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I. INTRODUCTIO N

The purpose of this report is to seek to determine if any correlation exists
between measured values of both stellar scintillation and phase coherence and the

corresponding values predicted from a recent model of the atmospheric turbulence

profile. Specifically, we employ here Hufnagel’s~
1
~ recent model of the index

2structure constant profile C ( h ,V), where h is the altitude above mean sea level and

V is a root mean square wind speed (defined below) to calculate both the variance
and covariance of the log-amplitude and phase coherence diameter r0 of an optical
wave due to a stellar source. We then compare these quantities to the

corresponding quantities as measured by AVCO and AMOS during November 1975.

We first discuss Hufnagel’s recent model of C~ and present expressions for
the appropriate wave statistical quantities. Using measured values of the wind

speed parameter V for the appropriate dates of the experiment , we then proceed in

Section IV to calculate the normalized log-amplitude variance and compare with

the corresponding values, as measured by AVCO. For the three experimental dates

considered, fair ly good agreement is obtained.

In the design and deployment of the AMOS compensated imaging system, it

is necessary to have knowledge of the statistical characterization of the phase

coherence diameter of the atmosphere r of an optical stellar source. In Section IV

we present the results of our calculation of r0 and compare with AVCO’s

experimental results. The present calculation of r0 is based on Hufnagel’s recent

model of C2 together with a low altitude C1 model (i.e., 0—3 above the AMOS

site) abstracted from the experimental results of Bufton and Koprov and

Tsvang~
3
~. Our calculated values of r are a little larger than AVCO’s measured

average values, although not as large as AVCO’s value of r0 as calculated on the

basis of measured turbulence profiles.

Although the present results are encouraging, more comparison with

experimental data is needed before the validity of the turbulence model used here

can be established. However, at this point we are cautiously optimistic.

-5-
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II. ATMOSPHERIC TURBULENCE PROFILE

Recently R. E. Hufnagel (1) presented an empirical model for the altitude
profile of the index structure function C~ . In its full generality, the random

turbulence version of the Hufnagel turbulence model has the form (in units of m ‘.1/3)

C~ (h) = 5.98 X 10 23(V/27) 2 h1° e~~ + io~
6 x e_h/

~~
S exp[r(h,t)J , h > 3 km (1)

where h is in kilometers above mean sea level, V is the root mean square wind

speed in meters/sec in the 5 to 20 km altitude range, i.e.,

20 km 1/2
= 

~ 
km 

km 
v2(h) dh] 

- 
, (2)

where v(h) is the wind speed profile in rn/sec. The quantity r(h,t) is a guassian

random variable which depends on altitude and time. As defined by Hufnagel, r has F

zero mean and a correlation function given by

<r(h + h’, t + i )r(h,t))= A(lOh’) exp(— T/300) + A(h’/l) exp(— r/4800) (3)

where t is time measured in seconds and the function A is given by

A(x) = 1- x ( ,  lx i � 1
(4)

In some cases it may be more convenient computationally to use an exponential

decay function, i.e., A(x) = exp(-Ixl ).

As is discussed below, the available data does not warrant the use of th~ full
random model of C~. Accordingly, we employ the non-random model, obtained by

taking the ensemble average of Eq.(1). We obtain (< e ’> = e ~ 2.72)

- ‘
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C2(h,V) = 5.98 X l0~~
3(V/27)1 h~~e

_h 
~ 2.72 x io

_
~6 e”hu’~~

S

where V is given by Eq. (2). As discussed by HufnagelW, V appears to be normally
distributed about some average value. For example, for the state of Maryland, V

appears to be normally distributed with an average value of 27 rn/sec and a

standard deviation of 9 rn/sec. Below we use the value of V obtained from the wind

speed profiles for the dates of the measurements, as supplied by the Air Weather
Service.

Strictly speaking, Eq. (1) or (5) is valid for h > 3 km. Since the

measurements we performed at AMOS , i.e., at an altitude of 3 km, Eq. (5) will

suffice for the present analysis. However, for completeness we present a model
developed from the empirical data of Koprov and Tsvang~

3
~, and J. Bufton~

2
~for the

value of C1 at altitudes below 3 km:

7.0 X ~~~~~~ h~~~
3 

, 10 m < h < 100 m

1.5 x io
.
~ 6 

, 100 m < h < 500 m

= 1.5 X l0•
~~ - 1.125 x lO

_ 16(h _ 500) , 500 m < h < 1000 m (6)

3.7 5 )( 10~~~ + 7.95 X io_ 17(h~~~~00) , 1000 m < b < 2000 m

1.17 x io
_
~6 

- 5.85 X ~O ’~ ~
h 2000) , 2000 m < h < 3000 rn

The model presented above is simple in many respects. It does not explicitly

accoun t for possible high turbulence peaks generated at frontal interfaces or sharp
inversion layers. And, conceivably the numerical coefficients in model should be
different over mountaineous terrain. Nevertheless, it does seem to yield
reasonable agreement with most of the observed stellar scintillation measurements
taken in the past. The appeal of the model lies in the fact that there is only one

parameter, the root mean square wind speed V, which characterizes the altitude

dependence of C~. This parameter is readily available for many experimental sites

-l~-



and in particular it is available for AMOS. Finally, we note that it is expected that
the largest variability of C~ is obtained near the ground, the high altitude
turbulence being insensitive to effects of local terrain. As is discussed below, the

effects of low altitude turbulence have little effect in producing scintillation.

However, both low and high altitude turbulence are importan t in producting optical
phase distortions.

III. IRRADIANCE STATISTICS

In all cases considered here we are in the regime of weak optical
scintillation; that is, we are in unsaturated regime of scintillation where the results
of the Rytov approximation apply. The regime of weak scintillation is such that
the normalized variance of log-amplitude, 4, is much less than unity. In this
regime it is known~~ that the probability distribution of irradiance is log-normal
(i.e., the natural logarithm of irradiance is normally distributed); that is, the
probability density of irradiance is given by

= (
~

) exp - 

I + 1/2 J ~~ ( a  + )
~2

v”Zlr 1n~~o’~~+ I )  
1 Z ln (o 1+ i )

where

I
1= <~> , (8)

2 <i
2> - 

<~ >
2 

,1 
(1>~

I is the instantaneous value of ir radiance, and angular brackets denote the ensemble
average. Thus, i is the instantaneous value of irradiance normalized by its mean,
and is the normalized variance of irradiance. Examination of Eq. (7) reveals
that the probability distribution of normalized irradiance is characterized by the

single parameter the normalized variance of irradiance.

-9-
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For log-normal statistics, the normalized variance of irradiance for a point

receiver is related to the v~riance of log-amplitude, 4, by the relation .~)‘

O~~= exp(4 a ) _ 1
(10)

~~4 a/  , 1

The introduction of the quantity as the basic parameter is ope~ationaUy useful
as this is the quantity that is usually measured. Thus for a given value of al, the
probability distribution of irradiance is determined completely.

We next present expressions that relate the log-amplitude statistics to the
index structure profile, optical wavelength and propagation path. For weak

scintillation conditions the log-amplitude correlation function for a point (i.e.,
stellar) source at infinity is given by~

4
~

BA ( p ) = 4 7r2k2 sec ~ h 1~’6 f  C2 (h)dh jJ (KP) ‘1 (K) sin2 [x~~h - h1)] (11)

where p is the separation in a plane transverse to the mean direction of
propagation, 9 is the zenith angle, h

1 is the altitude of the receiver, k is the
optical wave number ( Zir/A, where A is the optical wavelength), J is the

Bessel function of zero-order of the first kind, C2(h) is the index structure profile,
and ‘1 (K) ~ 0.033 K ’

113.

The variance of log-amplitude is then given by

= B
A
(O)= 4 ~

2
k
2 sec ~ 11/6 

j C
1(h) dh 

f ~~~ (K) sin2 {K
z(h_ h1

.) J KdK

~ 0.563 k
7
~
6 sec ~ 

l1/6j C1( h ) ( h - h ) 516 dh (12)

,
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Examination of Eq. (12) reveals that owing to the h5”6 weighting function in the
integrand, the value of is determined primarily from high alt itude turbulence.
Examination of Eqs. (5) and (12) reveals that for V ~ 10 rn/sec the main
con tribution to is determined by the turbulence near the tropopause, i.e., at
h -~ 10 km. The integr and of Eq. (12) has a relative maximum for h = 10.83 km ,
falling to one-half its maximum value at h ~ 7.5 and 15.5 km.

Equation (12) for per tains to the statistics of irradiance at a point. As
the experiments at AMOS were performed with a finite size receiving aperture, it
is necessary in our anlaysis to account for aperture smoothing. As is discussed
below, the effects of aperture smoothing are determined not only by the log-
amplitude variance but also by the shape of the correlation function BA(p ) .
As such, it will also be necessary to compute the full correlation function BA( p )
for p < D, where D is the diameter of the receiving aperture (~ 35.6 cm for the
AMOS experiments). This calculation is discussed in more detail later on in this
section.

Upon substituting Eq. (5) into Eq. (12), we find that the log-amplitude
variance at a point is given by

x iO 2 (
~

) +  2.48 x io 3] [X(rn~~
on)]7’6 sec

= 4.14 X l0~~ (
~

) + 2.48 X i0~~, for K = 0.5 ~m, 0 = 0 (13)

and is plotted in Fig. 1 as a function of V for the case K = 0.5 p.m and 0 = 0. In

order to compare with experiment, one must correct these values for the smoothing
effect of the finite size collecting aperture.

As alluded to above, scintillation measurements performed with a finite
sized collector include an aperture smoothing effect referred to in the literature as
the aperture averaging effect. Thus, the log-amplitude variance obtained from a
collector of diameter D, CZ(D), is related to the corresponding point log-amplitude
variance by

— 1 1 —
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Fig. 1. Calculated value of the log-amplitude
variance at a point as a function of
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4(D) A 4 (14)

where the aperture averaging factor A( � 1) is given ~~~~ (we assume here that the
collecting aperture is circular)

C (DX)
A = 8 J —i—--— M (x) xcix (15)

o C1(0) L

where -

ML = ~ - ~ 0 < x  � i

= 0  , x > 1  (16)

C1(p ) = e x p  [ 4 BA P ]  -l  (17)

and BA(p )  is given by Eq. (11). Examination of Eqs. (11) and (17) reveal that the
value of A depends on the characteristic correlation length of the log-amplitude
correlation function p1. For D << p1, A ~ I and there is no aperture averaging
effect , the receiver is essentially a point receiver. On the other hand, for D >  p1,
several 9ndependent ” fluctuations with differing signs are collected, and they

partially compensate one another leading to a value of A < I. For uniform
turbulence condition the amplitude correlation length is of the order ~~~~ where

L is the path length and A is the optical wavelength.
Examination of Eqs. (15) and (17) reveal that for BA(O) = 4 < 1 the value

of A depends on the form of the normalized log-amplitude covariance function
bA( P )  BA(P ) / 4  only. For values of V greater than about 10 rn/sec the
dominant contribution to bA ( p )  results from the turbulence in the tropopause, i.e.,
the first term on the right—hand side of Eq. (1). In the experiments discussed below
the value of V is in the 20 to 30 rn/sec range. As a resul t , it can be shown for this
case that bA(p )  is nearly a universal curve; that is, bA(P )  is independent of V for
V ~ 10 rn/sec. This implies that A is nearly independen t of V. These results have
been confirmed numerically for all values of V that were obtained in the AMOS
experiments. We find that A ~ 0.019 for the 14-inch diameter collector used at
AMOS.

- 13-
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AVCO has performed scintillation measurements using a star sensor built by
NOAA Environmental Research Laboratory. This instrument consists of a 35.6 cm
Schmidt-Cassegrain telescope. When a stellar source is received through this
system, measurements of the spatial frequency content of the atmospherically

produced scintillation pattern are obtained. Details of the experimental apparatus
and results obtained are reported elsewher e~

6
~. We have chosen three separate

days to compare with. These days were chosen because the environmental profile
C2 (h) was also measured independent of the optical measurements. Further details
of the C~ measurements are also given in Ref. 6.

The nights chosen to compare our results to experiment are Nov. 17, 18 and
21, 1975. The experiments were generally run between 1900 to 2400 hours local
time.

The wind speed data, obtained through Maj . John Madur a of SAMSO, was
taken at Hilo, Hawaii, at 2400 hours. Although Hilo, Hawaii, is about 100 miles
from Maui, it is not expected that the values of V over Maui were signi ficantly
different than those over Hawaii, owing to the fact that the main contribution to V
is at high altitude (5—15 kin) and the terrain between the two islands is primarily
open ocean. The value of V obtained are 21.3, 20.5, and 30.8 rn/sec for Nov. 17, 18,
and 21, respectively.

In Table 1 we have tabulated the values of 4 obtained by AVCO at 0.5 pm
and the results of our calculations.

TABLE 1

Log-Amplitude Data Comparison
(D 35.6 cm, A ~ 0.019)

AVCO c~, Aerospace Corp., 9 = 0

Date Range X l0~~ Average, X lO~~ Average, xlO~~ V (m/sec)

Nov 17 2.79 — 18.20 7.92 5.37 21.3
Nov. 18 2.28 - 5.03 3.76 4.95 20.5
Nov 21 5.17 - 8.21 6.00 10.70 30.8

~~~~~~~~~~~ 
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The AVCO data presented in the second column is a summary of twenty-
minute log-amplitude variance measurements. The theoretical zenith angle
dependence of (sec 8 ) l 1/6 

~vas not removed by AVCO because a11 data was
collected on stars at low zenith angle (typically 10—20°, 30° maximum) and this
effect should not be 1arge.~ Our results are based on zenith propagation, i.e.,
9 = 0.

No attempt was made by AVCO to compare their optical scintillation results
to the corresponding results obtained from the C2 profile that was measured on the
dates of the experiments. Furthermore, an analysis of the variance of the (7~ was
not performed, although enough data was recorded so that this information can be
readily obtained. (Note: AVCO is in the process of doing this~

”)
2Examination of Table I reveals that our calculated values of are in good

agreement with AVCO’s measured values; in two cases the calculated value is in
the experimental range, while in the third care it is about 25% high. In view of the
fact that some zenith angle biasing may be present [�(sec 30) 11/6 

= 1.3] and the
experiments were performed over several hours on each night , we feel that the
results obtained here are encouraging enough to warrant further comparisons as
more data is made available. We are in the process of doing this.

IV. PHASE COHERENCE STATISTICS

As is well known, the mutual coherence function (MCF) of the complex field
due to a point source above the atmosphere is a central quantity in the evaluation
of the AMOS compensated imaging system. Here we relate the coherence diameter

to the rms wind speed V and compare these results to the experimental values
obtained by AVCO during Nov. 17, 18, and 21, 1975.

The MCF can be written as

1 5/31
M(r) = exp - 3.44 (

~
-) (18)

where t h e  coherence diameter r0 is given by

*M. Miller , AVCO Everett Research Lab., private communication.
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344 3/5
• ( 19)

1.45 K2 sec 8 f  C2(h) dh

Examination of Eq. (19) reveals that in contrast to the case of scintillation, the
coherence diameter depends both on low and high altitude turbulence (the

weighting factor in the integran d of Eq. (19) being unity in the present case.
AVCO’s measured turbulence profiles averaged over the complete data runs

taken on 17, 18, and 21 Nov. 1975 are shown in Fig. 2. The lowest height (15 in)

data points were obtained from the ground-based inicrothermal sensors. Data from
in to 2.5 km were provided by NOAA from a reduction of their (nighttime)

airborne microthermal data. The line segments from 1 km to 24 km were derived

from Star Sensor data and represent the approximate width of the weighting
functions used in the data reduction. The horizontal scale is in height above the

observatory which is at an altitude of approximately 10,000 ft. The tropopause

height was determined from rawindsonde temperature profiles obtained from the

two Hawaiian Weather Bureau stations.

For comparison, the turbulence profile used for our calculation, i.e., Eqs. (5)

and (6) are given by the dashed curve in Fig. 2, along with the value of V for the (
date in question.

We have computed r0 based on the assumption that the plane of the receiver
is 10 in above local ground and the use of Eq. (5) for high altitude turbulence and

Eq. (6) for turbulence near the ground. The numerical results for 9 = 0 are plotted

in Fig. 3 as a function of V (upper curve). Also, we have computed the values of r0
based on Eq. (5) above and these results are also shown in Fig. 3 (lower curve).

Examination of Fig. 3 reveals that for 5 < V < 15 rn/sec the values of r0 obtained

by including turbulence near the ground are within a factor of two to that obtained

otherwise. For larger values of V, the corresponding values of r approach one

another asymptotically. This is expected since for large values of V the main
contribution to r results from turbulence values at high altitudes.
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Fi g. 2b. Same as Figure 2b for 18 Novembe r
1975 . Estimated tropopause height
of 9- 15. 5 km.
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Fig. 2c . Same as Figure 2b for 21 November
19 75 . Estimated tropopause height
of 9- 15 . 5 k m .
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Fig. 3. The phase coherence diameterX .=0 .6 3 3~~mas function of rms wind speed. The upper
curve is based on Hufnagel ’s model for
high alti tude tu rbulence while the lower
curve includes the contribution from low

• alti tude turbulence as given by Eq. (16).
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The use of Eq. (6) for low altitude turbulence values may not be

representative of the conditions above the AMOS site as it was developed from —

measurements made over level ground at different geographical location and

averaged over differen t times of the year. Thus, it should represent, in our opinion

somewhat of a worst case estimate of turbulence above local ground and is used

here as such. The values of r0 obtained by employing Eq. (6) r epresents a worst
case estimate at low values of V( ~ 15 m/sec), while the values obtained for large

values of V should be looked upon with less uncertainty.

In summary, for small values of V (i.e., low integrated turbulence strength)

the predicted values of r0 are to be regarded as a lower limit with the real value
being as much as a factor of two larger. On the other hand, for large values of V
(i.e., high integrated turbulence strength) the corresponding uncertainty in the

predicted value of r0 is much smaller than a factor of two; that is, the confidence

by which we predict r0 is larger for strong turbulence conditions than it is for weak
turbulence conditions.

AVCO’s average measured values of r at 0.633 pm and 0 = 0° and the

corresponding values obtained from the measured turbulence profiles are presented

in Table 2 along with the results of our calculations.

TABLE 2
r Data Comparison, A = 0.63 3 pu i

AVCO AVCO, From Measured Aerospace
Seeing Monitor , r (cm) Turbulence Profile,

Date Range Average r (cm) r (cm) V (rn/see)

Nov 17 9.3 — 13.5 10.4 25.7 17.1 21.3

Nov 18 13.3 — 18.2 15.4 24.9 17.4 20.5

Nov 21 9.4 - 14.4 11.8 16.6 14.4 30.8
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The corresponding value of r0 at A = 0.5 m are obtained from those given
in the table by multiplication by (0.5 /0.633)6/5 

~ 0.75 Examination of Table 2

reveals that our values of r are in fair agreement with the experimental value. On

the other hand AVCO’s calculated values based on the measured turbulence profile

are larger than the measured value by a factor of 1.5 — 2.
Note that for the three days considered the measured average values of r0

are somewhat less than the corresponding calculated values. At this point it is not

clear why this should be the case, although it may just be an artifact. Although the

airborne microthermal probe measurement of C~ between 37 in and 2 km above the

AMOS site were performed at night, the airplane was not directly above the

mountain top, but instead was slightly off to one side. This suggests that the lower
2 2altitude measured values of C probably underestimate the actual values of Cn n

directly above the AMOS site, although it is not clear that this is the case. Based

on these measured values of C2 the AVCO calculated value of r is about a factor

of two too large. We wait with anticipation for reliable low altitude C~ profile

measurements above the AMOS site (i.e., from the NOAA acoustic sounder). On

the other hand, we arbitrarily used a model of low altitude turbulence that , strictly

speaking, applies (if at all) to conditions over level ground near sea level. For the

values of V that applied, the contribution to r’ from turbulence in the first three

kilometers above the site is about equal to the corresponding contribution from

turbulence in the tropopause (See Fig. 2). On this basis we would expect that an r0
calculated with such a turbulence profile would result in too small a value. Since

our calculated values of r0 are a little on the high side, we are left in a quandry.

Rather than speculate we defer further discussions on this point until more data is

analyzed.
Based on our results obtained for the three dates in question, we are

encouraged to make further comparisons with more data.

In conclusion we are cautiously optimistic about the use of the model of C2

used here to obtain phase and log-amplitude statistics. More data comparison is

clearly needed until the general use of the model can be ascertained. In particular,

it is very desirable to obtain wind speed data that pertain to the time and location

of the experiment. We have been in contact with P. Zieske, AVCO/Maui , and he is

in process of seeing what can be done for the experiments that will be performed at

AMOS this spring and summer.
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THE IVA N A. GETTINO LABORATORIES

The Laboratory Operations of The Aerospace Corpor ation is conducting
experimental and theoretical investigat ions necessar y for the evaluatio n and
application of scientif ic advances to new militar y concepts and systems , Ver-
sat i l i ty  and flexibility have been developed to a high degr ee by the laboratory

personnel in dealing with the many problems encountered in the nation ’s rapidl y
developing space and missile systems . Expertise in the late st scientifi c devel-
opment s .s vital to the actomplishment of tasks related to these problems. The
laboratories that contribute to this research are:

Aerophysics Laboratory : Lau ~ich and reentr y aerod ynamics , heat trans-
fer , reentry physics , chemi cal kinetics , structural mechanics , flight dynamics ,
atmosp heric pollution , and hi gh-power gas lasers.

Chemistry and Physics Laborator y : Atmosp heric reaction S and atmos-
pheric optics , chemi cal reactions in polluted atmos pheres , chemi cal reactions

• of excited species in rocket plumes , chemical thermod ynamics , plasma and
laser-induced reactions , laser chemistr y, propulsion chemistry, space vacuum
and radiation effects on materials , lubrication and surface phenomena , photo-
sensitive materials and sensors , high precision laser ranging, and the appli-
cation of ph ysics and chemistry to problems of law enforcement and biomedicine .

Electronics Research Laboratory : Electromag netic theory, devices , and
propagation phenomena , including prasma electromagnetic s; quantum electronics ,
lasers , and electro -optice; communication sciences , applied electronics , semi -
conduct ing, superconducting, and cry stal device ph ysics , opt ical and acoustical
imaging , atmosp her i c pollution; millimeter wave and far -infrared technology.

Materials Sciences Laborator y : Development of new materials; metal
matrix composites and new forms of carbon; test and evaluation of gra phite
and ceramics in reentry; spacecraft materials and electro ni c components in
nuclear weapons envi r onment ; application of fracture mechanics to stress cor-
rosion and fatigue-induced fractures in structural metal s.

Space Sciences Laborato ry : Atmospheric and ionospheric physics , r adia-
tion from the atmosphere , density and composition of the atmosphere , auroras
and air g1o~~; magnetospheric physics , cosmi c rays , generation and pro pagation - - ,

of plasma waves In the magnetosphere; solar physics , studies of solar magnetic
fields; space astronomy, x-ray astronom y; the effects of nuclear explosionS .
magnetic storms , and solar activity on the earth’ s atmosphere , iono.pher u , and
magnetosphere; the effects of optical , electromagnetic , and parti c ulate radia- 

—t1on~ in space on space systems.

THE AEROSPACE CORPORAT ION
El Segundo , California
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