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O~ ThE SOLVAIILITY OF A WORD PROILD( FOR RESTRICTED S~ (ICROUPS
Lawrence Snyder

Department of Co*puter Science
Yale University

10 Riflhous. Ave N.w Maven CT 06520

• AISTIACT : A class of s.migroups called 1—re— class of restricted senigroups. A 1—restricted
stricted s.eigroups is defined to which there •enT.groiç S • (A.P) is a restricted semigroup
1. at nost one relation per generator a~d at such that ‘a ,w’ P and atnaj implies
mast one occurrence of the generator symbol in n,B a (A— (a}) * . That is, any word squivalent to
amy word equivalent to it. The word problem a generator cont*ins at Sost one occurrence of
for 1—restricted semigroups is showu to be de— that generator. I.n terms of the contex t—free
citsble. formulation mentioned above, a 1—restricted

Since Post ’s (11 orig inal work on th. sub— se igroup corrssponds to s context—fr ee gra ar
to which no word derivable fro m a non—terminalject , semigroup word problems have been a source contains ~ore than on. occurrence of that non—of interesting computational problems . Wi th the terminal . Thus , “p~aptng” is permitted but in ageneral problem having an undecidable word prob— limited way .len, interest has shifted to the co.pl zity of

word problems for restricted aenigroups (2),(3].  In order to exhibit the objects just di-
Is this latter paper , Strong, )Ia;giolo—ScheetU f ined as well as to motivate parts of the subs.—
end P.osen (3) abstracted an optimization problem quin t development , consider the 1—restricted
in terms of a word problem for restricted •..i ~ semtgroup

• b groups sod conjectured its decidability . In • (s,b,c,d,., (ca,cddddde’,this report a partial answer is given in the ‘b,ddddd.> ,affirmative.
‘d,cdcc ,

Let A be an alphabet. A restr icted sent— e,ce>})
group presentation S — (A.?) where P is a f ini te which corresponds to the context—free graenarsset

P ~ (ea , v~ a a A, v c A5) C • ((a ,b ,c ,d ,.},T, a ,P)
such tha t for all c cv ~, (a ’,V ’) ~ ~~, s-~ 

a
plies v w ’ . The pairs ca y> ar e customarily — ((a,b ,c,d,.),T,b ,P)
written as a i v and the symbol a is called a where
gen rat or. Thus a restricted sepigroup has at — (a •. cddddde,meat one equivalence per generator and no other b • ddddd.,

L relation.. For semigroup S — (A ,?) and words 4 •e,$cA5, e derives ~ in S written e .
S I end the terminal productions isv. bein deleted.

provided there exists C
~~~

y, a P such that either We ask the word problem: Is a b? The answer
s-way end B—uwv or s—wv and B•uav for some La , yes , as can be shown by exh ibiting a word in
m , uA*. Since n . ‘>  S implies B s, den y— L(Ca)nL(Cb).  in particu lar , consider the two
ability induces an equivalence relation on the derivations in “parallel”:
set of words; accordingly s ‘f S is customarily a — , cddddde —> cdcdccde > cdc2d&’d3e —>
written as s I by abuse of notation and the b •‘ ddddde —, cdccdddde —, cdc2dcdc2d2e •

—> cdc2dc”dc dc 1tdc 32~
~~~ semigroup name S l~ elided whe re no confusion — cdc2dc”dc dc16dc 32e 0cam ~~sult.

Th. (un iform ) word p robUs ’t for restricted The obj ective of the remainder of the paper
sesigroups is to decide for any S — (A ,?) and is to prove:
words u ,v A 5  whether or not ii v. Thi. probl em Theorem: The word proble m for 1—restricted ae.i—
La stilt open . In (3) this word proble s is re- groups is decidable .
cast in what La more familiar terminologyi In the interest of economy , the proo f is only
Lenma (3]: The word proble. for r.strtcgsd skitched. The general logic of the ar giaen t is
senigroups is equivalen t to the intersection to constr uct a word in L( GA)nL (C B) or show that
problem for a pair of context-free grammars none can exist. The construction involves car—which d i f f e r  only in start svnb ol and are re-
stricted to hav , on. production per non—germinal rying out a “parallel derivation ” so that at

each step a word in L(C A )nL(CI) must include the(except that each non—te rmi nal has an additional
rule of  the form B • b , where b is a ter.inal symbols being generated. If at some point the
dtattntt fro. .11 terminaLs corresponding to derivation cannot be extended L(CA)nL(Gg) —other non-terminals). A hey tool in the construction is a special der—

The systems of present inter est ar e a sub— ivat ion dag , which will now be developed.

i
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In the subsequen t discussion the $ra emar s Let (C1, . . .  ,C0) be used to denote the subdag
and G~ are assumed to be given and is abbre— reachable f ro. vertices C

1
,... ,C5.viate d G~~ . Mo reover , without loss of general— A rsth~o.d derivat ion dag is a derivation dog

it, it may be assumed that there are no produc— containing only cyclic letters plus the sources
tiams of the for. C • (where a is th , empty and sinks of D formed by adding for eve ry pai r

• word) , and no productions of the form C • C of edges CC ,D, ‘D ,F’ such that D is noncyclic• since equivalent problems can be formulated a new edge ‘C,?> and then deleting the vertex
• without these productio ns. Call a sequence of D from V and <C,D’, cD,F, from £. The reduced

letters C1,... ,C5 a opel. if there are produc— dag D(A,B) will guide the derivation (if poss-
ible) of a word in L(A)nL(I). Before arguingtions 

• that no informat ion has been “lost” in forming
• o1C~~1B~ l%i’n the reduced derivation dag, it is necessary go

describe its role.
end Notation: For a cyclic letter C with pro—

C • n C S  . duction C 
~ Dl . . .DkCD~ ,I . . .D  and a reduced den—s a i m

ivation dag D, £(C) (reap. R ( C ) )  is the set ofCycles have several properties :

only if Next, he procedure for testing emptiness

source vertices of the subdag D(D ,Dk)(1) The rotation of a cycle is a cycle ,
i.e., C1.....C~ is a cycle if and (resp. D(Dk+lI••• tDn))•

C (k med n)+l’ .. ~~~~~ mod )+l 
of L (A)nL (B) in GM is described . The procedure

is a cycle O~k<n , involves a “parallel derivation” as exhibited
(ii) Two cycles that are not rotations of in the example . At each step the two sentential

one another are disjoint , I. e., forms viU be
~~~~~~~~~~~~~~~~~~~ cycles implies noc1n1c2 ...c~n~ (1)
for no i and j does C~— C .  

~~~~~~~~~~~ ~ (2)n n(iii) Cycles p ersist , that is,
A-’.. ..‘mC~$ > . . . ‘r for C~ in cycle where (1) is the sentential form in the deri-

vation of A and (2) is the corresponding san—
~~~~~ ,C~ , then for some 3, T a ’Cj B ’. ten t ia.l form in the derivation of B. The C~This last fact La extremely crucial In the proof. will be cycle lett .rs known to match and are

£ cycle C1~ ••~ ~~ is tr ivial if n 1 . V. called conp l iawntary letters. The terms first
mow state a useful simplification : C~ and second C~ will ref,r to occurrences in

their resp ective forms. The argume nt will pro—L sir#~: For any 1—restricted GM there exists a ceed by shoving how to form a+l subprobleas
1—restricted C’AI containing only trivial cycles each involving o~ and B~ which can be solved
such that AEB In GM if and only if MB in C’M . independently of one another.

The proof relies on the previously annu.erstad A key lemea for limit ing the matching prob—
facts and is constructive. It is complicated lea that will arise shortly is:
only by the fact tha t cycles can be entered at Len,ra: Given the two formsvarious points , thus care must be used in “col-
lapsing ” cycles. In the seque l GM ii assumed n0C1o1C2a2 . . .C0% L(GA)
to have only trivial cycles, and C1 ii called 10C151C252

. ~~~~ L(C3) (4)

• the cycl. letter. if there exists a t a L(GA )nL(Gg) derivative of

A derivation daq for G
M is an oriented both (3) and (4) , there exists a a L(GA)fl

j acyclic graph D — (V ,E) with vertex set V • the L(G3) derivative of (3) and (4) that requires
al phabet for and the edge set E defined by pumping of at most one letter of each coaple—
£ — (cC 1D~’IC • D1,.. . ,D5 is a production a sntary letter pair.

C • Di). Basis step: Zn forming the initial sen-
tential forms (1) and (2) ,  there are two cases:

st most trivial end the second condition avoids letters , both A and B cyclic implies L(A)~L(B)

Ividently 0 ii a dag since a graph cycle La D (a) both A and I are noncyclic letters and (b)implies a letter cycle in —— but these are one of them is cyclic. By persistence of cyclic

introducing loops. — •. In case (a), (1) (resp. (2))  is simply
the sentential form formed fro. th. direc tNotice that the dag asy have multiple d.scendants of A (resp. B), in (A,B).sources , but generally only a subset of these

viii be of interest (e.g., A and B initially). Let
• I
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si0C1s1C2n . . . C a (3) couplonsatary pair is dictated by the necessity2 n o
50D151D2

8 . ..D 5 (6) of matching s
~
.li I £(Ci+i). Under some cir—

2 ..
c’. tances (e.g., L(C 1+1) • 6) no constraints

be the two words thus constructed where the C~ are imeediately imposed. If so, Step 2 post—
and Di are all occurrences of source nodes in ponc5 resolution and labels C1+i a “filler” —
D(A,B) when A and B are removed. If w a L(A)n a form that can be pumped arbitrarily to achieve
L(B) then tht C and D of (5) and (6) must be a match. (The variable d of the example wouldi~ 3
in the derivation for v since this is the first be a “filler” if all words of the example were
step of the deriva t ion. Since there can be no reve r ed.) When an explicit number of pumps is
mere copies of the source vertices introduced , discovered , the pending filters are converted to
v a L(A)nL(B) if f n—n and ~~~~~ 

s~ 3pt0bL5ms by a procedure called “cascading.”
(Both “f iller” and “cascade” are explained more

For the case (b), ass~~~ A cyclic and for. ful~~ after step 2.) Finally, it should be
descendan t word for B: emphasized that the matching required in the

following steps is a finite process by virtue
50D181D2. . . ~~~~~~~ 

. .D ~ of the earlier lames on pumping only one lettera .
of a complementary pair.

where D
1
. . .Dk (resp. Dk+l.. .D~) sources La L(A)  

~~~ 1: Given ~~~~~~~~~ . .Ca(reap. R(A)).

If A can be pumped to form 
Si
Ci+ihi+1. . .C Bn n.

• Case 1: (L(C
t) 
• •.n~ — 5~ I L(C~~~)). Con—

1 n n
strained —— since Ci+1 can’t be cycle without

so that n-n and Ci Di we continue. If not , ruining the equality. I — T — in
source nodes cannot be otherwise iptroduc.d and
L(A)nL(B) — •. 

D(L(Ci+1)) is the new aub probiem. Delete

In either case , the C~ meat be in any word otCi+l and BiCj+i and return to step 1.

derived by persistence of cyclic letters. The Cage 2: (L(C 1) • •,:~ • 5~ I £(Ci+i)). Con—
si,Bi contain cyclic as well as noncyclic words 

strained — force a 8
Introduced by the transformation fro. cycles ~~ ~ 

if possible.

trivial cycles as veil as the operation of re— If not possible , then the intersection is empty.
ducing the dag. However , a moments reflection If t cycles of (say) the first C~~1 force
indicates that any letters introduced by these equality relative to L(Cj+i) and Cj+i rC~~1Y ’.
two operations cannot be aisleading. 

~~~~~~~~~~~~ in ii the subproblem.then I - a
Subp rabienv fo rra tion:

The problem is to match I,T in the context Remove a~C1~1 and l~C~~1 and replace °i+l by
i tof 0CC1,... .C~) where 

~ 0i+l’ return to step 1.

I — s0C1s C . . .C ~ ~~~~~~ 5: (L(C i+i) — •). Constrained —— and1 2  n n
Y — 51C151C2.. ~

Cmlm~ must match exactly since cycling Ci+1 can’t

The goal is to break this problem into simpler help. If • the intersection is empty,
eubproblems; however , because of the interde— otherwise verify match , delete and B~ andpendencies illustrated in the example , this can-
not be done dir ect ly.  go to step 2, k.i.

The general procedure is to procee d fro. Temntnation: (i—n) Proceed as in case 3
lef t  to rt~ht through th. two senten tial loran except halt instead of going to step 2.
tryin g to match corresponding sequences e

t
Ci.i Step : Given C.

~%. . .C1ajCi+1. . .C0%
against $1C1~1 (O~in). Match , here , does not C

lilk. ~~~~~~~~~~
mean .~.B a; but that those letters that can only where C.,~.. ~~~~ are fillers.
be Introduced by C1~1, namely L (C 141) ,  match as 

Cam. 1: (L(C~~1) — •). Constrained —- cycle
a subseq uence. (Denote this match by 

~~~~~~

L(C 1,1) and read matche s relative ~ 
C~ to force mi.Si IR(C i).  If not possible ——
intersection is empty . If possible with t
cycles of (say) the first C and Ci •

There are two steps. Step I is used when the subprobleu is X I r ~
msi.T_l i. D(R(C i) ) .

• a certain ni~~ er of cycles of one of the C1~1 Replace at_i with e~~1’r t and cascade. Delete



_ _ _ _ _ _ _ _ _ _ _ __ _ _  -- - •.‘ -•-- — - • •.

~~~rything to the left of C~~1 and return go are all solved successf ully , a wo rd in L(A)aL(I)
is found. Otherwise, none can exist.

• step 2 , k—i+l.
Cam. 2: (L (C~~1) • • 

A L(C~41) • R(Ci). Con— Refervioea:

strained — cycle Ci and/or Ci+1 until they (1] £. I.. Post.

match with resp ect to both L (C1~1
) and R(C~)~ Thus.”

“Recursive iatsolvab ility of a proble. of

if possible. If not , the intersection is empty. JSL, 1947.
If so , and (say) the first C~ and (say) the sec— (2] E. Cordosa, 1. Lipton, and A. Meyer
cad C1+1 are cycled t and u times, respectively . “Exponential Space Complete Problems for
and Ci • yC1y ’ and ~~~ * 6Ci+16 ’ the new prob— Petri Nets and Co wtative Semigroups. ’
lems are I V ~

t ni,Y_B j6 in D(R(Ci)uL (C
i+i)). 

8th S2VC, 1976.
(3] 1. Strong, A. Msggiolo—Schnettini , andReplace ni_i by a~_1y~ and cascade. Replace I. Rosen.I ~~~~ by S~

i
~B1~1, delete C~~1 and everything to “Recursion Structure Simplification. ”

the left  and go to step 1. SI.414 CON?, 1975.

Cam. 3: (L(C i+1
) • A L(C i+i ) — R(C i ) ) .  If C1

is a filler, increment i and return to step 2.
If Ci is not a filler, proceed as in case 2.

Texsn.nation: (i.m ) Treat as case 1.
A filler is a cycle letter C~ in i for.

CimiCi+1

that can force a match given that Ci.~t has

~ cycled t aN times. To test if C1 is a filler
given C~ • yn1y ’ and C1~1 • lCi+isS’, cycle
(opposite pairs) of C~ and Ci+i so that a1 and

do not overlap, then test the two resulting
words. If I v ’I — or u.~ y ’$ — 16 1, then
to be a filler the two words bounded by C1 and
Ci+1 meat match. If v I — 16 1’ u  then the words
bounded by C1 and C1~1 mus t match once in every 

- - -

v~u cycles of C~~1 in order to be a filler. In
all other cases , Ci is not a filler. For the
case where v’l , dialate ~~~~ by v cycles — then
any n umber of C~~1 cycles can be matched.

To cascade
• tCII.. .Ci_lai_lY

CII.. .Cj_j$i_~1
where the Ck . . .C~~1 are fillers , for ce a match
by cycling C~_1 the appropriate number of times.
Thus , if C1_1 • 8C1_16’, f ind u such that

— &a5 I R(C 1_ 1) and make X —

— 8
u

5~ 
~ 

in 0(R (C1,1)) a subproblea. Then
cascade the remainder of the forts.

Fi nal ly ,  note tha t all of the created sub—
problems can be solved independent ly. If they

• •

• . 1
• 

•


