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MATHEMATICAL THEORY OF THE FLUCTUATION OF
ACOUSTIC SIGNALS IN THE OCEAN

(PART I)

- 

- Introduction and Statement of the Problem

The propagation of sound fields in inhomogeneous media bounded by impedance

boundaries can be represented as propagation in a homogeneous unbounded medium ener-

gized by true sources (when present) distributed throughout the medium , and by fictitious

sources arising from scattering from volume distributed irihomogeneities , and from imped-

ance boundaries. In this approach the medium discontinuities (volume distributed or sur-

face distributed) are replaced by sources receiving energy from the sound field itself (hence

fictitious) rather than energy from an external agency .

The interaction of sound fields with discontinuities in the medium can be regarded as

a differential-integral operation between sound and matter. Discontinuities in the medium

arise f ro m changes in compressibility, density, momentu m (and other causes). Thus we

represent the propagation of sound in inhomogeneous med ia by the (verbal) equation ,

D’Alembertian of the sot.~nd pressure = true (i.e. external energy ) volume sources

(monopole , dipole , quadrupole , etc) ÷ fictitious volume sources (due to changes

in compressibility, density, momentum , etc) + fictitious boundary sources.

Fictitious sources can be mathematically modeled by choosing the interaction of sound and

discontinuity as the input-output of a filter , taken in the first approximation to be linear.

Both deterministic and stochastic filter representations are needed in the general case. Non-

linear filter representations are needed in special cases.

In particular cases where the scattering of sound rather than its propagation is under

study one considers only fictitious sources. The symbolic equation for scattering is then

given by

D~~~~
(x ,t )  v u v ( X ,-t O )~~~~~~~~~~~~~~~~

o
~~~~ o )

-i-..L (
~~-~ t x~L) q~ 

(
~~, -

~
)

in which~ .- ~~ ,
~ ~ 

are lin ear stochastic operators (analogous to input.out operations in

filters), is the total sound field and is the scattered sound field.

Note : Manuscript submitted March 18, 1977
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In the following series of reports the nature the operators ~~ ~ is explored in

detail. By the use of explicit forms for ~~ ,‘U~ one arrives at an integral-differential

• stochastic equation in the unknown stochastic scattered field . The calcula-

tion of the statistical moments of is the key goal of this study and will be

studied in later reports of this same series. In all cases illustrations of method and of re-

sUlts will be taken from the existing literature with emphasis on latest (1976) data and

results.

We commence this study with a statement of the experimental basis of fluctuations

in the ocean.

1. Experimental Basis of the Theory of Ocean_Fluctuations

The partial coherence and fading of underwater acoustic signals resulting from long

range transmission have been investigated experimentally in connection with their effect

on the performance of underwater receiver arrays. A typical measurements plan to obtain

data at sea is discussed below.

Measurements Plan

A CW source of appropriate frequency and fixed amplitude is first selected. The

stability of the frequency must be controlled to within very stringent limits in order to

assure high source phase accuracy. A precise knowledge of frequency is afforded by a

counting circuit which itself is driven by a stable oscillator. A second oscillator circuit is

used to provide a reference signal to be used in processing the received signal at some dis-

tant point.

The transmission path is next selected to conform to the range under investigation.

Often both source and receiver arrays are placed in the sound channel.

The receiver consists of an array of hydrophones in which the spatial disposition and

interelement spacing constitutes the key geometric parameters. The received signal in each

hydrophone is (individually) demodulated . A conventional but very useful demodulator

consists of these items: (1) a band pass filter to improve the signal to noise ratio , with a

wide enough bandwidth to admit fluctuations in the frequency of the signal, but still very
narrow compared to the CW signal , (2) a dual phase shifting network and demodulator to
extract quadrature components of the signal, (3) a low pass filter to exclude high frequency
modulator noise, (4) a sampling switch to sample the random demodulated signal . The
sampling rate must be carefully adjusted to satisfy the Nyquest criterion , and avoid aliasing.

2
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In summary the measurements plan provides the following data at each hydrophone

station: (1) a random received signal in analog form, (2) a demodulated signal in analog

form, (3) quadrature components of the received signal in analog form (4) quadrature

components in digitized form -
Data Analysis

The signal at the l’th hydrophone requires an appropriate model. A convenient

choice is the sinusoidal constructive model. This model is based on the generic form of

the emitted signal ,

/ ~Z - ~)- - ‘.-~ 
e. (1.1)

t.~~1

~ ~
) 

~~~~~~~ L 
- 

~~~

The changes in the signal induced by the transit through the medium from sourL~ to re-

ceiver are modeled in the following (possible) ways:

a. Echo signal with constant lag and constant change in time scale. In this model

time ~ in the received signal is delayed by range transit time Z~ , and doppler shift ~~i ,
where 79 (

~ 4X/ ~ ) ~.es 0, ‘tY is speed of target, C is the speed of the signal , and

0 is the angle between target motion and receiver-target line of sight. Thus the received

signal Z3 is

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (~-?~)~

(1.2)

The symbol 0. is a constant scale factor.

b. Echo signal with fluctuating amplitude. In this model the only effect of the me-

dium is to randomize the amplitude of the emitted signal .

z5 A5 Zc (i ) (1.3a)

in which is a random process. Note that t is “receiver time. ”

c. Echo signal with a random additive component. In this model the received signal

has the same form as the source signal to which is added a random stationary process with

3 



r -.~~—-—— ‘-~‘c ~‘7~’ —~ ‘—~~~=‘ —s —_ - - - 
~~~~~~~~~~~~~~ 

— —

mean value zero :

2~ ~~ X C +~ ~ 
0 (1.3b)

Here is local receiver time.

d. Echo signal with random amplitude modulation. The effect of the mec~ium is

modeled here as a random amplitude modulation , viz .

~~

‘
. 

~~
) ~ 

(1.3c)

in which ,1fl~ is the effective coefficient of modulation , and X(4) is a stationary random

process with mean value zero and variance of unity .

e. Echo signal with random phase modulation. The form of this model is given by,

~~~~ Z~(+)~~ ~-~~~
) (1.3d)

in which ~~ ( ( )  is a random phase increment with zero mean.

f. Echo signal with random frequency modulation. The mathematical form of this

model is the same as that of random phase modulation , excepting that the random phase

is due to time fluctuating causes:

~~~~~
(1.3e)

in which are random fluctuations in the relative movement of the reflecting object.

g. Echo signal is a sum of elementary signals. In this model the emitted signal

z (~) Z~ (*) ~ ~ c~ t) appears at the receiver as a superposition of

elementary signals of the same form but each modified by a random amplitude (.1k, a ran-

dom mc*ement of arrival , and a random doppler shift of frequency . Thus,

Z3 (~~~~i~~~~ L~~ Z~ (+-~ k)  ;x [ ~~~ o±k-~ ~~(t- ~ )J
( 1.3f)

4 
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When the model for the signal at the l’th hydrophone is selected it is then necessary

to choose an appropriate statistical description of the data based on this model. In most

• cases the physical event of importance is the wavefront coherence of the signal field , and
the signal fading as a function of time. Statistical descriptions of random fields are re-

viewed in Sects. 9, 10. Statistical analysis can be made on the total received signal and!
or on its quadrature components and/or on its phase and ampli tude separately.

Statistical averaging may be based on ensemble averaging of many realizations of a

random process at specific points in time and space, or upon a single realization in time

between several points in space. The single realization procedure is customar ily adopted

in conventional processing. A key problem associated with it is the need to choose the
length of “averaging time ” so as to include the fluctuations under study, yet insure sta-

tionarity of the data when a stationary model is in question. If non-stationary models are

under investigation the averaging time can be extended beyond that of stationary models.

Experiments of Parkins and Fox (IEEE AV-19, 158 (1971)

The range selected was 700 mi between Eleuthera and Bermuda. Both sources and —

• receiver were located in the deep sound channel between these stations. The source fre-

quency was 366.56 Hz and the emitted signal was a sinusoid of constant amplitude and
phase . The receiver consisted of several sets of hydrophones distributed over an aperture

of 2000 ft. The received signals were band limited to 2 Hz centered at the carrier fre-

quency and sampled at the rate of 9.75 samples/sec. over several 12-h periods from Dec.

1967 to April 1968.

The model selected for the received signal t4),~ (-&) at the t’th hydrophone was a - 
-

combination of random amplitude and random phase (choices (b) and (e) above), viz .

~~~~~~~ A~~~) 
~~~~ 

~ (1.4)

The key statistical description in the digital data analysis was the mutual coherence func-

tion r computed on the basis of one time realization simultaneously recorded at two by-
drophone locations (one at) and the second at ). By definition ,

5 
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~~~ (1.5)

X ~~~~~~ ~i ( x - ) —  ~~~~~~~~~

The averaging time T was selected to be 105 .~ for stationary model analysis and 840 S

for nonstationary model analysis. The calculation of was expedited by use of FFT

techniques.

Two auxiliary functions were then obtained from a knowledge of . These were

(a) the degree of mutual coherence 8 (~~, ~ , 
~
‘) given by

f1 (x5 ~g I (x1~ 4; ~
)

-

~

1

~ 

—

(1.6)
in which the level and phase ~ 

separately play important roles and (b) the array

gain G~ given by

r (Xi ,~~~ ; o )

— 
_ - .- - - -  - -  (1.7)

~~

- i!~E:.. r(~L , X . i ;  .:i )

Both “steered” and “unsteered” arrays were examined.

A second group of statistical analyses was made on the quadrature components of

received signals, and on their amplitudes and phases. These analyses included (a) sample

probability density functions (b) sample means, (c) sample variances (d) power spectral

densities.

The conclusions drawn by Parkins and Fox from their analyses of the data were as

follows:

6
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(1) A plot of level of coherence ~ y 
~ 

versus time for individual

• hydrophones was oscillatory in the range 0 < ( 3~~~~ , Thus the field at one hydro-

phone became incoherent at 5 sec of lag , then recovered partial coherence (at a much

lower fraction) at 10 sec. of lag then became incoherent again at 20 sec of lag, etc.

The phase of coherence e ( - ~ ~~ 
; i)  versus lag time ~ was also oscillatory

between ‘-.~~~~. 4 radian plus and 0.1 radian minus. A “p c-nod” of phase oscillation was

about 12 sec.

(2) Two hydrophone spaced 900 ft. apart showed a level of coherence (=

of appro ximately 0.25 , an d oscillated within small excursions of abo u t 0.05 u ni ts around

this value over a lag range of 0 to 30 sec. Similarly the p hase of cohere nce oscillated

about the value of 0.5 radian with an excursion of 0.10 radian.

(3) A plot of the level of coherence between two hydrophones at zero time lag

for separation distance (i n feet ) showed a “best-fit” linear drop from a value of unity at

zero separation to about 0.1 at 1000 ft. separation , followed by a slow rise to about 0 2

at 2000 ft. The longest averaging times (=840 sec) were used in these estimates. With

shorter averaging time (=105 sec) the level of coherence was much higher at 1000 ft (esti-

mated at ( 6 o.4 ). This indicates that less scattering occurs in the shorter averaging

time , and point s to the validi ty of the assum ption of a frozen ocean if T is small eno ugh

(say less than 2 mm .).

(4) The phase E~ 
( ~ >:~ ~

) of the degree of coherence was measured rel-

at ive to that of a plane wave an d the results plotted versus separa tion distance between

hydrophone locations over a 2000 ft. aperture . The plot shows erratic scatter of phase 1w-

tween Tt /2 and — , indicating distortion of the wave front from the condition of

planarity . Although the wavefront is “corrugated ,” it does not , on the average , devia te

from that of a plane wave.

(5) The maximum array gain for seven equally spaced hydrophones on a 150-ft

base line is theoretically 16.9 dB. The measured gain was 13 dB with the use of 840-s

averaging time , and 12.3 dB for 105-s averaging time. When the base lin e was increased to

920-ft the measured gain for 840-sec averaging time was 9.8 clB , no t much higher than that

for the noise field itself , which was 8.5 dB. The shorter averaging time of 105-s caused the

array gain to increase to 12 (lB.

7
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(6) The acoustic noise field measured at the hydrophones were shown to a high

degree to have Gaussian shaped probability density for quadrature components, Rayleigh

shaped probability density for amplitude, and uniform distribution for phase. The signal

field quadrature components were Gaussian in the majority of cases calculated. The prob-

ability distribution for sign al amplitudes was, for most cases calculated , not Rayleigh, while a few

were. The probability distribution for echo signal phase was non-uniform in some cases,

and uniform in others.

(7) With plane-wave steering there appeared a severe degradation in the signal

gain of the array, due to distortions of planarity , and reduced levels of coherence over the

array .

(8) The power spectral density of one quadrature component was plotted versus

frequency over a spread of 0 to 4 Hz. At 0 Hz the contribution for the carrier wave-was (at

366.56 Hz) the maximum of the entire curve. With a slight increase in frequency (less than

0.01 Hz) the spectral density dropped radically (up to 20 dB in some cases). At 0.08 Hz

(signal at 366.64 Hz) the spectrum rose again to a sharp peak , with a width of abou t

0.10 Hz. This rise is characteristic of the test situation and indicates interaction of the

sound wave with the rough , moving surface. The spectrum then drops linearly about 30

* dB in a span of 1 Hz. Beyond this the spectrum remains level at a value of about —35 dB

in the frequency range from 1.0 to 3.0 Hz , indicatin g the presence of ambient sea noise .

2. Experimental Measurements of Acoustic Signals in the Ocean

Qualitative Remarks on the Distinction Between Pulse and
CW Transmission

Stanford (JASA 55 968 (1974)) placed a projector at Eleuthera 527 m deep, and

beamed a 367 Hz signal at 216 dB/~Pa at 1 meter to Bermuda where two point receivers

were located at depths 1683 m and 1723 m respectively. Records were made of lh

pulsed signals , 87 msec long, at 10 sec. repetition rate , then 72 h of CW, then 1 hr again

of 87 msec. pulses.

A typical received pulsed signal showed high amplitude spikes at 10 sec intervals,

most likely arriving at the receiver via a surface reflection , each followed by a train of

lower level fluctuating arrivals representing signals from many totally refracted paths. It

is observed : A record of received CW signals depends on receiver depth and time. Over

several minutes the reception may he stable at one receiver depth , and exhibi t large and

8
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rapid amplitude fluctuations at a second receiver depth. In the next several minutes the

roles of the two receivers may be reversed. The projector emits CW energy into many ray
4 ,

paths. If path arrivals at a given time are few in number a chance destructive interference

- 

- 

can cause momentary extinction. If a large number of pa th arrivals exists at a given time

the signalfiuctuates , and the probability of total extinction is small.

The environmental conditions most directly affecting signal propagation are sea-surface

roughness (and motion), and the presence of internal waves along the path .

Amplitude Fluctuation Records (Stanford b c .  cita)

The received amplitude data was sorted out into a number of sequential cells of varying

magnitude but equal width . From these cells amplitude histograms were constructed of

3 h data . A statistical analysis of the histograms then gave mean level , standard deviation ,

maximum level and coefficient of variation (~‘ standard deviation/mean). A typical statis-

tical statement on amplitude is this :

Receiver Depth Month Mean Level Max. Level Coeff. of Variation (
~

.)

1683 m March 91.8 dB/gPa 100.9 52.7

1723 m March 91.2 99.7 53.0

Other values are found in Stanford (b c. cit). The ambient noise level was always at least

10 dB less than the average received signal. An average S/N ratio of 20-25 dB was achieved.

From the histograms a probability distribution (of amplitude) was constructed. Compari-

son of the probability density functions by the chi-square goodness test showed that the

experimental density function for amplitude distribution were most like modified Gaussian

and chi-square functions. One concludes that a sample probability density function for

amplitude fluctuations is almost Gaussian.

A set of autocorrelation record s of total amplitude fluctuations over a 66 hr. period

showed a correlation time (i.e., time required for the normalized autocorrelation to reach

a value of 0.1) of 4.8 to 7 3  minutes independent of season.

A Fourier transform of these autocorrelation functions (smoothed by use of Hann irtg

shading) shows three identifiable frequency regions in the resultant power spectrum of

amplitude fluctuations. In the frequency range 0.2 to 3 cycles/hour the spectrum level is

almost constant. This is the result of interacting internal waves which produce of field of

turbulence in the path of the ray s, thereby causing amplitude fluctuations in the propa-

gating wave . In the second region (5 to 20 cycles/br ) the spectrum level of amplitude

9 
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fluctuations decreased at a rate approximately ( 1/f)3 to (1/ f)4 - This spectrum is closely

associated with the spectrum of temperature fluctuations over 3 to 30 cycles/hour which

also varies at (1/f)~ . The physical causes of these temperature fluctuations is assumed to

be internal waves in the immediate vicinity of the main thermocline which modulate

temperature and acoustic fluctuations at frequencies less than the Brunt-Vaisala frequency.

In the region 20 to 120 cycles/hr the power spectrum of amplitude fluctuations decreases

as (1/f). It is assumed to be caused by surface wave roughness, subject to seasonal changes

and random winds. Seasonal changes of 9 dB in spectrum level have occurred between

March and July .

Phase Fluctuation Records

Phase records are made by comparing the received signal with a reference signal at a

controlled frequency. In these (Stanford) tests the reference was a rubidium-vapor fre-

qu ency standard . Since the phase records were too short to account for the lowest fre-

quencies (0.2 cycle/hr or less) these frequencies were filtered out. A set of 66 hour phase

records w~.g then subject to an autocorrelation analysis from which correlation times of

35-46 m m .  were calculated. A power spectrum density curve for phase, constructed from

this autocorrelation , showed a 6 dB per octave negative slope between 0.5 and 100 cycles /

hour , subject at the upper frequency end to season and wind.

Project MIMI

Dyson , Munk and Zetler (JASA 59, 1121 (1976)) have presented a theory of multi-

path interference to account for the observed rate-of-phase and intensity spectra of proj -

ect MIMI. A brief review of their model is given in Section 11.2 of this report. The oh-

served data had the following character: a CW signal at 406 Hz was emitted from a deep

water source at Eleuthera and propagated through the deep round channel to a hydro-

phone receiver at Midstation , 550 km away, and then continued on its way to a second

receiver at Bermuda, 1250 km away . The record length of the received signal at Mid-

station was 8255 five-minute segments (approximately 29 days); at Bermuda it was 7366

five-minute segments (approximately 25.8 days). The received acoustic data was plotted

as a time-record of intensity I indecibels and phase ~~ in cycles at the rate of 12 readings

per hour , each reading being the average of a five minute record . From these ‘I and

plots the Cartesian components X(t), Y(t) of the acoustic pressure amplitude R(t) were

i 
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obtained by setting X(t) = 101(t)/20 cos 27~~~ (t), Y(t) = 10I(t)/20 sin 2 1E,~~~4 with

1 20 bog~~R. Since all acoustic quantities were random it was convenient to write each

as a sum of a mean value andafluc tuat ing value: X = < X >  + S  x , y <y > + ~~~
I = (I)  + , ~ = <~~> ~~~~~~~~~~~~~ , with R 2 = X 2 + Y2 . Examination shows that

the time records of the cartesian components X , Y exhibit multipath fading. A fade F is

expressible in decibels by choosing a fraction E less than unity and calculating F = 20 
~

Thus a 20 dB fade means a fraction of ~ 1/10 is chosen relative to the intensity reference

lo = 10 log <~ .2)’ . In order to study fade-out statistics it proved useful to censor the

time records of I vs t by choosing 10 dB , 20 dB , and o~ dB intensity floors below the

reference intensity Jo , and replacing any value of I ( t )  less than lo - F by the value of

Jo — F itself. Thus the intensity and phase statistics were calculated for three types of time

record of I (t) and ~ (t) ,  na mely (1) the uncensored record (2) fade-outs greater than

20 dB relative to lo , replaced by the 20 dB level ~~ fade-o uts greater than 10 dB , replaced

by the 10 dB level. The intensity and phase statistics of the data records , censored in the

manner described above (i.e. three headings), are reproduced below f rom the paper of Dyson

et al .

~1idstation Bermu da

Range from Eleuthera (km ) 550 (nominal) 1250

Record length 8255 term s = 29.0 days 7366 term s = 25.8 days

~~~ ) ( ( ~~~~ )2> (cyc les2 ) 548, 0.029 110, 0.060

F (dB) ~~f 20 10 20 10

Number of terms replaced 0 114 1076 0 79 746

‘x2i ( X 10 13) 8.73 8.73 879 0.668 0.667 0.671
<y 2 >  ~~~-13~ 8.70 8.70 8.76 0.655 0.655 0.659

-
~~ 10 13) 6.08 6.08 6.14 0.797 0.797 0.806

~ (& Y) 2 >  ( X 10~~~ ) 5.92 5.92 5.98 0.790 0.791 0.799

<R2> (/ 10 13) 17.43 17.43 17.55 1.323 1.322 1.330

10 (dB) 142.41 ... ... 131.22 ...

< I >  (dB) 139.22 139.27 139.82 128.61 128.65 129.06
~~I2> _ < I > 2  (dB 2 ) 38.79 35.87 23.37 31.84 30.18 22.52
~ (

~fl~ (dB2) 24.10 21.77 13.09 48.17 45.31 30.34

> (dB cycles) 0.55 0.52 0.38 1.15 1.13 0.92
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The entries are in arbitrary pressure units. To correct to absolute level in dB re 1~~bar each

P pressure amplitude in the table (actually derived from I) expressed in dB is diminished by

169.0 dB for Midstation data and 173.0 dB for Bermuda data.

The physical significance of this data is discussed briefly in connection with the Dyson

multipath model in Section 11.2.
Canonical Models of Sound Speed Profiles

The chief environmental parameter in the theory of the propagation of sound in the

ocean is the sound speed C (~~
‘) . Experience has shown that one can construct a

“typical ” sound speed profile cC?) vs ~ with these characteristics: a minimum value

C1 at some depth 1~ , and increasing by a few percent toward the top and bottom of

the ocean . The fractional gradient C ~ of sound speed is thus a key parameter.

Munk (JASA 55, 221 (1974)) has modeled this gradient in terms of the Brunt-Vaisa.lzi

frequency AI~’i) (see Sect. IV), namely,

~~~~~~~~~~

with

, 
,~ =o .O4 q (

~~~)

14- x ~~~~~ f~m ’ (A vg. )

Here ~ is positive downward (i.e. ~ = 0 is the ocean surface), 4 is a parameter associated

with salinity , Tv. is the “Turner number ” which shows the effect of salinity S and tern-

perature T on the stabili ty of the water column, and is defined experimentally as,

For fresh water ; in the North Pacific intermediate waters Tu = -0.3 and off Bermuda

at shallow depths Tu = 0.8. Thus local measurements are necessary to calculate Tu and hence

calculate the velocity gradient. On the channel axis (where ~) c/at 0 ) one therefore

12
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This also requires a local measurement of 4.. One can however construct a general model

. 

- for \ C ~ 
‘

~ which will be typical enough for many calculations. Munk recommends the

exponential model. written on terms of a stratification scale j  valid beneath the thermocline:

F N~~ )-~ 
•
~~~~~ £

Here No and B are experience factors , chosen by Munk to be No 5.24x10 3 sec~ and

B = 1.3 km. On this basis the depth of the channel axis is modeled to be,

From typically observed values , he takes 1.3 km (on average~l. so that 4. = 1.32.

and 32. Thus

N, ‘
~~~ 

‘ . ~~~~~

With these values one can further construct a “canonical sound speed profi 1e’~. Mun k

suggests the following,

C~ C~ ~~~~~~

€ = 7 4 ‘!O L 4V .)

~ :2 ( ~~ -~~~)/3 . (‘~~~i 3)

C
1 I ,4 -

~ 2.. ~ rn 
~~~~~~~~~~~ ~~~

Now in the presence of an internal wave field with vertical displacements C the fluc-

t uation in veloc i ty profil e at a fixed depth ~ is

13

___ _  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -- - --- - - 



S -__ — — - - ~~• 
__---_—.

~ ~8’r~ 3S~~~~~P
&r_-~~~IT.f. ) ~~~~~~~~ c~P:~~ 4he4)

mhere T, S. P are temperature, salinity and hydrostatic pressure respectively and a ~
are experimental. The effect of pressure (~~P) can be shown to be negligible. Using the

above relations one arrives at the more convenient formula

F ‘~
2
~-t”

According to the Garrett-Munk model (J. Geophys. Res. 80, 291-297(1975)) the rms value

of internal wave thsplacement(~ is,

%t~S) ( N/M~)~ ~~~~~~~~~~~~~~~~~
-. 7~ ~m

in which , No are (extrapolated) surface values. Thus,

.
~~ ~ /tje ~S) (’N/No)

Typical values of rms ~~‘/~ can be obtained from the exponential model of N. Choosing

A = 1, 24.5 Munk and~~achariasen (Stanford Res. Inst. JSS-75-1) arrive at the following

table,

Location Depth (krn) N (see-1) rms ?0 (m) rms

theromcline z = 0 5.2x10 3 7.3 4.9x10 4

sound axis z = 1 1.9x103 12.0 1.1x104

bottom z = 4.5 1.7x10~
4 41.2 2.8x10 6

These numbers are useful in making reasonable models of sound speed profile and

their fluctuations (due to internal waves). 
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Conclusion of Sects. 1 and 2

The experimental results of Parkins and Fox; Stanford , and MIMI constitute only a small

portion of available data of ocean fluctuations. They convey however a good summary of

what is to be expected by experimentalists who examine different oceans at different sea-

sons in the frequency range 300-400 Hz. In subsequent reports of this series (of which this

report is no. 1) a survey will be made of the attempts to match experimentally determined

fluctuations in the real ocean with mathematical models based on the theory of fluctua-

tions. For the present we will continue with a review of basic equations governing the

propagation of waves (gravity, acoustic , internal, tidal , etc.) in the ocean.

3. Mathematical Modeling of Ocean Fluctuations and Acoustic Propagation

The partial coherence and fading characteristics of acoustic signals in the ocean require

a mathematical model which will organize the experimental data into a usefu l computa-

tional algorithm to allow prediction of propagation and scattering in the ocean. This mod-

eling is difficult because of several factors: (a) the number of parameters appearing in the

equations is large (b) the inhomogeneities of the ocean (including surface and bottom) are

statistically distributed (c) the statistics are not stationary or homogeneous in the general

case (d) the mathematical formulations appear as integral-differential equations whose

solutions are (in most cases of interest ) not available (e) approximate solutions are all of

limited accuracy with regard to distance of propagation into the medium and duration of

signal (f) multiple scattering complicates all computational procedures to the point where

it is not feasible to make calculations because of cost (g) the data on ocean parameters

is known accurately only over limited geographic areas and at selected seasons.

In view of the magnitude of the problem of mathematical modeling of ocean fluctu-

ations it seems appro priate to review the basic formulations of a mathematical model of

ocean hydrodynamic processes to the extent required to model acoustic propagation , and

then to proceed to state in detail the mathematical models currently in use to explain

fluctuations.

15 
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4. Mathematical Models of Sources of Ocean Inhomogeneities I:

(Ref. [1) W. Krauss “Dynamics of the Homogeneous and the Quasihomogeneous
Ocean” 1973)

The field functions which describe the hydrodynamics of the ocean are seven in num-

ber, viz, three components of velocity V ~ ( ‘t.L1 i~’~ ,.v”) , the pressure , density ~~~ ,
salinity and temperature T.  There are then seven governing equations.

(1) Conservation of Mass: 7~’ ~~V 0 (4.1)

(2) Diffusion of Salinity: 
‘

~~~ ~~ I~+ + V .  
~~ .~ ~~~ 

(4.2)

(3-5) Equation of motion:

~~~~~~ 
(4.3)

= angular velocity vector of the earth ; gravitational potential

= tidal potential; = shear viscosity

(6) Equation of State: 
~~ 

~~~~~, (4.4)

(7) Conservation of Energy (3 Formulations):

(~ ) 5’ ~€ )~dV ~ 
- (~~~~~) v. c Ia + J v i f ~~V

~ ~~~~~~~~~~ 
_
~~~~ .dq (4.5)
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( E  is internal energy per unit volume; a body force; ~~ is the surface stress

tensor ; 3 is the heat flux vector).

(b) or , First Law of Thermodynamics:

J. ( vv~’ 
(4.6)

- -
= 

-

-

is the friction tensor).

(c) or Equation of Heat Conduction: ~~ V
2
T ( 4 . 7 )

In mixing processes of the real ocean the molecular transport terms of these seven

equations are negligible , i.e., V.V~’ , ~‘~S
’, V. ‘VY , and 

,,, ~~~
•.? T can be ne-

glected.

Several models of the ocean based on reduced versions of the basic equations are in

current use. These are:

A. The Incompressible, homogeneous and barotropic ocean.

Incompressible : / ~.f3)~ T 
0 (4.8)

homogeneous: ~~~~~ - ~~ , . c~nit’. , 7’~ 7~~~ coj is’t. 3 5~~~ CO,~S’1. ( 4.9)
barotropic: equi-scalar surfaces (say , of density) coincide with isobaric surfaces .

The equations of this model are ,

V. VV -~~~~~X V  = _ -
~~~~~~ V~~~- V ~~ + 2 J V V  (4.10)— - — — —

,

Any liquid element in this model placed anywhere is in equilibrium.

B Incompressible inhomogeneous ocean without mixing.

Inhomogeneous: ~ 7’ £1 are functions of location.

The equation of this model are,

÷!•~~ + Z  (-1 11)

17
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V U ~~~ (4.12)

(4 .13)

A liquid element in this model when removed from one location to another is sub-

ject to a restoring force, i.e., such an ocean can sustain ocillations in the form of internal

waves.

C. Boundary Conditions.

(1) A surface of discontinuity F (~ , ~ moving through a volume with
psi ,.~

.

velocity C divides / into 
~~ 

, having surfaces C’~. j  respectively. For a

scalar fluid variable 4’, the conservation law across requires that

( _
~

_
,
~~~ 

~~~~~~ 
- 

~~~~~~~~~~~~~~~~~~~~~ (4 .14)

in which V4. y,. are the fluid velocities at surfaces d~ , C~. , and 3. Q~. are source

densities of ¼~
)

(2) When ~ represents mass per unit mass, then (/~.-5 I. In this case for oceanic

boundaries, the normal components of 
~~~~ 

yr and (‘ are identical. This is the kine-

matic boundary condition. For such a condition , the basic equation at the boundary is

( 
~~~~~~~~~~~~~ ~~~~~~ 

3 (4.15)

Also, the total rate of change of surface F is

÷ v. vF ~ o ; °“ (±‘r - j%) .yP~~ o

If the surface of the sea then F(x ,~ ) = ~ C (~ ~,t) =o
Then the ~- component of velocity (=W) is ~ — ‘(~q.~ )  ~~,

— (
~

° 
~ Z ?~°), mean horizontal surface— velocity

(4.16)

i.e. the vel ocity has both local and convective components.
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(3) When ~ represents momentum transport per unit mass then the dynamic

boundary condition ( Cf  .l# — ~ reduces to

or 

.Q
~~ t~~ r (4.17)

e~ (4 .18)

in which t is the stress tensor , the components of 41 ) are ~~~~~
‘
, and CO~ O~~ are

the direction cosines given by, 

- — (4.19)

D. Hydrodynamic Perturbation Models

The basic hydrodynamic equations in a scalar are solvable in specific cases, the

exact solutions being . Whenever not exactly solvable , the basic equations are
.~approximately solved by adding perturbations ~ to a known exact solution, the

parameter ~ being a measure of the strength of the perturbation. As example , let Kbe

the vector force externally applied to a volume element and let Z, be a reduced angular

velocity vector of the earth with components ( O~ 0)  “2  Li ~~~~~ 4, ) ,  where is the —

latitude angle. For this case the Coriolis force is given by — Ca..) X . Then the basic

hydrodynamic equations are simplified to the set

4~ dV 4~~~~X~ i V  Vp #~~~~~~7 1-/ 4  ~7 Y ~~ k’ (4.20)
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dq/ ~. + ~ ~ 0 (4.21)

— C~C1~’ 
~ 

= coeffic. of thermal expansion (4.22)

specific heat at const. pres.

Now assume,

(~
) 0)

~~~ ~: ~c~) 
(4.23)

SI,

Q :- +

The first order equations are then

~~ ~~~~ 
,~g ~~~~~~~ ~~~~~~ ~~~~~~~~ K ”~ 

(4.24)

~~ 
(0) ÷ (1) 0 (4.25)

- & -~~‘~~ -F w~’) [ ~~
°t ~2d~~]

~ (o~ mt\ (4.26)

For an incompressible medium , with no diffusion or heat input these simplify again to the

form
20
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~ \~‘f~÷ (4.27)

~~~~~/
‘
~

-
~ ~,l (4.28)

~~~~~~~~~~~~ ~~
)(~) (4 .29)

The vector velocity ~i Cu , ~i.’ ,~r) . it is desired to find an equation in the vertical

velocity component ’W . This is accomplished by the following steps: (1) the horizontal

divergence ( (~
,
~~)t4 ~~ ~ ) of Eq. (4.27) is taken. Noting that

V
~L. q

’I). V v~ !~ o ~ ~~ v) ~‘ 
one arrives at

40 ~ .~~‘ (Yxy ”) ~~‘0~) ,7~ 
~L~� ~ ~~ 0 (4.30a)

(2) Since, C ,)

(a) =‘ _~~~~
0)

~~~_  (4.30b)

(b) 
~~~ (v ~ ~ V 

)
(O) ~~~~ o) j ~~ - c~

) 
~ 7/ (4.3Oc~

the next step is to differentiate Eq. (4.30a) with respect to time, then substitute (4.30b)

and (4.30c), then differentiate the result explicitly with respect to ~ . (3) The result

contains a term /~2~ ~t . This is eliminated by use of the vertical component of

the equation of motion (viz. 
~~~~~~~~~~~~~~ k-

~
’
~ ~~~~~~~ 

o> 3~~
. 

).

The final result is

21

~ 

—- ---——- - - -
~~~ —~~~~~~~~~ -~~~~~- - - -  — — - - - -



—‘ —— 
~~ -—--———- ‘“ -—-

~
‘———--—— - 

~
— - —

~-~ 
_ . 

~
,,-—

c_I )
4 (IJ 

~~~~~~~~~~
Pfl

- ~ - 
~~~~ (4.31)

where -~~

p—’

(4.32)

If - ,  , U~) and K are set to zero , then the first order equation in the vertical veloc-

ity is 
-

~ 1!~~- Z -~ q f” ~ 34r 
~ j’i ~~W (4.33)ix :~t ~~~

1y~

Solutions of the Equations of Motion

In the absence of externally applied forces (i.e. 0 ), one first seeks for t me-

periodic solutions of Eq. (4.31) by setting W~ 1? (x~.~~p (~a l t)  . This leads to the

following homogeneous wave equations for time harmonic waves,

y:-
~
-— [ ( c ~) c ~))] (:~

• 
~ 

1-’ 
~ 

) 
(4 . 3 4 )

The algebraic sign of the quantity 01 (~~~~
‘ W~~i)/(~ P— ~i~) determines the

nature of the solutions to this equation. If c( ) 0 then the differential equation is hyper-

bolic and provides a solution in internal waves.

Of all these harmonic solutions w (~) one next seeks a further subset consisting of

the separated forms ,

~~~~~

— 

c
~~~ )  W~

) F(x , 
~
) (4.35)
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.2
Separation leads to two equations in the separation constant ~~ viz.

~~~ 

~~
— C~

.-
~2LI r~~

) (4.36)

~~~ - 
- -i ~ 2 / (4.37)

The boundary conditions are:

(atmospheric pressure const.: —~~ ~ J,. vv— v 
-
~ 

(4.38)

velocity = 0: W=0 , at z = H = bottom. (4.39)

A mathematically more convenient form for Eq. ( 4.37 ) is

;~t~ ~~~~~~~~~~~~~~~ (4. 40)

(see Eq. 32

The three equations (4.37) or 4.40), (4.38), (4.39), constitute an eigen value problem.

When C~ ‘~(~
) > o there are solutions W (~) for specific separation constants

which satisfy the boundary conditions (see Eq. (4.44) below). In a physical sense the in-

ternal waves are Just those vertical motions of the ocean which result from a vertical dis-

placement of water of different density from the surrounding water and which fit the re-

quirement of constant atmospheric pressure at the ocean surface and zero velocity at the

ocean bottom, and propagate as progressive waves at harmonic frequency ( (2) ).
2

To determine ~ it is noted that the operator V,j acting upon the field F satis-

fies the Helmholtz (differential) equation, V~ F~ — 
F . Substitution of this rela-

tion into Eq. (4.36) gives

~ / C ~ (4.41)

Thus,
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(4.42)

~~~~~~~ — 2~~~~))

The essential requirement for the existence of (transverse) internal waves is ~~ - (i ) 0

—

- >0 (4.43)
•

It is first supposed that the frequency £~) of propagating internal waves is greater than the

Coriolis parameter CQ) . Then the requirement for propagation is U2J c , i.e.
the period T ~ ~ 

of the internal waves must be greater than ~2 TV / J ~j (~ )
which is the shortest scale of time of oscillation , or shortest possible period of internal

wave motion. Let ,~ 
be the minimum Vaisala frequency of the entire water depth

H . The periods of all possible internal waves for the entire channel is 7 > 2 - 

~ M ’ N
If the condition N(-~) )Q exists only in the layer h, ~ then for fixed 

~
there are an infinite number of spatially distributed modes of vertical velocity W -

ff1 I - , 2, ’ . . o~ , inside this layer, which can propagate in the x-direction at phase
velocities Q~~

J , where ~ satisfies the boundary conditions,

(,) 

~
j
~’ 

-r~~~0~ W,,,~- O ~~~0 ) (Z ) Wdm :O ) ‘~~~H
with

I 2 2 (4,44)

~~~~~~~~ /(~~~o - ~~).:aJ)) (&
~~> (~)~ ;))

or (alternatively)

‘2 ‘
~~

+ a,,, ~~~~~~~~
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At frequency (&o the wavelengths of these internal waves are given by X,,~ 2 ‘TL / k~
and the periods are (~~ )~ 

. Outside the layer ~~ .~ Z ~. ~~ ~ the amplitudes

~~ decrease exponentially to their boundary values.

The wave shape in the plane is given by F (~~, ~
) , wh ich is separable in to

~ 
(
~

) ~ 
(
~) with 

~ ci the separation constants in )C and respectively, related

to by ~ - ~ — C L : O  - Assuming and ~~ >(~ ~~ )~~hen a

typical wave shape for b ) , (i.e. d purely imaginary ) is,

~ f’ ~~ (4.45)

2 ‘).

- - If ~ i.e. d. is real then the shape P(Y,ë) of the internal wave is

F(~~ ) 
~~ ~~~~ (4 46)

- .

The magnitude of to be used in these relations is fixed by the mode n um ber ,‘~j  to be2-
~, ~ 

which is calculated from a knowledge of am by use of Eq. (4.44).

In sum: internal waves are waves of an incompressible fluid which propagate as progressive

waves of hydrodynamic velocity whenever the temporal period of such a possible wave

exceeds the product of 27r and the reciprocal of the Brunt-Vaisala frequency N(~):
- 

~~~ For a given temporal frequency of such a wave this condition is satisfied at

certain depths of the ocean . The (velocity) wave shape in the horizontal plane of the ocean

at the appropriate depth can be combinations of: exponential in , sinusoidal inX ; or

sinusoidal in and sinusoidal in~ ; and can have any non-modal horizontal wave number

consistent with the modal wave number in the ~ direction. The vertical component of

velocity wave amplitude at any depth is a modal function of the depth ; that is, for a cal-
culated eigenvalue satisfying the boundary conditions one can assign a vertical modal veloc-
ity amplitude to the horizontal shape function. The phase velocity of the progressive in-
tern al waves of vertical velocity is a function of wavelength, i.e. internal waves exh ibi t

25



frequency dispersion. Since has one or more maxima in the channel depth the

possible progressive internal waves are effectively trapped in certain layers, outside of which

the velocity of wave motion decreases exponentially to the boundary values or adjacent

layers (see Fig 1)• When the temporal frequency of possible internal waves exceeds the

Vaisala frequency the internal waves disappear leaving only surface gravity waves propaga-

ting at the given temporal frequency. Internal waves are measured as waves of temperature,

that is, by use of strings of thermistors.

- — ‘II- ~~~radfsec.)

Fig. 1 Illustrative Vaisala Fi~eq. N(s) versus depth.

At (a) (2), : no internal waves possible

(b) : internal waves present at depth z1
(c) (pJ : internal waves present at depth L2 and

General Mathematical Formulation of the Problem of Scalar Waves in a Random Medium

Let j (Y ) * 
q
5.) 

be one realization of a random sealar field in a random medium,
and let N (~ f ~,) 

be one realization of the refractive coefficient of the random

medium itself . The parameter is a member of a set in which the probability density
P(q~,) is assigned. The statistical momenta of~~ are given by
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~~~~j  (x ) * c ~.)’P(c1,.)dc~ (4.47)

Thus, to solve a problem of waves in random medium one first solves the problem in one

realization of N(x ,*~ ~
.) (thus non-random) of the medium , and then applies a prob-

ability distribution to find the statistical moments of the random wave field .

N(x ,t 

~
) may be written as ~ (~ t) ‘~~ 

(
~ , where ~, is the

propagation constant of the (monochromatic) scalar wave. If ~ , -*) is constant , the

medium is designated as a homogeneous continuous random medium. If ~ 
(
~~, ~ I is

not constant, the medium is an inhomogeneous continuous random medium. If the me-

dium is layered, and each layer has different refractive properties the medium is called a

discontinuous random medium.

We consider the case of an inhomogeneous random medium . As will he shown later

(see Eq. 5.8, and section 6), the differential equation governing the propagation of acoustic

pressure is (to first order),

v2
~ - C t ,~ )M~ 

+

+ v. [1v.~~v 4  (~~ 4~ ’)y 7.V , (4.48)

in which the sound speed C , the compressibility factor ‘1K (of discrete inhomogeneities)
and the density factor of discrete inhomogeneities are random functions possessing

realization . In many applications C is approximately deterministic. For these cases

the reduced wave equation has the form,

~~ 
~~~~~~~ k)..f~ = 2 ~~~~~~~~ 

(x ,t cj.’) V  .j
~
’} - k 2 ) ~

(4.49)

+ viscous terms + turbulence terms.

Assuming there is a true unit source at~~ , we write this equation in the form

‘7 ~ p 4 k ( t )  /~~ (~~~) )~~-~ (x ~ + F(~~~ ) (4.50)
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in which F (~ t)  is a sum of all homogeneous (Le. fictitious) sources (such as viscos-

ity effects, etc), and ,~i 
(
~ ,‘t , 

(
~
, = + “~“~~ 

( 1  + ,
5. Mathematical Description of Acoustic Inhomogeneities of the Ocean

(Deterministic Case) —

The inhomogeneities in the ocean which affect the propagation of sound are predom-

inantly of three types, (1) variable compressibility due to the presence of bubbles , fish ,

etc., (2) variable density due to thermal gradients, salt concentration , etc., (3) turbulence

or random motion of the medium, caused by winds, mixing of currents , thermal gradients,

etc. To define these more closely let V3 be a volume of inhomogeneity, considered ini-

tially finite. Outside \~
1
~ the compressibility and density are K ~ respectively. Inside

V0 they are 
~ 

. The turbulent velocity field inside V0 is Li0 - Follow-

ing Morse and Ingard [21 we define the nondimensional coefficients ‘?~ , of spatial

change in compressibility and density as follows,

~~ ~x~t) 
~~~ 

(y
~ ) : 

_ _ _  (5.1)

H
The first order equations of acoustics are given by

— ~~~~~ 

2~~~ 
(5.2a)

~~X (. 
1 (N/in )

+ _ _ _ _  .= C (Ns/ 4, 1 )  (5.3a)

in which~~ is the background density, 
~ 

, the acoustic (mass) density, V~ the acoustic
particle velocity , C is the sonic speed and are viscous and turbulence terms (to

be supplied later). We first assume that background density and sonic speed , are slowly

varying functions of ‘X , t’ and that the acoustic pressure ~ Cq, . Thus,

(5.2b)
bt

— - (5.3b)
- 

~‘c~ ~t
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Taking the time derivative of 5.3b and the divergence of 5.2b, then eliminating

~~~~~~~~~~~ arrives at the wave equation,

- 
~~~~~ r~~~ 

--
~ r L  ~~~~~~~ ~~~ (54)

- ~~~ 

.

Writing 
~~~~~

, C~. for location points inside inhomogeneities, and ~ , ~, for points out-

side, one obtains by subtraction,

-~~~r ( i ~~~
1 (- , J 4~~~

-?
~e ?4~~~ L L ~ ~~ ~t ~‘qC~ c~c~ I ~t J ~ ~~~~~~ ..~

a / L ~~-\ ~ / L  ~~\
~~~~ ~x~j ~~~~~~~~~~~~~~~~~~

(5.5)

Neglecting the change in viscosity and assuming all time scales to be fast time , we obtain,

~~~~~~~ [~~p~+ (
~~~~~ )

+ (5.6)

in which we have used the definitions 
~~~ 

2 

~~~ 
tJ~
’e- 

~

‘
o
~/ ~ 

~~~~~~~

The quantity remains to be identified. It is conventional to include in it first

order viscosity terms, and the Reynolds stress tensor ‘R
Lj  i.e.

~~
(
~~~

+ ~~~~~~~~~~~~~~ (5.7)

in which P
~ 
, P1 are the shear and dilatational viscosities respectively. The term is

discussed below. Substitution of the explicit form of into 5.7 leads to the result that

I
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-
~~~~ 

~~~~~ 
[
~ 

(x~)~~1+ ~- 

~~ J —

- .  ~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~ 
+ 

~~~~~~~ ~~~ 
} (5.8)

R is a matrix with elements

~ t~~ = LJ~-~ ~ 
(5.9)

Equation 5.8 is the form given by Morse and Ingard [3]. It expresses the scattering of

the acoustic pressure (l.h.s.) due to volume inhomogeneities in the medium (r.h.s.). These

inhomogeneities are of the monopole (1st r.h.s.), dipole (2nd r.h.s.) and quadrupole (3rd

r.h.s.) type. In the presence of acoustic processes the velocity i4,~ is the sum of a flow

velocity U and an acoustic particle velocity V. Hence

~ 
( U~ ~- v~ (i~ + ~~ LJ~ + v~vj )  

(5.10)

The term I.JL tj ~ represents the generation of sound by turbulence. In a pure scattering

problem it is omitted. The term V1. is a nonlinear term (viz., sound interacting with

sound). The scattering of the sound by gross flow is contained in the terms V1 U~ .

The solution of Eq. 5.8 is best carried out by use of an appropriate Green’s function

Choosing unbounded space, we seek solutions only in the far field, i.e., we choose

~~~~~~~~~
-, 

~~~~~~~~~~~~~~~~ ~~ 
+

~~~~ 
-
~~~-) 

(5.11)

The coordinates of the volume which is causing the scattering are thus )(~ , 4,
The scattered (far) field of pressure ( 

~ 
) due to an inhomogeneity of compressibility

is thus ,

-
~~ -

~~~

~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

~o-~~~~ - :

(5.12)
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The total pressure at far-field point ) (:  (x , 
~~

, 
~ 

due to an incident pressure

= ~~ 
(~~t) fj]”d3%d~o ~~~

- 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

(5.13)
Equation 5.13 is a Fredholm integral equation of the second type. To solve it we require

a knowledge of the second time derivative of the acoustic pressure throughout the scatter-

ing volume. In a similar way the scattering due to density variations and turbulence may

be expressed in the form

~ x0 ,~ -~
.)--~ - ~ 

(
~Mb~) 1 ~~~ ~~~~ (5.14)

in whichS is the idemfactor, ..~~~ is an integral operator and ).. is a parameter. The tFiree

forms of corresponding to the three types of inhomogeneity are

~~ (5 .15)

\1K ~~~~
0

J~~~
J
c
i~~~~~

~~~4 
_ __ _  v. ~~~~~~~~ (5.16)

47t (.~ I I~, 
-

(5.17)

In Eq. 5.17 the acoustic particle velocity ~f is a function of acoustic pressure i.e.,

t (~) . The solution of Eq. 5.14 in the general case is seen to be an extremely

difficult task to undertake. Current practice is to simplify all operations by use of the

single scattering approximation (viz.,~~ ~~ ,t) ~~~~~~~~ 
(~~ , ‘t)) ’ together with the

choice of plane wave incidence (viz., ‘
~~MC A exp j . ( k •~ —fr~’ct )) .  This simpli-

fication leads to the conclusion that the scattered field is proportional to the four-
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dimensional Fourier transform of the analytic form of the inhomogeneity. A fuller dis-

cussion of these simplifications is found in Sect. 18.

6. Monin’s Equation and Allied Equations (Rytov, Parabolic)

The dipole term in Eq. 5.8 represents an inhomogeneity of the medium due to a

change in density. In the ocean such changes in density are caused by changes in tempera-

ture, salinity and depth. These changes in density change the speed of sound. A conve-

nient mathematical description of this relation consists in expanding the sound speed in

powers of these changes.

Often the first (or linear) term in such expansions suffice. We consider here only the

linear term and choose temperature alone as a single representative variable. If the local

fluid temperature is I it is known [4J that the local sound speed C is given by,

C~ N N const. (6.1)

Thus ,
NdT

~~ ~ ff (6.2)

Multiplying by ,,j~ / ,/‘~ 
, and reducing the result, leads to the statement that

c~ iiT4 7 (6.3)

in which ~~ ~~
‘ . The local sound speed in a medium with fluctuating tempera-

ture 7’ “ (‘:4 T) is described to first order in small temperature changes by the formula

C O T
,

o 2T

Upo n squaring and then rejecting the quantity in I , one obtains the convenient

result that

c 2
~ ~: (H C0

2: 4/
3~7 (6.5)

We use this equation in the following analysis. Now to first order in acoustic quantities,

the acoustic pressure.4~ is given by
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i~ ~ = (6.6)

where is the first order increment of density . It is convenient to define a dimen-

sionless pressure fl by the relation

(6.7)

4’.C0~ ~~o
Neglecting viscosity, thermal gradients and convection the sonic particle velocity associated

with the acoustic pressure -f.

~ 
is given by

(6.8)

Setting ~~~~~~~~~ ~ 7 , we obtain from this the (steady state) relation

~~ .~~~~ ~LL , -.~~) (6.9)
t

We next turn to Eq. 5.8 and consider -~j, to be the acoustic pressure due to density changes
and turbulence. Substituting Eq. 6.9 and 6.7 into Eq. 5.8 and neglecting compressibility

effects we find (for the steady state ) that

~fl + k 2
~x , t’) 11= 

~~~~~

.. 
[~~~~~ 

(~t)j ~L] _ L~~ (u1. 
~

-) (6 .10)

The change in density due to temperature fluctuations can be related to the parameter

We write

- -  

(
~~-~‘e) _~~ Q

To ~irst order in the temperature fluctuations the following relation is assumed to hold .

T ’
(6.12)
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Thus, Eq. (12) reduces to

- -
~: 

+- k~~~)ft= _1.C+~ 7_~ . UJL 4L?i )  (6.13)

When changes in depth d and in salinity affect the density of the medium we can write ,

(6.14)so
in which , are reference quantities and ~~~

‘ 
,~~~~ are constants. The propagation of

sound in the ocean in the presence of fluctuations of velocity , and fluctuations of density

due to temperature gradients , salinity and depth of signal plus fluctuations in compress-

ibility is therefore governed by the steady state equation in first order quantities ,

÷ k~(x~ )fl= ~~~~~~~~~~~~~~~~~~~~~~~~~~~

- 
~~~~

-
~~
- 

~~~~~~~~~~~~~~~~~~ ~ 
~

-) (6.15)

Eq. 6.13 is the equation of Monin [6]. Eq. 6.15 can be used to show the effect of com-

pressibility alone. In the absence of external sources this case can be described by the

equation ,

+ ~~~~~~~~~~~~~~ (6.16)
~~~~~~~~~

in which

- ~~~~~~~~~~~~~~~~~~~~~(_ . t — ________________ 
(6 .17)

ii. 
~~ 

(~,4)
An alternative derivation of the appropriate equation governing the propagation of

sound in the ocean is that of Neubert and Lumley [8]. They begin with Eqs. 5.3 and

5.4 in which they make the substitutions

- - - --~~~~~~~~~~~~~
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‘ -,
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~~ 
(6.18)

L4. U+ ,y (6.19)

~~~ ~~ Q +~~~~ (6.20)

in which the primed symbols are acoustic quantities. Thus the equation of continuity

leads to the statement that
~~ 

_ _ _ _  
~~ 

_ _ _ _  
_ _ _ _  

(6.21)

~~X 1

Assuming the scaling laws 8.13 through 8.17 hold (see below), and that

(6.22)

(i.e., incompressible flow ) (6.23’~
/ , ‘ l / - : t  • \f  I), /

they then neglect as negligible the terms ~ ~ ~ / / °~ t~ (relative to 0 V 1.

and ~ iJ~ / ;~x~: . The result is,

~~~ 

1~~ 

~~~~~ (6.24)

~ XL

This equation is properly scaled if

C, ~~~~~ (6.25)

~ ~ui~ 
) (~ iv ”) (6 26)
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The Navier-Stokes equation ( Eq. 5.2) is similarly expanded in equilibrium quantities and

fluctuating (or acoustic) quantities. The result is,

~~~~ +~‘ U1’4 ~0 v~’

~~~~~ +~~~~~~
‘O.

~~~~~~ e ’7

~~~~ ~~~~~~~~~~~~~~~
(6 .27)

Assuming that the gross flow field U is incompressible and irrotational and that the viscous

damping of the sound wave is negligible one drops all terms in the viscosity coefficients.

In terms of the scaling equations 8.13 through 8.17 (see below) the first two terms on the
l.h.s. scale as

_

~~~ 
~ 9C (6.28)

L 14.
(Note the second term i h.s. drops out relative to the first term l.h.s.). Now if we choose

U such that
2

U C
— - _ (6.29)

then

(6.30)
L~
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Upon this choice we drop ~ ~LJ~ /~~ relative to (~~~~ / ~ 
) (J ~ . If further we

write

~~~~~~~~

then the 3rd term l.h.s. has the same scale as ( ) (J ~
’ and is thus retained. The

4th term ~ ~ is of second order relative to ~~~~~~~~~~~~~~~~~~ and is dropped.

The fourth term r.h.s. requires careful analysis. Neglecting non-acoustic coupled terms

(i.e. , ~ L)
~ i~j  ), and terms of second order in acoustic quantities (i.e., ~‘v, L~’

~ v ‘
‘ ,
‘ ), and observing the condition that the fluid is incompressible ( Eq. 6.23),

on: redu~es the divergence of ~~tL~ LLj to the set

4~L1~ ~~~~ ~~~~~~~~~~~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

By grouping terms , then using Eq. 6.24 to eliminate quantities , one reduces Eq. 6.27 to

the result

~~~~~~~~~~~~~~ 
+

~~~~~

, 

~~~~~~~~~~~~~~~~~~~~~~~~ (6.31)

Taking the time derivative of Eq. 6.24 and the gradient of Eq. 6.31, then eli minating the

term 
~~~~~~

__—. ~ V ) yields the result

~~~ 
_
~~~i 1(~~’)_ ~~ ~~~~~~ (6.32)

/ ,~~~~~ -.Now in the linear equation of state ~~- <~ 
we assume both 4) and c are functions

of x , t. Thus 
-

~ ‘c 2 
~~~~~ 

Ut ~~~~- -  
)~~;~~

‘
ct )~~

’ (6.33)
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For velocity turbulence the characteristic length L .~~~ (see Eq. 8.11) is much larger than

Since the parameter c depends on the turbulence of the medium , we scale as

- 

- follows:

-

~~~~~ 

L corresponds to 

~~~~~ 
(6.34)

Using this scaling and Eq. 6.24 it is seen that

—s

-- 
L/~~~~~ H- (6.35)

C ~~~: ~~~ 
/

Taking the time derivative once more , one obtains

_,- : T±’~ ‘Dt — 
.
~~~~~ C ~~~

.
~~ 

I 2.~ ~~~~~~~~~ U~ ,
~~~~~ L~~ 

(6.36

~
, —

The third term r.h .s. scales as C while the fourth term scales as ( c ~‘J, -~ A~)
Since ‘-/L C ~~~~ 

the fourth term is negligible relative to the third . We

next compare the first and second term r.h .s. The first term scales as ~ /~\.‘ while the

second term scales as ( ? ,/‘?~ )( ) . Since ( ~< we neglect the

second term . Using all results it is seen that
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Substituting this into Eq. 6.27 and observing all conditions it is seen that stochastic wave

equation in a medium with convection velocity , reduces to

- 
I 

- 4 L’L~~~ ~~~~~~~~~ 

/ 
- 1 :

~T7- c~- \ .  ~~~~~ 
/ 

- 

~ 
/ ~~

d

I (2
~~v..._~

’Va)  (6.38)

c~
This is the equation of Neubert and Lumley [7 J .  The l.h .s. represents the conventional

linear small amplitude propagation of sound in a medium with sonic speed C ~ ( + ) -

The first term on the r .h .s. couples soundspeed gradients (due to temperature and density

variations) with turbulent velocity and the divergence of acoustic particle velocity. The

second term couples the shear turbulent velocities with acoustic quantities. The orders of

magnitude of the terms in Eq. 6.38 are as follows

~~~~~~
l

:~ ~~~CV (6.39)

0 V / i d~ h— - ~~~ (6 40)
;~- t ~. c “~x t

~~T k ~~1

(

I) z~9’(~~v ’V ) ( 6 .4 1)
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If the r.h.s. of Eq. 6.38 is to be negligible relative to the l.h.s. then

~~‘~ ° 
~~~~~ . or - 

— (6.42)
~t.f A

- . C’

This is certainly satisfied if

-5-
’

as well as ~.: (6.43)
C 43

The effect of the convection term U can be neglected relative to if

—~2~~& L  or C (6 .44)

If the scattering by inhomogeneities is due to temperature gradients rather than velocity
turbulence then fl~ in Eq. 3.40 is replaced by , and Eq. (6.42) reads,

1) :i~.
~ 

)
~ ~~~~

- 

~~~~

- 

~< ~~~~~~~~ _~~~~~ (6.45)

provided A<( c~ (i1~,) . Supposing

> d(4 (6.46)

then the condition given by Eq. (6.45) can be modified to read
2

(T,( 
~

-
~
:- 1 

~ 
(6.47a)

This is certainly true if

(6 A 7h )
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Thus if turbulent inhomogeneities are present in the ocean one can use the reduced equa-

tion of wave propagation,
.

~~ I

- ~ a c~ ~ ?~ ?~ x ,’t~c~))

(6.48)

provided the various conditions given by Eqs. (6.44), (6.45), (6.46) and (6.47) are satis-

fied in appropriate groupings.

It is noted that both C and P are considered functions of position , time , and spec-

tral frequency . If the chromatic assumption is made , ti) and t appear in Eq. (6.48) as the

product , and (Q) and c appear as a ratio .1~..r ~/c ho (A. (.~ ) where is the

(random) index of refraction. Spectral broadening due to interaction between the acoustic

wave and the scattering inhomogeneity is neglected and Eq. (6.48) reduces to the stochastic

Helmholtz equation,

v~~
(.~) ~~~~~~~~~~~~~~~~~~~~~ 

(6.49)

Equations of Propagation Reported by Chernov

The equation of continuity for a medium of density~~ which has a spatially (though

not temporally) varying background (or equilibrium) mass density ~ is known to first

order in the acoustic Mach number ( v/c) to be

~~ 
- 

~~o Y Y ’  ~~: ~~~~~~~ (6.50)

From the linear theory of the acoustic potential it is known that the acoustic pressure to

first order in v/c, obeys the equations,

~~~~ ~~~~~~~~~~~~ 

: 

~
Q

~~L (6.51)

J. V (6.52)
3t *

- -i—- (6.53)
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Substituting (6.51) into (6.50), then differentiating with respect to t . then using (6.52)

and (6.53), one arrives at

- 

~ (v 
~~~ ~ ~~~~~~~~ 

(6 .54)

Now le t and ~c be small random deviatio ns fro m and C’0 respectively. Then

Eq. (6. 54) can he replaced by the equation

- . ~-4~ ~ - y ( 4~ ) ~~~~ (6.55 )

This is the (Ray lei gh) wave equation reported by Chernov (9 ] by the method of perturba-

tions. Writte n in t n i s  wa~ the r.h .s. becomes a statement that the local acoustic pressure

interacts with inhorno geneities created by cha nges in sonic speed (~ iC ) and equilib -

rium density ~~~ and thus beco mes a source of scattered waves ( on the l.h .s) .

This equation is analogous to Eq. (5.8) in that the first term on the r .h.s. represents a

sour ( -e due to inh o mogeneities in compressibility, and the second term a source due to

inhomogene ities in mass density. Differences however do appear . The density term in

Eq. (5.8 ) has the form

By cont rast Eq. (6.55) neglects the term .4\7 
~ 

as negligible compared to the first t ’rrn

in (6.56). In addition the compressibility factor is

V k~ _ _ _r% e - for Eq. 2.8 , — for Eq. (3.55)
K C0
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The physical cause of ~ C and is taken by Chernov to be fluctuations in temperature.

Thus he writes

~~~ 
(6.57)

in which indicates constant pressure. For sonic processes at deep submergence ( high

hydrostatic pressure), these formulas must be modified to read ,

~~~. -~~~~~) 4 T  ~~~~~~~~~~~~~~ (6.58)

+ (2.~) ~ 
(6.59)

A comprehensive form of Eq. (6.55) may be constructed from (6.58) and (6.59). It is

7

~~~~~~~~~

- 

{ o~~~~~~~~
) r

~~
°} ’  ~~~ (6.60)

This equation now describes the scattering of acoustic ~41ves by fluctuations in background

of equilibrium temperature and pressure.

Rytov ’s Equation

If inhomogeneities in density are neglected then one may write Eq. (6.60) in the form
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C~~~j  (6.61)

H

in which ~,4(x) is the random deviation 
of the refractive index from its mean value of unity

with ~~< 1. in Rytov ’s method one seeks a solution of the form

~~~~~~~ 

Ao e~p [_~~ t + .

(6.62)

~~~~~~

Direct substitution of (6.62) into (6.61) leads to an equation in 9) , viz ,

(v 
~~ 

- = c( ~ )~~ (6.63)

It is noted that the source term is inhomogeneous. This nonlinear equation can be linear-

ized by expandi n g I~I in a series of small perturbations ,

(4 ’ ~~ 
+ • 

/ 

(6.64)

in which ~J ( k x) satisfies the wave equation for the homogeneous medium, (~/ is a

small perturbation on , etc. Substituting (6.64) into (6.63) and noting that

£ ~~ (6.65’

one obtains the linear equation

2 (~~~ .7~~’) -~~~~ 

~~~~~~~ 2~~4 (6.66)

Assuming the incident ( = unperturbed) wave travels in the x.direction so that = kx ,

one obtains the linearized Rytov equation

44

T

~

T T T

~ 

- --
~~~~~~~

- --- --~~~~~~ —-



- ,- - --
~

---- —-- -- -— —
-5
~
—--

~~
-
~
r - -  —

~~~~
-. -

~ 
( v (J~.~71Ji’) ~ 

(6.67)

Other forms of the (nonlinear) Rytov equation are in use. Writing

V (P~~~~~~~~ L ~~~7j~~~) , V~~~
.
~’ ÷j k  (6.68)

and assuming that

(6.69)

~~ —~~~~
(( I~~~~~~~~~~~

)

one arrives at

~~ 7~~~
’
~~ (~~

•
~~

_)
~~ ~ (6.70)

This is the basic equation of the Rytov method. It has complex coefficients , is non-linear

and has an inhomogeneous source term . In all forms (as given by Eq. (6.63), (6.67) and

(6.70) the Rytov equation is related to the ray equations of geometric optics. To find

this relation we return to Eq. (6.61) and reduce it to the steady state Helmholtz equation

at frequency , i.e.

t1s1 2~ ~~2 2 ~~~~~
] -p, ) ~~O ) 1~&~~~~

°
, ~Yt (I4 (A

(6.71)

At high frequency ~4, =4. c~ = ~t CD/a0 , one can construct an asymptotic solu-

tion of the form

4, (x ) ~ 
~~~ 

~~~~ (6.72)
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Upon substitution of (6.72) into (6.71) one finds that

-

. 

+ ~~6o [v. +~~v~~~] 4v~]

c -
~~~

(
~ )

)‘ ~~~~~~~~ 
____  . (6.73)

(1~:~

I
Since each coefficient in this expansion must vanish it is seen that the following conditions
hold under which (6.73) is valid ,

Term Condition

P. 2-• (v 
~
) ,~~~ 

(6.74)

(6.75)

-& ~~~~~~~~ 
~~~‘~~‘2 t~~ 

-
~A ~~~• 

(6.76)
Here, Eq. (6.74) is the eiconal equation, and Eqs. (6.75), (6.76) are the transport equations.

The lowest order solution in Eq. (6.72) is the local plane-wave field

(6.77)

The acoustic intensity in this planewave field (dimensions: (N-m/sec)/m 2),

S Cc1~i 
(.~ *~vp) 

~~~~ 
C~1tSt. (6.78)
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The ray trajectories are curves parallel to the local time-averaged flux density vector .

From these relations it is seen that Rytov ’s equation (in its various forms) is a “geometric

acoustics” solution of the basic Helmholtz equation.

Parabolic Equation

We rewrite Eq. (6.71) for the case of a random index of refraction in the equiva-

lent form

>. ~~~~~~~ 

~~ f~ 
(6.80)

in which is the mean value and~~ is the (normalized) fluctuating component of ~‘(

Let the scale of the inhomogeneities be “large” (i.e., let the wavelength be small relative to

each scattering inhomogeneity). Now assume in (6.80) that

~ 
,
~~~~ 

, ;
C (6.81)

Then , cancelling common terms in one arrives at ,

~ - k~~~T( ~) (6.82)

If the range x is much greater than the scale of inhomogeneity , and if the wavelength is

much smaller than either, then

~~~~~ (6.83)

and the full Laplacian is then replaced by the cross-sectional Laplacian ~~~ -
~

4 ~ /~~~ . Then Eq. (6.82) reduces to the parabolic equation of propagation,

2 1 ~ — (6.84)

ax

The meaning of this equation is this: the local sound field interacts with the random in-

homogeneity to constitute a source (= r.h.s.) which causes a slow diffusion (or scattering)
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of the energy in the sound field in the transverse direction as the wave propagates in the

x-direction.

Conclusion of Sects. 4, 5 and 6

- . - The mathematical description of wave motion in the ocean is very complex in the

general case. Specific simplifications have been derived and their limits shown. In all cases

the appropriate equations contain environmen tal parameters whose description require de-

tailed investigation. A discussion of these parameters is undertaken in the next sections.

7. The Parameters of Ocean Inhomogenities and Their Statistical Measures

The parameters which describe ocean inhomogeneities are random variables. A statis-

tical description of them is required to begin the formulation of a computational algorithm

to allow prediction of the fluctuation and fading of acoustic signals. We present in the

following sections an analysis of two types of ocean inhomogeneities and their associated

statistical description. These types are: (a) surface and volume (velocity ) turbulence (b)

random index of refraction (or temperature inhomogeneities). The discussion of these

types requires an understanding of the concept of scales of length and time. This is pre-

sented in the following sections.

8. Scales of Length and Time

We introduce the notion of scale by means of Fourier analysis. Let iL (~ -i-) be

a field (vector) variable , which is Fourier-transformable. The Four-dimensional Fourier

transform U(K , &) is (formally) given by the pair ,

~~ ~ffff ~~~~~~~~~~~~~~~~ (8.’

f f f J (~M e~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
d~ dt (8.2)
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Since wavenumber !~~~J~~2 ~ 
,where ~ = wavelength , Eq. 8.1 infers that the field at

- 

I x t can be expanded (i.e., decomposed) into spatial component of different wavelengths,
- and temporal components of different frequencies. At a fixed frequency (~~ the quantity
- 

- 
- Q (-~ ~~i) d& is the spatial component (in density form) and at fixed wavenumber

-~ . , the quantity LI (-~~ c~cl w is the temporal component. Eq. 8.2 implies that at
F . time ~ , the field u at x, spread over a volume d3x , and effectively zero outside

of this volume, corresponds to a wavelength)., such that )t. c 2 7r (K ~
’ . The volume of

- d3x at x over which ~ ( ~ ~~ ) effectively contributes is the volume scale of the spatial

- component of the field corresponding to the wavenumber k (or wavelength X ). The

large scale (spatial) components of u(x ,t) originate in the small wave numbers (Eq. 8.1).
- 

- As (X is increased the scale of the spatial components of ~ decrease. Thus Fourier analysis

- decomposes the spatial aspect of the field into components of different physical size. The
- relative magnitude of each component is given by U(~ ’ , i v) .

We consider next that the field u is a random function of position and time. At a

- specified time the mean value of the product of u(x 1 ,t0) and u(x 2, t0) )i.e., the auto-

covariance)  is used to define the (spatial ) autocorrelation function , ~ (x~,x2), written as a

- -  non-dimensional quantity, viz.

- 
I 

~ 
(~ ~~~~~~~~~~ ~~~~ ~~~~~ 

(8.3)
xl~~ ’

For a homogeneous field ,

(8.4)

Upon integrating the autocorrelation of a homogeneous field over all r one obtains the

quantity J(dimensions: length)

T- ~~~~~~ ) d -~. (8.5)
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Assuming this quantity exists (which requires ~ (r) —~ 0 as r -*~~~~ ), it can be used to

define the integral scale of the random process u(x ,t). Similarly, the curvature of the func-

tion ~‘(r) at the origi n , viz., the quantity , can be used to define the

microscale (A)  of the random process, namely,

~~l~3f

(8.6)

In many physical processes , is very small , leading to the appearance of a near cusp at

the origi n of~~ (r).

Eq. 8.3 can also be used to define other scales. For example , the value of the dis-

tance r at which the autocorrelation is effectively negligible , is the autocorrelation scale

of the random process u(x ,t) . This scale (L) might be the distance where ~ (L) is l/ e of

its value at ~ ( 0), or 5~ of 4~ 
(0), etc. Higher order (say > 2) moments of the random

function u(x ,t) also can serve to define scales.

The concept of scale has a more specific meaning in the theory of turbulence. We

• first consider the spectral kinetic energy density E(X’ ) per unit volume in wave number

space , i.e., the energy in the shell between (~~~, ~~~- and ,

E Ca, b~ = ~ ~ 
(
~~)4 (8.7)

For simplicity the random velocity field is taken to be spatially homogeneous and isotropic.

The total kinetic energy T of this velocity field then may be written

E (8.8)

On the hypothesis that dissipation of this kinetic energy occurs in the range of the smallest

scales (i.e., the largest wavenumbers), a convenient description of this rate of dissipation
(written as E ) becomes,
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~~~~ E (x )  ,~~ -~~
( 8.9)

(provided E ( X )  is such that the integral exists), in which ~) is the kinematic viscosity

(dimensions: m2/sec). In the di~sipation range the field is thus characterized by ~ and

‘~1. By dimensional analysis one constructs a length ~ , and a velocity 110 , such that

~
‘

~~~
‘ ( 8d0)

The length ‘
~~~~ 

is the inner (viz., smaller) scale of turbulence, and the velocity j~ is the

characteristic velocity of the dissipation range.

The energy of turbulence is generated in the energy range of wave numbers from

sources such as winds , thermal gradients , Coriolis’ effects, etc. Since the velocity field is

random one chooses the mean value of flow generated by these sources, and defines from

— it a characteristic length L0 i.e. a length (in the energy range) over which the mean flow

changes “appreciably.” This length of the largest velocity disturbances is the outer scale of

turbulence. Between the energy range (or cascade range) and the dissipation range there is

a range of wave numbers (= the inertial range) over which (by the hypothesis of Tay lor )

the kinetic energy is transferred from smaller to larger wave numbers without loss (‘~ loss-

less fragmentation of eddies). The mean velocity of flow diminishes, and with it the

Reynolds number ( ~~~~~~ L/Aj ) diminishes for each increase in wave number (and there-

fore each decrease in scale L) in the inertial range. For isotropic turbulence the inertial

range and the dissipation range are (by hypothesis) statistically stationary. These two

ranges constitute the equilibrium range of wave numbers and hence the equilibrium range

of scales.

Orders of Magnitude in Turbulent Flow

The local instantaneous velocity u in turbulent flow is a sum of the local flow velocit

U and the local sound particle velocity ! / 
. (Here the mean velocity of flow U is assumed

zero.) We let U be a reference rms turbulent velocity fluctuation. The integral scale L ~
51 



of turbulence (see Eq. 8.5) is rewritten here for component velocity ~ as,

L~. \ d. ~~~~~~~~ K t J ,~ ~
,) L1~ (X ~ ) ) , meter

(8.11)

(no sum on component ), in which the correlation function is normalized to unity and

is non-dimensional . From Eq. 8.6 one can define a (G. I. Taylor) microscale for velocity

fluctuations (= .jj ~ ), and for temperature fluctuations (
~ 4 ~ )in terms of the turbulent

velocity correlation functions. The squared ratio between them can be shown to be the

Prand tl number

~~: .~k. (8.12)

For water 
~r ~ 7 while for gases 1

~r 
is of the order of unity . Now in scaling turbulent

phenomena it is useful to order the magnitudes of length by ./~~ and i.1, and time by

• use of the scale L ~~, - When sound is present one uses the sound speed c and the sound

wavelength k~ to order magnitudes. When the various scales are assembled the problem

arises as to what criterion must one use to scale spatial and temporal changes. A conve-

nient criterion is to refer to the Kolmogorov inertial subrange (namely the range in which

kinetic energy is transferred from larger eddies to smaller eddies by the cascade process)

and to note first that the most rapid time change of U is at the upper bound of the

sub-range where the wave number is approximately 1 /L~ . Thus the ratio U/L.d (with di-

mensions of time) serves to scale time , by which is meant that the smallest significant

time interval describing the turbulent process is of the order of UIL.U. Choosing larger

wave numbers (i.e., choosing smaller characteristic lengths) makes the tim e scale larger ,

with the result that only increasingly slower phenomena come under scrutiny. The scaling

of length may similarly be referred to the inertial subrange where it is noted that the time

associated with the cascade process at the microscale / \3, of turbulent flow is U/ 1
Hence the distance in the turbulent field over which a significant step in cascade process

occurs is (at the minimum) of the order of ,Jl~ . Choosing distance smaller than the

microscale does not allow valid statistical deductions to be made of the turbulent
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field. When sound waves are present a convenient time interval for time scaling is the

ratio of the sound wave-length to sound speed ( ). With these considerations in

mind one may assume these orders of magnitude [7] .

Time Scales

“ 
_
~!L_ -

~ (for turbulent fluid and thermal fluctuations )
— 

~~~
. 

_
~~

d
~~~~ I

- ~8.13)

~ 
(for sound waves) (8.14)

Space Scales

- 

,/j J (for turbulent fluid) (8.15)

—
~ ,c _ i~~~

- 

~ A~ / (for therm al fluctuations ) ( 8 16 )

— ( X / (for sound disturbances) (8.17)

Additional scales involve forces and dissipation. For a fluid of density ~ , velocity
l.~ the hydrod riamic stresses scale as 1/2 (~~ U2) .Dissipat ion (or power) scales as 1/2( ~~U3).
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Scaling of Vector Fields (Case of Isotropic Turbulence)

At a point x in the field u(~) we designate a direction r. Let the velocities at x and

x + r have components Up (x), Up (~~ + r) where Up is the longitudinal component of

velocity (i.e., parallel to ~ ) and u~ (x) u~(~ + L) where u~ is the perpendicular component

of the velocity. There are then two scalar functions of the distance r, namely the longitu-

dm a] velocity correlation f(r), and the lateral velocity correlation g(r) given by the ensemble

averages

~~(?L j~~ ~~~~~‘4(~~~~> ~~ (~t ) -  ~~~~~) z ~,jx+~ )>

(8.18)
For isotropic turbulence let U2 be the mean-square of any velocity component U2 =
u~- = u~~~. The velocity correlation tensor R~1 (r) for the random velocity at two points

separated by r is

~~~~~~~~~~ < U~~(~~) U~ , (~~j rI3 L,3

(8.19)

If the random process is stationary one can construct a correlation spectral density
* 

~~.(~)such that,

3

~~~~~~~

• (& - 
S 

~~~~~~~~ (
~ ) e — — (8 .20)

If the random field is the isotropic correlation tensor has the special form

~~~~
• (,~ ) u (~~~~~j  

~~~ ÷ ~ ~~~ 
) (8.21)

in which r
~ 
is the i’th component of the space vector r. By definition f(0) = g (0) = 1.

Due to isotropy f(r) can be expanded in even powers of r2, i.e.
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~~ 

(?~
_

~) ,4~.
a
~ + ( 8.22)

Introducing the Taylor microscale .11 g by the relation

(8.23)

one approximates f, g near the or igin r = 0 by th e relations

2
~ ~~~~ ) ~~~(A)~~~~J _ ~~~~~~- ( 8.24)

Now the Navier-Stokes equation for an uncompressible fluid can be written at two points
(x , x ’ = x + r) whose velocities (in component form ) are u 1, U

1 
respectively. Multipl y ing

the first by u1 the secon d by u~, t hen adding the two equations , and finally taking the en-

— 

* semble average leads to the state men t t hat

- T i  (,~) + 
=

~~ 
(~ )  + ~ ~ ~~~~ (~ )  (8.25)

where I ( 
~ ~~~~ U~ — < U , U~

’u1
’) )  (8 .26)

~ 
( <~~~~ > 

- ~
(
~ ‘ui 

~
) (8 .27)
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Thus the temporal rate of change of the velocity correlation tensor is caused by the diver-

gence of a third order velocity tensor describing inertia , plus the gradient of a hydrodynaniic

- 

- intensity which denotes the pressure effect , plus the Laplacian of the correlation tensor

itself which describes the viscosity effect. Of the several possibilities in triple velocity

correlations it is customary to select only one (for isotropic conditions) and define k(,r)

such that ,

~ U~~ (x) Z~~~ (X +k~~> U 4 J~~ (8.28)

With this choice the dynamical equation may be integrated with respect to r to obtain the

v. Karman-Howarth equation ,

a

~~~~~~~~
k)
: u3 ÷± )~-:~

) + J k j j k ;

(8.29)

Using the approximations for f(r), g(r) given by Eqs. (8.24) one performs the operations

called for in this equation and then sets r = 0~ The result is rate of decrease of energy of

turbulence,
2

- 
I C ?”
A’. 

(8.30)

..4~~~

Using Eq. 8.13 for the temporal scale, one then arrives at the following formula for esti-

mating turbulent magnitude in the case of isotropic turbulence ,

~~~~ 
‘_

~~
- ~ (8.31)

~L)

or 
_  o E  7J~~~ 

(8.32)

__  _ _



This formula can best be used to compare the Taylor microscales of different media,

provided the integral scales L ~~, , the viscosity V , and the Mach number U/c are avail-

able.

Physical interpretation of the power spectrum of scalar fields

Let ( X , + ‘) be a random scalar (say temperature) field in a volume V over

time duration T. For any two points )( 
~t and 144~ ~~~~ we seek to measure the

degree of self-similarity T~ 
(d ,t )  of field , i.e., how well the field is coupled to itself

over distance S and time I . Integrating over all possible points separated by ci and

?‘ , one has

~P (
~~~

)
~ ~~

(8.33)

The 4-dimensional plot of 
~~~~~~ 

(d ,~~~~) 
vs d ,~~ constitutes the autocorrelation of

An integral of r over all space-time constitutes the integral space-time scale. The value

* 
of 

~~
‘ ( 

~ 
can be expanded into an infinity of spatial and temporal frequencies , ~

cc ~ 
- 

dK4c~ (8.34)
=00

Here \4 (f r ~~)  is the 4-dimensional power spectrum of the random scalar field ~J (x ,~
)

For fixed time (= “frozen “ medium) W (K , ~ shows the distribution of plane wave

intensities among various K which sum to give T(4 ~~ . Since can be inter-

preted as ~it /L , where L is a spatial scale associated with the scalar , temperature

field it is seen that W (1<’, ~ shows the distribution of plane wave intensities among
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different scales of length ( different wave-lengths at a fixed temporal frequency (4) ). The

value of ~j
’ (k~ ~ at a fixed scale and frequency (a) can be obtained as a sum of

plane waves in space-time,

j
~ r (4,~~~) ~~~~~~ ~~~ 

(8.35)

Hence the power of the scalar field in each scale can be obtained by scanning the field of

plane waves of all ‘t~ and S.
9. Statistical Measures of the Random Field I. Ref. [5]

In the propagation of scalar waves in a random medium several parameters may be

used to describe the statistical nature of the propagation. A customary procedure is to

begin with a specific wave form , say

f L ~~
( _

~ -~ t~~ 
(9.1)

Here both the amplitude A and the phase S are random functions of position. We first

suppose that there are an indefinite number of test spaces (i.e. samples of random media) —
and that we select two location vectors X~ , X 2 the same for each test space. The out-

come of the experiment at each point is the sequence of random numbers ,

A, ~~~ , ‘ •  A.,~ 
(
~~ )

~~~~ 
(i , ) ~ 5~~ 

( ) s j  - . - S,~, (x, ) ef c . (9.2)

or A~ ~~ 
.
~ 

Se.. (~~)  
~ ~~~~ 

/~,2 , ‘ ‘ ‘~~~~~~~~~~°

in which the subscript i = 1, 2 . . . represents the test space in question. We then form

the products
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A~
(
~ ) A ~ (~ k) ~

s~ ~
) S~ ~X~) J ~~: I~ ~, • . . - - _ (9.3)

The ensemble average of A (~~) A t X ~~) by def in it ion is

< A~x~) .~~2)~~= ~~~ 
~~~~~~~~~~~~~~ 

~~~~~~~~~~~

N
(9.4)

A similar formula may be constructed for < 5 (x ,) .~~ 
( .X~ ~~~ . Many investigators

use the log amplitude ( log A(x)) to describe the statistical nature of the field. If

U(X +) is nonharmonic the averaging process can be performed over t as well as /
In practical cases only one test space is available. A form of ergodic hypothesis may

then be used to obtain the ensemble average. According to this hypothesis the random

* function (say A(x)) is measured over the single available test space and constitutes one

realization. If an average is made (say mean value of A(x)) ,  or mean value of 4 (v , )  A ~~ ~
etc , then the hypothesis states that the variance of this average about the en-

semble mean must vanish as the test space increases indefinitely. As an example we con-

sider the mean value 
~A ~ )>  in the test space. Then the hypothesis states that the

variance C~ of A (x ) over the volume V of the test space must obey the relation ,

~~~~~ ~~ [ A x * ~~’) ~x ’- ~
A (

~) ?] >)  ~~~~

(9.5)
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that is, the square of the difference between the space average of A (x) with X as

origin over the volume V, and the true ensemble mean of A (x ) is a random fu nction

whose ensemble variance about the ensemble mean approaches zero as the volume increases.

Noting that in all practical cases the space average is the only measurable quantity it is

seen that the ensemble mean at X is obtainable by estimating the volume integral ap-

pearing in Eq. (9.5). In one dimension , for a length L, the hypothesis takes the form

- r -~~~~

L ~~~~~~~~~~~~~~~~~~ < +- A~~x ÷~~
)J .  - >

(9.6)

In order for this limit to hold the length of record L must be long enough to contain all

integral scales (defined in Eq. (8.5). The question naturally arises as to whether the length

of record is adequate in this respect. Following Lumley-Panofsky [9] we discuss the

problem in the following way. Let the ensemble variance of A(x) about its ensemble

mean be <~ , that is, let

< [ A ( ~) - (9.7)

Now choose an acceptable level of error € in the value of r as expressed in Eq. 4.5, by

writing

~ 
A (x ) > e (9.8)

Then , if the integral scale J of the correlation function for the random field A(x) is known ,

the length L is approximately

~~ 
_ _ _ _  

1. (9.9)
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Thus in order to determine the ensemble mean of any moment of the field from a single

(finite sized) test space one requires a knowledge of the integral scale J and, upon consid-

eration , of all integral scales of the random process. Ordinarily the relation between mo-

ments is not known so that a single J is inadequate. To overcome lack of knowledge a

convenient strategy is to assume that the random field in question has a gaussian distribu-

tion. Then one measures the autocorrelation of the process . Since the relation between

moments in a gaussian process is known , a size of sample space for each moment can then

be determined using only a single integral scale.

We next turn to the second moments of the random field of A(x), i.e. 
~~ A

~ /4 If only one space realization is available and if there is no restriction on the

statistical nature of the field then no ensemble average by use of the ergodic hypothesis is

possible for a specific set of points. However , if the random field is statistically homoge-

neous then the second moment depends only on separation distance between two space

points but not on the points themselves. In this case a single realization can be used (by

the ergodic hypothesis) to represent the total random process. The ergodic hypothesis

then requires

__ A (~~+~~x )  4 (x) 
~ - < A ( X ~4x )A (x)>]~~ )~~

(9.10)

I
Hence the ensemble average (or second moment) is approximated by the space average

T~ (~x)~~J. [A x  ~x ) A (~1) ~~,4 ‘~4X) 4( ’~ ) ~. . A( ~ ’N -
~ 4X) /4 ( i ~4J

(9.11)
Now for an ideal homogeneous random process the size V of the sample space can be

increased indefinitely making Ci
t 

smaller and smaller. For a realistic process it generally

happens that the increase of V beyond a critical amount causes to increase again . In

these cases the onset of the departure from homogeneity in a volume V corresponds to a

residual error (i.e. there is a minimum ). Increasing V beyond this critical V~~t only
serves to increase the residual error.
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10. Statistical measures of the random field II

— 
A random field expressed as a real function of space and time -~~~ , .~

) possess a

space-time correlation function~ between two points in space-time,

T ~~~~ ~~~ 
:x~ ~-t ) ~~~~~~~> (10.1)

in which the sharp brackets ~~. > indicate ensemble averages over space-time. Using

— ~ 
‘
~~~
‘ •2 — , one defines a space-time autocorrelation function in the

case of a homogeneous stationary medium by the relation

= < ~~ ( X , 4~~~~,~~~+t ))  (10.2 ,

When only one realization is available the space-time autocorrelation can be calculated by

invoking an ergodic h.ypothesis, i.e.

(10.3)

in which V is a sample volume and T a sample time duration .

When (~ t~
’) is defined for all values of X , and ~ it possess a Fourier rep-

resentation

~ j  {a~~ Cos ( —x s ~~#~~n~~ ) 
—

(10.4)

+ b~, k~~~
L.n

in which a ~ , ~ , ~ . are real Fourier coefficients in )~~, gl( space. With f r ( X , +)
one associates a complex function (v~ ~)  given by
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-

~~~~ 

Real part of f ~

This symbol is the half-range complex function associated with 
~

It is used to define the mutual intensity function of Zernike ~
= r 

~~, 
where

A p

A A 
-

-

I -
~~ ~,X - ~~~~

)

The curly brackets indicate time average. Since 4~ is random in space, P is random. Ther
ensemble averaged r is

A 
-1-: 

i )
)~~~~~~) / _  < ~ 1~ ~~~~~~~~~~~~~~~ ~ >

— I (10.6)
If -

~~~ ( ‘~ ~ ) is defined over the range —T~ ~t .~.T ,and vanishes outside~then its

Fourier components in time are

- 7
-

~~~~~ 

v , = -
~~ 

(~ ~~~ 
(10.7)

Therefore,

r (x ~~ç;I)~~~i~n ~L J t (x ! ) ) /~~ ’.� , z))
~ J21

(10.8)
A

The complex degree of mutual coherence )~ is defined as the normalized P
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= 
_ _ _ _

~~~~~~~~~~

- - —  ________-——--- ----- (10$)

J P ( ~i ,~ ,;~ )  / P ~~2)~ 2;~~

(Compare Eq. 1.6)

When T~ . 0 the average power Way of the field -~~ (x , ~) received by an array of N

points not phased relative to each other is

WAV P (x~ xk ~ (‘° ‘°)-

The average power Way received by a single element of this array is

w~ ~~ 
p 

(10.11’

Thus the array gain G is

A

L P (X ~~~~L ~o)
_L - - - -————- (10.12)

~~. I~(x~, x~~o)

(Compare Eq. 1.7)
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11. Statistical measures of the random field III

— Two nonstationary random processes -~~ 
(-t) , tt Ct )  , $ ~~~~ w ith mean

values ~~~~ ( t ) >  , <t ~ , defined to be the ensemble averages, (i.e. angle

brackets) at arbitrary time t, can be used to form the covarianc~ functions C at arbitrary

fixed values of times t1, t2, i.e.

c~ (~~~+~)  < E*~~
- ~~~~~~~ 

)- <~(t~J~

C~ < ~u(*,)- (~~~~ [ u ( t ~) -  (t~~>~~~
(11.1)

C~~(* ,~~) : < [~~(t ,) < p ( t i ) > ~
’j [ u (’t 2 ) _ < ”~ (t,1)~~~>

The correlation function H. between p and u at fixed times t1, t2 are def ined as

* 
~~~~~~~~ 

(t ,,~~ ) =

~~~. 
(.. - 11 , L )  ‘~A. (i ,)  ~4.~~t~ )> (11.2) 

—

~~ ~~~~ <~~ 
(~ ) ~

The symbols C, R are statistical measures of the total population. Measures based on N

sample functions pi(t), i 1, 2, - . . N drawn from the total population are designated
A p.

C, R , where for example ,

~ r ~ ~ ~~ (t) 
~~ ~~-t) (11.3)

~

—

~

_ - - --— -— --5.--~~~~~~
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Time varying power spectra (Bendat & Piersol [10] p. 337).

From a population x (t) of non-stationary random processes we draw a sample Xj(t)

and calculate the power (i.e.~~ (t)) in a frequency band B1 cycles wide centered at fre-
- - quency f. A filter with weighting function h ( T)  is applied to filter out this band from

~ (t), which is then squared.

The result is

0°

)
~~~(t j  ~~~~~~~~~~~~~~ ~~~ ~ ik

(11.4)

(Note, energy is considered only in positive f. The spectrum is then only one sided). By

use of N samples x1 (t) , i 1, 2 - - N, an estimate of the ensemble average of )C~ /.3~
can be made for arbitrary fixed time t,

~~~~~ 

ç)  . 

~~ 
x~

2 
(f; ~ Be ) (11.5)

This is the one-sided time varying spectrum for fixed t , I. Since the estimation of tran-

sients are the object of forming this spectrum it is necessary that the bandwidth of the

filter be greater than the highest frequency Ft of the transients in the data of x1 (t).

An estimate of the time-averaged power spectrum can be made by integrating
A

G(t , f) over a time T ,

{ ~ - (.t , T ) } =  L (~ (t 1 .c ) df (11.6)

An adequate theory of time varying power spectra is difficult to pursue in detail. A basis

for understanding this theory is found in the above noted reference.
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11.2 Statistical Model of a Mulitpath Signal (Dyson et. al,

JASA 59 1121 (1976))

An acoustic sourc e at single frequency ~~ radiates to a distant receiver. The

observed pressure is modeled as a superposition of single path components, i = 1, 2 . .

(see Eq. 1.3f). Because of (1) fluctuations in the medium , (2) scattering from volume

surface and bottom, (3) range-dependent acoustic velocity profiles , and (4) other factors

such as tides, currents etc . the measured signal in each single-path appears as a narrowband

noise process Zi(t), modeled as

~~~~~~ . 
( *) :  X , ~) CÔ~ ~ \j, ~ ({)  ,4~~ ~~~ ~~~~ . (

~
.) 

~~ 
- 

~j ~• I
(11.2.1)

in which X, Y are slowly varying random functions of t, and Ri(t), (t) are their polar

forms. The multipath signal Z (t) is a sum of all single-paths, the orthogonal components

of which are ,

1?L ~(k%4~ (11.2.2)

A basic model often used by analysts assumes R~(t) and (t) to be independent random

variables. This assumption is used below.

To form a statistical description of the multipath signal we first form the covariance

function K of each Cartesian component , i.e.

< )X (~4~)> ~m (11.2.3)

II :~ ~~~~ < ~
(
~) ~~~~~ (‘~+t)

,~~ ~~
(.t )  ~~~ ~
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in which the brackets ~ 
)  indicate averaging over individual paths, and ( indicate

averaging over the sum of all paths simultaneously. We assume next that the statistical

average over the phase angles is the same for each phase difference so that

K K e ~~~~ 
(11.2.4)

Now the phase difference [ ~~~ 
(~) — 4 (~t 

-
~~ is a random variable. We assume it

to be normally distributed . We then expand it in a Tay lor series and write,

~
) .  

~~~
-) )~~~

‘
~
- 

~~~~~~~~ + , • • (11.2.5)

L
and seek an explicit expression for (Re exp (‘

~ ~~
( t))  > neglecting (t) because we

are interested here in phase differences.

The expectation of exp (~~~ ~~ (t)) is recognized as the characteristic function of the

random variable 4~ ( t ) ,

(1126)

where w.(t) is the probability density of 4 (t). Assuming 4~ (t) is a zero-mean Gaussian

random variable one arrives at the result that

(‘r ~(W> 
~? ~~~~ tX) (11.2.7)
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in which is the variance of (t) (see Middleton “Statistical Informatio n Theory ”
page 336). By noting that the covariance of X and the covariance of Y are equal it is then
seen that

- - - 5 ; .

<X ~~ X (
~~~ > 

~~ ~~(

‘
- ~ (11 28)

The (power) spectrum ( F
~) of X(t) and of Y(t) are obtained from this formula by

Fourier transformation;

k 

~~~~~~~~~~~~~~~~~~~~ ~~~ ~~ 

~~~~ 
_ 

(11.2.9)

This spectrum is the Cartesian statistical model adopted by Dyson et al (JASA. 59 1121

(1976)). In their model they give special prominence to 7 •  = < ~~~~ , which
4’ 1.

they designate as ‘7) ( frequency squared). The numerical calculation of 3~ from
experimental data of X, X, Y , Y is accomplished by using the relation

~ 
2 5 - t- </ ~>

t L

- 

The parameter (= ) when obtained constitutes an expenmentally

-- - - -- ---
~~~~~~

- - — -5 -
~~~~

- .  - 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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measured time scale which scales the frequency (~Q) of the spectrum. Now the intensity

of the fluctuating signal is proportional to R 2 = X2 + Y2, where X, Y are zero mean

Gaussian random variables. The statistics of fluctuations in intensity of the received signal

in the ocean are most appropriately modeled in terms of y = 4t ‘R.~ rather than R2

itself since transmission loss is commonly a log quantity. To obtain the statistics of y we

first note that H.2 obeys chi-square statistics with two degrees of freedom (namely X, Y),

whose probability density is
a

( t )  =

2 ~~‘- (11.2.10)
V

(Papoulis “Probability, etc.” page 250). If now we change the significant variable from R2

to y = lnR 2, w (y) = w (R 2) (dR 2/dy) = W (R 2) ~ Y , it is seen that

i -j  
~ ~~~~

_. + (11.2.11)

The variance (= <~~
‘.> — ) of this distribution is calculated by integration and

has the value (~
-
~~~ it/~ (Cramer , “Method s of Mathematical Statistics” p. 376).

Since the transmission loss of the received intensity ( (. ~~~ >/~~~
2 = source

intensity) is a fluctuating quantity we desire to find its standard deviation. As noted above

it is customary to report this quantity in logarithmic units (to the base 10 re 1 meter).

At one standard deviation the fluctuation in intensity, in decibels is 1RMS =
434 (the constant 4.34 = 10/ln 10, accounts for the difference between log

and ln). Hence 1RM8 = 5.57 d13. This number depends only on the probability model used .

The mean value of the transmission loss on the other hand depends on the transmission

channel characteristics, range , attenuation , etc. (see Horton , tJ rick , etc. for pertinent formulas). 
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The rate of change of the multipath log intensity ~ 
is correlated to the rate of

change of the multipath phase (
~ I - Assuming ~~ (t) is uniformly distributed in o

-

. 

~ , and assuming the probability distribution of y is modeled as shown above it can be

shown that the correlation between them is

L — C (
~3 (11.2.12)

- -

((Dyson et al, 1cc. cit.)

The dominant behaviour of intensity and phase of the received signal y and is closely

associated with the occurrence of fade-ot4s. At any instant the intensity is proportional to

~~ <R~ >; . Writing this as ~A ~ one defines a fade-out as a time interval in which

R ( E , where E is a threshold fraction. A fade-out expressed in dB is written as

F 20 log10 E 
— ‘  . Assuming (as before) that X ,Y are independent Gaussian

random variables, and that R is Rayleigh distributed one can form a rough statistical

* 
theory of fade-outs (for the method see “Noise and Stochastic Processes,” Ed. N. Wax ,

Dover Publications , N.Y. page 52ff). The (Dyson et al) fade-out model predicts (1) the

average duration of the fade-out is D -
~~ 1t~~ E ~) (2) the average interval

between fade-outs is T = 1/2 IT~~ (~~ V ) (3) for chosen E the fraction of time
(of a record ) occupied by fade-outs is ~ . Using this model of fade-outs and a

random walk model of X , Y , it is possible to predict the spectra of y and ~~ . At high

frequencies (namely (Q) ) > V ) the model yields F.(t&) 
~ ~ (w)  = -

~~ ~~~ ~
At low frequencies, (C&~~11), F~ (

~~
) ~r (4,.i/ 7t~)  ~~~ 

a where a = 1.74, and F: (k))

is determinable from the fact that f  
~

° 

~ (~ ) d~s!)  f/c  . These regimes

of high and low frequency must be combined. After numerical experimentation Dyson et

al constructed the following prediction model of the spectra of intensity and phase of the

received signal ,

— ((.~
)
~~* / & 7 1~?)

2. (11.2.13)
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F~ (~~) = 4l~~ ( i) ~~ ÷ 2~ 4’~ (11.2.14)

Comparison with observed data of the project MIMI experiments (Section 2.0 of this report)

shows that the random walk model predicts the high frequency behaviour over some ranges
fairly well, but not over other ranges. In contrast , all comparisons of the observed very
low frequency spectra of y and differ considerably from the random walk model . To

understand this it is speculated that large scale ocean features are coherently modulating

the signal so that a random walk model is inadequate in the very low frequency region.

The random walk model of Dyson et a! is closely associated with the theory of strong

scattering. An account of this theory is given in Section 31 of this report. Here it is

shown (see Eq. 31.27) that the received signal is a sum of a weakened central field which

is log-normally distributed, and an off-axis field which is Rayleigh distributed, the relative

proportions being accounted for by multiple scattering. In the case of weak scattering the

• probability distribution of the received field is approximately log normal , the off-axis field

being negligible. In the case of strong scattering the forward scattering component becomes
* negligible, and all the energy goes into the off-axis or Rayleigh component. Thus in appli-

cation to the propagation of an initially monochromatic signal with well defined wavefront

the model of Dyson et a! becomes valid only at ranges where the Rayleigh distributed (or
random walk) component of the received signal dominates the coherent component. At
ranges and frequencies where coherence phenomena dominate the received signal the model

does not predict the spectra of the received intensity and phase correctly. One must apply
instead the theory of weak scattering and coherent interference.

- 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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12. Mathematical Model of the Index of Refraction as a Random Process

In physical media (ocean , air) the index of refraction is a random variable , mostly

continuous. Of the many classes of random processes it will be convenient to list below

the few that are of importance in volume scattering of scalar waves.

Let X(t), ~~~~~ ~ ~ ~ be a random process whose complete specification is given

by all the joint probability densities

~~ 
TX f t~),fl , ~ :~~X(t 1~,X (~4j , ‘~- X (~•~~,-

(12.1)

= 1, 2, 3 If the set B is restricted to one member , such that

~ ~~ x ~ ) ~] X(~) ~X (i ) ] (12.2)

then X(t) is a markov process. If, in addition, p [X(ti)] and p L X (~ ) I
both gaussian probability densities, then X (t) is a gauss-Markov random process. If , for

ali t ,

* y [x ~~
) / X j  ~~~~~~ [x~~ ]

then X(t) is a white noise process. If , in addition to the white noise property the prob-

ability density p [X(t)] is gaussian , then X(t) is a gaussian white noise process, usually

designated as w (t). A zero-mean gaussian white noise process is specified by the prop-

erties,

~ 4 ~~~~~ ~ w (~ ~~~~~ (12.3)

in which 
~~~ 

is the variance of w at t. Gaussian white noise is not mean-square mtegrabie.

Now let F,- (.t.) and j  (+) be two random processes such that for fixed T , the

difference

Er (
~~~ 

./ ( ~~+ T)  -~~~
) (12.4)

73

-5- - - -- _--- ---—• _ 5--_ - —-- ---5 ~~~~~~~~~~ - - ——5-- — - -5---- —-5- - - - 5 - — - _ - - - -
~~~~~

-

~~~—~~~ 
-- —



- 5-_
~ 

_ - - _ _ _  .__ — — —

is a stationary random process. Then f (t) defines a non-stationary random function

having stationary first increments, with initial value f (o). For random processes in volume

• scattering an important example of f (t) is the Wiener-Levy process ,~e (~) defined

• by the properties: (1)
,,~ ( t)  has stationary first increments, all statistically independent;

(2)~3 (t)  is gaussian distributed at any ; (3) ~ 0 for all t; (4)~3 (0) = 0.

From property (1) it can be concluded that

VA~~ ~~~ ~~~~~~~~
_

~~
•) (12.5)

From property (3) it can further be shown that the covariance 9 has the form,

(12.6)

* Noting that C,~ ~~ ~ z) is continuous, it is inferred [Jazwinski, p. 61] that

(t) is mean square continuous and mean-square (Riemann) integrable. However the

covariance of the first derivative of /3 (t)~ namely the quantity,

~~~~~~~~

C~ ~~~ -t i) -~~~ ~- (12.7)

is nowhere mean-square differentiable. Using Eq. (12.5), and the theory of generalized

functions , it can further be shown that

~~~~~

. 

(~~ , • ~~~L )  U~~ ~~(t~ —~~)  (12.8)

- -~~ - -“- - - 5- -~~ ___________



I

(Jazwinski ,* p. 85). Thus while the covariance function of the Wiener-Levy process is
continuous, the covariance of its first derivative is a delta-correlated process (i.e. formally,

~ (~
) is white gaussian noise).

- 

- Stochastic Differential Equation With Gaussian White Noise Forcing Function

Let )( (~ ) be a vector random process whose first derivative satisfies a Langevin-

type dynamic equation driven by white noise,

X (t  + ~~
(12.9)

in which)( is an n-dimensional state vector , ‘W (t) an m-dimensional vector random

disturbance in the form of additive gaussian white noise, Gis an r xm matrix function,
and is a nonlinear , real n-vector function. Since ~~ (-t j  is not mean-square integrable

this equation is mathematically undefined . To give it meaning one notes that (formally)

W=  C~,3 /cV~ is the first (scalar ) derivative of a random Brownian motion process (“~~3) .

Thus, setting -
~~ . c~ /~tt , inserting this into Eq. (12.9), and then integrating, one ar-

rives at the form ,

* 

- X (i a)  
~~~~~~~~~~

(12.10)

p..

Here the second integral on the r.h.s. is given a meaning by specifying it to be an It 0

stochastic integral. Eq. (12.10) can be interpreted as a differential equation in which the

integrals are replaced by finite increments ; that is, it can be written as

~ ~ ~7 ~ (12.11)

This is a stochastic differential equation in the random variable X(t), called an 1+0
process relative to (vector) matrices f and G Eq. (12.11) defines a vector Markov process ,

*[Ref 181
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i.e. it defines a filter in which the input is white noise (multiplied by ) plus X(t), and

the output isX ~ i.
The vector ~ (t ~ in the theory of volume scattering has several components, one

of which is the random index of refraction. The modeling of this quantity as a random

process generated by an differential equation is discussed in the next section.

Analytical Modeling of the Random Index of Refraction

The index of refraction (.L(X) in one dimension can be modeled as a colored noise

process, i.e. as a (statistically) homogeneous, exponentially correlated Gaussian process.

Its specifications are,

2 
(12.12~

~
{ ~ (x+~~~~~)~~ ~~ C = CoV~~~~

in which D is (essentially) the correlation distance. As D —
~~~ 0, the limit

• coV 
~~~ 
} .

~~~~~~

. ci-•~ 
2
~g I j di)  

. Thus in the limit of zero correlation distance the set

[ ( A. (~) }. formally defines a white gaussian process (i.e. a del ta correlated random van -

* able). If the process ,A(~~) is itself not a white noise process i.e. if Eq. (12.12) is restric-

ted to finite D , then a physical process y (x), defined by

~ [ ~
(x) x] -s- 

~ {e~
),~] ~~( x )  ( 12.13)

is not a Markov process. However, y (x) as defined by (Eq. 12.13) is smooth , dif f erent iable

and well defined.

The modeling of the index of refraction as a colored noise process has the advantage

that it can be generated by a linear stochastic differential equation forced by white noise ,

namely

d~~ ix )  i~ cA~ 
-4- ! (12.14)
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in which , as before, c114 is the differential of Brownian motion (Jazwinski , p. 123). In this

special form the random variable is a Gauss-Markov process. Although the random pro-

cess y(x) is non-Markovian and the process / 4 (~) is Markovian , the vector formed by

and is a Markov process [Jazwinski , p. 105] . This is an example of state variable

augmentation. The technique of augmentation is described in the next section.

State Vector Augmentation
• 

Let the set X (k), k 0 , 1, 2 . . . . be a random sequence of scalar or vector variables

~~~~ functional dependence on a single parameter k. Any relation between X (k) and

X (k+ 1) ,  together with ad ditive white noise (= W ( ~~) ) ,  will generate a Markov sequence.

For example the scalar sequence,

x , ~~~ 
C(k)  X ,~~

) + ~~(k) (12.15)

is a Markov sequence since it relates between two successive points , k , k +1, driven

by white noise. Next suppose there are functions C1 (k), C2 (k) which relate X1 between

t hree successive poin ts,

~~~ , ~~~~~ i) C, (k)X 1 (k) ÷ c c k ) X , (k- I) 4~~ )
(12.16)

Here X 1 does not define a Markov sequence. It can be made into a Markov sequence by

augmentation of the state scalar into a state vector with two components. This is done

by definin g the second component X2 as X2 (k) = X1 (k-i). Thus , the equations of

state become

x ~~~~~ ~~( k )  x, ~
) +w- (

~) (12.17)

in which

- 

C~k)? [ci (k) c~ ( k )]  
~
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Eq. (12.3), obtained by augmentation of the state vector , defines a vector Markov sequence

(he. a vector relation between two successive points of a sequence driven by white noise).

A similar augmentation of the state vector can be used for non-Markov processes. For

example, let the state equation be

f C~ (~) ~ ~ (12.18)

This is a non-Markov process (scalar or vectorj , that is, a process which defines a relation

between three points ~as seen from its finite difference form). To augment the state vee-

tor we let ~ X~ 
, then

C ( ~) ~~~~
) +~~~~~

) (12.19)

— —

where

x ~ ç (~) = [~ ~ ~~~{~1wf t)

* Eq. ( 12.19) is a vector Markov process, i.e. a vector first order differential relation between

random at two successive points, the system X being driven by white noise .

13. Solutions of the Random Wave Equations

The literature devoted to solution of the random wave equation is enormous. The

great profusion of efforts in this research is due to the multitude of distinct disciplines

which are concerned with propagation of Naves , such as: (a ) radio propagation (b)

seismology (c) shell and plate dynamics (d) acoustic propagation in the atmosphere and

in the ocean (e) astronomical radio telescopes (f)  ionosphere studies (g) nucleonics (h)

plasma physics (I) optics. We will be concerned in this report only with those solution

methods whi ch appear to have relevance to the propagation of sound in the ocean . The

~nj mher of these methods that can he reviewed here in Part I necessarily limited.

\ fur l h. r Iise ussion of methods is being prepared for Part II of this series.

I

I
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14. Methods of Solution in Abstract Form

The equations of displacement L4 of an anisotropic medium driven by force

with combined deterministic and random inhomogeneities (assumed small) can be written

in the form

-

+e~ ~ ~‘x ) -  i~~, ~~~
)
~~~~

-2.)

+ ~ L~ ~) -- I~ c
o
~x 

~)I ~ (14.1 )

1 l , 2 , - -

Here € is a measure of the strength of the deterministic inhomogeneities and is a

measure of the random inhomogeneities. The symbol L ~~ is a differential form with

* constant elastic coefficients describing the anisotropic property of the medium.

fl- I- sy mbol L ~~~ is also a dif ferenti al form with elast ic coefficients ~~~ which are

fu nc t ions of coordinates , describing deterministic inhomogeneities. The symbol ~~- 

~ has the same fort-n as L~ but is a random operator. The density~~ 
- 

is def ined

as the sum of the densities of a homogeneous medium ~‘ , added deterministic mhomog-

geneities and added random inhomogeneities ~~~
° (x ~ *,() ,~~~~~ being the real-

ization parameter. The solutions U.~ of Eq. (14.1) are assumed to have the form

+ E L4.K ~ (14.2)

ca~ <<

~~
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Substituting (14.2) into (14.1), then collecting terms of the same order of magnitude lead

to the following,

order zero ~~ ~~~~ 
—

2

first order in ~ : ~~~~~ ~~) J .~~~ ~ )~:=
- - 

.~~~~~~

° 

~~~~~

first order in : ( L~ç (~~o~) — ~~~ ~~,s) 1  ) l.(~~ (14.3)
ot~

(L~K ~~~~~~~~~~~ 
)
~

A different set of equa4ions is obtainable from (14.1) by grouping all operators into a de-

termmistic set and a random set, and writing

(144)

The result to different order is:
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order zero: 
~, 

L~~ 
— ~~~ ~~ 

+- € — 

~~~~~~

first order in ~ : 
~~~~~ [L~~ 

- 

~ (L~ ~~~~~ ~ 
)~ ) i u~

- (L~ ~~-i~

(14.5)
For brevity we set ,

* ~~~~~~~~ L1~ ~~~~~~~

Lk - I~ ~~ + € (L~ ~)-Z~~~)

~~~~~~~~~~~~~~~~~ L~ (~~~) O
~~~ 

-
~~~ ~:

(14.6)
0~~~ ,Let ~~~~~ ) be an inverse operator. Then the solutions to Eq. (14.5) are

RI 
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r
~~) ~. -

- - u~’ = - ~ ~A6~) ~ L , - ( X  ~,: 
~~ 7 ~(14.8)

The inverse operator is the deterministic Green’s dyadic,

~~~~ 
(14.9)

g (x-~ ~ .-7~) 
(14.10)

h..
We now can construct two alternative solutions to Eq. (14.1). First we use operator o~ ~
and its inverse 4~’ . Then the solution 1.4~ is symbolically given by,

- 1 ~ (j~ .‘.

= - J ~ 
~ ~~Vdi~ -~~ ~ FL~ ~~~~~~~~~~~

-
I

- 

~f : ~[L~ ~~~~~~~~~~~~~~~~~~ 
u~Jfr~r

(14.11)

Secondly we use operator and its inverse . Then the solution t4~ is

(14.12)

Conclusion: The symbolic solutions of Eq. 14.1 noted in this section are useful only when

the inverse operators etc. can be specifically identified. Several specific cases will

be identified and discussed in later Sections of this report .
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15. Perturbation Procedures For the Random Wave Equation in Abstract Notation
We will illustrate the solution of the propagation of sound in a random medium by

per~.urbation procedures in the following schematic listin g of formulas and assumptions.

- 
- Let ~i ~ ) represent a scalar field variable and~~ represent an operator. Then

the equation of propagation of sound in the absence of true sources is given by

~~\ 
~~~~~~

Qt~. ~~~~~~~~~~ / ‘~~ ~~~~~ 
)~~ 

/ ‘
~~ (15.1)

Assumption No. 1: is linear .

Assumption No. 2: is random.

As a result of Assumption No. 2 the field l~ is a random process .

Assumption No. 3: 
~ Cx ~ 

) V( x ) ~~d~~’
Assumption No. 4: vc~ ~ 

) —  V~ (~~) + V~ (x)
According to Assumption No. 4 the random field can be represented as the sum of a co-
herent wave V~: ( V  ~ and an incoherent wave VL V— ‘~ 

i/a>  where by defini-
tion , <V~ > 0 . The mutual coherence function , M , is defined as

~~~~~ ~ ~
* V~ ~~~~~~~~~~~~~~ + 

~~~ ~~
( - )

~~~~~~>
(15 .2 )

Assumption No. 5: there ri a plane wave 4 
~
‘ - f ’) ,  ~~

Assumption_No. 6: (a) Medium is statistically homogeneous in x , y.

(b) Wave propagates in direction z.

Using the notation ( ) , ~ ~ ) = ( Q.~~) it is seen that Eq. (2) plus Assumptions No. 5

and No. 6 lead to the mutual coherence function in the plane ~ L.

M (~ - ¶2, L~ ~~~ ~

(15.3)
Assumption No. 7: All operators and field quantities can be expanded in powers

of a small quantity ~
Accord ing to Assumption No. 7 Eq. (15.1) can be expanded in powers of ~~. The result is

~~~~~ ~~~~ +~~~~
(
~~~)
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Since V: is and ~~ is it is seen that ~ is negligible. Thus

= E~~~~~~~YC~~ 
(15.5)

Taking into account the boundary conditions the solution of Eq. (15.5) is

V~ cL~~ € ~Z ~~VC~~ 
(15.6)

Assumption No. 8: ~~ -/ 
is nonrandom; is random.

According to Assumption No. 8, the mutual coherence function using Eq. (15.6) is

F ~~~~~ = ~~~~~~~~ ~~z’)

- - (15.7)

~ Z ( x  
- 

/ ~ ( ,
~ ,> Vc (

~‘, ‘) Vc (5a’)

Eq. (15.7) is a double integral over 3-space , i.e. six coordinates to be integrated .
Assumption No. 9: operates on a statistically homogeneous process and is

a scalar .
* According to Assumption No. 9,

~~~~~~~~~~~ 

~ 
)
~~ C ~~~~~ (15.8)

Assumption No. 10: £ 
— 

can be approximated by choosing various acoustic

sizes for the correlation-length I of the medium.

- 
inhomogeneities.

Customarily is chosen >~ I , i.e. small angle scattering.

Assumption No. 11: Choose small angle scattering.

According to Assumption No. 11 the volume integration is limited to cones with vertices
at 

~~ 
with apertures (40Q ) I  . The solution of Eq. (15.~ ) based on Assumptions

Nos. 9, 10, 11 is facilitated by introduction of relative and center-of-mass coordinates , i.e.
I D lrelative: )( X— ~(

center-of mass: X £ ( 
~~~~~~~ 

s”)
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Thus the six-fold guadrature is over d 3
~ i~X ~ 

C~~~~T~~~X dZ
Integration over dxd ‘/ is easily effected. Integration over dx4 is by method of sta-

tionary phase . I tegration over d Z is easily effected. Thus the autocorrelation of y~
. is

reduced to a single quadrature over J ~’ . Since Eq. ( 15.7) is solved one can directly obtain

M from Eq. (15.2’i . Perturbation with Taylor expansions are discussed fu rther in Sect. 34 . 35.
Survey of Solutions of the Eq. _______________________ 

____

16. Born , Parabclic Approximations

It is firs t assumed that the medium is homogeneous and stationary ,

< -r >~ 
( 16.la)

~~~ 

i l6 . 1~~

We begin hv restricting ~. ~~
, ) I I  h*, “small ~nou~zh and w,-h a ~~I ut ion hv simp le per-

t urbation theory .

) ~~~~~~~~~~~~~~~~~~ ~ (~~~) +~~~~~J lk 1 # . .  -
— 

i i i ;  2i
in which _ 1,. is indep end ent of and LI. is t h~ ~~il~~ t u ’’i  when ~~ ~ Wnt in ~ th e ~ iu
tion to he solved in the form

* 
-
~~~~ l.__

~4 -
~
. 

~~~ 
. 

~ ~~ 
,
~~ /

l *~ ;i( i l l  n tra nsforming :0 an integral equa t lu:  - - I  ~u i ~t it o  ing  (1* 2 leads t~ th e ‘r i  ur~ - . i  i n

series (Born - proxi mation),

~U ( A ) .  t 4 : ( ~ t ~

+ 
~

I

L _ _

to be uniformly valid this expansion requires that each term he a small correction to the
previous term for all values of ,‘t . In the scattering process this mean s that the energy

scattered over path x= L must be much smaller t~ian the incident energy at )t’ D  . The
intensity of energy I can he calculated if the autovariance (or correlation
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I
function) ~R of ,‘~~~ (j ~~ ~ is known. Choosing a Gaussian distribution with correlation dis-

tance £ and restricting L4 (~~) of Eq. (16.4) to two terms on the r.h.s. it can be shown

that the “smallness condition ” limits both the path length L over which the expansion is

valid , and the maximum variance (fit 3~ , by the relation,

< ,vt~- >  ~ L c~< ———- —— 
~~ 

(16.5)

4( 1- e~~/~
)

Val idity of th e perturbation expansion thus requires every path length be smaller than the

e x t  i f l tt i u n  lengt h ~

— (16.6)
~~ <~~~~~ d> 4~~ I 

~ 
)

Wh en ~~ is small the st-attt ’r ing Is n m nu t I r * ( t ) on a )  and little energy , once scattered , is

~ atte red a second t ime in the di rt - :- t iu n  of propagation . A t  every point along the path

the in eident fwkl is the un ( l i s tur (w ( l field (v iz . 4. I.

‘rhe h l ( b t ” ~ i i *  of inh omogeiwitv is constant - Eqs. ( 16.5) and (16.6) therefore ap-

PlY oi ly t i  homogeneous and isotropic media. If there ~s a range of size of inhomogene-

it ies along th e path , the med ium is no longer homogeneous. In th is case it is useful to

assume that  uwr *’menta l changes in ,’r’t from po int to point are stationary . The medium is

then locally homogeneous over some range of sizes, s - i \  from the inner scale to the

outer scale L. The ( orrelation function . which is the averaged product < i~i( n.)
‘~~~ (i lt &) >  and is therefore a maximum when )I~~? ft . emphasizes the large scale

inhomogeneities L0 . For a locally homogeneous and isotropic medium it is desirable to

eli minate this trend by use of structure functions which are the squares of the averaged

differences < ~ — ,,, (i~ ~ )~~> . The structure function depends only on

~?i~ whereas toe correlation function may depend on / sa~ /I~~ separately.

For a medium which is everywhere homogeneous and isotropic the measurement of the

correlation function of ,~ (h ,) and the calculation of its corresponding power-law
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spatial spectral density are adequate. For a medium which is locally homogeneous and
isotropic it is more useful to measure the structure function and calculate the power-law
spatial spectral density from it.

When the parameter kl increases the incident wave is scattered more nearly forward
and is therefore subject to repeated scattering. Inasmuch as all multiple scattering prob-
lems must be solved by approximation the case (4-i) << j may be treated by first
setting ~ (

~ 
) U (~) ~ x~~ (— t. k x)  where x is the direction of propagation ,

and then neglecting ~ 0(x) ~~~ compared to ~ k ~L) ~x)/~ . The result
is the parabolic (or diffusion) approximation.

~~~~~~~~ ~~ U(~ )~ - k~~~(x)U (~)
(16.7)

in this formula the r .h s. appears as a source of negative energy in a diffusion process
described by the left hand side. For a point source — 47t (~ - in the plane

* x = co’-’st., ~ , the Green ’s fun ction for a di f fusion process is

tx~ { 
•~~ [ ( )

2 
+ ~ (x)

(16.8)
in which II (x) is the 1-leaviside step funct ion.

Thus , for an incident wave 1) (‘x ) , the solution of (16.7) may be written in the form of
an integral equ atio n ,

U(%): U~~) 
_ _ _ _

(16.9)
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Let the integration be over the size of the inhomogeneity, i.e. over

Then the ratio

2 2
~ ( .  

t
_____ “_ — - — - (16.10)

—

— ~~ ( area of inhomogeneity

area of firs t Fresnel zone

If the path lengt h x were indefinitely large then the scatterin g would be independent of

direction j. e. of t . con rary to the assumptions of forw ard scatt ering. The assumption

of high directionality in the forw ard direction requires that the magnitude of the exponent

not fall below a certain value. Usin g (~~ ) as an appropriate scale of smallness, one

specifies this value by an rneq ua.lity.

2 - 2

>) ~ ~~~. >>

* 
‘~..x ~c~~)~’ t1 6 . l l i

Thus the path x over which the application of the para bolic equation is valid is limited

by Eq. i 1 6 l l . This equation is seen to allow the followin g choices:

Assumption: * ~ >>
- 2  

- - - -— Choices: ( a t  .

~
, or ‘geome~~ic optics approximation

I)

L 

(b )  -
~ 

or Fresnel approximation

( C )  ._-.—-- or Fraunh ofer approximation

~~~

Since can be much larg er than unity it is se-en that  can be much less than

unity , that is. the para bolic approximation permits many inhomogeneit ies to be in the

direct path of proparation. It is to be noted however that Eq. 16.9 ) is an integral

ss 

-- —



~~~~~~~~~~~ -.~~~~~~~~~~~~~~~~~~~ - -~~~r~~~~r -- r- ’~~
- ~~~~~~ -~~~~~~~~~~~~ ----~— r- ~~~~

equation in U , and hence is not directly solvable by quadrature. The appearance of the

solution for the field in the form of an integral equation is a feature of the parabolic
equation method.

- 

- 17. The method of Smooth Perturbations (MSP)

In the reduced wave equation for a medium ~Yt (x : ~% ) -f ~
‘,fl’1 ( x )  ,

~v
1 0 1 0~ ) U(x )~ ~~~~~ ÷~~~~~

) U(~ )
(17.1)

the method of smooth perturbations (or the Rytov method) seeks a solution of the form

. J ( - ~) ~~ [ 
9~~~ 

(‘
~~~~)+ t~I , (,~ )+ ,

~~~ - .j (17.2)

in which exp ( tl1o (~)  ) is the solution when The proposed solution leads to
the following nonlinear d.e. in 

~~

7~ ~~ (Y ~~~ ~~~~~ 
. ~~~~~~~~ (‘~) 1

~- ~
- • (17.3)

t 2. ~~ ~34)~ (~ ) ‘n ~)() + k. ~~~ ~~~~~

‘ (
~~) . ‘ o

Assuming that ~), (x )  possesses an asymptotic expansion in powers of the small param-
eter~~~:

~ (~ ) 
~ 

(
~ ) (17.4)

One can reduce Eq. (17.3) to a recursive system of d.e. in , whose m ’th term is



-
- 

-

~~~ (~~~2~~ ~~y~i0 .
-
~ç7 ) ~~ (

~~~) 
‘k~ 

(
~ ) (17.5)

- - 

~~~~~~~ (x ) -  —
~~~~ k0 4 ’0 (~ )/ ~l j (~) (17.6)

- k 2
~~ (~ ) - ~~~~ (17.7)

- 

- 

~~~~~~~~~~ 
-

~~~~~~ ~ 
(~ )~ ~ ~~, ~~~~ (17.8)

To solve this recursive set the random field in, lx) is assumed to be homogeneous and

isotropic, representable by a two-dimensional Fourier-Stieltjes spectral integral in the ran-

- dom process dN ,

~~~~~ )-  ~~~ ~~~~~ )~~~N (M~~D ( )  (17.9)

-~ -

where

z~JN (~ r~~) d~~
’(~~~ ’)’~ ~~~~~~~~~~~~~~~~~~~

(17.10)

L 
_ _  
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‘

The symbol ~~ is the 2-dimensional spectral density of 4) , (x ) . The stochastic fields

— - and~~ also have spectral representations,

~ x~J ~~~~~~~~~~~~~

- (x~ 4 (17.11)

~~~ Cd ff x~p (17.12)

From (17.6), (17.9) and (17.12) it is seen that for j o in (17.4)

d k ~ J N (~~~~j ~
) (17.13)

If the field ,
~~ ~~ )  is finite in some interval bounded 0< 

~~
‘ and goes to zero out-

side of this interval , and if the Fresnel approximation to the Green ’s function is used then
the random amplitude in Eq. (17.11) becomes

~~~~ 
(~~~x)~~ ~~~~ ~~~ZX ’X7J dN(~r~~)

0 (17.14)

Similarly, under the same assumptions

~ ~I (~
‘r) ~

) 
~ j 1 

~ dN(~ 4 ~
‘) dii ~

0

+ f °ix f ~~~~~
) } ii (~~ ~? ) Yr d L (~~

‘
r 

~~ / l )

( 1 7 1 5 )

~~ (4 , ~‘).
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Eqs. (17.14) and (17.15) allow one to calculate and ç~,, from Eq. (17.11) respec-

tively . The second moment of these two quantities can then be formed and then used to

form a criterion of the limit for the validity of the Rytov approximation. Brown [J. Opt.

Soc. Am. 56, 1045, (1966)1 has adopted the following criterion,

~~~ LJ4, (x i ) I~),~~ (’X ) ~ > << ~~~~~
‘
~~

) ~4~
’ (X ) >  (17.16)

He assumes that ,t)~ (x) is a gaussian random process with a spectral representation of

the second moment

~ (x i - 

~j  ~~2 { - (17.17~

in which A is the correlation distance of fluctuations. Based on these assumptions he

arrives at the conclusion that MSP is valid when

2 
T ~~ T(~) 4 ~~ ~~~~~~ 1<’ (17.18)
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~
j )2

~ ~~~
14~~j +

(17.19)

?= ~q~~”-

-. .i±~ ÷ _ _ _ _  +
3 (

~ )
(17.20)

Discussion: Brown has discussed his results in the following way

(1) When ‘~ >.> I it is required that

~X < ~~~~~z. (17.21)

T~
This is the same requirement for validity of the first order Born approximation. Hence

Brown surmises that both the Rytov (MSP) and Born approximations have the same do-

main of validity for all 
~~~~~~~

. ,sI’

(2) In the geometric optics approximation (with solution t4. , A

is the amplitude and S is the phase of the wave) governed by the equations

V ¶
~ — 

(17.22)
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~

~~~~~~~~~~~ ~4 V ~ 0 (17.23)

5 + (17.24)

,~L A ~~~~ A0 4 -4 
~ 

/1 (17.25)

the mean square value of ~~ andjj have been derived by Tatarski [Wave Prop in Turb.

Media , p. 148, (1961)] to be

(17.26)

~A 2
> ~ (17.27)

The first term in the geometric optics solution is related to 
~ , and the second

term to . Using the equivalent of (17 .16) leads to the result that in the geometric

optics case,
‘ 1

~ O , C j  ~J ~~ ~~~~ ~ 
(17.28)

The MSP approximation in contrast is valid for all ~ subject to (17.18).

i



18. The Dyson Equation

The basic differential equation of propagation in a random medium is written sym-

bolically as a stochastic equation in the random field ~~ resulting from scattering by the

random inhomogeneitis

L0 ~ 
.
~~ ~(n.. ) ~p ~ 4 (

~~) 
(18.1)

The solution of (tg .1) by perturbation theory is the Neumann series,

~ (M0 ~r M0 ~~ rio - ~~~ (18.2)

(i.e. the Born solution). The first term is the unperturbed source wave, the second term

is the singly scattered wave, etc . Thus the lowest order statistical description <VI> ( = the

mean value) requires a knowledge of the moments of ~ of all orders. Let ‘f’ = ( +

= 0, namely the stochastic field is separated into a mean ( = coherent) part and a

fluctuating ( = incoherent) part . Substituting for ~4) into (18.1) and then averaging one

obtains

L0 < 4’>~~ <~~~ > t c ~ (18.3)

The objective is to write Qs a function of I~ P> . Subtracting (18.3) from (18.1)

L0 ~~ 
( q)> + - (18.4)

The solution of (18.4) is

By iteration ,

~~~~<q’>J r10\~~t1.~ (18 5;
Multiplying by ~ and averaging leads to

<~~ M0 <~P>l~ 
+ t M 0 0 ~~1.~~

(18.6)

~~

95 

—~~~~



in which Q is the “medium description operator.” Eq. (18.6) states that the mean value
of the coupling between the incoherent field and the random index of refraction depends
on the mean field through on infinite (non-summable) series of operators. Substitution

• of (18.6) into (18.3) leads to ,

(L0 -~~ ) ~~>= f  (18.7)

The symbolic solution of (18.7) is

~~~ = M~c 10Q~~q > ,
(18.8)Another solution is

ti =( L0-Q)
(18.9)

Combining these two solutions leads to the Dyson equation governing random operators ,

fri0 
~~

‘ 

~ Q t”l (18.10)

Thus the operator M obeys an integral equation with Q as kernel. Since Q is not
summable Dyson’s equation is symbolic only. It is noted from Eq. (18.6) that all terms
in Q containing “free” (i.e. unaveraged) ri~ have been subtracted out. Retaining only
the first term in Q leads to —

~i~~(L0-~~~Y
t
~ [L0 ( ’— M0( 0~ >)~

(18.11)I.. ( t ( ~ M~
,
~>) r10

(18.12)
Thus not only is (18.9) an infinite sum, but each term itself of this sum is an infinite sum.
By going from the random function 4~ in (18.2) to its mean value in (18.9) we have re-
grouped terms in (18.2) into an infinite sum of sub-infinities. Use of one term in the
latter sum is equivalent to selective summation of a sub-infinite of terms in (18.2).

The significance of single and multiple scattering formulations is illustrated by the
method and equations of Tatarski and Gerstenstheyn [121. Beginning with (18.4), and
using 

~ L~ they find

K < 4)> + (18.13)
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~~~~~~~~~~~~~~

where K is defined by the single scattering operation

1< ~~~ 

•

~~~~~ ~ 
- ~~~ >~ 

(18.14)

Thus,

~ 
- 1< e~p ~ > + 

~ ~~ K4~> (18.15)

Substitution of this result in (18.3) leads to

(
~ ~ 

(18.16)

From (18.14) it is seen that when is non-random , E Thus Eq. (18.16)

becomes

~ 
-
~ 

(18.17) 
—

M , (L0 - 
~~~ (18.18)

In contrast to the symbol K which represents a single scattering, the symbol represents

multiple scattering. Thus Eq. (18.17) states that in a one term approximation to Q , the

mean field is determined by selected multiple scattering of the orginal source wave while

the fluctuating field is determined by single scattering of the mean wave. Eq. (18.8) when

= is equivalent to Bourret’s equation [13], which, when explicity written , has

the form

<~~ ~~ 
(
~ , ~~

‘) j(h’)d~~
’ 4 

~~ h ~ ~~

~ ~~h2.)~> < ~ (p~~) ~~ 
(18.19)

Since &~)> depends only on the two-point statistic of ’! , the approximation is called

bilocal. Iteration of (18.8) for (~
) = ( “f o ~‘>adds terms with kernels

o g &fb Q, ‘ ‘ “i  N~ f
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Thus the calculation of the mean value of the wave field depends on the repeated into-
gration over the two point stastic as contained in

19. The Bethe-Salpeter Equation [14]

From perturbation theory the total field in a random medium is given by
00

~~ 
~~~~~~~~~~~ (19.1)

The fluctuating part of the field is therefore

s~~L [ O

’

~~1~~ 
- < (19.2)

The averaged product or correlation function of the fluctuating field is

~ ( M 0~~~ M: - < ( M 0~ )~ > M0 ]  4 (~~i ) 4(~ 2) 
(19.3)

Here, M,0 operates on 
~~ 

coordinates, and on the x2 coordinates. Explicit terms
of this series in the low orders appear as

~ 
(x t ) ~~~~~~~~~~~ )>~~ ~ C~1~~ F~0 ) +  ~~~~~~~~~

+ (
~ ~ - - < (t1~ ~ 

. , . .  1>
+ <‘ MO~~HO .~ t’t, { ( Md M~Y+ (t 1~f~N0* ~~~~~~~~

‘‘ ‘‘ > 4 ( &) 4 (
~~ (19.4)

If the sources,~t are point sources then all operators 
~~ 

are converted to Green ’s functions,
i.e. 

~~ 4~~ ~ ~~ ~~ (x ~ ~
‘) (19.5)

Using point sources, the sequence of terms in the correlation function series may be visual-

ized by double (or parallel line) diagrams drawn according to the following symbolism :
a light upper line represents the free-field propagator 

~ (y,~ ~
) , which is labelled
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at its left end and at its right end. An upper dot represents ~ (~~ 
) - A light

lower line represents G~ (x~ ~
) which is labelled at its left end and ~~ at its

right. A lower dot represents 
~ 

A dotted line connecting any two dots (in a line,
• or between lines) represents the process of statistical averaging. To use this symbolism ,

it is convenient to define the correlation function density, W 
~~~~~~~~ 

~~~~ ~ r~, /~)by the

formula

<~~ (~:) 
ç~

4 

~~~~~~~~~~~~~~ ~~~~~ ~~~-~~) d~0 J~0’— — — (19.6)
where ~ is the origin of coordinates. The purpose of introducing ~

j is to have each

term in the parallel-line series expansion of the correlation function possess four terminals,

• ~~ in the upper line , and )(~ ~ 
in the lower.

By multiplying out J~~(’x,~ nd 
~~~~~~~~~~~~~~~ 

then averaging , it is seen that the density

can be represented as the following (infinite) sequence ,

~~~~~
. 

~~~~• i _. Li + l 4 .4 -~ 4
w 

_ _ _ _  
—~~~-~~~ -~~~- ~~~~~~ -~~ ~~~~• • -

Double diagrams , which can be broken into two distinct Parts by cutting two solid lines
.4

~~ 
t~j , ) and no dotted lines , are called weakly coupled (or unconnected) diagrams.

The remaining diagram s not so divisible , are called strongly coupled (or connected). The

above sequence for W is seen to contain infinite subsequences of both strongly and weakly

coupled diagrams. In analogy with the construction of the Dyson equation , it is an ob-

• jective of further analysis to construct an equation for W which is closed and contains

only strongly coupled diagrams, yet which , upon interation , is capable of generating 
~fl

of the infinite series (both connected and unconnected), by iteration. This is done in

the following way . First, an infinite subsequence of strongly coupled diagrams ( tL )

is isolated from W .  These are visualized as the sequence ,

X ho I ‘
-

I - _ _  _ _

I ‘h  L ’ ’ .. 0 4 ‘ + , , ,

—



— ~~~~~~~ • - - —-~~ - - — —--.
~~~~

• • • - •  — ------ -- •  -~-:~-

Here, the 4-terminal symbol is defined by

h i11 I

and contains only strongly connected (i.e. non factorable ) diagrams. The appearance of

a single upper (or lower) terminal represents a coalescence of terminals (i.e. a delta func-

tion). Also , i’~-r2 terminals in upper (or lower) line indicates ~ .auxiliary integrations

over dummy variables. Next , in lieu of ligh t lines , which represent~~ , one substitutes

dark lines representing the average Green ’s func ti on ~~ ~~~ ~~~ . Then a sequence of diagrams

is obtained in which the ~~~ term has the form

- 

~~~T ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

• • • • . _ -

! ° I  ( 0
_ _  -. ~~~~~~ ‘• ‘ • •

Since the element is repeated times in the above diagram , it is seen that this diagram

includes all that class of diagrams of~0/which contain coupled elements. The sequence

~~ 
) contains an infinite series of strongly coupled diagrams. The sequencef > I contains

infinite series of weakly coupled diagrams. The summation of all diagrams, ~ = 1,2 

* o~~, thus sums all diagrams and makes up the correlation function density (‘~~~). Such a

summation can be generated by iteration of the following analogue of the Dyson equa-

tion , which contains only strongly connnected diagrams, since each of the two terms

contain only = 1,

Y t  N r0 x~ r, r3

w IEL 
I 

+ 
_ _ _  

~~~

~~~ ç r ,. 
~~ h r

In analytic terms, this diagram (called the analogue of the Beth-Salpeter equation) is writ-

ten as

w ~~~~~~~~~~~~~~~~~ ~ç ~~~~~~~~~~ ~~~~~~~~
~~~~~ (~~3 ) >  <G (

~z4 )~~) > d  ~ 
(19.7)
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~\
< 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

• ~ dr, dA~ ar~ ~~~~ 
(19.8)

in which the intensity operator~? is defined analytically as that function satisfying the

equa tion

- ))j j  ~~~~~~ ,G 0 2 ~ ft a)?~~~, ra 
~~~~~~~~~~~~~~~~ 4) o )  •

x c.:Ir; dr ~ J’~ (19.9) 
—

• The symbol P thus is the undressed diagram ( ~~) made up of a infinite subsequence

of strongly coupled diagrams. In explicit terms

T~~1 1~2, I~ 3 ,A 3)  ~a {k~
4
~~ -i~ -r4 )  ~~~

in ‘vhich ,
~ ,

, 
• (19.10)

I ~ f4J~~i)p ._ ) > ) ~+~ •

Icre it is to be clar ified that ~irequires a quadru ple integration over the outer terminals

o fP  while ? requires (~v~ + m) “interior” integrations in case there are i~~ +2 terminals in

the upper line and ~~ +2 terminals in the lower line. While the analogue of the Bethe-

• Salpeter equation formally gives the correlation function density expressed as an integral

equation , it cannot be solved except by approximation , because? is known only in the

form of an infinite series. A first order approximation ( W ,) is obtained when the first

term of the series of? is used. In diagramatic form , this approximation (called the

“ladder ” approximation) is sketched as follows:

W, E 

~ 
[ 

_ _ _  

+ _________ _I__, 
~ ~~~~ - —-----

~
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Analytically,

< G I )~ .) F ) < ~~~ ~~ ~~~~ ~
~ ~ h~ 1,

)
~0 ) d~~~1~21~ ’.~ • (19.11)

The correlation function density thus relates the second statistical moment of the wave

field (= 1.h.s.) to the second moment of the random function ~
= — ~‘a ))describing

the turbulence (r.h.s .). —

20. Wave Numbers of the Medium and Wave Numbers of the

* Pressure Field (Chernov [91)

By use of the two-dimensional stochastic Fourier-Stieltjes integral one can expand

the inhomogeneities of the medium into a spatial wave number series,
(i) ( Ij  (

~)

= 
~~~ 

[
~ 

(k’~~~+ ~~~~~~ k2 ~~~ 
) 

(20.1)

~~~~~
in which the wave number at point 1 is

= ( 1< ~ I<’~ t\~ )
I (‘) ‘ ) a (s)

The random amplitudes Oji at X 
~ ~ in the case where the random process ~

is homogeneous are uncorrelated to any other wave numbers.(say, e 4 k’~ k3)This means,

dN( °~k’~’~ K~~) dAJ *(x, W~, ki~) > :  ~a 
~ 

( k~- k’~~)~ ( k~- k 3 )

P~ ( ix-~~’~ V2 ) k ’ )  d k2 (20.2)
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1’
Similarly the stochastic wave field ~ - ~

) can be expanded to yield ,

,
~~~~~ 

2.~~ :. /~4~~) H.~ ~~ 
<:

‘
~ Kr’.)

— I — —

>( • 
“
~ \~ 

-
~ • — (20.3)

• — S
. ’

-. . •~ 
- — I,.’—

The object of analysis is to relate the random properties of the wave field at to the

• r :u~~. fl Properties of the medium at ~ . As an illustration we use the case of single

• ~t t ~ ring in the Born approximation . We consider a volume / ~ ~ of inhomogeneitie’

~ and a scalar wave field ~ The pressure scattered to / by the inhomo-

• geneities of the medium is, /:~~c~ .~-�J
• -~ ~A ~ ~~~ .. - - (20.4)

-• “ — A
- —

In th e fi rst order Born approximation

~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~ 

(20.5

in which ~~~~
‘
•
‘
~ i~,)is the undisturbed incident field. For a point source at the origin with

* 
amp litude Q..~ ~

- P_ H x j ~
—
~ 

,~~~~~~~~~
. = ~. 

_____ ____:L. ( 20.6~

Thus th e first order scattered pressure is

~~ 
~

(
~ ) 

~? 
k

- )  v~ 
— i~-~ I 

- -- -. _ _ _  -

• ( 20.~

Now

~~~~ z _~~
s
~~~

If , then 
- 

~~• 

•

V -A  H 
— 

~~~~~
-
~~~~~

-

— - 
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The condition that the quadratic term is negligible (i.e., the Fraunhofer condition) is

to choose such that
H -.

_ _ _  t- e. X>~ ~ (20.9)

~ is at least one correlation length then the minimum Fraunhofer distance is

(20.10)

If the point of observation is near the axis of propagation (X -axis) then the Fresnei

approximation may be used ,

x~-• • - • .2) (

X -x  + (20.11)

I •

Thus the first order scattered pressure in the Fresnel approximation is,

t~,X 1 X (x )

4. 1 _ ( /  

~ —~-~
-;-

~
-•. J ~~ ‘H- ~ ~:;5-

~~~ 
-., . (20.12)

rx ’~~
) 

~~~~~~~~~~~~~~~~~~~~~~j
~ L zx~ X_~ )

The integration over X is limited by neglect of backscatter to the range X~ ..
( x ~ in

which X1 is the minimum )( containing inhomogeneities . The relation between d W and

is found by substituting(20.3) on the X~~~.$ . of (20.12) and (20.1) on the t ’-4 ’• S ,

multiplying both sides by exp { [k ~ ~ _4. 
~~ ~~~~ 

k’2~ ,~and integratin g over XZ . The

• result is X ~ 
•
~~~~~

:
\ ( ~ dN (x .1 k~, ~

)
( X ) ~~~kJk 3 et )~~~~~

)
~~ ~~~~

~ X (?4~~) + x  ~~~~~~~~~
L x (k ’ — ~) (20.13)

2.
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The integration over - ,~~ can be performed using formulas 3.694 ( 1)(2) of Gradsteyn
and R yzh ik [ 16 1. The integration over is simplified by choosing 

~ / ~ ~ <

and using the formula

~~ z 
~

• The integration over .
~ ~ is trivial. The final result is the random amplitude d ~

expressed as an integral over the propagation coordinate ( X ) , v• ~x
~
‘:- 

- -  
~~~ ~~ 

~ /x ) 
~

~~~~~~~ 

_

~~~~~~ 

~\ \ \_ ;  ~~ J \ &~ ~ ~ 
(20 14)

in which we have used the formula
~~~~~~~~~~~~~ j

~~~~ ;
‘
~~~~~~~~~~~ k~ ~~~~~~~ 

‘

• / (20.15)
S 

~~ Si. • _ 55 
•
~ • • -

~ )( -
The signif icance of Eq. (20.14) is this. This spatial inhomogeneitie s of the wave charac-
t~ raa -i b~.. the wave number L (or dimension /i ~~‘ ). The field at point X origi.

* ~~‘

• aates, in inhomo~,cnieties of the index of refraction at X havin g the spatial wave number
-

, - 
SW

-~ (or dimension ,,L t ). This is a classical result (see Tataraki 1 14 1).
From the definitions of k’. ~ 

it is seen that

X ~~~1 ~~X ~~ ~- •

a = square of radius of 1st Fresnel zone
square of size of inhomogeneity

Second moment of the random wave field

The random wave field 
• ~) has a second moment r given by

/ ~~ ~~~~~~~~~~~~~~ (20.16)
• S 

• 
p • 

~
•
~7 ~7 I, •
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• Thus we obtain a quadruple integral over ~~ ~~~ K’2 “, K’~’~ viz,

P ( X , ~~ 
; 

~~~
, ~

) fIff ~ (k’~’ ~~~
- K Y “+ ~3Z - K3 z ‘~J

<CA’  l~~X~ 
‘
~
. - k’3 ; ~ )d~~~(,~’) KZ

” ~~~~~ 

~) > (20.17)

and 4

~ ~~iIE f ~ ~~ 
L (H - H

N )( (x -)~ ~~~~~~~~~ ~
‘) . 

~ 
“ Xi )(-)

~~ ( ~~~~~~~~ ~J.
~ 2.~~~

It is now assumed that in the wave field the spatial components )( ~~ and

etc. at distance X are uncorrelated in the plane. Thus , 
1

<‘d Nd N*> 2 s (
~ 

k” )( k”) 
~ 
(
~ 

k’~
’ -4 k’~’ ~

F(ix 1—~~~~~’ 1~ k’~) ~~~dk 2’c1k~cik~
’Jk , ” 20.18

in which F is the 2-dimensional Fourier spectru m of the correlation function of the

random index of refraction. Since

~ (X ~~~~~~~

_ 

~~~ t~’~
”
~~ a(~~~~~

- -~ ~~
‘)-

~~~

integration over 1<2 ) K3 leads to the result that

~~~~ ~~~I) k3)  ~~ ~~ ~~~
‘<€ ~~~ ç~ 

4x1

~ F~ ( Ix 1~~~ ( ,~~ 
K’ 4~ ~~~

‘ ) 
(20.19)

~x K ~’(Y~ ~~
) +~4 (Z - 

~Z’)1

r -~ ~~~~ 

- ~L ~X- x2)} (K ’4 
kr) ]
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To simplify, change variables as follows

The absolute value of the Jacobian of transformation is 1. Hence __

r (X, • ~ çx~ ç~; ~~f f d k~
’J k3’

I 
~ 

( ‘  ~1 Y”) (Z

• w C X~~~ [_ 
~ 

- ~i~ 1 t
~X~~~~~ t

f )} ( K~ 
k’3 )  20.20

Now in the symbolic form E~ J where K / k~ ~ 
it is seen from physi-

cal argument that if the size of the inhomogeniety (j )  is smJthe function descri-

bing the spatial coherence of inhomogeneities vanishes for large distances ~ , that is

contributes appreciable values only if is small (. 5 I ) .  Following Tatarski [14]

one sets the requirement that

~~ k~I~’~ .~ (20.21)
ii

Since the basic stipulation in the wave scattering process is that the distance X to the

observation point be much larger than the size of the inhomogeneities that is

K X  ~~ / (20.22)

the two requirements (20.21 ) and (20.22), taken together , lead to the requirement that

II (20.23~

The physical significance of this is that in the integration process over the volume inhomo-

geneities the contribution to the scattering from a volume element at a point P~ is restricted

only to the immediate neighborhood of V1 . Furthermore, falls off rapidly to zero

with • even under (20.23). Setting the limits of integration at ±~‘and noting that

~ 
(
~, k~ ~~ (~~~ I ~~~. ~ J

- C ~~ (k~ ~)d~
one finally arrives at the form (20.24)
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P ( X~~~ ~~~
, ~

) ~~~~ ~ ç ~
‘<

~) h  
k~

’; L~ ~ 
~~~~~~~~~~~~~~~ 

.~
.
~ ‘(z-z’)~-.

• ~) ( t - 

~ 
) (k~ ~ Ic’ ) (20.25)

21. The Markov Approximation

For time exp (-i&t) the parabolic equation describing the diffusion of a wave in a

• • random medium has the form

~~~~~~ ~u ( x ,~ )+v :tL  ~~~~~~~ (x 1~ ) U (X
~~~) 

(21.1)
-

‘
I

In an unbounded medium the Green ’s function ( / ~ ~ 
. 
~ç g ) of the diffusion equation

for 6i’. D is known to be

• 
‘ I  

_ _ _  

~ -~
‘)
~i N (x.. / )  (21.2)

- -

in which H ( y—y ) is the Heaviside step function ,

‘ X I~~~X (21.3)

I? . 1
2. ’

We next suppose there is a true source function 
~~

‘ (
~~ ~ç )

~ 
and seek a Green ’s function

such that

-t tk. ~ 
~ 

(21.4)

Since (21.2) is a solution when ~~ 
, it is seen that

x (21.5)

% I ~~ ~~~~~~~~~~~~~~~~~~ ; x ’)
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Thus, when E 4 &the free field Green ’s function ~.. is changed to~~ by the addition of

a quantity proportional to E and dependent on itself. We return to (21.1) and write

a solution in the form of a sum of complementary and particular solutions. Taking the

• ensemble average of the solution, one obtains:

• ‘g (21.6)
• +<‘~k ~ e~~{ 4.A ~~~ ~~~~~~~~~~~~0

Since vt(~,~ ) is a functional of E (~q) , it is correlated to ~~~~~~ The strength of

this correlation depends on the ratio of the correlation length of E and the correlation

length of the component of ~4 ,  in the direction of propagation. For long path lengths

this ratio may be assumed small. In particular , using the casuality principal , if the wave

U is at ~,47 , we assume it is uncorrelated to the random E at 
~~, 

47 when $2 > ~
Thus, when > the ensemble average of the product U E~ becomes

(21.7)

that is, W. and ~ are statistically independent for all 
~~~~ 

Eq. (21.7 ) is a basic condition

of a Markov random process. Thus, in the Markov approximation

( U ( Y ~~~ )>~~ U°(~ )~~~~-~k cx
~~~~~>+ ~k

<~~~~~~~~~~
z
~~ 

ç ( ~)> ~~~~~~~~~ Q))  (21 .8)

This equation can also be derived by assuming the correlation functionR~ for the field

E to be delta correlated in the direction of propagation,

4’ ~ (x—~’) A~ 
(~~2 _ 4 ’) (21.9)

(Tatarski [JET P 29, 1130 (1969)]). If € is Gaussian, or if the phase function S(~~)is
Gaussian where,

S(~~, Q) ~~~~~ 

x
dr~~OI:.~,) (21.10)
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then Eq. (21.8) is equivalent to the d.e.

_ _ _  
(21.11)

the solution of which is

O f< U 
~~~~~~~ 

iZ) (21.12)

in which 4 is the extinction distance in the ( first) Born approximation.

The d.e. equations for the higher order mements of Li can also be found in an anal-

ogous way . The second moment (or mutual coherence function( is governed by

the relation 
S

- 

~ ~~~~~
- k~

) r1 = ~ [A ~) - A (~ ~~~~ 
f~ 

(21.13)

or equivalently by the integral equation

~ I~ (x ’  ~~~
. , 

C 
(q, ~

) <g~ p { ~ ~ 
{ E - E (~~ ~

÷ i ~~~~ <~~p~~~~ ~~ k~~~- T5 ~ ~ 
(
~4 -

~~~ ~~~ 
(21.14)

(Klyatskin [JETP 30, 520 (1970)])

The fourth-order moment that determines the intensity fluctuation ) vs ~.

÷ - 
~ .) ~.t (~~ ~~ ~~‘ ~~~~ (21.1-

is governed by the d.e.

(21.16)

where

~ ~~~~ f) ÷  H( ~~~~~ )~ ~~~ ~
— H (4~s ~~~~~~ ) - ~ 

(
~~ ~~ (21.17)
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~~
= ~ [ A o - A z ’~~

)
~~~ 

(~~~)d~~— — (21 .18)
(due to Tartarki as quoted in Barabanenkov [USPEKHI 13 551 (1971)1) (Ref. 15).

The solution for in Eq. (21.11) may be obtained by a Fourier transformation
S over = ( ~~ ~ ~ a ). It is5

r~ ,

- 

~~~~~ •ci~ S :i~~( - ~~)- 1~~~

w < ~~~~~~~~~ 
~~~~~~~~~~~~~~~~ 

-
~ 

U O :~~,~~—~-~~)> 
(21.19)

(due to Dolin as quoted in Barabanenkov). Thus , one may calculate the decay of mutual

coherence between two points 
~~ 

in a transverse plane with propagation distance X

if the mutual coherence function in the plane is known and if the randomness of the

index of refraction has a known power density spectrum or a known structure function

(or correlation function).

The solution for the fourth moment i~. (describing the fluctuations in intensity in

* transverse planes in the direction of propagation) may be obtained by restricting the

scat ter ne t o the small angle approximation. Letting ~ be a double Fourier transform of

in thy pairs ~~.~~and •X• f ; i.e., 
-

r4 
~

) 
~~ ~~~~ (21.20)

-~~

v q )  ( x ,  

~
)& ,~~

)
~~~~~E)

and substituting this form of r4 into (21.16) one obtains the following integral-differential

equation in 9:

~~~ I .~~ ço~~ [
~~~~~~

( A +
~~~~ ) + H ( & _ ~~~~.)~~~~~

i rk

2
~~~~~~~~~~ ! ( e )  [Co.~ L~. - ~~ 

cp (~; f , 1 lI ) r 4) e)d .~
(21.21 )
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(Due to Klyatskin and Tatarski [Radiofisika 13,7,828 (1970)]. This is a radiation-transport
equation. It may be solved approximately by replacing ~ within the integral of the r.h.s.
by the known initial value 40 = 40 (~; ~ , 4’~~ )The distribution of P4. is generally
not Gaussian. Hence , L is generally not Gaussian.

The limits of applicability of the Markov approximation are the same as for the para-
bolic equation. They have been elaborated by Tatarski and Klyatskin [JETP 31,332
(1970)] and are listed here:

~& )  > I
) (21.22)

( b )  ~~~

~
) <‘E s > ~x~~~)

Condition (a) states that the attenuation per unit wavelength (namely ~ ) must be very
small. Condition (b) states that the mean-square of the fluctuations in the direction of

• propagation must be small. Condition (c) states that the effect of backward reflected

waves must be negligible. To these must be added the conditions of applicability of

the parabolic equation ,

) —
~ ~ 

(1 ).x (21.23)

Further Discussion on the Applicability of the Parabolic Equation

Let ).be the wavelength,) the scale of inhomogeneity, L the path length , E(A, t)the

random component of the index of refraction , and the wavenumber (consider a constant).

It is well known [Tatarski , b c .  cit. p. 223] that the partial differential equation;

~~~~ ~~~~~~~~~~~~~~~~~~~ - L~~ (?~ 1 (21.24)

has the exact solution • p

~~ 

-. L ku(L , ~~~~~~~~~ ~ 
L-x ’ 

~

(21.25 )

112

-— -5— - - - — - - - 5 —  - -~~~~ 



- - - . - S . • .-- - S.-- --- - - - -—- -— --- —~~~- - • -.- -~~~~~~~~~~~~~~~~~~~~~ ----~~---~~~~~~~~~
-

Now the exact kernel of the Green ’s function for the Helmholtz equation is exp{i k t *  —A.

~~~~~ 
) which reduces to the kernel exp f L k 

~~ ~~~~~~~~~~~~~~~~~ 
when

; ~ L <‘<t (21.26~

This is a first condition for the applicability of the parabolic equation in the propagation

of sound in a random medium. A second condition is based on the dropping of the

term 4i~iX~i It is seen that if U varies significantly over a scale size £ then

is of the order ~ / .~ while ~ . is of the order V~/ ~i . Thus one requires a

second condition ,

‘
~~~; ~. <~ 4.. (21 .27

A third condition arises from the fact that the parabolic equation is first order in X , and

thus ignores the back-scattered (or reflected) wave. Since reflection is a function of the

scale of inhomogeneity it is convenient to measure scale with reference to the smallest

size 4 and the largest size L0 . Applying Kolmogorov ’s theory of turbulence it can be

shown ~‘ at the condition on the wavelength is

;k ‘< ,~o (-
~ 

) - 

(21.28)

and the (simultaneous) condition on the path length is

~ ~~~~ ~
~~ ~~ L ~~ 1 (21.29)

in which is the Kolmogorov structure function constant [see Tatarski , b c .  cit . p. 409].

A fifth condition is associated with the attenuation of the mean field over distances

of the order of a wavelength. Since the scattering of the wave must only be forward it

is required that the acoustic size of the smallest inhomogeneity be large ,

(S )  4~~o ‘)‘> (21.30)

and the attenuation ~. per wavelength be small,

((i)  k~~
( <~ (21 .31)
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These conditions supplement the discussions of the previous section.

22. The Iteration Procedure of Beran [J. Opt. Soc. Am. 56, 1475 (1966)]

The propagation of the mutual coherence function < P ( x , ~~~ 

~~~ 5) is governed

by an equation of the form

~ ~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~

‘

~~~~~

—

~~~~~~~~~~~~~
; >

- 

~: ~~~~
- 4 , (22.1)

--
-5- 

C

in which the index of refraction squared has the form

~~~~ ~~~~ . ,-; 
~ 
,~~~ (x  ) (22.2)

It is required to solve (22.1) over a path length L. One method (Beran) is that of iteration.

The propagation length in the direction ~‘ is divided into M slabs, ~ ~
where ~ ~ is small enough , such tha t

~~~~~~~~‘~~~~
) _ ;

_

~~~ ~
) ~~~x ‘.

~~ ~ ~~~~~~ ~~~~~~~~~~~~~~~~~~~~ 
P 

~~~~~~~~~~ ~)> (22.3)

This means in each slab the local field that correlates with ,4~ (
~ ) (and thus generates

scattering) is constant along the path 4 ~ and is equal to the field at the initial boundary

of the slab; i.e., i t is assumed that the stochastic wave and the stochastic index of refrac-

tion are locally indepe nden t . Th us, the known initial field at boundary ?~- O provides

the the value of P0 to he inserted on the r.h.s. of (22.1) as applied to the first slab.

Subject to (22.3), Eq. ( 22.1) is then solved for the field ~~ . This field , in turn , is

inserted into Eq. ( 22.1) and (22.3) and applied to the second slab , where a solution

is obtained. In this way, the field at L is obtained after NI, iterations.

The scattered portion fl~, of the solu tion of (22 .11 subject to (22.3) is obtained by using

the free space (determin istic) Green 5 s function. The result (in the ~ slab) is,

v) > r ~~~~~~~~~~~~~~~~~~~
I 

~~~~~~~~~ lx3 -
~ l

g
~

1 , , (22.4)

~~~ ~~~~ ~ 
(
~~ (

~ i~x1 ,-
~) )
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The Green ’s function is next simplified to the Fresnel approximation , so that only small

angle scattering is assumed. Thus modified , Eq. (22.4) is solved by well-known methods.

The result after iterations is:

<PMo~ (X L , 
- ‘ ~~~~ ~~ ~~ (X~~ ~~~ ~ 

0)
_
~~
) (22.5)

fx p
~~~ 

k L [~ (xJ3~~~/ I~~~)~~~~~~~~~(
o)o)J

~i’ ( Y- i , ~~z )  ~ ~ d4~ r ( X I
~~ c~I a 4 r )

A. ~~~ 4i~~ ~e~)
X ,~~~- ~~~— X 1 = (X s z) ~~~~
~~9 (x ~L )  ( 4t (

~i)~.~
(x
~ >

The validity of the procedure is narrowly limited by the following conditions:

~~~~ (o, ~)~ ,2)c ~’F~ <<1 (22.6)S 4 .- Co

S 

‘Fresnel’ Green ’s function: ~ 4-L ..f = smallest scale of the inhomogeneities

Max. scale of inhomogeneity : £ M /4~ (<1
Extreme scales of inhomogeneity : 

~/a ~) 
; ).4j £

2 

~ ,
The requirement < C ~ means the slab thickness must be many times larger than

the largest scale of inhomogeneity .

23. Procedure for Solution of Reflection and Transmission Coefficients of

Random Medium. [Lang, J . Math . Phys. 14, 1921 (1973)] .

A scalar wave normally incident on a one dimensional slab of random medium is

reflected and transmitted. It is required to find the random reflection and transmission

coefficients, and the statistical moments of the random wave field inside the medium.

The first step in solving this problem is to convert the two-point boundary value

problem of the field inside the slab into two cascaded initial value problems: the first

(problem) in the reflection coefficient ; and the second (problem ) in the wave

field itself lÀ . This is done by the technique of invariant embedding. Since the

index of refraction ( = ~( )  is random , the four functions 9 are also random.
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The first initial value problem (in the reflection coefficient P ) is solved by the

following procedure :(see Sect. 12 for procedures):

(1) The scalar ran ~~n index of refraction is assumed to be a zero mean, expo-

nential correlated gaussian process generated by an i to stochastic differential equation - 
-

in 4 , driven by whi te noise W :  d12 (~ , where 13 is a Brownian motion process.

Thus CI~h. itself is a gaussian-markov process.

(2) The state variable scalar 
4 

is agumented by the variable d r  = ~ / ~ ~~~ x)J ~
obtained from the fi rst init ial value problem , to form a vector gaussian-markov process

X~ ~~~~~~~~~ p-) which satisfies a set of stochastic differential equations of the form

~~~ ~~X~ x) c J.~ +~~d151 (23.1)
(3) The probabi lity density function ~~,, ~, X x ) is  known to obey the forward Kol-

• mogorov differential equation with a prescribed initial condition , whose form depends on

$ and G . This e~ .iation is solved bA perturbation , and the solution ~ (tx) is integrated

over (A to give~~) , ( X ) . )c) , where X ( € ’,#) .
(4) The statistical moments of fl are found by integration over of the solved

4 .d ~~~- ~, (~.X~ )with X :L thickness of the slab.

The second initial value problem (in the field U. ) is solved by the (analogous) pro-

cedure:

( 1) The scalar index of refraction& is again assumed to be generated by a (spat ial )

Wiener-L~vy process ( =Brownian motion). Specifications on are the same as (1) above.

(2) The state variable is augmented by both CI 1’ from the first initial value pro-

blem and 
~ 

from the second initial value problem. The augmented

state variable is a five-dimension vector = c~ / 4 )  which is governed by the vec-

tor gaussian-markov stochastic differential equation ,

4 ~/ 
— ~ ‘1k, >~~ ix ~ ~ (23.2)

(3) The probability density function 
~~ 

(Y,x) is known to obey the forward Kol-

mogorov equation with prescribed initial conditions , whose form depends on4  and

• This equation is solved by perturbation and the solution is integrated over to give

~2~(Y4 where~~ (‘ ,~~#~1a
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(4) The statistical moments of ~ ~x ~
) are obtained by integration over of

the solved~ ~,\ ~~with ~~~~~~~~ thickness of the slab .

24. Mode Coupling in Random Waveguides (G.C. Papanicolaou ,
- S 

J .  Math Phys. 13, p. 1915, 1972)

Let ~ ~ be a timn harmonic complex field in a wave guide having a propagation

wave h u m  her -1t~ - ‘ where ~. is the free space number and ~i (x) the index of refrac-
- • t iou , taken as a stationary random field that deviates little from its mean value. Assume

thc wave guide to have a transverse area A (y~ 
) bou nded by a curve ~~~~~ and ex-

tending in the X-direction from -~~~~~ to4~~ . Let .&.~ ~~~ ) be the eigenfunctions

of the wave operator in A i.e., a .. ., + -
~?>,, ~~~~~ , , 1,2...., and satisfying

either Dirichiet or Neumann conditions on .~~~~. Thus , in general , ‘7~LL , i i ~~O , and j,c.

The first step in the application of the method of Keller-Papanicolaou to the boun-

dary val ue problem for ~ ~x ) i s  to convert it to an initial value problem. This is done

by restricting the scattering to be forward only, using the parabolic (i.e . “quasi optics”)

• approximation. The field U (X ) is  written ~~ ~ x). and then .L is neglected , leading

to an equation in i.i~ ) of the form

~ 
~~~~~~~~~~~~~~~~~~ .~~f r tr ~~~~~~~~~~~~ (24 .fl

Writing • 
. 

~
. 

~( where ~i..- is a stationary zero mean random field , one arrives at

a first order equation ( i n  )( ) for tr~() , i .e.

~~ �~ — ~~~ ‘~ (x ’) — ( * ~~~~~ )~~~(~ .)
(24.2a )

‘V~ (Li ,~~) (24.2b)

This is an initial value problem in whicht (~~~atisfies the same boundary conditions on

S as ~~~ The function i next expanded in eigenfunctions 1~&(x ).. ~~~ (x) ~~ .

Substituting (24.3) into (24.2a), and using orthogona lityof , one arrives at an equation

for each ‘l’~ (x),

. _i5-~~~ ~~~~~ 4 €  ~~~~ 
(24 .4a)
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~~~~ ~~~ o~ I ) ~~~~~ (24 .4b)

in which ’V1~ (o) is given. Here

~r~~ ) 
~~ 

j 1~)d~ Jt
- / - - - (24.4c)

.51 ~~~~~~ 4~.
Equations (24.4) represent an initial value problem in ‘~ (x) for each p. Choosing the
first ,)’h. of these equations and noting that ~~ C, 1,2 ,n, one can write the finite
order vector stochastic initial value problem in the n-vector ~?J ~r )  of the scalar~

~VO~ (i~ ~ € (
~~ ~ (24.5)-

~~l( -

~~~~~~~~ ~~ ~4( k 1, ~ b~)
In sum: V(~is a complex n-vector function representing modal amplitudes of the field:

is a diagonal matrix of eigenvalues of 4 ; is a (generally) complex 7 q ~- matrix
valued stochastic process which describes the coupling of the inhoinogeneities /4 (x) to
the wave guide modes; and~~ is a small parameter.

The process p~~ 
(sc) is a random function of scalar X. It is assumed that 

~~
. is a zero

mean , wide-sense stationary process: i.e.,
( 1) < j .~ 

(
~) > o (24.6a )

(2) <~J r~. ( )t—f x ’)/A 7, P 
‘ ( p )>  

~~~~~~~~~~ 
(k ’) (24.6b)To solve Eq. (24.5) it is convenient ~rst to write 6)

4~~~~~&I 
~
) (,c)~~ ,the field is assumed

oscillatory with a slowly varying amplitudes. Then

x) - U (x) U ( o ) ~~ (~~Iven ) (24.7)

k~ X (~) e~~
Now let ‘ be the tensor product L)øV, that is, let the elements of~~ be the dyadic
UI,LJt. . Differentiating and using (24.7 ) one arrives at the form ,
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X~~~1~ ~~®~~~ (~
()

which has the components, -~

~~~~ 
-;~• ~ X~ ~~ ~~ (24.9)

: ~ 
21c~. / = Kronecker delta -9’ I

Thus the power amplitudes ~ of the n-vector amplitude field W obey a first order initial

value problem. This may be solved by a straight forward perturbation. However, the

resultant solution will be range limited due to presence of secular terms. To extend the

range of validity, the range coordinate is stretched, i.e. one replaces range coordinate .*

by ~~ ~ , and 
~
j Lx) by~~ J~~~j l~Then . defining wL~) as

~~~~~~ (24.10)

one arrives at a system of equations in the n-vector ~~‘( 
~
‘) of scalar ~

‘ ( = range),

~
_ 7 ,5 - _,~~I=

~ ~ (24.11)

(~~~~~(~~) ) , ~~: ;k~~~(
•
~~)

- By using Eq. (24.8) for the definition of 
V~~~ ) 

, and by performing the limiting operation

for V , it is seen that the mean power amplitudes ( = the diagonal parts of -34r (f’)
obey a set of kinetic equations,

~44. , ~~~~~~~ ~~~~~~~ 
~~~~~

- (24.12)

Q~ ~ (~
°e - ~~ 

~~~~~~~~~~~ 
(T)d~-)

- - - 
~~

- (24.13)

(~idc -
~ 

e ‘ (r~~ C
0 
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in which the correlation functions 1? for the (modally expressed) random index of re-

fraction are defined as
• ~~ 

-~~ ~ • -~) \
(
~
-)  = < - - / ) ~~ (24 .14)

Upon app lication of Eqs. (24.11) thru (24.14) to Eq. (24.5), it is seen that

• 5, 
- .7

- < ~~~~ >11) ‘ ‘

S 

d > Qpg. ~ 
- 

~
~ (24.15)

-

- ~~~~~~~~~~~~~~ ~ 
j~

>7c~� ~~~~~~~~~~~~~~ ~~~~

~~ X .) f 4~ -i)>

This set of equations is the key result of the method. It gives the mean power modal

amplitudes of the field in the limit ~- --~ 0 , ~~~~~~ ~o such that é- X ~
- = const..

From Eq. (24.15) it is noted that

~~~~ 
~~ 

) ~e,r.$t~ 
(24.16)

If the constant in Eq. (24.16) is taken as unity then Wr (~~) 
can be interpreted as pro-

babilities, and this equation is a “foward Kolmogorov equation ” for a continuous range

Markov chain. The transition probabilities of this chain describe how power is transferred

among the modes , as prescribed by Eq. (24.12). Now the physical dimensions of is-,
reciprocal length. Hence , if ~~ is defined as the maximum value of — 4 then c’( is

largest mean distance between transitions of the chain. If we chose to be much larger

than~~ then the power in the p’th mode for each of ,4’~ modes is , i.e., the power

is equally partitioned among the modes.

25. Method of Diffracting Screens I

A planar diffracting screen is defined as a parallel plane stratum , thin in the Z direc-

tion , and indefinite extent in the X ‘/ direction. A plane wave Ae~ incident upon this

screen is modified by the physical properties of the screen so that it leaves the screen in

a scattered (or diffracted) state ,~t~(X, S
y

~’) A (,X, ~ - p ~~(Y1 Y)] . At the exit

plane (L 0 ), the function~
’ (X ~ ) I ) can be expanded in a Four ier spectrum F ( ~r

according to the relation ,
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F(~~~Qx~L (25.1)

~~~(‘~ + k ~~ ~~~~~
Since

~ ~~~~~ 
b~ 

(25.2)

it is seen that 1 is a sum of plane waves oriented in two dimensional space in direc-

tions specified by the direction cosines (cos ~ , cos 9~, ). Thus F( K~)~~th~
5 the spec-

tral properties of the wave amplitude distribution in the screen and ( (X ’.) describes

the spatial aperture function or resultant diffracted wave as a sum of plane waves (or

angular spectrum of waves) traveling in different directions. When 0 the diffracted

wave field has the form

~ P ( W  ~~~~~~~~~~~~~~ (25.3)

Here k~,. and K are the components of the 3-dimensional propagation consta~t~~~ )

~~~ k~~ -~- W ~~~~k1~
The screen function F (k~r) may be modeled as line and/or continuous spectra. For

example, a cosine diffracting screen is defined by a F’ which consists of two line spectra ,

F
~~~
‘ I L’ I ’ \ ~ ~-

(25.4)

~ 
( ~ ) 

~ ~~ 
(
~ 

4 r C

The resultant disturbance 
~ ( Xr) Z1 ~) is

~~ Z~~&~ &t~ 
(25.5)
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If we regard the incident i-dane wave as normal (i.e. & = o,~ = 0,(in spherical coordinates))

to Z = 0, then the effect of the screen is to turn the propagation vector of the incident

- 
- wave through a space angle (~3 ,~~ (referred to the~~-axis). Thus the angle of F ( r )

~ K’~- expresses how much turning is effected by the screen in the incremental wave num-

berj K .  It is easily seen that the direction cosine ~~~~~~~ 81.lf the distance )( is taken

as one spatial period ( =~~ ) then in theX direction ,

I - — -
,~~ , ~

‘J L..~ 27r or 
~~~~~ 

— —n. (25.6)

The ang le ~~has th is significance: a group of plane waves propagating at various angles

interfere to produce a spatial pattern of amplitude. In particular , such pattern s describe

the amp litude in the plane (Z= 0) of a diffracting screen. The periodicity L of the wave

in the piane~~ 0 is given by ( 25.6). When sin S~~I it is seen that smaller than the

wave length of the incident wave , and that k ’(which is proportional to cosO) is imaginary .

Thus when ~~~$~> lthe  disturbance is exponentially attenuated in the Z direction , and the

spatial period of the screen in theXdirection is less than a wavelength of the incident wave.

This is the origin of the evanescent wave field found in the immediate vicinity of the screen.

These remarks hold not only for a cosine screen but for diffracting screens in general. Eva-

nescent fields are discussed in greater detail below ,

Eq. ( 25.1) expresses the field across the piane 7~ = 0 as a superposition of the Z 0

traces of plane waves travelling in all the directions K /~ 
K’ at frequency ci.) , and am-

pli tude All the waves extend simultaneous ly from ..~~to4~ and it is their values at

2 = 0 that add up to give the total field. The angle 6 whica these waves make wi th the

Z axis must be allowed to become comp lex to account for near-field effects. Eq. (25.1)

can also be interpre ted as a scan through all the space periodicities L where !~~.r~~ !~
of the disturbing element in the diffract ing screen. When is small , Lis large, and

as~~—’1eP 1#~X’1 component of the disturbed wave field approaches zero showing that the

(n ormal ) incident wave passes th rough witho ut deflec tion. Th us diff racting screens having

very large spatial periodicities relative to the period of the incident wave (of wavelength~,)

have little effect on the passage of incident p lane waves. As La?. the magnitude of

for fixed ~X7-~ increases, sho wing that spatial periodicit ies in the screen which are

larger than , but near in size to, the wave length of the incident wave turn the incident
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wave vector through an angle whose tangent is constructible from an ever increasing

component. When X the constituent plane waves are all traveling parallel to the X Y
plane , i.e. the vector K fl~< is parallel to theX~plane. When L~ ). , the angle 6 is

complex. In this case the constituent plane waves resulting from diffraction travel paral-

lel to the 
~ 

phase but are exponentially attenuated in theZ direction , i.e. they are

(as noted in the previous paragraph) evanescent waves. Thus when the spatial periodicities

of the diffracting screen are less than a wave length of the incident wave (alternatively

when the aperture distribution is described by wave numbers larger than that of the m ci-

deiit wave) the disturbance due to the screen is not propagated to the far field , that is,

diffracting obstacles of size less than the incid\ent wavelength cannot be resolved. The

wave disturbances due to such obstacles are found only in the near field of the diffracting

screen .

If I i~ )(‘~ g~ represents the complex screen aperture function then the screen auto-

correlation function has the form

5 ‘~
‘(  XT,~)) ~ ~~~~

‘.. )
~~

‘
~d (25.7)

- T  

2
Now when~~( 4 ..)and the screen spectral function F(kr)are properly normalized , then by

the Wiener-Kinchin theorem ~‘(~~~ and F ( lc.r) I are Fourier transforms (symbol~~
’) of

each other. Thus in the plane of the diffracting screen

~~~~~~~ ,~
_ {  (F~~~~~~~~~~

-

(25.8)

In the plane Z = const.

~~ ~~~~~~~~ ~ffi F(~ r)I”~~L [~r~~r~~~~~~~ ( E~~~

_ _ _  - 

Since , 
-/_____

_ 
(25 9)
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it is seen that for small ~~ ,

~~ 
~~ 

_ _  

(25.10)
LI~~ /

‘~~. r

Now let ~~ K~
’ be the Fourier transform of a function i,e. define

-~ ~~- ~ C~ ’~c ft~
’
~~~~

- (25.11)

then we see from (25.3) that

or ~?{ ~~
r; Z)~H FL ~~ ) H ( ~~ -~Z) (25.12)

(25.13 )
In the Fresnel approximation 

- 2

~ :~‘~~ L (
~ 

(25.14)

Thus the Fourier transform of I(.Yr 14uiffers from that of 1(~,~~
nly by a complex exponential.

From this it is seen that the autocorrelation function of comPlex(( .XT Z)for any planeZ

const . is the same as the autocorrelation function over the diffracting screen itself. Alter-

natively, it is seen that the amplitude sPectrumF(fr’r,Jof the Fresnel field is the same for

all planes Z ’const . in that field , on ly t he rela tive phase of the field being altered as Z
is changed.

26. Method of Diffracting Screens II

A thin slab of thickness~Z is assumed to have a (total) index of refraction ,.~(~whose

square is given in a first approximation , by

~~~ 
(
~~ ~ ~ ( )  & ~ ~~(26.1)

By differentiation it is seem that the (finite size) departure from the mean value of,~ is

...L ~~( . 4 (x )  (26.2)
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A plane wave traveling in the Z-direction enters the slab at normal incidence with unit

amplitude and zero phase, traverses it , and exits with a complex amplitude~’&()given by

~~~ ~x)} (26,3)

The phase change ~ q~)of the plane wave is

4~p (x ) ~ ~AZ LIZ (26.4)

For small absorption by the medium the index,i~ is real and approximately equal to

and the wave length approximately equal tok , so that

‘
~~~ C 4fr (

~) C= ~~~~~ (26.5)

Now let 41J (i) be a random function and assume it is normally distributed with a stan-

dard deviation (4f4, and an autocorrelation~~ (r). According to (26.5) it is seen that

4Øv) is also a random function. Let its standard deviation be ~~~ . An explicit rela-

tion between the autocorrelation of ~ 
( ii) and that of ~(i (i~has been derived by Bramley

(1955). It is

~ 
(
~~~ ~

{- 4~~~~ { I -  ~~~~~ 
(26.6)

In these formulas we define 1~j  ~~) 
by the formula

-
~ (~~

) < ( ) ~‘~(x-t~’)~ (26.7)

< ~~~~~~If 4-( )I’) is the sum of a stationary mean ( = 0..) and a random function with zero mean

= ~ (X)), then by (26.7) it is seen that

~~ (~ ).a (26.8)

~,i- I
where

/ <~~(s) ~~ (~) > I  (26.9)

and’R~(~)is the autocorrelation of~~ (x) . Eqs. (26.8) and (26.9) permit comparisons with

(26.6) for two important cases. In the first case let~~~4 I .  Then

Rç (~~~~ H (26.10)
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From this it is seer~ that

~~~~ 
.
~~~~ 

(
~

) (26.11)

Since’s and are identical one infers (when ) that the scale of the random part

of ç (x) is the same as the scale of the random part in the index of refraction . In the

second case let I , and assume a scale size such that

~~~ (
~~ ) .  c~ 

(26.12)

if ~~~ ~~then (~~)~~Qa nd~~~(~ ~ 
is constant (=~~~~~)and small. The importan t values

of i,ç axe thus related to the requirement that~~~<’< ~~ - In the latter case

- ~ 
(26.13)

so that 
~ 2 .’/ 2

~~ ( t) = t~~
” / 0 (26.14)

Thus the scale size of the random function ç (x) is equal to ~~~times the scale size

of the random index of refraction.

We next return to Eq. (26.6) and assume ”
~~ to be given by (26.9). The power spec-

trum of .~(x) (namely is found by taking the Fourier transform of the autocor-

relation function ( = Eq. ( 26.6)).

For propagation wave vector 1< , and azimuthal angle , and polar angle & the

component wave vector r is given by

= ‘<‘ { ~~~~~~~ ~~ + ,~~~~~~~ ~~~
Assuming (for convenience) only X—dep endence (i.e. 13 = 0 ) we write the power spec-

trum of ~~)as~F(5~ whereS’ S~ b. For the assumed autocorrelation function

Bramley (1955 ) has shown that the angular power spectrum is given by

F(s) (
~ e ~~ 

(-
~~~ ,1i~ ~~~~

(26.16)
126

-— - - - 5 -—--- —— - - —- - - — -—— - --



—-5 -. -

The interpretation of this formula lends insight into the physical process of the scattering

by random inl’~ mogeneities. The first noticeable feature is the delta function ~(3)which

upon integration over has a value of unity when S~o i.e. it represents the undeviated

wave. The remaining terms assembled inside the summation sign represent a continuous

l ower spectrum of “noise” created by scattering of obstacles composing the (random)

screen. If then only the~~~1 term is needed to compute the noise. The power spec-

trum in that case is .-,

(F(~~~ e~~~(s~ + .~~~~~~~~~~~~~
S2) (26.17)

i.e. the noise is Gaussian distr ibut ion , of the same form as the probability distribution of

the random index of refraction. The signal to noise power ratio is

- 
- 

e /~ 
(26.18)

The power spectrum derived in Eq. (26.16) for a single thin diffracting screen is the pm-

ciple result of the analysis of this section. It will be used to derive further results for

the case of thick screens.

27. Phase Diffracting Screen III~~ramley, Proc. Roy. Soc. 225 1954 (515))..

A plane wave ~~ 1~~of known fixed amplitude and zerophase is normally incident

on a plane diffracting screen which imposes a random phase 4(x)variation on the wave

as a function of position. Let the random phase 4(x) be normally distributed over the

screen , i.e. let its probability density be given by

~(+)~ ~~~~~~ C
0)

~~~~
t 

) (27.1)

in which 4> is the mean value of the r ,v. at a point ,~ and ~ is its variance at the

same point. Assume next that is homogeneous and stationary. Then the autocorrela-

tion ’
~~~k)of + between two points ~ ~~~, separated by a distance /L is related to the square

of the phase difference at these points by the form ula I Papoulis , 1965 p. 3371,

< [ 4 ~ (x +~) -4 (x~1 > ~
(27.2)
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H 
~~
, ~~ 

~~~~~ (a) — ; (27.3)

where is the normalized correlation function. Now the plane wave exiting the screen

is a complex r .v., ~~~~ It can be shown to have a (normalized) autocorrelation ,

( )  ~~ ~~~~~~~~ 
.Q.~ 1> [_ ~~~~~~~~~~~~~~ (27.4)

[Hewish*]. Assume that the form of C is exp (.. ,r~/Ja) i.e. assume there is a

separation ( scale size) such that when ~m~.j <* .( the random phase is well correlated ,

while the separation r>~/ means that the random phase is poorly correlated . Then Eq.

(27.4) takes on the form
.
~~‘. 2,41

~ ~
- 

~~~: ) 
~~ ~~ ~~ 

- 

(27.5)

Now the (normalized) angu lar power spectrum of the wave E is where ~~ 9’and

is the angle between the incident and scattered wave. It can be calculated as the

Fourier-Bessel transform of

~ ~~
(
~)/ ~ ~~(~~~S)d~ (27.6)

.j ) F~c~) I ~i~
Substituting (27.4) into (27.6), and then integrating, leads to

~~~~ (s)l
2 

~~~~ X ~~ ~~~~~~~~
g

)

~~~~ (27 .7)
in which )~s the wavelength of the incident wave. This result applies to a thin screen.

When transmission is through a thick irregular medium the value of is then a function

of the thickness A2 of traversal . Assume the index of refraction consists of a sum of

average and random components, i.e.

~~~~~ ,~~~+ t.1(x) (27.8)

Then , approximately,

a,~~= (27.9)
*I)roc. Roy. Soc. A 209, 81 (1951)
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so that the phase change over distance äis

d4_- ~~~~ ~- ~~~ (27.10)

Since is a r.v., we take its variance to be (7t~/%~
’ )(~~~~~~>/~~‘. The autocomrela-

tion E~
.
~)of ~ is taken (as before ) to be exp ( _ ,k2/ ). Now the variance of d1~/d~is

taken at a specific point )( while the correlation of is taken for a separation~~ (in the
)( -direction). We desire to find the variance of~~ over the propagation interval 42’ by inte-

grating over this interval. To do this we replace ,t by ~4Zin the formula for~~
multip ly~~ ~ ..~Z)by~-z~, integrate over u,. , in the range 0 to 1, then multiply the result

by twice the variance of .
~4, . In symbols *

‘4 (
~
) ~~~~~~~ ~~~~~A~~~ >

: 7t
~~
( 

(27.12)

When ~~~ i.e. when the range is much greater than the scale of irregularities of the

index of refraction , then

ir~~~ <~~~~~~~~~Z/ ~
2
413 

(27.13)

This is the variance of averaged over a distance taken at a specific point in )(

It is seen that in this model the variance of increases linearly with distance. According

to Eq. (27.5) the autocorrelation of the wave is proportional to exp (- 
~~~

). Thus q~ (o)
diminishes indefinitely with distance. In contrast , the autocorrelation ~~(~9~an be shown

to retain its form ( = exp (—
,~~ )) regardless of distance4Z in the direction of propagation.

28. Fokker-Planck Equation

Let)( (4jbe a random variable of the continuous type , and let its conditional probability

density be -p (x,t I4,~c). Assuming that ~( ( ‘ L ) ( t  one can define the conditional mean ,

and conditional variance of ~(-t) to be ~~~~~ (x 
~, 

t~) L~ 
(x.3~t~~) respectively. The

slopes of a and b are given special notations,

*[Bramley Proc . Roy Soc . A 225, 515 (1954)]
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1(x t)  ~~~~~~~ T (28.1)

We now restrict ~ ( t)  to be a Markov process, that is, we restrict the joint probability 
- -

distribution ~~{ X (t~w~ .
~~% ~~~~~ to be the single member ~~ (t~ ).~ )c,, (t,~)

I ~ (ti, ..~~~~~. The Markov process ( (4) is associated with a first order differential equa-

tion ,

~
4 _  ~~~~~~~~~~~~~~ (28.2)

in which the forcing functions for all ~~~~ . t,,~ are statistically independent .

When 
j~~ 

—~~~~~ (~‘~ t) Eq. (28.2) becomes the Langevin equation. The product

(
~ 

w(-t ) (i.e., white noise). The conditional probability density of a process

which satisfies Eq. (28.2) is known to satisfy the Fokker-Planck equation ,
~ 

-
~ 

2_~ [~
‘
~~x 1ti1” — ~~~ (28.3)

(Papoulis 1965, p. 538). This equation plays a significant role in several different approaches

to the solution of the random wave equation.

Moment Equations of the Parabolic Wave Equation with a random forc ing

function [Lee , J. Math. Phy. 1974 (1431)1

In the parabolic or quasioptical approximation one can reduce the scalar wave equation

in the field a (ic ~ ~
) to a first order equation describing narrow angle forward scattering in

the propagation direction ~
u ~~~~ -~~~v t u~~~)-  

~~~~~ (28.4)

Let be delta correlated in the Z -.direction , i.~’ let the correlation scale of (4 (i)in

the 7 -direction be much smaller than the correlation scale of lÀ. in the Z -direction. Un-

der this assumption Eq. (28.1) isa first order d.e. in Z for the random process U (!, k ’)
driven by an equivalent white noise process (See Sect.j~..j . Hence the probability density ,

or distribution , of W.. satisfies a Fokker-Planck equation. The function Iil t,~) owever has

three variables , Z ) ~~, , while the corresponding Eq. (12.9) of Sect. 12 has only one

variable ( = t ). To eliminate ~g’,it explicitl y from consideration one may introduce the
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idea of a characteristic functional ~~ of the random field ‘L
~~~~,q, 

R)[See Hopf , J. Rat. Mech.
Anal. 1, 87 (1952)]. This is done as follows: let V(ç k) be an arbitrary functio n of k
and ‘j f  its complex conjugate. Next a function is formed ,

~ = ~ç
Z -~~ (28.5)

Siric e ~ is random , it follows that~ 1is random. Then a functional is formed fro m the
r.v.~~ by writing

.~~ (z ~ <e~ ~
‘D

~ ~ (28.6)

The objective now is to derive a Fokker-Planck equation for ~~~~ . To do this one differen-
tiates Eq. (28.3) with respect to !, and then uses Eq. (28.1) to replace in all subsequent
development . By extended use of the theory of functional derivatives (symbol ~/J’~ ‘

~~,
i)

Lee (b c. cit.) finally arrives at the following F-P equation for the quantity

~ 
‘i.)(s) v~ ~ - Ti

S ~~~~~~~~ A (
~~~ ‘) Ni (s) Ni (s’)~~ 

(28.7)

in which

~~~~
- (~~‘ k )

A (
~~~

-
~~~~

‘ ) ~~ 
~~ ~~ 

(Z~~~>d2

~ (s) V(S ’) -~~- — •~)~(s) j_

Now in view of the definition of (See Eq. (28.2)), we may expand (28.3) as a double
power series, 4,

~ (z ~‘: i’~~) ~~~~~ i”~~~ ( f - t ( z~s) )..)(z1s.~s) (J .~ (�~ ‘) v ~zs 5 I ’)
tii~ ø

— Z~ ~~~ 
[ c (

~
, .~• S2 ,~ .

~~~~•S, a” . )

- .~~ ~~ . . • , . ~j ~,.,ds,’. . . ’d s4’ (28.8)
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where the symbolL~,, represents the m , n’th moment of the random field ~. (Z s) i.e.,

~Iw~~~= ~~~~~~~~ ~~ •~~ .;> (28.9)

When (28.8) and (28.9) are substituted into (28.7) the result is a zero value double sum
I W ~~I~~~~~over a series of m , n ’th order integrals in ~~3) d ~ . Since the )/j  are arbitrarily defined,

each m , n ’th integrand is also zero . This leads to the following differential equation for

the moment function 2

- ~ 
‘

~~~~. 

~~
.. / - - . “

~ ~~~~~ 

- 

~~ 

/

4 
‘

~~~ ~ 11 (28.10)
- 

-

Eq. ( 28.lcfl is a complete set of moment equations of the random field ‘U (z , .~~~, 
1? 

~~ 
featur-

ing diffe rent transverse coordinates ~ , and different wave numbers -
• 29. Model of Middleton I (4th m t .  Symp. on Multivariate Analyses, 1975).

The behaviour of the sound pressure at a point in a medium having random inhomo-

geneities in both volume and bounding surfaces depends not only on the pressure at the

point and neighboring points , but also on its value at every other point generating coin-

cident arrivals in retarded time. Placing dependence on point and neighboring points on

the l.h.s. and values at every other point on the r.h.s. Middleton writes the scattered pres-

sure field ~~~~ at point ~ and time t in the form of a differential-Stieltjes integral equa-

th~~) ’ ~~ ~ i~f dN (Z
,~~~~)~~~~~~~~

(t -? iZ ) r
(

~~~~~~~~
)

1 (29.1)
Thus the scattering problem is modeled as a radiation problem due to a space-time collec-

tion of fictitieus simple sources ~r.h.s.). Here4 is a constant related to the source,

the speed of propagation of scalar wave ~ ,JN is a linear sum of hierarchy of independent

random point processes ~I t’J describing the inhomogeneities of the medium ,~~ is a set

of spatial vectors, describing location and shape of source (volume (and/or interface) scat-

terers~~and receiver , 2 is a filter function with “memory ”~~ , time variation t , and

spatial dependence~~ , and is the total field pressure at the scatterer. For linear
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systems is a sum of incident and scattered pressure,

1>~ + (29 .2)

L In the symbol ~1 N for the random medium-descriptors the superscript describes the

order of scatter. Thus~~t4’~ lescribes a collection of random point scatteres in a domain

“H each point independent of all other points, the radiation from which obey Poisson

statistics. ci N describes a collection of inçlependent paired (i.e. correlated) point scat-

terers in the same domainA,1 . SimilarlyaN is a collection of triples the radiation of

which is correlated among its three elements , but is completely independent of all other
- h o )

triples in the same domain( AM) The symbol aN represents the coherent (or specular)

component of radiation.

In the linear case, Eqs. (29.1) and (29.2) can be combined and succinctly written as a

Lan gevin-type equation , 
~2 .L a )  ~~ iK (29.3)

in which is the double integral operator of Eq. (29.1), and *signifies temporal convo-

lution. The symbol ~~ . changes its form when the scattering process switches from volume

to surface. Four special cases of interest to underwater acoustics can be specified:

I. Single scatter at an interface.

The appropriate equation is

(v’ ~h ~~ 
(~~~J~ ~~~~ 

~ i’&3~~~e~, ~~~~ (29.4a)

II . Single scatter in a volume (1st Born approximation)

This case is written as,
I’

(7
2 

;~;;-~ ~t~ 1~CLf Yol fr~~~~~~~ /C0 ( 29 .4b)

HI. Multiple scatter in volume.

The equation of propagation is •1

(v J- i~~ )
~~coi ~~ ~~ (29.4c)
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IV. (a) Single scatter from the interface followed by multiple

scatter from the volume.
I-

- -~~ x l k ~~~4 / ~ S1a~*_~C( 
(29.4d )- . 

~ C;--t ’/ I .~l’ —- V-~ l

(b) Scatter from volume followed by scatter from surface.

The model is,
2

-
- I ~~~ \ ,. .L (29.4e)- — —-- t - ~ ~~. .  = c~ ..... ‘~~

~ c~ ~~~~~ / ~~~~~~~~~~ -~~~

Solutions of Special Cases

In cases I and II , the solution is directly obtained by use of generalized Fourier trans-

forms , Green ’s functions and inverse operators , assuming that the hierarchy ciA) k~i, ~ . ~-
to)

is known. Note that dN ’ is omitted (i.e. the specular term is not treated). When scat

is found (either for surface scattering or volume scattering) the received waveform

is obtainable by spacetime convolut ion , i.e. ~~

~~ j 4 (~r~~~ )~~~ ( k (~),~ )dr (29.5)
I’

in which is the space-time operator representing the action of the receiving aperature

on the signal scat.

An important feature of Eq. ( 29.5) is that since X(t~ nd 
~~ 

scat are simple linear
I (

~) ( (.,)
sums of independent components (because aN is a sum of independent~ N) the moments

of )((‘t )and j scat are linear functionals of moments of iN ) The degree ( = ) of the

moment which is to be determined contains no higher order components of an

This is due to the assumption of single scattering i.e. no further interaction between

scattered field and scatters.

The solutions of Cases III and IV for the scattered pressure are complicated by mul-

ti ple scattering. Using the method of inverse operators , and expanding the results in a

perturbation-theoretical series, Middleton derives an equation of an infinite series in the
~

generalized Fourier transforms 4,~ 
11 - 

- , , i.e.
I (~~I~~~

~~~ 
(29. 6~

0

ç ~ (R j,
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A
in which ~ is the Green ’s function operator for volume (or surface) scattering, and * is

- - .
. the convolution in the complex s-domain , where s is the Laplace transform variable. This

series is very similar to that of Tatarski and Gertsenshtein (1963).

The operator appears to all orders ~ a) . Hence scat (namely the inverse

Fourier transform of scat is no longer a linear functional of -iN. All orders of mo-

ments of theS -\ now appear in even the lowest order moment of ‘~‘scat . It is no lon-

ger possible to resolve the individual contributing orders of inhomogeneity (~ .~~ i) in the

observed data .

30. Model of Middleton II - Acoustic Scattering from the random

moving Ocean surface.

The model in this case is represented by the Equation (29.4a), viz.

(30.1)

The received wave form is
‘

4
’

~~~~~-~‘

p .1 ’ ’  -

where
— 

* = inverse Laplace

~~~~~~~ 
— ~~ transform

To explore this model let the randomly elevated surface of insonification be domain

centered at origin £~ and let each point in this domain be located by vector as mea-

sured from the source origin (4in the medium. At poin(P(7\) in ./1 (s) let ~‘ Ut , be

the elevation of the surface above the mean with )l being measured from in the plane

of the mean surface. Next select two points on the random surface labelling them 1,

2 respectively. Let the total travel time from source origin 07 to surface point ? (x)

to receiver origin 0 be designated l - Now in accordance with (30.1) above we require

a formula for~~~~. Choose a narrow band source signal S: S0 ~ ~~
° , where ,4o i.4~,

is the complex signal amplitude. The goal of the analysis is to derive an expression for the

statistics of the signal waveform X(t) at the receiver. An important statistical quantity is
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the covariance K of the received incoherent surface scatter X .  Since the received signal

• X (~: I a..) from each scatter point is a random function of time we write the argument

o as <‘(i 
~~ 

The fundamental physics of surface scatter involves the coupling of the
• incident wave with the randomly elevated surface. Thus we expect ~(

‘ to be a function

of the product of source signal amplitude and some function of surface elevation and ver-

tical velocity. For each elementary surface thus coupled to the incident wave there is

associated a “filter” (i.e. scattering) function , namely the~~ , J/Vof Eq. (30.1), which

essentially describes the scattering cross section and the order of point scatter which ra-

diates to the receiver. The statistical behaviour of the surface elevation and the statisti-

cal behaviour of the scattering function (namely, its order of point scatterers) are consid-

ered statistically independent. Thus the covariance K of the received signal is modelled

to depend on the product of the covariance of the surface elevation and the covari-

ance of the scattering function.

With these special assumptions Middleton ’s model of the covariance of the received

signal takes on the form ,

• 
4

7 ~~~~~~~~~~~ 
~ 7~’~)~~ [~~- i~~~~ 7

~~~~~~ [c~ (30.3)

L~~ ~~~~~~ 1. 1 -\’(
~~ 

/ .~~~)
‘ j  \~(:z ~~

)

~~ [r0 ( ?~ ~~~~~~~~~~~

Here ~ is a function of “ray” angles of source and ree~iver , and is a geometric factor

accounting for “inverse-R” spreading and beam patterns of source and receiver. Explicit

forms for ~~ c1 C, i~ , etc. are found in Middleton b c .  cita .

An important feature of Eq. (30.3) is the covariance of the scattering function

The model selected by Middleton leads to the specific form ,

c <~~ 
(
~~) ~ 

-

~~~~~ ~~~~ (?(~
))d

~
) (~ (~~) >

(30.4)
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in which )~ (7i)is the “scattering cross-section” of the elementary areas in 4 . Expand-

ing d ~ as a sum of Poisson distributed first order point scatterers, and second order

coupled pairs, one arrives at the new representation,

C~~? C
d,, ~ ~ t~-7. ) -C~. ( . ‘ , i ?) 30.5 )

The scattering due to is a constant (independent of frequency) and is dominant at
• - • ~2) -4

high frequencies~-~~ >. ~~

‘ 

~ while the scattering due to is dependent on .~~ and

is dominant at low frequencies (4’o < ~
31. Phenomenobogical Modeling [D . A. DeWolf , Proc. IEEE 62, 1523 (1974)]

lnhomogeneities which interact with acoustic waves in fluids can be modeled as mov-

ing lens-like spheres (phenomenobogical modeling). Assuming the motion random we se-

lect a point ~ in the fluid and measure the index of refraction m(’~,~)to be

in (I( ,~ ~ ~~/fl0( .~~~t) +  ~ ft)(~~,t) (31.1)

in which ,’~~ is a deterministic component and &~ is the random component. Assume fur-

ther that the random component is a sum of these (interpenetrating) lenses and thus

changes its value randomly from moment to moment. If ,~jf)is the spatial location of

the m’th lens at time f it will be convenient to model the spatial dependence of

inside a specific lens as bell-shaped (i.e., gaussian shape) whose effective width will be the

diameter of the sphere. For each size of the lens there wil l be a specific ~~~ (A). Since

size is random the quantity 
~~~ 

is random. Collecting all assumptions it is seen that

for each specific size , the random component of the index a tx 1t is ,

c5,i~ (
~~~) = 21. ~~~~~ (31.2)

Let the mean value of~~vl(k) be zero , and let~~(I<)be the power spectrum of the random

function of the random variable t~ (i.e.,~~ is the Fourier transform pair). The

contribution to the variance<&~i(e)) in ~ -space due to volume element 47T k~ ~
( k~ d V(k’) ‘~

J~ ~4I~). The power spectru m~~~~~)~epresents some physical process in nature. In many

processes it it convenient to adopt a Kolmogoroff spectru m,

~ 
( fr[) _

~~ K 
— ‘/3 

(31.3)
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Assuming that for the size parameter the corresponding important such that

one deduces that

• C,,,~ cü. (31.4)

Thus for each size the variance of c~a1(I) is given by,

(31.5)

~~~ 1.
where the dimensions of are (length ) 2/3, and those of (&i(.-~ ) ) are (length)~~ .

The size j . is a parameter which serves to introduce a scale into the modeling of

the scattering process. A second scale parameter is the quantity = (~. L ) ~ in

which 7~ is the wavelength of the (single frequency) acoustic wave and L the propagation

distance. This quantity is (approximately) the radius of the first Fresneb zone on a

spherical wave front radiating from the point(O) ~),and measured from the (reference)

point (c~L) - The parameter ~~ . is assumed to have an upper limit L ~ 
equal to the

macroscale of turbulence (or largest inhomogeneity), and a lower limit equal to the micro-

scale ~~,, (or smallest inhomogeneity). Collecting all scales one defines six parameters of
• size~e ,?f, 1~L0,L) i which play a role in the theory of propagation of sound in a turbulent

medium.

Using two or more of these six size parameters one can construct auxiliary angle and

size parameters. The first of these is the angle êF 
subtended by ~ over the distance L

i.e. 
~ (~/L

’}~~. By definition two rays separated by length traveling at angle 
~~

to each other , interfere coherently . The second of these parameters is the angle G~
through which a wave of wavelength ?t is diffracted by a sphere of sizej - By con-

struction ~ . Since amplitude changes are proportional to angle ~ the acoustic power

changes are proportional to angle squared . Thus the distance L: Id beyond which dif-
2 ~fraction power changes exceed interference power changes is given by 6~4 , or

A third angle of importance is the angle of refraction - For each single

sphere of inhomogeneity the angle of refraction is taken to be proportional to £I~. -

Since there are 1/9 spheres in the length L the total angle of refraction in length L. is

6,~~ ~~Lf~ - This is a random quantity. The acoustic power refracte4th,~>)exceeds

the power that undergoes interferenc*-8~ )at d istances greater than L~ where L.,~ is

determined by the condition ~ i.e. at

Lk~~
. ( 31.6
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To summarize: the reference length in scattering by a spherical inhomogeneity is

taken to be the radius of the first Fresnel zone , , a quantity which depends on the

point of observation relative to the advancing (spherical) wave front , and on the wave

length. Spheres of size ~ are designated “small”, while those of size are called

• “large.” Inside the Fresnel distance , i.e.L (L~”! the field is dominated by interfe-

rence effects; outside , by diffraction effects. At a distanceL4_L  refractive effects domi-

nate all changes of field due to propagation in a random medium.

We next suppose there is only one lens at~~ ~~~~~ the path of a steady state plane

wave tra veling in the positive 2- direction. The total acoustic field ~fr ’)is normalized to

the form b 1) P(~ )~~ 
- where X : (g;z~. The scattered field ~ (~l~is f ound by considering

the st -at l”ri’i~ source term in the H&’~mholtz wave equation to be

(31.7)

and choosing )( to be& L) )and X~ to be(~,t~ - By use of the free field Green ’s function

for volume scattering one derives the total field at ~ L to be

• .! r -

, ~ - r ~I 
- 

_ r L ~~~~~ 
(31.8

_
~f

in ~ ic~ t~~e incident field is un i t y ,  and terms of orde~~~Q) and have been discarded.

The ~-~~~mental field ~ t.J, (; -i 1 _ ) w i l I depend strongly on the ratio of sizes L— Z 1 to

that is , on the magnitude £ and on whether the point of observation(~ L ’) is within

or beyond the Fresnel distance £ ~~ . It is first assumed that the spherical inhomogeneity

j  is larger than the Fresnel radiu~. i.e.J>f~ (~ .L) ~ . By inference the point of

observation (: t.) is located well within the Fresnel distance( ~~‘~)so th at L A!2 
-

Then , the incremental field is given by

~U, , ~ ~~ ~
‘ ‘-~r~ ~~~~ 

- 

(31.9)

If there is a large screen of inhon iogeneities , each vf size 4 , at the oscillating expo-

nential will vanish due to the random natur e of the phases. This screen is equivalent to
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a total field J ~z ~‘) in the scattering plane Z Z~ - Using it one sees that at point (~O , L.)

for all ~ , the incremental ( Fresnel) field is

~ u(i_ ) ~ (L- ~ 1 ~‘4’J ~~ ~
‘
k~)  U (z) (31.10)

It is next assumed that the size (
~~

) of inhomogeneity is less than the Fresnel

radius , i.e. 
,~ - By inference the point of observation L is well beyond the Fresnel

distance -
~ 

, (alternatively L)  &~ ). Writing ~~ ~~ 
I (

~L Z ,)and using the condition
( A~ to fix the magnitude of L relative to in Eq. (31.9), one arrives at the

Fraunhofer-zone approximation,

~~U (~~.L)~~- 
_~~_ y_

;
_~~~~~~)  

~ 
L W 9) ~L ~~

-- 

. 
-~

Note here that the far-field diffraction pattern lobe , def ined by ~~ ~ X/,~’ (.
~ 

‘
~/~~ ‘) (31 .lla) —

is much wider than the first (interference) lobe S~ “(~‘~/L)  ~
=(-

~ L) ‘~ 
. For a

screen of inhomogeneities at Z the region in plane 7 L. over which constructive

interference occurs is of radius LL Z ,) ~~ (i.e. “the first Fresnel zone” ~~. L) 
l~
)

Replacing the effect of the screen by a field ~ (z) suppressing the exponentials, and noting

that the number of spherical inhomogeneities in the screen at is (L . z ,)  ~~~~~
it is seen that the incremental field at L is given by

~u ~I , ~~j 
14 ~~/~(L-z1j ] ~~~~~ V (~~)

The form of Eqs. (31.10) and (3 1.llb) immediately suggests the investigation of the ratios

i.e. a study of the,C~ V rather than ilitself. Let j) ~ r~4~:AU then a small

change in 41 ~ Uf U . Thus we are led to consider the small complex quantity &I~~,

which is the regime of weak scattering.

Weak Scattering

Here one treats of two cases. In the first let ,~ ~~ 4 . Since cL ~ z dX +i. d4L
(subscript means large) it is seen from Eq. (31.10) that for a string of spheres Lf~ from

Z:Z 1 4~ ~~~ , one has,

d 4~L~~~)> ~f 
(31.12)
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• This is the covariance of the random change in phase at observation distance as a func-

• tion of a string of spheres of single size for a medium whose random variation of the

index of refraction satisfies a Kolmogoroff type of spectrum. By integrating over all sphere

sizes from ~ ~o I..0 , and noting that ‘~F “ ~.i’) ~ , one finds the covariance of the phase

change at distance L from the source plane at Z , (where 2~ <‘.1 ), to be,

2
~~~~~~~~ > ~~ C,~., ~ ~-L0 - --~~r~ (31.13)

where 2 -~ ~~~

~ ‘k L (31.14)

In the second case let - Forming the ratio ~ )/d(Z)from Eq. (3 1.llb), multiplying

it by the number of spheres ij. Z1 in the plane Z , and the number of spheres

~~ £ in the string from 2~, 4~ L, then integrating from ,~, +~ ~~ 
, one finally arrives

at the approximation

< 4~s > ~ (31 .15)

in which the contribution from has been neglected . Thus to within an equality of

unity of the symbol~~ the covar iance of the random phase from scatterers of all sizes

at the single point 0) L is

~~~~~~~~~~~~~~~ ~~~~~~ (31.16)

~‘1

The first term r.h.s. is the geometric optics result (i.e.(XL~ << k. ). The second term

r.h.s. is the contribution from spheres of all sizes,~)’(. , but chiefly from ,~ i# ~~~~. Clearly

the magnitude of is of crucial importance in determining the variance of the random

phase in weak scattering.

We consider next the correlation of the random phases 43, ~ 
d~ at the symmetrical

points ± in the plane Z :  L - Let ~~~z) be the phase function in ~lane r , and

~9(K~z) be its two dimensional Fourier transform . By noting that k’~t , and displaying

the covariance of as an 2-dimensional transform in K -space one can deduce

that in the plane Z:

~~ k~~
)
~~~

-
~ 

<d ~~2(~)>Z(Q/ ,~)

(31.17)
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in which(& )‘is thevariance of the random phase (i.e. at t~~l 0) .  Since the structure

function for random phase is defined as 4C~( (0)...C~(~~ it is seen that

4 (e) ‘ [ I —  ~
•
Ø (Ti)] ~~~ I4~ (31.18)

There are two asymptotic forms, namely when is very large, and /t is very small.

These forms are 4/3

C~~
2 L~ ~ (31.19a)

~-~ C,,, ~ U (31.19b)

•1
The phase structure function is obtained from ~CI~ 

(
~) by integration over all ranges of

from ~~ o . The result of this integration depends on the size of ~~ for

one uses Eq. (31.19a); for one uses Eq. (31.19b); and for~~~eI  one uses

Eq. (31.19a ) fromf ~e ~o C: 
~ 

and Eq. (31.19b) from £:~ -~~ 4~ . The integration re-

sults are listed as, 1/3

~C~
(
~) ’~’ 

C,~I
2

4.
3
Lt~O~~~5)3 (31.20)

-j 

~~~~~~~
‘~~ C,~it L L0

In the range~~(f ( there is a 4 where 4ç(~)%7T. This is taken to be the coherence

width in the plane Z L , and has the value,
,~

~
F (

~~) (31 .21 )

When J >,~~ the random change in amplitude from ~ to L is given by the real

part of Eq. (31.10) namelyct~~ ~e) -j ~~ 1L- z)/~e] c~~i ~
) Multiplying by L

( number of spherical lenses in the path), then integrating over the ran ge ,A A ~ ~‘ £- L0
on obtains approximately

< S  ~~~~ L e~ (31.22)
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in which the chief contribution comes from . A similar procedure for the case

~ 
<
~~~ 

also leads to the conclusion that (‘ >  ~~~~ Thus, one concludes that the

variance of the random change of amplitude in the plane z=. L is given by,

‘OZ  > 
~~~~ 

(31 .23)

•we~ -r , this result is valid only when <~ ~, a condition arising from the requirement

that refraction through an inhomogeneity be negligible (i.e. < (

To obtain the covariances of amplitude change at (transverse) points ~ q/~,in the plane

Z - L , requires the variances of . These are

~ 3 ,— l ,3 -

~ C~ L ~
(31.24)

~~~~ 

3 e<4
The log-amplitude of covariance is obtained (as in the earlier case of random phase) by

use of the two-dimensional Fourier transform in the transform pair k~ç ‘i- ~~~. The result

is similar to the result for phase change , namely, that in the plane Z -~ €

C~ ~~~ <~z~) > T (Q/~) 
(31.25)

Using the asymptotic form s for J’0~e/I,) , and integrating over all sizes of e , one derives

the following expressions for the covariance of the random changes in amplitude ,

( ~~~ [I _  
1~ 2/,~~~(~~~*] ~~<4 ,

~~~~ 

~ (~ <~~ç (31.26)

~~~ 
(
~~~/L)

Note that the main contributions to C~t.~ )are from spheres of size k”~~ ‘~~ .

The parameter (Eq. (31.13)) which appears in the statistics of both random phase

and random amplitude is the key quantity in the theory of volume scattering. For weak
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scattering~~
2 

must be much less than unity. By defining 1.1!’ such that the random field

U e , any probability distribution in random ~) corresponds to a log of this distri- - -

bution for the random function U . Now the basic assumption in weak scattering is

• that there are a large number of (weakly) scattering spheres in the range z~ to L - By

the central limit theorem one concludes that the random function L~~(Z4~q)is normally

distributed. Hence is log-normally distributed. Now when scattering occurs, the cen-

tral field e’4’ is diminished by losses scattered into off-axis angles of scattering. This

weakening of the central field is described by a factor4~~(l which multiplies ~~~~~ . The

off-axis contribution to the received field is described by a term Thus the received

field at7 . L is given by weakened central field , and by off-axis contributions , i.e.

U ~~~~ ~ ~ tig (31.27)

To find the relative contributions to each term of this equation one must consider multi-

ple scattering effects. A good first approximation of the field SL~ (6~ L)~s given by Eqs.
(31.9) and (31.lla), (where e ~ ). Let o~.I~( 8)= < I  & U,(a,L)~~ . Then by squaring

Eq. (31.9) and Eq. (31.lla) one obtains

( I(o)~~~~
2(()>44?(LZ, ) e ~~[_ (~

0
)}  ~~~d11 (8) 1 (31.28)

1~, 1(o) <~~) > ‘.~~[ ( ~J1 , 
- 

-

Since Z 1 is now a variable, one integrates these equations for all & , and all Z 1 ( from

0 to L 
~
. The result is

_ _ _  

~ (31.29)

I (o)

If this formula could be integrated over all £ , the field intensity at Zn L would have

the form I(L)~T~’o)( ~
L 

, with ~ 1: where 0 means = 0, and ~~ o( (~€)
One thus infers that 01. can be defined as,

(31.30)
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The contributions to o(~ from all spheresj :o 40f~, then is found by integration,

_ 

~~~~~ (31.31)
• In the regime of weak scattering, since -‘~ , it is seen that c~ is very small, and

hence only single scattering is importan t . Off-axis contributions in the range (O~ L ) can

thus be ignored in weak scattering. When however the spheres are large (‘~ )‘4),the inte-

gration of o~ (~) given by (31.30) over the range of)J~ i~ L0 gives
t 

- S/3  2

- 
~ 

Cs., L0 — ~ (31.32)

Thus even if ~~ < )  (which is the condition of weak scattering) the wave is still multiple.

scattered beyond the distance L , where

~ I J ~J3 ~~L1 (Ce, ~ 
L.~, J (31.33)

Since we choose L>> LI it is seen that large spheres (“large” means) > ~ ~ ) scatter

the wave energy many times. The direction of this scattering is chiefly forward because

of the large (acoustic) size of the scatterer.

We return now to Eq. (31.27). It has been inferred that is log normally distribu-

ted. The term~
UR due to off-axis contributions appears to be Rayleigh distributed. Thus

the ra ndom field at U is a mixture of log-normal and Rayleigh distributions. The relative

proport ion s between and ~ (4 is accounted for by multiple scattering. The contri-

bution to is estimated by the ratio

Ot S LF L

~~ 
(31.34)

In the regime of weak scattering this is very small relative to unity . The contribution

to must be proportional to

a s/C
_ _ _ _ _ _ _ _ _ _ _ _  

_t.F 
~ / L _ \  (31.35)

~ )~~l3 t~~4[~ I
For~ñ( (i.e. in the case of weak scattering) this ratio is approximately unity, and hence

the distribution of U is approximately log normal , the off-axis components h’ing negligible.
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The regime of weak scattering, covered by the formulas developed above, is charac-

terized by the requirement that(~~~~. This condition can also be stated in the form ~
. 4~ >

i.e. the condition that refraction through the spheres be negligible compared to

interference and diffraction effects. In the regime of saturation (or the intermediate

regime),<~~~> > - This regime is discussed next.

Saturation Regime

In the saturation regime a sphere at ~~~~~~ 
(where ~‘* 0) contributes a refracted field

to the point (0) L ). To describe this event one uses Eq. (31.6), (repeated here for con-

venience), (with = e-
~t.—~

)) .

~ U~ (e ) L)~~ ~~~ (Q)
Z (L~)_~?J (31.36)

The coordinate~ in the plane ~ L must now be replaced by the coordinate q-~ where

represents the cumulative effects of refraction in the range Z~ 4oL . For example , in the

absence of refraction a ray at plane Z 1 propagates in a straight line to (o~L)whereas in the

presence of refraction the same ray propagates to(-~~ 4 L.). The angle of refraction 6A. is

given by

(L— z 1) (31.37)

This angle is a random variable. Since it related to phase change by the formula

~ ~~~ 
_ d 4~(J)] /~ 

(31.38)

in whichd# -J~~s the phase difference between two rays separated by distance ~ (and mea-

sured in the phrase front), it is seen that is a Gaussian variable with zero mean and

var iance

2 1 2 _ 413

~C4 (
~) / ~~ —~ C,.., L~ (31.39)

Intergrating over large spheres on obtains,

<e~~~~’~ ~~/~L (31 .40)
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This result comes mainly from spheres of size 
‘F - A similar integration over small

spheres yields the same result , since refraction again dominates. Thus

(31.41)

Upon substituting ( 9~ > - E~ , {_~~. )
3 

- 

in the above equation it is seen that

~~ ¼,~~ ‘
~~~ L~~~~~)~ -~.- —---- —  --- - -- ~~~~ .•_ ..... _ ._ . (31.42)

I -

Again one return s to (31.36) and seeks the conditions under which the log-normal term in

(31.27) is most important. This means one seeks the conditions under which the exponen-
55 Z I t4

tial term in (31.32) can be ignored . The requirements are seen to be ~“~k , and 
~‘ <

One can therefore define a new scale size C~ , where

- L-z
~

— 
~~~

__
~~~

_ ) (31.43)

If the sphere size t~. is such that,i)j then the expo nential terms in (31.36) can be ignored.

The amplitude< ~- )in Eq. (31.2 t can be integrated from ,1 -4~ to .( . Noting that

* the main contribution is from , one obtains
~

• C ‘ 1_ i 
) 

(31.44)

For this to be valid one requires

“ L0 ; or  ~~~~< <  (31.45)

Eq. (31.44) is the variance of the scattered amp li tude in the saturation regime for spheres

of size~~5 .  This component of U is log-normally distributed. When~~ .ç, large refrac-

tive spreading occurs, and the log-normal component is reduced (through the factor4A, ).

In this range of sizes of the spheres, one can use (31.30) and (31.31), and , changing the

ranges of integration of t  to(flo, ~~~ obtain c(5 ; and to(.(~, LI , to obtain ~ ‘L

it is then seen that

~~~ 
-~ C,~ ~~L (L0 )~~~ 31.46)
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Thus, the off-axis component of the scattered field is seen to be

< 
~~~~ (j~~~~~~~

13 

- ( Gt t
L/A Lt 

)
c/6 

(31.47)

and the log-normal component is

2 f~~~ L \~/’
— 

~ kL 1 (31.48)

The results in Eqs. (31.47) and (31.48) are valid for G~~>> ) , i.e. they are asymptotic in

the saturation regime. By contrast the regime~~i.~ , lying in between weak scattering

and saturation, is hard to establish. When~~ is so great that it is comparable (or exceeds)

~~‘ Lo IL then forward scattering becomes negligible and all the energy goes into the Rayleigh

component - The statistics of intensity are then of the well known Rayleigh type , i.e.

<r> ~-~~!: (31.49)

32. Monte Carlo Methods

* Ray -tracing methods, widely used in modelling of propagation of acoustic waves in

the ocean , ignore all effects due to the finiteness of the wavelength of the sound . If the

propagation paths include incidence on rough ocean surfaces and bottoms the ray-tracing

method is further limited to the wavelengths much less than the characteristic size L ~ 
of

the roughness. Thus the scattering process, being frequency dependent , cannot be directly

inserted into a ray-tracing routine for those conditions where the acoustic wavelengths are

comparable or greater than L ~ - To achieve the very desirable mating of ray -tracing

methods and frequency dependent scattering theory one can use the Monte Carlo Method

(Schneider [17]).

The following train of thought can be used to illuminate the application of the Monte

Carlo method to the scattering’ of sound from a random surface. An acoustic ray (or

wavefront) incident on a random ocean surface at grazing angle ~~ is scattered into a ran-

dom oriented outgoing ray. The direction of this ray is given by a scattering coefficient

, which is dependent on acoustic wavelength ).... , roughness scale L~ , and C~~
For convenience is normalized such that

148



— •

• *805’ -�‘(~~
(
~~, Lc~,?L) d~~*l (32.1)

This unity normalization lead s directly to the concept that ‘~‘ can be interpreted as a

probability density for the random angle of scattering (~ . This interpretation then leads

to the probability function P , where

P (
~ /~~ Lc ,~ ) = ~ ~~~~~ L~~) d~

’ (32.2)

If ~~~, L 
~
, n... are given becomes the probability that the scattering angle is less

• . than or equal to in an ensemble of trials of projecting incident rays repeated at the

same grazing ang le t32O onto locally different points of the boundary . This interpretation

is the key element in the method.

We suppose P is known , i.e. one can plot P (~~) versus @ for selected ~~
, . Since the ocean surface is random the angle 9~) of the outgoing ray is ran-

dom. Hence must be chosen at random. A convenient way of doing this is to select

at random a number Q ~ in the interval [0 , 11 specif ying it to be equally distributed in

this interval . This is labelled the probability that random angles ~~ are less than

or equal to a certain angle ~D1 obtained by solving the equation ,

P (q~~~ a, ~ 1’(cp I~,,Ic,7I.)d~ (32.3)

When is found,its associated scattering coefficient becomes ~ 
( Cç~, L 0 ~~

If E is the energy of the incident ray, and ( ~ 
, , 

~~ ) is the energy loss

I 19
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upon scattering from the boundary , the re-radiated energy of the scattered ray is

~ % (~~ L~ -
~

) —
~J(~~ L~, .) 324

To summarize: An acoustic ray is assumed incident at an angle 4 onto a random

ocean surface. To select the angle cD of scattering we go to a random number generator

designed to deliver a number in the interval 10 , 1] (any choice being as probable as any

other choice) and make a trial. Let the result of the trial be number 
~~ - This number

is then inserted into the equation of r q?~ ) written above , the solution of which gives

the scattering angle e~’ - By interpretation the angle (PI is the ensemble averaged

angle of scattering resulting from an indefinite number of trials of projecting rays precisely

at angle c~ onto a locally different points of the surface whose probability density for

scattering is the known function - For statistical validity it is obvious that the random

surface must be statistically homogeneous in space and stationary in time.

In application the energy carried by a single ray is so small that the sum of a few of

them at the terminal point of a given range will fluctuate with the number of rays. To

obtain statistically valid results, (i.e. minimum deviation from average ) one must sum a

* sufficiently large number of rays (at different angles ~~ ), the actual number being de-

pendent on the roughness L~ , and the acoustic frequency )~.

The most difficult part in actual application of this Monte Carlo Method is to con-

struct the angle dependent scattering function . A model for ‘)~ is formulated and

discussed in 1171. In addition , this reference performs Monte Carlo.corrected ray—tracing

computations for ocean surface conditions in the North Sea (in mid-winter). A compari-

son of computed propagation loss of 4001 rays with experimental data shows good agree-

ment between theory and experiment.

The Monte Carlo Method can also be applied to propagation of sound through a
medi um characterized by stochastic changes of sound speed profiles with ranges. To dis-
cuss this we let x , z he the coordinates of range and depth respectively , and be the

propagation angle of a ray (in xz plane). Assume C0 (~~ ) to be the mean sound velocity
prof ile , and let there be nonstochastic propagation from point �0 , ~9 to X,, 

~~~ j

The ray path is then given by
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c
~~ = ~

( C0~ ) . 1 z.1~ 0) (32.5)

Assume next that there is a random component L C = 4 C. (‘~ ~ 
), 

~ 
) in the sound

speed profile and let there be stochastic propagation from point ~~, , ~~ to L ~ 
C1 .

‘I’hen the ray path is

-

~ 

(CI) ~~L ~ = (X.~~,) 
~~

,) ~ ~ ~~~~~~~~~~~~ ~o)~ o)~~)

a (x, ) 
~~~~ ~

) -
~ (4~~~l) 4?,~ ~~ (32.6)

This means the ray path can be considered a sum of nonstochastic part attributable to
propagation through the mean sound speed profile and a stochastic part , attributable the

rando m variations in this profi !e with range . The random char~~’s in t~ ray path are

depth 4~~ , angle .~ ~~~~, , and range 4~~ . Thus to perform ray-tracing computations

one requires a probability density P for the random variables I~! , - and 4X . To

simplify applications it is convenient to refer P to a unit range distance . The required

density is then

‘P (LZ , 
~~~ 

C0(~) +AC(?)  ~
(32.7)

This is the joint probability density that a change ~~~ , and ~~~ of ray path will occur

in ~ij (  distance from a given starting point Xo , Zo , and starting angle
In application (assuming P is known) one constructs a random number generator based

on the P which on any particular trial for given Co (~ ). .~C (? ), )(~ , , ,

7~ delivers two numbers AZ, , . A given ray known to pass through point
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~ 
, ~ o with angle , is computed by ray-tracing computation on the mean profile

at unit range x~= X~ + 
‘

~~ to pass through 
~~ 

at angle ~~~ . At ~~~‘, 
the ray is

- 

. moved in the z-direction an amount 4 ~ , and is turned in angle an amount ~ -

Thus the ray passes through ~~ + .4 ~~ at angle 
~~ -+ 4~~~j - With these new points

on the ray path serving as input parameters the random number generator delivers two

new numbers 4,~~ , 
~
, q7~ , and the process of constructing the path is continued in the

identical manner as before.

As noted earlier the app lication of the Monte Carlo Method to sound propagation

through a random sound speed profile requires a knowledge of the probability density of

the random displacement of the ray path in the z (or vertical) direction , and its random

turn in angle ~ . In addition a sufficiently large number of rays must be traced to en-

sure a minimum deviation in fluctuations of energy at a selected receiving plane in the

range x. However the number of rays is not the only requirement. It is also necessary to

ensure that the spacing of the rays (in angle ~ and depth ~ ) must be close enough to

make the ensemble averaging valid .

Further , 
experimental results~ will be found in [171 -
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33. Ray-O ptic Parameters and Ocean Fluctuations (JASON Approach )

In ray-optic theory it is kn own tha t the diffe rence in phase ~ (‘h ,) — 
~~~~~~~~~~~ 

obtained

by a path in tegra l over the wavevector

~ ~ . j  ~~~~ (33 .1)

(s i - \ la -uv itz and Fe1~ -ri “ Radiation and Seattering of Waves ” p. 128). Let the compo-

ii~- t of the direction ~~ he~~/4 -
~~~ where ,g is the parametric variable describing the

tat r~~ = 2 
~~~~ 

and ~I~~) is the index )f ref raction. Thus

~ ( 
~~~ 

- ~~ (33 .2)

In the ocean is a random variable. De signat ing the variance of this path integral as

one call write .

<~ (& 
~~~~ (33.3) —

Instead of one path from 0 to~~ we now consider two paths (1, 2) star ting at s = 0 and

e’- lin ~ at - The difference of the path integrals 1,2 is a ran dom var iable.

Its an~ is th~- structure function o ti (random ) path integrals , defined as

— I , - ~~~~~~~~ ~‘ \  -~~~ 
- - -i . 7

I - -‘~~~,~~, t )  ( (  ~~~~~~ - - ~~~~~~~
1
~~) >  (3 3 4 j

in - ci th e  t - i i ponents of ~~~~~~ are ,~ ( the ran gi coordmate) C(the  depth coordinate)

the time coordinate) . I f separation dis:ar ce and time between 1,2 are sufficiently

large the product will he small relative to or ~~~, i e .  1) and I will not be

correlated . In order to express this condition we first note that one can define a cor-

relat ion lengt h~~~ 9~~)o f fluctuation in the ocean at ray angle 8 by the relation ,

~~ ~
- ~~2 ç~ 

(~~~~
‘ 

~ (s - s ’) k < ~i~~) >Z(& ) ~ 
)
~c (6) ~~~

in wh i ( -h Q ( .  .c) is the correlation function of - The value of this integral in any

particular case can then he used to define ~ correlation lengt h~~~O~~)at ~ = 0, such that

~ 2 t ~~~ ) k2 
~~ )>~~~~?) R (33.6)

*W.H . Munk , F. Zachana.sen “Sound Prop. Through a Fluctuating Stratified Ocean ”
Stan ford Res. Inst. JSS 75-1
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this is the variance of the fluctuating phase change at depth~ and range’Z expressed in

terms of the variance of the index of refraction at the observation point(~) 
~

), the

correlation length%(Ø,~~) and the range~~ itself. In the general case the ocean is not

spatially isotropic nor temporally stationery . There are two correlation lengths: the

depth (or vertical) length , 4 , and the range (or horzontal) length 4 - There is also

the temporal correlation time,’r Thus for the two selected paths 1,2 there will be a

set of correlation lengths for each path. To simplify the calculations we take one path

as reference and assume the second path is not too different. One can then write the

structure function in the form~
~~~~ 

(33 .7)

A strict derivation of this formula can be obtained by noting that D is positive definite ,

and must vanish for zero separation of field points 1,2. The form has the following

merit. First , the average path ( reference path) is defined in terms of a depth ~~ and

range R variance of phase difference~~ , and an reference correlation length~~ Q,~).

Second , the structure function vanishes when the separations ~‘ ~, t are all small

relative to their respective correlation lengths. This condition means that the phases at

the terminal of 1,2 are well correlated. In contrast when i~’~. ’t are large relative to

the structure function becomes large, meaning that the phases at the ter-

mine 1,2 are uncorrelated. Evidently the structure function ~~ and its associated function 4
is an environmental parameter of fundamental importance in the investigation of

the phase statistics of acoustic signals in the ocean.

The environmental parameter essentially deals with the refractive properties of

the ocean. It is equally important to construct a parameter that deals with the diffractive

properties of the medium. This isA . To define,A we turn to the theory of Fresnel

diffraction. Let an undiffracted ray proceed from source to receiver , and let a second

ray start from the same source, proceed some distance4X , then be bent through an

ang le ~~, finally reaching the receiver. If the separation between the first and second rays

at is such that the second ray has a path length one half wavelength larger than the

unperturbed ray, then the separation distance is , the radius of the first Fresnel zone.

154 

~~~~~~~~~~~ - - - - -~~--~~~~~
---- - 5 - -  5- 5- - 5 - - -5-5-~--5 5- ~~~~~~~~~~~~ 

--- 5-



Now if L. is the length of the unperturbed ray, then from ray-optic theory it is easily

• shown that ~~~~~~~ ... ) ‘. Hence ,~ =
~~r 1L~ 

From the theory of diffraction the

- 

- angle 8a through which a ray is bent by the presence of an obstacle of size £ is approxi-

- mately ~v . Thus , ed ~ ~ /~ L - It is convenient to take the length
- be the scale of fluctuations . The angle of diffraction (normalized to 27t) then
- becomes- 

...,4 ~.4 ~ ~ (T~f1 (33.8)

- The magnitude of A measures the importance of diffraction in the propagation of signal

through inhomogeneities in the ocean .

The relative effects of refraction , diffraction , and ocean fluctuations on the received

acoustic signal can be portrayed on a L ~ versus~~ j~ graph ( JASON GRAPH). We

reproduce below a synoptic accou nt of the types of perturbat ions on received signals

caused by ocean fluctuations. In each case the received sign al is a phasor ~ of

amplitude ~1 , phas4 , which is a sum of all acoust ic energies reachi n g the field point

at specific t ime af ter transit over a range~~ (o r equivalent time± ) . The phasor oscillates

(or rotates) about a fixed point , and the pa th traced by its tip is in tended to in dicate

time variation of the signal at the receiver , both as regards its amplitude and its phase.

E N ~~
- 

/~A

15~
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The first quadrant (when both ~ andA are greater than unity) characterizes received

signals that are random, either because of random multipath , or strong scattering. The

- 

- Cartesian components of the phasor execute random walking, and the magnitude of the

two components is a random variable obeying Rayleigh statistics. The ocean medium

randomizes the signal to the point of “saturation,” by which is meant the maximum

possible randomization consistent with scale sizes of ocean fluctuations and wavelength

of the signal (see Sec. 31, Eqs. 31.36 thru 31.49). The third quadrant (where both

and t~ are less than unity ) exhibits the opposite extreme to the first quad ran t . Here the

received signal is quite steady in amplitude (as a function of time) while its phase fluc-

tuates over small phase angles (much less thanp~ radians). This is the region of weak ,

narrow angle scattering (see Sec. 31, Eqs. 31i thru 31.35 for further discussion). It

corresponds to propagation in accordance with the approximations of geometric optics.

In the fourth quadrant (wherej.lis greater than unity, but~~is less than uni ty)  the received

signal undergoes moderate but rapid changes in the amplitude , and behaves as a constant

vector tipped by a random vector rotating at irregular angular velocity. The second

quadrant (where.? is greater than unity, butJ~is less than unity ) is partitioned into three

subsections. In section C the received signal has the same appearance as that of saturated

signals in the first quadrant. In section E the received signal has the appearance of a

constan t amplitude phasor with large ( ~ 27t ) change s in phase. It closely resembles the

signals of the thi rd quad rant but has large, rather than small, phase swings. Thus it is a

continuation of the signals that propagate in accordance with the principles of geometric

optics. Section D is quite complex. It is the region of partial saturation. Here the am-

plitude of the received signal phasor undergoes random changes, while the phase executes

large swin gs ~~~2 1~) in a progressive deterministic manner. After many cycles the trace

of th e tip of the phasor is described as coiled, or phase-wrapped.

The classification of received signals by assignment to locations on a ftJvs L~J~
coordinate systems is materially helpful in understanding the effects of the medium

fluctuations on the propagation of acoustic phenomena . Whiie~~ andAare random envi-

ronmental parameters which obey certain statistical laws , the signal itself 
~-i° (r , *)) will

also be random , and will obey signal statistics. First we note that the method of the
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JASON GROUP is that of ray-optic theory . Hence the phase and amplitude change

along a ray is modeled in the following way,

— 

~~~~ pc h ~~ ~~~~~~~~~~~~ (33 .9)

~. ~J t .1t
~ ) d A~ ’t i ’

~
i L r ~F — -. I

it is assumed that both /4 and #are independent Gaussian random variables. In the geo-

metric optics regions of the,~~~ vs)~Jjcoordinate chart (namely regionA’
)the amplitude

of the received signal phasor is quasi constant. Taking this amp litude as unity , we can

write the received signal as

L k (33.10)

Since~ is random the signal~ is random. We desire the expected (or mean ) value o f?  -

Assuming (~p~~ is a Gaussian random variable it can be shown that
.)

<~~ (1?) > £$f7 ~ ~ 
j  (33.11)

(see Middleton “Introduction to Statistical Information Theory ,” page 336). Furthermore ,

at two f ield points~i, ,~~~, the statistics are given by,

~ 
)) ~~ (t ~~)~ (33.12)

---
~~~~----

-

~~ 
(
~~ 

(33.13)

In addition if we allow 14 to varY~ the variance ofA A is related toj \ and as follows :

2 -

~ ~~ ,~) > — <~~ A > 
~ ,4 f (33.14)

Similar signal statistics can be constructed for the other regions of the ~
,,
~~vs.4jFhart.

I n t - m c l u s i o n :  The procedures of the JASON GROUP have served to emphasize the

t e i ’ owin g : the real ocean is quite different from being an isotropic , homogeneous,

random medium. Salient points of difference are : (1) the length scale of ocean sound

speed fluctuation in the depth (i. e . vertical) coordinate is much smaller than the length
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scale in range (i.e. horizontal) coordinate . In fact the ocean exhibits a correlation length

- 

- of blob size which is a function of ray angle of elevation above the horizontal , (2) all

environmental parameter of importance are strong functions of depth , (3) there is in

- the ocean a background sound channel in which propagating ray s travel in curved paths

rather than instraigh t lines, (4) the spatial (or wavenumber) spectrum of environmental

inhomogeneities is that of internal waves, viz , rather than that of Kolmogorov
- ~~~~~

turbulence , k .

The methods of calculating the effects of ocean fluctuations on acoustic signals

- - must give prominant importance to these differences.

I —

I
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34. Multiple Scattering, Geometrical Optics and the Parabolic Wave Equation

• The description of wave propagation in a random medium by concepts of geometri-

cal optics theory is valid when the wavelength~~. is much smaller than the characteristic

length L of the inhomogeneities. An additional requirement is that the radiu s of the

first Fresnel zone must be small relative to the smallest L of the random medium.

When the range is so great that multiple scattering must taken into account one can use

geometrical optics theory to construct a model which includes multiple scattering (see

ref. 14, page 166ff).

We begin with Eq. 16.4 of this report and assume a point source of waves in an

unbounded homogeneous (i.e. nonstratified) medium. The infinite pertubation series

then is written in terms of the Green ’s function G (~ ~
),

~~~ ~~~~~~~ ~~oç~t -R  ) =-
~~ p{ t k ~~-Et~

~~k1 1 ‘ (34.1)
-

, ~~~~~~~(-k) 
~~~~~- - j ~~~~~~o ( ~~~~~~~~~ j~~ r1) ..  

~
o(

~m~~)
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

~~~~ 
d~ ~. d 1

Noting that the integration over two successive Go ’s is the integral over the commons

point (say f~) . we concen trate attention on two paths that begin and end at common

poin ts: path 1 A  /~ ,-i- 4+1L,and path 2= ‘,~~ K - I  
- h..~ + ~~~ ~~~~~ ( B+C

written as function of /t~~,Then the k’th integral in Eq. (34. 1) has the form

1K : .L ç 
~~~~~~

__ 
,

~~~~ 
~ h~~~~~~~~~~~~~~~)i~~~ 

(34.2)

If B+C is set equal to A const. then exp i~~~4€~~oes not oscillate. This is the case of

no scattering. We next suppose B+C is a function of /t k (h k , andEA being fixed) and

fi nd the locus of al l poin ts s~ , such that

~~~
(X K) t C ( k ~ ) :~~ , a c o n st .

This is an elli psoid of revolution with scrni major axis , semimmo r axis

both clearly functions of (& Two values of a are significant in a first approximation.

I 1)9
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When a. = = ~A) the sem iminor axis collapses to zero an d the propagation is in a

straigh t line from ~~~ to i.e. (no scattering). When a, ~~+ 71’ , the exponen-

tial is multiplied by —1. The semi—minor axis for the choice a =Q,~ is ( 1/2-k ) 
~r-’ •

If A is so large that + 1 is in the far field of radiation fromfl,~ then 00>>ltand the

sem iminor axis is approx imately ~~ rç/~a. = ( 1/2)J~~~. If one choose~~,,, =
~~~~+ mi7(

then there results a series of ellipsoids of revolution with semiminor axis ~~~(1/2)

At the coordinate of the midpoint of A the distance between successive ellipsoids is

about - 
~~~~~~ 

Fig. 34.1 shows the salient features of the family of confocal ellipsoids of

revolu tion. Returning to Eq. 34.2 it is seen that a volume integration overd~~ is

required. Since the integral contains ,~
’(

~~k ) it is pertinent to ask how rapidly this factor

is cha nging. We make the important assumption that the characteristic length L~ 
of the

inho mogeneity is much larger than a wavelength. Thus ,~~( fl.k ) hardly changes over a

distance of a wavelength. Furthermore the additional assumption is made thate is much

smaller than L~
1.e.I

~A <<L~
) , that is, the radius of the first Fresnel zone is much smaller

than the characteristic length of the inhomogeneity . With there two assumptions in

m ind we construct l lanes D and E through ,~ , r respectively perpendicular to A. The
.‘

intersection of these l)lanes with the ellipsoids of revolution form a set of concentric

circles, which a~ e (by construction) half-wave , or Fresnel zones. We use this picture to

help evalua te the volume integral of Eq. 34.2. First , it is noted that ou tside D, E the

integral must vanish since its phase oscillates rapidly over the rest of hal f-wave zones.

Second , the volume integral inside the parallel planes (D , E) will be over those waves

wh ich are scattered at an angle less than 9 
~ /L ~ 

(see Sec. 31 for a discussion of DeWolf ’s

model which features this point), the waves reaching~~~ will at the outer most FbaVe

arrived from points off the path A (in the~~ plane) a distance &A,~,
)_A = ( j ~A ~~I-c

But %17’.A/ L~ <~C j , which is the restriction set on the length L.~
relat ive to the radius of

of the first Fresnel zone. Thus the volume integral between D, E is restricted to the

first few elli psoids (e ffectively the first ellipsoid).

In performing the volume integration over the first ellipsoid one can obtain a great

sim pl ificat ion by noting that the ellipsoid is much elongated along A (call this the x-

direction), making the transverse dimensions (call these~’,~ ) small. Hence B ( ’  can be

ex panded in a ser ies,
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Retaining the two terms of B, C in the phase exponential of Eq. 34.2 , but only one term

in the denominator product BC, and performing the integration over~ ~ one obtains the

approximation to the k ’th integral ,
K41

1K -
~ 6~ 

(~~~~~ I~~t f )  (x~ (34.4)

Here , the variation of ,
~~~ ( ft ~.

’
)with~~~is assumed neg lib le, relative to the variation along

- The Green ’s fu nct ion has the special form . -

~ ~~~ -
~~~~~~ ~~~ (34 .51

With these formulas in mind one can evaluate ~~~~~~ be 1

~~~~~ 
(-

~~~~~~~ ~±4~~
!) ~

(~.1.k)M

ii -~ 
~ 

()
~ 

...
~

) .1.. f (~ 
\
j  

ç ~ ~ (34 .6)

,/)1, t

Thus the sum of all leads to formula for the total field it 4 .  ~~~~

c~~ (
~~~~-fl ~~ (x ) o ) o) d xj  (34.7)
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This is a modified geometric optics-type formula in which x is the coordinate along the

pa th.

The above development can be viewed in the light of the parabolic approximation

reviewed in Sec. 21 of this report. Clearl y there are significant relations between geo-

metric optics , the parabolic equation and the diffraction effects due to random inhomo-

geneit ies in th e medium . These relations have been derived by Palmer (JASA. 60 343

(1976)), and are discussed below.

In the ocean the speed of sound ( (~~ is a function of position. It is convenient

( though not phy sically significant ) to write this speed in terms of a mean speed C ~~)

expressed solely as a fu nction of dep th , and a range dependent correction ~
‘C(~) . Using

this form of C ( X  ) one arrives at the basic inhomogeneous Helmholtz equation ,

- 

~~~~~ 
-

~~~~~~~~~ (34.8)

in which X is the observation point and S is the source point. The boundary conditions

of the real ocean exhibit range-dependent depth. However , for purposes of understanding

the effect of the propagation of sound waves the assumption is made that the

ocean is a single layer of uniform depth. One can then begin the solution of (34.8) by

expa nding the pressure field a t � in a single set of norm al-mode eigen functions ,

A ~ 1 A~ 
(
~, ~

) Z~~ ~~~~~ 
~~~~~ 

(3 4.9)

in Whic h)( (x ,y), S ( ~ ), and is an eigen fu nction of the reduced operator

+ ( ) wi th elgen value~~ . Substitution of (34.9) into (34.8) and using

the orthonormality property of leads to an inf ini te  set of equations in the unknown

coupled to each other through

‘) IL 
~~~~~~ ~~

- 
~~~~~

!1A~ 
(
~

‘)~ f~ ~~~~~~~~~~ (34.11)
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This formulation closely parallels the theoretical developments of Sec. 24 on the subject

of random waveguides. Here ~ 
expresses the cross coupling between modes .i-i and $1

A A
caused by the range dependent increment . Fourier transforming X toq~ in A , and
~~ A ~~ ~~JIi

~X tok in M j esuIts in a set of coupled integral equations m R  (~ S ) ,

A ~~ ~~ (-~ ~~ ~ Q (k )4_~~~ )

~~~~~~~ 
~ 

(34.12)

(Note the term iE~ is inserted to insure convergence of the field at infinity). This set is

solved in term by constructing from it a Neumann series (i .e. the r.h.s . of 34.12 is

repeatedly inserted into 4 of the r.h.s.). The construction of this series changes the

operations of (34.12) intozS fl operations , and because of the~ -k convolution dependence

also introduces factors of the form (
~ 

— — k.~ • - . kp~’) i n  the denominator of the

newly constructedE ~ fl terms in the Neumann series. Now in the geometric optics

approximation the magnitude of the wave vectorq of the incident wave is very much
V. 

~~
larger than the magnitude of the transverse perturbation )

~ in troduced by scattering
I~~ 

~~~~~~~~~~ i’~~~~~ A~ A r A ”~from Vi1. Hence these forms can be written( ’~ — k,— k~, X ~ 2 ~..a L  ~~~~~~~ +

+ ~ ~~~~ ~~ -. - +~~~— cross terms in k
~
. 

~~~~ , - Neglect of the cross-term s is called the

supereikonal approximation. The integrals in the Neumann series constructed with the

supereikonal approxin- -~tion can be simplified and evaluated by use of the parametric

techni ques of Feynman and Schwinger. Firs t ,A,~~(~ ,~1 is inverse Fourier transformed

back t oA (X ) -$) , i.e.

A~ 
(
~ ) 

~~~ 
Q
~~

(
~~~)A~ (

~~) (34.13)

This formula leads to the requirement of evaluating an integral of the form

c~i ~~_ c~~~~~~~
_

-) -~~~~
‘
~~~~~ (~~ _~~~ E ) (c~ _~ ,)

2_ 7 _ ~E) ~ -

Because of the denominator in the integral this is difficult to integrate. By the use of

Feyn man ’s formula the reciprocal of this equation ’s denominator to order ( in the
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is transormed into a p’th order multiple integral in which the variables of integration are

the ordering parameter~A i  - - - The integrand of this multiple integral appears as
-~~ ‘2 ”

- This 1/a is next re~s-Iaced by Schwinger ’s representation 1/a~~ L ,~d~~j ” - The

denominator is thus rep laced by infinite integrals7at the price of introducing two new

parameters ~ and’~’ . Next an integration over in the inverse ~urier transform is

easily performed. Finally the modal coefficient 4~ 
(x , ~ ) take on the form

k~ ~~~~~~ ~~~~~~~~~~~~~~ 
K~~~+~ 

(L~~ ~~~4~’~~ )

4 - -  + )~~~1~~~dft , ~~~~~~~~~~~~~~~~~~~

- - 

t~~~ ft +~~+k~~
in whic h is given by,

~ ~~~ ~~~~~~~~~~~~~~~~~~~
V(~ 

~~~~~
-- J V ) ~~~~~~~~[ . #~]~~~~2 ( 2 ~~~

3
and7~ is the Dyson ordering operator. F’or a brief discussion of the related Dyson

question see Sec. 18 of this report where the symbol Q appears as the analog of

Physically the various ordered terms in 7, of (34.15) represents orders of scattering. For

example, when is n egligible , only the ~~~ (or zeroth order) term survives. Then

it is easy to show that4~~ (~~ is the farfield Har -ikel function. Similarly, by calculating

of Eq. (34.16) with omission of fr~ (~ —,i), and using the first term of the

series in Eq. 35.15 one arrives at the eikonal approximation in the form of a geometric

optics path integral over the index of refraction (see Sec. 16) in which/I is the path

parameter. Other specifications of ,8 -orderings are in common use . A typical one is the

two-point p-ordering which appears is the bilocal approximation (see Eq. 18.19). Another

useful approximation is the one-po int 1~ -ord ering (~ 1st order term ) of geometric optics

plus a sta tionary phase solution of Eq. (34.15). 1 he result is
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-~~ ‘1 ‘~ 
(34 .17)

- -
~~ L~~~. X~~~ j j~- ~~ fr1~ { .~~~ ______

This formula allows mode coup ling (through )). Other approximatefl -orderings are

possible. However it is to be noted that Eq. 34.15 is a functional equation and is

intrac table in the general case of all orders of scattering. This is the chief difficulty in

the method of s-ordering.

Assuming the modal coefficients ,~~ C Y i S)a s given by (34.15) are available one can

substitute them formally into Eq. (34.9), with the understanding that the difficult of

,9-ordering still remains. A significant transformation of the resultant equation can be

obtained by introducing the sum K (-
~~~~~~~~

‘ 

~ ~~Z(-?)Z(~ exp i/~ 2m ’ and writing,

~ 
•
~~ f J ~ 

~~~~~~~~~ 
(34 .18)

in which )-
~ 

- 

is effectively the sum over the ordering terms ~~, obtained by the trick of

summing over the normal-modes. However the kernel X must in turn satisfy an integral

(or corresponding differential ) equation itself , (34.19a)

~ 
[

D~~~~ 
~f~ii 

‘

~~~ 
(
~ -

- ~ r)  ~~. 
-

1 - Jk’~ [
~ ~~~~ 

9 V ( c )  ‘ (34. 19b)

I’hus the summation achieved by (34.18) is purely formal since there is no available solu-

tion of (34.19) as it stands.

However, in lieu of attempting to solve Eq. (34.19) one can construct a definition
_ _ _

of the kernel-.( - A usable definition is of the form

~~~T(~ ~~ r )  ~/ 
(.k~~~; ~

) ?9L ~~~~
- ~hich = ‘t,,4j~ ~ is the rescaled range from source to receiver. With this form

Eq. (34.18) then reduces to

~~~~ ~~~~~~~~~~~~~~~~~~~~~~~ 
(34.21a)

165

_ _  
- - -



~ 
-- -5- --- -

~~~~~

in which , QC
/A —

~‘

J. 
~. ~~ 4 ~~ ~~~~~~~~~~~~~~~~~ J j ) t V~34 21~ )

Note that has been made quadratic to permit a stationary phase approximation to
the integral . Upon making this approximation one obtains the parabolic equation in~~ .

- ~o ~~~~i~~~
) 

~ (34.22a)

and

~~ :-~ 
‘ ~~ I f— 

~~ 
q~ ~~~~~~~~~~~ i) (34 .22b)

Eqs. 34.22 consti~ute the (now standard) parabolic equation evaluated at the stationery
point ”[= ~~~~~ But , at this poin t a severe dif f icu lty occu rs in the choice of in
Eq. (34.20). if th~ range dependentC(~~) is replaced by d~T)mn Eq. 34.21b (or 34.22a)

and the equations integrated , the result is

~~ (
~ ~ 

(
~

- ~ (34.23)

Choosing’~ to be the stationary-phase point 
~~ , one has,

~~ ~ ~~~~~~~~ ~~~~~ ~ (~) ( O~~~)  (34 .24)

In the degenerate case the operator + /~~~
- ‘- has one eigen value which can be taken2)1 ‘..cI

to be ~, in which case (4(~X —Sd)does not vary much at the stationary point. However,
in the ocean the sound speed c is a function of depth qnd range and the stationary phase
solution with a degenerate spectrum is valid only by sequential change in t (or ) over
successive limited paths. In lieu of going directly from (34.23) to (34.24) by choosing
T 1 , one can expand ~~(‘it , #; D)of Eq. (34.21a) in a Taylor series about t =

Then Eq. (34.21a) takes on the form
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- .1 £

~L 
~ 1 J ;)  ~~ ~ ~~~~ ~~~~ 

)
~~ T ( - )  

ØI)j  ~~~~ j~~~~

. t -. 
~ .4;7~’q.) (t ~—~s)~ ~~~~ (34.25)

- ~~~~ 
-j’-2. -~~ - ~~~~~ / ~~~ 

~~~~~~~~~~~ 1
~~ ~~~

Here, - ~~is the solution of the usual parabolic equation (see Eq. 21.24) and

is obtainable in the form of derivatives of L ~ )through use of the recursion formulas

of the Hankel functions. Eq. (34.25) is a version of the parabolic equation modified

to correct for the stationery-phase error introduced by the range-depth dependency of

the ocean sound speed C.

Returning to Eq. (34.22a) one observes that the key difficulty in attempting solu-

tion of this equation is just the same range depth dependency ~~‘*~ 5 4j t ,k) .  What is

required is a formula for CE + L- ~r), identifiable as the square of the space

dependent wave number. Noting that
2

i~e)
‘~~~‘ ~~~~~~~~~~~ (34.26)

and using the known Fourier transform for V (E q. 34.16) one arrives at an effective

wavenumber defined by

(~~~
• ~

.
________  

-‘
- ‘{d~ ‘T—~

--- 1~~( ~ ~~~~ ) (34.27)

• 21r R(r -1L.) 
LC(~~~t5- ,~i ‘\ T~~

’
1t~~l /

in which is the range, /1.. is the path length between source and receiver , k. =

is the cross-range coordinate , and X the range coordinate. This formula requires that at

any rangy. (and range coordinateft..) the effective wavenumber be calculated by integrating

~‘/c -~ )) over the area of the horizontal circle (in the x
0~plane) at depth t1 - The dia-

meter of the circle is effectively the greatest excursion of the scattering in the super-

eikonal approximation. This point is discussed below.
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Cross Range Effects in the Superiekonal A pproximation

We return to Fig. 34.1 and again consider two ray paths, namely B+C, and A R

starting and ending at common points. The angle of scattering in the supereiko nal

approximation is ‘u where is the characteristic size of the scatterer. The

radius of the 1st Fresnel zone is ,/ . . We choose a size scale by forming the ratio

F - ~<- ~~~~ . Let be the separation of two rays at some distance and construct

a distance ~~(,~)such that at any range ~t ,  one can set 
~~~ 

Now if ~ ~ , F
then the supereikonal restriction on 9 is satisfied and U Le separation 

~~~~~~~~ ~~~~~~~ 
How-

ever if~~/~ ‘- < F then • What is ~ From the condi tions of propagation of

the two rays it is seen that a 0 - A simple function of range coordinate ,k.

that describes this condition isq(~~) t(~~ft) ~~ - A plot of~~ (’i~ ) vs.~~ from source

to receiver at any range is a cigar-shaped figu re . The maximum excursion of rays in this

figure is restricted by the supereikonal requirement. This condition is paralleled by the

ell ipt ical figures of Tatarski described earlier in this section. Both delimit the cross-range

influence of the medium inhomogeneities on the propagation of sound. The cigar-shaped

figure gives the separation at any ~~~~. Hence the calculation of the by areal

integration over a circle described above is essentially done over a circle radius

Range of Validity of the Supereikonal Approximation

Callan and Zachariasen (Stanford Res. Inst. Tech. Report JSR-73-10 (1974)) have

derived the following range limits to the validity of the supereikonal approximation . If

is the correlation length in the horizontal or range coordinate , is the range

dependent fluctuation in the ocean sound speed , and is the wavenumber associated

with the average speed of sound (viz ) then the maximum range 1?of valid

appl icat ion of the supereikonal is given by the ineq uality,

~~~~~ 
•

~~/3 L “~~1~ ,fl’L~’- )( ,~t ~~~~~ ; /t~~ ~~ .CZ
In constrast the maximum range of the eikonal approximation is

~~~ ~~ ~~~~ ~~ L~ 
(~ L~ )
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In the ocean L~ is some 1 to 10 km and is of the order of 1 0 .  At 100 Hz ,

= 20017’, k, = 200 7r/1500, LH~ ~~~~~ thus

~~ 

—

~

-

~~

-

~~

-

~~~~~~~ 
~~~ 4~~~~~~4~~I ~~ /~a :

~ ~
~

io
~

) ~
For this choice of ocean parameters and frequency the eikonal and supereikonal have

the same range of validity ( namely /t 1 ).

I
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35. Relation Between the Helmholtz Equation and the Parabolic Wave Equation

The small amplitude equation of steady state motion at frequency C~)  in a medium

of sound speed C ( x )  is ‘~7~ 4) (>& 
~

(
~~~ )) ‘P(~ ) (i.e. the

Helmholtz equation). Here C/i is a field quantity (velocity potential or pressure). In a

2-dimensional waveguide with coordinates )~ , ~ this equation appears as 
~~~ +

~~~~~~~~ ~ ‘~
p
~~ 

-
~
--

~~~~~~ k’(h)~)~4. =o , ~~~~~~~~~~~~ cc/C~k~~)
arid a o~ 1/2 or 1 for cartesian , cylindrical or spherical coordinates. The parabolic wave-

equation in ,
~ 

, ~ coordinates is ~ ~~~ -f , ~
. 4 1~ [k~(h~~)_ i] ~

Clearly $ and 14) are related, it has been found by DeSanto (submitted to JASA) that

the relation is an integral transform ,

~~(h )~~~~~ A0 e A (/ t ) ç 4 )  (~~( 4 i ~~(~~~~t 4 e  du~ (35. 1)

if one sets ,4~~ ~~~~~~~~ 
),
~ 

(
~) ~ (i~~~ u~

+ (
~- 

~~~~~~~~~~~~then
00

~ 
(
~~~ 

)
~ A0 r ’ 2

~ ~ ~

~i~_ (35 2)

This is a Fredholm integral equation of the first kind: (4)) ~~ are presumed known and I ~is to be found. The ensuing analysis of the nature of ~~ 
(
~ , ~~ wl-iich is

found by substituting this form $4) into the I-Ielmholtz equation is found to be self-

consistant. The nature of R depends on the nature of - It is convenient to describe

as the sum of two quantities , 4(1 (it -~
) (~) + !<‘a. (k , *), k’~. <<‘/C,.

Physically this is the assumption that there is a dominant dependence of the sound spped

K, (
~ ~ 

on the depth coordinate ‘
~~~ , and a small perturbation in sound speed

dependent on depth and rai ge ,4 . Using this assumption in the substitution of
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the integral transform into the Helmholtz one arrives at the following differential equation

to be satisfied by ~~~.

- 
~ 

+ 
~~~~ ~~~~~

+ ~~ ~ {)~ [ 
~~~~~ ~k~~- ~~~~~~

(35.3)

This form is difficult to solve in the general case. However it is observed that the

condition tL~ /t. in Eq. 35.2 defines a stationary phase point of the integrand . It is

then convenient to expand 1~ (~ 
•
, u, )) in a Taylor series about € = U —A. , i.e.

1? (~~ ~i, i t)  = i 
~~

- z 1€ ‘s” ~k
*$1I1 ) ( 

~ ) . Similarly the terms

[w2 
~~ 

- ~1 (
~ ~~~~ 

- 

and [+
~ 
(
~ ~ 

)
~~ 

are also ex-

panded about 6 . Substitution of these expansions in to Eq. (35.3) yields a recursive

system of equations in t\ (the m ’th derivative of ~~ ) ,  each such equation belong-

ing to a power of f .
Thus the analysis of ~~. by perturbation methods has led to a hierarchy of deriva-

tives, 
- 

~~~~ , , , etc. Now it can easily be shown that if K(’Ir,*)
is independent of range , the first perturbation term is a constant which can

be taken to be unity . This condition 1? ~~
‘
~
‘ I is equivalent to stating that the

field point is exactly at the stationary point ‘U ~ )c. . is identically the range-

independent solution. The term , which corresponds to L~ 
- U k  , is

(t~ - . - -I)
arbitrary . For convenience “

~~~~ is set to zero. With the choice 0 , the

and R ~ -~ ~h0~4 ) ~1~h [‘k’2 (~ r

Other can similarly be obtained. Thus the perturbation series ‘ I -s Z~ ~~

“

is constructed. Upon substitution into Eq. (35.2) one arrives at the following relation be-

tween 4) and .f
~ 

,
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(k ~~~~~ A 0 ~~~: 

~~~~~~~~~~~~~

I~~~~ .—±. ~~~X ôk J~~~~/t.

-
~

+ / L ’~~\L~~~ L ~. 
) 

~

H 

1*

(35.4)

Several conclusions can be drawn from this result. First , since is arbitrary one

can set 
~ 

( !. ~-i- 

~
) a 

- If the resultin g equation is limited to the

first term on the r.h.s. one has 
~ ~

. (4 ,~) ;I~~,) ( t  Ra~’t )  ~ ~~~~
This is precisel y the usual parabolic approximation to (see Sect. 16) which is thus

seen to be the stationary Phay approximation to the integral in Eq. (35.2). Second , the

terms in 
~ ~~~~ a 

1 
~ are seen to be corrections terms to

the stationary phase solution. They allow the range dependence of ..fr (4 , * ) to be

accounted for in respect to wave f ron t  curvature and changes of sound speed with range.

Third , the correction term s can be numerically evaluated . A convenient procedure for
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I
;

doing this is to select a slab ~ )t. units wide at range /10 and calculate the parabolics

approximation ~ (k . , ‘
~) 

from a marching algorithm with known initial states.

Then and 4 ( / ~r) %’r are calculated by finite dif-

ferences over the range of the slab thickness. Finally i~ t<r /4/c. is numerically eva!-

uated fro m known changes in k~. over slab itli.-. Adding in all correction terms one

finds l~,V at + 4 /t.~, for any - This is value of t
~
) is the initial state for the

next slab.

Conclusion: In the preceeding pages the subject of a mathematical description of fluctuations

of acoustic signals in the ocean has been reviewed in detail. The number and complexity of

pertinent mathematical methods serves to emphasize the real difficulties of accommodating

experimental results to match theoretical models. No single model currently exists which

can predict fluctuations in acoustic signals due to fluctuations in the ocean background

index of refraction , surface effects and moving platform for all frequencies of interest.

Available models are further discussed in Part II of this series of reports , together with an

extensive review of experimental data.
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INDEX OF SYMBOLS . , -

~tJ = kinematic viscosity, (m 2/sec)

9 = coefficient of viscosity (N sec/rn 2)

E = dissipation rate (m 2/sec3)

E = kinetic energy per unit wavenumber (m 3sec2)

kinetic energy per unit mass (m 2/sec2); temp ( K) 
-

= density (N sec2/m 4) -:

= entropy (m 2/sec2( K )) - 
—

= second coefficient of viscosity (N sec/m 2)

= pressure (N/rn 2 )

= stress tensor (N/m 2) - 
-

= coefficien t of thermal expansion ( K~~-) I
= ideal gas constant (m 2/( K)sec2).

Cr)Cv = specifi c heat at constant pressure , (constant volume) (m 2/sec2,K) 
-~

— 
= compressibility (m 2I N )

U0 = turbulent velocity (m/ sec) 
-

= normalized change in compressibility (non-dimensional ) -
-

= normalized change in density (non-dimensional) -
~~~~

= heat flux (N/rn sec) - ,

U~ characteristic velocity (m /sec) 
-

L = Monin-Obukov length (M)

= constant (non-dimensional)

= matrix of momentum flux density (N/ rn 2)

= acoustic particle velocity (m/sec) - . 
—

= integral operator of scattering from inhomogeneities 
-

= fluctuating ternperature ( K)

T0 = reference (or equilibrim) temperature ( K)

= fluctuating density (N sec2/m 4) -
~

reference (equilibrium) density (N sec2/m 4)

— wave number (m~~ )
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P = dimensionless acoustic pressure (Eq. 3.7)
I -~ .V = vector velocity (rnfsec)

= acoustic pressure (N/m 2)

- ~

- Ct, = reference (or equilibrium) sound speed (m/sec)

- = rms turbulent velocity (reference state) (rn/see)

= G. I. Taylor microscale for velocity (m)

A9 = G. I. Taylor microscale for temperature (m)

175

- ~~~~~~~~~~~~~~~~~~~~~~~~~~ ZT. - —  - -



- - 7

References

1. “Dynamics of the Homogeneous and Quasihomogeneous Ocean” W . Krauss Gebriider

Borntraeger , Berlin 1973

2. “Theoretical Acoustics ,” P.M . Morse , K.V. Ingard , McGraw-Hill (1968) p. 409

3. Ibid (2 )  p. 409

4. Ibid (2) p. 874

5. “The Structure of Atmosp heric Turbulence,” J.L. Lumley, H.A. Panofsky (Inter -

science Pub. 1964)

6. “Some features of sound scattering in a turbu lent atmosphere Soy. Acoustics 7 (4):

457 , 1961.

• 7 . J.A. Neubert , J .L. Lumley, JA~ A 18( F ) ,  1970, p. 1212

8. Ibid (7) p. 1212-121-4

9. “Wave Propagation in a Random .\b- diu in ” L. A. Chernov Dover Publications , 1960.

10. “Measurement and Analysis of Random Data,” J. Wiley & Sons. 1966 J .S. Bendat ,

A.G. Piersol

11. “Stochastic Processes and Filtering Theory ” A. Jazwinski , Academic Press 1970, p. 61

12. V.1. Tatarski , M .E . Gertsensktein , JETP 44 (2): 676 , 1963

* 13. R.C. Bourret , Canad . J. Physics 40 (6) : 782, (1962)

14. “The Effects of the Turbulent Atmosphere on Wave Propagation ” V.1. Tatarski , U.S.

Dept. of Commerce 1971

15. Barabanenkov , USPEK IH 13: 551 (1971)

16. “Table of Integrals , Series and Products” I.S. Gradsteyn , I .M. Ryzhik Academic Press

New York 1965

17. “Rough Boundary Scattering in Ray Tracing Computations ” H.G. Schneider ,

Acoustica Vol. 35, p. 18 (1976)

18. A.H. Jazwinski “Stochastic Processes and Filtering Theory ” Academic Press, 1970.

176


