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Abstract

Using linear theory , expressions for lift , drag and moments
are obtained for hydrofoil operating near the free surface and
under transverse gravity. Existing results are easily obtainable
for special cases when gravity is neglected~ and/or depth below
the free surface approaches infinity . Ni.~ erical calculations

are performed and results are shown by figures .
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1. Introduction

Since the renewal of’ the Interest in hydrodynamics of hydrofoils

because of their potential advantages when used on small craft

• variety of papers have appeared dealing with different aspects of

• supercavitating flow. A ccznplete solution to the supercavitating flow

is the analysis of the flow in three dimensions, when bydrofil, is

operating near the surface under the effect of transverse gravity. This

prohl~ n has not been solved in its generality though various simplified

versions In two dimensions, have been solved. Most of the work has been

done by considering two dimensional models because of readily availability

of technique of analytic function theory for such probl~~s. Thlin tz)
studied the hydrofoil arid its associated cavity as a slender body and

used techniques similar to Blot [3), Stewart [ii) and others. For limited
range of cavitation numbers, Thlin used this theory to calculate the forces

on a flate plate hydrofoil operating at small angle of attack. Wu [g)repre_

sented an extension of the classical free stream line theory of Helmholtz

and Kirchoff and also extended the linearized theory to include the

effects of camber upon the forces on a profile in a cavity flow. These

results when cc~npared with experIments [7 ] show certain small but syrririetric
discrepancies for the circular arc and the flat plate profile in ftilly

cavitating flow. It may be noted that in all above mentioned studies,

effect of gravity and free surfaces are neglected. Parkin [8J studied
the cavity flow under gravity, possibility to account for the discrepancies

observed in Wu [5 6) theoretical and Parkin[7 ~ experimental results.

~ N~ii~ber in brackets designate references which are listed at the end
of this work.

L • 
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _
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I
Supercavitating flows under gravity has also been studied by Acosta[9 },

Lenau and Street [ioJ, Street Ijij and others. Probl~ n Involving free su-

rface for uniform foiw is treated by Auslaender and for non—uniform

flow by Hsu [ I II]. Untill now probl~’n involving gravity and free sur-

face has not been discussed. In the present work such a probl~ n is

undertaken.

2. FormulatIon of the Problen

Consider an inviscid steady two—dimensional uniform fluid flow

of density ~0 Suppose the flow is disturbed by introducing a flat plate

of’ unit length, inclined at an angle ~ to the direction of the flow.

(The unit length body is used without loss of generality, since Its

use is eauivalent to normalizing the probl~ n on actual length of the

plate). The upstream velocity far from the plate is U and the origin

of the x , y—coordinat e syst~ n is taken at the leading edge of the plate .

The supercavitating hydrofoil at a finite depth , h , below the free

surface is shown in figure 1. It Is assumed that :

(a) Hydrofoil and cavity are equivalent to a long slender body which

causes only small pertubations in the flow that Is uniform far from

the body.

(h) The cavitation number is zero

Accordingly the velocity components are assumed to be

U (1+ u,v) — — — — (1)

where the components of the perturbation velocity (u ,v) and their

_ _ _  

L41 
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first partial derivatives are “small”, in the sense that their square

and product are negligible. These carponents may be combined into the

total complex velocity W (z) = U ( l+w (z ) ) ,  which is an analytic function

of z. In this expression the complex velocity of small perturbation

w(z) is given by

w(z) = u — Iv

As is discussed by Auslaerder [12}and ~nith [15] , t~e sln~ ly connected

(FIg .2) polygon A~~B~~B~~ E F C~ can be mapped into the lower half

of the ‘
~~ plane (Fig . 3) by the confont~al transformation

z = a A [ ~~~-~Qo3 ( I k ~~~)] — — —  (2)

where -lt < arg z ‘~ 0

I-

and aA7~= h

The above relations have been obtained by using the constraints that

x = 0 and x = 1 corresponds to ~ — 0 , and = 1 respectively.
Also It has been shown that

when h —, 0 , —~ 0

A —~~~~ (

I — (3)
L x — 10 —‘ 

‘

~~

when h—+~~~ a —~

A ~~2O.

x + 10 —b ~~~~~~~ 
— ( 14)

x— iO —p ,



_______________

3. Lift , Drag and Moment s
Coeff icients

By r~rmalizing the expression for lift with respect to 1/2 PU
L

~he lift coefficient is
I D

L ) V2 rtJ z 
~where ~&f’ is the pressure difference between the face and t ack

of the hydrofoil .

ky using equatIon (2) i - ~ cno~ili ‘s equat t on , -~e ~et

C
1 2 {~~~~~~ a (~~~~)~~~~~~~~~~

. ~ + ~~J a (s)

Since th~ ~owcr :u- : a~e uf the hydrofoil is a flat place (y 0 ( x ) = — S x )

the above equat~~ n reduces to

CL = + - - - (5)

To find the value of ~( 
~~) ,  we use the relation between ~( 

~~~) and

as d cu~ ced by ~~~in and Burkart [i~J, we have

where 0~~~~~~l

‘J’h e inver s~1on ef th ts  Int egral equation was ~hc-~~ by Munk [~7J  to be

~ ( 
~~~~~ 

- ____ • 
II 

~ ~ ~(c ’) ~~~ 
- - (6)

~~~~~~~~~~~ } ( $ _ ~~ s
)~ e~~ 

~~~~ 
,

• It may be r~~ icci

t a~ Velocit -; mu~- ’ he ~~-ent tai to the bottom surface of the hydra—

t ( ’ t 1 ,  ~~~~~~~ ~ 4 ’s. — V

_ _ _
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• (b) Ai~~ :~ ~ ‘e not ~~~-~ t ~ by the trans1orr:at~ 1r~, therefore

(c) For the flat d at e —

Using these observations , equation (6) become

• ~;• ~~(~~~~~~~V2 ç ’ ~~ . 
~~~~~

‘

- • 
U (~~) = _ _ _ _ _ _  - )

~ ~~~~~ (~~~~~~#
)

(u .  
I

-- - _ _ _ _ _ _ _

substituting ~.
T-U1Ue of uC~ ) as given by the equation (7) in equation (5)

• we get

CL = ~ - - - ( 8 )

By using equations (14) and ( 8  ) give

~ i. k~~ O

2.
C1 = .~~ {c ~ + & )~

‘2
... a~~~] ÷ ±1 — (9)

&

+ .1 !
Z

In the ~r~eoiuJ case, when the effect of gravity is neglected,

equation (9) gives the same result as given by Auslaender [12.).

Also for infinIty depth and without gravity eCf’cot , equation (9)

gives the same result as given by Parkin{~~) which Is also a 
linearized

version of the resuLt given by L~~b LIZ 1~
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The ir -~i o~ ( -~ 1~ eie11t can be obtained rr~~ the consideration that
• 

~ ~cr a fully cavitating fflcw past the flat plate , the local pressure

is ever~~here rIoi~ ai to the ~1ate[ ~~
] . Therefore , the drag coeffici ent

CD ) and C~ satIs~~ the relation C
D
/ CL = tan ~~ - - — ( 10)

• using equat ions (9) and (10), we get

I Tt S~~- -
~~
_

~~~ 
~~~~~~ °

I U

‘
,

= ,~Y’ ~~~~~~~~~~~~~~~~~~ - 
— (11)

k - c x ’

Moment about the 1 eading edge

By dividing the usual expression for moments about the leading

edge by 1/2 PU
1 

, we get the coefficient of moment CM

Hy u:;~r~ Bernoulli’s coations and equations (2) ond (10)

I
,

• 

• CM 
= — 

~~~~~~ 
-
~~~~ 

- 2 ~ 
~ 

[—i- 
~~ 

—

~~~~~~

-_

~ ~~~~~~ ~

- 
_ :~ ) 2 

+- ~~~~~
•
~~~~~ J

- --——~~~~~~~~~~~~~~~~~~~~~ — - —~~~ ~~
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By carring out the integration , we get

CM = —
~~~~~~~ {~~ - (~~~~i ) -  a~ { ~~:‘

— — ( 1 2 )

Equations (8), (11) and (12) give us the exnressions for CD, CL and

CM . These exnressions con be given in terms of the Froude number

F = u/(gh)1/2 , based or the hydrofoil depth, h, as follows

_ _ _  

r v,~~
2 

~C1 = — 
~~

. J

CM

14. NumerIcal Calculations and Results

Before making any numerical calculations , it may be mentioned

that equations (9) and (12) conform with the known observation that

gravity has a significant contribution , when veloci ty is small and

its effect may be neglected for large velocity.

Numerical calculatIons were carried out on I~~I 370/125 and

results are shown In f igures 14 and 5. The effect of Froud~ nun1)er

i~; shown In ri~ iir e 14 wbnre the variation in the ratio of the lift—

coefficient at depth h , to the lift coefficient at inf inity depth ,

i .e . ,  C1 /C wi th rr~srec t. to F is n~ctted for several values of

h. It may he noted that for hydrofoil operating at a depth greater

than 1/2 of the chord length , the value of’ CL/CL _ 
r~~ains practically

unchanged, when the value of F decreases from large values to F= 3.

_ _  • ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _ _ _ _ _
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This result Is similar to the theoretical results of Hough and Moran

[1 and the experimental result of St~’andhagen and Seikel L ’93
The main difference being that in the range 1 0 >F  ) 3, which corr—

- 

esponds to the most foil ooerating conditions , CL /CL does not decrease

as rapidly with decreasing F, as is determined by Rough and Moran (13 ’ J .
For example , when h= 0 .5 and F decreases from 10 to 3, the decrease in

• value of C /C at F=3 i• s on2.y 2.9% of the value of C /C at F=10.
• L 1 , L L~ .

• Tt may also be seen that -Then hydrofoil Is operating near the surface

• ( h = C . 1) ,  there is a s~aro increase of 314.6~ in the value of CL/CL
when F increases fr~ri 0.2 to 7 and when F increases from 7 to 10,

the increase in value of CL/CL is less than 1%. It can also be safety

concluded that for all practical pur~oses, the value of CL/C , for

- 
large value of F Is the same as its value in the neighborhood of F 5 ,

when hydrofoil is operating at a depth greater than 1/2 of the chord

length. The variation of CL/C with h for fixed F can be easily cal—

culated. It is clear that when F increases from 5 to 10 the increase

In value of’ C
J
/C1 is only 0.73%, 0.38% , 0.16%, 0.08% respectivlty

at h=0 .5, h=l , h=~ and h=3 . Th19 again conflrmr - that Con all practical

• purposes , values of C /C for large value of F is the same as at F=5 .L 1~~~
Tt is Interesting to note that for fixed F ( 5), the value of C ICL L~~
decreases steady by nearly 1.14% for each Inerament of’ 0.1 in value of

h, as h Increases steady from 0.1 to 1.2 . There is a sharp decline in
- 

the value 0C C /(’• of 5. t~ as h increases from 1.2 to 1.5, when h

Increases further, vaL~e of C /C levels off with its value close toL L~~
h=1.5 . Similar r~~t~tT follows for other fixed values of F



9

l’he retoltu to the variation of’ C~
/
~ with respect to F , for fixed

- h are shown In figure 5. Figure 5 indicates practically no change in

:i±ue of C
M/S 

as F doa’-eases from large values to 3 or 14 , a gradual

decrease in value ct , as F decreases from 14 to 2, and a sharp

• decline as F de~reases beyond 2. For example, when h=0.97, the decrease

~n va:~ o oC ~~~ is 2.~~ (of its value at F= 10) when F decreases from

• 10 to 14 , th iecr-er- t~~n value is 12.26% (of its value at F= 14) when F

decreases from 14 to 2 and she decrease in value is 142.9% (of the value

I at F= 2 ) when decreases from 2 to 1.
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Figure ii. Supercavitating Flow Near A Free Surface
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Free Surface
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Figure 2. Hydrofoil Plane ( z= x +iy )
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Figure 14 , Effect of Froude Number on the
Hydrofoil Lift .
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__________- —-~~~ -— — h = 14 87
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Figure 5. Variation of CM/S with respect to F , for
fixed h
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