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EVALUATION

1. This report is the Final Report on the contract. It covers

research done on radiative transmission lines during the eleven—

month period from 1 Jan to 30 Nov 1976. Radiative transmission

lines are applicable to several radar and communication functions.

The particular electromagnetic guiding structure analyzed in this

report is a periodically slotted dielectric coaxial line above ,

parallel to , or burie~~in, a lossy ground. The ground modifies the

propagation characteristics of the coaxial line, reducing the range

at which radar targets can be detected. The objective of this

research is to investigate theoretically the effects of a lossy

ground on the transmission characteristics of a radiative transmission

line. A second problem considered is the radar scattering by

obstacles, such as vehicles or personnel , in the guided wave fields.

The contractor carried out a rigorous mathematical analysis of the

periodically slott~ d transmission line which relates its radiative

properties to its physical configuration. These relations can be

used as the basis for determining the effects of ground conductivity

on the performance characteristics of radiative lines for guided

wave radar applications.

2. The above work is of value since it provides basic knowledge which

makes possible improved and optimized electromagnetic devices for

USAF security systems, radar, and communications systems.

- . • 
WALTER ROTMAN
Project Engineer
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Abs t rac t

Af t e r  formula t ion  of an integral  equation and of the d ispers ion

relat ion for a periodically slotted coaxial cable above and parallel to

the a i r -lossy  ground planar  int er f ace , the report  addresses  the

evaluation of the exterior dyadic Gr ee n ’ s Function in a unit cell. The

latter const i tutes  the here to fore  not available in the l i tera ture  kernel of

the integral  equation. The problem is reduced to an evaluation of the field of

electric and magnetic multi pole phased line sources above a lossy ground . The

- ana ly sis of the var io us re levan t in teg ra ls i s c a r r ied ou t ei ther  in t e rms

of an asymptotic expansion or ri gorously by fu nction theoret ica l  methods.
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1. Introduct ion

The influence of lossy ground on the propagation charac ter i s tic s

of periodically slotted coaxial cable is of in te res t  in guided wave radar ,

Or in in t rus ion  prevent ion.

This stud y presents  an approach  to a systematic  development of

the f ormalism necessa ry for  the der iva t io n of th e disper sion re lation of

a periodically slott ed coaxia l cab le above and parallel to a flat lossy ground-

air i nte r face. Cont inui t y of tangent ial  fields across a slot in a uni t  cell yields

an integral  equation over the slot. The ke rne l  of the i n t e g r a l  equat ion  is the sum

of the exterio r and the interior unit cell d y adic Gr een ’ s func ti on s , for the

unper fora ted  coaxial cable. This in tegra l  equation may be solved , e. g . .

via Gale rk in ’ s procedure which yields a set of homogeneous linear equa t ions .

Se tting the de te rminant  equal to ze ro yie lds the dispersion relat ion for  the

slotted cable. The exterior d y ad ic G r e e n ’ s Function is separated into tha t

of the cable in free space plus a correctio n which contains the effect of the

g ro u n d .  As shov~n in A ppendix A (see also L i ] ) , the ex te r io r  d yadic G reen ’ s

function for t h e  slotted cable in free space may be derived from tv~o axial

Hertz potentials , which are expanded in terms of axial and ang ular harmonics.

E a c h  combina t ion of a spatial and an ang ular  h a r m o n i c  is i den t i ca l  in f o r m

~~ith a H e r t z  po ten t i a l  o f a n el e c t ri c  or magne ti c  c u r r e n t  ph a s e d  l ine  s o ur c e

loca ted  on the  ax i s  of the coaxia l  cable . Thus , if one neg l e c t s  m u l t i ple in-

t e r a c ti on s , t he  e f fec t  of the g r o u n d  is  ob ta ined  as  a s u p e r p o s i t i o n  of b a c k

Sc at t ( ’r e d  f i e l d s  ex c i ted  by the  v a r i o u s  phased  l i n e  s o u r c e s .  H e n c e , the

e v a l u a t i o n  of the  ex t e r i o r  d yadic  G re e n ’ s f u n c t i o n  i s  r e d u c e d  to the  d e t e r —

F. m i na t io n  of f i e l d s  ex c i t e d  by a n  e l e c t r i c  or a m a g n e t i c  phased  l i ne  s o u rc e

above  a n d  p a r a l l e l  to a l o ssy  g ro u n d .  The  ca s e  of a pha~~~ e l e c t r i c  l ine

2
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source was t reated in [2 ].  Re fe r enc e [z] , howeve r l imits its f o r m u l a e

to the case when  the dielectr ic  cons tant  € of the g round  is suff ic iently la rge~

so tha t  the propaga t ion  cons t an t  of the g ro u n d  may be replaced by k~J~T

This p rocedure  r e s t r i c t s  the d is tance  of the line source  f r o m  the i n t e r f a c e

to be su f f i c i en t ly l a rge , so that  the hi gher  o r d e r  t e rms  a r i s ing  f r o m  the

expans ion  of the g round  p ropaga ti on  cons tan t  may be neg lected. Howeve r ,

C in this  case , the e f f e c t  of g ro u n d  would , in gene ra l  , be a small  p e r t u r b a t i o n

a n d  the p r o p ag a t i o n  c h a r a c t e r i s t i c s  of the cable would  he p r a c t i c a l l y

i n d e p e n d e n t  on the presence of ground .

To a m e n d  the  s i t u a t i o n  fo r  the  TE modes  th i s  r epo r t  c a r r i e s out  t he

ca l cu la t ions  to hi gh e r  o r d e r  in t e r m s  of an a s y m p t o t i c  mu l t i pole se r ies .

For the  TM c a s e  the p r o c e d u r e  of R e f e r e n c e LZ] m o d i f i e s  the l oca t i on  of

S o m m e r f e l d  poles , wh ich  in c e r t a i n  c a s e s , p a r t i c u l a r ly f o r  not v e r y  l a r g e

va lues  of ~;J , may  g ive r i se  to d i s c r e p a n c i e s .  F u r t h e r m o r e, t he  va l id i ty

of the ana l yt ic  c on t i n u a t i o n  based on va lues  of the  i n t eg ra l  at f o u r  d i f f e r e n t

p o i n t s  (Append ix  A of L 2 ] )  is q u e s t i o n a b l e . On the o the r  hand  the me thod  of

e v a l u a t i o n  g iven  in th i s  r e p o r t  has a ri go r o u s  bas i s ;  no app rox ima t ion  in the

l o c a t i o n  of the  poles is made he re  and , a ri go rous  r e su l t  is ob ta ined  via a

c o n t o u r  d e f o r m a t i o n , w h i c h  exp licit ly s e p a r a t es  the  pole con t r ib u t ion  f r o m

the q u a s i s t a t i c  t e r m  plus a rap idl y c o n v e r g e n t  c o r r e c t i o n .

The add i t i ona l  advan tage  of the  s epa ra t ion  of the pole c o n t r i b u t i o n  is

t h a t  it p e r m i t s  a s imp le c o n t i n u o u s  t r a c k i n g  of this  con t r ib u t ion  in a n u m e r i c a l

s o l u t i o n  of the  d i s p e r s i o n  r e l a t i on , w h e n  the p r o p a g a t i o n  c o n s t a n t  R of the cable

b e c o m es  comp lex.  In c o n t r a s t ,  the  f u n c t i o n  tha t  appea r s  in ~
] may become

c l i s c o n t i n l l c ) u s  - a f e t t t i r e  not  a d m i s s i b l e  in a d i s p e r s i o n  r e l a t i o n .

M
3
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The o i - g an i z a t i o n  of t h i s  r e p o r t  is  as  1olln ~~ s

Sec t ion  ~ d i s c u s s e s  the  i n t e g r a l  equa t ion  fo r  a s l o t t e d  c o a x i a l

cable , and  the  r e s u l t i n g  f o r m  of t h e  ci i sp cr  sio  i i  rd  t i  on ‘.\ hi~~h i s  j~pli h le

fo r  both the slo~ and  the  f a s t  ~~avc  re g i on s .

Sec t ion  3 ad d r e s s e s  the  d e r iv a t i o n  f o r  the  ex t e r i o r d v a d i ’. G r e e n ’ s

f u n c t i o n  w h i c h  c o n s t i t u t e s  the  key  i ng r e d i e n t  in t h e  k e r n e l  ol t h e  i n t t ’~ r ; i l

e q uat i o n . The p rob l em is r e d u c e d  to t h e  e v ;t l u a t  i o n  of c e r t a i n  c ; i  n c n i i c ;t J

integr .ils .

Sc~ t i on  4 p r t Sed ’~ an  i s v m pt o t i c  e\ : thl t 00 of the TF~ c o n t r i b u t ~on .

Sec t ion  5 a d d r e s se s  the  e v a l u ~~t i ( , n  of tb. r \ 1  ‘. o l t r I l ) I l t i o n s  1 0  t e r 1 f l~,

of Soln In  e r f e l d  a ve  re  s idue  a n  e x p l i c i t  q u a s i  t a t  IC pa i’t a nd f . ~ o rap id] v

c o n v e r g e n t  i n t e g ra l s .  The exp l i c it  r e  ~i d t i e  & o  t i t r i h a t  n p e r u  I t s  a si  i np ie

a n a l y t ic  c o n t i n u a t i o n of the  f u n c t i o n s  appea  r i n g  in t h e  ( l i s p e  r s i f ln  r e l a t i o n .

A ppendix  A , a f t e r  s umm a  rv of r a d i a l  l ine  fo i -m al is m  a p p r o p r ia t e  to u n i t  ccl i

in a cy l i n d r i ca l  s t r u c t u r e , d e r i v e s  the  e x te  n o r ,  u n i t  ce l l , d\  ad ic  G r e e n ’ s

f u n c t i o n  fo r  t he  coaxial  cab le  in f r ee  space.  Append ix  B sho~~s t h a t  t h e

e l e c t r o m a g n e t i c  f ie lds  due to ph a s e d  l ine  s o u r c e  p ar a l l e l  to an  i n t e r f a c e

b e t w e e n  two h on’~ gen e o u s  d i e l e c t r i c  ha l f  spaces  is de r ived  f r o m  t ’ \ O axial

H e r t z  p o t e n t i a l s .  The e x p r e ss i o n s  f o r  t he  p o t e n t i a l s  a r e  d e r i v e d . A ppend~~ C

d i s c u s s e s  the l o c a t i o n  of S o m m e r f e l d  poles  a r i s i ng  in the  TM c o n t r i b u t i o n  to

the  f ield exci ted  by l ine  sour~~es in the  p r e s e n c e  of lc~ ~y ground .
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- ‘ 2. Anal ysis of the Dispersion Relation for  a Feriodicall y Slotted
Coaxial Cable Above Lossy Ground.

Figure  (1) shows the geometry  of a dielectric-loaded ,periodically

slotted coaxial cable w ith a zero thickness  shield. A dielectric jacket  is

not included , but its presence could be easil y incorporated .

Figure (2)  shows such cable above , and parallel to , t he

planar interface between air and a bsssy ground.  A unit cell of the s t ruc tu re  is

contained between two parallel planes perpendicular to the cable axis and a

distanc e d apart .  The dispersion relation for the periodically slotted cab le

is obtained with the help of an integral equation expressing the cont inui ty  of

the tangential magnetic and electric fields across  a typ ical slot in a unit cell.

- 

~
- The kernel of the integral  equation in a sum of two unit cell dyadic Green ’ s

functions GE and . The fo rmer  ( la t te r)  y ields the magnetic field due to

an elemental magnetic current placed in the slot location in the exter io r

(the in ter ior)  of the unperfora ted  s t ruc tu re  ,in a unit cell. That is to say,

is the unit cell dyadic exter ior  C. F. for  the ur iperfora ted , perfect ly

conducting cylinder and is such a G.F.for  the in ter ior  unperforated coaxial

cable. Both ~~E
(r , r ’) and ~~1(r , r ’) satisf y the Floquet conditions which implicitly

include all interactions between nei ghboring slots

2E~.P.~~o~” r ’; ~) e J
~~~GE (r , r ’; ~

)

- 

(1)

G1(r+x d , r’; 6 )  = e ’ 3
~~~Gi (r , r ’, ~

)

• The integral equation reads

F .

0 , r in the slot , (2 )

slot

5
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whe re E (~ ’) is the unknown slot electric field and p
’ is the

- radial unit vector at r’.

App l icat ion of Ga l e rk in ’ s procedure, i. e. an expansion of the

slot field in t e r m s  of a l inearly independen t , preferably or thnorrr ~al ,

f init e  set of b a s i s  func t ions , and the requi rement  that the resul tant

- vector  func t ion  (the integral)  be orthogonal to each member  of the chosen

bas i s , yields a homogeneous l inear system of equations for  the unknown

expansion coeff ic ients .  The dispersion relation is obtained by setting the

- system determinant  to zero. In part icular , assuming onl y a sinusoidal

distribution in the slot , one finds an approximate dispersion relation

-~ r r -  r 1 ,
- J J  e (r )x p 

~~~~~~~~~~~~ +G 1(r , r ;~~~)j e ( r ) x p 0
dS dS = 0 ( 3)

slot slot

which is to be solved fo r  the unknown propagation constant  ~ as a funct ion
- 

of f requency.  It is seen that the basic ingredients in (3) are and

The express ion for G1 are obtained in a standard fashion along the lines of

Appendix A. The major  problem in this stud y is the determinat ion  of 
~~E

L
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3. The Exterior Unit Cell Dyadic Green ’ s Function

For the unperforated circular cy linder the unit cell exter ior

dyadic Green ’ s func tion 
~~~ is represented as a sum of two contri-

butions

~~E~~~~EF~~~~EG (4)

where 
~~EF is the unit cell exterior dyadic Green ’ s Function for the

unper fora ted  cylinder in f ree  space and GEG represen t s  the e f fec t  of

the ground and the multiple interactions between the cy linder and lossy ear th

in ter face .

An approximat ion  for  QEG is now made which cons iders  onl y a

sing le ground reflection. This approximation should be adequate , except

when the cable is very close to the ground.

J

3a) The

As shown in Appe ndix A,QEF is derived from two axial Hertz

potentials iT’ and IT ” which, for the slow wave case to be discussed in this

report,are of the form

‘ ‘ I m - iB x
Ti (r , r ;~~) = ) A K (T p)e 3 

~ e— —  ‘—‘ nm rn n
n , rn=-~~ (5)

‘I I 
- - . 

~) ~~~ ~ dIT’ (r ,, r ~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
e - < x < d12

where  ~-f 4~L n and T
n = 

~/ 
k 2 

are  the space harmonic axial and

t ransverse  propagation constants.

L
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In view of Floquet’ s Theorem , the validity of (5)  extends also

for  -~~~~ < x ~~~~ Thus , a typical t e rm in (5) represents  an axial electr ic

or magnetic Her tz  potential

A Km(Tp)e
_)m

~~e
_ JB x (6)

of a multipole slow-wave ($>k)  phased line source located on the cy l inder

axis. In view of the linearity of Maxwell’s equations it suf f ices  to solve

for the dis turbance due to lossy ground in the case of a monopole , i . e.

for  an isotrop ic electric and magnetic cu r ren t  phased line source.  This

is because

~~

K (Tp ) e 1m~~= 
(- 1) 

L -
~

-
~
- -j  

~~
)] L~~(TP)II Lm K 0 (T P )  =

~ \rn
— 

~-3-~— - i-~-~-) ~K 0( r p ) ]  . ( 7 )

Therefore ,the expressions for the fields excited by an roth rnulti pole

line source above ground may be generated by the application of the l inear

dif ferent ia l  operato r (L) m to the fields due to an appropriate

isot ropic phased line source above,and parallel to ,a lossy ground  in ter face .

3b) Basic Integrals for

— in Appendix B it is shown that the fields of an electric or a magnetic

line source above, and parallel to,a dielectric half spac e may be derived

from two Hertz potentials. From (B 14, 15, 26 and 27) one observes that the

basic types of integrals to be evaluated in order  to de termine  GE are

9
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- j i-ly -j~~ ( z fz’) = !2~~2~~ 2 , im < o
e e d l ’ I

~ 
~~~~~~~~~~~~~~~~~~~~~~ 

)t
1 _______

Irn < 0

( t ~)
- j7ly -j~ 1

(zfz’)
e e

1 = !  ~ —

2 ‘~ 
~~~~~

Other  in t e g r a l s  that  appea r  a re  ob tained  via the  o p e r a ti o n s  or -
~~

-
~~

--

applied to I~ or I~~. As indicated , \ \e  shall r e s t r i c t  ou r  c o n s i d e r a ti o n s

to the slow wave  case,i .  e. , such t h a t  for  F = k i~~~~~~ (e  be ing  the  d i e l e c t r i c
- , I c  C

c o n s t a n t  loading of the coaxial  c a b l e ) ,  the  spac ing  d / ~ is suf f ic ien t ly smal l

so that for  all n ,  ? > k 2 
- At hi g her  f r e q u e n ci e s  the cable \\ ill b ecome

leaky when one of the  space h a r m o n i c s  b ec o m e s  f a s t .  The e x p r e ss i o n s  f o r

a leaky cable may be derived via m i n o r  m o d i f i c a t i on s  of the  r e s u l ts  g iven  in

th is  repor t .  I~ and 12 may be fu r t h e r  s impl i f ied  as fol lov ~s:

( . — j a 1 (z+z
’) ___________

= 

k
2 (c-l)  ~ 

~~~~~~~
-
~~

-
~
—_- e~~~~ e d~ = 

j k 2 (~~-l)  
~~~~

1 r a~, -

+ -z-
~ J ~~~ e

’
~~~

’ e d~ 
(9)

k (c-i) ~l-~~~~

(2)where  Z = z + z  and H is the Hankel  f u n c t i o n of t he  z e r ot h  o rde r  and

2nd kind.

The in tegral  12 ma y b e rew r itt en as:

-j Y l y - j~t Z

12 = ____ 

1 e e d?~ , (10)

I
iq
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2 2~~~ 2
~ h e r e  a k ~-~~—~~- — .~~ (11)

~~ith a - j k
2

1-~ -~- - b
2 

; Im a < 0  . (12)

The poles at Ti = ± a  a re  the so-called Sommerfe ld  poles.

— 
The basic  i n t e g ra l s  to be eva lua ted  a re  t h e r e f o r e

- j T i y -j~~Z

F(y, Z)  =J . ;t
2 

e e dTi (1 3)

• ~

G ( y, Z ) J  
e 

2 dTi
.

~~~~~ 

(TI -a  )~~t~~

-j ~~y - j ~~Z

H(y 1Z) $ ~ 2 e 

2 
e 

dTI - 
(15)

(11 -a )~ t
1

- 
- 

F(y,  z) wil l  be eva lua ted  a s  a n  a s y m p t o t i c  se r i e s  in t e r m s  of the c a n o n i c a l

i n t e g r a l
- j T i y - i~.1Z

e 
______ dTI = ~ H~

2
~.jk

2 ~ 
~Jy

2+Z 2 )  (16)

This  ex p a n s i o n  is v a l i d  t o r  s u f f i c i e n t l y l a rge  d i s t ances  and \\ ill be de-

scr ibed  in Sec tion  4

The d ;t f l ( )  i ic : , 1  i n t e g r a l  G (y ,  Z) is ev a l u a t e d  e x a c t l y .  and  H ( v , Z)  i s

in t u r n  ( - \p a n ( I c  d in an a s y inj i t o t i e  s e r i e s  in t e r m s  of C ( y .  7.) a n d  i t s  d e  -

r i v a t i v e s .  T he  5 0 t - L ! r d l  F( \  , Z) r e p r e s e n t s  the  TE mo de  c o n t r i b u t i o n

11
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~~hi 1e C and H . ~. hich conta in  the Sommerfe ld  po les , re p re sen t  the

T M m ode c o n t r i bu t i o n s  (wi th  respect  to z ) .

4) Image Series R e p r e s en t a t i o n  fo r  the TE Cont r ibu t ion  F (y,  Z )

We a re  c o n s i d e r in g  h e r e  the  s1o~ wave  case ,-~ > k and d e f i n e

no~ the  fol lo~’.ing q u a n t i t i e s :

y
l 

~~~~~~~~~~~~~~~~~~~~~~~ 0~ a 1 = 
~ fl

Z 
- , Re ~ > 0  , (17)

(~:- 1) , 2 = - y2 , ~ ‘
~ 2 <~~ (1 ~)

= k.JTT , I ,-n y~ < 0  . (19 )

F ( y ,  Z)  may no~ be ~~ritten:

I

- i T I y 5 -~~7F(y,  Z)  = j 
~ ~

t
2 

e L 
dTI (20)

-
~~~~

W h e n  
~ 2 = 1 t he  i n t eg r a l  in (20)  r e p r e s e n t s  the  m o d i f i e d  Besse l  f u n c t i o n

2 K ( ’ 1 ) ,  , - 

~j
’ v

2
f Z 2 

. In v i ew of the f a c t o r  e~~~
Z , the  m a j o r  c o n t r i b u t i o n

to the  i n t e g r a l  i r i s e s  f r o m  the nei g hborhood  of Ti = 0 .  As a r e s u l t , w h e n  I
ft - 2~~~z .is l a r g e , ~ f~ - ,  in ( 2 0 )  m a y  be e x p a n d e d  in a T ay lor s e r i e s  about  Y -0 :

~~~ ‘ Li-~~~~-4-  . . -
~~~~~~

, Im~~~<O (21)

arid t h e  r e s u l t - m t ser i e s  is integrated term by term. The integration is

2f a c i l i ta t e d  by t h e  p r e s e n c e of p ow e r s  of ~ . whereby  Y 
~~~~ 

a c t i ng  on the

b a s i c  i n t e g r a l .

- .:i~...i:: :i~t. ~~~~~~~~~ 

- , 

.. 

- -



Thus ,
r 1 

_____ 

1 ____
F ( y,  z) 

~~ 2 L~
K o~~l c)  - 

~~~~~~~~ ~~~ 
K0

(~ 1 o) -~~~~~~~~~~~ 

~~~~~~~ 

K ( Y 1
p)- . . .

~~~~ 
. (22)

p -rhe ser ies  in (22 )  is a mult ipole expans ion , the f i r s t  t e rm represent ing

t i m e  rnonopole . the next a quadrupole  e tc .

As a r e s u l t ,

r Y1 
2~1Z 2 

~
F(y ,  Z) - 2Y 2 ~ K ( Y 1n)- ~~~LK0(

~i
c ) 2 

- K1(Y 1p)~~~~~~ - 3 )~-
C

3y 2 24y~~Z
2 y~ Z

4 24~~~Z~

~~~4 [K 0 (~~1~~~~~~~~ - 4 + ± 6 ) 
~8~i 2 C C C

6~~ 6~~
3 Z

2 48y~Z
2 8y~

3 Z
4 48y~Z

4 
~

~ K 1
(V

1c)[~~~~ - ______  - ______ + 
~~

—J} + . . .  ( 2 3 )

= 2 y 2 ~ K ( ~ 1C) - K ( ~1C) 
v~~~ 

~~~ 
Y~~ ) - 

(~1 1
(~1~ (i- 

~~

2 - 
2 2

r - 2 / 3 
2 1 

•
~l \ V

2

~K ( Y 1 —~---) L ( Y 2 fl) ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

4

- (~1r)K 1(Y1C ) (Y 2~ ) [~
( 3 

~~~ 
(1-~~~~) -

~

2 2 2 ~2 2~~ 
-q

Y i i r ’~1 P —

f 
+ (~~

_ )  (1~~~~~~ ) -L 6(’y
2 C) ( l- -~~ — ) j~ 

+ °L~~~~ ~~~ J
2 - 2 p± q = b
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When the  cable is not too close to the  g r ou n d  s u r f a c e , t h e n , f o r  o b ser v a t i o n

points  on the cable (or on a t yp ica l  s l o t )  y / , - < 1 , and  one m a y  neg lect  in

(2 4 )  all po~~e r s  of ( ~i~4 a n d  hi g h e r , o r  r e t a i n  o n ly  t h e  y i n d e p e n d e n t

t e m -m s  p lus o(1-~~ .

For y = O  one has

-~ 2 (y 1Z ) K 1~ /1Z)
F(0 , Z) 2~~K ( ~1Z) - K ( ~1Z) y ( 

~~~~~~~ 
- __________

2 -2  -Z 2 . -q

-

~~~ K t ’1Z) 

~ + (~‘1Z)K 1(’~1Z ) ( ’ 2 Z)  ) ~-~~(~ 2 Z)  ~ ~~ (~~~~) )- 0 (4X m 2 7

r~< ( Y Z )  
~l 

2 (‘r1Z ) K 1(~1Z) 1 3 
-z •

~~ 
~~ 

-q

= z Y 2{K (~~z)~~ 
° 

~
‘ (~~~~) + 

~ 
j ( l~~~ (~2 Z) ~~~~~ ~j + o ( ~~ ) ( ‘2 z) p +q

(2~~)

I t is seen that  the asympto t i c  e x p a n s i o n  (25)  c o n t a i n s  t~~o smal l  p a r a me t e r s

-2
( —c-—-- ) and 

~
‘Z Z)Ta

Ex a m ple:

For k - li  = 10 , - —  1.6 , Z = z + z ’ 0. 2 1,

-2 v 2
y

1Z=l .  57 , 0. 06 , 4-~ ~
±. -. 0. 07

Henc e,

K ( ’ / 1Z)  
~~ 

2 (y
1Z )K 1t~~Z)

2 + 
2(y 2 Z)

2

K ( Y 1Z) =~0. l3
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If one neg lects the 3rd o rder  t e rm ,~ hen its ma gni tude  is say 10~ -

of the  second order term , j . e. , ~~hen

3 -Z 
~ 

2
4~~~~2 Z 1< 0.1

then for  - i~ = 10 and -~~ — = 1. 6

m u s t  exceed 0. 16 . 1 his is the case w h e n , for  z z

-4- > 0.08 , 1. e . ,  the hei g ht of t h e  cab le  should  be g r e a t e r  th a n  a p p r o x .  0. l~

Th us ,fo r  g iven  ~ / k  of the  unperforated coaxial line and fo r  g iven
p

elect r ica l  p roper t i e s  of the  lossy ground , the va l idi ty  of the ~svmpt ot i c

expans ion  of F ( y ,  Z) (24) or (25)  is l imi ted  to d is tances  z ’ not too c lose

to the ground .  Formulae (24) or (2~~) p er m i t , in each  c a s e, t o  a s s e s s  the

va lidity of the expansion i. e. , of the  m i n i m u m  d i s t a n c e  of the l ine s o u rc e

(cable axis to g round)  for  a g ive n value of -~~~-- and € .

5) Evaluat ion of the TM Contr ibut ion  G(y ,  Z)

Since, for  the TM polar iza t ion , the a i r - l o s s y  ground  i n t e rf ace

supports a Sommerfe ld  s u r f a c e  wave, it is clear tha t  an image repre-

sentat ion of G ( y ,  Z) will not be useful .

The r e f o r e , one has to resor t to a type of evaluat ion w h i c h

exp licitly exh ib i t s  the s u r f a c e  wave contribution. A gain \~e co ns ider

he re  on ly the slow v~ave case , for  whi ch

~ 
JY~ ~y 2 Z - j TIy J~ 2 2 (26)

- j G ( y , Z ) =  VI ~~~~~~~~~~~~~~ 
d T I = j  

(Ti
2

-a
2

)~/~~~~~~ 

T I y

Thus , s i n c e  the  odd pov~e r s  of y do not c o n t r i b u t e

15
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2
2 4G(y, Z) G(0 , Z) + [_

~~
G(0 , Z)- _-.

~ G(0 . Z)~~y +0(y  ) , (2 7)

w h e r e

G(0 , Z) G(Z )  - 
_______ 

dTi . (28)
- 

~ ~f l
2
-a~~j  ‘~~+ TI

2

It is therefore sufficient to evaluate G (Z ) ,  w h e r e u p o n  G(v , Z) f o l l o w s  via

(27).

For the purpose of contour deformation t ha t  fo l lowS , it is n e c e s s a r y  to

disc us s the p rope rtie s of s ingul ar i t ie s in the  comp lex TI plar~ d ~~ integ~ard fri (28). -

5 a ) T h e  Top Sheet  ~~~~~~~~~~ in the  Complex Ti Plane.

W e h ave

a
2 
=k
2 

~~~~~~~~ 
- ~2 

, Ima  <0 (for definiteness ) . (29 )

Re ,J V~~~ +C ~~~ > 0  , on the en t i r e  top sheet  ( 3 0 )

+ j 5 i  , 5 >  0 , ‘c 0 ( f o r  p r o p a g a t i o n  in the 4-x d ir e c t i o n  (31)

v~ith a s i m u l t a n e o u s  at t e n u a t i o n  in the

d i r e c t i o n  of p r o p a g a t i o n )

€ + j~ , ~~ > o , c . < 0 ( 2 )r 1 r

( =~~~F
2

-k
2 2

-~~~ -k
2

+2 j? ~~~. . ( 3 3 )1 r I

Si nce , on the top sheet R e  çRe ~~ +TI
2 ) > 0
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and s ince 
~~~~~~~ 

— 0 , o ne has the fo l low in g  t\\ o possibi l i t ies  fo r  as

show- n in Fig. 3.

2i8r~~i{~~~~~~ J~ 2/3r$i~fj)~”\

a) /3r
2_ / 3j

2 _k 2 >0 b) /3r~~ /3i
2
~~k2 <O

Fi g. 3. W a v e n u m b e r  ‘(
F for  Re  > 0

It is seen t h a t  in e i t he r  case Im Y1 
< 0 .

For  a s1o~ w a v e  Re F >  k , one has t h e r e f o r e  the  fol lowing s i tua t ion  in

the  complex fl plane  (Fi g. 4) 7?j ~~~— BRA NCH CUT
Re/ )j 2+172 :O

~~-.BRA NCH POINT

~~~~~~~~~~~~~~~~~~~~~~~ 

:° 

1K

<

~~~~~~

T2:0

PAT H OF INTE GRAT I ON

/y
2
+~~

2
~~~ j~~~~~~~~J ~~~~~ /~~

2 +ii2 ....._ja

Fi g. 4 . T op Sheet  Re L T i  2 0 in the  complex TI p lane .
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Along the b r a n c h  cuts  

~J Y~~+T~ is purely imag inary. To d e t e r m i n e

the proper  si gn on e i the r side of the  low-er b r a n c h  cut  we o b s e r v e

tha t , on the top sheet , the si gn of i m 5j v~ ~I.11
2 on the righ t b a n k  of the

lower branch-cut is t ha t  of Im ~J’(~~+TI
2 

at ~ = 0 i . e. of I m’(1 ~~hich  is

negative as shown previously. The si gn of Im changes  ac r o s s  the

cu t and t he re fo re  ~~~ +T~ becomes  pos i t ive  imag i n a r y  on the le f t  s ide  of

the  lower cut , as indi cated on Fig. 4

W i t h  the above cons ide ra t ions , we d e f o r m  the c o n t o u r  in (2 8 )  f r o m  the

rea l axis a round  the  b r an c h  cut  and c ap t u r e  the pole at Ti =a. The de-

formation is permissible because on the entire top shee t  R e~ “~~ 
, ‘~ > 0

(Actua l ly, s ince the  t e rm ~~~1TI’~’ has  been  r emoved  f r o m  the i n t e g r a n d

in C, the con tou r  coul d be j u s t  as  well  d e f o r m e d  abou t  the upper  b r a n ch

cut  in Fig. 4 .

The resul t  of the contou r defo rm at ion  is:

-~~~Y~~+a 2 Z
G(Z)  -2~’j  e 

+ 
e d TI . (34 )

Za.J’(,~ +a
2 Cb (TI

2
~

a 2 ) Ajv~
+r

~

As show- n in Appendix C , the poles at Ti +a are located on the  p rope r

shee t , i. e. Re  ~J ’(~~+a 2 
> 0

Changing variable via

,J~~+ii 2 
= , i . e .  dli = = ._c.5:~c ( 35)

12 2
and r e m e m b e r i n g  that  Im ’fl< 0 on the  cut , so tha t  Im~ j~ 

~~~~~ 

< 0  on the

c o n t o u r  C , one has
b

1. . 18
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/ 2  2
!Y +a Z

C ( Z )  = - 

1 
e~~~~~~ d~ 

___  
Imn ~~~~~~~~ < 0  . ( 3 6 )

/ 2 2 . (~ -Y , -a ) ,-2 2
‘J ~~

U pon s u b s t i t u t i o n  c =

(o r ~ j r ~~+r i
2 J ; )  ) ~~~)

one finds

~/ ~l ~~~~ Z —~~~

- -‘ - t Z  -

~~ - j ~i c  . e d~
____  

— J  I

~ ~~ l 
L a ~ 

2 
~ ~~~a

2 ) ~~ 
(~~ +~~~~

2 -2 2
- -5. 

~ 1
’t

1
m a Z °~ 

-j ~~Z 
Re ,,1 Z = “

~ 
-- 0

— i ~ ~ — 
e d~ ( c , -

,
a ‘. 2 2 2 2 2 2 2

-
~~ ~ ~a ~~ (1 i

~~~
S

1 
ra )~~ ~~~~~ 

~~ ~~(~~±a
2 > 0 -

Sinc e = - j~ Y~~~
2 

, t he  prope r s h e e t  R e ,1~ 1
2 2 

~ 0 maps  i n t o  t h e

lower  ha l f  plane  I i n ~ 0. The u p p e r  ha l f  p l a n e  c o r r e s p o m i d . - to t h e

i m p r o p e r  shee t  of t h e  . Let the  pole of t h e  i nt e g r a nd  at 
~~ ~~~~~~ ~2

have Im~~ < 0 i . e .  let R e~’~~~ ra 2 
> 0  . The o t h e r  pole is t h e n

~p2 wi th  R e 5j i~~+a 2 < 0

In th i s  f a s h i o n  t h e  r e s u l t i ng  c o n t o u r  of i n t eg r a t i o n  h a s  been  a g a i n

b r o u g ht to the real  ax i s , and  t h e r e f o r e  t h e  i n t eg r a l , ~~h ich  is of

i nve r se  F o u r i e r  t r a n s f o r m  v a r i e t y ,  \\ ill he f u r t h e r  s in  pl i f ir d  by  u se  of

convo lut ion

_
~~~

-
~~~~: ~~~~~~~~~~ . .~~~~~~~~~~~~~~~



u(Z-C)  v(c)  dC U( ~) V(~ )e jZ ~ d~ (39)

-: .~ ith

u(C) - -
~~

j U(~)e 3’
~ d~

- 
(40)

v(c) =
~~~

.j  V( ~ )e~~~~ d~

Therefore , from the integral in (38)  one has

1 r
u ( Z-~~) ~~~~~~~~~~ e 

~ 
d~ (41)

~ +‘( 1+a

-S

; -j~c
v(~~) = 

1 e d~ (42)
S 

-~~~~

To evaluate  (41) for Z>~ , one closes the co ntou r at inf ini ty in the lower half

plane and takes out the residue at 
~ pl For Z <  the c o n t o u r  is d e f o r m e d

in the upper  half plane and the pole is captured with the ove rall u n i f o r m l y

valid resul t

-~~~Y~~+a~~ Iz - c I 
_ _ _

u ( Z - C )  = 
e 

, Re ~~~~~~ > 0 . (43)

2 ,J~~~+a
2

Evaluation of v(~ ) yields

v ( C)  = 
~~~~~ 

K (Y~I~I) (44)

w h e r e  K is the modified Bessel funct io n of the second kind and zeroth order .
0
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Consequen t l y one has ,

Z .JY~ +a 2 Iz -c ~ ~~~~~~~~~~ - 0

G ( Z )  = 
-11~1 e 

- S e K (y 1I I)d~. (45)
a 

~~
2
+a
2 

~J ’(~~+a 2 ° Re >0

Im r
~~

< O

To further simp lif y the in teg ral 1(Z) in t h e ( 4 4) , one has

- + a
2 Z Z + + a2 ç ~

Y1+ a2 Z ~~ +a
2 
~

1(Z) = 
e 

j d~ e 
1 K ( ~1ICt)d~+ 

e e~~ 
1 K ( ~1 ICI~3~

-

~~~~ 
,~j ? +a

2 Z (46)

or
1 2 2  -
.,IY +a Z ~ 2 2 Z ~2 2~~

1(Z) = 
e 1 

[j
~ 
e~~

’(1
~~ K(’ (1~

) d~ + j  e~ 
1 +a 

K (’(1~
)d~~] +

-
~~~~~~~ 

0

~~~ +a 2 Z ~ v
’
~~ +a 2 ~ Z ~~ 2~~~2 ~ -

+ 
e 

~ ~ 

[
~ 

e K ( y ~ )d~ -j e 1 K ( Y ~ )dj =

~,JY1+a

Z 
5J’(
2
+a
2 C

= 
2 cosh e K (y C)d~ +

2 2  o l
°

~jY1+a
2 Z Z .j~2 +a 2 ~ - .~Y~ +a 2 

Z 
~ ~j’i~+a

2 c
+ 
e 

______ 
j  

e 

1 K 0 (Y 1~ )d C- e j e K (’ (1c)dc (47)
~2 2 o /2 2

-~ •JY1 +a

1!
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B u t  t r o i n  L 4] 
_______

‘ 1 2 ZI j Y -f a
T 2 ~~ 2 .  ~nj-~--- 

1

r ~j ’Y1
4- .t ~. \ Y

1
d e  K 0 ( i ’1

) a 
(48 )

0

-‘ 2  2
Ref~l 

4a —‘0 >  - Re ’11

~~h cr e  tue  p r i n c i pal value of  n is u n d e r s t o o d , R eV  ~a
Z > 0 , a n d  the

u o u v c r g e n c e  of the  i n t eg r a l  is a s s u r e d  s inc e bo th  Re ,/ ~~~ +a
2 > 0  and

R~- ’~1
> 0 .

Thus , t h e  e v a l u a t i o n  of G ( Z )  is no~ r e d u c e d  to the  e v a l u a t i o n  of the t w o

f i n i t e  i n t eg r a l s

C
~~~ j  d~~e K 0 (’y’1C )  d - (49)

0

For smal l  va lues  of ‘i1Z i . e . , ~‘y 1Z I  << I , K ( w )  may  he a p p r o x i m a t e d  by

- ‘ n’( w f Z  wh e r e  ‘
~ is the  Euler  c o n s t a n t . This  leads  to e x p r e s s i o n s  in-

vo lv ing  exponen t i a l  i n t eg ra l s .  O t h e r w i s e , in the  d i s p e r s i o n  r e l a t i o n , which

in vie~~ of ( 2 6 ) ,  (27)  and (Cl ) ,  con ta ins  I~ and thei r  de r iva t ives  wi th  respect

to Z , the mos t  r a p idl y c o n v e r g en t  p r o c ed u r e  valid f o r  any value  ‘(1Z is to

- - . ‘2~ 2 -eva lua te  1± 
numer i ca l ly w i t h  = ~p~-k as a S d e p e n d e n t  v a r i a b l e , and

r 2 2 - j k
= as a 5 i ndependen t  p a r a m e t e r .

Altogether , 
_____ 

fa+ ,J ~ 1
2 +a 2

G ( Z)  = i 
~~~~~~~~~~~~ 

e~~~’(~~~
2 

- 
Z cos h~~~~1~~~ 

Z) 
_ _ _ _ _ _

~~ 1+a

! 22
Z 

~ ~~
2
+a
2 ~ ~~~+a

2 
Z ~ V ’(2

~~
2 

~- 
______ J e 1 K ( y

1
C)dC+ 

e e

,Jy Z +a 2 
(50)
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With 0(Z)  g iven by (49),  1- 1(Z) is calc ulated in a s i m i l a r  f a s h i o n  as

by expanding It
2 

via (21).

C 0 nc 1 us ions

A ri gorous  f o r m a l i s m  has been  p resen ted , t ha t  p e r mi t s  se t t ing  up

o f the dispers ion relat ion for a per iod ica l l y slotted coaxial  cable above ,

and parallel to, a los sy ground in the surface wave reg ion. A simple

modi f i c a t i on  of the p r o c e d u r e  ~ ill allow to account for one or more fast

space harmonics and thusto obtain expressions valid for periodic leak y

cab les. The express ions  may be easil y anal yt ical l y cont inu ed ,( in  c o n t r a s t

to those in Ref. [2] ,  in the case when the  Sommerfeld po les as a f u n c t i o n

of complex propagation constant ~3 wo uld be required to cross the real TJ axis.

A n interesting observation is appropriate here. Consider  express ion  (28 ),

in the comp lex Ti plane with its Sommerfeld po les at Tl = ± a  in the Im a < 0

5 which are a function of 5 . As recognized in Ref . L2] , the poles move in

the complex 71 plane as a f unc ti on of the com plex axial p r o p a g a t i o n  c o n s t an t

B, which is gove rned by the dispersion relat ion of the periodical l y slotted

structure. If the pole at li~~=a . as a fu nc tion of ~~, c r o s s e s  the  real  axis into

the upper half pla ne , the pole at rI~~= _ a  c ros ses  the rea l Ti axis s i m u l t a n e o u s l y

into the lower half plane and the representation C28) i3 a d i s c o n t i n u o u s  f u n c t i o n

of F ( k ) .  Such functions how-eve r are not admissible in the dispersion relation

and therefo re the function C when Tl~= a(F) approaches the real axis from below ,

- 

~~
- . must be analytically cont in ued , as a function of 5 .  A similar situation occurs

in Landau damp ing ~ 5],  and the procedure is analogous here. As the poles

• ± a cross the T11= 0 
axis the contour is indented as ~i~~n in Fig. ~a. Afte r the pole

a c rossed  into the uppe r ha l f p lane  the appropr ia t e  con tour  is s h own  in

Fi g. 5b.

1 

_ _ _  

_ _  
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~ •, 0.- 0.- 0—

a($) “7r

(a)coNlouR FOR SOMMERFEL D (b)c0NT0uR FOR SOMMERFELD
POLES JUST CROSSING POLES AFTER CROSSING
THE REAL AXIS . THE REAL AXI S (FROM BELOW).

Fig.  5. A n al yt ic  Continuation of G(y, Z, ~)

-J

The d e f o r m a t i o n  of con tour  provides  a s imp le means  of anal ytic con-

t inua t ion  of G ( y ,  Z , ~) wh e r e b y  the a p p r o p r i a t e  pole f l = a  is tracked even

if it c ro s ses  into the upper half r p lane.  Ph ysically ,after the pole r1~= a 
- -

c ros sed  the rea l fl ax i s, so t h a t  now ImTI -‘O,such a pole represents a leaky

s ave in the y di rect ion.  This is obvious , wh e n  in (26)  the  c o n t o u r  would be

deformed  into the lower  b r anch  cut , p r i or  to Tay lor se r ies  expans ion  of

t he e~~~~’

t

24
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Appendix  -\

Sunima rv of R a d i a l  Line F o r m a l i sm  f o r  a U n i t  C1-ll i n  Cy l i n d r i c a l  C eo i ue t ry

(based  on P e t . 1) 
________

\ V l i c n  - i ~c t l - t r  and  ‘5-ec t u r  m u l t  i p i R . t t  i o n  w i t h  a -~~di .~1 u n it vec to r

is app lied to the  \ l a \ \ u c i l ’  S ‘~~u a t i v l) S

= k’~ 
E

- - -~ -‘--~~ U -~~1 , Mi)

t h e  fo l low ing set of coup led e q u a t ion s  a 1-i s i ’s  I ’ - : -  t h e  r a n s v c ’  r se  to

f ie ld  c o m p o n e n ts  
~~ 

and H t

• 
-~~~ F = •~~~~~~4 t t  .~~1i x~ ) - \ l  x .

—t - — ~ —t —o — t —u

A (2 )

_v
5~~t 

+ 
~~

- 1 -~~~~~~~ -wh e r e  v — — r Z  -
t 0 0 dz

The  un it  cell or thonorrnal  vec tor  ino de  f u n c t i o n s  that s c ala r iz e  t h i s  se~ o~

e q uat i o n s  a r e

~~ i i i  -~ - j m~ - J - ~ z
1 n ‘ a

e ( r ) = - —--—- I 4 - z  e C

—m n —  — ~t i )  o o .
d 2~ T d  n — — 

—

- it E - ty p e  modes
(H - 0)  A ( 3 )

.5 . 5 -  z
1 r ~ 

— ~~~~~~~~~~ —~~~~‘ Z
I n

h ( r ) = - — ~~~~ - e  e
— inn — 

~~~~~~~~ d C~

V

- -  — imn~ — .- z
1 r~~ ~ n

e (r) e e
— m n —  

~

~~~ T I -  t ’~pc inodes
• - - 

(E . ~~0)

C

1’-

_ _ _ _  _ _ _ _  - 

~~:: _1’ 
~~~

~•



t h e i r  o r th o n o r m al i t y  c on d i t i o n  being

I e. x h .~ . ~
- dS = -~~~~~. A ( 4 )

~J —i —)  —0 1)

uni t  cell
C r o s s  sect ion

In ( A 3 ) ,  ~~~ = k
2 - ~~ and  z are  unit  vec tors  along the local

~ and the ax ial d i rec t ion  and  d is the period. Also

V = [ _ _ - _ ( :  A~ )]+ z 0 ~ z
Z A(5)

S u b s t i t u ti o n  of E
~~~~~

) = ~~~~ !mn~~~’ ~~~ , z ) ,  H
~~~

(
~~

) = 1 (r ) 
~~mn~~’ ~~ , z)

in to  (AZ) y ields the fo l lowing radia l  t r a n s m i s s i o n  line equat ions  fo r

the  modal  vo l tages and cu r r en t s  (when M has  no radia l  component )

3 -

- -~~~- V (r)  = j I t  (c) Z (~ ) I (r ) + v A ( 6 )
d -  run inn mn  r un  ma

dl mn n( : )  -
— ___________ -— j .~- (—‘ , Y (c- ) V ( i )  ,

d~ inn mn  run

It

w h e r e  Z ’ ( — )  -- ., - _~_~~ n A ( 7 )
ri-i n ‘x C: -) ~~ - :~~~ Cr]n n  ma

‘-.5*
.

2

~
“

mn ~~~ z (~~ 
- 

It 
— A ( S )

n~n r- , ~
. ( )
inn

and

~~~~~ ~
‘
in n ~~ ~~~in~~ 

= • A(9 )
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From (A 6) one f inds  that  for  M =0 V’ (r ) and I” (ç) s a t i s f y

the Bessel  d if f e r en t i a l  equat ion

2
[! 

~~~~
_ 

~~~ 4—) + I1.
2

~~ _
~~

-_ ] ) = 0 , A(10)
p I (r )

while the gene ra to r  voltages V mn and 
~~~~ 

a re-ob tained for  the c a se  of

t r an s v e r s e  ma gnetic c u r r e n t  sources  via an expansion Mx~’ =~~ (v ’ e’ +v” e”
— — 0  rn n— run  in n — m n

so t h a t  us ing (A4)

v’ ( p )  = j j M t (r ’) .h ( p )  ds A(l 1)

uni t  cell
c r o s s - s e c t i o n

A t a n g e n t i a l  m a g n e t i c  point  s o u r c e  M~(r ’) on an  e x t e r i o r  of an u n p e r f o r a t ed

coaxial  s u r f a c e  in a un i t  cell may  be r ep re sen t ed  by

M ( r ’) = u M ~( p - a )  6(~r -~~
’) ~ ( z - z ’) A( 12)

— t —  o a

w h e r e  u is a unit  vecto r iii the d i rec t ion  of M
-

~~ - t

H enc e,

v’ (~-)  = ?vI u h”’ (r’) -~(~—a) = v’ 
~(c — a)

ma o — m n —  mn
A( 13)

~
- “ ( :-) - M u  . h

” (r ’) ~(~ -a) = v ” 
~~r - a)

mi-i o —n-i n - -  mfl

Upon integration of equations(A6) one finds that

- ( V ’ (at - V’ ( a ) )  v’

+ 
A ( 14 )

- ( V ” (a)- V ” (a ) )  v”
ma ma run
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and sinc e \ ‘ (a )  
~cnn

( a )  - 0, in v iew of the p e r f e c t l y conduc t i n g  cy l i n d r i c a l

s u r l a c e  at  L’-

V ’ ( a )  - — “mri  r u n

V
51 

( a )  -v  
-, A( 15)

ran r un

In view of ( M O ) ,  fo r  the  e x t e r i o r  of a cable in f r ee  space

V ’ ( )  = A H~
2
~ (~ :) . A( 16)

run in n

H enc e ,

i -~ 
(2~V (a ) = A H ‘(a  a )  A ( l 7 )

ran m a

and t h e r e f o r e ,

M u  h ’ ( ’)

= - H~~~~~. p )  . ~A( l 8 )
H (It a)m fl

Therefo re ,from ( )

- M u  - 
~~~~~ ~~~~~~ ~~~ .5 

H~~~~~(a ~~r)  A( 19)
I — . 

________________ 

-j L L t ~pM 
____________ 

‘-~‘I ( : )  2 
•
~~ 

= u h  ( r ) .
ran H~~ ~~~~~ 

a a ~~~~~ (it a)  0—m n—

To calc ulate I
l ( :)  one has  f rom (AlO)

/ 2
I ’ ( :- )  B H~ (~t r )  , A ( Z o )

run  m n

so tha t

I” (a~
’) = B ~~~~ (It a) A (Z l )

I
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and th e r e f o r e

H~~~
2

~~ ~ c)
I ” ( )  - 1 (a~~) ° . 

A ( 2 Z )
ran run ~~(2)  

~~~~~

From ( A 6 ) one h a s  via (A 15)

(2 )
1/ - 1 d // // ~~ 

H (A  )
V (:- )  

— 1 (p )  = —~~~
- I (a

ran “ “ dp ma a ran  ~2)
A ( r ) Y ( p )  a H ( .~t a

ran run  rn n

Or (2)

V
ll (a + ) ~~~~ I~~~~(a~~) __~~~~~

)

fl = - M U - h” (r ’) A ( 2 3 )

He n ce ,
Mu - I-~

’
~ (r ’) H~

2k
~ a)

a + o —run — m a
I ( a ) ~~~ - ~i. 

A ( 2 4 )
ran j W~~a a H~2\ s. a )

m n

and -

~h” (r ’) H~
2
~ ( a p )

1
11

(p)  = - 
— —ma 

it __(.5~~~~~~~~~~~~~~~ - 
A( Z~ )

C onsequen tly,

(2 ) ’

H (, t~~~~~) - -

G(r , r ’).M~ = - 
~~~~~~~~

- 

- 

~~~~~ 
H~~~ ( I t )

_
~~~~

_ mt i
m n

(2).5 H (a p )
+~~~ Y ”(a) 

m a h” ( r )  h
11

~ ( r ’) }.M A ( 2 6 )
‘-~ n (Z) i —n-in — —ra n — — t

H ~~ ajm n

3
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Hence ,the trai~sv erse pa r t  of the  ex t e rio r dyadic  G r een ’ s F u n c t i o n  b r

a coaxia l  cable  in f r e e  space  is g iven by

— 
~~~( Z )  

(i ’. L )

~~~~~~~~~~~~~ 
Y” ( )  

~~~~ 
h
1

(r’) -I-
H (i-. a )

mn - -~~ m n

(2)  
-

\ Y ” (a)  
H 

h ” ( r )  h ” (r ’) ~ A ( 2 7 )

- 
~ n 

~~~~~ ( it  a) —ra n — — ran  — -

with

Y’ = 
j W € p

_ _

.5 y ” 
. A(28)

a

It can be readily verif ied that  G
~~F 

ca n be derived f r o m  tv~o scala r

po ten t ia l s ir ’ and TT11

-~~ H ’ ‘( a r )  - j m~ — j ~ z
~_~~‘ 

= 
j J -e ‘•

~ 

1 rn n e e A ( 2 9 )
.JZn d - - itn2 H~ ~~(It a)m n

12)
- H’ (a p )  — j m l  -j ~3 z

-
. I, 1 1 \ 1 r a n  ii

= - - 
____ L — e e . A ( 3 0 )

).5L .5JZlT d It n H~~~ (it a )

Thus , both ¶‘T’ and 11” cons ist of t e rms  of the fo rm

2 -jm~ ~~~~ z
C H~ ~~ p) e e , A(3 1)

ran m a

each represen t ing  a Hertz  potential of an e lectr ic  ~Tr~~~~) or a m agne t ic

(IT ran ) phased line source .  Ex p r e s s i o n  for  the i n t e r i o r  dyadic Green ’ s

~~ Function G
1
(r,r’;~~) may be derived in a simila r manner.
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Appendix B

Hertz Potentials for  Phased Line Sources Above a Dielectric Half Space.

The potentials  for  an electr ic line source appear in [2]  and w e r e  orig inally

obtained by J .  R . Wai t .  For comp leteness v~&- r e d e r i v e  then-i for the electr ic

• l ine source , and , in addit ion obtain express ion  for  a magne t i c  line source .

1. E lec t r ic  Cur ren t  Source at P ’ = (y ’, z ’) above the i n t e r fa c e ,

We assum e that E and H are  der ived from two Hertz  potent ia ls  fl ’ x and

~x such that 

— — —o

In the a i r  region In the dielectr ic

= jw€~ Vxt1~
+x0 

H’ = jw € c0
Vx ’ x0

E ’ = VxVxfl~ +x E ’ = VxVxfl ’ x
— —o — —o

11+ . ii+ I , —  . a —
E = - jw~i0Vxfl 

~~ 
E = - j w~i0

Vxf l  
~~~~~~

B ( l )
// — /, —

- - H = VxVxfl x H VxVxtI x— 0 — —o

1: k 2 fl~~ = - • v 2 fl ’ + k 2 cfl ’ = 0

L b 
V

Z fl~/ +  
+ k

Z fl~ + 
= 0 V 2 fl ” + k

2 efl ” = 0

The pr imary  electric line source  fields are  generated by fl ’~~~~. The
,,+

scattered fields in the air  space a re  der ived from YI~ and such that

‘~~~~fl ’ + f l~ + , fl u+ fl a with V
2 fl.’ + k

2fl.’ =~~~~~~ an d V Z fl h+ + k
Z fl~~~~~O

inc s S inc inc j w €  S S
-.5 .5 0

2 “+ 2 11+
as well as V 11 + k  fl = 0 .

S S

In the dielectric half space one has ti ’ = fl , l1” = fl ” , both of which
S S

-
~~ satisf y the homogenous Helmholtz equation.

If j  = j
0

e~~~~~~~ ô (y _ y ’ ) ô ( z _ z ’ )~~ 0 
B (2)

then
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-j S x

= ______ . ~~ H~~~ (1k
2 _ ~2 

~( y-y  
/
)
2 
+ (z-z 

/
)2)

B ( 3 )

I 
~~ 

~~~~~~~~~~~~~~~~~~~
oe 

_ _ _ _ _ _ _ _ _ _  
1 Z Q Z ?

.L-~ 4 ~ 
dr~ ; it 1 = v k  - .— -~~~~

0

I ma < O

Set t ing,  in accordance  with the radia t ion  condit ion ,

/ 
•~~~ - j ry +j it 1 ( z -z ’) 

/c 3~~ SA(T 1)e e di~ ; 0 < z  < z

+ 
-jr~y -j a

1(z+z ’)
e ~ x J ~ (B(~~) - A(i~)) e e

- 
‘ 

+ 
.~~~ -j f ly  -j it 1(z + z ’)

II ” 
= e 3 ~ C(rI)e e d~ B(4)

- 

r . -j f l y  -j i t 2 z
fl ’ = e 3 ’

~~J’ D( f l)e  e

‘/ -  
-j ~ y -j I t 2 z

e J E(i1)e e dr

and imposing continuity of E , E , H and H at z = 0 one obtains , in
X X

view of ( B i )  and (B4) the following set of linear inhomogenous equations

for  the de terminat ion  of the t ransform s B , C , D and E:

2 2 2 2(k c - B )D = (k - S )Be B( S)

2 2 2 2 -ja 1 z
(k c - S )E = (k - S )C e B(6)
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-j a 1z / -j it 1 z ’
-~3nBe -w~~a1Ce = -~3~~D + w~.i i t 2E B(7)

I . I - I

-J~~1 Z -Jit
1 

z -j i t
1 
z

-2 u ~€ it e A + w€ it e B-Srle C = -W - ; C it D - Sri E B(8)
o l  o l  o 2

From (B3)  one has

-I
A(r t ) =

~~~~~
-
~~~ ~ 

. B(9)
o l

Elimination of D and E yields

- 2~~€ ( c  - (~~~) ) A  = - + - (~ )

2
iB + 5~

(e - 1)C

B ( l O )

0 = S~~(c - )B + 
~~~ 

- 
~

3)
2

) + ~~~
2 

(i  -

a After  certain amount of mani pulations, the dete rminant of the system A

may be shown to reduce  to

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - B ( l l )

Consequent ly, from (B9) ,  ( B l O )  and ( B l i )  one has

B = 4 : [ I t~~~~~~~~~~~~ : 1 2  B(12)

V .  

I S/k
-
. 

_ _ _ _  
r i 1

= 

2nk~~I )
2
) 

L a 2 + a 1 
- 

x 2 + cit 1 
— B( 13)
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Thus ,

~~~~i+  =~~~~
O
~~e~

JBX ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - H ( Ik2~ B~ /~~~r / ) 2+ ( z+z / ) 2 )+

2 ~ -j Tiy -j i t~ ( z+z ’) ~
2 J [it

1
+It

2 

- 

a2+ c xj  j  
e e dfl j  - B( 14)

TT~~l-(~~) ) ~
- 

- The expressions differ  by a factor of 2 in f ront  of the 
~ 

} bracket and by

a factor of -4j -..-4 in f ront  of the integral  f rom that in Eq. (1 . 2) of Ref . [2].

3 -

-J SX ~~ 
. I

= 

I S/k e 

~ $ 
~~~~~~~~~~~~~~~~ 

- ~~~~ ~~~~~~ e 1
~~~~~ d~ . B ( l 5)

2ITk~ l.(~
’
) ) ~~ 1 1

This expression checks with ( 1. 4 )  of Ref .  [z] .

2. Magnetic Current Line Source.

= M e 3 B~
C 6(y-y ’) ô (z - z ’) 

.-
~~~~~~ 

B( l6)

E and H due to (B 16)  in f ree  space is derived from fl~ x
— — inc—o ’

where

— 
.5’ J

v2 fl~’ + k
2fl~ =.-~~~ , B( 17)

inc inc jwp.

with the radiation condition at infinity.

Thus ,
.1(
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~~nc = 
Me~~~~~ ~1 H~ ~~~~~~~~~~~~~~~~~~~~~~~

B ( 1 8 )

~ JflY
_ Me

_j
~~

C 
l e  e

4nui~i J t~
-

A magne t i c  phased line source  parallel  to an air  dielectr ic  interface

excites f ields that are  derivable, simila r ly to the case of an electric line

source, f rom two Hertz potentials via the f i r s t  four relations in B ( 1) ,  the

di f ference  being that now in addition to (B 17)

= fl~ +
- - inc S

B( 19)

- - . 5
- -  uI+ _ n

,+
S

-F

The relations analogous to (B4) are

-

~~~ 
~ -ji~y j a 1(z+ z ’)

~~nc = ~~~~~~ 
‘~ 

-

~~~ A(r))e e drl ; 0 < z

- 
.~ -j r~y -j it 1(z+z I)

fl”~~ e 3 x J (B(r~) - A) e e dr~

+ -8x ~‘ -j ~~y - ji t 1(z+ z ’)
ti ’ = e -~ $ C(r~)e e drl B(20)

- 8x  ~‘ -j r~y -jit 2 z
[I ll e ~ 

,~ D(T1)e e dr~

* ‘ -5x “ 
~~~~~~~~~ 

ja zz
fl ’ e ~ 5 E(r~) e e dii

_ _ _ _  ‘-~~~~~~ ‘-
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App lication of continuity of the t ransverse  to z fields at z = 0 yields

via (Dl) the following equations:

r 2 -  jit 1z B 2L l - .~~ ) jBe
B(Zl)

~ 2 _j i t 1z ’ 2
L’ - ~~

) ]Ce ~-~
) )E

.5 I - I
J it 1 Z 3it 1z ~‘

w e i t 1e C- Bile B= - We ca
2
E -  5r~D

B (22)

—j lt
l

z
I 

—j;tlz 
‘ .5 — jit1z

’
~ 

.5

- S~ e C - uj~i a
1
e B + 2w1.,l i t

1e A = _ B r l E + w~.t it
2D

- 

-
~~ E limination of D and E between ( B 2 l )  and (B Z2 )  yields

+ 2W~ = w~ [~1(€ -~~)
2
) + - 8)

2

)
~ 
B + B~~( e - l )C

B( 23)

0 = - Si i ( e - l ) B  + w €  ~~~ - (
~
)

2

) + ~~~~ 2(i  
-

Similarly to ( B i l )  the system determinant A is

2
A + k (€ 

- 

~) ) 
\

It
1 

+ 

~
) (
~ 

+ B(24)

and

B 2a lA - ~~~~~~~~~~~~~ 

cit2çl - (
~~~2

)

- (
~
) ,~~1 - 

~) )~ 
+ a~ J(a 2 + 

~~l)

I f 5 \ 1
2\ f5 \ 2 (5\2

- M 
[

€ ¼\
l _ I

*~i~J ) -
~i~

) 
_ _ _ _ _

p 

- 

2uw~-i - - 

11.52 + Lit
l 

+ 
itZ + it

1 ~ 
B( 5)
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while

M-~ (e - 1) 1)

C = B(26)
7 $\~2( B’\2\’

2ITk~ c - 

~
) \l - 

~~
) )

~~~~it
1 

+ it
2 1 \

it
2 

+ Cit 11

Altogether ,

= 
~~~~-J$X [ Z ’ J z z 

~~~~~ 
/
)
2~ ( /

)2) H2
~~k2 B~ J( ~)

2
+(zfz~)

2 ‘

~~~~

° B(27)

- 2 , 2  2
- ~ f B’\ ’-~ S’\ / 5 ” - - -

Me~~
9” rr~~~

- \k) ~~~~ 
1
”-.k ~ ~~~~~~~~~~ 

.-31t1( z-1- z
- + i i  + e e
- f (5\2\/ /g\2\ ~~~~L it

2 
+ € i t

1
-
~ 2uw~~ c-~-~) )ll.

I
\~~) ) -

~~~

I
- B - .5 I

M~ r 1 1 1 ~~1Y ‘-Jit 1(z
4z )

= 

2 I T k ( e_ ( -~~~ )( l -(4~~
_
~ 

~~
[
~1+~2 

- j  e e d~ B(28 )

‘.5

I
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Appendix C

Dete rmina t i o n of the shee ts  of it
2 

and t
1 

on wh ich  the Sommerfe ld
poles a re  located.  

—

The poles of the i n t e g r a n d  in (14) and (15) of G and H are  g iven

by

= o C( 1)

W i t h o ut  loss of genera l i ty  one may  a s s u m e  tha t  the  poles a re

located  on the p roper  sheet  ‘ra ~ 2 
< 0 of i~

2 
( o t h e r w i s e  we may  cha nge

si gns of bo th  square  r o o t s , )  The ques t ion  a r i ses , are th e se po les

located on the proper  sheet  of it l (I m it
1 

< 0 )  or t he i m p r oper sh eet  of

- Equa t ion  C(l )  may  be w r i t t e n :

fk
2

e-~
2 

+ ~Jk
2
-~~

2 
= 0 , = ~~~~~~ C ( 2 )

I~’
and a re  g iven by

-
~~~~ a2

= k
2
~~~~ - C ( 3 )l+e

Keep ing in mind t h a t e - > 0  , € . < O  , we ha ve

.5 

it 2 = ’k~~~~~~~~-k ~~~~~

so that  on the proper sheet of ~ 2 (it
2j  

<0), it 2 >0

In a similar fashion , at the poles

j kZ k 2 e 
k~~~~~ C(4)

Sinc e wi th  e r>O
~~~

e i < 0  ,~~~~~~~~ is in the f i r s t  quadran t , is e i ther  in

the f i r s t  or the th i rd  quadran t  of it 1. The f o r m e r  c o r r e s p o n d s  to the
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F improper sheet it 1. > 0 and since in the first quadrant , M~ 
> 0 • The

L la t ter  y ields it 1~ < 0 i tir 
< 0 . To detertairi e which cases are possible

let us rewrite C(l) in terms of its real and imaginary parts.

~
t Zr + J  it

2~ 
+ (C +j€ .) r +~ it ii

) = 0 C(5)

or

it + €  it -c .i t  . = 0 C(6)
Zr r lr i s imultaneousl y

,~ +e it +c . it = 0 C(7)
2i r 11 1 ir

The following signs arise in C(6) on the improper sheet of it
1

,t -i-c ,
~ -c . , t .  C(8)

Zr r lr i 11
>0 >0 >0 <0 >0

Thu s, all terms are of the same sign and cannot add up to zero on the

improper sheet of it
1

On the proper sheet of it
1 

one has for the LHS of C(6)

.

- it + C  it -C . it..Zr r l r  1 ii

>0 >0<0<0 <0 
C(9)

Thus , the f i r s t  term is positive and the last two negative and balance to

zero. To verif y vanishing of LHS of C(7) on the proper sheet of it
1 

one

has

i t . + C  it . + € . ’tr li 1 lr C(l0)
<0 >0 <0 <0 <0

3. -

Thus , the f i r s t  two terms are negative and the third posit ive. The above

argument  establishes the location of Sommerfeld poles simultaneousl y on

the proper sheets of and
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