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EVALUATION

1. This report is the Final Report on the contract. It covers
research done on radiative transmission lines during the eleven-
month period from 1 Jan to 30 Nov 1976. Radiative transmission

lines are applicable to several radar and communication functions.

it it i s e

The particular electromagnetic guiding structure analyzed in this

; report is a periodically slotted dielectric coaxial line above,

} parallel to, or buried’in, a lossy ground. The ground modifies the
E< propagation characteristics of the coaxial line, reducing the range
: at which radar targets can be detected. The objective of this
k. research is to investigate theoretically the effects of a lossy
ground on the transmission characteristics of a radiative transmission
line. A second problem considered is the radar scattering by
ié obstacles, such as vehicles or personnel, in the guided wave fields.
| The contractor carried out a rigorous mathematical analysis of the

periodically SIOttiE transmission line which relates its radiative

N
il

properties to its physical configuration. These relations can be
used as the basis for determining the effects of ground conductivity
on the performance characteristics of radiative lines for guided

wave radar applications.

2. The above work is of value since it provides basic knowledge which

makes possible improved and optimized electromagnetic devices for

et

. USAF security systems, radar, and communications systems.

WALTER ROTMAN
Project Engineer
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: Abstract

After formulation of an integral equation and of the dispersion

! : relation for a periodically slotted coaxial cable above and parallel to

the air-lossy ground planar interface, the report addresses the

evaluation of the exterior dyadic Green's Function in a unit cell. The

latter constitutes the heretofore not available in the literature kernel of

the integral equation. The problem is reduced to an evaluation of the field of
electric and magnetic multipole phased line sources above a lossy ground. The
analysis of the various relevant integrals is carried out either in terms

of an asymptotic expansion or rigorously by function theoretical methods.
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1. Introduction

The influence of lossy ground on the propagation characteristics
of periodically slotted coaxial cable is of interest in guided wave radar,
or in intrusion prevention.

This study presents an approach to a systematic development of
the formalism necessary for the derivation of the dispersion relation of
a periodically slotted coaxial cable above and parallel to a flat lossy ground-
air interface. Continuity of tangential fields across a slot in a unit cell yields
an integral equation over the slot. The kernel of the integral equation is the sum
of the exterior and the interior unit cell dyadic Green's functions, for the
unperforated coaxial cable. This integral equation may be solved, e.g.,
via Galerkin's procedure which yields a set of homogeneous linear equations.
Setting the determinant equal to ze ro yields the dispersion relation for the
slotted cable. The exterior dyadic Green's Function is separated into that
of the cable in free space plus a correction which contains the effect of the
ground. As shown in Appendix A (see also [1]), the exterior dyadic Green's
function for the slotted cable in free space may be derived from two axial
Hertz potentials, which are expanded in terms of axial and angular harmonics.
Each combination of a spatial and an angular harmonic 1is identical in form
with a Hertz potential of anelectric or magnetic current phased line source
located on the axis of the coaxial cable. Thus, if one neglects multiple in-
teractions, the effect of the ground is obtained as a superposition of back
scattered fields excited by the various phased line sources. Hence, the
evaluation of the exterior dyadic Green's function is reduced to the deter-
mination of fields excited by an electric or a magnetic phased line source

above and parallel to a lossy ground. The case of a phasd electric line
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source was treated in [2]. Reference [2], however.limits its formulae
to the case when the dielectric constant € of the ground is sufficiently large,
so that the propagation constant of the ground may be replaced by ke .
This procedure restricts the distance of the line source from the interface
to be sufficiently large, so that the higher order terms arising from the
expansion of the ground propagation constant may be neglected. However,
in this case, the effect of ground would, in general , be a small perturbation
and the propagation characteristics of the cable would be practically

independent on the presence of ground.

To amend the situation for the TE modes this report carries out the
calculations to higher order in terms of an asymptotic multipole series.
For the TM case the procedure of Reference (2] modifies the location of
Sommerfeld poles, which in certain cases, particularly for not very large
values of |—2|, may give rise to discrepancies. Furthermore, the validity
of the analytic continuation based on values of the integral at four different
points (Appendix A of [2]) is questionable. On the other hand the method of
evaluation given in this report has a rigorous basis; no approximation in the
location of the poles is made here and, a rigorous result is obtained via a
contour deformation, which explicitly separates the pole contribution from
the quasistatic term plus a rapidly convergent correction.

The additional advantage of the separation of the pole contribution is
that it permits a simple continuous tracking of this contribution in a numerical
solution of the dispersion relation, when the propagation constant 8 of the cable

becomes complex. In contrast, the function that appears in (2] may become

discontinuous, a feature not admissible in a dispersion relation.
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The organization of this report is as follows:

Section 2 discusses the integral equation for a slotted coaxial
cable, and the resulting form of the dispersion relation which is applicable
for both the slow and the fast wave recgions.

Section 3 addresses the derivation for the exterior dyadic Green's
function which constitutes the key ingredient in the kernel ot the integral
equation. The problem is reduced to the evaluation of certain canonical
integrals.

Scction 4 presents an asymptotic evaluation of the TE contribution.

Section 5 addresses the evaluation of the TM contributions in terms
of Sommerfeld wave residue an explicit quasistatic part and two rapidly
convergent integrals. The explicit residue contribution permits a simple
analytic continuation of the functions appearing in the dispersion relation.
Appendix A, after summary of radial line formalism appropriate to unit cell
in a cylindrical structure, derives the exterior, unit cell, dyadic Green's
function for the coaxial cable in free space. Appendix B shows that the
electromagnetic fields due to phased line source parallel to an interface
between two homogeneous dielectric half spaces is derived from two axial
Hertz potentials. The expressions for the potentials are derived. Appendix C

discusses the location of Sommerfeld poles arising in the TM contribution to

the field excited by line sources in the presence of los sy ground.
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slotted coaxial cable with a zero thickness shield. A dielectric

Analysis of the Dispersion Relation for a Reriodically Slotted
Coaxial Cable Above Lossy Ground,

Figure (1) shows the geometry of a dielectric-loaded,periodically

not included, but its presence could be easily incorporated.

planar interface between air and albsssy ground. A unit cell of the structure is
contained between two parallel planes perpendicular to the cable axis and a
distance d apart.

is obtained with the help of an integral equation expressing the continuity of

Figure (2) shows such cable above, and parallel to, the

The dispersion relation for the periodically slotted cable

the tangential magnetic and electric fields across a typical slot in a unit cell.

The kernel of the integral equation in a sum of two unit cell dyadic Green's

functions G and 5 - The former (latter) yields the magnetic field due to

an elemental magnetic current placed in the slot location in the exterior
(the interior) of the unperforated structure,in a unit cell.

-_C_;E(L'I'B) is the unit cell dyadic exterior G.F. for the unperforated, perfectly

That is to say,

conducting cylinder and -G:I is such a G.F.for the interior unperforated coaxial

cable. Both QE(_Z, 1’) and gl(r, r') satisfy the Floquet conditions which implicitly

include all interactions between neighboring slots :

I
)
™
(o}
I
N

,
S’E(£+§od: _1_' s B)

|
o

gl(f_+§.od’ 1’; B) =

The integral equation reads

.H:QE(E'_"_I; B)+gl(r.r';5)]'§2xp’ods' =0, r in the slot,
slot

1)

(2)
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Fig. 1 Periodically Slotted Coaxial Cable Geometry
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Fig. 2 Slotted Cable Above Ground
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where ]_'3_(1') is the unknown slot electric field and E’o is the

radial unit vector at _1;' .

Application of Galerkin's procedure, i. e. an expansion of the
slot field in terms of a linearly independent, preferably orthnormal,
finite set of basis functions, and the requirement that the resultant
vector function (the integral) be orthogonal to each member of the chosen
basis, yields a homogeneous linear system of equations for the unknown
expansion coefficients. The dispersion relation is obtained by setting the
system determinant to zero. In particular, assuming only a sinusoidal

distribution e, in the slot, one finds an approximate dispersion relation

|| e (oxp, - lople.r (r.r'38) e ()x g dS ds’= 0 (3) |
JJ e toxp - (Gplr,ri8) +G(r, x58) re (r)xp =
slot slot !
which is to be solved for the unknown propagation constant Bas a function
of frequency. It is seen that the basic ingredients in (3) are G and G, |

The expression for G; are obtained in a standard fashion along the lines of !

Appendix A. The major problem in this study is the determination of QE :

By o 2
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3. The Exterior Unit Cell Dyadic Green's Function G(r.r';B)

For the unperforated circular cylinder the unit cell exterior

dyadic Green's function QE is represented as a sum of two contri-

butions
Sg *Sgr * Crg (4
where gEF is the unit cell exterior dyadic Green's Function for the

unperforated cylinder in free space and Gpg represents the effect of

G

the ground and the multiple interactions between the cylinder and lossy earth
interface.

An approximation for __(__}E is now made which considers only a

G

single ground reflection. This approximation should be adequate, except

when the cable is very close to the ground.

3a) The G EF

As shown in Appendix A, G is derived from two axial Hertz

=EF

potentials n’ and m“ which,for the slow wave case to be discussed in this

report,are of the form

' : & -iB x
B ’ ’, = ] _)mcp n
é m (E_'i ) s) = i Anm Km(Tnp)e e
: n, m=-® ' (5)
Pv‘. " ’, _-‘ y _]'m ® ']an d
: m(r,r ,B)->_‘ Aanm(Tnp)e e 'T<X<d/2
13 n, m=-w

et

} 4 2t 5 ) 3
where Bn- 8+ —E-n and ‘l’n = Vsn =k are the space harmonic axial and

transverse propagation constants.

LS MM’ Ll s e




In view of Floquet's Theorem, the validity of (5) extends also
for -@ < x <w. Thus, a typical term in (5) represents an axial electric

or magnetic Hertz potential
-jm® -jBx
A K_(Tple e (6)

of a multipole slow-wave (B~k) phased line source located on the cylinder
axis. In view of the linearity of Maxwell's equations it suffices to solve
for the disturbance due to lossy ground in the case of a monopole, i.e.

for an isotropic electric and magnetic current phased line source. This

is because

m 4 mr
B S S T L
(T—m \5z Vv ! [Ko(*p):' - %

Therefore,the expressions for the fields excited by an mth multipole

line source above ground may be generated by the application of the linear
differential operator (L)m to the fields due to an appropriate

isotropic phased line source above,and parallel to,a lossy ground interface.

3b) Basic Integrals for QE

In Appendix B it is shown that the fields of an electric or a magnetic
line source above,and parallel to,a dielectric half space may be derived
from two Hertz potentials. From (B 14,15, 26 and 27) one observes that the

basic types of integrals to be evaluated in order to determine QE are




A
iy 3

P e R A R SRR 4

(8)

= ojny -ju(zt2)
[ J" e e an
2 g 714_24-6 M‘D "
Other integrals that appear are obtained via the operations % or -567

applied to 11 or IZ' As indicated, we shall restrict our considerations

to the slow wave case,i.e., such that for 8 = kJ—th (€C being the dielectric
constant loading of the coaxial cable), the spacing d/\ is sufficiently small
so that for all n, 3121 >kZ . At higher frequencies the cable will become
leaky when one of the space harmonics becomes fast. The expressions for
a leaky cable may be derived via minor modifications of the results given in

this report. I1 and IZ may be further simplified as follows:

SRl RO S e i \
I1 = J i 1 e e dn = —ZT—T———- -agz— H(Z)\Q/:Z——SZ,W +(z+7.l) :
k(e-1) 1 jk“(e-1) =
PN o4 -
a7 Zl .J KZ e my e 1 dn (9)
-, ™

’
where Z =2z+z and Hf)z) is the Hankel function of the zeroth order and

2nd kind.

The integral I2 may be rewritten as:

o i -iny -inZ
o 1 J‘ (KZ €Kl) e e 1dﬂ (10)
SEnLs T "
10

o Pk, w ;.M_ ' .‘#‘.in“ﬂvﬂe >
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where & =k e " B8 (11)
- € 0] - -
with a= K -8 ¢ Imlars<on . (12)

The poles at ‘?']O = *a are the so-called Sommerfeld poles.

The basic integrals to be evaluated are therefore

i -iny-inZ
e e
Fly, z) = | g (13)
= _jny-jx Z
Gly,Z) = | =5—7—— dn
-® (n -a )V»l
@ ']"'l ‘/']7‘12‘
R e 1
H(y,Z) = | an . (15)
1 712 2
-m ( -a )Kl
F(y, z) will be evaluated as an asymptotic series in terms of the canonical '

integral
@© ')ﬂY“]”’»lz

f f T r
] e . —dn =7 HS)Z)\\jk -8 [yz+zz> (16) l!

1 11

’I
This expansion is valid for sufficiently large distances and will be de-
scribed in Section 4

The canonical integral G(y, Z) is evaluated exactly, and H(y,Z) is

in turn expanded in an asymptotic series in terms of G(y,Z) and its de-

rivatives., The integral F(y, Z) represents the TE mode contribution ,

o

11

R " N~ : RT—— R
. - 5t A By 5 i KR \ » .
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while G and H, which contain the Sommerfeld poles, represent the
TM mode contributions (with respect to z).
4) Image Series Representation for the TE Contribution F(y, Z)

We are considering here the slow wave case, 3>k and define

now the following quantities:

Y, \/.Pz-kz >0, uy = -j./le +nz = =i¥ Re Y>O0 , (17)

AR T
21l wy =1 P, Imuy <0 (19)
‘12 ka/E-1 « I YZ <0 3 (19)
F(y, Z) may now be written: ‘
2 f e~mye_.Y7
F(y,Z2) = IJ Ry S R P dn (20)

When xz:l the integral in (20) represents the modified Bessel function
2 KO(‘/],:), p = \/ y +Z° . In view of the factor e_Yz, the major contribution

to the integral arises from the neighborhood of n=0. As a result, when |€l

is large. '{ZZ--.'Z in (20) may be expanded in a Taylor series about Y =0:

2 +
e 7 '
JG A 2w g L doo L |, Ty, <0 (21)
2.0
and the resultant series is integrated term by term. The integration is
2
facilitated by the presence of powers of ¥, whereby Y2 —'3—[ acting on the
0Z

basic integral.

12
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Thus,
2

4
i 1 3
2 2

The series in (22) is a multipole expansion, the first term representing
tlie monopole, the next a quadrupole etc.

As a result,

2ZZ Y 2Y Z2

r - 1
Fly, 2) ~ 2Y, { K, (%0)- ElZ-LKO(ch) K= B 50, 8
2

3Y12 24vlzz2 yfz"’ 24y1224
[K ”1“’\”‘2‘ 7 ey sy )*
8}(2 o] 9] 6]

6Y13ZZ asy, 2 8Y13Z4 agy,z* .

6.

1
*K‘V’)[- i Mg oty 7
0 P 9] N

(23)

¥ (P)K, (0) 2,
St FAy iy 11K 2y
=413 LKo(Ylp)_Ko(YIO)Z\—YZ) g1 )- - - 2
) Zl <

2 2
Y 2 Y.

= Iy \-2/(3 y 1Y

-Ko(ylr")\\(—z) L(Y2P K_S_'z \1—'—2_)4'—\ Y, ¥,/

20, 2, v 2 2 -2 &

-(IK (%0 (00 |00 - () G-Dp)-6lvpR (- ¢
¥ 2 2 2 -2 ) 21] -q_

+ (72—) (1- L) + 6(v,0) (1-5) jf+ 0

(24)

o "% - Jp+q:‘6
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When the cable is not too close to the ground surface, then, for observation

points on the cable (or on a typical slot) y/; <<1, and one may neglect in

(24) all powers of ( %) and higher, or retain only the y independent

2 2
terms plus 0(%—) -

For y=0 one has

2 .
F(0,Z) ~ 2v27 K _(%Z)-K_(Y,Z) 1, Desintae
) =K - e B Rw s s
( 21K L e 20,2)
2 2 2 2 %
K (llz) Y]. : . x 3 y 1 Yl \*, __{l_p
A\ =2 () I ZIK (g 2Ip2) )\Fnz) + g poiitnZ.
K(Z) v, 2 (qZ)K(42) i q
r 1 1 1 1 -] ) A
24, {1, 22— () + v 2)2 e zw—(—)/po ) BZ) pta o

It is seen that the asymptotic expansion (25) contains two small parameters
2 -3
(_L-) and (v, Z)

Example:

| 3
For |e-1| = 10, = =16, 2= z+z' = 0.2

29
- 5 - - ™ 7
¥,Z=1.57, Ivzzl 0. 06 , -z-l l 0.0
Hence,
2 .
K (Y;Z2) Y, (YIZ)KI(YIZ)
(g |t |
| Y2 2(v,2)
0,13
KO(YIZ)
14




If one neglects the 3rd order term,when its magnitude is say 10%

of the second order term, i.e., when %

|3 -2 1 YIZ Zl
2B A bl 2 Bl s

then for |e-1| =10 and = = 1.6 ,

Y

ZTZ must exceed 0.16. This is the case when, for z= z', 1
-—;i > 0,08, i.e., the height of the cable should be greater than approx. 0. n
Thus,for given 2/k = vi' of the unperforated coaxial line and for given

electrical propertiespof the lossy ground,the validity of the asymptotic
expansion of F(y, Z) (24) or (25) is limited to distances z' not too close
to the ground. Formulae (24) or (25) permit,in each case,to assess the
validity of the expansion i.e., of the minimum distance of the line source
f (cable axis to ground) for a given value ofo— and €,
5) Evaluation of the TM Contribution G(y, Z)
Since,for the TM polarization, the air-lossy ground interface
g supports a Sommerfeld surface wave, it is clear that an image repre-
sentation of G(y, Z) will not be useful.
Therefore,one has to resort to a type of evaluation which

explicitly exhibits the surface wave contribution. Again we consider

here only the slow wave case, for which

. @ -
/le +yZZ -iny : Jvlz +'qzz 2 2 (26)

X @
;. ']G(Y; Z) = JP 62 ] £ dt = e_Z—T———_ (I—TnY' —n-zy— +...) dn.
S )-\/YIZJ:HZ - s m

TR

Thus, since the odd powers of y do not contribute

15




2
rv B 3 Ny
G(y:2) = G(0.2) +[ G(0, 2)- 5 G, z) |y o) (27)
Z
where
i’ -JYIZ i’z
G(0,Z) = G(2) = f - dn . (28)
| (nz—az),\/ UBal

It is therefore sufficient to evaluate G(Z), whereupon G(y, Z) follows via |

(27.

For the purpose of contour deformation that follows, it is necessary to
discuss the properties of singularities in the complex 7 plare of the integrand in (28).

5a)The Top Sheet of AR in the Complex n Plane.

We have
5 a2 = ¢ 1f€ - 52 , Ima<0 (for definiteness). (29)
i Re Yy +e >0 , on the entire top sheet (30)
i
‘ B=28.+j81 , 8 >0, 8 <0 (forpropagation in the +x direction (31)
with a simultaneous attenuation in the
direction of propagation)
i E=E4je , € >0, € <10 (32)
b o 1 T 1
AR
e = B =B = j2 B. .
1 B -k ‘/r i k +2)Pr;:1 (33)

Since, on the top sheet Re ¥y = \Re VY N ) > 04

-

L —

16
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and since Bréi <0, one has the following two possibilities for Yf as

shown in Fig. 3.

K

ZBr Bi |

Fip 5.

28, Bi{l %
Y

b) BZ-BZ-K2 <0

Wavenumber Y, for Re N >0 .

It is seen that in either case Im Yl <0,

For a slow wave Re 83>k, one has therefore the following situation in

the complex 1 plane (Fig. 4) 171*

_G.

BRANCH CUT
Rey»2+n2=0

BRANCH POINT

— — —
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Fig. 4. Top Sheet Re

fi ¥2+M2+-jo

T 0 in the complex Mplane.
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Along the branch cuts Yt is purely imaginary. To determine

the proper sign on either side of the lower branch cut we observe
that, on the top sheet, the sign of Im«/;fT'l';Z on the right bank of the
lower branch-cut is that of Im Y1+'n atn =0 i,e, of Im*(1 which is
negative as shown previously. The sign of Im 14:']2— changes across the

cut and therefore /Yl +n becomes positive imaginary on the left side of

the lower cut, as indicated on Fig. 4 .

With the above considerations,we deform the contour in (28) from the
real axis around the branch cut and capture the pole at | =a. The de-
formation is permissible because on the entire top sheet Re\/T(lz_;wz_ >,
(Actually, since the term L_—iny has been removed from the integrand
in G, the contour could be just as well deformed about the upper branch
cut in Fig. 4.

The result of the contour deformation is:

- ,/Y12+a2 Z - ;limz Z
CHT) = Aln ) Etieaats f = 4 (34)
C

2007
Za,/Yl +a b('r] -a’) /Y, +

1

As shown in Appendix C, the poles at n=+a are located on the proper

sheet, i.e. Re,/Y1+a 2N0NS

Changing variable via

/;Zlmz S0 ik, dne Cﬁc - £d¢ ) (35)

and remembering that ImM<0 on the cut, so that Im,v"E -y, <0 on the

contour Cb' one has
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- - - , 3 Ak "
s @ . o g X L o flh Rl w N B . ‘
B EE T ON— - » oo s i M OO SO "; R T wel N

+a Z

. 1 ~ie itz
aizls - = T , 1m [ <o . (36)
VY1+a joo R l-a )‘/’g -AYl

LAY}

Upon substitution §=j

(OY'\/Yl*n - ]5

~
(V8
~J]

one finds

TA
-~y Yy ta Z Lo ;
G(Z) -jme i r e-JgZ d¢
W\ L : & T 32
* N L GEedea®) [T
5 -:2 \2
v A {1+£i Z g Re,\/_ 4,1 >0
S LLO ‘J e ds (33
a . 2 :
gt o= g8kt B

Since 3 = —},\/Yl +n , the proper sheet Rev‘\’l +n~ >~ 0 maps into the

lower half 3 plane Imi ~~ 0. The upper half 3 plane corresponds to the
improper sheet of the V‘ q +1M" . Let the pole of the integrand at j‘pl '—jJ’«l ta
have Im3_ < 0 i.e. let Re,\/'«1 ta > 0 . The other pole is then

P
= o 2 o 2 2
Sp2 * ]f(?*a with Re,\/_vl ol <0y

In this fashion the resulting contour of integration has been again
brought to the real axis, and therefore the integral, which is of ar

inverse Fourier transform variety, will be further simplified by use of

convolution
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[wz-gwvgrac- L1 [ v vee e, (39)
with X
a(€) = 5= § UGe " as
‘f o (40)
v(g) = %n_ J' V(é)e—]CS dé
Therefore, from the integral in (38) one has
1 r e'lg(z'g i
u(z-¢) = | ds (41)
en ?+Y§+a2
P o i56
Sl (42)
= JESry;

To evaluate (41) for Z>(, one closes the contour atinfinity in the lower half
plane and takes out the residue at épl . For Z<¢{ the contour is deformed

in the upper half plane and the pole §p2 is captured with the overall uniformly
valid result

/ Y12+az [ Z-¢l

a{2-C) = = » Re jy+a” >0. (43)

% Y1+a

Evaluation of v(§) yields
4
vi) = = K (13D, (44)

where Ko is the modified Bessel function of the second kind and zeroth order.
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Consequently one has,

flracz = "y jz.gf Re [ V+al >0
GlZ) == & I K (v,lchac, (45)
it ¢ 2 ® - Re v, =0
\/Yl +a e Yl +a 1
Im ‘rl <0

To further simplify the integral I(Z) in the (44) , one has

Wy tet 2 E . hE2 Jutas 2% (2%
Kz) = 2 Jage™t T mpnithaer s oo Re R T ey ek
Y1+a - ’\/Yl ta Z (46)
or
ARG B 2
fage— e K (101 dS + | e K, (1,06 |
,\/Yl+a o o
e"/l+a % m o ;1+a ¢ ,Z ,J’Y1+a ¢ .
R IS K_(Y,0d6 -] e K_(v@)dc ] -
Z 74 o} (0]
\/Yl+a
2z s
_f&—_ | e (v,6)ac +
Zls o
Y, +a
1
‘\/Y1+a s Vy12+azc 7. e . ;2+a2 ¢
Je K (Y,€)d6- =—— | e K, (4Qd¢  (47)
V;1+a s 4;1+a o
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But from (4]

: ’,\/Ylhi
= ] 2 7 In ..fl_._____
ro -"/Yl +ta . A YI
.J' d.e Ko(flb) a (48)
o
[ . > -
Re\/yl ta -0~ - Re {1 ’
where tne principal value of tn is understood, Re‘/yl +a >0, and the
convergence of the integral is assured since both Re,/ ;1 ta- >0 and
Re Yq >0 .
Thus, the evaluation of G(Z) is now reduced to the evaluation of the two
finite integrals
: W ta” € e
I,=) dCe K (Y,€) de . (49)
o
For small values of YIZ o€ h12| << l 4 Ko(w) may be approximated by

-4nYw/2 where Yis the Euler constant. This leads to expressions in-

volving exponential integrals. Otherwise, in the dispersion relation,which
in view of (26), (27) and (Cl), contains I, and their derivatives with respect
to Z , the most rapidly convergent procedure valid for any value le is to

evaluate I, numerically with Yl = ,Jp—k as a B dependent variable, and

Jhta = 2K asa B independent parameter.
JI+e
Altogether, “‘(a+ ,Y12+a2
yhta Z oz 52 S
G(Z) = -jm e : 2 cosh( e Z) L
et e« a
. /
yhta N o
Y44 ZZ [E. 26 »\/v;+a ZZ [ .. 2
-~ v YN ta g Y ta 6
e J e K (v, 6)dbt ——— e KO(YIC)dC}.
. o . 2. 2 0
A\ t+a Yl +a
(50)
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With G(Z) given by (49), H(Z) is calculated in a similar fashion as F(Z),
by expanding "o via (21).
Conclusions

A rigorous formalism has been presented, that permits setting up
of the dispersion relation for a periodically slotted coaxial cable above,
and parallel to,a lossy ground in the surface wave region. A simple
modification of the procedure will allow to account for one or more fast
space harmonics and thustoobtain expressions valid for periodic leaky

cables. The expressions may be easily analytically continued,(in contrast

to those in Ref. [2], in the case when the Sommerfeld poles as a function

of complex propagation constant 8 would be required to cross the real Taxis.

An interesting observation is appropriate here. Consider expression (28 ),

in the complex M plane with its Sommerfeld poles at T]p=ta in the Im a <o
which are a function of 3. As recognized in Ref. (2], the poles move in

the complex 1M plane as a function of the complex axial propagation constant

8, which is governed by the dispersion relation of the periodically slotted
structure. If the pole at T]p:a, as a function of 3, crosses the real axis into
the upper half plane, the pole at T]p:—a crosses the real Maxis simultaneously
into the lower half plane and the representation 28)is a discontinuous function
of 3(k). Such functions however are not admissible in the dispersion relation
and therefore the function G when np: a(f) approaches the real axis from below,
must be analytically continued, as a function of 8. A similar situation occurs
in Landau damping L5], and the procedure is analogous here. As the poles
*a cross the T]i:Oaxis the contour is indented as shown in Fig. 5. After the pole

'np: a crossed into the upper half plane the appropriate contour is shown in

Fig. 5b.




4 4,
A(e
—ro\—b————tg”—»— >
a(p) r 8 s |
*)—q !

(a) CONTOUR FOR SOMMERFELD (b)CONTOUR FOR SOMMERFELD
POLES JUST CROSSING POLES AFTER CROSSING
THE REAL AXIS. THE REAL AXIS (FROM BELOW).

Fig.5. Analytic Continuation of G(y, Z, 3) .

The deformation of contour provides a simple means of analytic con-
tinuation of G(y, Z, f) whereby the appropriate pole T]p:a is tracked even

if it crosses into the upper half NMplane. Physically ,after the pole T}p: a

crossed the real Naxis,so that now ImT]p/O,such a pole represents a leaky
wave in the y direction. This is obvious,when in (26) the contour would be
deformed into the lower branch cut, prior to Taylor series expansion of

the e']'ﬂ‘/ 5
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Appendix A

Summary of Radial Line Formalism for a Unit Cell in Cylindrical Geometry
(based on Ref, 13 7).

- oty When a scalar and a vector multiplication with a radial unit vector

Yo is applied to the Maxwell's equations

Vxﬁ] = jwe E

VxE = -jir*o_l_l—lll, A(l)
the following set of coupled equations arises for the transverse to
field components —E—:t and Et :

-V E :jbvfi {——-Z-—Vtt |"(H xp Y+ M, x;
v —t - k 4 —t =6 ‘—'t —0¥
A(2)
= 'v'tVt -
-N pe !l i
H J‘_*—lzz—_] (——o‘(Et)’
I @ o
\vi
where Ve 4’0 ssn e
The unit cell orthonormal vector mode functions that scalarize this set of
equations are
’ 1 P m e -jmé® -j8 2z
Em (x) = Lo #p ' T T =
o JZit d ~ ‘nP iy =
E-type modes
(H -0) A(3)
5 =jm® <58 =z S
/ 1 -k : =
r) - joeed je e
—mn — s - P8
ey - § _)-( g
5 1 ri ' im
= e
(r) - T e

H-type modes
(Ey =0)




T AT A

s v S W

o A

R

B

%
§
’g
l__‘:

their orthonormality condition being

f b3

J e.xh. « pdS= 8., A(4)
-7 = -0 1j

unit cell

cross section

In (A3), ‘ni = kz-Si - 50 and z_  are unit vectors along the local

% and the axial direction and d is the period. Also
A
i SRS :] z
vat =9 L—r‘ = (p AQ) + T A= e A(5)

Substitution Of Et!’((]i) = Vn(lﬂg Emn(rr é) Z)’ [:I‘t ngﬁ) = Imn(p) Emn(cr §1 Z)

into (A2) vyields the following radial transmission line equations for

the modal voltages and currents (when M has no radial component)

E Tvmn((\) Y jKmn(p) Zmn(c) Imn(o) i Ymn A(6)
dI mn() y 4
T E an(ﬂ’ Ymn(r) an(r) ’
! z' () 2 “n A(7)
where Z 0) = =7 SN o -
mn Y7 o0 WE )
2
¥l i A8
mn"' 27 (p) (8)
mn Vo n ()
mn
and
P / 2 e m2
;‘mn(i‘) Kmn(‘) "mn(C) =R o A(9)
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From (A 6) one finds that for M =0 an(p) and I mn(p) satisfy

the Bessel differential equation

2 2 V’mn(p)
et =] ()
F ’ 0 | S ()

while the generator voltages v’ and v’ are-obtained for the case of
mn mn

’ " “

. . . / |

transverse magnetic current sources via an expansion Mxp =8(v e +v e ) |
-0 mn—mn mn—mn |

|

so that using (A4)

1 i 4 5
Vo) =] MU)h L (p) ds A(l)
unit cell
cross-section

A tangential magnetic point source (r’) on an exterior of an unperforated
g g P M r P

coaxial surface in a unit cell may be represented by

M Slo-a) é(;o-rn’) 8(z-2) A(12)

’
Bz

where ug is a unit vector in the direction of Mt'

Hence,

/

v;nn(n) =M L E::n(_{l) 5(p-a) ¥ein 8o -a)
| 3 A(13)

o= May o Ko (o) Sove) = v, Hp=d)

1

1)

"
vmn<
Upon integration of equations(A6) one finds that

’

| ’ + i
i -(an(a)-an(a)) ~ Vmn

" + " " A(14)
“Vennl®F Vind®) = Youn

MR T . AT
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. o e b ‘ : [ . . . . N s
and since \mn(a) an(a) 0, in view of the perfectly conducting cylindrical

surface at p =a,

+
’ ! §
Vv (a) = ~v
mn mn

¥ aysiaw A(15)

In view of (Al0), for the exterior of a cable in free space

L (2) 5
an(“) =AH_ ("n‘) : A(16)
Hence,
v (af1=a Hr‘:‘)(nna) AT

and therefore,

Mo, B &3
o] —_mn —

‘ oL (2)

V. (o) = - H: " p) . A(18)

mn H—( ) {5} m ' 'n
m n
Therefore,from ( )
M em Pen mAl e, @ A(19)
r - 8 —ma A ol T gL -
mn ~ T2y P 5 e 1 a) "oTmdlL)
m n n n m e e

To calculate I” (:) one has from (Al0)
mn

y 3 2y ,. .
Imn("‘) =B Hm (An,) ) A(20)

so that

' (ah) =B HE () A(21)
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and therefore

" ~ + P{(()Z) (Knp)
Inln(':') 5 Imn(a ) H‘Zi b ) ’ A(22)
) n

(2)
V” (») ) 1 —d-I” ( ): ) Hp Il (a ) HIT) (An‘)
mn'’ i ()Yn (0) dp mn mn H‘Zs(h s}
mn'® 'mn'? m " n®
or ;
(2), .
: H ™ (n_a) g
u + Wa v ¥ nn E ’
mn( ) - o Imn(a )m) B (r) A
m n
Hence, .
L MucEE ) Gk
L (ETD = =0 NN = 2R A(24)
mn jWHa n HQZF('K a)
m' n
and 3
; M oBRa ) ) ,
L o l0) = = saguiessmen i, S AAE3)
H' "(» _a)
m n
Consequently,
!
H,(r, 1) = Glr, r' M {§ Y, (o) i ()b (r)
r,r)=G(r,r) = - p) g2t T r
t e ot L el TR R
mn=-em m n
= 2
+\ Yll(a) ih)(unp) h” (r) h”* (rl)}'M A(Zé)
mr‘f‘:-o n H‘Zs'(n a) —mn'—'—mn — —t
m 'n
\
*
i
i
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Hence the transverse part of the exterior dyadic Green's Function for

a coaxial cable in free space is given by

= (z)'
1 =
F(_S_,_I_‘;L‘SFL\)‘
mn--e
= (2)
% u m (n

! ( ) ZZ; —mn( )—}l’n:n(rl) y

V@ et ) ) }
m n

with
o
n n
n
A -
i Yn 5 JWikp
It can be readily verified that C=::EF can be derived from two scalar
B potentials T " and 1’
3
H w el of  imE -jE2
i ' jwe > 1 m o n ‘n
B = ) (2) [
ot K
J2Td i SR (Kna)
@ 2) : e
3 i 1 1 Z 1 (”' F) ']n')§ e"]Dnz
5 T T jupp "y L
” T~ e m )
¢
, . Thus, both T andn” consist of terms of the form
13
i -im® -jg z
§ (2) ) n
. Cmn Hm (nnp) e e
IS
=
;i each representing a Hertz potential of an electric (nrlnn) or a magnetic
.1 "
H (”mn) phased line source. Expression for the interior dyadic Green's

Function GI(I_,E';‘d) may be derived in a similar manner.
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Aggendix B

Hertz Potentials for Phased Line Sources Above a Dielectric Half Space.

The potentials for an electric line source appear in [2] and were originally

obtained by J.R. Wait. For completeness we rederive them for the electric

line source, and, in addition obtain expression for a magnetic line source.
1. Electric Current Source at _g' = (y',z') above the interface.

We assume that E and H are derived from two Hertz potentials ﬂ'io and

n”io such that

In the air region In the dielectric -
H'Y = jue vxllTx_ H'™ = juee_vxll' x
_}:1'+ = VxVxH'+§_o _E_:I- = VxVxH'-ﬁ
n+ . . u+ = - "=
E " = -quonH X & -_]quVxH X,
B(1)
" = vxvxl”tx H'™ = vxvxll” "x
— o — =0
I
VZHI++k2HI+:~ = v2n1-+kzenl-:o
Jwe
o
vzn//-l- + kzn//+ 2200 VZH//- + kzenll- = 6
The primary electric line source fields are generated by n’inc' The
scattered fields in the air space are derived from Hs:+ and I'[;+ such that

LT P VZHS'++k2Hs'+:O

+0°F mten”, with 9207 +k20) =
S S inc inc Jweo

nl+ :HI
inc

20+

as well as V ﬂs +k2H”+—

= 0.
s
In the dielectric half space one has 11’ = H;, el U;‘, both of which
satisfy the homogenous Helmholtz equation.
3= Joe'JBX()(y-y')f)(z-z')fo B(2)

then
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-jBx r .
’ . e ;l (2) ( 2_ 2 ! ey e E IZ)
Hin(: jwe o Ba N P i Kot Rend
B(3)
.ifix ® -in -jnlfz—z'i
-1 J xe T >
oe dn ot = kZ_BZ_n-
we 411 o % P
o ps 1
Imu <0
Setting, in accordance with the radiation condition,
© 3 . ( l)
SO -my +Hiu,(z-z
nilnc = e"JBh IA(n)e Sl dn ; 0<z<z'
-
Cx in in (z+ /)
a2 -y -in (z+z
B e JBXJ' (B(n)-A(n)) e oo dm
_®
- Ny -ing(z+z”)
; SNy - \ztz
n+ - 1
& " =e jBx f C(n)e e dn B(4)
-
; L .n .
§ e o =My -,z
d 17 = e [pme " e % an
4 S
[ _®
@® . .
A o3 Sny -in,z
B = JSXJ E(1)e o dn
¥ | -
¥ and imposing continuity of E , E , H_ and H_at z=0 one obtains, in
B X ¥

view of (Bl) and (B4) the following set of linear inhomogenous equations

TN Live

for the determination of the transforms B, C, D and E:

s B g L ol kAR

; ; ’
~jn, 2z
k% - BYID = (%% - 8%9Be B(5)

¥ 7/
~in, z
Rc-B%ce B(6)

«%e - 84\
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-julz' -j‘Alz'
-BnBe —wuonlCe = -BnD-+uwou2E B(7)

-jn z' -iny 2! —julz'

3 , I\ A
-Zwe.ox e A+ we e B-8ne G = -Wwee D-8nE . B(8)

1 &

From (B3) one has

-1
(o]
AlT) = spne— 4 B(9)
4ﬂ&€041

Elimination of D and E yields

3 2
- Zweo(e - ('E) YA

-weo[(e - \—E>2>ul + enz(l - (—E>2]B + Bn(e -1)C ]

B(10)

2

7 ;
- [(-@)) @) )]
: O_Bn(e-)B+wuoL\ea 2 K1+K2K1-\k C .
After certain amount of manipulations, the determinant of the system A
. may be shown to reduce to
$
i b e a2
R as \e-(T) )(1-(1) )\K1+K2> \K2+€Kl> " B(11)
Consequently, from (B9), (B10) and (B11) one has

2 !
~ : 9
; Fos! k ‘_\ 1 z
; B = —— - B(12) =
3 amwe_ Lt " upten) : (6)2 |
! " \k
¥ ,
v I 8/k :
S C = Y b o ot ]—1 B(13) 5
- LU, t Uyt EN % :
= 217k \l ! k_B_) ) Zhc-gl 2 1 1

; ?‘3 K

g
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Thus,

-1

: / /
n/+ 3'4—0:60' e-_]ex 1H((Z)) kZ-BZ ,\I(y_y/)z_{_(z_z/)z _ H(i)<'\/l;2-52“/(y-yI)2+(Z+zl)2>+
o

1 - -iny -jKl(Z'*-Z’)

1 i
[ - e e dn 5 B(14)
W T, | Hpten) il L

2

ECHE

The expressions differ by a factor of 2 in front of the { } bracket and by

+

gif— 8

a factor of _ijall in front of the integral from that in Eq. (1.2) of Ref. [2].

-jBx @ = : /
. IOS/k e J~ ‘— 1 : 1 ]_’q_ % jny ejul(zi-z )d Baisy
3)2 ..n2+ul %2+enl %y i :
2m(1-(2) ) -=

This expression checks with (1.4) of Ref. [2].
2. Magnetic Current Line Source.
I o=Ma S(y-y') 8(z-z") x B(16)
—Im Se—C)

E and H due to (B16) in free space is derived from ﬂ;’ x

nc—o"’
where
P A T
FAy 2 - A3
" Tine * & Tine = Jan Capat

with the radiation condition at infinity.

Thus,
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A
(i

a -ij . /
i BRI

inc Ju)uo
B(18)
o @ =iny =iy lz-z|
L Me"JBX e & o dn
3 4m.uuo K1

-0

A magnetic phased line source parallel to an air dielectric interface
excites fields that are derivable, similarly to the case of an electric line
source, from two Hertz potentials via the first four relations in B(1), the

difference being that now in addition to (B17)

ﬁ//‘l- X ﬁ// £ ﬁll'{-

inc s
B(19)
ﬁ/“i' o {—\[I‘{“
e
The relations analogous to (B4) are
& s . ’

- 2 -jny ju,(z+z ) ,
L [ U R
= ny -jx(z+z )

Ll . . = A =iy -jnq(z+z
net & o 1PE J (B -Ale w an
~-®
L . . ( + I)
~ _i A -iny -ing(ztz
't e jP= jC(n)e il an B(20)
-
m -T‘ .
- Lige P A =iy -jn,2
- = iPE L oe w0 - o
s J
-
“ -n .
~ Ly ~ =iy juyz
107 =% [Eme e 2 an
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Application of continuity of the transverse to z fields at z =0 yields

via (Bl) the following equations:

Fralsy et e

B(21)
- @™ - - @)

-julz e —julz e
we e C - Bne B= - we_ex

) E - 8nD

2
B(22)
-jKlz' ~ -julz T -jn,z’ A

-3ne C - Wi e B + Zwuoxle 1 = -BnE+ WL M.ZD

Elimination of D and E between (B21) and (B22) yields

wuo[_nl<e-'\%>z> + nz(l - \%)2)] }; + Bn(e-l)é

+ ZwuoulA

B(23)

e e
i AL

o
]

A - 2
snte1)B 4 ue[ e - (€)) + e - (©))]6

-

Similarly to (Bll) the system determinant A is

(>3
t

#1%(e - \-) V(g +ny) (g + eny) B(24)

and
£ 2 , 2
} B an‘; , “1§€ - @? ); i Sl (TED )
’ & = (‘%) \'{\1 3 \'E) )("1 * “2)("2 i 6“1)

: 8\2-§ 8
e RO Y .
e - € )0 - @)

i

;

& ny + eny "yt %y
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while

G = s " ) : e
(B

Altogether,

-jBx / ]i 3
O " P [Hi\\/kz_sz (y-y P2 212 )12 -2 J(y_y,)2+(z+z,)z )

4wl
o B(27)
, Wy 2
. ® 3 3 8\ ) . :
Me 3% €(1"\T<) >'\T<> (& - -iny -in(2)
g 8Y*Y(1-(8) 'H: o files P £ B
2rue-(F) )1-(3) ) -=
M—Q F iny =jng(z+ )
1 A T B it
n’ _——L—T i[ = e e dn B(28)
2 i e x1+n2 K2+€Kl J
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Appendix C

Determination of the sheets of no and *, on which the Sommerfeld
poles are located.

The poles of the integrand in (14) and (15) of G and H are given

by
.:’ K2+€kl =0 C(1)
T; Without loss of generality one may assume that the poles are
4 located on the proper sheet Im "y <50 of " (otherwise we may change
signs of both square roots.) The question arises, are these poles
: located on the proper sheet of ul(lm " < 0) or the improper sheet of
9 % - Equation C(1) may be written:
Jk! e.az + e.\/kz-az =0 g o - ﬂ2+82 C(2)
4 and are given by
) 2 ok
.( = ——
? S K e - C(3) ,
f L .
‘i Keeping in mind that er 0, €i <0, we have i ]
‘ 3;
= b €
ny = k,/ e - k /€
< >
: so that on the proper sheet of 2 ("‘Zi 0), "oy 0.
H
i 3 In a similar fashion, at the poles
bs
't S e _ kL C(4)
s Bt Ll - e TFe

: : | R R s ’
. > < .
Since with €r Oarziei 0 "Tre isin the first quadrant, NTie s either in

the first or the third quadrant of "y The former corresponds to the
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improper sheet i > 0 and since in the first quadrant, ", > 0. The

latter yields "1 < Om.lr <0. To determine which cases are possible

let us rewrite C(l) in terms of its real and imaginary parts.

My i May + (€ +5€,) (i +ing,) = 0
or

n .= 0
1

+€ -€,
2r rKlr 1%

t+e.n, =0
T i €

simultaneously
.+€
"2iT e M

The following signs arise in C(6) on the improper sheet of "

o T R

>0 >0>0 <0 >0

+€ X
r

Thus, all terms are of the same sign and cannot add up to zero on the
improper sheet of "y -
On the proper sheet of x, one has for the LHS of C(6}

K, + € n,  -€
r

i s
2 r lr i1

>0 >0 <0<0 <0
Thus, the first term is positive and the last two negative and balance to
zero. To verify vanishing of LHS of C(7) on the proper sheet of ®, one
has

€

o TS TR B PR

<0 >0<0 <0<0
Thus, the first two terms are negative and the third positive. The above
argument establishes the location of Sommerfeld poles simultaneously on

the proper sheets of * and *)
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