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ABSTRACT

Analysts conducting experiments must frequently
deal with situations in which data is incomplete or
.missing. This creates problems that can seriously
affect classical hypothesis testing by introducing
extraneous terms into the hypothesis in a complicated
way. A technique exists that allows an anal st to
deteraine precisely which experimental terms are
actually present in a proposed hypothesis and what
that aypothesis would actually be testing if employed.
This paper examines the mathematics wunderlying the
technigue and applies the theory to a widely used data
analysis computer package. A computer program is
presented to facilitate implementation of the methcd.
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A. PROBLEM

At times even the most carefully designed and executed

experiments can be plagued with aborted tests or missing
data. Such unbalance in the data can have a

significant
impact upon the mathematical structure of analytic
techniques used in analysis of variance. In addition to

increasing the complexity of computations, unbalanced design
can also seriously affect hypothesis testing. Because of

lack of balance, hypotheses purporting to test the influence -

of a main effect, for example, may be hopelessly confounded
with interaction terms. Blindly "testing" such confounded
hypotheses without an appreciation of the level of pollution
from extraneous terms can 1lead to serious error in
interpreting results. It is desirable to £find a general
procedure for use with analysis of variance that can
determine exactly what a proposed hypothesis is testing in
terms of the main effects and interactionms.

B. APPROACH

Because of its mathematical power and notational
simplicity, the matrix form of the linear model Y = Xb + e
is used in deriving a solution to the problen. The linear
model 1leads to the "normal equations" X'Xb = X'Y. Since X'X

i bt il U
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0
is in general not of full rank, any solution (b ) for b is

-1
not unique. Purther (X'X) does not exist; one must turn to
the concept of a generalized inverse G of X'X. It «can be
shown that testing - a hypothesis HO: g'b = m involves

expressing the hypothesis as a linear function q'GX'X of the

generalized inverse (G) and X'X. While determination of
g'GX'X is frequently a non-trivial manual calculation, it
can be handled easily on a computer.

C. SOLUTION

If an analyst needs to test a particular hypothesis it
is possible that additional, wundesired terms may be
polluting the hypothesis to such a degree that his
interpretation of test results may be completely invalid. By
computing the value of ¢g'GX'X he will be able to determine
precisely what his proposed hypothesis is actually testing.

D. CONCLUSICNS

Recognizing that an wunbalanced design can 1lead to
difficulty in interpreting traditional tests of hypotheses,
it is concluded that:

1. it is mathematically possible to determine the exact
nature of a proposed hypothesis, and

2. such a determination is feasible using a computer.

i Sl A0 D i T ZE T SO
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II. MATHEMATICAL JUSTIFICATION

A. GENERALIZED INVERSE

A generalized inverse of a matrix A is defined to be any
matrix G satisfying
AGA = A.
It can be shown that, for a given matrix A, G is in general
not unique [Searle, 1971].

B. SOLUTION OF CONSISTENT LINEAR EQUATIONS

The system of linear equations AX = Y is consistent if
any linear relationships existing among the rows of A also
exist among the corresponding elements of Y. Since 1linear
eqguations have a solution if and only if they are
consistent, the procedures outlined below are coniined to
systems of consistent linear eguations.

The following theorems from Searle [1] are stated
without froof in order to develop solution procedures for
consistent equations.

Theorem 1. Consistent equations AX = Y have a solution
X = GY if and only if AGA = A.

Theorem 2., If A has g coluans and if G is a generalized
inverse of A, then the consistent equations AX = Y have the




solution

0 .
X =GY + (GA - I)Z

where Z is any arbitrary vector of order g. The notation

0
indicates that X , which satisfies AX = ¥, is a solution-and
not the general vector of unknowns X.

Theoren 3. For the consistent equations AX = Y, all
solutions are, for any specific G, generated by

0
X = GY + (GA - I)2, for arbitrary 2. That 1is, one need
derive only one generalized inverse of A in order to be able
to develop all solutions to the system AX = Y.

C. THE SPECIAL CASE OF SYMMETRIC MATRICES

The linear model used, inter alia, in analysis of
variance involves the system of consistent linear equations
X'Xb = X'Y
that are solved for b. It 1is therefore worthwhile to
consider the special case of the symmetric matrix X'X in
some detail. The following development is from Searle [1].

Lemma 1. X'X = 0 implies X = 0.
Proof: This is true because if X'X = 0, the sums of squares
of the elements of each row equal zero, hence must be zero.

Lemma 2. PX'X = QX'X implies that PX' = QX'.
Proof: Apply lemma 1 to the 1dentity
(PX*'X-QX'X) (P-Q)' = (PX'-QX') (PX'-QX")' = 0.
That is, (PX'-QX') (PX'-QX')' = 0 implies that (PX'-QX') =0
which implies that PX' = QX°'.

10
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Theorem 4. When G is a generalized inverse of X'X, then
i. G' is alsc a generalized inverse of X'X;
ii. XGX'X = X (i.e., GX' is a generalized inverse of X);
iii. XGX' is invariant to G.
Proof:

(i) By definition
X'XGX'X = X'X

transposing X'XG'X'X = X'X estaplishing (i).
(ii) XIXG'X'X = X'X

by Lemma 2 X¥exgrxt = 1

transposing XGX'X = X establishing (ii).

(iii) Suppose F is some generalized inverse Aifferent
from G. Then XGX'X = X = XFX'X. By Lemma 2 XGX' = XFX'.
That is, XGX' is the same for all generalized inverses of
X'X, establishing (iii).

D. THE LINEAR MODEL

The general linear model is Y = Xb + e where Y 1is an
n x 1 vector of observations whose components are random and
observable; X is an n x p matrix of experimental design
whose components are real and known; b is a p x 1 vector of
parameters whose components are real and unknown; e is an
n x 1 vector of experimental error whose components are
random and unobservable. The vector e is defined as

e =Y - E(Y)

, E(e) = E(Y) - E(E(Y)) =0,
and E(Y) = E(Xb) + E(e)
E(Y) = Xb.

Every element in e is assumed to have the same variance v

1




and zero covariance with avery other element,
2 2
distributed (0,v I) and Y is distributed (Xb,v I).

the normal equations for the linear model yields
X'Xb = X'Y

thus e is

Deriving

0
which can be solved for b using the technigues of

generalized inverses described earlier, i.e.,
0
b = 6X'Y

0
and E( )

E(GX'Y)
GX'E (Y)
GX'Xb
Hb
GX'X.

where H
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III. THE CONCEPT OF ESTIMABILITY

A. ESTIMABILITY

As defined by Searle (1], a linear function g'b of the
parameters in b is estimable if it is equal to any linear
function [t'E(Y) ] of the expected value of the observations
in VY. It is important to note that t' is not in general
unique; the only requirement for estimability is that such a
vector exist.

B. PROPERTIES

The definition of estimability leads to four
mathematical properties of immediate importance:

(1) The expected value of any observation is estimable.
In this case t' is a vector with a single element equal to
one; the rest of its elements are zero.

(2) Any linear combination of estimable functions is
estimable. 1If gq'b and r'b are estimable, then q'b = <t'E(Y)
and r'b = Ss'E(Y). Therefore c1q'b + czr'b = (c1t' +

czs')n(!) vhich is estimable.

(3) An alternative form of the condition of estimability
can be developed as follows. If g'b is estimable, then by

13
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definition g'b = t'E(Y) hence g'b = t'Xb. This must hold for
all values of b since the condition of estimability does not
depend on a specific choice of b. This leads to the resuit
g' = t'X.

(4) When g'bo is estimable, q'bo is invariant to the

solution used for ho because
g'h = t'Xbo = t'XGX'Y.

Since by Theorem 4, XGX* is invariant to G, q'b0 is
invariant to G and therefore to bo when q'b is estimable.
Herein 1lies the essential importance of estimability: if
g't is estimable, g'bo has the same vglue for all solutions
bo. That is, an estimable function is a linear rfunction of
the parameters that is invariant to whatever solution is

0
used for b .
C. THE 1%ST

A function g'b is estimable if there exists some vector

t' such that g' = t'X. Pinding such a vector t' may be a
formidable task with a design of large dimensions. As an
alternative, it is possible to test for estimability by
determining if q'H = gq°'. Searle [1] shows that gq'b is
estimable if and only if gq'H = q', as follows.
If q'b is estimable

g' = t'X

g'H = t'XH

g'H = t'XGX'X
by Theorem 4 GX' is a generalized inverse of X,

1




hence g'H = t'X
q!H - q|.
Oon the other hand, if
q' = q'H,
g' = q'GX'X
and g' = t'X for t' = q'GX'.

D. THE CONSTRAINED MODEL

1. development

The normal equations X'Xb = X'Y form a consistent
system of linear eguations where X is of rank r<p. Because
X'X is, in general, not of £full rank, there are nmany
sclution vectors that will satisfy the system. In order to

0
obtain a particular solution b , additional «constraints of

the form Cb = 0 are often added to the model. A commonly
used set of constraints satisfies the restrictions

* the main effects sum to zero

* the interaction effects sum to zero across each
subscript.

Adding the constraints Cb = 0, where the (p-r) rows
of C are linearly independent of the rows of X, yields the
following system of linear equations:

Y ‘ 2 ‘ X e ,
‘6. .é. .6.

The constraint matrix C can be used to transform the design

b +

]
matrix X 4into a constrained matrix X by performing basic

row operations on the system of linear equationms.

15
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Note that X is the same size (n x p) as X; b remains

O
L]

L]
Srailn
o
+
i

L]

unchanged. The practical effect of introducing the

constraints into the design matrix is to make some of the
*

columns of X consist entirely of zeros. While b remains

*
unchanged, the transformation of X into X has the effect of

"deleting" some elements of the parameter vector by the
mechanisa of creating those <columns of zeros. Once the

constraints have been integrated into the design matrix,

3
transforming X into X , the constraints become redundant and

can be remcved from the model by the following technigue.
Let A pe a (n,n+p-r) matrix such that

A =043if i # j
ij
A = 1 4if 1 = j.
ij 3
Then multiplying by A,
*
X e
A"I =ll.... b’ l..ll
(o 0

3
yields the constrained 1linear model Y = X b ¢+ e, which is

equivalent to the constrained system above.

2
Since e is assumed normal (0, vI), Y is also

* k] *®
'Xb =X 'Y, can

- *
normal; E(Y) = X b. The normal equations, X
0
be solved for a particular solution b that will also
-
satisfy the original normal equations X'Xb = X'Y. If G is

* % 0 * %
defined as the generalized inverse of X 'X then b = G X 'Y

16




—

TN

L e e

* % *
and it follows that G X ' is a generalized inverse of X .

* ok K
Let H =6 X 'X .

It is stressed that this constrained 1linear model
was developed sclely for the purpose of finding some

0
particular solution vector b to the original system of
*
normal equations. In the discussion that follows, X is the
same size as X and the parameter vector b is the same in the

constrained 1linear model as it was in the original 1linear
model Y = Xb + e.

2. z2xample

*
As a simple example of the development of X , assume

that the design matrix X is
1 0. 0
1 0 1 0
1 1 0 0

Let C be
0 1 1 1.
Then X is
"o
1 0 0 1
1 0 1 0
1 1 0 0
0 1 1 1
Subtracting the bottom row from the top row yields
1 =1 -1 0
1 0 1 0 :
1 1 0 0
0 1 1 1

17
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*
X

-

which is

. LR

The appropriate A matrix is
1 0 0 0
0 1 0
0 0 1

o O

Multiplying yields x'
1 =1 -1 0
1 0 1
1 1 0 0

o

E. BIOMELICAL COMPUTER PROGRAMS

The University of California publishes and maintains the
BIOMED series of standard data analysis packages for use omn
digital computers [Dixon, 1976]. One of the programs within
the package, BMDO5V, performs computations for analysis of
variance with the linear statistical wmodel. The design
matrix employed is not the same as the design matrix (X) in
that model however. A user of BMDO5V is required to
introduce appropriate additional constraints to permit

0
computing a particular solution (b ) for the parameter

vector. It will be shown that techniques applicable to the
design matrix X in the general linear model can be applied
directly to the BMDOS5V design matrix.

18




P. APPLICATION TO BMDOS5SV

The constraints, Cb = 0, added to the 1linear model in

section D akove are the type used to generate the BMDO5SV

*
design matrix. The resulting matrix X has the same number

of columns as the original design matrix X, but because some
of these columns are zero, it is possible to suppress thenm
for arithmetic purposes. For computational simplicity, the
matrix actually used by the computer program deletes all the
zero columns and assumes a corresponding "reparameterized" b
vector of lower dimension. For mathematical rigor, however,

*x
the X used in the following sections retains the same
number of columns as X. This restriction will be eased when

*
the matrix X is actually applied to the ccmputer prograas

in Appendix B.
G. ESTIMABILITY IN THE CONSTRAINED MODEL
It can be shown that estimability in the constrained

E 3
model Y = X b + e follows the same pattern as estimability

in the full model Y = Xb + e.

*
Theorem 5. q'b is estimable if and only if ¢'H = q'.
Proof: By definition, q'b is estimable if
g'b = t'E(Y), i.e., if

19
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*
g'b = t*'X b, i.e., if

*
g'* = t*'X . Then

* x X x %
g'H = ¢t'X 6 X 'x ,
* *
q'ﬂ = tlx = qi’
*
and if q' = q'H ,
x x X *x %
gq'* = g'G X 'X . Llet t' = g'G X °*.
*x
Then q'* = t'X. .
This result allows computations to be performad

directly upon the constrained matrix in order to examine the
estimability of proposed hypotheses., The computer program

HYTEST (Appendix A) can accept either the constrained design
matrix x* (with "zero" columns suppressed) or the standard
design matrix X as an input. If X is used for input, HYTEST
offers the cption of using either the constrained matrix x*

or the standard matrix X to compute tésts of estimability.

* *
Note that g'H b is always estimable since q'H b =

* % * % * %
q'G X 'X b = g'G X "E(Y) = t'E(Y) where t' = g'G X °'.

H. TESTABILITY

1. the hypothesis

Prom Searle (1), all 1linear hypotheses can b)e
handled by a general procedure; specific hypotheses are then
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considered to be applications of this general procedure.

The general hypothesis may be written Ho: K'D = m
wvhere K' is a matrix of s rows and p columns. The only

limitation on K' is that it have full row rank. That is, the
hypothesis wmust be composed of linearly independent
functions of the parameter vector.

2. apalysis of variance

To review analysis of variance briefly, classical
techniques rely upon the ratio of ﬁwo independeni Chi-sgquare
distributions, each divided by 1its respective degrees of
freedom, to generate an P statistic. The sum of squares
explained by the model if the hypothesis is assumed true,
divided by its deqrees of freedom forms the numerator cf the
statistic. For many situations, the denominator is the sum
of squares for error divided by its deqrees of freedon.
Each sum of squares can be conveniently represented by
appropriate gquadratic forms which must meet certain
requirements in order to be Chi-square distributed.

Searle!s derivation of a test of the general
hypothesis depends upon K'b being estimable for every row

ki'b. If this assumption is satisfied, the quadratic form
2 0 -1 0 2
Q/v = (K'b - m)'(K'GK) (K'Db - m)/v

is distributed non-central Chi-square and has rank s. The
sum of squares for error can be shown to be

-1 -1
SSE = (Y-XK(K'K) m)'(I-XGX') (Y-XK(K'K) m).
Q and SSE are independent so P(H) = Q/s/SSE/(n-r) is
distributed non-central

21
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-1 2
F'{s,n-r, (K'b-m) * (K'GK) (K'b-m) /2v )
The test statistic is

0 -1 0
F(H) = (K'b - m)' (K'GK) (K*db - m)/s/SSE/ (n-r)
which is F distributed with s and n-r degrees of freedom
under the null hypothesis.

3. determination of testability

Suppose that K'b is not estimable. Then the

hypothesis HO: K'b = m is not testable. Assuming that

-1
(K'GK) exists, if one were to compute F(H), what
hypothesis is actually being tested? Whon working with the

*
constrained linear model Y=XDb+ e, the answer 1is

&
"K'H b = m." The derivation which follows closely parallels

the procedure used by Searle (1] for the linear model
Y = Xb + e.

# *
The bypothesis H: K'H b = m is testable since K'H b

is estimable for each row ki'. The appropriate numerator

quadratic foram is

* 0 *x % -1 * Q
Q1 = (K'H b - m)'"(K'HG H '"K) (K'H b - m)

x %

) * *
But K'® b = K'GX 'X G

*

X 'Y and since
* x % £ x =

XG X '"=XG 'X "', it follows

) * & x % %
K'H b =K'G X 'XG 'X 'Y,

* * % % %
Let G1 =G X 'X G ' (vhich is a generalized inverse of

22
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X 'X ). Then

x 0 * *
K'Hb = K'G1 X 'Y

* 0 0
K'HDb = K'b1

0 * % *x % 0
where b1 = G1 X 'Y is the solution to X 'X b = X 'Y

*
obtained from using G1 .

o * % X x %X %k % k %k X
Also K'H G H 'K = K'G X 'XGX 'X G 'K
x % X * %k kX
K'HG H ' = K'G X 'X G 'K
* x % *
K'HG H 'K = K'G1 K
Therafors Q1 reduces to
Q (K'i 0 ' (K'G :.‘K)-1 K'b :
= b - m - m
1 1 i 1 ( 1 )

Which 1is +the quadratic form that would result from
attempting to test the non-testable hypothesis K'b = m using

0 x %
the solution b1 = G1 o o These calculations are

indistinguishable from those that would be performed in

*
testing the testable hypothesis K'H b = m.
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A. CONCLUSICNS

1. A given linear function of the parameter vector (g'b)
is estimable if and only if gq'H = q'.

2. Since only estimable functions are testable, if
q'H # q' then the hypothesis actually being tested is not

H : g'b = m but rather HO: q'Hb = m.

3. The mathematics developed for proving both of the
preceding conclusions can also be applied to a constrained
design matrix, such as that used in the BMDO5V program, to
allow determination of estimability directly. That is,

s the function gq'b is estimable if and only if

*
g'H = gq', and

s if g'b is not estimable then the hypothesis

*
HO: g'b = m is actually testing Ho: g'H b = m.

B. SIGNIFICANCE

The results presented above afford a mathematical
Justification of the need for a computer program to

24




determine the testability of proposed hypotheses. A sample
program, HYTEST, 1is presented in Appendix D. Using the
HYTEST prcgram permits an analyst to determine not only
whether each of his hypotheses 1is testable, but also
precisely what main effects and interactions confound each
hypothesis that 1is not testable. Such information can be
used to make more inform2d decisions, a priori, on the
design of experiments, and a posteriori on the analysis and
interpretation of experimental results. Knowing the nature
and degree of confounding may not necessarily ease decision
making. It can help to ensure that once a hypothesis is
accepted or rejected the analyst is aware of the degree of
"purity"® of his conclusions concerning the effects of
various factors in the experiment. If used, these techniques
can prevant an analyst from complacently assuming that he is
testing, one hypothesis when he 1is, in fact, testing

something guite different.
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APPENDIX A

HYTEST

HYTEST is a FORTRAN IV program that facilitates
determining if a proposed hypothesis is testable. The User's
Guide contains operating instructions and a list of options.

FLOWCHAKRT

INFUT PROBLM DATA

v

DETERMINE TYPE OF READ BICMED
INPUT MATRIX MATRIX

-

READ STANDARD
DESIGN MATRIX

—

INPUT EACH AUXILIARY
EQUATION IN TURN AND
DO BASIC ROW OPERATIONS

=

. OUTPUT BMDO5SV DESIGN CARDS

‘...J
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COMPUTE GENERALIZED

INVERSE G

>

CHECK ACCURACY OF
COEFFICIENTS BY
X' - X'XG6'X

‘3

() DETERHINE IF NO
_ ANY HYPOTHESES
= ARE TO BE TESTED

YES |

INPUT HYPOTHESIS

v

ENSURE Q'GQ IS
NON-SINGUFIR

PSR -

COMPUTE Q'H

IF Q'H = Q NO CANNOT TEST
HYPOTHESIS

YES |

HYPOTHESIS IS (8)

TESTABLE
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SUBROUTINE

In the interest of computational accuracy and speed,
HYTEST uses subroutine LPSDOR from the International
Mathematical and sStatistical Library (IMSL) to compute a
generalized inverse G. This is a proprietary subroutine.
Under the licensing agreement, its code may not be
distributed to or used by a user outside +the Naval
Postgraduate. School. It may not be used on a non-NPS
computer systenm.
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APPENDIX B

USER'S GUIDE

’ ; This guide contains complete operating instructions for
| %’ using the ccmputer program HYTEST.
3 T o
' § the constrained design matrix X actually used in the
‘ #
| = *
i § computer programs BMDOSV and HYTEST is the same X

introduced in Chapter III except that all zero columns have
been deleted to facilitate computation. This has the effact
of reducing the parameter vector b; an analyst using these
programs is cautioned to ensure that he is aware of which
elements have been "deleted" from the parameter vector. See
Chapter III, sections D, E and P, for further information.

A. OVERVIEW OP COMPUTER PROGRAM HYTEST

The progras HYTEST exploits technigues enumerated
earlier in this paper to determine if selected hypotheses of

the form HO: ki'b = g are testable within the framework of

a specified linear model. If an hypothesis is not testable,
HYTEST computes an algebraic fors of the parameter vector
that would actually be tested if the proposed hypothesis
vere to be esployed.
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Given the standard design matrix (X) from the 1linear

mocdel, and appropriate additional constraints, HYTEST can
*

compute the design matrix (X ) for use in the BMDOSV
program. If desired, DESIGN cards for use in the BIOMED
package can ke produced as an auxiliary output. If the

BIOMED cftion is exercised, HYTEST performs all of its
x

calculations upon X making it essential for the user to be
aware of the exact structure not only of the original design

*
matrix X, but also of the constrained matrix X . The user

can select the option to have all calculations performed on
X, if preferred.

B. INPUTI OPTIONS

The program can accept either the standard design matrix
from the basic linear model, or a BMDO5V design matrix.

C. OUTPUT CPTIONS

1. hypotheses

The major option for output concerns the testability
of user defined hypotheses. For any number of hypotheses
from zero to 99, HYTEST will determine if each hypothesis is
testable, and if not testable, the program computes what
vould actually be tested if the specified hypothesis were to
be employed. This option is automaticllly suppresssed if
there are no hypotheses to be tested.
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2. design cards

If a BIOMED design matrix is computed, the user can
select an option that will punch appropriate DESIGN cards
for BMDOSV; a printed replica of the cards is also produced.
If punched cards are not required, the user can opt for the
printed form of the DESIGN cards without having them
punched. This output option is only available if a standard
design matrix X is used for input.

3. accuracy

An estimate of the accuracy with which HYTEST is
computing the generalized inverse matrix G can be obtained
upon request. The output consists of the matrix resulting
frem subtracting X'X - X'XGX'X. If the computer were
perfectly accurate, all entries would be zero. Because of
arithmetic inaccuracies in computing G, the entries are
frequently not zero. Since the matrix H=GX'X is used in
assessing the testability of hypotheses, X'X -X'XGX'X
affords an estimate of the accuracy to be expected when
determining the nature of the hypothesis being tested.

. ‘Bz 8%

The H matrix used in determining the testability of
selected hypotheses will be printed if requested. Selecting

this option will generate printed output for all of the
previous options as well.
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5. generalized inverse G

The final option prints out the generalized inverse
of X'X used in computations within HYTEST. This option
automatically includes printed output for all previous
oftions as well.

D. INPUT REQUIREMENTS

1. card order

Input cards must be in the following order:

PROBLM card (required)
Design matrix cards (required)
AUXEQN card (required if standard
design matrix input option is used)
Auxiliary equations (optional)
Hypotheses (optional)
PINISH card (required after last problenm)

2. problem card (regquired)

The HYTEST PROBLM card, based upon a similar card
used in the BEMDO5V program, is used to set up various
program parameters and options.

DATA COLUMNS RESTRICTIONS
PRCELH 1-6
User's optional problem nuamber 7-8
32




/ — - et bt i e W -

Numkter of design card sets 9-11 1 < ND £ 150
Number of columns in design matrix 12-13 1 £ NC £ 60

Blank 14-15

Number of hypotheses 16-17 1 £ NH £ 99

Blank 18-26

Output optionms 27

Blank 28-71

Input options 72 0= X matrix

*

1= X matrix

Output options are selected from the following
table.
IF COLUMN 27 CONTAINS THE PRINTED OUTPUT WILL INCLUDE
0 A. An assessment of what each
hypothesis is testing
1 B. Design cards (if the BIOMED
output option is being used)
plus option 0
C. Accuracy of coefficients and

cption 0

2 D. The H matrix (H=GX'X);
plus all output from options
0 and 1

3 E. The generalized inverse G

plus all previous opticns.

3. desigp matrix cards (reguired)

a. standard design matrix

One design card is required for each unigue row of
the design matrix. The first 2 columns of card i contain
(right Jjustified) the nuamber of rows in the design matrix
that are identical to row i. The next 60 columas (3-62) are
reserved for the columns of the design matrix. Enter a zero
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‘ or one in the appropriate card column. Fach card column
corresponds to a coluamn in the design matrix (not to exceed
a total of 60 columns).

exaaple
If a hypothetical design matrix were:
1. 400
BTSSRy S
Y00 %0
1.9 7.0
3@ -0
1 0 0 1

Only three design cards are required:
021100 (in columns 1-6)
031010
011C01
b. BMDOSV design matrix

Enter the BIOMED design matrix (without data cards)
exactly as it is used in the BMDOSV package.

4. AUXEQN card (required if the standard design matrix
ipput is used)

DATA COLUMNS RESTRICTIONS
AUXEQN 1-6
Number of auxiliary egquations 7-8 0 € NA £ 99
Punched card output option 9-11 1=Design cards
Punched

0=Design cards
Not punched
Caution: Do not use this card if the BIOMED input option is
exercised.

If there are no auxiliary equations, the prograa
will perform its computations on the standard design matrix.
None of the EIOMED output options are then available.
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S. Auxiliary equations (optional)

!
.
B
¢
o4
3
£
b
¥
F
-

Auxiliary equations are algebraic equivalents of
BMDO5V constraints. For the example to be used in this
section assume the linear model

Yoo umoylsay - +@ i=1,2,3
ij i ij

Each auxiliary egquation (m) reguires a separate
series of input cards. The first card contains the number
of parameters in eguation m. As an example, the auxiliary
equation

a ¢+ a +a =20
1 2 3

contains three parameters so the first card for this
eguation would contain 03 in the first two columas.

The second card contains the column number and the
coefficient of the parameter whose column is to be deleted

from the BMDOSV matrix. Por instance, the parameter vectorl

in this examgle is

b* = (u, a1, az, a3)

Parameter a3 corresponds to the fourth column of the design
matrix X. In order to eliminate a3 from the BMDO5V - matrix,
the second card must contain:

0401
in the first four coluans.

A separate card is required for each parameter in
the auxiliary eguation, so this example needs tvo more
cards:

0201
0301
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corresponding to the columns and coefficients for a and a2

respectively.

Caution: if a parameter's column is to be deleted
from the BMDOS5V design matrix, that parameter must not be
used in an auxiliary equation; its algebraic equivalent must
be used instead. A complete set of cards must be included
for each separate auxiliary egquation (m cards for each
auxiliary equation with m parameters).

The above input will produce the following BMDOSV
design cards:
DESIGN002001001000
DESIGN003001C00001
DESIGN0010010-10-1

The format for hypothesis cards is similar to that
for the auxiliary equation cards. Assume that the hypothesis
of interest is:

There are two parameters in the hypothesis (a1 and
az) correspcnding to columns 2 and 3 in the constrained

aqaosv matrix. It is important to note that the parameters
used in hypothesis testing amust be associated with the
matrix used to compute H = GX'X. If the standard design
matrix 'x is used throughout the program, the coluan
corresponding to a specific parameter is unchanged from the
original model formulation. If, on the other hand, the
standard design patrix X is used for input, and auxiliary
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*
equations are used to reduce X to the BMDOS5V matrix X , then

the columns wused in the hypothesis cards must be the
*
appropriate coluans from X . The first card, for this

example hypothesis, contains 02 (for two parameters) in the
first two columns. The second and third cards contain

021.0

03-1.0
respectively. The first two columns identify the
parameter's column in the appropriate design matrix. The
parameter's coefficient, a decimal point and, if
appropriate, a minus sign, must be punched in columns 3
through 11.

If several problems are to be run in sequence, the
cards for each fproblem are to be grouped in sequential
blocks. Once HYTEST finishes a problem it determines if
another problem is to be rum. If so, it executes that
problem. It will continue executing problems in segquence
until all problems are completed and a FINISH card is
encountered. The FINISH card must be the last card in the
data deck and the word FINISH must be punched in the first
six coluans.
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APPENDIX C

EXAMPLE

A. THE MODEL

The use of HYTEST can best be illustrated through use of
an example. The one chosen is from Searle [1].

The model is:
Y. =@ 4Kk € PB +AB + e i=1,2,3
ijk i 3j ij ijk
j=1’00-,u
k=1'. * e 'u

Yijk‘ is the kth observation of the ith treatment of the jth

type; M is the mean effect; A, is the effect of the ith
i
'C
treatment; Bj is the effect of the jth type; Aa_j is the
i

interaction Letween the ith treatment and the jth type and

eijk is the error term. The number of observations noted

for each cell is shown in the following table:

J=1 352 3=3 3=u
ey 9. %
. Tt S SRR BE
4 LS T S SR
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The X matrix is:

20

9.10_11_12 13 _14_15_16_17 _18_19

8

7

o

0

0 0 0 O

Suppressing the

AB AB and
93w

12"

zero columns for AB
the input design matrix for HYTEST is

AB

31

031100100010000000
011100001001000000
021100000100100000

021010100000010000
021010010000001000
021001010000000100
021001001000000010
041001000100000001
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B. CARD PREPARATION

The =size of the BMDOS5V matrix is controlled by the type
of constraints used in the BIOMED package. In general, the
number of parameters for each main effect and each
interaction effect is reduced by 1 in each dimension. In
}; this example, 1 parameter is deleted for each of the main
' effects, A and B. Since i = 1,2,3 and j = 1,2,3,4 there are

3 x4 = 12 interaction terms. Reducing each dimension by 1
s yields i = 1,2 and j =1,2,3 for 2 x 3=6 remaining

interaction terms. As noted in the preparation of the input
= design matrix above, the columns for four interaction terams
are zero. Thoses four terms are therefore deleted froam the
model. Two other interaction and two main effect terms can
be deleted by addition of the usual BMDOS5V constraints. For
4l this example, the following constraints were adopted:

(1) A +A + A =0
1 2 3
3 (2) B +B +B +B =0
& 1 2 3 4
(3) AB._ + AB__+ AB__ + AB_ =0
1 12 13 10
(4) AB. + AB__+ AB__+ AB =0
K| 32 33 34

In auxiliary egquation (1) it is desired to delete
parameter A3 which corresponds to column 4 of the design

matrix. Since there are three parameters in this eguation

the first card is:
03
The other cards are:
0401
0201
0301
This completes the cards for auxiliary equation (1).




Auxiliary equation (2) is quite similar. If Bu is chosen

for deletion the cards are:
o4
0801
0701
0601
0501

Auxiliary equation (3) contains the parameter AB1 which

does not appear in the design matrix (it is a column of
O's). Under the BMDOS5V constraints, it has an algebraic

equivalent, AB = -AB -~ AB__, which must be used in its
12 22 32

place. Equation (3) then becomes
(3a) AB = AB = aAB + AB + AB = 0.
1 22 32 13 14
The input cards used to delete AB1u from the design matrix

are:

05
1101
13-1
14-1
1001
0911 -

The interaction ternm 1331 from eguation (4), does not

appear in the design matrix. Substituting AB31 = - 1811 -

1821 into equation (4) yields:

(4a) -A - A821 + AB + AB + AB = 0.

B
1M 32 33 34
The input cards used to delete 133“ from the design matrix

are:
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05
1601
09-1
12-1
1401
1501
Deleting a total of eight parameters from the standard
design matrix will yield a BMDO5V matrix of twelve non-zero
columns. :
12 3.4 5 6 7 8 9 10 11 12
M A A B B_ B_ AB AB AB AB AB AB
Y2 a2 i3 1 13 21 22 32 33

C. HYPOTHESES

To wverify that A1 - A - A521 is estimable but

+ AB
2 11
that A1 - Az is not, the following cards are used:

o4
021.0
03-1.0
071.0
09-1.0
02
021.0
03-1.0

After completing the PROBLM card, the AUXEQN card and
the FINISH card as outlined in the User's Guide and putting
the cards in the correct order, one is ready to run HYTEST.

The outputs of major interest are the DESIGN cards and
the hypotheses. 1In the interest of brevity, only those two
outputs will be illustrated.
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D. SAMPLE OUTPUT

Design cards suitable for BMDOS5V will be similar to the
sanmple shcwn below.

288368 '3 ¥ 1 0 Y 0 O 1 6.0 0 0O O
DESIGN 1 1 1 0 0 O 1 0 1 0 0 0 O
PEEISE 2 3 3 O ~F =1 =) =V =% 0 % 1. 0
BRSEOE 2 Y O % %Y O O 0 9. 1% 0 0 O
DESIGN 2 1 0 1 0 1 0 0 O 0 1 0 O
PESZ8E 2 F~%=% 9 % O 90 0 O 0 1.0
DESIGN 2. % =) =1 0 0 0.0 00 0 1
DESIGH: & 1 =1 =1 =1 -3 =40 0 1 :0 -1 =1

The column on the left below represents the vector q' in
the hypothesis H: g'b = m. The column on the right below
represents the vector gq'h. If. gq' = q'H, the hypothesis |is
testable. If q' # q'H, the hypothesis is not testable.

THE HYPOTHESIS THE HYPOTHESIS WHICH IS
OF INTEREST IS ACTUALLY BEING TESTED
(HO: Q'B = M) (HO: Q'HB = N)
0.0 0.115
1.0 0.748
-1.0 -0.656
0.0 -0.084
0.0 -0.298
0.0 0.038
0.0 0.221
0.0 0.099
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0.0 -0.374
0.0 -0.160
0.0 0.275
0.0 -0.061

WITHIN THE LIMITS OF COMPUTATIONAL ACCURACY,
HYFOTHESIS 1 CANNOT BE TESTED AS STATED ABOVE

THE HYPOTHESIS THE HYPOTHESIS WHICH IS
OF INTEREST IS ACTUALLY BEING TESTED
(HO: Q'B = M) (HO: Q'HB = N)
0.0 0.0
1.0 1.0
-1.0 -1.0
0.0 0.0
0.0 0.0
0.0 0.0
1.0 1.0
0.0 0.0
-1.0 -1.0
0.0 0.0
0.0 0.0
0.0 0.0
0.0 0.0

WITHIN THE LIMITS OF COMPUTATIONAL ACCURACY,
HYPOTHESIS 2 CAN BE TESTED AS STATED ABOVE

As expected (Searle [1]), one hypothesis is estimable;
the other is not. Additional output information is
available from HYTEST if desired. The User's Guide
enumerates all of the optionms.
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APPENDIX D

CCMPUTER PRCGRAM
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