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MATHEMATICAL THEORY OF THE FLUCTUATION OF
ACOUSTIC SIGNALS IN THE OCEAN
(PART I)

Introduction and Statement of the Problem

The propagation of sound fields in inhomogeneous media bounded by impedance
boundaries can be represented as propagation in a homogeneous unbounded medium ener-
gized by true sources (when present) distributed throughout the medium, and by fictitious
sources arising from scattering from volume distributed inhomogeneities, and from imped-
ance boundaries. In this approach the medium discontinuities (volume distributed or sur-
face distributed) are replaced by sources receiving energy from the sound field itself (hence
fictitious) rather than energy from an external agency.

The interaction of sound fields with discontinuities in the medium can be regarded as
a differential-integral operation between sound and matter. Discontinuities in the medium
arise from changes in compressibility, density, momentum (and other causes). Thus we
represent the propagation of sound in inhomogeneous media by the (verbal) equation,

D’Alembertian of the sound pressure = true (i.e. external energy) volume sources

(monopole, dipole, quadl;upole, etc) + fictitious volume sources (due to changes

in compressibility, density, momentum, etc) + fictitious boundary sources.

Fictitious sources can be mathematically modeled by choosing the interaction of sound and
discontinuity as the input-output of a filter, taken in the first approximation to be linear.
Both deterministic and stochastic filter representations are needed in the general case. Non-
linear filter representations are needed in special cases.

In particular cases where the scattering of sound rather than its propagation is under
study one considers only fictitious sources. The symbolic equation for scattering is then

given by
2 2 ' ’
O b, 08) = My (xt Inta)p (1o te)
wMs (5t 1%,t) p (xs, 2)

in whichvuv) »“ ¢ are linear stochastic operators (analogous to input-out operations in

filters), 'Pis the total sound field and B tt is the scattered sound field.

Note: Manuscript submitted March 18, 1977
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In the following series of reports the nature the operators v[/ v, V//S is explored in
detail. By the use of explicit forms for v’u v, /[{ ¢ one arrives at an integral-differential
stochastic equation in the unknown stochastic scattered field fud . The calcula-
tion of the statistical moments of 'Psmﬁ is the key goal of this study and will be
studied in later reports of this same series. In all cases illustrations of method and of re-
sults will be taken from the existing literature with emphasis on latest (1976) data and
results.

We commence this study with a statement of the experimental basis of fluctuations
in the ocean.

1. Experimental Basis of the Theory of Ocean Fluctuations

The partial coherence and fading of underwater acoustic signals resulting from long
range transmission have been investigated experimentally in connection with their effect
on the performance of underwater receiver arrays. A typical measurements plan to obtain
data at sea is discussed below.

Measurements Plan

A CW source of appropriate frequency and fixed amplitude is first selected. The
stability of the frequency must be controlled to within very stringent limits in order to
assure high source phase accuracy. A precise knowledge of frequency is afforded by a
counting circuit which itself is driven by a stable oscillator. A second oscillator circuit is
used to provide a reference signal to be used in processing the received signal at some dis-
tant point.

The transmission path is next selected to conform to the range under investigation.
Often both source and receiver arrays are placed in the sound channel.

The receiver consists of an array of hydrophones in which the spatial disposition and
interelement spacing constitutes the key geometric parameters. The received signal in each
hydrophone is (individually) demodulated. A conventional but very useful demodulator
consists of these items: (1) a band pass filter to improve the signal to noise ratio, with a
wide enough bandwidth to admit fluctuations in the frequency of the signal, but still very
narrow compared to the CW signal, (2) a dual phase shifting network and demodulator to
extract quadrature components of the signal, (3) a low pass filter to exclude high frequency
modulator noise, (4) a sampling switch to sample the random demodulated signal. The

sampling rate must be carefully adjusted to satisfy the Nyquest criterion, and avoid aliasing.




In summary the measurements plan provides the following data at each hydrophone
station: (1) a random received signal in analog form, (2) a demodulated signal in analog
form, (3) quadrature components of the received signal in analog form (4) quadrature
components in digitized form.

Data Analysis
The signal at the 1’th hydrophone requires an appropriate model. A convenient

choice is the sinusoidal constructive model. This model is based on the generic form of

the emitted signal,
o e
-1 &
L) Zc c ¥ (1.1)
Aoy, L o r 4 _]
ZC = /1'(1) -./x(;L-é‘g(*)_{

The changes in the signal induced by the transit through the medium from source to re-
ceiver are modeled in the following (possible) ways:

a. Echo signal with constant lag and constant change in time scale. In this model

time T in the received signal is delayed by range transit time t; , and doppler shift V@,
where 79 = (& 0 /c ) es 8, J” is speed of target, C is the speed of the signal, and

© is the angle between target motion and receiver-target line of sight. Thus the received

signal Zs is
2 Q'A(.t(;-h})-’zs)gxp{\}‘@(f(:-b‘l))-?'s)}ﬁxp {-}vwo (f'?'s)%
(1.2)

The symbol @4 is a constant scale factor.
b. Echo signal with fluctuating amplitude. In this model the only effect of the me-

dium is to randomize the amplitude of the emitted signal.

ZS o As ZC (‘t) (1.3a)

in which As is a random process. Note that t is “receiver time.”

c. Echo signal with a random additive component. In this model the received signal

has the same form as the source signal to which is added a random stationary process with

3
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! mean value zero:

v - |5 N £ \ ” ’ :
¢ g i, ¢ X\-:'; s \X(:)>= o (1.3b) ;
Here i is local receiver time.

d. Echo signal with random amplitude modulation. The effect of the mecium is

modeled here as a random amplitude modulation, viz.

=2 ""' 3 7 \
Lo = L W) {1+ my X)) (1.3¢)
in which /))']A is the effective coefficient of modulation, and X (-é) is a stationary random
process with mean value zero and variance of unity.

e. Echo signal with random phase modulation. The form of this model is given by,

Z, ) * Lo (+)’2/(° -/EH) (1.3d)

in which ¥(t ) is a random phase increment with zero mean.

f. Echo signal with random frequency modulation. The mathematical form of this

model is the same as that of random phase modulation, excepting that the random phase

is due to time fluctuating causes:

AT 1
F)= | @)dt :

(1.3e)

in which V('t) are random fluctuations in the relative movement of the reflecting object.

g. Echo signal is a sum of elementary signals. In this model the emitted signal

Z ()= Zc ('t) Y P( - 3' (g)ot) appears at the receiver as a superposition of

elementary signals of the same form but each modified by a random amplitude (Jk a ran-

dom momement of arrival ‘IL‘- and a random doppler shift of frequency (p)*_ Thus,

Z, )= Z_ak. (’c-fk)nxf:[?wofk—g@(f-ﬁ)]

) (1.3f)




When the model for the signal at the 1'th hydrophone is selected it is then necessary
to choose an appropriate statistical description of the data based on this model. In most
cases the physical event of importance is the wavefront coherence of the signal field, and
the signal fading as a function of time. Statistical descriptions of random fields are re-
viewed in Sects. 9, 10. Statistical analysis can be made on the total received signal and/
or on its quadrature components and/or on its phase and amplitude separately.

Statistical averaging may be based on ensemble averaging of many realizations of a
random process at specific points in time and space, or upon a single realization in time
between several points in space. The single realization procedure is customarily adopted
in conventional processing. A key problem associated with it is the need to choose the
length of ‘““averaging time” so as to include the fluctuations under study, yet insure sta-

tionarity of the data when a stationary model is in question. If non-stationary models are

under investigation the averaging time can be extended beyond that of stationary models.

Experiments of Parkins and Fox (IEEE AV-19, 158 (1971)

The range selected was 700 mi between Eleuthera and Bermuda. Both sources and
receiver were located in the deep sound channel between these stations. The source fre-
quency was 366.56 Hz and the emitted signal was a sinusoid of constant amplitude and
phase. The receiver consisted of several sets of hydrophones distributed over an aperture
of 2000 ft. The received signals were band limited to 2 Hz centered at the carrier fre-
quency and sampled at the rate of 9.75 samples/sec. over several 12-h periods from Dec.
1967 to April 1968.

The model selected for the received signal % (€ ) at the 1’th hydrophone was a

combination of random amplitude and random phase (choices (b) and (e) above), viz.

G (t)= A.“) Cos {@O-t i a,i(t)] (1.4)

The key statistical description in the digital data analysis was the mutual coherence func-
tion P computed on the basis of one time realization simultaneously recorded at two hy-

drophone locations (one at } and the second at ‘ ). By definition,
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T
Tk [ A(ge) Ay t7)
=T

ey

x op Y i

The averaging time 7 was selected to be 105 s for stationary model analysis and 840 S
for nonstationary model analysis. The calculation of F was expedited by use of FFT
techniques.
Two auxiliary functions were then obtained from a knowledge of r}j‘ . These were
~

(a) the degree of mutual coherence $ ( " j given by

/

By ot ) P0G, %)

S —————

Sl 1) = | Bxnimle :
% ", )
r' {f') El K “)F (il,f;,' P))

(1.6)
in which the level | §| and phase 6 separately play important roles and (b) the array

gain (§ given by

g nas
ok | A 5]
et 3M___ O e (1.7
x g
gt

Both “steered” and “‘unsteered’ arrays were examined.

A second group of statistical analyses was made on the quadrature components of
received signals, and on their amplitudes and phases. These analyses included (a) sample
probability density functions (b) sample means, (c) sample variances (d) power spectral
densities.

The conclusions drawn by Parkins and Fox from their analyses of the data were as

follows:




(1) A plot of level of coherence ‘ g ( O T ‘_V :\ versus time for individual
hydrophones was oscillatory in the range 0 <€ Y < 39O gee, Thus the field at one hydro-
phone became incoherent at 5 sec of lag, then recovered partial coherence (at a much
lower fraction) at 10 sec. of lag then became incoherent again at 20 sec of lag, etc.

The phase of coherence € ( X A i -?;) versus lag time 7’ was also oscillatory
between ~ 8. 4 radian plus and 0.1 radian minus. A “period” of phase oscillation was
about 12 sec.

(2) Two hydrophone spaced 900 ft. apart showed a level of coherence (= S'\ )
of approximately 0.25, and oscillated within small excursions of about 0.05 units around
this value over a lag range of 0 to 30 sec. Similarly the phase of coherence oscillated
about the value of 0.5 radian with an excursion of 0.10 radian.

(3) A plot of the level of coherence between two hydrophones at zero time lag
for separation distance (in feet) showed a ‘‘best-fit”’ linear drop from a value of unity at
zero separation to about 0.1 at 1000 ft. separation, followed by a slow rise to about 0.2
at 2000 ft. The longest averaging times (=840 sec) were used in these estimates. With
shorter averaging time (=105 sec) the level of coherence was much higher at 1000 ft (esti-
mated at i o) l = 0.4 ). This indicates that less scattering occurs in the shorter averaging
time, and points to the validity of the assumption of a frozen ocean if T is small enough
(say less than 2 min.).

(4) The phase 9\* ?'fé' 5 "C’) of the degree of coherence was measured rel-
ative to that of a plane wave and the results plotted versus separation distance between
hydrophone locations over a 2000 ft. aperture. The plot shows erratic scatter of phase be-
tween T(/z and - TL'/2 , indicating distortion of the wave front from the condition of
planarity. Although the wavefront is ‘“‘corrugated,” it does not, on the average, deviate
from that of a plane wave.

(5) The maximum array gain for seven equally spaced hydrophones on a 150-ft
base line is theoretically 16.9 dB. The measured gain was 13 dB with the use of 840-s
averaging time, and 12.3 dB for 105-s averaging time. When the base line was increased to
920-ft the measured gain for 840-sec averaging time was 9.8 dB, not much higher than that
for the noise field itself, which was 8.5 dB. The shorter averaging time of 105-s caused the

array gain to increase to 12 dB.

| — — _‘




(6) The acoustic noise field measured at the hydrophones were shown to a high
degree to have Gaussian shaped probability density for quadrature components, Rayleigh
shaped probability density for amplitude, and uniform distribution for phase. The signal
field quadrature components were Gaussian in the majority of cases calculated. The prob-
ability distribution for signal amplitudes was, for most cases calculated, not Rayleigh, while a few
were. The probability distribution for echo signal phase was non-uniform in some cases,
and uniform in others.

(7) With plane-wave steering there appeared a severe degradation in the signal
gain of the array, due to distortions of planarity, and reduced levels of coherence over the
array.

(8) The power spectral density of one quadrature component was plotted versus
frequency over a spread of 0 to 4 Hz. At 0 Hz the contribution for the carrier wave was (at
366.56 Hz‘) the maximum of the entire curve. With a slight increase in frequency (less than
0.01 Hz) the spectral density dropped radically (up to 20 dB in some cases). At 0.08 Hz
(signal at 366.64 Hz) the spectrum rose again to a sharp peak, with a width of about
0.10 Hz. This rise is characteristic of the test situation and indicates interaction of the
sound wave with the rough, moving surface. The spectrum then drops linearly about 30
dB in a span of 1 Hz. Beyond this the spectrum remains level at a value of about -35 dB
in the frequency range from 1.0 to 3.0 Hz, indicating the presence of ambient sea noise.

2. Experimental Measurements of Acoustic Signals in the Ocean

Qualitative Remarks on the Distinction Between Pulse and
CW Transmission

Stanford (JASA 55 968 (1974)) placed a projector at Eleuthera 527 m deep, and
beamed a 367 Hz signal at 216 dB/'Pa at 1 meter to Bermuda where two point receivers
were located at depths 1683 m and 1723 m respectively. Records were made of 1h
pulsed signals, 87 msec long, at 10 sec. repetition rate, then 72 h of CW, then 1 hr again
of 87 msec. pulses.

A typical received pulsed signal showed high amplitude spikes at 10 sec intervals,
most likely arriving at the receiver via a surface reflection, each followed by a train of
lower level fluctuating arrivals representing signals from many totally refracted paths. It

is observed: A record of received CW signals depends on receiver depth and time. Over

several minutes the reception may be stable at one receiver depth, and exhibit large and




rapid amplitude fluctuations at a second receiver depth. In the next several minutes the
roles of the two receivers may be reversed. The projector emits CW energy into many ray
paths. If path arrivals at a given time are few in number a chance destructive interference
can cause momentary extinction. If a large number of path arrivals exists at a given time
the signalfluctuates, and the probability of total extinction is small.

The environmental conditions most directly affecting signal propagation are sea-surface
roughness (and motion), and the presence of internal waves along the path.

Amplitude Fluctuation Records (Stanford loc. cita)

The received amplitude data was sorted out into a number of sequential cells of varying
magnitude but equal width. From these cells amplitude histograms were constructed of
3 h data. A statistical analysis of the histograms then gave mean level, standard deviation,
maximum level and coefficient of variation (= standard deviation/mean). A typical statis-
tical statement on amplitude is this:
Receiver Depth Month Mean Level Max. Level Coeff. of Variation (%) ,
1683 m March 91.8 dB/uPa 100.9 52.7
1723 m March  91.2 99.7 53.0 i

Other values are found in Stanford (loc. cit). The ambient noise level was always at least
10 dB less than the average received signal. An average S/N ratio of 20-25 dB was achieved.
From the histograms a probability distribution (of amplitude) was constructed. Compari-
son of the probability density functions by the chi-square goodness test showed that the
experimental density function for amplitude distribution were most like modified Gaussian
and chi-square functions. One concludes that a sample probability density function for ;
amplitude fluctuations is almost Gaussian.

A set of autocorrelation records of total amplitude fluctuations over a 66 hr. period

showed a correlation time (i.e., time required for the normalized autocorrelation to reach

a value of 0.1) of 4.8 to 7.3 minutes independent of season.

A Fourier transform of these autocorrelation functions (smoothed by use of Hanning
shading) shows three identifiable frequency regions in the resultant power spectrum of
amplitude fluctuations. In the frequency range 0.2 to 3 cycles/hour the spectrum level is 13
almost constant. This is the result of interacting internal waves which produce of field of
turbulence in the path of the rays, thereby causing amplitude fluctuations in the propa-

gating wave. In the second region (5 to 20 cycles/hr) the spectrum level of amplitude

; |




fluctuations decreased at a rate approximately (1/£)3 to (1/f)4. This spectrum is closely

associated with the spectrum of temperature fluctuations over 3 to 30 cycles/hour which
also varies at (1/f)3. The physical causes of these temperature fluctuations is assumed to
be internal waves in the immediate vicinity of the main thermocline which modulate
temperature and acoustic fluctuations at frequencies less than the Brunt-Vaisala frequency.
In the region 20 to 120 cycles/hr the power spectrum of amplitude fluctuations decreases
as (1/f). It is assumed to be caused by surface wave roughness, subject to seasonal changes
and random winds. Seasonal changes of 9 dB in spectrum level have occurred between
March and July.

Phase Fluctuation Records

Phase records are made by comparing the received signal with a reference signal at a
controlled frequency. In these (Stanford) tests the reference was a rubidium-vapor fre-
quency standard. Since the phase records were too short to account for the lowest fre-
quencies (0.2 cycle/hr or less) these frequencies were filtered out. A set of 66 hour phase
records we.g then subject to an autocorrelation analysis from which correlation times of
35-46 min. were calculated. A power spectrum density curve for phase, constructed from
this autocorrelation, showed a 6 dB per octave negative slope between 0.5 and 100 cycles/
hour, subject at the upper frequency end to season and wind.

Project MIMI
Dyson, Munk and Zetler (JASA 59, 1121 (1976)) have presented a theory of multi-

path interference to account for the observed rate-of-phase and intensity spectra of proj-
ect MIMIL. A brief review of their model is given in Section 11.2 of this report. The ob-
served data had the following character: a CW signal at 406 Hz was emitted from a deep
water source at Eleuthera and propagated through the deep round channel to a hydro-
phone receiver at Midstation, 550 km away, and then continued on its way to a second
receiver at Bermuda, 1250 km away. The record length of the received signal at Mid-
station was 8255 five-minute segments (approximately 29 days); at Bermuda it was 7366
five-minute segments (approximately 25.8 days). The received acoustic data was plotted
as a time-record of intensity I indecibels and phase é in cycles at the rate of 12 readings

per hour, each reading being the average of a five minute record. From these I and §

plots the Cartesian components X(t), Y(t) of the acoustic pressure amplitude R(t) were
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' obtained by setting X(t) = 101(t)/20 cos 270 (1), Y(t) = 101()/20 in 2 . HY with
1=20 logwR. Since all acoustic quantities were random it was convenient to write each
as a sum of a mean value and a fluctuating value: X =< X> + b X,Y=<KY>+ 5\/
1=¢Iy +01 , 8= <(&) +8& with R2 = X2 + Y2. Examination shows that

the time records of the cartesian components X, Y exhibit multipath fading. A fade F is

-1
expressible in decibels by choosing a fraction € less than unity and calculating F = 20 &3‘0 € .

Thus a 20 dB fade means a fraction of € =1/10 is chosen relative to the intensity reference
3 | Io = 10 log °<R2) . In order to study fade-out statistics it proved useful to censor the

4 . time records of I vs t by choosing 10 dB, 20 dB, and ©< dB intensity ﬂgﬁr_sbelow the
reference intensity lo, and replacing any value of I (t) less than Io - F by the value of

Io - F itself. Thus the intensity and phase statistics were calculated for three types of time

i record of I (t) and § (t), namely (1) the uncensored record (2) fade-outs greater than
20 dB relative to Io, replaced by the 20 dB level (3) fade-outs greater than 10 dB, replaced
by the 10 dB level. The intensity and phase statistics of the data records, censored in the
manner described above (i.e. three headings), are reproduced below from the paper of Dyson
et al.
Midstation Bermuda
| Range from Eleuthera (km) 550 (nominal) 1250
Record length 8255 terms = 29.0 days 7366 terms = 25.8 days
2
<& ((83)2) (cycles?) 548,  0.029 110, 0.060
F (dB) o0 20 10 20 10
p
: Number of terms replaced 0 114 1076 0 79 746
<xX2) (x10-13) 8.73 8.73 8.79 0.668 0.667 0.671
<Y2> ( *10-13) 8.70 8.70 8.76 0.655 0.655 0.659
<(9X)2> («10-13) 6.08 6.08 6.14 0.797 0.797 0.806
4 (8Y)2 2 (% 10'13) 5.92 5.92 5.98 0.790 0.791 0.799
{R2> (7 10-13) 1743  17.43 17.55 1.323 1.322 1.330
Ip (dB) 142.41 131.22
£1> (dB) 139.22 139.27 139.82 128.61 128.65 129.06
, < 12y - <1>2 (dB2) 38.79  35.87 23.37  31.84 30.18 22.52
(SI (de) 24.10 21.77 13.09 48.17 45.31 30.34
<\5]_ £| >  (dB cycles) 0.55 0.52 0.38 1.15 113 0.92




The entries are in arbitrary pressure units. To correct to absolute level in dB re lf‘bar each
' pressure amplitude in the table (actually derived from I) expressed in dB is diminished by
v 169.0 dB for Midstation data and 173.0 dB for Bermuda data.
The physical significance of this data is discussed briefly in connection with the Dyson

multipath model in Section 11.2.
Canonical Models of Sound Speed Profiles

The chief environmental parameter in the theory of the propagation of sound in the
ocean is the sound speed C(®) . Experience has shown that one can construct a
“typical” sound speed profile C (z) vs & with these characteristics: a minimum value
C, at some depth i, , and increasing 'hy a few percent toward the top and bottom of
the ocean. The fractional gradient C. a%? of sound speed is thus a key parameter.
Munk (JASA 55, 221 (1974)) has modeled this gradient in terms of the Brunt-Vaisala
frequency N \,l) (see Sect. IV), namely,

C'de __ g N'(2)+a
W

P)
with
| =243 = (+£Tu -
‘ H s, b T:/Zﬂ’ Az O. 0% (Avg.)
yAz [ 14 x :o'z ﬁtm" (AVg.)

Here # is positive downward (i.e. £ = O is the ocean surface), 4 is a parameter associated
with salinity, Tu, is the “Turner number” which shows the effect of salinity S and tem-

peratureT on the stability of the water column, and is defined experimentally as,

Ta= 6.8 (_39.;3_),(37}55)

For fresh water TM=O ; in the North Pacific intermediate waters Tu = -0.3 and off Bermuda
at shallow depths Tu = 0.8. Thus local measurements are necessary to calculate Tu and hence
calculate the velocity gradient. On the channel axis f:z' (where B) C /3-5 = @ ) one therefore

has




[
B e ! i B -5 - 2 / —
A; - l\(;)) —4: ‘5’,0 /5 \m /
This also requires a local measurement of 4. One can however construct a general model
for \(!} which will be typical enough for many calculations. Munk recommends the

exponential model, written on terms of a stratification scale X valid beneath the thermocline:

2/B

N(z)= M €

Here No and B are experience factors, chosen by Munk to be No = 5.24x10-3 sec-l and

B = 1.3 km. On this basis the depth of the channel axis is modeled to be,
Z iN ; : B
=3 M~\N°/N,} =(16 &Rm = -2-3,6«;4,

From typically observed values, he takes ZI = 1.3 km (on average), so that 4 = 1.32,

and F';\; 32. Thus
-5 =
1 ‘ L
N, % I.32iD Lic
With these values one can further construct a ‘‘canonical sound speed profile”. Munk

suggests the following,

6—7_4- "0_3 (4v.)
V:A/ aef T — i"'
(e a(E-2) /3 = = (*-13)

C| = [ 4q2 Rm I/ACC. (AV)

Now in the presence of an internal wave field with vertical displacements ( the fluc-

tuation in velocity profile at a fixed depth & is
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l 6Cp ~ o«£8T+ B8S + VP
. §T=¢ 9Ty | S”s:fa,s 5’P=eg,((z¢é :
t #Nhere T, S, P are temperature, salinity and hydrostatic pressure respectively and &, (g %

are experimental. The effect of pressure (S P) can be shown to be negligible. Using the

above relations one arrives at the more convenient formula
[ ] ’
0Cp = N* (i).lé-;
According to the Garrett-Munk model (J. Geophys. Res. 80, 291-297(1975)) the rms value

of internal wave displacement[ is,

-4
- ‘N ) . :
in which C , No are (extrapolated) surface values. Thus

(&: )RH$ # N° *&vs) & /’%)

Typical values of rms 8‘%‘ can be obtained from the exponential model of N. Choosing
A=1, I.l = 24.5 Munk and Zachariasen (Stanford Res. Inst. JSS-75-1) arrive at the following

table,
1
': Location Depth (km) E (sec’l) rms ((m) rms 56
theromcline z=0 5.2x10°3 7.3 4.9x104
sound axis z=1 1.9x10°3 12.0 1.1x104
bottom z=45 1.7x10°4 41.2 2.8x10-6

These numbers are useful in making reasonable models of sound speed profile and

their fluctuations (due to internal waves).

14




Conclusion of Sects. 1 and 2

The experimental results of Parkins and Fox, Stanford, and MIMI constitute only a small
portion of available data of ocean fluctuations. They convey however a good summary of
what is to be expected by experimentalists who examine different oceans at different sea-
sons in the frequency range 300-400 Hz. In subsequent reports of this series (of which this
report is no. 1) a survey will be made of the attempts to match experimentally determined
fluctuations in the real ocean with mathematical models based on the theory of fluctua-
tions. For the present we will continue with a review of basic equations governing the
propagation of waves (gravity, acoustic, internal, tidal, etc.) in the ocean.

3. Mathematical Modeling of Ocean Fluctuations and Acoustic Propagation

The partial coherence and fading characteristics of acoustic signals in the ocean require
a mathematical model which will organize the experimental data into a useful computa-

tional algorithm to allow prediction of propagation and scattering in the ocean. This mod-

eling is difficult because of several factors: (a) the number of parameters appearing in the
equations is large (b) the inhomogeneities of the ocean (including surface and bottom) are
statistically distributed (c) the statistics are not stationary or homogeneous in the general 3

case (d) the mathematical formulations appear as integral-differential equations whose

solutions are (in most cases of interest) not available (e) approximate solutions are all of

limited accuracy with regard to distance of propagation into the medium and duration of

signal (f) multiple scattering complicates all computational procedures to the point where
it is not feasible to make calculations because of cost (g) the data on ocean parameters
is known accurately only over limited geographic areas and at selected seasons.

In view of the magnitude of the problem of mathematical modeling of ocean fluctu-
ations it seems appropriate to review the basic formulations of a mathematical model of

ocean hydrodynamic processes to the extent required to model acoustic propagation, and

then to proceed to state in detail the mathematical models currently in use to explain

fluctuations.




! 4. Mathematical Models of Sources of Ocean Inhomogeneities I:

(Ref. [1] W. Krauss “Dynamics of the Homogeneous and the Quasihomogeneous
' Ocean” 1973) .

The field functions which describe the hydrodynamics of the ocean are seven in num-
ber, viz. three components of velocity ¥ = (w, v, v, ) the pressure fa density @ ,
salinity S and temperature T There are then seven governing equations.

(1) Conservation of Mass: ag/a‘t + YegY¥=0 (4.1)

(2) Diffusion of Salinity: 25 /5t + VeT78 = k, ¥ 'S (4.2)

(3-5) Equation of motion:

Y 4 vevy +zﬂX!='Zf_?§ i,;v- vy

3% - — e (4.3)
_D. = angular velocity vector of the earth; §= gravitational potential
: E = tidal potential; 7 = shear viscosity
(qs) Equation of State: «{ (P, e, T)=0 (4.4)

(7) Conservation of Energy (3 Formulations):

(a)S {Q —+€)§JW__ S‘ae(:f.,é)!.tgtj_v,fdz/

. L + § (_V.:f‘).a{a, - § 7_.‘43 )




( € is internal energy per unit volume; 'gis a body force; '_t_' is the surface stress

tensor; ? is the heat flux vector).
(b) or, ;irst Law of Thermodynamics:
4.6
3Q=_‘_ <VV:{'F-Vo?) (45
i - - gy .
ot < - -

( .:éF is the friction tensor). 3

(c) or Equation of Heat Conduction: dT/.a"t = A‘r v T 4.7

In mixing processes of the real ocean the molecular transport terms of these seven
equations are negligible, i.e., _l_/-_V? ’ _V.ES/, !o_V_L’ , and —l_/-z Tcan be ne-
glected.

Several models of the ocean based on reduced versions of the basic equations are in
current use. These are:

A. Mgmprgssibl?, homogeneous and barotropic ocean.

Incompressible: | ‘og / 3#)5’ +=9 (4.8)

homogeneous:  ©= €, < amst. | Tr o= const. : S=S,= const. (49)
barotropic: equi-scalar surfaces (say, of density) coincide with isobaric surfaces,

The equations of this model are,

oV v y
= 5 VvV XY = - -vP - 4
e AL +2 (% —Q.,ﬁ ve VA% + VUV y (4.10)

i + 18 y T%
VeV=o, vll"’/é)( *4 o4 -
Any liquid element in this model placed anywhere is in equilibrium,

B. Incompressible inhomogeneous ocean without mixing.

Inhomogeneous: "0} 7,- S/ are functions of location.
The equation of this model are,

oV
s Ve + V:__
F T2 2 {xy

e-' Yp-VE-Y, 59 + 7 Vj_/ (4.11)




| y-u=0 (4.12)
, dbij+= g (4.13)

A liquid element in this model when removed from one location to another is sub-
ject to a restoring force, i.e., such an ocean can sustain ocillations in the form of internal
waves.

C. Boundary Conditions.

(1) A surface of discontinuity Fy ,‘f) =9  moving through a volumveith
velocnty C divides / into / /Z' , having surfaces CZ } respectively. For a
) Ta

scalar fluid variable ¥ , the conservation law across F requires that

3 =
/C""- (oyy ) - ‘-r- Vi =0
(gvl - (gviy “‘e’/) \f’% - ”Z 7{% e (4.14)
in which V_, ¥y  are the fluid velocities at surfaces d} , and q, 3 are source

densities of \y

(2) When ‘P represents mass per unit mass, then W=/ . In this case for oceanic
boundaries, the normal components of .VI, Vr and ( are identical. This is the kine-

matic boundary condition. For such a condition, the basic equation at the boundary is

7 -
( ?W:r- L}"Px>./1 =8 (4.15)

Also, the total rate of change of surface F is

)

aif + KeZFe0;,  or (Ve -Bp) PP av

1f F is the surface of the sea then F(!,‘t) = Z+ : /X, g,t) =0
Then the Z- component of velocity (W) is & = = ;(xla’{) '\s’

oL

Vq = mean horizontal surface
velocity

(4.16)

i.e. the velocity has both local and convective components.
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(3) When 44 represents momentum transport per unit mass then the dynamic

boundary condition ( 9 - - ?W \} *Mm=0 reduces to

A A

(fl -:_t.r e =0 | :t = € 'ti}'e (4.17)

[\/fi;); &‘¢)1] éL' Coé(é; o N )=0 (4.18)

A
in which_t is the stress tensor, the components of (83‘ N ) are O[‘ ‘,and COSX, are

or

the direction cosines given by,

BF/D)(" '
ces dt = : e (4.19)

/GG

D. Hydrodynamic Perturbation Models

\.._
- g
I

The basic hydrodynamic equations in a scalar \p are solvable in specific cases, the
exact solutions being \,U ) . Whenever not exactly solvable, the basic equations are
apprommately solved by adding perturbations € w to a known exact solution, the
parameter € being a measure of the strength of the perturbation. As example, let K be
the vector force externally applied to a volume element and let _Q be a reduced angular
velocity vector of the earth with components ( 0, 0 ) < ﬂ Aon ¢ ), where ¢ is the
latitude angle. For this case the Coriolis force is given by = 2) Xg! . Then the basic
hydrodynamic equations are simplified to the set

19




(4.21)
2
i\ﬁ = ¢ Cie C; d ) {6 = coeffic. of thermal expansion (4.22)
ot c;‘; : f /G ¢+ specific heat at const. pres.
Now assume,
1 2
Vv = _V(o) -+ V( + V( )
o= 9, é 2)
L (4.23)

- r‘°’+1o“’+1="”
G- 9"+ q"

The first order equations are then
o) @l " 0 (") n
@“’/g_;“., (ang°_V)+V,¢+g V@ - /LLVV) K (@29
f p— —

26 /st + v + W Ddg A= 0

(4.25)
25t - ot 4 w“)[ _f“" dg j
JF e(o; '— (4.26)

For an incompressible medium, with no diffusion or heat input these simplify again to the
form

20
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- o) 0l ()
¢ i, wxg U e e Lo kT
3&‘ -—
9/5;-""/3? 4 'W""} 553"’%5:9 (4.28)
VU)- &) ()
bk R X ‘g( = 2 ) (4.29)

The vector velocity _Y = {u ) ‘b‘; W ) . Tt is desired to find an equation in the vertical

velocity component W . This is accomplished by the following steps: (1) the horizontal
A A

divergence ( VJ. = (BAX)L + Gég)é ) of Eq. (4.27) is taken. Noting that

{ R ,'
g V=0, v, 20" ¥, (@xy):-@+(7xy )

one arrives at

el , ay¥ vy o), 2 )
° L . ({2 )
& %Q = - we (VXy éfo)-f Wl.ﬁ +tV ek =20 (4.30a)

s 3 £
(2) Since, h
0) oV )2
(a) Q( V_’L . 5% * L 3-—_‘?29': (4.30b)

: W) 3 @yw o D
® @ (Yxﬁt‘)e __weo)g_i_-@(le()? (4.30¢)

the next step is to differentiate Eq. (4.30a) with respect to time, then substitute (4.30b)
and (4.30c), then differentiate the result explicitly with respect to 2 . (3) The result

. '3‘3- at- el ;
contains a term /BZ . This is eliminated by use of the vertical component of

the equation of motion (viz. BP(")/’D? - g g( Y Kz(l) ‘6_.3:.0) oW /I)/at ).

The final result is
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If 3/;/ , @ and K are set to zero, then the first order equation in the vertical veloc-
( ~

ity is

S 3V +qF82W"+’éJ%'N'

p e = hg I _, (4.33)
'3 ox* Jzat’

Solutions of the Equations of Motion

In the absence of externally applied forces (i.e. K = 0 ), one first seeks for time-

0 —
periodic solutions of Eq. (4.31) by setting W= W(_)_() axr; (‘,(g)'t') . This leads to the

following homogeneous wave equations for time harmonic waves,

V;‘h.?‘—[w (,\cz')-w)—k F ) (4.34)

CO,Fco

2
The algebraic sign of the quantity o = ((.D i ,(8) 'g.,') )/ ( g F - wa ) determines the
nature of the solutions to this equation. If & ) @ then the differential equation is hyper-
bolic and provides a solution in internal waves.
Of all these harmonic solutions 13(' ( x ) one next seeks a further subset consisting of

the separated forms, { L

W (x) = W) Flxy) (4.35) |
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Separation leads to two equations in the separation constant (O, . viz.

2 2 - &
\i F + T@— @"5,2;1 T=0 (4.36)
dw W
e W 7 "N g (4.37)
‘3"1 st | éa—- *--(é =& JA W=0
£ a
The boundary conditions are: A \N’ 2
(atmospheric pressure = const.: 71'; i g. a V\j= 9] 2=0 (4.38)
velocity = 0: W=0, at z = H = bottom. (4.39)
A mathematically more convenient form for Eq. (4.37) is
) — 1 =3 - .
- SR W | “alz) Weo (4.40)
= Lgk'af_'—-d;»'*ai()w
v % <7 v G
’ o - i = = 7
"2\?) i Nki) -l JQ(i) ) N T ‘;n (see Eq. 32)
/ SN N

The three equations (4.37) or 4.40), (4.38), (4.39), constitute an eigen value problem.
When Q_1 %(;) > O there are solutions W ( E) for specific separation constants
which satisfy the boundary conditions (see Eq. (4.44) below). In a physical sense the in-
ternal waves are just those vertical motions of the ocean which result from a vertical dis-
placement of water of different density from the surrounding water and which fit the re-
quirement of constant atmospheric pressure at the ocean surface and zero velocity at the
ocean bottom, and propagate as progressive waves at harmonic frequency (® )-

To determine Q2 it is noted that the operator V_i acting upon the field F satis-
fies the Helmholtz (differential) equation, VI F= - ‘)L; F . Substitution of this rela-
tion into Eq. (4.36) gives

2

Q' Aty [(@ (wew))

'

(4.41)

Thus,




2 o £ o
d gi%) s By LN\:)—@] Q‘bl;i') (4.42)

pi N\
The essential requirement for the existence of (transverse) internal waves is a 3 \/’? )20
or,

) - ©

o B 4

oy
>,

N
. >0 (4.43)
@~ (Or@)

It is first supposed that the frequency @ of propagating internal waves is greater than the

Coriolis parameter ‘ @ i . Then the requirement for propagation is @) < N { a?) Sre:
~J

the period T(: o3 77/,/'“)) of the internal waves must be greater than R TC / NG )

which is the shortest scale of time of oscillation, or shortest possible period of internal

wave motion. Let N i be the minimum Vaisala frequency of the entire water depth

H . The periods of all possible internal waves for the entire channel is > 2T, ,\M %"
If the condition N(i) >@) exists only in the layer h, £2< Z’a then for fixed @e <L N (i /
there are an infinite number of spatially distributed modes of vertical velocity Wm (%)

S e é

mz=i,2,+:+ o» , inside this layer, which can propagate in the x-direction at phase

| ~

velocities a; , where (] satisfies the boundary conditions,
m

2
(D) ‘-"2\—%"- -'rg Ay szo . 2=0 ,’(Z)W,ﬁc)) 2= H
with
2

2
(4.44)
an = Frm flul- @), &> (o)

or (alternatively)

X

1 . > \
Ll\". Q:‘o - ’xh/m + am (@o )

»
-~

K

|

A
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At frequency @o the wavelengths of these internal waves are given by 7L,,\= 2“—/ Km. -
’ and the periods are T = a; ’):‘ . Outside the layer £ \SZS ﬁ.,_ the amplitudes
wm decrease exponentially to their boundary values.

'l;})e wave shape in t;he ;x g plane is given by F ( X, 3) , which is separable into
G ()() G<2) with b ; J, the separation constants in X and 5 respecti\'lzly, related
to XZ by ’X: - Lz- d.:: O . Assuming X:>O and (p >(Q) ’(\;ﬂ) then a
typical wave shape for b")l’: , (i.e. d purely imaginary ) is,

+ 4 B-% g youn Rx

F(x,;;) =W, @ A P (4.45)

2 %
¥ b < ’Kh i.e. d. is real then the shape F()f, g) of the internal wave is

M\/]E—X:I y MXx?

Flxy) = il
777 News AT i {08 %0 ¢

(4.46)

2
The magnitude of 'xh to be used in these relations is fixed by the mode number ) to be
2

'XA ,m which is calculated from a knowledge of @ ML by use of Eq. (4.44).

In sum: internal waves are waves of an incompressible fluid which propagate as progressive
waves of hydrodynamic velocity whenever the temporal period of such a possible wave
excee%s tvl;'e product of 2T and the reciprocal of the Brunt-Vaisala frequency N( i)-’-
(3, A . For a given temporal frequency of such a wave this condition is satisfied at
certain depths of the ocean. The (velocity) wave shape in the horizontal plane of the ocean
at the appropriate depth can be combinations of: exponential in y , sinusoidal inX ; or
sinusoidal in; and sinusoidal inx ; and can have any non-modal horizontal wave number
consistent with the modal wave number in the 2 direction. The vertical component of
velocity wave amplitude at any depth is a modal function of the depth; that is, for a cal-
culated eigenvalue satisfying the boundary conditions one can assign a vertical modal veloc-
ity amplitude to the horizontal shape function. The phase velocity of the progressive in-

ternal waves of vertical velocity is a function of wavelength, i.e. internal waves exhibit
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frequency dispersion. Since N (i) has one or more maxima in the channel depth the
possible progressive internal waves are effectively trapped in certain layers, outside of which
the velocity of wave motion decreases exponentially to the boundary values or adjacent
layers (see Fig 1). When the temporal frequency of possible internal waves exceeds the
Vaisala frequency the internal waves disappear leaving only surface gravity waves propaga-

ting at the given temporal frequency. Internal waves are measured as waves of temperature,

I

that is, by use of strings of thermistors. t
4w0

!
\
H

2

—» @ (radfsec.)

‘Zﬂ.

Fig. 1 Illustrative Vaisala Freq. N(8) versus depth.
At (a) Q)o ¢ no internal waves possible
(b) (p)' : internal waves present at depth z,
(c) @)1 : internal waves present at depth 21 and ?.
General Mathematical Formulation of the Problem of Scalar Waves in a Random Medium
Let 4P( _)_{ ; t) ci_) be one realization of a random scalar field in a random medium,

and let Af(x ,t, ) be one realization of the refractive coefficient of the random
medium itself. The parameter 1’ is a member of a set in which the probability density

'P( ?) is assigned. The statistical moments of‘P are given by
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moop

I P = 31’“‘#(!)*@)?@)&? (4.47)

Thus, to solve a problem of waves in random medium one first solves the problem in one
realization of N ( ! ,‘t, ?,) (thus non-random) of the medium, and then applies a prob-

ability distribution to find the statistical moments of the random wave field.

N(\t,‘t’?)maybewrittenas k(x,-t)m (}_‘,t‘?,) wherek is the
i propagation constant of the (monochromatic) scalar wave. If k { _X ,f ) is constant, the
S
1 medium is designated as a homogeneous continuous random medium. If R (7_( ' *J is

not constant, the medium is an inhomogeneous continuous random medium. If the me-

dium is layered, and each layer has different refractive properties the medium is called a
discontinuous random medium.

We consider the case of an inhomogeneous random medium. As will be shown later
(see Eq. 5.8, and section 6), the differential equation governing the propagation of acoustic

pressure is (to first order),

in which the sound speed C , the compressibility factor 'f,‘ (of discrete inhomogeneities)

and the density factor'Y of discrete inhomogeneities are random functions possessing
€

realization ? . In many applications C is approximately deterministic. For these cases

the reduced wave equation has the form,

W+ Kt = 7o [0t T4]- Rt % (taf

(4.49)
+ viscous terms + turbulence terms.

Assuming there is a true unit source at_)g , we write this equation in the form

\77P 4k‘ (i)t)M(Z,‘f)CI,)F:—S(E)‘t F(x)'f) (4.50)
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in which F()‘ t ) is a sum of all homogeneous (i.e. flctltlous) sources (such as viscos-
ity effects, etc), and m _,t,q’\) = |+ 7}x (X + .;)

5. Mathematical Description of Acoustic Inhomogeneities of the Ocean

(Deterministic Case)

The inhomogeneities in the ocean which affect the propagation of sound are predom-
inantly of three types, (1) variable compressibility due to the presence of bubbles, fish,
etc., (2) variable density due to thermal gradients, salt concentration, etc., (3) turbulence
or random motion of the medium, caused by winds, mixing of currents, thermal gradients,
etc. To define these more closely let V be a volume of inhomogeneity, considered ini-

tlally finite. Outside \Jo the compressibility and density are K g respectively. Inside
V they are Ke
ing Morse and Ingard [2] we define the nondimensional coefficients ')’ 7@ of spatial

) ee . The turbulent velocity field inside V U . Follow-

change in compressibility and density as follows,

o K K :
) -i—K— , Y (,t) = %-8 (5.1)
Se

The first order equations of acoustics are given by

/YK \_‘u.

0 V' B( Cg' 2a |
ET: T +Ue (Np2) % |
%, L dlew) ,
ot agx ki T (Ns/m?*) 30

in whichg is the background density, € , the acoustic (mass) density, VL' the acoustic
!

particle velocity, C is the sonic speed and 'U( are viscous and turbulence terms (to

be supplied later). We first assume that background density and sonic speed, are slowly

2
varying functions of X , T and that the acoustic pressure -f) & C g‘ . Thus,

_Jdee , LU (5.2b)
" e ax

e
g a;b (5.3b)
ot

\

| %L"é

%
>
n
(@
w
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f Taking the time derivative of 5.3b and the divergence of 5.2b, then eliminating
-

BYL‘ /ar‘)x ;one arrives at the wave equation,

_E_ D__E“+a_,_t__a_'a
ot |

’ @ ox, 13 lgc’ i = <é2/:)=0 (5.4)

Writing = C’e for location points inside inhomogeneities, and e Q for points out-
e )

side, one obtains by subtraction,

4.8
TSt L

= = A5l 3 SiEe :
x; (e., ) Tot\gerot ) T (5
(5.5)
Neglecting the change in viscosity and assuming all time scales to be fast time, we obtain, 1

b ik :
o™ T 5T & we Mg | SR 0 )

+ 'BV (5.6)
3)‘ L
. K )
in which we have used the definitions K = QC Y = U(e / ¥ . (ee g )/Q"
. The quantity (U remains to be identified. It is conventional to include in it first

order viscosity terms, and the Reynolds stress tensor 'R,_ 4 i.e.

oVe av _a_ N
’Ut-’?a (axa) (3+ ")2 : o e

)
in which r] ') are the shear and dilatational viscosities respectively. The term ? J

discussed below. Substitution of the explicit form of 2/’ into 5.7 leads to the result that




7 2
2 _ L 9p .2 P _) 25 d)
M I W [YQ (xf‘) 335‘ + U Xt /C.;_a_fr

,;«) i 2‘%!‘ + (%- w))-é--a—yi- -2 %I:J } (5.8)
\

R is a matrix with elements
' . 0
?Lg— =& Wi u U, = dg Y, (5.9)

Equation 5.8 is the form given by Morse and Ingard [3]. It expresses the scattering of
the acoustic pressure (l.h.s.) due to volume inhomogeneities in the medium (r.h.s.). These
inhomogeneities are of the monopole (1st r.h.s.), dipole (2nd r.h.s.) and quadrupole (3rd
r.hs.) type. In the presence of acoustic processes the velocity L(‘ is the sum of a flow

velocity U and an acoustic particle velocity V. Hence
7 Uiy + vl v Ui v) e
t +V + v + VY,
-Al4 2 e ( 3 v 3 } L L J

The term Ui Us' represents the generation of sound by turbulence. In a pure scattering
problem it is omitted. The term V, Vt' is a nonlinear term (viz., sound interacting with
sound). The scattering of the sound by gross flow is contained in the terms V| U{

The solution of Eq. 5.8 is best carried out by use of an appropriate Green’s function

3 . Choosing unbounded space, we seek solutions only in the far field, i.e., we choose

,‘~ ’ | y ) ik -{»+!X‘ Xa".
i’f(tng\f,‘f‘fol,%g. Am\x,&“ ¢ “¢ ) 2,

The coordinates of the volume vo which is causing the scattering are thus Yo , fo 4

The scattered (far) field of pressure ( ‘Ps x ) due to an inhomogeneity of compressibility

is thus,

? Sy
o (o{ i S(t 'T"“ e
P (xt)= 3 L1t t’/cz;}x )4n|x\ o ik

Vo (5.12)
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The total pressuref; at far-field point _)! =( X, -C/ = ) due to an incident pressure
‘bl.\c is’

+ 1’(" f) = P (‘K )'t) +J‘f)/yd3k4*0 2t 5 ){((Xo)to)‘é:ﬁ[!@{o (X‘tlx y i
L3 -=) INC " — Cz — 91‘1 g A, 0,15/

(5.13)
Equation 5.13 is a Fredholm integral equation of the second type. To solve it we require

a knowledge of the second time derivative of the acoustic pressure throughout the scatter-
ing volume. In a similar way the scattering due to density variations and turbulence may

be expressed in the form

(83030 yt4) -1 R (3,8 %8)] plgo,ta) =pl6t) o1

in whichj is the idemfactor, ﬁ is an integral operator and ), is a parameter. The three

forms of f corresponding to the three types of inhomogeneity are

2

\ _a_ (5.15)
gex A X _ X4 )YK (&o,t)c-zatz
{ - Ro'Zh
z fﬁjou'&f’ S(t-t € _—F Teo [’)) (Xo,te) T ] (5.16)
4l (x| 2 S

X

“)2vegy (Xo,tgg(xa, io) A

(5.17)

In Eq. 5.17 the acoustic particle velocity |}/ is a function of acoustic pressure i.e.,

V= f( f;) . The solution of Eq. 5.14 in the general case is seen to be an extremely
difficult task to undertake. Current practice is to simplify all operations by use of the
single scattering approximation (viz.,‘r ()lo ,'to) =ﬁuc X, ,t)), together with the
choice of plane wave incidence (viz., Pmc = A exp L (&ix _.k'_'cf )). This simpli-

fication leads to the conclusion that the scattered field is proportional to the four-
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dimensional Fourier transform of the analytic form of the inhomogeneity. A fuller dis-
cussion of these simplifications is found in Sect. 18.

6. Monin’s Equation and Allied Equations (Rytov, Parabolic)

The dipole term in Eq. 5.8 represents an inhomogeneity of the medium due to a
change in density. In the ocean such changes in density are caused by changes in tempera-
ture, salinity and depth. These changes in density change the speed of sound. A conve-
nient mathematical description of this relation consists in expanding the sound speed in
powers of these changes.

Often the first (or linear) term in such expansions suffice. We consider here only the
linear term and choose temperature alone as a single representative variable. If the local

fluid temperature is T it is known [4] that the local sound speed C is given by,

Cse N r N = const. (6.1)

Thus,

dc= ;7"; (6.2)

Multiplying by /TD /1/7—; , and reducing the result, leads to the statement that

Ac ~ CoATAJZ (6.3)

in which ‘/ m ~ 7; . The local sound speed in a medium with fluctuating tempera-
ture 7 ’( =4 T) is described to first order in small temperature changes by the formula

/
Co
C': co 2—7'; 7 (6.4)
12
Upon squaring and then rejecting the quantity in T , one obtains the convenient

result that

a

/
2 LA *
Sl frdid o g ig )

We use this equation in the following analysis. Now to first order in acoustic quantities,

the acoustic pressure+.' is given by




ta €0 = &, Col( Sa /6’.) (6.6)

where e is the first order increment of density. It is convenient to define a dimen-

sionless vressure n by the relation

e ﬂ & g (6.7)
&L Ge

Neglecting viscosity, thermal gradients and convection the sonic particle velocity associated

with the acoustic pressure ‘f’a. is given by

oV _ _ Vﬂ, (6.8)

—

ot

Setting eo 2 e , we obtain from this the (steady state) relation

,JZ e %L—’ ’ f::-t'(n) (6.9)

We next turn to Eq. 5.8 and consider 'ﬁ to be the acoustic pressure due to density changes
and turbulence. Substituting Eq. 6.9 and 6.7 into Eq. 5.8 and neglecting compressibility
effects we find (for the steady state) that

0 2 [y (0l ] 2 PR
3)‘P’(A-F‘L(X‘t‘)n [YK(X ) ] L@QX;Q)Q( g)g-) (6.10)

The change in density due to temperature fluctuations can be related to the parameter

% . We write

(g-ge) _ - A¢
}(9 » - .__e_e_-— pi - ) (6.11)

To first order in the temperature fluctuations the following relation is assumed to hold,

2¢ _ T

Be 7o

(6.12)
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Thus, Eq. (12) reduces to

2 2 "1 .
21 k. (x o3 LTt —ia——-(U,,_a_{l> (6.13)
gxaz o )” ox( T X, @ Qngly ax’

When changes in depth C{ and in salinity S affect the density of the medium we can write,

!

/
T e R
_é. ~ . b A /3 g, (6.14)

do e

in which cL - So are reference quantities and ¢, /3 are constants. The propagation of
sound in the ocean in the presence of fluctuations of velocity, and fluctuations of density
due to temperature gradients, salinity and depth of signal plus fluctuations in compress-

ibility is therefore governed by the steady state equation in first order quantities,

2 8/77
%:Zij. s kz(’x)‘t>ﬂ= "k (_)_()f) 'XK (.)_( t) [(T Q/d +ﬁ5)9){c
X &
4 2

wdd g

Eq. 6.13 is the equation of Monin [6]. Eq. 6.15 can be used to show the effect of com-
pressibility alone. In the absence of external sources this case can be described by the

equation,

é_ﬂ. 0 6.16
X (?(xt)ﬂ .

in which

R 2/ “t)
f (x,t) = ¢’ (6.17)
I+ ')}k (_)f)"")

An alternative derivation of the appropriate equation governing the propagation of

sound in the ocean is that of Neubert and Lumley [8]. They begin with Eqs. 5.3 and
5.4 in which they make the substitutions
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(6.18)

W= _(_J-r_!’ (6.19)

+: B+ P (6.20)

in which the primed symbols are acoustic quantities. Thus the equation of continuity

leads to the statement that

2, Al R CE AR ICY VIO,

4 =0 (6.21)
AV oX ( aXL 5)((' QXL
Assuming the scaling laws 8.13 through 8.17 hold (see below), and that
)
(- e (6.22)
o
QU (i.e., incompressible flow) (6.23)

—_—=D
oY, ‘ . A
they then neglect as negligible the terms o (Q'V«. ) / axb (relative to P (99 V" %X‘)

and e' }UL /a X, . The result is,

/ / /)
o 1 (&Y% )0 (6.24)
x| oX(

This equation is properly scaled if

e'cs (j- (Qol_‘./l)

(6.25)

g “,H'—' J (g ’Y’I) (6.26)
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The Navier-Stokes equation (= Eq. 5.2) is similarly expanded in equilibrium quantities and

v fluctuating (or acoustic) quantities. The result is,

(6.27)

Assuming that the gross flow field U is incompressible and irrotational and that the viscous
damping of the sound wave is negligible one drops all terms in the viscosity coefficients.
In terms of the scaling equations 8.13 through 8.17 (see below) the first two terms on the

l.h.s. scale as

—a«ef’u g.gd+3€U-—->9,U . {)

>t $C (6.28)
i A
(Note the second term l.h.s. drops out relative to the first term l.h.s.). Now if we choose
U such that
o 2
c
.L_’... AL (6.29)

ba > &

then




Upon this choice we drop eﬁ DU‘ /' a‘f' relative to ( ag' /‘;\t )U“ . If further we

write
: 4
& Y, )
then the 3rd term l.h.s. has the same scale as ( De/a* ) U and is thus retained. The
bl
4th term a/g}t g V‘ ) is of second order relative to 94 dt-g :g,, v } and is dropped.
The fourth term r.h.s. requires careful analysis. Neglecting non-acoustic coupled terms
roif, ¢
(i.e., % U‘ b& ), and terms of second order in acoustic quantities (i.e., Q'Vb % ,

gp V. ';/,' ), and observing the condition that the fluid is incompressible (= Eq. 6.23),
nic
one reduces the divergence of gu, A ' to the set

é
’ A ', ’ i ’ . ., . ' .'/ . -" /
i Uy +e'lily ~an Yoabygrady

-
=

By grouping terms, then using Eq. 6.24 to eliminate quantities, one reduces Eq. 6.27 to

the result

4
Taking the time derivative of Eq. 6.24 and the gradient of Eq. 6.31, then eliminating the
term Tz (eo V' ) yields the result
Tt oo
S AR TR o2 te'lh
AT YR -Ai—a—.(é’a‘{{) (¢’ ) - (6.32)
2%* It Xy OX¢ X, )g

/ ’ £
Now in the linear equation of state P = 9 c" we assume both e and c are functions

of x, t. Thus

)

/

’ ’ /
i + e (% U Fgmal o

Lot
oy ¢t

-
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For velocity turbulence the characteristic length L-u,(see Eq. 8.11) is much larger than
A? . Since the parameter ¢ depends on the turbulence of the medium, we scale as

follows:

Py i
« J £ corresponds to — . L /
!
s

{
Lx 2 (6.34)
2x; € R ~3

(';‘..

Using this scaling and Eq. 6.24 it is seen that

To ox N e S N e St

e = ,ﬁ_‘..ﬁ\‘érvg B e ol (é‘f s R (6.35)
3 OX, o cEN !

i :
Taking the time derivative once more, one obtains

¥ e B TP D g e T o2l & (4

..._S ,.L——-:"':;;“:—(';'a_}'f 15-!('. l":"(zajj

Tt R e L = g el

) Fom PR (6.36)
-+ e) _-P* _L J{' T N Cl J
G JXy

R
The third term r.h.s. scales as C 4 \uﬂA,) while the fourth term scales as ( C g' U,—’7\ A:‘)
URr S , 5 o ) :

EL - Since L /\/L“C < | the fourth term is negligible relative to the third. We

! fu e
next compare the first and second term r.h.s. The first term scales as FiaA while the

§
second term scales as (?’/‘7\_’ )( ‘})\él-u ). Since ( U%LU— ) <(l we neglect the

second term. Using all results it is seen that
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DE . ARV (P) + 28 % Q_
™"t o\t oy ¢ o

DX, (6.37)

Substituting this into Eq. 6.27 and observing all conditions it is seen that stochastic wave

¢
equation in a medium with convection velocity ‘)' , reduces to

3 ¢ ‘Uaﬂ

BP,_l,a—4L"'3\_) S T @oj_)_.. =

s\ Tl T AL T A
¢ d

(6.38)

This is the equation of Neubert and Lumley [7]. The lL.h.s. represents the conventional
linear small amplitude propagation of sound in a medium with sonic speed € ( X, )
The first term on the r.h.s. couples soundspeed gradients (due to temperature and density
variations) with turbulent velocity and the divergence of acoustic particle velocity. The
second term couples the shear turbulent velocities with acoustic quantities. The orders of

magnitude of the terms in Eq. 6 38 are as follows

‘B__B SQaCV (}(fg_i_v_,) (6.39)

A
26,y U )A (j @o vV (6.40)
St 4

(4

¥ 3;)3((29;\/) (}(&VU) (6.41)

r Ay
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If the r.h.s. of Eq. 6.38 is to be negligible relative to the Lh.s. then

3 L '
1 VRV SE . i)
_ KoV ¥ < &Y L= A : (6.42)
;\‘/\ — or 1 C j— <<
- Pal Aa
-4
This is certainly satisfied if
! R
. i as well as — & | (6.43)
c /A

The effect of the convection term U ,‘3_ can be neglected relative to a/a‘l‘ if
aX

o ~
s G or C
>

A s

<« |
(6.44)

If the scattering by inhomogeneities is due to temperature gradients rather than velocity

turbulence then /‘} in Eq. 3.40 is replaced by /'9 , and Eq. (6.42) reads,

' | P
: i U A !
(”) E,Q 7"2 <<l Tk = i/{é. (6.45)
o

provided A << fj ( /1 3 ) Supposing

A2 d//‘g) (6.46)

then the condition given by Eq. (6.45) can be modified to read

2
3 A A
Tk *(g) A << ‘;T (6.47a)
* |
This is certainly true if ; 2
Ay .Q ZL_
(dk) (C ) A; ok (6.47b)




Thus if turbulent inhomogeneities are present in the ocean one can use the reduced equa-

tion of wave propagation,

3,
a_) ! \
3 ?1 e C—l; 3‘%?-‘* =0 , C= C(_)_(,t;w) b P= ?lé(?f)w)
axL (6.48)

provided the various conditions given by Eqgs. (6.44), (6.45), (6.46) and (6.47) are satis-
fied in appropriate groupings.

It is noted that both C and P are considered functions of position, time, and spec-
tral frequency. If the chromatic assumption is made, @ and t appear in Eq. (6.48) as the
product wf ,and @ and ¢ appear as a ratio 'ﬁ,: w/c:ko H (_).( ) where ,ﬂ. is the
(random) index of refraction. Spectral broadening due to interaction between the acoustic
wave and the scattering inhomogeneity is neglected and Eq. (6.48) reduces to the stochastic

Helmholtz equation,
2 l’?l 2
V'f‘.’ﬁ) + R HQ‘) F(}):o (6.49)

Equations of Propagation Reported by Chernov

The equation of continuity for a medium of densitye which has a spatially (though
not temporally) varying background (or equilibrium) mass density e, is known to first

order in the acoustic Mach number (= v/c) to be

¢,
Yoy - ¢ g g, ©50

From the linear theory of the acoustic potential it is known that the acoustic pressure to

first order in v/c, obeys the equations,

-8, c’ Y‘_V' = %%‘ (6.51)

%% V‘f. (6.52)

M . _Ip
ot Gs
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(6.53)
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Substituting (6.51) into (6.50), then differentiating with respect to t, then using (6.52)

and (6.53), one arrives at

?
Y 2 p
o 3{} -VeH o+ (Y“g%) Vpi=o $550

Now let Ag and AC be small random deviations from £ and Co respectively. Then

Eq. (6.54) can be replaced by the equation

2
oL -szal: :’"—-Aﬁ’ajﬁ

o o -1 v (ae) P, (655)

G i &

This is the (Rayleigh) wave equation reported by Chernov [9] by the method of perturba-
tions. Written in this way the r.h.s. becomes a statement that the local acoustic pressure
‘f>, interacts with inhomogeneities created by changes in sonic speed (= AC ) and equilib-
rium density (= Ae) and thus becomes a source of scattered waves (= f’, on the L.h.s).
This equation is analogous to Eq. (5.8) in that the first term on the r.h.s. represents a
source due to inhomogeneities in compressibility, and the second term a source due to
inhomogeneities in mass density. Differences however do appear. The density term in

Eq. (5.8) has the form

yyé-?f’ *’}évff’ (6.56)

2
By contrast Eq. (6.55) neglects the term ')2\7 P as negligible compared to the first term

in (6.56). In addition the compressibility factor is

K- K QAC

e for Eq. 2.8, e for Eq. (3.55)

K G




' The physical cause of AC and M is taken by Chernov to be fluctuations in temperature.

v Thus he writes

Ac =@_c- )ﬁAT : de = (3_3_ )ﬁ, be (6.57)

in which P° indicates constant pressure. For sonic processes at deep submergence (= high

hydrostatic pressure), these formulas must be modified to read,

a 9.&) ¢\
AC (aT?oAT + ) fo (6.58)

—

AP:(%%—_)b AT + (%%' )r AP° (6.59)

A comprehensive form of Eq. (6.55) may be constructed from (6.58) and (6.59). It is

b - (%),

& -é- 7 (’ae AT+(3f ) o}..\?fn (6.60) 3

AT*(QC Aﬂ} ot*

This equation now describes the scattering of acoustic vg(ixves by fluctuations in background
e \

of equilibrium temperature and pressure.

Rytov’s Equation

If inhomogeneities in density are neglected then one may write Eq. (6.60) in the form
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(‘“‘ B_f_ \71’ "> (6.61)

Col a;l

in which H(x) is the random deviation of the refractive index from its mean value of unity

with '\H{ << 1. In Rytov’s method one seeks a solution of the form

be Ao exp [-iwt + b))

(6.62)
= Kept Iy
Direct substitution of (6.62) into (6.61) leads to an equation in Y , viz,
A 3 2 2 gy
(th) - LYY= k/n.) k=.f, m= C(I+§) (63

Co
It is noted that the source term is inhomogeneous. This nonlinear equation can be linear-

ized by expanding ? in a series of small perturbations,

!
Y= ¢,+W+"" (6.64)

in which \Pa (= k * x) satisfies the wave equation for the homogeneous medium, W is a

small perturbation on ly‘ , etc. Substituting (6.64) into (6.63) and noting that
_L ! ke | /
% Vg = (j.(,“) 3 EIVW |« (6.65"
one obtains the linear equation
<
/ ' 2./
yd (V%-V%)-L V(P :Z/A‘é (6.66)

Assuming the incident ( = unperturbed) wave travels in the x-direction so that S“o = kx,

one obtains the linearized Rytov equation

14
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Other forms of the (nonlinear) Rytov equation are in use. Writing

k

oV ¢4 v : A2
Y= =1 .L(P vV, = A
- : 4 5‘33*31

and assuming that

2
B« vy

one arrives at

! By 10 : a
3&%% (v ' (np) s apk

(6.67)

(6.68)

(6.69)

(6.70)

This is the basic equation of the Rytov method. It has complex coefficients, is non-linear

and has an inhomogeneous source term. In all forms (as given by Eq. (6.63), (6.67) and

(6.70) the Rytov equation is related to the ray equations of geometric optics. To find

this relation we return to Eq. (6.61) and reduce it to the steady state Helmholtz equation

at frequency ‘), v 1€

[7 2-} k:/.)la()-( )] 'F' (5 ) =0, K= g.o) nzz(,HIu)-I

(6.71)

At high frequency wo = ko& =M Co/ a,, , one can construct an asymptotic solu-

o kopx) S +m (%)
f(’f_)"' € mé (l:k.;)m

tion of the form

(6.72)

o
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Upon substitution of (6.72) into (6.71) one finds that

LR L] + the [y v2009] 4]

o (%
1 Z P '—) =0 (6.73)
m=0 Ul. &o )m

Since each coefficient in this expansion must vanish it is seen that the following conditions

hold under which (6.73) is valid,

Term

Condition
]

A: (Y W) =m . (6.74)
£ (TT¢ 43707 )4, -
o (6.75)

o

P
! V + = \ el i
(979 +a7v-9 )t 75, b %)
' T ]
L
(6.76)
Here, Eq. (6.74) is the eiconal equation, and Eqs. (6.75), (6.76) are the transport equations.

The lowest order solution in Eq. (6.72) is the local plane-wave field

"koW(X
P~ o e &) (6.77)

The acoustic intensity in this planewave field (dimensions: (N-m/sec)/m2),
I ¥
é R £ /1: vp ),. &= wnst, (6.78)

W | 2
&, 1’0 Vpix) (6.79)

o
'

"
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The ray trajectories are curves parallel to the local time-averaged flux density vector S ’

From these relations it is seen that Rytov’s equation (in its various forms) is a ‘‘geometric
acoustics” solution of the basic Helmholtz equation.
Parabolic Equation

We rewrite Eq. (6.71) for the case of a random index of refraction {4 in the equiva-

lent form

§V27g0*<},¢>fs+ﬁ{3ﬂ.ﬁﬁ;1‘;,o (6.80)

\
~

in which < ,.A) is the mean value and ,v( is the (normalized) fluctuating component of :M ;
Let the scale of the inhomogeneities be “large” (i.e., let the wavelength be small relative to
each scattering inhomogeneity). Now assume in (6.80) that
kX pgr B
1:(_\'_)_— ?(x) e k= Ry <Iu\) (6.81)

PR
Then, cancelling common terms in k one arrives at,

sir 2P 4 ¥ Plx) o - }i,/','\“ Plx) (5.52)

If the range x is much greater than the scale of inhomogeneity, and if the wavelength is

much smaller than either, then

P e

X (6.83)

¥

QD

2
2
and the full Laplacian is then replaced by the cross-sectional Laplacian ¥ ¢ I a/ag -

3/ .a
+ ) /07" . Then Eq. (6.82) reduces to the parabolic equation of propagation,

“
LI o PN

. ar 2 &) .
Ztlzé.; + v, P= “‘if'“ (6.84)

The meaning of this equation is this: the local sound field interacts with the random in-

homogeneity to constitute a source (= r.h.s.) which causes a slow diffusion (or scattering)
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of the energy in the sound field in the transverse direction as the wave propagates in the

x-direction.

Conclusion of Sects. 4, 5 and 6

The mathematical description of wave motion in the ocean is very complex in the
general case. Specific simplifications have been derived and their limits shown. In all cases
the appropriate equations contain environmental parameters whose description require de-
tailed investigation. A discussion of these parameters is undertaken in the next sections.

7. The Parameters of Ocean Inhomogenities and Their Statistical Measures

The parameters which describe ocean inhomogeneities are random variables. A statis-
tical description of them is required to begin the formulation of a computational algorithm
to allow prediction of the fluctuation and fading of acoustic signals. We present in the
following sections an analysis of two types of ocean inhomogeneities and their associated
statistical description. These types are: (a) surface and volume (velocity) turbulence (b)
random index of refraction (or temperature inhomogeneities). The discussion of these
types requires an understanding of the concept of scales of length and time. This is pre-
sented in the following sections.

8. Scales of Length and Time

We introduce the notion of scale by means of Fourier analysis. Let L (X ,15-) be
a field (vector) variable, which is Fourier-transformable. The Four-dimensional Fourier

transform U(X , @) is (formally) given by the pair,

wix,#) = [[[] g(g,w>c‘[1{"x’(”ﬂdieaw @

(=r)*

U(-K,W)ff[fj g(-)-('{,)e" [:7.('!‘(4){] 6/3( dt (8.2)
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Since wavenumber gxp 2n X' , where X = wavelength, Eq. 8.1 infers that the field at
X ,t can be expanded (i.e., decomposed) into spatial component of different wavelengths,
and temporal components of different frequencies. At a fixed frequency (), the quantity
g ( 7__(, ,a.\) J & is the spatial component (in density form) and at fixed wavenumber
__& , the ;uantity g C&D' Cn))o' @ is the temporal component. Eq. 8.2 implies that at
time +¢= 'to , the field u at x, spread over a volume d3 X, and effectively zero outside
of this volume, corresponds to a wavelength A such that A e 271'{7( ]-’ . The volume of
a3 X at X over which y ( x ,ﬂ ) effectively contributes is the volume scale of the spatial
component of the field corresponding to the wavenumber k (or wavelength A ). The
large scale (spatial) components of u(x,t) originate in the small wave numbers (Eq. 8.1).
As {]_(hs increased the scale of the spatial components of u decrcase. Thus Fourier analysis
decomposes the spatial aspect of the field into components of different physical size. The
relative magnitude of each component is given by U( X w ).
We consider next that the field u is a random function of position and time. At a

specified time the mean value of the product of u(xy ,tg) and u(xg, tg) )i.e., the auto-
covariance) is used to define the (spatial) autocorrelation function, - (XpX5), written as a

non-dimensional quantity, viz.

<L '
LU (% 4) U (Xata)) = wu®|  elx,x) i

X=Xy

For a homogeneous field,

& (X, %) = &(1%-%1) = o(r) 8.4)
Upon integrating the autocorrelation of a homogeneous field over all r one obtains the
quantity J(dimensions: length)

N

T- S:aeu.) dr (8.5)
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Assuming this quantity exists (which requires Q (r) » 0 as r »o©), it can be used to

define the integral scale of the random process u(x,t). Similarly, the curvature of the func-
i T A 5 K

tion @ (r) at the origin, viz., the quantity d Q(n)/dn* , can be used to define the

microscale (A ) of the random process, namely,

Az (8.6)

In many physical processes, _A is very small, leading to the appearance of a near cusp at
the origin of € (r).
Eq. 8.3 can also be used to define other scales. For example, the value of the dis-

tance r at which the autocorrelation is effectively negligible, is the autocorrelation scale

of the random process u(x,t). This scale (L) might be the distance where @ (L) is 1/e of
its value at (4 (0), or 5% of € (0), etc. Higher order (say > 2) moments of the random
function u(x,t) also can serve to define scales.

The concept of scale has a more specific meaning in the theory of turbulence. Wé

first consider the spectral kinetic energy density E(X ) per unit volume in wave number

space, i.e., the energy in the shell between P_(,l = and [5/2) =b
2 2
flat)={ E@)dx e
O

For simplicity the random velocity field is taken to be spatially homogeneous and isotropic.

The total kinetic energy T of this velocity field then may be written

(8.8)

On the hypothesis that dissipation of this kinetic energy occurs in the range of the smallest
scales (i.e., the largest wavenumbers), a convenient description of this rate of dissipation

(written as € ) becomes,

50




T

2
:C)d& -t by 2

- -
v | e

(8.9)
(provided E(.l() is such that the integral exists), in which 2/ is the kinematic viscosity

—_—

Oo
g av y x'E
o

(dimensions: m2/sec). In the dissipation range the field is thus characterized by £ and

-

V. By dimensional analysis one constructs a length {o , and a velocity ¥p , such that

—
/

: /43
[o z .f/-é.l- : V= eV (8.10)

~

The length lo is the inner (viz., smaller) scale of turbulence, and the velocity }, is the

characteristic velocity of the dissipation range.

The energy of turbulence is generated in the energy range of wave numbers from
sources such as winds, thermal gradients, Coriolis’ effects, etc. Since the velocity field is
random one chooses the mean value of flow generated by these sources, and defines from
it a characteristic length Lq i.e. a length (in the energy range) over which the mean flow
changes “appreciably.” This length of the largest velocity disturbances is the outer scale of
turbulence. Between the energy range (or cascade range) and the dissipation range there is
a range of wave numbers (= the inertial range) over which (by the hypothesis of Taylor)
the kinetic energy is transferred from smaller to larger wave numbers without loss (= loss-
less fragmentation of eddies). The mean velocity of flow diminishes, and with it the
Reynolds number (= V..., L/4 ) diminishes for each increase in wave number (and there-
fore each decrease in scale L) in the inertial range. For isotropic turbulence the inertial
range and the dissipation range are (by hypothesis) statistically stationary. These two
ranges constitute the equilibrium range of wave numbers and hence the equilibrium range
of scales.

Orders of Magnitude in Turbulent Flow

The local instantaneous velocity u in turbulent flow is a sum of the local flow velocity
’
U and the local sound particle ve]ocity! d . (Here the mean velocity of flow U is assumed

zero.) We let U be a reference rms turbulent velocity fluctuation. The integral scale Lu.
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of turbulence (see Eq. 8.5) is rewritten here for component velocity U e as,

~ o0

{
\
4

d ‘_)_(,"gzi 4 U: (’f,) U[I()_(z)>,meter

Lu.

Q
(8.11)

(no sum on component UL' ), in which the correlation function is normalized to unity and
is non-dimensional. From Eq. 8.6 one can define a (G. I. Taylor) microscale for velocity
fluctuations (= _/1} ), and for temperature fluctuations (= _/] 8 )in terms of the turbulent
velocity correlation functions. The squared ratio between them can be shown to be the

Prandtl number Pr’

L :43_ (8.12)
r

For water P, 2« 7 while for gases Pr is of the order of unity. Now in scaling turbulent
phenomena it is useful to order the magnitudes of length by _A} and A 9 and time by
use of the scale Lu_ . When sound is present one uses the sound speed c¢ and the sound
wavelength A to order magnitudes. When the various scales are assembled the problem
arises as to what criterion must one use to scale spatial and temporal changes. A conve-
nient criterion is to refer to the Kolmogorov inertial subrange (namely the range in which
kinetic energy is transferred from larger eddies to smaller eddies by the cascade process)
and to note first that the most rapid time change of U ' is at the upper bound of the
sub-range where the wave number is approximately l/Lu. Thus the ratio U/L,, (with di-
mensions of time) serves to scale time, by which is meant that the smallest significant
time interval describing the turbulent process is of the order of U/Ly,. Choosing larger
wave numbers (i.e., choosing smaller characteristic lengths) makes the time scale larger,
with the result that only increasingly slower phenomena come under scrutiny. The scaling
of length may similarly be referred to the inertial subrange where it is noted that the time
associated with the cascade process at the microscale /\} of turbulent flow is U7A3
Hence the distance in the turbulent field over which a significant step in cascade process
occurs is (at the minimum) of the order of _A . Choosing distance smaller than the

d
microscale A g does not allow valid statistical deductions to be made of the turbulent
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field. When sound waves are present a convenient time interval for time scaling is the
ratio of the sound wave-length to sound speed (= 7"/c ). With these considerations in |

mind one may assume these orders of magnitude [7].

Time Scales
_._? % L;' _:L | (for turbulent fluid and thermal fluctuations)
k \ LJ_ 7
(8.13) .
|
e B
> - \ o= (for sound waves) (8.14) 5
Space Scales
), & /
3 -Q- - 7/ Se—
3x: . ‘/3(' (for turbulent fluid) (8.15)
.
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