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Closed-form solutions based on acoustic theory have recently been
obtained to describe the wave motion in both low-pressure-ratio rectangular
(constant area) and pyramidal shock tubes which utilize different driver
and channel gases. These new solutions are in excellent agreement with ex-
perimental data. This work should be of interest to researchers who are
using shock tubes or similar devices to produce impulse noise, in particular
the simulated sonic boom, in order to facilitate studies of the effects of
impulse sound on humans, animals and structures. Furthermore, this work
is relevant to the understanding of the wave motion produced by weak planar

and spherical explosions of finite size.
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1. INTRODUCTION

Noise pollution is becoming more significant in recent times and
is contributing to the stresses affecting man. Ongoing studies into the
effects of noise on humans (e.g., see Kyter's book - Ref. 1), animals and
even structures are proceeding, fortunately, at a corresponding accelera-
ted pace. One important and active area of current noise research is the
study of the effects of impulse noise. A particularly important impulse
sound is the sonic boom, whose impact on society is being assessed before
supersonic transport (SST) aircraft such as the Anglo-French Concorde
and Soviet TU-1LL4 are introduced into extensive commercial service.

At the University of Toronto, Institute for Aerospace Studies

(UTIAS), three different but complementary sonic-boom simulators have
been developed to help assess current societal problems associated with
the sonic boom. The first of two major facilities, a loudspeaker-driver
booth (Refs. 2 and 3), can easily accommodate one human subject or a few
small caged animals in its solidly built and sealed chamber (volume of

) to facilitate studies of human and animal response to a simulated
full-scale  sonic boom. The second major facility (Refs. 2, 3, 4, 5,
and 6), a travelling-wave horn in the form of a horizontal concrete
pyramid (25 m long, 3-m-square base), has at its apex a specially designed
valve which regulates the air discharge from a large reservoir into the
pyramidal horn. This controlled discharge of air generates in the horn
interior a simulated full-scale sonic boom for human, animal or struc-
tural response investigations. Alternatively a shock-tube driver can
be installed at the horn apex to produce a simulated short-duration sonic
boom to facilitate certain response tests. The third sonic-boom simu-

lator (Refs. 3 and 7), a portable shock tube (11 kgm.. 1 m long) having

a constant-area driver and an exponential horn, can be easily transpor-
ted and operated by one person to conduct wildlife field tests. A
simulated short-duration sonic boom can be produced and directed at wild-
life in their natural habitat in order to study their startle response.

In order to illustrate the type of wave that must be produced
by a sonic-boom simulator, and also for future reference, an idealized
overpressure signature of a sonic boom is sketched in Fig. 1. The
more important parameters which are commonly used to describe the various
parts of the signature include the peesk overpressure, rise time, dura-
tion (or wave length), and wave form which may vary somewhat from the
ideal 'N' shape. It is worth noting that respective values of peak over-
pressure, duration and rise time are 100 N/m, 300 ms and 1 ms for a
typical sonic boom from a current SST aircraft and also from large mili-
tary bomber supersonic aircraft. In the case of shorter military fighter
supersonic aircraft only the duration is significantly different, being
corre spondingly shorter at about 100 ms.

The analytical and experimental work given in this report on
the wave motion in low-pressure-ratio rectangular and pyramidal shock
tubes utilizing different driver and channel gases is a natural contin-
uation of previous sonic-boom-simulation work at UTIAS. Also, the
present work is a direct extension of sonic-boom-simulation research on
shock tubes made in England, France and the United States. These state-
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ments are elaborated on in the following part of this introduction.

A number of geometrically different shock tubes have been constr-
ucted and tested by English, French, American and Canadian researchers to
assess their capability of producing a good 'N-wave' to simulate the sonic
boom (Fig. 1). Some of the more important shock tubes are illustrated
schematically in Fig. 2, and the developmental and research efforts made by
various researchers on such shock tubes are summarized in Table 1. Each
shock tube shown in Fig. 2 has been named according to the geometrical shape
of its driver and channel. The adjectives 'rectangular' and 'pyramidal'
arise quite naturally owing to the geometry of the driver and channel of
shock tubes commonly used in the laboratory. More generally, however, in
this report rectangular will refer to any duct where the cross-sectional
area is constant with distance (e.g., cylindrical), and pyramidal will
refer to any duct where the cross-sectional area increases directly with the
square of the distance from the center of symmetry (e.g., conical).

For shock tubes commonly used for sonic-boom simulation purposes
the driver and channel gases are both normally air at atmospheric tempera-
ture. The driver air, however, is initially at a slightly higher pressure
than the atmospheric pressure air in the channel. Consequently the pres-
sure ratio for the driver and channel gases separated initially by a thin
diaphragm is very nearly equal to unity. On breaking the diaphragm in
such a low-pressure-ratio shock tube the ensuing wave motion results in a
very weak shock wave or simulated sonic boom moving in the channel gas.

Closed-form solutions for the wave motion in low-pressure-ratio
rectangular, pyramidal, pyramidal-rectangular, pyramidal-pyramidal and
rectangular-pyramidal shock tubes which use identical driver and channel
gases have been obtained previously (Refs. 5 and 6). The rectangular shock
tube produces a constant-amplitude pulse as illustrated by the overpres-
sure signature sketched in Fig. 3a. In the case of the pyramidal shock tube
an N-shaped pulse is produced as shown in Fig. 3b. The other pyramidal-
rectangular, pyramidal-pyramidal and rectangular-pyramidal shock tubes each
produces a distorted N-wave followed by additional waves or disturbances
as illustrated in Fig. 3c, 3d and 3e respectively. Obviously the pyramidal
shock tube is best for producing a good N-wave for sonic-boom simulation
purposes. Note that the rapid pressure rise across both the front and rear
shocks of the N-wave equals Apor°/2r and the duration of the N-wave is 2ry/a,
where the respective symbols Ap,, a, r and r, denote the pressure difference
across the diaphragm, sound speed of the driver gas, radial distance measured
from the driver apex, and the diaphragm location or driver length.

A large pyramidal shock tube is required if the N-wave produced
in the channel is to simulate a full-scale sonic boom from an SST aircraft.
Since the duration of the N-wave in the shock tube equals 2ro/a and the
duration of a simulated sonic boom has to be approximately 300 ms, the cor-
responding length of the shock-tube (ro) needs to be about 50 m. Owing to
inadequate breakage of a large diaphragm in a low-pressure-ratio shock tube
(Ref. 12), the largest diaphragm Baving sufficiently good breaking charac-
teristics appears to be about 1 m~ in area. The maximum divergence angle of
a pyramidal shock tube is therefore about one-fiftieth of a radian. Now the
interior test section of the pyramidal channel must be at least 3 m on each
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side to adequately accommodate a human subject without unduly blocking the

path of the simulated sonic boom. For such a test section size and diver-

gence angle the resulting length of the pyramidal shock tube is an incredible

150 m. In practice the shock tube is even longer because a reflection

i eliminator is required to cover the open end of the channel. For the sake of
interest the large Franco-German pyramidal shock tube (Ref. 14), which is
189 m in length, is depicted in Fig. 4. Note that different diaphragm sta-
tions have been provided such that the N-wave duration can be varied conveniently
from 100 £o 300 ms.

Owing to the large size required of a pyramidal shock tube if a
full-scale sonic boom is to be simulated, the initial construction can be
a costly endeavour. If a pyramidal-pyramidal shock tube instead of a pyramidal
shock tube could be used, then the shock-tube length and thus the initial con-
struction cost might be reduced. The idea behind this scheme is brought out
by the diagrams given in Fig. 5. In order to maintain the same sized driver,
diaphragm and test section of a pyramidal shock tube (Fig. 5a), the divergence
angle of the channel is increased, thereby producing a shorter shock tube
(Fig. 5b). This resulting pyramidal-pyramidal shock tube, however, produces
a distorted N-wave (Fig. 3d), which is normally undesirable for sonic-boom
simulation purposes. In fact it is worth mentioning that, based on the ex-
perimental results obtained from prototype pyramidal-pyramidal shock tubes
(Ref. 12), French and German researchers deemed the distortion in the N-wave
as unacceptable, and they consequently constructed the large Franco-German
pyramidal shock tube mentioned previously and shown in Fig. L.

N

i § Another possible method of achieving a shorter and thus less
| costly pyramidal shock tube for the simulation of a full-scale sonic boom
is to use a driver gas which has a low sound speed. (Although the chamnel
gas could be the same as the driver gas, it would probably be more conven-
ient to use air in the channel.) Because the predicted duration of the
% N-wave produced in the shock tube is 2ro/a, if a gas having a lower sound
speed (a) than air is used in the driver, the correct full-scale duration of
a sonic boom can be accomplished with a shorter-than-normal driver (length
ro) and hence a shorter pyramidal shock tube. For example, the use of an
economical gas like carbon dioxide (COp) instead of air in the driver and
air in the channel would result in a fairly significant reduction of 22
in shock-tube length. The use of more exotic and expensive dichlorodifluoro-
methane (C Clp Fp), sulfur hexafluoride (SFg) or octofluorocyclobutane (Cy
Fg) would result in an even more significant reduction in shock-tube length
by 564, 60% or 6Th respectively.

Another possible advantage of using a driver gas having a low
sound speed is to improve the capability of an existing low-pressure-ratio
pyramidal shock tube. Most of the existing shock tubes have been designed
to be short to minimize construction costs, and they consequently produce
a short-duration simulated sonic boom. (Such short-duration booms can be
used for studies of wave diffraction over and into model buildings, wave
propagation over reduced-scale land topologies, and certain animal response
tests). Since atmospheric temperature air is normally used in both the
driver and channel the standard technique of changing the N-wave duration
for new tests is to alter the driver length by changing the diaphragm loc-
ation. As existing shock tubes are normally short (less than 15 m long) an
upper limit exists on the driver length and therefore on the N-wave duration.
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Consequently, the only means of further increasing the N-wave duration and
thus extending the capability of existing shock tubes is to use a driver
gas which has a sufficiently low sound speed. For example, the N-wave dur-
ation can be increased markedly by a factor of 1.3, 2.3, 2.5 or 3.0 when
the driver gas is COp, CCloFp, SFg or CLFg, respectively, instead of air.
It should be noted that the N-wave duration can be increased further by
lowering the temperature of the driver gas. However, this method is not
only impracticable but the increase in durafion is not very significant,
being only 20% for a decrease in driver-gas temperature from 300 to 200 K.

The technique of using a driver gas with a low sound speed in a
pyramidal shock tube to increase the N-wave duration both to extend the
capability of an existing shock tube and to investigate the feasibility
of using different driver and channel gases ina larger sonic-boom simula-
tor was originally tested in England (Ref. §9). Carbon dioxide was used
in the driver of a small conical shock tube (driver length of 60 cm,
channel length of 140 cm) and showed that a good N-wave could be produced
in the channel air. The N-wave duration was an expected 1.3 times longer
than that for the case when air was used in both the driver and channel.
To obtain an: even longer duration N-wave with the same shock tube the
use of a special gas having the trade name 'Arcton' was proposed, as its
low sound speed is only 43% of that for air. Test results for the case
of Arcton as the driver gas were unfortunately not reported.

The British researcher: (Ref. 9) did not notice any significant
distortion in the overpressure signature of the N-wave produced in
their conical shock tube when carbon dioxide was used in the driver and
the channel gas was air. However experiments at UTIAS showed that if the
sound speeds of the driver and channel gases were radically different
(e.g., CClpFp, SFg or C4F8 being the driver gas with air in the channel)
then a noticeably distorted N-wave would be produced. This distortion in
the N-wave is similar to that in the N-wave produced by a pyramidal-pyra-
midal shock tube which used identical driver and channel gases (Fig. 3d).
If the undesirable distortion in the N-wave is significant then the con-
cept of using different driver and channel gases in a pyramidal shock
tube either to increase the duration of an N-wave produced in an existing
short shock tube or to enable a short and inexpensive shock tube to pro-
duce a simulated full-scale sonic boom is not valid. This will be verified
subsequently in this report by analytical and experimental data.

The acoustic analysis for the wave motion in a pyramidal shock
tube utilizing different driver and channel gases was found to be quite
complex analytically. Prior to obtaining the acoustic solution for the
pyramidal shock tube a similar but simpler acoustic solution was obtained
for the case of a rectangular shock tube utilizing different driver and
channel gases. For interest and completeness both of these acoustic
analyses are given. The simpler analysis for the rectangular shock tube
is presented first in Chapter 2 and the more complex analysis for the
pyramidal shock tube follows in Chapter 3. Experimental data for both
the rectangular and pyramidal shock tubes are also given, verifying the
analyses.

It is worth mentioning that the respective acoustic analyses for
the rectangular and pyramidal shock tubes are applicable directly to weak
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planar and spherical explosions of finite size. Consequently the acoustic
analyses are of fundamental importance Lo the understanding of the wave
motion of planar and spherical explosions, for which the explosion gas
differs from the ambient gas.

2. RECTANGULAR SHOCK TUBE

The rectangular shock tube, which is depicted in Fig. 2a, con-
sists essentially of a constant cross-sectional area driver and channel
which are joined at the diaphragm station. The diaphragm initially sep-
arates a normally atmospheric pressure channel gas from a slightly higher
pressure driver gas. For generality of the analysis let the initially
quiescent driver and channel gases be not only different but also have dif-
ferent temperatures. Before the diaphragm is broken the appropriate initial
conditions of the driver and channel gases for the analysis can therefore
be summarized mathematically as follows.

Channel (x > xo): &p, =0 (2.1)

Aul =0 (2.2)
Driver (0<x < xo): bp, = bp {2.3)
Au2 = 0 (2.4)

The respective symbols Ap, Au, and Apy denote overpressure with respect to
atmospheric pressure, perturbation flow velocity or particle velocity, and
pressure difference across the diaphragm, whereas the respective subscripts
1 and 2 refer the appropriate symbols to the channel and driver gases. The
distance x is measured along the shock tube starting from the closed end of
of the driver as shown in Fig. 2a, and the diaphragm is located at distance
Xos thereby making the driver length equal to xg,.

For the preceding initial conditions the ensuing wave motion in
the rectangular shock tube after the diaphragm is broken is rather complex.
This wave motion can be depicted conveniently on a time-distance diagram,
as shown in Fig. 6, where the locus of each wave front has been drawn. On
breaking the diaphragm in the shock tube the resulting rapidly expanding
driver gas produces a weak shock wave (gj) in the channel gas. Simultan-
eously a weak rarefraction wave (f]) moves into the driver gas and
eventually reaches and reflects from the closed end. This reflected wave
(hl) propagates through the driver gas and encounters the contact surface
or interface of the driver and channel gases. Because the contact-surface
displacement is negligible in comparison with the driver length, the con-
tact-surface path is shown in Fig. 6 simply as a vertical dashed line.
Owing to the change in specific impedance (product of the density and sound
speed) across the contact surface the reflected wave (hy) is partially
transmitted to the channel (gg) and partially reflected back into the driver
(f2) . The subsequent oscillatory wave motion between the contact surface
and closed end of the driver creates a sequence of waves in the channel.
The integrated result of all of these individual waves (g, i = 1, 2, ...,
o) yields the total wave in the channel.
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For a low-pressure-ratio rectangular shock tube for which the
pressure difference across the diaphragm Apg is much less than the absolute
pressure of the channel gas, the individual and total waves in the driver
and channel are relatively weak. The wave motion can therefore be described
adequately by using well-known acoustic theory. The one-dimensional planar
i wave equations which govern the acoustic wave motion in the channel and
| driver gases are given below.

“ Channel (x > x o): 52¢l 5 3201 bk
s = — 2’5
} 362 . G
' Driver (0 < x < x): by s 32¢2
oo g b B {2:6)
X

The respective symbols ¢, a and t denote total velocity potential, sound
speed and time. '

: For the analysis it is convenient to express the total velocity
potential of the channel gas (¢1) and the driver gas (®2) in a more basic
form consisting of the sum of velocity potentials of individual waves in

‘ the channel and driver respectively. The new forms of ¢; and ¢2, and

’ related expressions for overpressure and particle velocity, are summarized

' below.

| Channel (x > xo):

i=1
¢
£y ;i&i (2.8)
Aul = 5}— = j?.!'—- (2.9)
o L
Driver (0 < x < xo):
Ap t -
o, = Aﬁ: + 121[:1(1;) H{n-21+1) + 1, (B) H[a.21+‘}]] (2.10)
%
bp, = -Pp &3 (2.11)
0
Bu, = .&?. (2.12)
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In the above expressions: p denotes density; the respective nondimen-
sional variables &, n, B equal (a3t - x)/xo, (8ot + x)/xo and (apt - x)/xg;
gi(t), fi(n) and hi(ﬁs denote the velocity potentials of the ith distur-
bances as illustrated in Fig. 6; and H{Tj) denotes the unit step function
which equals zero prior to the arrival of the ith wave (Tj < 0) and equals
unity after the passage of the i'h wave front (T4 > 0). The form of the
total velocity potentials ¢; (Eq. 2.7) and ¢2 (Eq. 2.10) are quite

general tut not arbitrary, as they have been chosen to satisfy both their
respective wave equations (Egqs. 2.5 and 2.6) and their associated initial
conditions (Egs. 2.1 and 2.2 and Eqs. 2.3 and 2.4). As an example of
satisfying the initial conditions the term -Apot/po in Eq. 2.10 accounts
for the pressure difference across the diaphragm (Ap,) for time t less than
zero.

The presently unknown velocity potentials gi(&), fij(n) and hy(B)
can now be determined by evaluating the effects of two different boundaries
on the wave motion. The first boundary to be considered is the closed
end of the driver. At this stationary boundary the particle velocity of
the driver gas must be zero for all time. By setting the particle velocity
of the driver gas Aup (Egs. 2.10 and 2.12) equal to zero at this boundary
where distance x equals zero the following intermediate result can be
obtained.

) [# sin-esna) - nie) we-eini ] < o (2.13)
i=1

The prime (') denotes differentiation of the variable with respect to the
argument given in the following brackets. Owing to the mathematical struc-
ture of this expression (Eq. 2.13) it will in general be identically zero
for all time if and only if certain terms having equivalent step functions
cancel exactly. As n and B both equal apt/x, &t the boundary x equals zero,
the lengthy expression of Eq. 2.13 can consequently be expressed in the
following equivalent and more convenient form.

hj(B) = £3(n) Y8, aviy @ (2.14)

On integrating each one of these first-order differential equations with
respect to time, and after setting the constants of integration equal to
zero as they are arbitrary, the following desired result can be obtained.

h, (B) = £, (n) 1i=1,2, 0., @ (2.15)

These results illustrate that the particle velocity of the ith yave having
a velocity potential fj(y) is countered exactly at the closed end of the
driver by the particle velocity of the corresponding ith reflected wave
having & velocity potential hi(B), thereby having a net particle velocity
of zero at this stationary boundary.
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The second boundary to be considered is the interface of the driver
and channel gases. At this contact surface the overpressure and particle
velocity are taken to be continuous, and the effects of diffusion, heat
transfer and turbulent mixing are neglected. The matching of the driver and
channel gas overpressures and particle velocities at the contact surface can
be difficult mathematically because the contact surface is not stationary
nor is its motion known a priori. To circumvent this difficulty the effects
of the contact-surface motion are assumed to be negligible and the matching
procedure is performed at the diaphragm station - a fixed or stationary
location xq.

For the first step in the matching procedure at the diaphragm
station (x = Xo) the overpressures of the channel gas Ap; (Egs. 2.7 and
2.8) and the driver gas App (Eqs. 2.10 and 2.11) are equated, yielding
the following intermediate result.

&IDIZ[Si(Q) H{E - 2(1-1)&.1/:12 + 1}] = -Apoxo
i=1
% 329225:[fi(n) H{n-2i+1) + hj(B) H{s-21+1}] (2.16)
i=1

For this boundary (x = x,) & equals (a;t - Xg5)/Xo, B equals (apt - xg)/xg
and n equals (apt + xg)/xo,. Certain terms in Eq. 2.16 consequently have
equivalent step functions, which can be grouped accordingly, such that
Eq. 2.16 can be rewritten in the following equivalent and more convenient
form.

]
-

)Py 81(8) = -Op X, + a0, fi(n) i (2.17)

2: 35 avym (2.18)

8,0, &;(8) = ajp, by ,(B) + a0, fi(n) 1

The first expression (Eq. 2.17) shows that at the contact surface the over-
pressure of the first (shock) wave in the channel (g;) matches exactly the
sum of the initial overpressure in the driver (4p,) and the overpressure of
the first (rarefaction) wave in the driver (f;). The second expression

(Eq. 2.18) shows that, for the ith wave interaction at the contact surface
(see Fig. 6), the sum of the overpressures of the incident wave (hj.;) and
reflected wave (fj) matches exactly the overpressure of the transmitted wave

(e1) .

The second and final step of the matching procedure at the diaphragm
station (x = Xy) is to equate the particle velocity of the channel gas Auy
(Eqs. 2.7 and 2.9) to that of the driver gas Aup (Eqs. 2.10 and 2.12), giving

the following intermediate result.
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Z [si(f.) H(E - 2(1-1)&1/3.2 + 1]] -
i=1

). [ nte-zn) - g5 nin-ern) (2.19)
i=1

Like the previous result for the overpressure (Eq. 2.16) certain terms in Eg.
2.19 have equivalent step functions, which can be grouped accordingly, and
Eq. 2.19 rewritten as shown below.

g (8) ==£i(n) i=1 (2.20)

g (&) = by (&) - £5(n) 1=, 3, ..., w (2.21)

The first expression (Eq. 2.20) shows that at the contact surface the par-
ticle velocity of the first (shock) wave in the channel (g,) matches exactly
that of the first (rarefactibn) wave in the driver (fj). %he second ex-
pression (Eq. 2.21) shows that, for the ith wave interaction at the contact
surface (see Fig. 6), the sum of the particle velocities of the incident
wave (h, ,) and reflected wave (fj) matches exactly the particle velocity of
the transmitted wave (gi).

There is actually a third boundary which is the end of the shock-
tube chamnel. However, this boundary need not be considered here as it has
- already been implicitly assumed that the channel is either infinitely long
or terminated by a perfect reflection eliminator such that no reflected or
other waves arise from this boundary.

Now that the matching procedure has been completed the resulting
equations can be used to obtain final expressions for the jth velocity
potentials g4(&), f£i(n) and hy(B). From Eqs. 2.17 and 2.20, which are
simultaneous expressions in g{(%) and £{(n), one can obtain gj(t) and £{(n)
explic¢itly. In a similar manner, from Egs. 2.18 and 2.20, g{%g) and £{(n)
for i greater than unity can be obtained in terms of hi_l(B). These results
are summarized below.

-Ap x
g (¢) ey e

2P2

i=

(2.22)
‘oo,
8P * 80,

&)Oxo

8Py * a0,
8P * 8,0,
8P *ap,

[}

g; (¢) h;_,(8) i=2, 3, ceey @

£1(n) i=

(2.23)
hi-l(a) 122, 3, ceey®

ti(n)

————
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Then, in a straight-forward procedure using Egs. 2.14, 2.22 and 2.23,
explicit expressions can be obtained for g!(t), fi(’q) and h!(B). These
expressions can be easily integrated to yig€ld the final res{ilts for

8i(§), fi('l) and hi(B), which are given below.

-, %, &

s vl 8Py * 850, e
(2.24)
e 8,p) + 850, (ayp) *ay0,)% N
P, = ap, i-1 Ap x_
£.(¢) = 1.1_.8.2_2 el - S 1), Bysavgm = (2.99)
4 e L B g o S
P, = a,p., 1i-1 fp x P
h,(B) = s 4 Sl P i=1, 2,...,@ (2.26)
: 8P, * a0, &0 T a0,

Note that the constants of integration have all been set equal to zero
because they are arbitrary, and g!(t), £!(n) and h{(B) can be easily recov-
ered by differentiation. Also, tﬁese fihal expressions for g, (¢), fi(“)
and h,(B) are valid away from the two boundaries x equal to g%ro and x

as x In €, n and P need no longer be restricted to zero or X,. 2

The solution for the wave motion in a rectangular shock tube util-
izing different driver and channel gases has now been obtained. The final
results for the ith velocity potentials g, (&), fi(n) and h:l(B) (Eqs. 2.2k,
2.25 and 2.26) can be substituted into thé expressions for the total velocity
potentials ¢. and ¢, (Egs. 2.7 and 2.10). Then the two respective expres-
sions for th% overpressure and particle velocity of the channel gas follow
from Eqs. 2.8 and 2.9, and those for the driver gas follow from Egs. 2.11 and
2.2,

It can be seen from the solution of the wave motion in the rectan-
gular shock tube that the specific impedances of the channel gas (a.p,)
and the driver gas (ap,) play an importent role. Th fact, the impbriant
parameter is the rat:gp gf these specific impedances. This ratio is denoted
by the symbol % and it can be expressed in the following alternate forms
by usi:g the equation of state (p=pRT) and the isentropic sound-speed rela-
tion (a2 = 7ph =R TI/M).

805 78y 7o My Ty

3
TR T hagl [ 41 leg] e

The respective symbols 7, p, R, T, R, and M denote the specific heat ratio,
pressure, gas constant, temperature, universal gas constant (R, = MR) and
molecular weight. It is worth mentioning that the impedance ratio ® equals
unity not only for the simplest case of identical driver and channel gases
having the same temperatures but also for the specific case of different

10




driver and channel gases provided that y MI/T gquals 7, M'/TZ’ Further-
more, the impedance ratio s equals (72 hé/y )3 for thé vEry“important
case of different driver and channel gas€s ;1& ng equal temperatures, and
8 equals (T, /T, ) for the not so practicable case of identical driver and
cnannel gas€s ﬁaving difierent temperatures.

A set of values of the specific impedance ratio & (apeo/aypy =
(72 Mo/ M2)§ if T,=T,) was compiled for certain interesting different
combinations of driver and channel gases having identical temperatures,
and they are given in Table 2. The smallest values of & occur when a
light driver gas such as hydrogen (Hp) or helium (He) is used in conjunc-
tion with a heavy chamnel gas such as dichlorodifluoromethane (CCls Fp),
sulfer hexafluoride (SFE) or octafluorocyclobutane (Cy Fg). On the other
hand the largest values of 8 occur when the driver gas has a high molec-
uwlar weight and the channel gas has a low molecular weight. For nearly
equivalent molecular weights of the driver and channel gases the specific
impedance ratio is always nearly equal to unity.

The wave that propagates in the channel gas is one of the most
important features of the wave motion. For this reason the signature of
pressure signature, as derived from Egs. 2.7, 2.8, 2.24 and 2.27, is
given below:

(- 4]

2% Ap 1.2
bp, = %@g H{E+1) -Z[ s :)2 i ;:) H{E - 2(i-1) :—12- + 1}] (2.28)

After the arrival of the first shock wave (g1) at time (x-xp)/a; at a fixed
distance x in the channel, each successive wave (g;) arrives at time (x-x,)/
8 + 2(i-1)x,/ap, or after equal time intervals of 2x,/ap. Each successive
wave has an initial overpressure of zero and features a sudden change in
overpressure gt its wave front to a constant value thereafter. The first
wave has an amplitude of Ap,/(1+8), and each of the following waves has a
successively smaller amplitude by virtue of the factor (1-8)/(1+s) raised to
the power i-2. Because each successive wave is superposed on the previous
ones the total overpressure signature consists of an infinite sequence

of constant overpressure segments, each segment having a duration of 2x0/aQ.
The sum of terms giving each segment of the signature has the form of a
finite geometric progression. Consequentli the following geometric sequence

can be derived for the amplitude of the ith segment.
i-1 Ap
l-g
[1—4—‘] -1—-‘1—5 151, 2400ey0 (2.29)

This expression is more convenient to use when constructing the overpressure
signature than Eq. 2.28.

Five different predicted overpressure signatures of the wave moving
in the channel are shown in Fig. 7, corresponding to specific impedance ratios
(8) of 0.2, 0.5, 1.0, 2.0 and 5.0. Although these impedance ratios represent
general cases of different driver and channel gases having different tempera-
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tures, various important combinations of equivalent-temperature driver and
channel gases which have such impedance ratios and would thus produce such
signatures can be readily deduced from the information given in Table 2.
The top two signatures in Fig. 7 for the case of a light driver gas and a
heavy channel gas (low g values of 0.2 and 0.5) exhibit a series of very
noticeable descending 'steps' and have relatively high peak overpressures
(0.834p, and 0.67Ap,) for a given pressure difference across the dia-
phragm ?Apo). In general the duration of each constant overpressure
segment (2x,/ap) would be relatively short because the sound speed of a
light or heated driver gas (ap) in relatively high (see the information

in Table 2 on the sound speed of different driver gases). The center
signature for the case when # has the value of unity exhibits a single step
having an amplitude of 0.5Ap, and a duration of 2xo/ap. This signature
corresponds to the well-known case of identical driver and channel gases
having the same temperature. -However, it can alsc correspond to the
specific case of different driver and channel gases provided 7o Ml/T

equals yo Mp/To. The bottom two signatures for the case of a heavy &river
gas and a light channel gas (high values of g8 of 2 and 5) exhibit a series
of steps that alternate markedly in amplitude from positive to negative
values as they diminish in absolute magnitude. The relatively low peak
overpressure of these two signatures (O.33Apo and 0.17Ap,) in comparison
to the pressure difference across the diaphragm (Apo) illustrates the
inefficiency of using a heavy driver gas to produce a relatively strong wave
in a light channel gas. Note that these two signatures will have rela-
tively long durations because the sound speed of the heavy driver gases will
generally be low.

The particle-velocity signature of the wave moving in the channel
gas has the same features as the overpressure profile, because the particle
velocity of this planar wave is directly proportional to the overpressure
(Auy = Apy/a1p1). The preceding remarks concerning the overpressure profile
therefore apply equally well to the particle-velocity signature.

The motion of the channel gas and contact surface, owing to the
wave motion in t.ie rectangular shock tube, can be determined in the fol-
lowing manner. The particle-velocity signature like the overpressure
profile consists of a sequence of descending or alternating constant over-
pressure steps or segments. The particle velocity (Auy = Apy/apy)
associated with the ith segment of its profile follows from i:q. 2.29 for the
overpressure and is given below.

I B 8 i Bin . B, ® (2.30)
l+8 1+ & Py

During each constant particle-velocity segment of the profile, which has a
fixed duration of 2xo/a2, the particle path will be a linear function of
time. The displacement of a fluid particle by the ith segment of the wave
is thus equal to the result of Eq. 2.30 multiplied by 2x,/ap. The accumu-
lated displacement of a fluid particle after n successive segments of
duration 2x_/ay, or at successive times 2nxo,/a2 measured from the wave
front, can be determined by addition, and this result is shown below.
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n
i-1
1 l-8 Apo 2% 5 -
j{:{l T [l = B] by EEQ ] no= 1y 25000, (2.31)
i=1

Because this sum is in the form of a geometric progression, Ej. 2.31 can
bg easily expressed in an alternate and shorter form. By roting that
as equals 7.p./p, or 7§pda’{p2 to first order, the final expression for

EG. 2.31 takeS the folIoWing form.
n
[l'(H ] %ﬂf}fn n=1, 2y0es,® (2.32)

In summary, this expression gives the displacement of a fluid particle x-xy
from its initial location xy at successive times 2nxo/a2 measured from the
wave front. The displacement during each time interval 2xo/"2 is a linear
function of time.

The wave moving in the channel gas induces the same displacemert
x-xx for each fluid particle because its predicted signature and amplitude
are invariant with distance. Consequently, the contact-surface displacement
x-x. is also given by Eq. 2.32. The total displacement of any fluid
parficle and also the contact surface for large times (n— «) becomes in-
dependent of the specific impedance ratio (8) and tends to a constant value
of Ap, Xo/72 Py. This total displacement is normally small when compared
with ghe driver length (x.). For example, even if the pressure difference
across the diaphragm (Apog is quite high at py /20 (one twentieth of an
atmosphere) and 7o equals 1.4 for a diatomic driver gas, the total dis-
placement is only x,/28 or 3.6% of the driver length. Note that the
original assumption for the analysis that the contact-surface displacement
was negligible compared with the driver length was therefore very reasonable.

Three different particle paths corresponding to values of the
specific impedance ratio & of 0.2, 1.0 and 5.0 are shown superposed on
the time-distance diagram in Fig. 8. The displacement x-xx of a fluid
particle from its initial location x, has been exaggerated for clarity.
For the ctse when & equals 0.2 the dIsplac'ement increases monotomically to
its maximm velue of Ap x°/7 P, This particle-path behaviour is typical
for the case when 8 lies in the range from zero to unity, or when a light
driver gas is used in conjunction with a heavy channel gas. For a driver
and channel gas having a specific impedance ratio of unity the displace-
ment increases linearly to its maximum value Ap x 0/7 P, in a time
interval of 2xy/a,, after which the displacemenf 1§ constant. For cases
when the specific impedance ratio is greater than unity the displacement
alternately increases and decreases linearly as the final value Ap, Xo/

75 P, 1s approached, as illustrated in Fig. 8 by the particle path for
cﬁ 8 equals 5.

The final displacement of the contact surface x-x_, which equals
Ap “:‘:glyz P.» can be derived in an alternate manner, thereby providing a
vﬁ le n&ependent check on the results of the preceding analysis for the
rectangular shock tube. Let the driver gas have an initial pressure of
p, + Ap A and an initial density given by m /Ax , where m 1is the total mass
of the "“driver gas, Ax, is the driver vol afld A is th® cross-sectional
area of the shock tube, Now let the driver gas expand isentropically (as
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it would for acoustic wave motion) to a final density of my/Ax and a
final pressure of p, which is the initial pressure of the channel gas.
The following isentropic expression relating the initial and final
pressures and densities can therefore be applied.

(2.33)

o &, [ mo/AXo-rZ { Xy " XOTQ
p1 mo/ o e

Consequently, to first order, the final contact~surface displacement
X=X, equals Apg, x0/72 P1, in exact agreement with the result of the
previous acoustic analysis.

A further interesting and independent check on the acoustic
analysis for the rectangular shock tube is provided by conventional
shock-tube theory, which can be found in Ref. 17. For a constant-area
shock tube utilizing perfect driver and channel gases having a small or large
pressure difference across the diaphragm (Apo), the following conven-
tional shock-tube equation can be used to predict the peak overpressure
(Apy) of the constant-amplitude shock wave in the channel gas.

-272
[1 2 é_pg] R [1 > ﬁ] [1 4 (72’1)(‘1/°'g)(AP1/P1) }72—:1- (2.34)
5 P NZy (7,-1) Do, /o, %5

From this equation it can be easily shown that, when Ap_ is much smaller
that p,, the peak overpressure of the first shock wave ?Ap ) equals
Apo/(l:-’F 8), in exact agreement with the corresponding result of the
previous acoustic analysis. It is worth mentioning that although the
conventional shock-tube equation is valid for large as well as small
pressure differences across the diaphragm, theegquation is limited in that
it can predict the amplitude of only the first but most important part
of the wave in the channel gas. Admittedly, additional shock-tube theory
can be applied co predict the complete wave motion for all time in the
constant-area shock tube. However, the procedure is prohibitively
difficult. Consequently, the acoustic solution for the complete wave
motion in the shock tube, even though it is restricted to acoustic weves,
is very valuable.

Some overpressure measurements were made in the channel of a
constant-area shock tube, in order to provide an experimental check
on the validity of the acoustic analysis for the rectangular shock tube.
Three of the measured overpressure signatures are presented in Fig. 9.
For the profile shown in Fig. 9a the driver and channel gases were both
air having the same temperature. The profile shown in Fig. 9b corresponds
to the case of helium in the driver and equivalent-temperature air in the
channel. For the opposite case of air in the driver and helium in the
channel, the signature appears in Fig. 9c. Other pertinent data are
given in the figure. Qualitatively the measurements substantiate the
main features of the acoustic solution.
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For a quantitative comparison of measured and predicted overpres-
sure signatures the measured results of Fig. 9 have been reproduced in Fig.
10 and compared directly with the predicted signatures. Even for these
extremely strong acoustic waves (amplitudes of about 5 k.N/m2 or one-twentieth
of en atmosphere) the predicted and measured profiles are in good agreement.
From experimental data such as those shown in Fig. 9 it was found that the
acoustic analysis was still valid when the pressure difference across the
diaphragm (Ap,) was as high as 25 KN/mf, giving wave amplitudes of approximately
10 kN/me. Note that one of the main differences between measured and pre-
dicted signatures is that the rapid changes in overpressure in each experimental
profile are not instantaneous (see Fig. 9). The long rise time of about 0.5 ms
associated with each of these shocks is due to poor diaphragm breakage result-
ing from the relatively small pressure difference across the diaphragm.

3. PYRAMIDAL SHOCK TUBE
3.1 General Solution

The pyramidal shock tube, which is depicted in Fig. 2b, consists
essentially of both a pyramidal driver and channel having the same divergence
angle and joined at a common-area station where a suitable diaphragm can be
installed. This diaphragm separates a normally atmospheric pressure channel
gas from a slightly higher pressure driver gas. For generality of the
analysis, which follows that in Chapter 2, let the initially quiescent driver
and channel gases be different and also have different temperatures. Before
the diaphragm is broken the appropriate initial conditions can be summarized
mathematically as follows.

Channel (r > ro): bp, =0 (3.1)
Aul =0 (3.2)
Driver (0‘< r< ro): bp, = Op (3.3)
Au, =0 (3.4)

The respective symbols Ap, Au, and Ap_ denote overpressure, particle velocity,
and pressure difference across the diaphragm, whereas the respective subscri-
pts 1 and 2 refer the appropriate symbols to the channel and driver gases.
The radial distance r is measured along the shock tube starting from the apex
of the pyramid as shown in Fig. 2b, and the diaphragm is located at a distance
Ty thereby making the driver length equal to T

For the preceding initial conditions the ensuing wave motion in the
pyramidal shock tube after the diaphragm is broken is rather complex. This
wave motion can be depicted conveniently on a time-distance diagram, as shown
in Fig. 6, where the locus of each wave front has been drawn. On breaking the
diaphragm in the shock tube the resulting rapidly expanding driver gas pro-
duces a weak shock wave (g,) in the channel gas. Simultaneously a weak rare-
faction wave (f,) moves into the driver gas and eventually reaches and re-
flects from the driver apex. This reflected wave (h%) propagates through
the driver gas and interacts with the contact surfacg& or interface of the driver
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and channel gases. Because the contact-surface displacement is normally
negligible in comp~rison with the driver length, the contact-surface path is
shown in Fig. 6 sizply as a vertical dashed line. Owing to the change in
specific impedance (product of the density and sound speed) across the contact
surface the reflected wave (h,) is partially transmitted to the channel

(g.) and partially reflected back into the driver (f ). The subsequent
os¢illatory wave motion between the contact surface and driver apex creates

a sequence of waves in the channel. The integrated result of all of these
individual waves (gi, i=1, 2,...,0) yields the total wave in the channel.

For a low-pressure-ratio pyramidal shock tube for which the pressure
difference across the diaphragm Ap_is much less than the absolute pressure of
the channel gas, the waves in the griver and channel are relatively weak. The
wave motion can consequently be described adequately by using well-known
acoustic theory. The one-dimensional spherical wave equations which govern
the acoustic wave motion in the channel and driver gases are given below.

Channel (r > r_): Fro) 5 3Frey) e
-3 5 iory .
2 2
Driver (0< r < ro); d (r¢2) 5 0 (r¢2)
T %t (3.6)
ot or

The respective symbols ¢, a and t denote the total velocity potential, sound
speed and time.

For the analysis it is convenient to express the total velocity po-
tential of the chamnel gas (¢.) in its more basic form consisting of the sum
of velocity potentials of ind}vidual waves in the channel. This is simil-
arly so for the total velocity potential of the driver gas (¢.). The new
forms, anc. the related expressions for overpressure and particle velocity,
are all summarized below.

Channel (r > ro):

¢, =1 z [s;(s) H{§-21+2}] (3.7)
i=1
o
bp, = -p) 3¢~ (3.8)
o
Aul = 8;— . (3-9)
16
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Driver (0 < r < ro):

Ap t 1 = " : 5
o, = - D: +z ;Z; [fi(n) H{n-2i+1} + hi(B) H[B-21+l]] (3.10)
oo
4p, = -aog . (3.11)
o,

In the above expressions: p denotes density; the respective nondimensional
varisbles &, n and B8 equal (a.t - r +r )a /ar , (at+r)/r and (a,t - r)kr ;
'( i 4 02810.2 o'th'% g
g; &) fi(n) and h!(B) denote the velocity potential§S of the ith disfurbance
(See fig. 6) and the prime (') denotes differentiation of the variable with
respect to the argument given in the following brackets; and H{T;]} denotes the
unit step function which equals zero prior to the arrival of the ith wave
(Ti< 0) and eguals unity after the arrival of its wave front (Ti> O). The
form of the total velocity potentials ¢; and ¢ (Egs. 3.7 and 3.10) are
quite general but not arbitrary, as they have been chosen to satisfy both
their respective wave equations (Egs. 3.5 and 3.6) and their associated ini-
tial conditions (Egs. 3.1 and 3.2 and Eqs. 3.3 and 3.4). As an example of
satisfying the initial conditions the term -Ap, t/p2 in Eq. 3.10 accounts for

the pressure difference across the diaphragm (Apo) for time t less than zero.

The presently kriown velocity potentials g!(&), f£!/(n) and h!(B) can
now be determined by evaluating the effects of two differefit boundaries on the
wave motion. The first boundary to be considered is the driver apex. At
this stationary boundary the particle velocity of the driver gas must be
zero for all time. By setting the particle velocity of the driver gas Aus
(Eqs. 3.10 and 3.12) equal to zero at this boundary where distance r is
allowed to approach zero the following intermediate result can be obtained.

0 lé“ ) (e stn =210 - my(e) {p-2141) )
i=1

2 00
- 55 ) (2n) stn -210) +0j(e) nip-211] )| = o (3.23)
i=1

In the limit when r equals zero the following result can be obtained.
0
) |50 s 219) + mi(e) H(e-era) | - o (3.24)
i=1

Owing to the mathematical structure of Eq. 3.14 this expression will in

general be identically zero for all time if and only if certain terms having
equivalent step functions cancel exactly. As n and B both equal a.gt/r° at
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the boundary r equal to zero, the lengthy Eq. 3.14 can consequently be
rewritten in the following equivalent and more convenient form.

h{(ﬁ) = 'f;_("\) i=1, 2,..., (3.15)

This result illustrates that the particle velocity of the ith wave having
‘ a velocity potential f!(n) is countered exactly at the driver apex by the
} particle velocity of tﬁe corresponding reflected wave having a velocity
potential hi(B), thereby leaving no net particle velocity at the stationary
boundary.

The second boundary to be considered is the interface of the
driver and channel gases. At the contact surface the overpressure and par-
ticle velocity are taken to be continuous after the diaphragm is removed,
and the effects of diffusion, heat transfer and turbulent mixing are neg-
lected. The matching of the driver and channel gas overpressures and
particle velocities at the contact surface can be difficult mathematically
because the contact surface is not stationary nor is its motion known apriori.
To circumvent this difficulty the effects of the contact-surface motion are
assumed to be negligible and the matching procedure is done at the dia-
phragm station - a fixed or stationary location roe

} For the first step in the matching procedure at the diaphragm
station (r=r,) the overpressure of the channel gas Ap, (Egs. 3.7 and 3.8)
and the driver gas Apo (Eqs. 3.10 and 3.11) are equat&d, thereby yield-
ing the following intermediste result.

X oy ) [81(6) itz -m, 52/e,
" i=1
+ pajzz[f;(n) H{n-2i+¥1} + h;(a) H{B -21+1]] (3.16)
i=1

For the boundary in question for which r equals rys £ equals azt/r s B
equals (a,t + r )/r and P equals (a,t - r )/r . Certain term§ in°Eq.
3.16 cons quentiy h8ve equivalent s:%p fungtioﬁs, which can be grouped
accordingly, and expressed in the following equivalent and more convenient
form.

Py 8)(8) = -fp ri/az + 0, £7(0) i=1 (3.17)
Py 85(8) = o, by ,(B) + o, £i(n) 10, 3,000, (3.18)

The first expression (Eq. 3.17) shows that at the contact surface the over-
pressure of the first (shock) wave in the channel (g;) matches exactly the
sum of the initial overpressure in the driver (Apo) and the overpressure of
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the first (rarefaction) wave in the driver (fj). The second expression
(Eq. 3.18) shows that, for the ith wave interaction at the contact
surface (see Fig. 6), the sum of the overpressures of the incident wave
(hi-l) and reflected wave (f;) matches exactly the overpressure of the
transmitted wave (g;).

Equation 3.17 and 3.18 can be integrated with respect to time to
yield the following useful results.

o, & (£) -bp r t + o, £1(n) i=1 (3.19)

pl gi(g) = p2 hi-l(a) o p2- fi("l) 1;2’ 3""’00 (3-20)

The constants of integration are each equal to zero because the velocity
potentials gi(g), f!(n) and h!(B) are each equal to zero at their respective
wave fronts.” Note that Eqs. "3.19 and 3.20 illustrate that the product of
density and velocity potential (p®) is continuous at the contact surface
after the diaphragm has been removed, just like the overpressure (4Ap) and
particle velocity (Au).

The second and final step of the matching procedure at the dia-
phr station (r=r ) is to equate the particle velocity of the channel gas
Au1 Eqs. 3.7 and 3°9) with that of the driver gas &us (Egs. 3.10 and 3.12),
thereby giving the following intermediate result.

i[( ;21- g/ () + gi(&)\) H[§-21+2]] "

2 s
Z{(h;(a) - hi(5)> H{B-2i+1) - (f;(,,) 2 fi(n)> H[q-Ziﬂ_}] e
151

Like the previous result for the overpressure (Eq. 3.16) certain terms in
Eq. 3.21 have equivalent step functions, which can be grouped accordingly,
and expressed in the following equivalent and more useful form.

2 6(5) + gj(8) = -e1(n) + ;00 i1 (3.22)
8,
;1% g;(t) +g:(t) =ny (8) +hy ,(B) - fy(n) + £3(n) - (3.23)

192, 3,000,

The first expression (Eq. 3.22) shows that at the contact surface the particle
velocity of the first (shock) wave in the channel (g;) matches that of the
first (rarefaction) w in the driver (f;). The second expression Eq. 3.23
shows that, for the 1" wave interaction at the contuct surface (see Fig. 6),
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the sum of the particle velocities of the incident wave (hj_1) and re-
flected wave (fj) matches exactly the particle velocity of the trans-
mitted wave (gii

There is actually a third boundary which is the large end of
the pyramidal channel. However, this boundary need not be considered here
as it has already been implicitly assumed that the channel is either in-
finitely long or terminated by a perfect reflection eliminator such that
no reflected or other waves arise from this boundary.

Now that the matching procedure has been completed the resulting
differential equations for gi(E), f,.(n) and hi(B) can be cast into a more
amendable form. From Eqs. 3.17, 3&9 and 3.22 one can obtain differential
equations for gj(€) and f£1(). In a similar manner, from Egs. 3.18, 3.20
and 3.23, differential equations can be obtained for gi (&) and f (115, where
i is greater than unity. These results associated with the bounéary g
equal to ro and the previous reswlt (Eq. 3.15) for the other boundary r
equal to zero are summarized below.

2
_ﬁpo—ro_ fl (&-1) i=1
(p,-p,) &P, 8
n(g) 1 2 -1 1(§ = (3.2)4)
“1 &P *ap, 1 s e S R b
Cre o Ol
%3("'“‘?) e
s S qialE RS R
: ey 1727 () - alem) (8)
& fptep, -1 e e o
s 2 S PR
ni(B) = -£;(n) i=1, 2,...,® (3.26)

The sbove set of differential equations for g;(&), fj(n) and hy(B) can
be uncoupled and subsequently solved to give explicit expressions for
gi(¢), fi(n) and hy(B).

A convenient initial step in solving the differential equations
is to find a recurrence relationship for fi(n) . Using Eq. 3.26 we can
rewrite Eq. 3.25 in the following form.

wo ro [(1+‘+l,) %-]; + g ] {=1
L % 7 % .,202 i (3.27)
IO +3 e (12) 12,3,
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The nondimensional parameters & and [/ are equal to agpg/hlpl and
(a1p1%a0pp)/81(p2-p1) respectively. It should be noted that fj_,(-2)

and fj_y(n-2) in Eq. 3.27 are expressed correctly, as the variable n-2

in the brackets (instead of simply n) is required to ensure that the func-
tion f;_,(n-2) on the right-hand side of the equation is properly phased in
time w t% the function fj(n) on the left-hand side. After multiplying the
ith gifferential equation for fi(n) (Eq. 3.27) by exp [(n-2i+1)/4] and
partially integrating with respect to time the following recurrence relation
for £i(n) can be obtained.

Ap, ri L b (n-1)/2 :
(s ¥ 1) (— T)f [(1+s+2) v + 8] exp(y) dy i=l
(n-21+1) /¢ .20
-1 . 2 -2i41
%I T WE) ¥ oy ey (’ LI— >f fi_,(Ly+2i-3) exp(y) dy
e}

i=2, 3,...,@

fi(n) =

From these results the ith velocity potential can be determined, and it is
given below.

2 ¥
Ap r 4 i-J -1
iy iRy 1-1\ [ s-1 ( 2
fi(ﬂ) - ;EE;(;—;TD j-;) ( ;:§‘> i E:T‘> Id(ﬂ-21+1) (3.29)
J=1
The notation (g5 denotes the well-known binomial coefficients, which can be
expressed as m!/n!(m-n)!, where the symbol ! denotes the factorial function.
For convenience and illustrative purposes the first five velocity potentials
f1(n) are given in expanded form in Appendix A, along with the corresponding
first four expanded functions I'(n-2i+l). The functions Ij(n-21+1) can be
expressed in the following recu;rence form.

w/8
exp(-o/8) [Tty +o) exp(v) @y 3
I'(w) = Jw/b (3.30)
I et [ 1y, emly) ay 32, 3,004
[o]

Alternatively the jth function Ij(n—2i+1) can be expressed in the following
more elegant form.

w/4 w/h
Iy () =exp<-w/z>f° Sy f [(1ta4d) ¥ + 8] exp(y) dy  (3.31)

In either case the final results for the J°* function Ij(n-2141) can be
determined, and it is given below.

k(1+s+l)-8 7, ~ J-k
1) = () (§ - 3)+ s +i —G (1) et (3.32)
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The solution for the wave motion in the pyramidal shock tube utilizing
different driver and channel gases has now been obtained, although further work
is required to get explicit expressions for the overpressure, particle velocity
and particle path of the driver and channel gases. The result for the ,:l't"h
velocity potential fi(n) as given by Egs. 3.29 ard 3.32 can now be used to
obtain the ith velocity potentials for hi(B) and gi(t). The appropriate
expressions for hy(B) and gi(g) which stem from Egs. 3.15, 3.19 and 3.20, are
given below.

h{(ﬁ) e fi(ﬁ) il 21, 2, veey @ (3-33)
2
bp_r_a P
- —l§+—2fi(§+1) 1=
AR g o B P
gj(¢) = (3.34)
pef'(+1) Rt ey 1 =
p—l- iE - o §-1 - T E335eee,

These results for gj(t), fi('q) and hi(B) can be substituted into the expressions
for the total velocity potentials ¢ and ¢ (Eqs. 3.7 and 3.10). Then the two
respective expressions for the overpressure and particle velocity of the channel
gas follow from Eqs. 3.8 and 3.9, and those for the driver gas follow from

Egs. 3.11 and 3.12. Although the solution is rather complex and lengthy, the
overpressure and particle velocity signatures for both the channel and driver
gases can be obtained fairly easily by using a digital computer,

It can be seen from the solution of the wave motion in the pyramidal
shock tube that both the ratios of the driver and channel gas sound speeds
(ap/ay) and densities (pp/py) play important roles not only separately but
also }n a combined form (e.g., see Egs. 3.29, 3.32 and 3.34). The important
combination appp/ajp] has been denoted by the symbol s. This nondimensional
parameter can be expressed in the following alternate forms by using the
equation of state (p = pRT) and the isentropic sound-speed relation (a2 = yp/p =

IR,T/M) .
o 1 5 [ 7 MTy -ll/z
o IO g 7N,

The respective symbols 7, p, R, T, Ro and M denote the specific heat ratio,
pressure, gas constant, temperature, universal gas constant (Ro = MR) and
molecular weight. It is worth noting that the specific impedance ratio &
equals unitynot only for the simplest case of identical driver and channel
gases having the same temperatures but also for the specific case of different
driver and chamnnel gases provided that M /T; equgls y»oMp/To. Furthermore,
the specific impedance ratio s equals (yoMy/71Mp) for the very important
case of different driver and channel gases having equal temperatures and &
equals (T]_/Tg,)l 2 for the not so practicable case of identical driver and
channel gases having different temperatures,

(3.35)

A set of values of the specific impedance ratio & was compiled for
certain different combinations of driver and channel gases having identical
temperatures, and they are given in Table 2, The smallest values of & occur
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when a light driver gas such as hydrogen (Hp) or helium (He) is used in
conjunction with a heavy channel gas such as dichlorodifluoromethane (CClgFg),
sulfur-hexafluoride (SFg) or octofluorocyclobutane (C4Fg). On the other hand
the largest values of 8 occur when the driver gas is heavy or has a large
molecular weight and the channel gas has a low molecular weight. For nearly
equivalent molecular weights of the driver and channel gases the specific
impedance ratio is always nearly equal to unity.

Another important combination of sound speed and density ratios,
(ayp1 + appo)/a1(pp - p1) or (1 + appo/ajpy)/(pp/ey - 1), has been denoted
by the symbol £. This nondimensional parameter can be expressed in the
following alternate forms.

3 i 8P, e [ 7MTy T/ e
T
e 79 P
o 71 2 MTy
e B - 1
0 7> MT,

The parameter [, which plays the role essentially of a nondimensional time
constant for the wave motion ie.g., see Eq. 3.32), can take on values that range
from positive to negative infinity. A set of values of the parameter [ was
compiled for certain interesting combinations of driver and channel gases
having identical temperatures, and these results are shown for interest in
Table 3.

The wave that propagates in the channel gas is one of the most
important features of the wave motion in the pyramidal shock tube. For this
reason the overpressure and particle velocity signature of this wave will be
explored. The mathematical expression for the overpressure signature, resulting
from Eqs. 3.7, 3.8, 3.29, 3.32, 3.34, 3.35 and 3.36, can be expressed as given
below.

r 00
5, = =51 ;3 z [ef (e)H{E-2142)] (3.37)
i1

To(€) i=1
gy (e) = (3.38)

i-1
i-2 i-3-1 3
—.-l —2 " L
Z ( J-.l) ( .+1> (z+l> JJ(§-21+2) i T 2,3)0.-, ]
J=1

- 4 + (14 )exp(-u/h) 31=0
Th(w) = (339)

OB TORE

For convenience and illustration the first five functions of both gg(g) and

\

J‘d( £-21+2) are given expanded form in Appendix B. Note that the function g4(¢&)
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used in Egs. 3.37 and 3.38 has besn redefined slightly, differing from the
previous one by a factor of Ap,r,/app;(z+l).

Fifteen nondimensional overpressure signatures for the channel of a
pyramidal shock tube, as computed from Egqs. 3.37, 3.38 and 3.39, are displayed
in Fig. 11 for fifteen different combinations of driver and channel gases having
the same temperature. For each signature the driver and channel gases are
depicted in the insert. The fifteen signatures have been arranged in a sequential
order based on the specific impedance ratio s (shown in the figure). Consequently,
the combination of a light driver gas and a heavy channel gas (z < 1) appear first
in the sequence (Fig. 1lla to 1lle), and the combination of a heavy driver gas and
a light channel gas (z > 1) appears last (Fig. 1lg to 1lo). It can be seen that
an overpressure gignature corresponding to a & value that is small (z << 1) or
large (8 >> 1) differs markedly from an ideal N-shaped profile for & equal to
unity (Fig. 11f). However, as both an initially small or large value of &
approaches and equals unity the differences decrease and disappear. For
equivalent-temperature driver and channel gases, therefore, only identical driver
and channel gases can produce an N-shaped overpressure signature in the channel
of a pyramidal shock tube. This conclusion can be deduced directly from Egs.
3.37, 3.38 and 3.39, although it is not obvious.

Five nondimensional overpressure signatures for the channel of a
pyramidal shock tube, as computed from Eqs. 3.37, 3.38 and 3.39, are shown in
Fig. 12 for five different cases of identical driver and channel gases having
different temperatures. The five driver gas to channel gas temperature ratios
Tg/Tl are 9, 2, 1, 1/2 and 1/9, as shown in the figure, corresponding to &
values of 0.33, 0.71, 1.00, 1.41 and 3.00, respectively. The signatures in Fig.
12a and 12b are similar to those for a combination of a light driver gas and a
different equivalent-temperature channel gas (see Fig. 11d and lle), because
heating the driver gas or alternatively cooling the channel gas makes the driver
gas light in comparison to the channel gas. On the other hand, because cooling
the driver gas mekes it heavier than the channel gas or alternatively heating
the channel gas makes it light than the driver gas, the signatures in Fig. 12d
and 12e resemble those for a combination of a heavy driver gas and a different
equivalent-temperature channel gas (see Fig. 11i and 1lm). For the case of
identical driver and channel gases having the same temperature the signature
is, of course, N shaped as shown in Fig. 12c.

It is of interest to consider the overpressure signature in the channel
of a pyramidal shock tube for the very special case when different driver and
channel gases are used but they have equivalent densities. For this special case
the parameter / (Eq. 3.36) 1s infinite, and the parameter & (Eg. 3. E) equals
ap/a) which is not arbitrary but can be shown to be equal to (yo/71)1/2. Further-
more, to achieve such a special case of identical densities for different driver
and channel gases the temperature ratio Tp/T; must be equal to Mp/M;. Five over-
pressure signatures corresponding to values of &, ap/a; or (7p/7 1}2 of 0.89,
0.81, 1.00, 1.13 and 1.23, as computed from Eqs. 3.37, 3.38 and %.39, are
displayed in Fig. 13. Note that specific sets of values for yp and 7, could
be 1.67 and 1.10, 1.40 1.10, 1,10 and 1.40, and 1.10 and 1.67 to give values
of &, ap/ay or (75/7 )1/2 equal to 9.89, 0.81, 1.13 and 1.23, respectively. The
most interesting ea.%ure of these signatures (Fig. 13) is that the variation in
overpressure is linear between successive sudden changes in overpressure (shocks).
Such a linear variation occurs only when the parameter / is infinite or when
the driver and channel densities are equal. For this special case of equivalent-
density driver and channel gases a single N-wave results only when the sound
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speeds are also equal (see Fig. 13c). Hence, we note once again that a single
N-shaped overpressure signature is possible with a pyramidal shock tube only
if the driver and channel are identical and have the same temperature.

The overpressure signature predicted by Eqs. 3.37, 3.38 and 3.39,
some of which have been shown in Figs. 11, 12 and 13, are invariant with
radial distance (wave form does not change shape) but attenuates inversely
with distance (acoustic 1/r decay law). The amplitude of the first shock
is given by Aporo/(s+1)r. Consequently, for a given pressure difference
across the diaphragm (Apo), a combination of a light driver gas and a heavy
channel gas having a small specific impedance ratio (&) produces a relatively
strong wave in the channel. However, the duration of this wave is generally
very short because the time interval between successive shocks, 2ro/a2, is
small owing to the high sound speed (ae) of a light driver gas. On the
other hand, the relatively low-amplitude wave for a combination of a heavy
driver gas and a light channel gas can have a very long duration.

Although the overpressure signature described by Egs. 3.37, 3.38
and 3.39 is tedious to calculate in detail, a simple expression can be found
to give the sudden change in overpressure associated with each shock in the
signature. Firstly, since & equals 2i-2 at the wave front of the ilh distur-
bance where the shock is located, find from Eq. 3.39 that J (0) is equal to
unity, J1(0) eguals &, and a}l subsequent JJ(O) are zero. Secondly, from
Eq. 3.38 for g (g) obtain g;(0) equal to unity and subsequent g; '(2i-2) equal
to 28(s-1)1i-2 /%I*l 1, Finally, find from Eq. 3.37 the desired result for
the amplitude of the ith shock, which is given below.

Aporo
!l+l$r i=1

w (B)(8)7 »

Relative to the first shock having an amplitude of lp.r,/(s+l)r, the amplitude
of the second one is 28/(s+l). Therefore, depending on the value of the
specific impedance ratio &, the second shock can be smaller (8 < 1), equal

(8 = 1), or larger (8 > 1) in amplitude than the first one. However, regardless
of the value of 8, the amplitude (absolute) of the third and subsequent shocks
always diminish, being smaller than its predecessor by the factor (s-1)/(s+l).
(see the overpressure profiles given in Figs. 11, 12 and 13.)

(3.40)

By Sy wivey M

The mathematical expression for the particle-velocity signature of
the wave propagating in the channel gas can be determined directly from Egs.
3.7, 3.9, 3.29, 3.32, 3.34, 3.35 and 3.36. Alternatively and more simply it
can be derived by using the following acoustic expression which relates the
particle velocity to the known overpressure (Eqs. 3.37, 3.38 and 3.39) of a
spherical wave moving away from the origin.

m-2.1 f rp(y-r/a) dy (3.41)
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In either case the final results for the particle-velocity signature are given
below.

o, T v r
Auy = EIEIT§:T7';9 jz { g (¢) +-£§ HO ] H{E-2i+2) (3.42)
i=1

3a(e) 121
g(t) ={ 11 L : (3.43)
z (g:i)(ﬁ) (E%T> Ti(e-21)  1=2,3,...,e
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£(1+8) - fw - £(2+8)e™ /% j=0
Jj(u) - (3.44)
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k=1

Ji= 1Pyieey®

Note that the i’® function g;(g) and the associated jth function J%(w) are

not given here as they have been defined previously by Eqs. 3.38 and 3.39,
respectively.

The particle-velocity profile is not invariant with radial distance
like the overpressure profile, because it consists:of two parts or two sums
of terms which have different dependences on radial distance. The part of
the particle-velocity expression containing the sum of the gi(g) terms has
a dependence on radius of 1/r2, This part of the particle velocity conse-
quently diminishes relatively rapidly with distance and is therefore
significant only at small radii or in the near-field. The other part of
the particle-velocity expression has a weaker dependence on radius of 1/r
and thus becomes dominant at large radii or in the far-field. It can be
seen by comparing Eqs. 3.37 and 3.42 for the overpressure and particle
velocity respectively that the changing particle-velocity profile tends with
increasing distance to take on the shape of the overpressure profile. For
the far-field one consequently finds that Awj is simply equal to Ap;/ajp,

a well-known acoustic result. The parameter in Eq. 3.42 that is important
as a rough indicator when this far-field result can be applied instead of
the more complete Eq. 3.42 is ayr,/apr. From detailed calculations of
particle-velocity signatures it can be shown that when ajr,/a r is less
than about l/h, or when radial distances r are greater than halro/ae, the
far-field approximation (Auy = Apj/ajp;) is applicable. It is worth noting
that, as the wave length A between successive shocks in the overpressure or
particle-velocity signature is simply 2r.a,/ap, the far-field result applies
for radial distances r greater than about 2)\.

Nondimensional particle-velocity signatures at five different radial
distances r of ry, 2r, hro, 8ry and « in the channel of a pyramidal shock
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tube have been computed from Eqs. 3.42, 3.43 and 3.44 for four different
combinations of driver and channel gases, and these four sets of results
are given in Figs. 14, 15, 16 and 17. The driver and channel gases, which
were taken to have the same temperature, are shown at the top of each
figure. From the results in each figure, one can see that the change in
shape of ecch signature with increasing distance from the diaphragm station
(r=r,) is noticeable only in profiles corresponding to r/r, values of less
than about 2A or 2r.&,/ap, or values of 0.7ry, 2ry, Ur, and 18r, for the
He-Air, Air-Air (identical driver and channel gases), SFg-Air and CuFg-He
driver-to-channel gas combinations respectively. This waveform distortion
persists to large radii for the case of a high al/aQ value which corresponds
to a combination of a heavy driver gas and a light channel gas.

It is worth mentioning that a simple expression can be derived to
give the sudden change in particle velocity associated with each shock in
the signature. The derivation is similar to that for the sudden change in
overpressure associated with each shock, which yielded Eq. 3.40. The
desired result for the amplitude of the ith shock in the particle-velocity
signature is given below.

Aporo

alpli |+1$r i=1

P e (3.45)
r -
o O 28 8-1 > i = 2’3’...’ 0

a.lplllﬁjr 8+ \ B+
These results are very similar to those of Eq. 3.40.

The motion of the channel gas and contact surface, owing to the
wave motion in the pyramidal shock tube, can be determined by using the
previously derived expression for the particle velocity (Egqs. 3.42, 3.43 and
3.44). As Auy is equal to dr/dt exactly or apd(r/m)/dt to first order (same
order of approximation as the acoustic equations approximate the gasdynamic
equations), the particle displacement can be obtained b integration. For
a fluid particle having an initial location rx (ryx > r,) the first-order
particle displacement r-r, or simply Ar can be shown to be given by the
following results.

ar _ PP T ol ., -
E.oo ol 1/:1[ CHOREEINO | nte-era) (3.46)
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4 2 2 -k
4 £7(1+L) + k4 (1+a+f) [ w -w/8 e =
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Note that the ith function gi(g) and the associated jth functi on J'(w) are
not given here because they have been defined previously by Egs. 3.43 and
3.44 respectively.

The displacement of a fluid particle as a fimction of time, including
the total displacement after the wave motion has subsided at large times (t-» ),
can be calculated from Eqs. 3.46, 3.47 and 3.48 quite easily by using a digital
computer. Such computed results will be given subsequently. First, however,
an important, simple expression will be derived for the total displacement . f
a fluid particle. Let the driver gas have an initial pressure of P1+&Pq»
where p; is the initial and final pressure of the channel gas and &, is the
pressure difference across the diaphragm. For a driver gas having a total
mass m, and an initial total volume V,, the initial density is simply mo/Vo.
Also, for a pyramidal driver having a spherically shaped diaphragm of radius
ro the driver volume is directly proportional to ro3. Now let the driver gas
expand isentropically (as it would for acoustic wave motion) to a final pressure
P1. The corresponding final density would be mo/V, where the final volume V
is proportional to r3. The following isentropic expression relating the
initial and final pressures and densities can therefore be applied.

(3.49)

P AP [ n /v, 172 [ - ]372
x pl mo/V T
From this result the total displacement of the contact surface or interface

o
of the driver and channel gases, which is r-r, or simply Ar,, is given to
first order by the following expression.

Gl

il i

(3.50)

o

This result for the contact surface can now be generalized for any fluid
particle in the channel. For a contact-surface displacement from radius

ro, to rotAr, or simply Arg, th§ volume of fluid displaced is directly
proportional to (ro+Ar°)3 - P OF rozAro to first order. The corresponding
displacement of a fluid particle in the channel from radius r, to r +Ar or
simply Ar produces an equivalent volume displacement (final pressure and
density are spat%ally ugiform in the channel) which is directly proportional
to (r*+9r) - r,J or r “Ar to first order. We therefore obtain the result
that r “Ar, equals r*ZZr. By using this result in conjunction with Eq. 3.50,
the total displacement of a fluid particle Ar from its initial location r, in




the channel is given by the following expression.

ar &, (E>2 (3.51)
Yo 372p1 T g

The expressions for the total displacement of the contact surface (Eq. 3.50)
and a fluid particle in the channel (Eq. 3.51) are important not only because
of their simplicity but also they indicate how to properly normalize the

full expression for the particle displacement (see Eq. 3.46).

It would be of interest to derive a simple expression from Egs.
3.46, 3.47 and 3.48 for the total displacement of a fluid particle and check
to see if this result is identical to Eq. 3.51. Such a derived expression
proved elusive. Therefore a digital computer was used to calculate (Egs.
3.46, 3.47 and 3.48) the particle displacement at sufficiently large times
to obtain the total displacement. In each case the computed result was in
agreement with the prediction of Eq. 3.51. In addition to providing a means
of simply normalizing Eq. 3.46, therefore, Eq. 3.51 provides an excellent
check on the analysis of the wave motion in the pyramidal shock tube.

It is worth noting here that the total displacement of a fluid
particle Ar/r, or Apor02/372p r*2 is relatively small, and it is also
independent of both the speci%ic impedance ratio & and the parameter £.
Consider, for example, the total displacement of the contact surface, for
which r, equals r . Even for a relatively large pressure difference across
the diaphragm (Ap,) of one-twentieth of an atmosphere (pl/20), and 7, equal
to 1.4 for a diatomic driver gas, the total displacement is only ro/ﬁh or
1.2% of the driver length. In general the contact-surface displacement is
small and a fluid-particle displacement at a larger radius is even smaller.
Consequently the previous assumption for the wave-motion and displacement
analyses that the contact-surface displacement was negligible compared to
the driver length was very reasonable.

Ncndimensional fluid-particle histories for different initial
radii r, of ry, 2ry, Ur, and 8r, in the channel of a pyramidal shock tube
have been computed for ?our different combinations of driver and channel
gases, and these four sets of results are given in Figs. 18, 19, 20 and 21.
The driver and channel gases, which were taken to have the same temperatures,
are shown in each figure. Figures 18 and 19, for driver-to-channel gas com-
binations of He-Air and Air-Air, respectively, show that the particle displace-
ment increases and then decreases to its final displacement (asymptote indicated).
This behaviour is typical of the case of a light driver gas and a heavy channel
gas for which the specific impedance ratio & is less than unity. From the
results of Figs. 20 and 21 for driver-to-channel gas combinations of CyFg-Air
and COp-He respectively, the particle displacement increases in a "damped"
oscillatory manner to its final displacement. This behaviour is typical of
the case of a heavy driver gas coupled to a light chamnel gas for which the
specific impedance ratio 8 is greater than unity. In each of the Figs. 18,
19, 20 and 21 the top displacement history for radius r, equal to rj is that
for the contact surface. The contact-surface displacement is the largest,
and particle displacements at increasing radii continually decrease and become,
eventually, inconspicuous, because the wave motion being strongest at the
diaphragm station becomes weaker with increasing distance and eventually
vanishes.

29




IR———

.

s =

s e R S S -

The particle-displacement histories for the previous driver-to-
channel gas combinations of He-Air and Air-Air given in Figs. 18 and 19 are
also shown in Figs. 22 and 23. In these latter figures, however, the dis-
placement histories are superposed on a time-distance diagram which also
depicts the wave motion. Additionally, displacement histories for another
driver-to;channel gas combination of SFg-Air are similarly shown for interest
in Fig. 24.

In order to check the validity of the acoustic analysis of the wave
motion in the pyramidal shock tube, the UTIAS Travelling-Wave Horn was
used to obtain experimental data which could be compared with predicted
results. The pyramidal shock tube had a total divergence angle of 7.2
degrees, an overall length of 25m and a driver that was 1.58m long (Refs.
3 and 5). The driver gases used for the experiments were helium (He), air,
argon (A), carbon dioxide (CO,), sulfur dioxide (S05), dichlorodifluoromethane
(CC1,F,) and octafluorocyclobutane (CyFg), which covered a large range of
both molecular weights and sound speeds (see Table 2). For all experiments
the channel gas was air, and the driver and channel gases had the same
initial temperature. Overpressure measurements made in the channel of the
shock tube for the different driver gases are shown in the top part of
Figs. 25 to 31. Note that the driver and channel gases, pressure difference
across the diaphragm, driver length and measurement location are given above
each oscillogram. Each experimental overpressure signature has been re-
produced below its oscillogram, where it is compared directly to the predicted
signature. For each one of the seven comparisons the predicted and measured
profiles are in good agreement, substantiating the analysis for the wave
motion in the pyramidal shock tube. From experimental data such as those
shown in Figs. 25 to 31 it was found that the acoustic analysis was still
valid when the pressure difference across the diaphragm (Ap,) was as high
as 15 kN/m?.

3.2 Special Solution

It is of academic interest to investigate the solution of the wave
motion in a pyramidal shock tube for the special case of different driver
and channel gases which have the same density. For this special case of
equivalent densities the ratio of the driver and channel gas sound speeds
ap/ay, and the specific impedance ratio & (appo/ajp;), are both fixed, being
equal to the square root of the specific heats ratio (72/71)1 2, Furthermore,
the temperature of the driver and channel gases cannot be arbitrary, as the
temperature ratio T,/T) must be equal to the ratio of the molecular weights

Mo/M .

For this special case of equivalent driver and channel gas densities
the solution of the wave motion takes a relatively simple form. Certain
terms vanish from the differential equations for the velocity potentials
gi(t), £1(n) and hi(B) (see Egs. 3.24, 3.25 and 3.26). The resulting simpler
differential equations are given below.
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From these results the following recurrence relationships for g"(E), ;(ﬂ)
and h"(B) can be obtained.

pp r @

O O

i-1
———mpe ) B+l > 1]-214'1"‘8) i
-tp r gk
m B+1> (ﬁ 2i+1+8) > Lol VS, SRS (3-56)
2

o r @
Sy (e 1=1

aep 8

gy (¢) = Ap (3.57)
- r

ms'ﬂ.(s-ﬂ_) (§ 214‘2"5) i=2,3, ¢eevy @

s v il - {3055)

£1(n)

1}

h{(B)

These ex?ressions can be integrated to obtain recurrence relationships for

gg), £i(y) and hﬁ(ﬁ), and also for g4(t), fj(n) and hj(B). The results for
gi ?q) and hj(B) can be substituted into the expressions for the total
velocity pofentials ¢1 and ¢, (Eqs. 3.7 and 3.10). Then the two respective
expressions for the overpressure and particle velocity of the channel gas
follow from Eqs. 3.8 and 3.9, whereas those for the driver gas follow from
Egs. 3.11 and 3.12.

The mathematical expression for the overpressure signature of the
wave moving in the channel of a pyramidal shock tube is given below.

Ap r,
9, = e | (-tm(e)

> T ( g-1 \1-2 £ o8
= o= (e-2i+2+m)H{E-21+2) (3.58)
i=2

From this expression it can be shown that the overpressure signature consists
of a sequence of diminishing amplitude N-shaped segments, some of which may
be inverted, but each having the same duration of 2ro/ ive overpressure
signatures corresponding to values of &, ap/a; or 72/§1) 2 of 0.89, 0.81,
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1.00, 1.13 and 1.23 are shown in Fig. 13, illustrating the preceding remarks.
Although these signatures could have been generated by using Eq. 3.58, they
were originally computed from equivalent expressions of Eqs. 3.37, 3.38 and
3.39 of Section 3.1. Note that the signatures have been discussed previously
in Section 3.1.

The linear variation in overpressure of the ith N-shaped segment of
an overpressure signature can be expressed quite simply as shown below.

T, /g1 \-1 2i-2 < £ < 2i
e MR Il ¥

This result, which can be derived from Eq. 3.58, is much easier to use than
Eq. 3.58 when constructing an overpressure signature. From Eq. 3.59 (or
Eq. 3.58) one can show that the slope of the ith linearly varying over-
pressure segment, or the first derivative of the overpressure with respect
to nondimensional time &, is given as follows.

Op T =1 Hig!

Note that the absolute magnitude of the slope diminishes in the form of a
geometric progression having the common ratio (8-1)/(s+l).

The particle-velocity signature of the wave propagating in the
channel gas of a pyramidal shock tube can be determined directly from Egs.
3.9 and 3.57. However, it can also be obtained from the overpressure
signature (Eq. 3.58 or 3.59) by using Eq. 3.41. The easiest procedure is to
use Eqs. 3.41 and 3.59. Then the particle velocity associated with the ith
segment of the signature is given by the following expression.

Ap r o1\ T 5
e P alpl%qflﬁ :+1> [ (e1-1-¢) + 3 5, —rﬁ (1-(2i-1-¢)°) ]

2i-2 < £ <21
$l Rl ey (3.61)

Each segment of the signature consists of a near-field and a far-field term.
The particle-velocity signature therefore tends with increasing radial
distance to take on the same shape as the overpressure. Generally the near-
field term is unimportant when the parameter ajr,/aor is less than 1/, or
when the radial distance r is greater than hroae aj or 2A,where A is the
wave length of each segment.

The motion of the channel gas and contact surface, owing to the
wave motion in the pyramidal shock tube, can be determined from Eq. 3.61 for
the particle velocity., As Auy is equal to dr/dt exactly or aed(r?ro)/dg to
first order, the particle displacement can be obtained by integration. The
first-order particle displacement r-r, or simply Ar associated with only the
ith segment of the signature is given below.
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i-2 <t <2i
g mLy By ey

From this result the particle displacement Ar/ro at the beginning of only
the ith segment (&=2i-2) is zero, of course, and that at the end of the ith
segment (£=2i) is given by the following expression.

: 2

| oo 2 > ( 8-1 >1'1

| (3.63)
3y, 1r*2 ( g8+l g+l

Hence, the total particle displacement Ar/r, of the iP segment, which now
includes the displacements of all previous segments, is given below.

2
Op r i-1 r, a i-1
Ar 0o [ <5-1> 3/8 % -2 8-1 > { e
ar _ s ——— + — ——— 1l - (Qi-l-g)
} ! Yo 3y 2plr*§ 8+l e+l T a) (n+1
S B Y 3 L 3
i +3 = ( 1- 3 (21-1-t) + 3 (21-1-8) >H (3.64)
= 2i-2 < g <2i

L=l, 85 cesy @

At large times (i — e, & —» @) the motion of the fluid particle ceases and
the final particle displacement Ar/ro is simply Apor,2/3yppir,>. For the
contact surface the final displacement is Apo/37op;. Note that these
results are in agreement with those in Section 3.1 (Egs. 3.50 and 3.51),
which were derived by a different analysis.

L. DISCUSSIONS AND CONCLUSIONS

Acoustic analyses have been given for determining the weak wave
motion in both low-pressure-ratio rectangular and pyramidal shock tubes.
Each analysis, which was sufficiently general to deal with different driver
and channel gases having different temperatures, yielded a closed-form
solution for the wave motion. Each solution was illustrated graphically
with selected overpressure and particle-velocity signatures for the wave
moving in the channel gas. Additionally, solutions for the fluid-particle
displacement of the chamnel gas and thus the contact-surface displacement
were obtained for both the rectangular and pyramidal shock tubes, and they
were also shown graphically with selected results. Although the solutions
of the wave motion and fluid-particle displacement for the pyramidal shock
tube were quite lengthy, graphical results for the overpressure, particle=

velocity and particle displacement were obtained rather easily by utilizing
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a relatively small digital computer (IBM II30). Experimental data in the
form of overpressure measurements, obtained in conjunction with suitable
rectangular and pyramidal shock tubes, verified the analyses and solutions
for the wave motion in both shock tubes.

For the special case of identical driver and channel gases having
the same temperature, it has been well known that the rectangular and
pyramidal shock tubes both produce a single finite-duration wave or pulse
in the channel. For example, for the rectangular shock tube see Ref. 18
(similar wave motion of string@, and for the pyramidal shock tube see Refs.
15, 18, 19 and 20. In the case of the rectangular shock tube the pulse is
/ flat-topped (see Fig. 7c), having an amplitude of one-half the pressure
s difference across the diaphragm (Ap,/2) and a wave length of twice the

driver length (2ro). For the pyramidal shock tube the pulse is N shaped
(see Fig. 11f), having the same wave length of twice the driver length
(2r,) and an amplitude which is initially one-half the pressure difference
across the diaphragm but diminishes inversely with increasing radial distance
(&poro/2r). The general solutions of the wave motion given in Chapter 2 for
the rectangular shock tube and in Chapter 3 for the pyramidal shock tube
are, of course, in perfect agreement with these well-known results. However,
in the past it has not been fully recognized that in the more general case
of driver and channel gases having different densities, owing to different
molecular weights or temperatures, the amplitude and shape of the waves in
the rectangular and pyramidal shock tubes can differ markedly from those of
p a single flat-topped pulse (see Fig. 7) and N-shaped wave (see Fig. 11)

respectively. In fact, this was one of the main reasons why the solutions

of the wave motion in the rectangular and pyramidal shock tubes were obtained.

As explained in detail in the Introduction, a pyramidal shock tube
utilizing identical driver and channel gases having the same temperature has
to be very large (about 200m long) if the N-wave produced in the channel is
to simulate a full-scale sonic boom from an SST aircraft. Although a shorter
pyramidal shock tube could produce a similar duration simulated sonic boom,
provided the sound speed of the driver gas was relatively low, this simulated
sonic boom would not heve the desired N shape and it would also have undesirable
trailing disturbances. Consider, for example, the specific case of sulfur
hexafluoride (SFg) as the driver gas and air in the channel. Owing to such
a low sound speed driver gas the pyramidal shock tube needs to be only 50%
as long as one which uses air in both the driver and channel. However, the
distorted N-wave which is produced in the channel (see Fig. 11k) is quite
unsatisfactory for standard sonic-boom-research purposes. Consequently, it
can be concluded that the concept of using a low sound speed driver gas to
make possible the construction of a relatively short and inexpensive pyramidal
shock tube for sonic-boom-research purposes is not very feasible.

At noted in the Introduction, a relatively short pyramidal-pyramidal

ol shock tube utilizing air in both the driver and channel could be used to

| produce a simulated full-scale sonic boom (see Fig. 5). This simulated sonic

i boom would also not be N shaped and it would also have undesirable trailing
disturbances (see Fig. 3d). Consequently the concept of using such a short
and inexpensive pyramidal-pyramidal shock tube for sonic-boom research
purposes is also not very feasible. However, if a short and inexpensive
sonic-boom simulator is to be built, the pyramidal-pyramidal shock tube is
more practical than a pyramidal shock tube which uses different driver and
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charnel gases. Firstly, although it can be shown that the undesirable
distortion in the N-wave produced by either chock tube is sbout the same,
the trailing compression waves or disturbances for the case of the pyramidal-
; pyramidal shock tube (Fig. 3d) are much less severe than the trailing steep-
9 frored disturbances for the pyramidal shock tube (Fig. 11f). Secondly,
the problems associated with the mixing of the different driver ard channel
| gases in the pyramidal shock tube after the diaphragm is broken is nonexistent
for the case of the pyramidal-pyramidal shock tube.

The analysis and solution for the wave motion in a pyramidal-
pyramidal shock tube for which the driver and charmel gases can not only
be different but also have different temperstures is very similar to that
given in Chapter 3 for the case of the pyramidal shock tube. For such an
analysis, if the radial distance for the driver region is denoted by r, =
new radial distance, say R, is needed for the channel. Therefore the length
of the driver is r, and the length of the truncated portion'of the channel
is Ry. Then, for example, the recurrence relationship of fi(n) (see Egs.
3.27 to 3.32) for the pyramidal shock tube can be used for the case of the
pyramidal-pyramidal shock tube, provided the parameter J is modified slightly
from (1+8)/(p2/p1-1) to (1+8)/(poro/pRo-1). Consequently, the analysis
and solution for the pyramidal-pyramidal shock tube can be obtained quite
easily with this and other slight modifications to the pyramidal-shock-tube
results given in Chapter 3. From such a solution it can be shown that the
overpressure signature of the wave in the channel is generally not N shaped
and also has trailing disturbances, very much like thoses shown in Fig. 1l.

= SIS

It is worthwhile to discuss on= particular solution of the wave
motion in a pyramidal-pyramidal shock tube. Then one can answer the
interesting question as to whether a pyramidal-pyramidal shock tube using

-different driver and chamnel gases can produce a single undistorted N-wave,
From the solution of the wave motion, it can be shown that the linear
variation in overpressure for an N-wave can occur only if the parameter £
becomes infinitely large. (Note that this condition is precisely that used
to obtain the special solution given in Section 3.1.) This condition on £
is possible only if the ratio of the driver and charmel gas densities pg/pl
is exactly equal to the geometrical ratio Ro/ro. Consequertly, one finds
the interesting result that the two distortions of the N-wave, one produced
by the different driver and channel densities and the other intrcduced by
the different driver and channel divergence angles, cancel exactly if pp/py
equals Ry,/r . Even though the N-wave is undistorted, however, it is followed
by a series of rapidly diminishing amplitude N-waves having the same duration
(2ro/ap), exactly like the results shown in Fig. 13. Ome can conclude,
therefore, that a pyramidal-pyramidal shock tube using different driver and
channel gases cannot produce a single N-wave,

There would be no significant advantage for building a pyramidal-
pyramidal shock tube instead of a pyramidal shock tube to produce an N-wave
| for the simulation of a full-scale sonic boom., Firstly, of course, the
- similated sonic boom, although it would be N shaped, would have undesirable
N-shaped disturbarces. Secondly, the overall length of the pyramidal-pyramidal
shock tube would not be shorter but actually longer than that for a correspond-
ing pyramidal shock tube. It can be shown that, for fixed diaphragm and test
section sizes, the reduction in channel length (factor of ag/ai) is over-
compensated by the increase in channel length, because Ro/r° must equal pz/pl.
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A technique first considered in England (Ref. 9) was discussed in
the Introduction. This technique consists of using a low sound speed driver
gas in an existing short pyramidal shock tube, thereby producing a simulated

! sonic boom with a longer-than-normal duration. Because the simulated sonic
boom would be an undesirable distorted N-wave having trailing disturbances,
according to the results of Chapter 3, it can be concluded that this tech-
nique of improving the capability of an existing short pyramidal shock tube
to produce a long N-wave is not very practical,

{ The only type of shock tube which produces a good N-wave is, of

| course, the pyramidal shock tube, provided the driver and channel gases are
identical and have the same temperature. If a full-scale sonic boom is to
be simulated then one must recognize the fact that a large pyramidal shock
tube is required. It is worth mentioning, however, that smaller sonic-boom
simulators such as a loudspeaker-driven booth and a pyramidal horn with a
mass-flow valve can also be used for simulation of a full-scale sonic boom
(Refs. 3 and 5).

The analyses and solutions of the wave motion for both the rectan-
gular and pyramidal shock tubes is directly applicable, of course, to
finite-sized planar and spherical weak explosions. This fundamental work is
relevant to the understanding of the wave motion produced by such weak
explosions, for which the explosion gas is different than the ambient gas.

S
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TABLE 1

RECTANGULAR SHOCK TUBE

Franke, Lursat, Evrard Gottlieb (July 1974)
‘and Devriere (1972)

PYRAMIDAL SHOCK TUBE

Webb and Pallant (1968) Carothers (1972)
Peter and Pfister (1969) Ribner, Morris and
Chu (1973)

Peter and Brunner (1970)
Slutsky and Arnold (1970)

Thery, Peter and
Schlosser (1971)

Gottlieb and Glass (1974)
Gottlieb (July 1974)

PYRAMIDAL-RECTANGULAR SHOCK TUBE

Warren (1966) Gottlieb and Glass (1974)
Peter and Pfister (1969) Gottlieb (July 1974)
Peter and Brunner (1970)

PYRAMIDAL-PYRAMIDAL SHOCK TUBE

Peter and Brunner (1970) Gottlieb (July 1974)
Gottlieb and Glass (1974)

RECTANGULAR-PYRAMIDAL SHOCK TUBE

Tamboulian and Peschke (1970) Gottlieb (July 1974)
Carothers (1972)
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FIG, 25 COMPARISON OF MEASURED AND PREDICTED OVERPRESSURE
SIGNATURES OF A PYRAMIDAL SHOCK TUBE
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R APPENDIX A

The following expression for the ith velocity potential fi(n) was
derived in Chapter 3 (Eq. 3.29).

2 i :
N bpr, 4 1-1 Y s-1 \d7 o N2
£i(n) = 2,0, (871 Z < a‘-—le_ﬂ'> <ﬁ> Ij(n-2141)
J=1

: . If Aporoaﬂ/agp (8+1), (s-1)/(s+l) and 2/(s+l) are denoted by A, B and C
i respectively, the first five velocity potentials can be expressed as follows.

i £1(n) = ALT)(n-1)]
£5(n) = A[B I;(n-3) + ¢ I}(n-3)]
£3(n) = A[B°I; (n-5) + 2BC Ty(n-5) + C°Ty(n-5)]

q £ (n) = A[B3Ii(n-7) + 35°C Iy(n-7) + 3130215(11-7) + 21l (n-7)]
1 = h 1 3 2 2 3 \i u 1
| £5(n) = ALB'T}(n-9) + 4B7C Ty(n-9) + 68°C°Iy(n-9) + kmcIr(n-9) + C'I(n-9)]

The jth function I&(n-21+l) derived in Chapter 3 (Eq. 3.32) can be expressed in
the following form.

1) = () (- 3 ) +a +§l %@BG >j-kex-p(-w/£)
5 - () (§- 1)+ 8 + (Ln)e(-u/2)
13(0) = (1+a4t) <; . ) ks [ (142) 8 + (2+214) ] exp(-w/8)
I3(0) = (14a+t) (; : 3> ba+ {%ﬂ(;)a + (242048) §
i + (39304m) | exp(-w/2)
1) = (smet) (§ - BETE [%;ﬂ(;f +S2§2!‘_*ﬂ<;>2

+ (3430m) § + (vsiivm) | exp(-u/t)




T3(0) = [(1+4)(w/8)°/21 + w(w/8) Jexp(-w/8)
T3(@) = [(1+0)(w/8)%/31 + w(w/8)%/2 Jexp(-u/0)

§ () = [(1e8)(w/8) "/t + e(w/8)3/3: Jexp(-w/8)




APPENDIX B

The following expression for the overpressure in the channel of a
pyramidal shock tube utilizing different driver and channel gases was derived
in Chapter 3 (Egs. 3.37, 3.38 and 3.39).

00

by,
oy = 2 r_° z (] (&)u{t-21+2]]

i Tu(t) 1=0
gl =< 4 o
Z ( X I+l> <a+1> J"(g 2i+42) 1=2, 3, y ®
=1
- L+ (1+L)exp(-w/L) J=0
J:.,'(w) =

I
[
n

-
-
8

[#(Y ol (5] e

If (8-1)/(s+1) and 2/(8+l) are denoted by B and C respectively, the first five
functions for gj "(&) can be expressed as follows.

— M‘

gl(8) = JU(8)

: ' gs(8) = ¢ 7j(e-2)
g5(¢) = BC Jy(e-b4) +c 2ay(e-b)
g(8) = 8% 37(8-6) + 2BcZr3(e-6) + 3ry(¢-6)
g2(8) = B°C J(£-8) + 38°C%7(e-8) + 38C37y(e-8) + Coj(e-8)
». ! The first five functions of J§(§-21+2) are listed below.
T3(@) = - £ + (1Hb)exp(-u/8)

T3(0) = [(148)(w/8) + wlexp(-w/8) |

.\‘\. ,,‘,. —." ‘.‘l.“... ‘W - S SRR : i - - ,-, F— — .-J




L

B S T T

"kdo e aunbas nok 41 ‘S| | N 03 paed SIy LINgey AWy ase Jodes siyy 4o saidod ajqejieay

.on«u3«:Cuon5u-odnnoa¢u«uonau
pue swue(d ywam £q paonposd uojjom aAmm ay3 Jo BUTPUB3ISISPUN Y3 O3 JUBASTSI ST YIom sTY3 ‘sJom
sddyangd  TSIUNIONIYS puw sTE@IUR ‘suwmy uo punos ssTnday Jo s308339 ayj Jo saTpnys a3e3TIIowg

03 JIPJO UT ‘WOO] ITUOS PIJWTNWIS Byj JeTnofaaed uy ‘estou asndwy sonposd 03 SI0TASD JeTTAES
40 $3qn3 ¥O0US BUIST SIW Oym SIIOIVSSIJ O3 3SIINRUT JO 8Q PINOYS O STYL ‘wIEp Tejuaupradxs
Y3t JuIMISBY JUSTTSONE UJ SJ% SUOTINTOS MOU 289yl *S8SEF TeUUWRYD puw JRATID JUSISIITP IZTTTIN
42Tym $8QNY ¥OOoys TepReAd pue (were JUBISUOD ) IBNBUBLOAL OT3BI-aamssaxd-#0T Y3oq UT UOTIOW
2NBM 3UT IQTIOEIP 03 PIUTEIQO UIIQ AT3UL0R aawy AIo09ayj OF3SNOOE U0 PIseq SUOTINTOS WIOF-PISOTD

661 "oN.gaodey SVIIN "II udasop saursp ‘qeTT3300 I

2039TWIS ‘4 WOOQ OFUOS "€ BABM OTISMOOY 'z aqna ¥oous ‘1

satqes € samIty 1€ (*dde) sePed 2g ydssop saurep qa713300

SEENL XOOHS TVIINVHAL QNV EVINONVIOEY OIIVH-ZTHNSSIU-MOT NI NOIIOW ZAVM

= 9IS HEW ‘SpEUB) ‘OIRIUQ ‘mOTASUMOQ 383X3S UTIeINA S26h
% o3uoI0] JO AJISIBATUN ‘SaTpnis soudsouay Joj N3 FIsuUT

66T "ON IMOdEYM SVIIN

*Ado> e asinbas nok # ‘SVILN ©3 pie> sy uinjay ‘PodwI| ase podas siy jo sa1dod> a|qepeay

*2z1s 237U Jo swoysoTdxs Teotaayds
pue seuweld ywom Aq peonposd UOTION BAEM IY3 JO BUTPUN3SISPUN Y3 0F FUBASTSI ST NIOA STYF ‘eJom
-IPY3ang  ‘$3M3ONIYS pUR STERTUY ‘SUmny Uo PoS osTndy JO $309338 93 JO SITPNIS 3RITLIOE;

03 I3pio Uy ‘wooq OTUOS PIFRTIMIS Sy3 JeTnofjaed uy ‘asyou ssndmy sonposd 03 SSOTASP ISTTMTS
J0 $39n3 ¥oous BuTsn 9¢ OYM SISYDJIRSSII 03 3BBIVRUT JO 9q PINOYS NJOm SIYL WP Tejuswiiadxs
Y3ta juamessBe JUSTTEOXe U 4% SUOTINTOS ASU 983yl °Sa6ed TauUeyo PuUs JSAJJIP JUSISIJIP SZTTIn
4oTym Sagny ¥ooys Teppresdd puw (wvare JuRISUCD) JeTnBUR}o8: ofjei-samssaid-mol Y30Q U UOTION
SABM 343 IQIIOESP 03 PIUTEIQO USAQ ATIUSOSI BAWY AIO3Y3 OFIFNOIE UO PISEq SUOTINTOS WI0Z-PISCID

661 ‘oN 3a0day SVIIN “II ydssop sawef ‘Qa113300 I

wooq dyuos
(-dde) sePed 2g

I038TIWIS “ 2ABA JTISNODY ‘2 agn3 ¥oo4s "1

sa1qe) € samByy 1€

ydasop samer ‘gaTT3300
SIEANL NOOHS TYADAVEAL OGNV MVINONVIOEY OIIVE-ZENSSTEd-MOT NI NOIIOW IavM

= 9IS HOW ‘wpeue) ‘o1awiup ‘mejasumog ‘3esa3s uUlIeiing S264

.N ojuoio], Jo A33sisAtu) ‘saTpnis scedsozsy Joj 3nJYISUT

661 "ON JHOJE¥ SVIIn

"Ado> e aunbai nok 41 ‘Sy|| M) 03 pIed SIyy LINaY "paRWI| aue Jodas siyy jo saidod ajqejieay

*9ZT8 3TUTY jo suogsordxe Teoyseuds
pue seuwld ywam f£q peonposd uojjom aaem ay3 Jo BujpuezsIspun ay3 03 JUBASTSI ST YJom STY3 ‘asom
-1943angd  ‘S2ITIONJ}S PUR STRENUS ‘SUWmy uo punos asTndmy Jo s30935 sy JO BaTPN3s 33eTIIIRI

03 JPPJO U] ‘WOOQ JTUOS PIYRTMMIS Y3 JeTnOF3sed UT ‘@Stou esTndwy sonpoad 03 SSITASE JETTHLS
40 $2qn3 YOOYS PUTSN UV OYm SISYOJIVISSJ 0F 3S3ILUT JO 9Q PTNOYS FJIOM STYL wIep TeIuawiredxs
q3TA JUIMAIIFE JUSTIIONG UT S SUOTINTOS MOU 969yl °*SoSEF [SUURYD DU JIATJIP JUSISIFTP ZTTFIN
Yotym $3gn3 ¥oous (wppmeaAd pue (were JUBISUOD ) JeTNFUBROSI OFFRI-dmssazd-moT Y30q UT UOTOR
SABM U3 SQTIOESP OF PAUTEIQO Usaq ATIUIDRS SAwy AJOIYJ DTISNOIE UO PIseq SUOTINTOS WI0J-PasoTd

661 "oy jdodey SVIIN “II ydssop sawep ‘qeyr330n ‘I

"Ado> e a1inbai nok 41 'Sy | ) 03 paed S INYY “pajwi| ase Jodas SR o $3idod B|qepRAY

*9238 237U Jo suoysorTdxs Tworzsyds
pue seuwe1d ywem Lq peonpoad UoTjoW aswm Y3 Jo FUTPUNISISPUN Y3 0F IWEASTSI ST NIOm STY3 ‘euom
-9yl  *SIUN3ONIYS PUE STERIUS ‘suwEmy uo punos STndEY JO $3093J9 SUI JO SITPNIS SQWITIIONG

03 JI9pJO U ‘mOOQ OTUOS PIJUTIMS Y3 JeTnOTIsed Uy ‘estou esTndmy 2onpoid of SSOTASP TS
J0 $3qn3 XO0US BUSn 9uv OYm SINIIVISSI 03 ISIISJUT JO 9Q PINOYS NIO* STYL eIy Teyuampradxs
Y3Ia JUSWedIFe JUSTISOXS UY S8 SUOTINTOS msU 289yl ‘sosed TaUURYD DUE JBATJD JUSIAIJIP STITTIN
YOTYA Saqn3 ¥d0ys Teprwesfd puw (wesw JUN3SUOD) JeTnBURLORX OFjed-smssaad-sol §IOQ UT uoTIE
PA%M Y3 BQTIOEIP O3 PAUTEIQC UL ATIUSDSS BAWY LI08Y3 ITISNOOE UO PISE] SUOTINTOS WIOJ-PASOTD

661 "oy 3aodey SVIIN "I gdesor samef ‘Q9TT3300 I

i TS ¢ wooq 2 . aawn 273SMOOY * 3 ¥VOYS T

J0IWTWIE "4 wooq ITUCS 'E SABM DTISNODY "2 aqny xooyus 1 i S R pneih = . .

«ddw samep ¢
satqes € semB1s 1€ (*ddu) saded 2g ydasop semep ‘qayr3300 sorqel £ samIty T¢ ( ) sadwd 29 ydasop r ‘qatTI3es
STENL NOOHS TYAINVERL WVINONVIOEE OLIVE-FENSSTEI-M0T NI MOILIOW SAVX
SEENL HOOHS TYADAVNAL QNV YTNONVIONY OIIVH-SWNSSTSA-MOT NI NOLIOW ZAVM . -

~m SIS HEN ‘wpeue) ‘Ojseiup ‘metAsusog ‘38aa3§ UTIIIING 264

915 HOW ‘wpwus) ‘oTaejuQ ‘matAsumoq ‘398435 UTJIIMA G264 s 5 . -

ojucaol jo A3TSJaATun ‘sdTpnys eowdsossy J03 93N3PRSUT ﬁ OVl 35 Exrismaii ST "
T “ON JNOJSE SVIIn

66T "ON IMOJ¥N SVIIN 6
-
we— e A S L S LI

S $
)‘.“

T




"kdod @ auinbas nok 1 ‘Syy)j M) 03 PIed Siyy LINISY ‘paywy se Jodes Siyy 40 seidod ajqejieay

“93F5 237UTy Jo suoysordxe Teojsayds
pue reuweld yewam Lq peonposd uojjom aAwm Y3 Jo Buypuejsiapun ayj3 03 FWBASTSI ST YIom STY3 ‘aucw
-IBUIING  “SINIONIYS pUR STEWIUR ‘SUwmy U0 punos ISTRAEY JOo §309333 9Y3 JO SITPNYE 238371108

©3 I9pJO Uy ‘WO0Q OTUOS PIJBTNWIS Byl JeTnoTysed uf ‘estou asndwy sonposd 03 SSOTASP JETTUFS
40 $aqn3 ¥O0ys BUISN 91 Oym BIIYOIESSSS OF 3ISIILIUT JO BQ PINOYS NIOM STYL  SIWP Tejuswyradxs
YITA JUMMISIFY JUBTTEOX® UF BJ8 SUOTINTOS MSU 989Y] *S9SBR [AUUEYD PUS IDATJD JUBSISIITP IZFTTIN
4otya saqny Yooys Tepmresdd pus (eesw 3UBISUCD) JeNIUE308d OT3BI-9.mssaad-mO0T Y30q UT UOTom
SABA 3U3 3QTIOSIP 03 PAUTRIAC U ATIUIISI dawy AI09Y3 DF3ISNOOE UO POSEQ SUOTANTOS WIOF-PISOTH

661 ‘o gaoday SvIIn CII ydasop sawep ‘QeTr3300 °I

203VTWIS “®  WOOQ OJUOS ‘€ SABA OJISNOOY ‘2 SqN3 HOOYS °T

sa7qes € saumfyy 1€ ("dde) seBed 2g ydasop sawrep ‘qatTa3on

SIENL NOOHS TYAINVEAL @IV MVINONVIOEN OLIVE-FENSSIEA-OT NI HOIIOW JAVM

(ED 9IS HON ‘wpuum) ‘OTIBqup ‘mRTASUAOQ ‘399435 UTIIIMMQ S26H
w ojuoxol Jo £3FSIsATY) ‘saTpnys acedsossy JoJ 93n3yasur

66T ON INOJM SYIIn

"Ado> @ auinbai ok 41 ‘S| ) 03 paed sy uingey PEAWY @ie Jodes sy Jo seidod Sqepieay

*9ZFS 937Uy Jo suoysordxe TeoTseyds
pue sewwld ywem Aq peonposd UOTOW 3ABA Y3 Jo BUTPUEISISPUN Y3 OF FURASTSI ST Jaom STYF ‘ssom
-I9y3ang " S3IMIONJIYS PU STERTUS ‘SUMMY U PUNOS STAAET JO $3093j3 W3 JO STPNgS AWATLING

09 JIPJO UT ‘WOOQ OFUCS PIJRTIWTS 2y3 Jenoyiyed Ul ‘esyou esTndmy eonpoid 03 SPOTAIP JNTTMES
J0 sagn3 ¥Oous FUTSn IV OYm SIOJIBISSI 03 3BIISJUT JO 9q PINOYS JJom STYL “‘wwp [wRUIISdxs
Y3TA JUIMSIIFE JUITTLOXS UT I SUOTINTOS mau oFyl ‘Sesuf ToUUNYD PUR JIATIP JUSISIIIPD OZFTIIN
Yotys saqny yooys TeppmelAd pue (vese JURISUCO) JeTNBUBO8d OF3BI-a3.mssead-aol y30q UT HOTION
3ABM 3Y3 3QIJIOSIp 03 POUTEIQO ULaq ATIUISI APy LIOY3 OJ3FNOE UO PeSEq SUOTINTOS WEOJ-PISOTH

661 "oN 3aoda¥ SVIIN "I udesor samer ‘gaTT3300 I

I038TIITS 4 Wooq dJuog “f

(~ddu) seded 2g

FABA JTISNOY 2 8qn3 ¥ous 1

s91qes3 € sam®1y 1€

gdesop samer ‘QaT13300
SIENL XOOHS TVAINVMIZ @IV SVINONVIOEN OIIVE-ZENSSTEA-mOT NI NOLIOK Save

9IS HOW ‘wpsue) “OTieju0 ‘mstasusoq ‘3eea3s upseiind G264
o3uoI0l Jo A3FSIsATU ‘serpnys sowdsossy ioy ajngysul

e

66T "ON IMOJEE SVIIn

"Adod @ auinbai nok ji ‘S| N 03 Pied Siyy UINIRY "pajiwi| ase Jodas siyy jo saidod aqejieay

*92Z18 #3TUTY Jo suoysorTdxe Teotsauds
pue seuwld yees Aq psonpoad uOTIoW BA®A Y3 Jo BUTPUEZSISPUN SY3J 03 JUBASTSX ST NJIOM STU3 ‘ajom
-13y3and ‘SIIMIONIYS puUv STEMIUR ‘suwmny UO punos asTnduy Jo -vuouko 9Y3 JO SITPNIS IWIT[ToRy

03 JIpJO UT ‘WOOQ OTUOS PIRIVTTWS Y3 JeTnOT3aed uy ‘estou esTndmy sonpoad 03 SSOTASP JTRATS
30 $23n3 YOoys PuTsSN 38 OYm SISYOJBSSAI O3 3SBIUT JO 9q PINOYS HJIOM STYL *wIVP TejuamTIadxe
Y31e JUIWeIBe JUITTIONG UJ 9J¢ SUCTINTOS MU 389yl °§aSeF ToUURYD PUS JISATJD JUSISIJTP SZFTIIN
4oTYm sagny ¥20ys [eppmeadd pue (wesw juUe3sucd) renBUB3OLL OFFeS-9mssaxd-soT Y30Q UT UOTZOM
AWM BYJ AQTIOBIP O3 PIUTEIQO Usey ATIUSORI 3awy KI09y3 OFIFNOOE UO PIsSEq SUOTINTOS WIOF-PSSOT)

661 ‘on 3soday SVIIN I ydesop sawef ‘QayT13300 ‘I

I039TWIS 4y wooq JTuos ‘g SABM DTISNODY ‘2 aqn3 ¥doyus 1

satqe; € semPry 1€ ("ddv) sePed 2g gdasop sarer ‘QatI330n

SIENL HOOHS TYAIWVHAL NV ¥VINONVIOSYN OIIVH-THNSSTUd-MOT NI NOIIOW SAVM

915 HON ‘speus) ‘OTJEju0 ‘AdTASUAOQ ‘399135 UTJIIMA (264
03UOI0L Jo A3TSIATU ‘SaTPnis eowdsoldy 07 e3n3yIsuUI

B

661 "ON INOdEM SVIIN

*Ado> e a.1inbai N0k §i ‘Sy|1 ) 03 pied S UINIY “pawWI| ase Jodas suR O saidod IqEpRAy

*ITTS 33TULY O Swysotdxe TwItseyds
pue reuwTd ywen £q peonposd Uoyjom sAwa Y3 Jo PUTPURISISDUN Y3 OF JURASTSI 8] NIoa STYY ‘asom
~Jey3amyd "SeINIONIZS PUR STERIUN ‘SUeEny Uo panos STRdNT JO 309339 Y3 JO SITPNYS AEITTION;

03 J9PJO UT ‘Wo0Q OTUOS PIIETIMTS Y3 Jenoyared uy ‘esyou esTndmy aonposd o3 SAOTAIP IETRAGS
Jo $3Qqn3 NOOYS PUTSH ISV OUM SIYOIISSI O3 36SIIRUT JO 9q PINOYS NIOa STYL ‘wqwp Twiumpiedxs
Y3ITM JUSNesIBe JUSTTIONS UT 8¢ SUOTINTOS AU 9SIYL “SIRF TIUURYD DU JSALIP JUSISIITP STTITIN
YoTyA $3qN3 Yo0ys TepTwesAd puw (werw JuURISUCD) JeTnIURIoAr OFjeI-aamssard-aol Y3oq WY uUoTIom
24WR U3 IQTIVEIP 03 PAUTVIQR U ATIUNII aey LI0943 IFIFNOI US PISEQ SUOTINTOS WIOI-PISOTD

661 ‘ox 3sodey SVIIN “II ydesor samer ‘QeTT300 I

I03WTIIS "y wWooQ djuos “f

(*ddu) saPed 29

AWM DTISTOVY 2 |gn3 PoYs 1

saTwg £ sam¥Bty 1€ wdasop sawer ‘Qeyr3300
SFENL NOOHS TVEINVEAL NV SVINONVIOSE OIIVM-TMNSSIEA-MOT NI WOIIN ZAVR

dia QIS HON ‘wpwum) ‘OTswND ‘mslasumod ‘388u3s UTIAZING 264
03u030] JO A3ySIeATWl ‘sarpnys sowdsossy Joj dIngyISU

661 "ON JNOSEE SYIIn




N

B

=

' 7. AUTHOR(A...- s b Tvmnm(.r
JAMES JOSEPH/GOTTLIEB : (.VA'F//# ~2274-72 |

SECURleswlCATION OF THIS PAGE (When Data Entered) . &
« READ INSTRUCTIONS
(I l{ REPORT DOCUMENTATION PAGE BEFORE COMPLETING FORM
‘\Tﬁ‘ AL AR 2. GOVT ACCESSION NO| 3. RECIPIENT'S CATALOG NUMBER
| AHOSR fﬂ-'I?-bsz ] ‘
4. TITLE (and Subtitle) 5. TYPE OF REPORT & PERIOD COVERED
ey A s i i . 1 fNTERTM- .
WAVE MOTION IN LDWﬁfRESSURE-RATIO RECTANGULAR |
AND PYRAMIDAL SﬁOCK IUBES. i 6 PERFORMING ORG. REPORT NUMBER

VANUAMAU D AL A

e ———————————————

[~ _AFOSR 72-2274  —

‘1
9. PERFORMING ORGANIZATION NAME AND ADDRESS 10. M ELEMENT, PROJECT TASK
=L AREA VIORK UNIT NUMBER
UNIVERSITY OF TORONTO ol —
INSTITUTE FOR AEROSPACE STUDIES, 4925 DUFFERIN ST 9781403
DOWNSVIEW, ONTARIO, CANADA, M3H 5T6
11. CONTROLLING OFFICE NAME AND ADDRESS 12. REPORT DATE
AIR FORCE OFFICE OF SCIENTIFIC RESEARCH/NA [ Dec 75
BLDG 410 13, NUMBER OF PAGES
BOLLING AIR FORCE BASE, DC 20332 E‘m‘—zj
14. MONITORING AGENCY NAME & ADDRESS(if Controlling Office) 15. SEC TY . (ol this report)

\‘/9 L(Tlf\lf}’ :L? 1 UNCLASSIFIED

15a. DECL ASSIFICATION/ DOWNGRADING
SCHEDULE

16. DISTRIBUTION STATEMENT (of this Report)

Approved for public release; distribution unlimited.

17. DISTRIBUTION STATEMENT (of the abstract entered in Block 20, If different from Report)

18. SUPPLEMENTARY NOTES

*o, ABSTRACT (Continue on reverse side If necessary and identify by block number)

19. KEY WORDS (Continue on reverse side if necessary and identify by block number)
SHOCK TUBE

ACOUSTIC WAVE

SONIC BOOM

SIMULATOR

losed-form solutions based on acoustic theory have recently been obtained to
describe the wave motion in both low-pressure-ratio rectangular (constant area)
and pyramidal shock tubes which utilize different driver and channel gases.
These new solutions are in excellent agreement with experimental data. This
work should be of interest to researchers who are using shock tubes or similar
devices to produce impulse noise, in particular the similated sonic boom, in
order to facilitate studies of the effects of impulse sound on humans, animals

t d tanding of the
X! foargn:nogrginite ize,

EDITION OF | NOV 65 |S OBSOLETE U’NQLASSIFIBD

,/ ¢7 / 7& ) ;:37(:7« #A”INCANON OF THIS PAGE (When Date Entered)

= L3 -.ﬁ" o




