclesina begla. at sew I iterati.se,whew. ~~ first itara ti.. contains the pre~~~leslope. The si~~a at casclwsis. is

_ _ _ _  
1_• 

‘deap line 
-

• I

V 
4fr 



• d sbus that the tins required i. s~-a.1.
Oar thIrd set of rules I. one b se t  us a

set of iat.rrkang. rules do. to Floyd Ci) . We
ass~~s that a is odd and vs operate as cbs array
as follows:
Step 1: Apply left (right) Floyd raIse to odd

• (e,es) rows.
Slap 1: Apply up Floyd raise to csl* s.
StSp 2: Apply right (left) Fl.yd rules to odd

(even) rows.
• Setp 4: S.pset step 2.

The right (left) Floyd rule Lu: a 1 can inter-
change with a 0 that is to it left (right).
The up version 1. defined In a em il—v ~~~~ w.
Thus, the left Floyd on

0 1 0 1 0 1 * 1
is

10 1 010 1 1
and the right Fleyd I.

o 0 1 0 1 1 1 1.
£1the~~~ these ivIes are lass local th sup
previous ones, they suffer the a~~~ fat s:
Thguren: The above set of wales serts in t ins
an~ (c’O caset t) La worst case .

Again vs suit th. pro of end just r~~~rk
that it La based the es~~ le

L~-i.bJ~wusea
Ci] P. 1. loath.

looting ~ Searching.
lbs Lit of Cugu.t.r P$p~~~~ep, Vol. 3,

~ada ,u IM.ky, IP7S.

t2i s. a. Stusraju.
Priv ate tca ti.n .

(3) C. D. Thoup.on and U. 1. Long.
Sorting on a Iesh-Cooeectsd Psrallsh

Cs.pater.
~~~~

. of tk. SM hu,a~mi AOl Syuç’ooi,., an
• ~~ orv of C iep, pp 3$-64, 1~1l,
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