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Abstract

Closed-form solutions based on acoustic theory have recently been
obtained to describe the wave motion in both low-pressure-ratio rectangular
(.onstant area) and pyramidal shock tubes whi ch utilize different driver

• and channel gases . These new solutions are in excellent agreement with ex-
perimertaj . data. This work should be of interest to researchers who are
using shock tubes or similar devices to produce i~~ulse noise , in particular
the simulate~i sonic boom, in order to facilitate studies of the effects of
ix~~ulse sound on h~nnan s, animals and structures • Furthermore , this work
is relevant to the understanding of the wave motion produced by weak planar
and. spherical explosions of finite size .
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a speed of sound

sound speed of the channel gas

a2 sound speed of the driver gas

A cross-sectional area of a rectangular shock tube

t’••f1(i~) i velocity potential function of the driver gas
(inward moving waves)
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• 
•• p2 absolute pressure of the driver gas
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overpressure of the channel gas

t~p overpressure of the driver gas

t~p~ pressure difference across the diaphra~ n in a shock tube

r radial distance
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V0 initial volume of the driver gas

x distance measured from the closed end of the rectangular
shock tube
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initial location of a fluid particle in the channel
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1. INTRODUCTION

Noise pollution is becoming more significant in recent times and
is contributing to the stresses affecting man . Ongoing studies into the
effects cf noise on humans ( e .g . ,  see I~jter ’ s book - Ref. 1), animals and
oven structures are proceeding , for tunately, at a corresponding accelera-
ted pace. One important and active area of current noise research i’-~ the
study of the effects of impulse noise . A particularly important impulse
sound is the sonic boom, whose impact on society is being assessed before
supersonic transport (SST) aircraft such as the Anglo-French Concorde
and Soviet TU-11414 are introduced into extensive comn~ rcial service.

At the University of Toront o , Institute for Aerospace Studies
(UT IAS), three different but complementary sonic-boom simulators have
been developed to help assess current societal problems associated with
the sonic boom. The first of two major facilities, a loudspeaker-driver
booth (Refs . 2 and 3), can easily accoamiodate one human subject or a few
small caged animals in its solidly built and sealed chamber (volume of
2m3) to facilitate studies of human and animal response to a simulated
full-scale - sonic boom. The second maj or facility (Refs . 2 , 3, ~~~ 5 ,
and 6),  a travelling-wave horn in the form of a horizontal concrete
pyramid (25 m long , 3-rn-square base), has at its apex a specially designed
valve which regulates the air discharge from a large reservoir into the
pyramidal horn . This controlled discharge of air generates in the horn
interior a simulated full-scale soni c boom for human , animal or struc-
tural response investigations. Alternatively a shock-tube driver can
be installed at the horn apex to produce a simulated short-duration sonic
boom to facilitate certain response tests. The third sonic-boom simu-
lator (Ref s. 3 and 7), a portable shock tube (11 kgm. . 1 m long) having
a constant-area driver and. an exponential horn , can be easily tran spor -
ted and. operated by one person to conduct wildlife field tests.  A
simulated short-duration sonic boom can be produced and directed at wild-
life in their natural habitat in order to study their startle response.

In order to illustrate the type of wave that must be produced
by a sonic-boom simulator, and also for future reference , an idealized
over-pressure signature of a sonic boom is sketched in Fig. 1. The
more important parameters which are commonly used to describe the various
parts of the signature include the peak overpressure, rise time, dur a-
tion (or wave length) , and wave form which may vary somewhat from the
ideal ‘N ’ shape . It is worth noting that respective values of peak over-
pressure, duration and rise time are 100 N/~~, 300 ms and 1 ms for a

• typical sonic boom from a current SST aircraft and also from large mili-
tary bomber supersonic aircraft. In the case of shorter military fighter
supersonic aircraft only the duration is significantly different , being
corre spond.1.ngly shorter at about 100 ma.

The analytical and experimental work given in this report on
the wave motion in low-pressure-ratio rectangular and pyramidal shock
tubes utilizing different driver and channel gases is a natural contin-
uation of previous sonic-boom-simulation work at UTIAS. Also , the
present work is a. direct extension of sonic-boom-simulation research on
shock tubes made in England, France and the Unit ed States. These state-
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ments are elaborated on in the following part of this introduction .

A number of geometrically different shock tubes have been constr-
ucted and tested by English, French , American and Canadian researchers to
assess their capability of producing a good ‘N-wave’ to simulate the sonic
boom (Fig. 1). Some of the more important shock tubes are illustrated
schematically in Fig . 2 , and the developmental and research efforts made by
various researchers on such shock tubes are summarized in Table 1. Each
shock tube shown in Fig. 2 has been named according to the geometrical shape
of its driver and channel . The adjectives ‘ rectangular’ and ‘pyramidal’
arise quite naturally owing to the geometry of the driver and channel of
shock tubes commonly used in the laboratory. More generally, however, in
thi s report rectangular will refer to any duct where the cross-sectional
area is constant with distance (e.g., cylindrical), and pyramidal will
refer to any duct where the cross-sectional area increases directly with the
square of the distance from the center of symmetry ( e . g .,  conical) .

For shock tubes cananonly used for sonic-boom simulation purposes
the driver and. channel gases are both normally air at atmospheric tempera-
ture. The driver air, however , is initially at a slightly higher pressure
than the atmospheric pressure air in the channel. Consequently the pres-
sure ratio for the driver and channel gases separated initially by a thin
diaphragm is very nearly equal to unity . On breaking the diaphragm in
such a low-pressure-ratio shock tube the ensuing wave motion results in a
very weak shock wave or simulated sonic boom moving in the channel gas.

Closed-form solutions for the wave motion in low-pressure-ratio
rectangular , pyramidal, pyramidal-rectangular , pyrami dal-pyrami dal and
rectangular-pyrami dal shock tubes which use identical driver and channel
gases have been obtained previously (Ref s. 5 and 6).  The rectangular shock
tube produces a constant-amplitude pulse as illustrated by the overpres-
sure signature sketched in Fig. 3a. In the case of the pyramidal shock tube
an N-shaped pulse is produced. as shown, in Fig. 3b. The other pyramidal-
rectangular, pyramidal-pyramidal and rectangular-pyramidal shock tubes each
produces a distorted N-wave followed by additional waves or disturbances
as illustrated in Fig. 3c, 3d and 3e respectively. Obviously the pyramidal
shock tube is best for producing a good N-wave for sonic-boom simulation
purposes . Not e that the rapid pressure rise across both the front and rear
shocks of the N-wave equals i~p0r0/2r and the duration of the N-wave is 2ro/a,
where the respective symbols z~p0, a , r and r0 denote the pressure diff erence
across the diaphragm, sound speed of the driver gas, radial distance measured
from the driver apex , and the diaphragm location or driver length.

A large pyramidal shock tube is required if’ the N-wave produced
in the channel is to simulate a full-scale sonic boom from an SST aircraft.
Since the duration of the N-wave in the shock tube equals 2r0/a and the

• duration of a simulated sonic boom has to be approximately 300 ma , the cor-
responding length of the shock-tube (r0) needs to be about 50 m. Owing to
inadequate breakage of a large diaphragm In a low-pressure-ratio shock tube
(Ref. 12), the largest diaphragm ~aving sufficiently good breaking charac-
teristics appears to be about 1 m in area. The maximum divergence angle of
a pyramidal shock tube is therefore about one-fiftieth of a radian. Now the
interior test section of the pyramidal channel must be at least 3 in on each
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side to adequately accommodate a human subject without unduly blocking the
path of the simulated sonic boom . For such a test section size and diver-- - gence angle the resulting length of the pyramidal shock tube is an incredible
150 in. In practice the shock tube is even longer because a reflection
eliminator is required to cover the open end of the oha~-r iel . For the sake of
interest the large France-German pyramidal shock tube (Ref. l1~), which is
189 in in length, is depicted in Fig. ~4 . Note that different diaphragm sta-
tions have been provided such that the N-wave duration can be varied conveniently
from 100 to 300 ins.

Owing to the large size required of a pyramidal shock tube if a
full-scale sonic boom is to be simulated, the initial construction can be
a costly endeavour . If a pyramidal-pyramidal shock tube instead of a pyramidal
shock tube could be used , then the shock-tube length and thus the initial con-

• struction cost might be reduced . The idea behind this scheme is brought out
by the diagr ams given in FIg . 5. In order to maintain the same sized driver ,
diaphragm and test section of a pyramidal shock tube (Fig . 5a ’) , the divergence
angle of the channel is increased, thereby producing a shorter shock tube
(Fig. 5b). This resulting pyramidal-pyramidal shock tube, however, produces
a distorted N-wav e (Fig . 3d) , which is normally undesirable for sonic-boom
simulation purposes. In fact it is worth mentioning that , based on the ex-
perimental results obtained from prot otype pyramidal-pyramidal shock tubes
(Ref .  12) , French and German researchers deemed the distortion in the N-wave
as unac ceptable , and they consequently constructed the large Franco-German
pyramidal shock tube mentioned previously and shown in Fig. ~~~.

Another possible method of achieving a shorter and thus less
costly pyramidal shock tube for the simulation of a full-scale sonic boom
is to use a driver gas which has a low sound speed. (Although the channel
gas could be the same as the driver gas , it would probably be more conven-
ient to use air in the channel.) Because the predicted duration of the
N-wave produced in the shock tube is 2r0/a, if a gas having a lower sound
speed (a) than air is used in the driver , the correct full-scale duration of
a sonic boom can be accomplished with a shorter-than-normal driver (length
r0) and hence a shorter pyramidal shock tube. For example, the use of an
economical gas like carbon dioxide (co2) instead of air in the driver and

- 
• air in the channel would result in a fairly significant reduction of 22%

• in shock-tube length. The use of more exotic and expensive dichlorodifluoro-
methane (C Cl2 F2), sulfur hexafluoride (SF6) or octofluorocyclobutane (cj ~
F8) would result in an even more significant reduction in shock-tube length
by 56% , 60% or 67% respectively.

Another possible advantage of using a driver gas having a low
4 sound speed is to improve the capability of an existing low-pressure-ratio

pyramidal shock tube. Most of the existing shock tubes have been designed
to be short to minimize construction costs, and they consequently produce

• a short-durat ion simulated sonic boom . (Such short-duration booms can be
used for studies of wave diffraction over and Into model buildings, wave

• propagation over reduced-scale land topologies , and certain animal response
tests) . Since atmospheric temperature air is normally used in both the
driver and channel the standard technique of changing the N-wave duration
for new tests Is to alter the driver length by changi ng the diaphragm loc-
ation . As existing shock tubes are normally short (less than 15 in long) an
upper limit exists on the driver length and therefore on the N-wave duration.

3
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Consequently, the only means of further increasing the N-wave duration and
thus extending the capability of existing shock tubes is to use a driver
gas which has a suf ficiently low sound speed . For example , the N-wave dur-
ation can be increased markedly by a factor of 1.3, 2. 3, 2. 5 or 3.0 when
the driver gas is C02 , CC12F2, SF6 or C~F8, respectively , instead of air.
It should be noted that the N-wave duration can be increased fur ther by
lowering the temperature of the driver gas. However, this method is not
only impracticable but the increase in duration is not very significant ,
being only 20% for a decrease in driver-gas temperature from 300 to 200 K.

The technique of using a driver gas with a low sound speed In a
pyramidal shock tube to increase the N-wave duration both to extend the
capability of an existing shock tube and to investigate the feasibility
of using different driver arid channel gases in a larger sonic-boom simula-
tor was originally tested in Eng’and (Ref. 9).  Carbon dioxide was used
in the driver of a small conical shock tube (driver length of 60 cm,
channel length of 1140 cm) and showed that a good N-wave could be produced
in the channel air. The N-wave duration was an expected 1.3 times longer
than that for the case when air was used in both the driver and channel .
To obtain an even longer duration N-wave with the same shock tube the
use of a special gas having the trade name ‘Arct on ’ was proposed, as its
low sound speed is only 143% of that for air. Test results for the case
of Arcton as the driver gas were unfortunately not reported.

The British researcher~ (Ref. 9) lid not notice any significant
distortion in the overpressure signature of the N-wave produced in
their conical shock tube when carbon dioxide was used in the driver and
the channel gas was air. However experiments at iYTIAS showed that if the
sound speeds of the driver and channel gases were radically different
(e.g., CC12F2, SF6 or C13F8 being the driver gas with air in the channel)
then a noticeably distorted N-wave would be produced. This distortion in
the N-wave is similar to that in the N-wave produced by a pyramidal-pyra-
midal shock tube which used. identical driver and channel gases (Fig. 3d).
If the undesirable distortion in the N-wave is significant then the con-
cept of using different driver and channel gases in a pyramidal shock
tube either to increase the duration of an N-wave produced in an existing
short shock tube or to enable a short and inexpensive shock tube to pro-
duce a simulated full-scale sonic boom is not valid. This will be verified
subsequently in this report by analytical and experimental data.

The acoustic analysis for the wave motion in a pyramidal shock
tube utilizing different driver and channel gases was found to be quite
cc~~lex analytically. Prior to obtaining t~ acoustic solution for the
pyramidal shock tube a similar but simpler acoustic solution was obtained
for the case of a rectangular shock tube utilizing different driver and
channel gases. For interest and completeness both of these acoustic
analyses are given. The simpler analysis for the rectangular shock tube
is presented first in Chapter 2 and the more complex analysis for the
pyramidal shock tube follows in Chapter 3. Experimental data for both
the rectangular and pyramidal shock tubes are also given, verifying the
analyses.

It is worth mentioning that the respective acoustic analyses for
the rectangular and pyramidal shock tubes are applicable directly to weak

_ _ _ _ _ _ _ _ _  _ _ _ _  
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~~ planar and spherical explosions of finite size. Consequently the acoustic
analyses are of fundamental importance ~o the understanding of the wave
motion of planar arid spherical explosions , for which the explosion gas
differs from the ambient gas .

2. R ECTANGULAR SHOCK TUBE

The rectangular shock tube , which is depicted in Fig. 2a , con-
• sists essentially of a constant cross-sectional area driver and channel

which are joined at the diaphragm station . The diaphragm initially sep-
arates a normally atmospheric pressure channel gas from a slightly higher
pressure driver gas . For generality of the analysis let the initially
quiescent driver and channel gases be not only different but also have dif-
feren t temperatures . Before the diaphr agm is broken the appropriate initial
conditions of the driver and channel gases for the analysis can therefore
be simnarized mathematically as follows.

Channel ( x >  x ) :  ~p1 = 0 (2.1)
= 0 (2 .2 )

Driver ( 0 <  x < x ) :  
~~2 = i~p (2.3)

~u2
= 0 (2.4)

The respective symbols tip, tiu, and tiPo denote overpressure with respect to
atmospheric pressure , perturbation flow velocity or particle velocity, and
pressure difference across the diaphragm, whereas the respective subscript s
1 and 2 refer the appropriate symbols to the channel and driver gases. The
distance x is measured along the shock tube starting from the closed end of
of the driver as shown in Fig . 2a, and the diaphragm is located at distance
x0, thereby making the driver length equal to x0.

For the preceding initial conditions the ensuing wave motion in
the rectangular shock tube after the diaphragm is broken is rather complex .
This wave motion can be depicted conveniently on a time-distance diagram ,
as shown in Fig . 6, where the locus of each wave front has been drawn . On
breaking the di aphragm in the shock tube the resulting rapidly expanding
driver gas produces a weak shock wave (g1) in the channel gas . Simultan-
eously a weak rarefraction wave (f1) moves into the driver gas and
eventually reache s and reflects from the closed end.. This reflected wave
(h1) propagates through the driver gas and encounters the contact surface
or interface of the driver and channel gases. Because the contact-surface
displacement is negligible in comparison with the driver leng th,  the con-
tact-surface path is shown in Fig . 6 simply as a vertical dashed line.
Owing to the change in specific impedance (product of the density and sound
speed) across the contact surface the reflected wave (h1) is partially
transmitted to the channel (ga ) and partially reflected back into the driver
(f2 ) .  The subsequent oscillatory wav e motion between the contact surfac e
and closed end of the driver creates a sequence of waves in the channel .
The integrated result of all of these individual waves (gj, I = 1, 2 ,
co) yields the total wave in the channel .
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For a low-pressure-ratio rectangular shock tube for which the
pressure difference across the diaphragm tip0 is much less than the absolute
pressure of the channel gas , the individual and tots.]. waves in the driver

• and channel are relatively weak . The wave motion can therefore be described
adequately by using well-known acoustic theory. The one-dimensional planar
wave equations which govern the acoustic wave motion in the channel and
driver gases are given below.

-
• Channel ( x >  x0): 2 

____—

~~

- = a ~ 
—

~~- (2. 5)

• Driver (0 < x < x ):
(2. )

The respective symbols ~~~, a and t denote total velocity potential, sound
speed and time.

For the analysis it is convenient to express the total velocity
potential of the channel gas (4’i) and the drive r gas ($~) in a more basic
form consisting of the sum of velocity potentials of individual waves in
the channel and driver respectively . The new forms of 4~ and $2, and.
related expressions for overpressure and particle velocity, are sim~~ rized
below . -

Channel ( x >  x0):

•~ =~~~[g~(~~ H(t - 2 (i_l)a
~
/a2 

+ 1)] (2.7)

• 
~~1 

= 

~~l 
~~~~~~~~ (2.8)

• ~~1 ~~1• tiu
1

= 

~- ç ~
- (2.9)

Driv er ( O < x < x ) :

-Ap t
= + Hh~2i+1) + h1(~ ) H C~_2i+3.)] (2.10 )

• . 
a -p2 

(2.11)

(2.12)
tiu2 - ~~~~~

-
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In the above expressions: p denotes density; the respective nondimen-
~~ sional variables ~~, 

,~, ~ equal (a1t - x)/x0, (a2t + x)/x0 and ($2t - x)/x0;
gj(~ ), fj(~ ) and hj(~~) denote the velocity potentials of the jth distur-
bances as illustrated in Fig . 6; and H[Tj) denotes the unit step function
which equals zero prior to the arrival of the jth wave (Tj < 0) and equals
unity after the passage of the j th wave front (Tj > o). The form of the
total velocity potentials ~ j (Eq. 2.7) and ~~ (Eq . 2.10 ) are quite
general but not arbitrary, as they have been chosen to satisfy b~,th their
respective wave equations (Eqs. 2.5 and 2.6) and their associated ir~itial
conditions (Eqs . 2.1 and 2.2 and Eqs . 2.3 and 2.14). As an example of

- ,  satisfying the initial conditions the term -Apot/p2 in Eq. 2.10 accounts
for the pressure difference across the diaphragm (tip0) for time t less than
zero.

• The presently unknown velocity potentials gj(~ ), f j ( i~) and hi(~ )can now be determined by evaluating the effects of two different boundaries
on the wave motion . The first boundary to be considered. is the closed.
end of the driver . At this stationary boundary the particle velocity of
the driver gas must be zero for all time . By setting the particle velocity
of the driver gas tiu2 (Eqs . 2.10 and 2.12) equal to zero at this boundary
where distance x equals zero the following intermediate result can be
obtained.

~~ H(~-2i+l} - h~(~ ) H(~-2i+1)] 0 (2.13)

The prime ( ‘)  denotes differen tiation of the variable with respect to the
argument given in the following bracket s. Owing to the mathema tical struc-
tur e of this expression (Eq . 2.13) it will in general be identically zero
for all time if arid. only if certain terms having equivalent step functions
cancel exactly. As ~ and ~ both equal a2t/x0 at the boundary x equals zero,

— 
the lengthy expression of Eq. 2.13 can consequently be expressed in the

- •  following equivalent arid more conveni ent form .

h~(~ ) = f~~~(i~~) 1. = 1, 2 , ... , (2.114)

On integrati ng each one of these first-order differential equations with
respect to time, and after setting the constants of integration equal to
zero as they are arbitrary, the following desired result can be obtained.

hi(~ ) f1(yi ) i = 1, 2, ... , co (2.15)

These result s illustrat e that the particle velocity of the ith wave having
a velocity potential fj(~~) is countered exactly at the closed end of the
driver by the particle velocity of the corresponding j tb reflected wave
having a velocity potential hj(~ ) ,  thereby having a net partic le velocity

f of zero at this stationary boundary .

--
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The second boundary to be considered is the interface of the driver
and channel gases. At this contact surface the overpre ssure and particle
velocity are taken to be continuous, and the effects of diffusion, heat
transfer and turbulent mixing are neglected.. The matching of the driver and

• channel gas overpressures and. particle velocities at the contact surface can
be di ffi cult mathematica lly because the contact surface is not stationary
nor is its motion known a priori. To circumvent this difficulty the effects
of the contact-surface motion are assumed to be negligible and the mat ching
procedure is performed at the diaphragm station - a fixed or stationary
location x0.

For the first step in the matching procedure at the diaphragm
station (x = x0) the overpressures of the channel gas tip1 (Eqs. 2.7 and
2.8) and the driver gas tiP2 (Eqs. 2.10 and. 2.11) are equated, yielding
the following interme diate result .

- 2(i-1)a1/a2 
+ =

+ a2P2~~~[
fj(~) H(~-2i+l) + h~(~) Hc~-2i+l)] (2.16)

For this boundary (x = x0) ~ equals (a1t - x0)/xo, ~ equals (a2t -and ~ equals (a2t + x0)/x0. Certain terms in Eq. 2.16 consequently have
equivalent step functions, which can be grouped. accordingly, such that
Eq. 2.16 can be rewritten in the following equivalent and more convenient
form.

a1p1 gj(~) = -tip0x0 + a2p2 f~(,~) i = 1 (2.17)

a1p1 g~(~) = a2p2 h~~1(~ ) + a2p2 f1(~) I = 2, 3, .. .,~~~ (2.18)

The first expression (Eq. 2.17) shows that at the contact surface the over-
pressure of the first (shock) wave in the channel (ai) matches exactly the
sum of the initial overpressure in the driver (tip0) and the overpressure of
the first (rarefaction) wave in the driver (t1). The second expression
(Eq . 2.18) shows that, for the jth wave interaction at the contact surface
(see Fig. 6),  the sum of the overpreasurea of the incident wave (hi_i) and
reflected wave (fj) matches exactly the overpressure of the transmitted wave
(gi).

- 

- 

The second and final step of the matching procedure at the diaphragm
station (x x0) is to equate the particle velocity of the channel gas tiu1

~ 
(Eqs. 2.7 and 2.9) to that of the driver gas tiu2 (Eqs. 2.10 and 2.12), giving
the following intermediate result.
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+ 1)] =

i=l

Z1 

[h~ (~ ) H ( ~-2i+l ) - f~~~ ) H(
~~

2i+1)1 (2.19)

Like the previ ous result for the overpressur e (Eq . 2.16) certain terms in Eq.
2 .19 have equivalent step functi ons , which can be grouped. accordingly, and
Eq. 2.19 rewritten as shown below.

gj (
~

) = f ~(i~) i=l (2.20)

g~ (
~

) = h~~1(~) — f
~(’i) 

i=2, 3, ..., (2.21)

The first expression (Eq. 2.20) shows that at the contact surface the par-
ticle velocity of the fi r st ( shock) wave in the channel (g1) matches exactly
that of the first (rarefactibn) wave in the driver (f1). The second ex-
pression (Eq. 2.21) shows that, for the jth wave interaction at the contact
surface (see Fig. 6), the sins of the particle velocities of the incident
wave (liii) and reflected wave (fj) matches exactly the particle velocity of• the transmitted wave (gj).

There is actually a third. boundary which is the end of the shock-
ti~be channel . However , this boundary need not be considered here as it has

- already been implicitly assumed. that the channel is either infinitely long
or terminated by a perfect reflec+.ion eliminator such that no reflected or
other waves arise from this boundary .

Now that the matching procedure has been completed the resulti ng
equations can be used to obtain final expressions for the jth velocity
potentials gj(~ ),  fj(~q) and hi(~) .  From Eqs . 2.17 and 2.20, which are
simultaneous expressions in gj( ~) and. r~(i~) ,  one can obtain g~ ( ~) and fj( ~

)
exp1i~itly . In a similar manner, from ~qs. 2.18 and. 2.20 , gj t~) and fj t ’i)
for i greater than unity can be obtained. in terms of h1_1(~). These results
are simr~rized below.

-Ap x
gj~~) = 

a1
p
1 
+°a~p~ 

il

(2.22)
- 2a2p,.,

g~~ (~~~) 
= 

+ 
~~ 

h~_1(~) i2 , 3, ...,

t~~x
= 

a,p ~ ~~
p i l

H ~.l ~~2 (2.23)

fj (’i) = : ~:: 
h~_1(~) i—2, 3, ..., °°

9
• 

-

• - 
•
~~~~-.-- 

,
~~~~

-• —
~~~~~~~~ 4 ~~~• 

- - ________________



- —

Then , in a straight-forward procedure using Eqs . 2.114, 2.22 and 2.23,
explicit expressions can be obtained for g~(~ ), f~(i~) and h~(~). These
expressions can be easily integrated to yield. the final result s for
g1(~ ) ,  f1(v1) and h1(~ ) ,  which are given below.

-tip x ~g1~~) = 
a•]~P~ a2p2 

1=1

(2.214)
p - a p  1-2 2a2p tip x ~

= [ alP~ 
+ ~ 1 + a p 2~~ 

i=2 , 3,...,~

r~~ 
- a2p 1i-l tip x

f (
~) = I i 1 , 2 ,..., oo (2.25)• i L al~i 

+ a2p2 a1
p1 + a2p2

r a ,p - a p  ,i-l tip x ~
h ~~ 

= ~~l 22 ~ o ~ 1=1, 2 , . . . ,oo (2.26)i L a1p1 + a2p2 a~p1 + a2
p
2

Note that the constant s of integration have all been set equal to zero
because they are arbitrary, and g’(~ ) ,  f’(i~) and. h~ (~ ) can be easily recov-
ered by differentiation. Also, these fi~ai expressions for g4(~ ) ,  f~(~i)
and h1 (~

) are valid away from the two boundaries x equal to zCro and. x
as x In ~~, i~ and ~ need no longer be restricted. to zero or 

0

• The solution for the wave motion in a rectangular shock tube util-
izing different driver and channel gases has now been obtained. The final
results for the jth velocity potenti als g1(~ ) ,  f1(’I ) and h1(~) (Eqs. 2.214,2.25 and 2.26) can be substituted into the expressions for the total velocity
potentials ~, and ~~~ (Eqs . 2.7 and 2.10) . Then the two respective expres-
sions f or th~ overp~essure and. particle velocity of the channel gas follow
from Eqs . 2.8 and 2.9, and those for the driver gas follow from Eqs . 2.11 and.
2.12.

It can be seen from the solution of the wave motion in the rectan-
gular shock tube that the specifi c impedances of the channel gas (a, p )
and the driver gas (a~,p~,) play an important role . In fact , the imp~r~ant
parameter is the rati~ ~f these specific impedances. This ratio is denoted
by the syn~ o1 C and it can be expressed in the following alternate forms
by usiri~ the equation of state (p=pRT ) and the isentropic sound-speed rela-
tion (a~ = yp/~

, iR 0T/M) .

a p  y a , r 7~,M2 T i~
= ____ -—  = I ‘I (2.27)y1a2 ~ ~i 

14]• T2 j

The respective sythols y, p, R, T, R0 and M denote the specific heat ratio ,
pressure , gas const ant , temperatur e, universal gas constant (R 0 M R) and
molecular weight . It is worth mentioni ng that the impedance ratio 0 equals
imity not only for the simplest case of identical drive r and channe l gases
having the same temperatures but also for the specific case of different
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driver and channel gases provided that y M.L/T, ~qu&ls 
~2 Ivi,/T 2. Further-

more, the impedance ratio a equals 
~~ 

!~ /7, M~~ for the v~ry importantcase of lifferen~ driver and. channel gas~s ~avtng equal temperatures , and
a equals (T /T, )~ for the not so practicable case of identical driver and
c~vinel gas~s ~aving difierent temperatures.

A s~t of values of the specific impedance ratio a (a2p2/a1p,~ =
(72 

~2/72 
M2)~ if T1 T2) was compiled for certain interesting different

ccm~ inatIons of driver and. channel gases having identical temperatures,
• and they are given in Table 2 • The smallest values of a occur when a

light driver gas such as hydrogen (H2) or helium (He) is used. in conjunc-
tion with a heavy channel gas such as dicblorodifluoromethane (Cd 2 Fp ) ,

sulfer hexafluoride ( SF6) or octaf].uorocyclobutane (C14 F8). On the other
hand. the largest values of i occur when the driver gas has a high molec-
ular weight and the channel gas has a low molecular weight. For nearly
equivalent molecular weights of the driver and. channel gases the specifi c
impedance ratio is always nearly equal to uni ty.

The wave that propagates in the channel gas is one of the most
important features of the wave motion . For this reason the signature of’
pressure signature, as derived from Eqs . 2.7, 2.8 , 2.2 14 and. 2.27 , is
given below:

00

• tip1 = ~~~ H[~~+l) ~ 
(
~ ; : )

1~~2 
H(~ - 2(i-l) + 1)] (2.28)

After the arrival of the first shock wave (gj) at time (x-xo)/a1 at a fixed
distance x in the channel, each successive wave (gj) arrives at time (x-x0)/
a1 + 2(i-l)x0/a2, or after equal time intervals of 2x0/a2 . Each successive
wave has an initial overpressure of zero and features a sudden change in
overpressure at its wave front to a constant value thereafter. The first
wave has an amplitude of tip0/(i+~), and each of the following waves has a
successively smaller amplitude by virtue of the factor (l-a)/(l+a ) raised to
the pow~’r i-2. Because each successive wave is superposed. on the previous
ones the total overpressure signature consists of an infinite sequence
of constant overpressure segments, each segment having a duration of 2x0/a2 .
The sum of’ terms giving each segment of the signature has the form of a
finite geometric progression. Consequently the following geometric sequence
can be d.erived for the amplitude of the jtn segment.

1 _____

I~~
-
~
-: ] 

i-=l, 2 ,...,oo (2.29)

This expression is more convenient to use when constructing the overpressure
signature than Eq. 2 .28.

Five di fferent predicted overpressure signatures of the wave moving
in the channel are shown in Fig. 7, corresponding to specifi c impedance ratios
(i) of 0.2 , 0.5, 1.0, 2.0 and 5.0. Although these impedance ratios represent
general cases of different driver and channel gases having different tempera-
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tures, various important combinations of equivalent-temperature driver and
channel gases which have such impedance ratios and would thus produce such
signatures can be readily deduced from the information given in Table 2.
The top two signatures in Fig . 7 for the case of a ligh t driver gas and a
heavy ch&’mel gas (low ~ values of 0.2 and 0.5) exhibit a series of very
noticeable descending ‘steps’ and have relatively high peak overpressures
(O.83tip and 0.67tip0) for a given pressure difference across the dia-
phragm ~tip0). In general the duration of each constant overpressure
segment (2x0/a2) would. be relatively short because the sound speed of a
light or heated driver gas (a2 ) in relatively high ( see the information
in Table 2 on the sound speed of different driver gases) . The center
signature for the case when a has the value of unity exhibits a single step
having an amplitude of’ 0.5Ap0 and a duration of 2xo/a2. This signature
corresponds to the well-known case of identical driver and. channel gases
having the same temperature. However, it can also correspond to the
specific case of different driver and channel gases provided 72
equals 72 M2/T2. The bottom two signatures for the case of a heavy driver
gas and. a light channel gas (high values of a of 2 and 5)  exhibit a series
of steps that alternate markedly in amplitude from positive to negative
values as they diminish in absolute magnitude . The relatively l~~ peak
overpressure of these two signatures (O.33tip0 and 0.17tip0) in comparison
to the pressure difference across the diaphragm (tip0) illustrates the
inefficiency of using a heavy driver gas to produce a relatively strong wave

• in a light channel gas . Note that these two signatures will have rela-
tively long durations because the sound speed of the heavy driver gases will
generally be low.

The particle-velocity signature of the wave moving in the channel
gas has the same features as the overpressure profile , because the particle
velocity of this planar wave is directly proportional to the overpressure

= tip,ja1p.j). The preceding remarks concerning the overpressure profile
therefore apply equally well to the particle-velocity signature .

The motion of the channel gas and contact surface, owing to the
wave motion in t:ie rectangular shock tube, can be determined in the fol-
lowing maimer. The particle-velocity signature like the overpressure
profile consists of a sequence of’ descending or alternating constant over-
pressure steps or segments. The particle velocity (tiu1 tip1/a1p~)associated with the jth se~~~nt of’ its profile follows from Eq. 2.29 for the
overpressure and is given below.

_____ r 1-a 1 i l  i = 1, 2 , . . . ,  oo (2.30)
l + v  [l~a j

During each constant particle-velocity segment of’ the profile , which has a
fixed duration of’ 2x0/a2, the particle path will be a linear function of
time. The displacement of a fluid particle by the ith segment of’ the wave
is thus equal to the result of Eq. 2 .30 multiplied by 2x0/a2 . The acc~~u-
lated displacement of a fluid particle after n successive segments of
duration 2x .Ja2, or at successive times 2r1x0/a2 measured from the wave
front , can be determined by addition , and this result is shown below .

- 
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= l , 2 ,... ,00 (2.31)

Because this sum is in the form of a geometric progression , Eq. 2.31 can
b~ easily expressed in an alternate and shorter form. By noting thata~ equaL~ y , p 2/p~ or y~p /p2 to first order, the final expression forE~. 2.31 takes the fo1~o~ing form.

[1 - (~ ; :)~ 1 
~~~~~~~~ = i, 2,...,~ (2.32)

In stmmary, this expression gives the di splacement of a flui d particle x-x~from its initial location x~ at successive times 2!~Xo/a2 measured from the
wave front . The displacement during each time interval 2x0/a2 is a linear
function of time.

The wave moving in the channel gas induces the same d.isplacemert
x-x* for each fluid. particle because its predicted signature and amplitude
are invariant with distance. Consequently, the contact-surface displacement
x-x is also given by Eq. 2.32 . The total displacement of any fluid
par~ic1e and also the contact surface for large times ( n—i co) becomes in-
dependent of’ the specific impedance ratio (a) and tends to a constant value
of’ tip xo/72 p1. This total displacement is normally small when compared
with ~he driver length (x ). For example , even if the pressure difference
across the disphragm (tip0~ is quite high at p,j20 ( one twentieth of’ an
atmosphere) and 72 equals 1)4 for a diatomic driver gas , the total dis-
placement is only x0/28 or 3.6% of the driver length . Note that the
original asstu~ tion for the analysis that the contact-surface displacement
was negligible compared with the driver length was therefore very reasonable .

Three different particle paths corresponding to values of the
specific impedance ratio • of 0,2 , 1.0 and. 5.0 are shown superposed on
the time-di stance diagram in Fig. 8. The displacement x-x* of a fluid
particle from its initial location x has been exaggerated. for clarity.
For the ci. se when a equals 0.2 the dtsplacement increases monotomically to
its maximum value of op0 x~/7 p • This particle-path behaviour is typical
for the case when a lies in t~e ~‘ange from flero to unity, or when a light
driver gas is used in conjunction with a heavy channel gas • For a driver
and channel gas having a specifi c impedance ratio of unity the displace-
ment increases linearly to its maximum value tip xJ y0 p.~ in a time
interval of 2z,/82, after which the displacemen~ is c~nstant . For cases
when the specific impedance ratio is greater than unity the di splac ement
alternately increases and decreaøes linearly as the final value tip~, xd
72 p1 is approached, as illustrated In Fig . 8 by the particle path for
which a equals 5.

The fins], displacement of the contact surface x-x0, which equals
tç xJ 72 p , can be derived in an alternate manner , thereby providing a
ve!ua~1e in~ependent check on the results of the preceding analysis for the
rectangular shock tube • Let the driver gas have an initial pressure of’

+ and an initial density given by mJAx , where m is the total mass
of the driver gas, Ax,) is the driver vo1u~e a~d A is th~ cross-sectional
area of the shock tube. Now let the driver gas expand isentropically (as
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it would for acoustic wave motion) to a final density of mo/Ax and a
fi nal pressure of p 1 which is the initial pressure of the channel gas .
The following isentropic expression relating the initial and final
pressures and densities can therefore be applied.

p + tip0 
— 

j - m0/Ax0-p~. r ~~
0 

+ X - X
0172_

pl 
- L ~~~ J - [ (2.33)

Consequently, to first order, the final contact-surface displacement
x-x0 equals tip0 x0/y2 P1, in exact agreement with the result of the
previous acoustic analysis.

A further interesting and independent check on the acoustic
analysis for the rectangular shock tube is provided by conventional
shock-t ube theory, which can be found in Ref.  17. For a constant-area
shock tube utilizing perfect driver and channel gases having a small or large
pressure difference across the diaphragm (tip0),  the following conven-
tional shock-tube equation can be used to predict the peak overpressure
(tip~j  of the constant-amplitude shock wave in the channel gas.

_272r 
~~~~ 

1 r tip, 1 r (v~—l)(a~,/a,,)(½1/p,) 1I i + — t = I i +— - I I i -  
_ _ _ _ _ _ _ _ _ _  ~2 (2.314)

L P1 J L P1 i L .I~~j (71
_1) tip1/p1+4~~ J

Fr om this equation it can be easily shown tiEt , when ~~ is much smaller
that p,, the peak overpressure of the first shock wave ?L~-~) equals
tip0/(l a) ,  in exact agreement with the corresponding result of’ the
previous acoustic analysis. It is worth mentioning that although the
conventional shock-tube equation is valid. for large as well as small
pressur e di fferences across the diaphragm, the aq~~tion is limited in that
it can predict the amplitude of only the first but most important par t
of the wave in the channel gas . Admittedly, addi tional shock-tube theory
can be applied -~o predict the complete wave motion for all time in the
constant-area shock tube . However , the procedure is prohibitive ly
difficult . Consequently, the acoustic solution for the complete wave
motion in the shock tube , even thoug h it is restricted to acousti c waves ,
is very valuable .

Some overpressure measurements were made in the channel of a
constant-area shock tube , in orde r to provide an experiment al check
on the validity of’ the acoustic analysis for the rectangular shock tube .
Three of the measured overpressure signatures are presented in Fig. 9.
For the profile shown in Fig . 9a the drive r and channel gases were both
air having the same temperature. The profile shown in Fig. 9b correspond s
to the case of helium in the driver and equivalent-temperature air in the
channel . For the opposite case of air in the driver and. helium In the
channel, the signature appears in Fig. 9c. Other pertinent data are
given in the figure • Qualitatively the measurements substantiate the
main features of the acoustic solution .
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For a quantitative c~~~ arison of measured and predicted overpres-
sure signatures the measured results of Fig. 9 have been reproduced in Fig .
10 and compared directly with the predicted signatures. Even for these
extremely strong acoustic waves (amplitudes of about 5 kN/rz~ or one-twentiethof an atmosphere) the predicted and measured profiles are in good agreement .
From experiment s], data such as those shown in Fig . 9 it was found that the
acoustic analysis was still valid. when the pressure difference across the
diaphragm (tip0) was as high as 25 1N/n~ , giving wave amplitudes of approximately
10 kN/m2. Note that one of the main differences between measured and pre-
dicted signatures is that the rapid changes in overpressure in each experimental
profile are not instantaneous (see Fig. 9) .  The long rise time of about 0.5 ms
associated with each of these shocks is due to poor diaphragm breakage result-
ing from the relatively small pressure difference across the diaphragm.

3. F RA}IID.AL SHOCK TUBE
3.1 General Solution

The pyramidal shock tube, which is depicted in Fig. 2b, consists
essentially of both a pyramids]. driver and channel having the same divergence
angle and. joined at a cossnon-area station where a suitable diaphragm can be
insta1le’~. Thi s diaphragm separates a normally atmospheric pressure channel
gas from a slightly higher pressure driver gas • For generality of the
analysis, which follows that in Chapter 2, let the initially quiescent driver
and channel gases be different and also have different temperatures. Before
the diaphragm is broken the appropriate initial conditions can be swimarized
mathematically as follows.

Channel (r > r0): tip1 
= 0 (3.1)
= 0 (3.2)

Driver (0< r <  r ) : tip2 = tip (3.3)
tiu2 =O (3)4)

The respective symbols tip, tiu, and. tip0 denote averpressure , particle velocity,
and pressure difference across the diaphragm, whereas the respective subscri-
pts 1 and 2 refer the appropriate symbols to the channel and driver gases .
The radial distance r is measured along the shock tube starting from the apex
of the pyramid as shown in Fig . 2b , and the diaphragm is located at a distance
r0, thereby making the driver length equal to r0.

For the preceding initial conditions the ensuing wave motion in the
pyramidal shock tube after the diaphragm is broken is rather complex . This
wave motion can be depicted. conveniently on a time-distance diagram, as shown
in Fig . 6, where the locus of each wave front has been drawn. On breaking the
diaphra~ n in the shock tube the resulting rapidly expanding driver gas pro-
dunes a weak shock wave (g,) in the channel gas . Simultaneously a weak rare-
faction wave (f1) moves into the driver gas and eventually reaches and re-
flects from the driver apex . This reflected. wave (h,) propagates through
the &river gas and interacts with the contact surface or interface of the driver
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and channel gases. Because the contact-surface displacement is normally
negligible in comp~’~’ison with the driver length , the contact-surface path is
shown in Fig. 6 ~i~~ly as a vertical dashed line . Owing to the change in
specific impedance (product of the density and sound. speed) across the contact
surface the reflected wave (ii ) is partially transmitted to the channel
(g2 ) and partially reflected. ‘~ack into the driver (f 2 ) ,  The subsequent
oscillatory wave motion between the contact surface and driver apex creates
a sequence of waves in the channel. The integrated result of all of these
individual waves (gj, I 1, 2 ,...,o~) yields the total wave in the channel.

For a low-pressure-ratio pyramidal shock tube for which the pressure
difference across the diaphragm tip is much less than the absolute pressure of
the channel gas , the waves in the ~river and channel are relatively weak . The
wave motion can consequently be described adequately by using well-known
acoustic theory. The one-dimensional spherical wave equations which govern
the acoustic wave motion in the channel and driver gases are given below.

Channel ( r >  r ): ~2 ( r4’ ) ~2 
~ ~~~~0 

~~ 
— a 1 2 (3.5)

Dri ver (o < r < r ) ;  ~
2(r$ ) ~

2(r4> )
~ = a ~ (3 .6)

The respective symbol s 4> , a and t denote the total velocity pot ential , soun d
speed. and time.

For the anaJ.ysi., it is convenient to express the total velocity po-
tential of the channel gas (4 >, ) in its more basic form consi sting of the sum
of velocity potentials of indtvid.ua]. waves in the channel . This is simil-
a n y  so for the tot al velocity potential of the driver gas 

~
4>2~ 

The new
forms, ane. the related expressions for overpressur e and. particle velocity,
are all smm~~rized below .

Channel ( r >  r ) :

4>1 = 

~ ~~l 
~~~~~~ 21+2)1 (3.7)

tip1 -p1 ~~~~~
— (3.8)
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Driver (0 < r < r ) :

t i p t  14> 2 = - p 2 
+ 

~~ ~~~ ~ 
H[i)-21+l) + h~ (~ ) H f

~
2i-f 1) 1 (3 .10)

= - p
2 ~~~~~~ 

(3.11)

= (3.12)

In the above expressions: p denotes density; the respective nondixnensional
variables ~~, ~ and 8 equal ( a1t - r + r )a2/a,r , (a~t+  r)/r  and (a t - r)fr
g~(~ ) ,  f~(ii ) and h ’(~ ) denote the ve1oc~ty pote~tials of the°ith dis~urbance~( see fig. 6) and t~1e prime ( ‘ )  denotes differentiation of the variable with
respect to the argument given in the following brackets; and H(T1) denotes the
un.it step function which equals zero prior to the arrival of’ the 1th wave
(T j< 0) and equals unity after the arrival of its wave front (Ti> 0). The
form of the total velocity potentials 4>

~ 
and. 4>2 ( Eqs . 3.7 and 3.10) are

quite general but not arbitrary, as they have been chosen to satisfy both
their respective wave equations (Eqs. 3.5 and 3.6) and their associated m i-
tia.1 conditions (Eqs. 3.1 and 3.2 and Eqs . 3.3 and 3) 4) . As an example of
satisfying the initial conditions the term -tip0 t/p2 in Eq. 3.10 accounts for
the pressure difference across the diaphragm (tip0) for time t less than zero.

The presently known velocity potentials g!(~ ) ,  f!(i~) and h~ (~~) can
now be determined by evaluating the effects of two ~iffere?~t boundaries on the
wave motion. The first boundary to be considered is the driver apex. At
this stationary boundary the particle velocity of the driver gas must be
zero for all time. By setting the particle velocity of the driver gas tiu2
(Eqs. 3.10 and. 3.12) equal to zero at this boundary where distance r is
allowed to approach zero the following intermediate result can be obtained .

~ [~ ~~~~~ H(~ -21+1) - h~~~) H(~-2i+1))

* ~~ H[il -21+1) +h~~~) H (
~ 2i+i ))1 = (3.13)

r

In the limit when r equals zero the following result can be obtained.

H(~ -21+1) + h~(~) H(~ ~2i+ 1) 1 = (3.i~ )

Owing to the mathematics]. structure of Eq. 3.1~+ this expression will in
genera.]. be identically zero for all time if and only if certain terms having
equivalent step functions cancel exactly. As r~ and ~ both equal a2t/r0 at
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the boundary r equal to zero, the lengthy Eq. 3.l~4 can consequently be
rewritten in the following equivalent and more convenient form.

— 

h~ (~~) = -f ~(~ ) i 1, 2 ,...,co (3.15)

This result illustrates that the particle velocity of the ith wave having
a velocity potential f .~~(11) is countered exactly at the driver apex by the
particle velocity of t~e corresponding reflected wave having a velocity
potential h~(~ ) ,  thereby leaving no net particle velocity at the stationary
boundary.

The second boundary to be considered is the interface of the
driver and. channel gases. At the contact surface the overpressure and par-
ticle velocity are taken to be continuous after the diaphragm is removed,
and. the effects of diffusion , heat transfer and turbulent mixing are neg-
lected. The matching of the driver and channel gas overpressures and
particle velocities at the contact surface can be difficult mathematically
because the contact surface is not stationary nor is its motion kaown apri.oni .
To circumvent this difficulty the effects of the contact-surface motion are
assi~~ d to be negligible and the matching procedure is done at the dia-
phragm station - a fixed or stationary location r0.

For the first step in the matching procedure at the diaphragm
station ( r=r0) the overpressure of the channel gas ~p1 (Eqs . 3.7 and. 3.8)
and the driver gas tip~ (Eqs . 3.10 and 3.11) are equated., ther~~y yield-
ing the following intermediate result.

~~~~~~~~~~ 
:

_2i
~~~] 

-~~~~~ r2/a2

+ P2~~~ [f~(i)) 
H(i~-2i+l) + h~(~ ) H(

~~
_2i+l)1 (3.16)

i=l

For the boundary in question for which r equals r0, ~ equal s a2t/r ,
equals (a ,t + r )/r and ~ equals (a t - r )/r . Certain terms in°Eq.
3.i6 cons~quentIy hive equivalent st~~ fun~tio~s, which can be grouped
accordingly, and expressed in the following equivalent and more convenient
form.

= 
~~~O ‘o’~ ’2 + p

2 ~~~~ (3.17)

~1 = p
2 

h~_ 1~P) + P2 
f~(1)) i 2 , 3,...,co (3.18)

The first expression (Eq. 3.17) shows that at the contact surface the over-
pressure of’ the first (shock) wave in the channel (g1) matches exactly the
sum of the initial overpressur e in the driver (~~~) and the overpressure of
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the first (rarefaction) wave in the driver (f 1). The second expression
(Eq. 3.18) shows that , for the jth wave interaction at the contact
surface ( see Fig. 6), the sum of the overpressures of the incident wave
(hi 1) and reflected wave (f1) matches exactly the overpressur e of the
transmitted wave (gi).

Equation 3.17 and 3.18 can be integrated with respect to time to
yield the following useful results.

~1 gj (~ ) = - tip0 r t + 

~2 
f~(~) i=1 (3.19)

p
1 

g~ (~ ) = p
2 
h~~1(~) + p2. f!(~) i~2 , 3,...,oo (3.20)

The constants of integration are each equal to zero because the velocity
potentials g

~(~), f~(~) and. h~(~) are each equal to zero at their respective
wave fronts. Note that Eqs . 3.19 and 3.20 illustrate that the product of
density and velocity potential (p4’) is continuous at the contact surface
after the diaphragm has been removed, just like the overpressure (tv) and
particle velocity (tiu) .

The second and final step of the matching procedure at the dia-
phra~~i station (r =r ) is to equate the particle velocity of the channel gas
tiu.~ (Eqs. 3.7 and 3~9) with that of the driver gas tiu2 (Eqs. 3.10 and 3.12) ,
thereby giving the following intermediate result.

g~~~) + gj (~ )) H(~~ 2i+2)] =

1=1

+ h~(~~) H[~.-2i+1) - (f~
(
~
) - ç(ri)) HCii_2i+l)] (3.21)

Like the previous result for the overpressure (Eq. 3.16) certain terms in
Eq. 3.21 have equivalent step functions, which can be grouped accordingly,
and expressed. in the following equivalent and. more useful form.

+ gj~~) = ~~~~~ + f~(t~) i 1  (3.22)

.1 g”(~) + ~~(~) = h~~1~f i)  + h~~1(~) 
- f~(,~) + r~(i ’~) 

- - ... .(3.23)
i=2 , 3,..., co

The first expression (Eq. 3.22) shows that at the contact surface the particle
velocity of the first (shock) wave in the channel (g1) matches that of the
first (rarefaction) w~~e in the driver (

~~
)• The second expression Eq. 3.23

shows that, for the I wave interaction at the contact surface (see Fig. 6 ),

~Li 
- 

.-

- 

19



p the sum of the particle velocities of the incident wave (hj_ 1) and re-
flected wave (fj) matches exactly the particle velocity of the trans-
mitted wave

There is actually a third boundary which is the large end of
the pyramidal channel. However , this boundary need not be considered. here
as it has already been implicitly assumed that the channel is either in-finitely long or terminated by a perfect reflection eliminator such that
no reflected or other waves arise frcmi this boundary .

Nov that the matching procedure has been completed the resulting
differential equations for g1(~), f (ii) and hj(~) can be cast into a more

— 
amendable form . From Eqs . 3.17, 3.~9 and 3.22 one can obtain differential
equations for g1(~ ) and f1(v~) .  In a similar manner , from Eqs . 3.18 3.20and 3.23, differential equations can be obtained for gj(~) and f~(’d , where
I is greater than unity. These results associated with the bounaary r
e lual to r0 and. the ~ ~vious result (Eq . 3.15) for the other boundary r
equal to zero are s~minarized below.

tip0 r~ a,1
a (~~l)a (p -p ) ii 22 2

+ 1 2 1 &~~) = (3.2!4)a,p +a p i ~~~~ a111 ‘~~~~~ 
_ _ _ _ _ _  

~~h” ( )  i—2 38LP1+a2P2 1-1 
— , ,.

i ~p r2 a... a
0 0  

~~~~~-i+.—~~) 1=1
a (p,-p ) a1p~ a2p2 °2 a1 

~ 25f”( ) + 
1 1 f ’(  ) /

I ~ ~1
p
1~~2

p2 ~ 
‘
~ a,1

p~-a~p~ 
h’t (

~
) 

a1(p2-ç1) h’ (
~

)
~~a1p1

+a2p2 1-1 a1p1
+a2p2 i-i

i=2 , 3 , . . . ,co

h~(~) = ~f~(~) i=1, 2,...,~ (3.26)

The above set of differential equations for g1(~ ) ,  fj(’i) and. h1(~~) can
be uncoupled and si~bsequent1y solved to give explicit expressions forgi(~ ) ,  fj(~~) and hj(~).

A convenient ini tial step in solving the differential equations
is to find a recurrence relationship for f~(q) . Using Eq. 3.26 we can

• rewrite Eq. 3.25 in the following form.
2

tip0 r r n-i 1
+ ~ f~(ii) = 

a2
p
2(. 

+ 1) 
~• 

i+~+L + a j = ~ 

(3 .27)

~~~~f~~1(i~-2) +~~~~ fj 1(TI—2) i 2 , 3, . . . ,  ~
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The nondimensional parameters a and 2 are equal to a2p2 /a1p1 and
(a1p1+a2p2)/a1(p2_p1) respectively. It should be noted that f~_1 (i~-2)
and f~~,(~-2) in Eq. 3.27 are expressed correctly, as the variabTe ~-2
in the 6rackets (instead of simply i~ ) is required. to ensure that the func-
tion f~_1 (i~-2) on the right-hand side of the equation is properly phased in
time witri the function fj(I)) on the left-hand. side. After multiplying the
ith differential equation for fj(?i) (Eq . 3.27) by exp t (~~-2i+ 1)/2 1 and
partially integrating with respect to time the following recurrence relation
for f~(~) can be obtained.

I tip r2 2 1
a~p~ ( a +  1) exP (_ !~j_ )f [(l+a+2) y + a] exp(y) d.y i=l

= 

~~~~~~~~~~~ ~~~~~~~ + exp (- ~r ) f  f ’ (2y+2i-3)

i=2 , 3 ,... ,~~

From these results the ith velocity potenti al can be determined , and it is
given below.

= 
at2~~~~~~~~~~~~~~~~~

1 

(~~)(~~~
)
~~1 

(~~~
)
i 

I~(~~2i÷1) (3.29)

The notation (~
) denotes the well-known binomial coefficients, which can be

expressed as m~/n~(m-n) ’., where the symbol denotes the factorial function.
For convenience and Illustrative purposes the first five velocity potentials
f~(~) are given in expanded form in Appendix A , along wi th the correspondIr~first four expanded functions I~(t~-2i+l ) .  The functions I4(1~-2i+l) can beexpressed in the following recu~rence form .

r~~/L
t ( i+a +2~r i-s] exp(y) d.y j=l

I’(w) ~ 
0

/2 (3.30)

~exp(_w/2)f I~~1(y) exp(y) dy 
j=2, 3 ,. . ., 00

L o

Alternatively the ~th f~ iction I’(11-2i+l) can be expressed in the following
more elegant form.

= e~~(-~/2)J  . . .1... J [(i+a+2) y + a] exp(y) dy (3.31)
0 0

In either case the final results for the 1
th function i~(’q-2I+i) can be

determined, and it is given below .

i-k

;. 
_ _ _ _ _ _ _ _• T:1TT ~

)+‘ + 

I~~~~~~~ 

exp(-w/2) (3 32)



The solution for the wave ~~~ion in the pyramidal shock tube utilizing
different driver and channel gases has now been obtained, although further work
is required to get explicit expressions for the overpressur e , particle velocity
and particle path of the driver and channel gases. The result for the jth
velocIty potential fj (~1) as given by Eqs. 3.29 and 3.32 can now be used to
obtain the 1th velocity potentials for hj(~) and. g~ (~ ). The appropriate
expressions for h~(~) and g~(~) which stem fr om Eqs . 3.15, 3.19 and 3.20 , are
given below.

h~ (~~) = - f~~~) I = 1, 2 , ..., (3.33)

1= 1
= 

a1 P1 a2 1 
(3 . 3k)

~~ f~ (~ +1) - -~~~~~ f~~~~~-l) i = 2 ,3 , . . . ,

These results for gj(~ ), f1(i~) and hj (e) can be substituted into the expressions
for the total velocity potentials 

~~ and ~~ (Eqs . 3.7 and 3.10). Then the two
respective expressions for the overpressure and particle velocity of the channel
gas follow from Eqs. 3.8 and 3.9, and those for the driver gas follow from
Eqs. 3.11. and 3.12. Although the solution is rather complex and lengthy, the
overpressure and particle velocity signatures for both the channel and. driver
gases can be obtai ned fairly easily by using a digital computer .

It can be seen from the solution of the wave motion in the pyramidal
shock tube that both the ratios of the driver and channel gas sound speeds
(a2/a1) arid densities ( poJ’pl) play important roles not only separately but
also in a combined form (e.g., see Eqs. 3.29, 3.32 and 3.31k). The important
combination a2poja1p1 has been denoted by the symbol ~~. This nondimenslona].
parameter can be expressed in the following alternate forms by using the
equation of state (p — pRT) and the isentropic sound-speed relation (a2 = yp/p
7R0T/M).

a2p2 ~2a1 r y214~T1 11/2a = —i— = —i— = L 71M,1T2

The respective symbols y, p, R, T, R0 and M denote the specific heat ratio,
pressure, gas constant, temperature, universal gas constant (Ro = }IR) and
molecular weight . It is worth noting that the specific impedance ratio a
equals uni~ r not only for tbe simplest case of identical driver and channel
gases having the same temperatures but also f or the specific case of different
driver and channel gases provided that ~1M1/T1 eq~q~s ~~?~/T2. Furthermore,the specific impedance ratio a equals ( y / ~~ M~j ~ I ’~ for the very important
case of differeqt driver and channel gases having equal. temperatures and a
equals (T3JT~)1I2 for the not so practicable case of identical drive r and

$ channel gases having different temperatures.

A set of values of the specific impedance ratio a was compiled for
certain different coi±instions of driver and channel gases having identical— temperatures, arid they are given in T&ble 2 • The s~~1 lest values of a occur
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when a light driver gas such as hydrogen (H2) or helium (He) is used in
conjunction with a heavy channel gas such as d.ichlorod.ifluoromethane (CC12F2) ,
sulfur-hexafluoride (SF6) or octofluorocyclobutane (C14F8). On the other hand
the large st value s of a occur when the driver gas is heavy or has a large
molecular weight and the channel gas has a low molecular weight . For nearly
equivalent molecular weight s of the dr iver and channel gases the specific
impedance ratio is always nearly equal to unity.

Another important combination of sound speed. and. density ratios,
(a1p1 + a2p2)/a1(p2 - P1) or (1 + a~p2/a1p,j/ ( p2/p1 - 1), has been denoted.
by the symbol 2. This nondimensiona]. parameter can be expressed in the
following alternate forms .

~. ~~~~~~~~ 1 + F 72Z~ T1 1
1
~
’2

— 

a1p1 — ~ + ~ L y1M.~T2
7i 2 1

— - 1 — a - ] .  — -1M1T2

The parameter 2 , which plays the role essentially of a nondimensional time
constant for the wave motion (e.g., see Eq. 3.32), can take on values that range
from positive to negative infl.nity. A set of values of the parameter 2 was
compiled for certain interesting combinations of driver and channel gases
having identical temperatures, and. these result s are shown for interest in
Table 3.

The wave that propagates in the channel gas is one of the most
important features of the wave motion in the pyramidal shock tube. For this
reason the overpressure and particle velocity signature of’ this wave will be
explored. The mathematical. expression for the overpressure signature , resulting
from Eqs. 3.7, 3.8, 3.29, 3.32, 3.31k , 3.35 and 3.36, can be expressed as given
below.

= 2 ~~ [g~(~ )H(~-2i42 fl (3.37)

1 = 1

(3.38)
~~~~

(
i~2

) ( I i )
i-i l

(
2 ) i  J~~~-2i~~) I = 2,3,...,

j=1

- 2 + (i+2)exp(-t~/2) I = 0

= (3.39)

+ (J] . )~ 
(-

~~~~~
)

~~~~~~~ 1 

exp(-w/l) j 1,2,..., co

convenience and illustration the first five functions of both gj(~) and
J
1(t-

2i4~) are given expanded form in Appendix B. Note that the function gi (t)

.

~~ j  
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used in Eqs . 3.37 and 3.38 has be~n redefined slightly, diffe ring from the
previous one by a factor of L~p0r 0’/a 2p1(z+1).

Fifteen nondi mensional overpressure signatures for the channel of a
pyramidal shock tube, as computed. from Eqs. 3.37, 3.38 and 3.39, are displayed.
in Fig. 1]. for fifteen different combinations of driver and channel gases having
the sa~~ temperature. For each signature the dr iver and channel gases are
depicted in the insert . The fifteen signatures have been arranged in a sequential
order based on the specific impedance ratio a ( shown in the figure). Consequently,
the combination of a light driver gas and a heavy channel gas (z < 1) appear first

— in the sequence (Fig . h a  to lie), and. the combination of a heavy driver gas and
a light channel gas (z > 1) appears last (Fig. h g  to 110). It can be seen that
an overpressure signature corresponding to a a value that is small (z << 1) or
large (a >> i) differs markedly from an Ideal N-shaped profile for a equal to
unity (Fig. hf). However, as both an initially small or large v~~ue of’ a
approaches and equals unity the differences decrease and disappear. For
equivalent-temperature driver and channel gases , therefore , only identical driver
and channel gases can produce an N-shaped. overpressur e signature in the channel
of a pyramidal. shock tube. This conclusion can be deduced. directly from Eqs.
3.37, 3.38 and. 3.39, although it is not obvious .

Five nondi mensiona ]. overpressur e signat ures for the channe l of a
pyramidal. shock tube, as computed from Eqs. 3.37, 3.38 and. 3.39, are shown in
Fig. 12 for five different cases of identical driver and. channel gases having
different temperatures. The five driver gas to channel gas temperature ratios

are 9, 2, 1, 1/2 and 1/9, as shown in the figure , corresponding to a
values of 0.33, 0.71, 1.00 , l.~41 and 3.00, respectively. The signatures in Fig.
12a and 12b are similar to those for a combination of a light driver gas and a
different equivalent-temperature c~annel gas (see Fig . lid and. l].e) , becau se
heati ng the driver gas or alternatively cooling the channel gas make s the driver
gas light in comparison to the channel gas • On the other hand. , because cooling
the driver gas makes it heavier than the channel gas or alternatively heating
the channel gas makes it light than the driver gas, the signatures in Fig. l2d
and. 12e resemble those for a combination of a heavy driver gas and a different
equivalent-temperature channel gas (see Fig. lii and. urn ). For the case of
identical driver and channel gases having the same temperature the signature
is, of course, N shaped as shown in Fig. 12c .

It is of interest to consider the overpressure signature in the channel
of a pyramidal shock tube for the very special case when different driver and
channel. gases are used but they have equivalent densities. For this special. case
the parameter 2 (Eq. 3.36) is infinite, and the parameter a (Eq. 3.3~) equals
a2/a1 which is not arbItrary but can be shown to be equal to (~J~~)1/2 . Further-
more, to achieve such a special, case of identical densities for different driver
and channel gases the temperature ratio T2/T1 ~~ist be equal to !.~/M1. Five over-
pressur e signatures corresp onding to values of a, a2/a1 or (v~/71)V2 of 0.89,0.81, 1.00, 1.13 and 1.23, as computed from Eqs. 3.37, 3.38 and 3.39, are
displayed in Fig. 13. Note that specific sets of values for ~~ and could
be 1.67 and 1.10, 1.140 ~nd 1.10, 1.10 and l.leO, end 1.10 and 1.67 to give values
of a , a2/a1 or (72/71)1/2 equal to 9.89, 0.81, 1.13 and 1.23 , respectively. The
moat interesting feature of these signatures (Fig. 13) is that the variation in
overpressure is linear between successive sudden changes in overpresaure (shocks).
Such a linear variation occurs only when the parameter 2 is infinite or when
the driver and channel densities are equal. For this special case of equivalent-
density driver and channel gases a single N-wave results only when the sound

214

• 
~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~ - ‘:

- S - -



• — - -______

speeds are also equal (see Fig. l3c). Hence, we note once again that a single
N-shaped overpresaure signature Is possible with a pyramidal shock tube only
if the driver and channel are identical and have the sar~ temperature .

The overpressure signature predicted by Eqs . 3.37 , 3.38 and 3.39 ,
soma of which have been shown in Figs. 11, 12 and 13, are Invariant with
radial distance (wave form does not change shape) but attenuates inversely
with distance (acoustic h r  decay law). The amplitude of the first shock
is given by L~p0r0/(a+1)r. Consequently , for a given pressure difference
across the diaphragm (t~0), a combination of a light driver gas and. a heavy
channel gas having a small specific impedance ratio (a) produces a relatively
strong wave in the channel. However, the duration of this wave is generally
very short because the tima interval between successive shocks , 2r0/a2, is
small. owing to the high sound. speed. (a2) of a light driver gas. On the
other hand , the relatively low-amplitude wave for a combination of a heavy
driver gas and. a light channel gas can have a very long duration .

Although the overpressure signature described. by Eqs. 3.37, 3.38
and. 3.39 is tedious to calculate in detail , a simple expression can be found
to give the sudden change in overpressure associated with each shock in the
signature. Firstly, since ~ equals 21-2 at the wave front ~f the jth distur-bance where the shock is located, find from,,Eq. 3.39 that j0(o) is equal to
unity , j1(o) e~uals a , and a~l subsequent j1(o) are zero. Secon~ ,y, from
Eq. 3.38 for gj(~) obtain g1(0) equal to unity and subsequent g1(2i-2) equal
to 21(5_l)i.’2/(1+]ji’1. Finally, find. from Eq. 3.37 the desired. result for
the amplitude of the ith shock, which is given below .

i~p r

(a+1)r i = 1

(3 .140)
~p r  ,~ 2a 

S
\ ( ~~ 

S
\
i_2

(a+1)r~~ i~~~,)~~ i~T) 
i = 2, 3, ... ,

Relative to the first shock having an amplitude of ~~0r0/(a+1)r, the amplitudeof the second one is 2a/(.+l). Therefore , depending on the value of the
specific impedance ratio a , the second shock can be smaller (~ < 1), equal
(a = ‘1.), or larger (a > 1) in amplitude than the first one . However , regardless
of the value of a, the amplitude (absolute) of’ the third and subsequent shocks
always diminish , being smaller than its predecessor by the factor (a-1)/(s+l) .
(see the overpressure profiles given in Figs. 11, 12 and 13.)

The mathematical expression for the particle-velocity signature of
the wave propagating in the channel gas can be determined directly fr om Eqs .
3.7 , 3.9, 3.29, 3.32, 3.3 14 , 3.35 and. 3.36 . Alternatively and more simply it
can be derived by using the following acoustic expression which relates the
particle velocity to the 1u~own overpressure (Eqs . 3.37, 3.38 and 3.39) of a
spherical wave moving away from the origin .

=~~~~~ + !— 
fL~(~~r/a) dy (3. 141)
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In either case the final results for the particle-velocity signature are given
below.

= 
a~,P3,(~+l) 

._2 
~~ [ 

g~(~) + .~~ ~2 g
~(~) 1 H (~-2i+2 ) (3. 142)

i=l

i = l
g’(~) = i— l . (3 . 143 )I ~~~~~~~~~~~

(
~~~~

)
i-3-l

( 2 )
i 

J~~~-2i~~ ) I = 2 ,3, . ..,~

~ 
2(1+ 2) - 2~ - 2(],+2)e”~V’2 

j  =

= (3. 1414)j  

~ 2( 1~~÷2)  [
2 (1+2) 
(~~)

i 
+

~~~~~ ~~~~~~~~ 

(w)i-k
1

k=l
j  = l,2 ,...,co

Note that the 1th function g~( ~
) an~1 the associated ~th function J~ (w) are

not given here as they have been defined. previously by Eqs. 3.38 and. 3.39,
respectively.

The particle-velocity profile is not invariant with radial. distance
like the overpressure profile, because it consists - of two parts or two sums
of’ terms which have different dependences on radial distance. The part of
the particle-veloc ity expression cont aining the sum of the gj( ~

) terms has
a dependence on radius of’ h r 2 . This part of the particle velocity conse-
quently diminishe s rela tively rapIdly with distance and is therefore
significant only at small radii or In the near-field. The other part of
the particle-velocity expression has a weaker dependence on radius of h r
and thus becomes dominant at large radii or in the far-field. It can be
seen by comparing Eqs. 3.37 and 3.142 for the overpressure and particle
velocity respectively that the changing particle-velocity profile tends with
Increasing distance to take on the shape of the overpressure profile. For
the far-field one consequently finds that t,~u1 is simply equal to tc~,/a1p,j, ,
a well-known acoustic result. The parameter in Eq. 3.142 that is import ant
as a rough indicator when this far-field result can be applied instead of
the more complete Eq. 3.142 is a1r 0/a2r . From detailed calculation s of
particle-velocity signatures it can be shown that when a1r0/a2r is lessthan about 1/le, or when radial. distances r are greater than l4 a1r~,/a2, the
far-field approximation (au1 a Lç1/a1p1) Is applicable. It is worth noting
that , as the wave length ?~ between successive shocks in the overpressure or
particle-velocity signature Is simply 2r0a1/a2, the far-field result applies
for radial distances r greater than about ~~~~.

Nondimensional particle-velocity signatures at five different radial
distances r of r0, 2r0, 14r0, 8r~ and ~ In the channel of a pyramidal shock

- -~~~~~~~~~~ 

- 
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tube have been computed from Eqs. 3.142, 3.1e3 and. 3.1314 for four different
combinations of driver and channel gases, and. these four sets of results
are given in Figs. i13, 15, 16 and 17. The dr iver and channel gases , which
were taken to have the same temperature, are shown at the top of each
figure. From the results in each figure , one can see that the change in
shape of ec~ h signature with increasing distance from the diaphragm station
(r=r 0) is noticeable only in profiles corresponding to r/r 0 values of’ less
than about 2?~ or 2r3a1/a2, or values of O.7r 0, 2r 0, 14r0 and 18r 0 for the
He-Air , Air-Air (identical dr iver and channel gases), SF6-Air and C14F8-He
driver-to-channel gas combinations respectively. This waveform distortion
per sists to large radii for the case of a high a]Ja2 value which corresponds
to a combination of a heavy dr iver gas and. a light channel gas .

It is worth mentioning that a simple expression can be derived. to
give the sudden change in particle velocity associated with each shock in
the signature. The derivation is similar to that for the sudden change in
overpressure associated with each shock, which yielded Eq. 3.140. The
desired result for the amplitude of the jth shock in the particle-velocity
signature Is given below.

t~p r  
1= 1a1p1( a+1)r

(3 . 145)
t~p r  2a (~~ .] 

\~i-2 
I = 2 3 .a.1p1(s+IJr a+1 \~ a+l

These results are very similar to those of Eq. 3.140 .

The motion of the - channel gas and contact surface , owing to the
wave motion in the pyramidal shock tube , can be determined. by using the
previously derived expression for the particle velocity (Eqs. 3.132, 3.143 and
3.1414). As ~u1 is equal. to dr/dt exactly or a2d(r/b)/d~ to first order (same
order of approximation as the acoustic equations approximate the gasdynamic
equations), the particle displacement can be obtained b~r integration. For
a fluid particle having an initial location r* (r*? r0) the first-order
particle displacement r~r~ or simply ~.r can be shown to be given by the
following results.

= 

~~~~~~~~~ ~~~~ ~~~~~~ ~~~~~
.
[ ~~~w + ~jW 1 H(~-2i+l) (3 . 14 6)

J 0(i) i — h

g1(~) — i 1 (3. 147)

~~~~ ( ~:~) 
( . i)

i_i_ 1 
(i~~~~~) 

J~(~_2i+2) I = 2 ,3 , . . . ,~o
i—i
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- 22(1+2) + 2(i+2)w - ~~
2
/2 + 22(1+2)

_W 2 
0

= 22 ( 1÷2 ) + £2(l+a+2)(~-j) + [2 ~~~~2) 
(

~~ 
)i (3 . 148)

+ ~~ 22 (1+ L~~+ k2 2 (l+a +) ~ (
~~)i-

k 1 e~~i’2 j l,2,...,~

Note that the 1th 
function gj(~

) and the associated. ~th func~ .on J~(~) are
not given here because they have been defined previously by Eqs . 3.143 and
3 )413 respectively .

The displacement of a fluid particle as a function of’ time , including
the tote.]. displacement after the wave motion has subsided at large times (~~

—
~ 

co) ,
can be calculated from Eqs . 3. 146 , 3.137 and. 3.148 quite easily by using a digital
computer . Such computed. results will be given subsequently. First , however ,
an important , simple expression will be derived for the tot al displacement f
a flui d particle . Let the driver gas have an initial pressure of p1+t~ 0,
where P1 is the initial and final pres sure of the channel gas and ~~~ is the
pressure difference across the diaphragm . For a driver gas having a total
mass n~ and an initial tot al volume V0, the initIal density is simply m0/V 0.
Also , for a pyr amidal driver having a spherically shaped diaphr agm of r adius
r 0 the driver volume is directly proportional to r03. Now let the driver gas
expand isentr opica lly (as It would. for acoustic wave motion) to a final pressure
P i• The corre spondi ng final density would be mo/V , where the final volume V
Is pr oportional to r3 . The following isentr opic expression relating the
initial and final pressures and densities can therefore be applied.

p1+z~j 
— r m0/V 172 r r 1372 14p1 ~~~~m0/V I = L

~~ I
From this result the total displacement of the contact surface or interface
of the driver and channel gases, which is r-r0 or simply ~~~ is given to
first order by the following expression .

&

j
2 

3 (3.50)
o

This result for the contact surface can now be generalized for any fluid
particle in the channel . For a contact-surface displacement from radius
r0 to r 0+L~r0 or simply ~r0, thq volume of fluid. displaced Is directly
proportional to (r0+~r0)3 - r0~ or r02L~r0 to f irst  order . The corresponding
displacement of a fluid particle In the channel from radius r~ to r

*
+~r or

simply ~r produces an equivalent volume displacement (final pressure and
density are spa4a].ly uniform In the channel) which is directly proportional
to (r*

+~r)3 - or r ~~ to first order . We therefore obtain the result
that r0 t~r 0 equals r*

2L,. By using this result in conjunction with Eq. 3.50,
the total displacement of a fluid particle ~r from its Initial location r

~ in
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the channel is given by the following expression.

~~ ~~o ( r \ ~2 
(~~.5i)r 3y2p1 r~~J 

-

~

The expressions for the total displacement of the contact surface (Eq. 3.50)
and a fluid particle in the channel (Eq. 3.51) are important not only because
of their simplicity but also they indicate how to properly normalize the
full expression for the particle displacement (see Eq. 3.146) .

It would be of interest to derive a simple expression from Eqs .
3.146 , 3. 147 and 3.148 for the total displacement of a fluid particle and check
to see if this result is identical to Eq. 3.51. Such a derived expression
proved elusive. Therefore a digital computer was used to calculate (Eqs .
3.146 , 3.147 and 3.138) the particle displacement at suf f iciently large times
to obtain the total dIsp.~i~.cement . In each case the computed result was in
agreement with the prediction of Eq. 3.51. In addition to providing a means
of simply normalizing Eq. 3.146 , therefore , Eq. 3.51 provides an excellent
check on the analysis of the wave motion in the pyramidal shock tube.

It Is worth not ing here that the total displacement of a fluid
particle t~r/r 0 or t~poro2/372pir~

2 Is relatively small , and. it is also
independent of both the speci~’ic impedance ratio a and the parameter 2.
Consider , for example , the total displacement of the contact surface , for
which r

~ 
equals r0. Even for a relatively large pressure difference across

the diaphragm (t~p0) of one-twentieth of an atmosphere (p1/20), and. 72 equal
to i.14 for a diatomic driver gas, the total displacement is only r0/B14 or
1.2% of the driver length. In general the contact-surface displacement is
small and a fluid-particle displacement at a larger radius is even smaller.
Consequently the previous assumption for the wave-motion and. displacement
analyses that the contact-surface displacement was negligible compared to
the driver length was very reasonable .

N ndimensional fluid-particle histories for different initial
radii r

~ 
of r~, 2r0, 1er0 and 8r0 in the channel of a pyramidal shock tube

have been computed for ~‘our different combinations of driver and channel
gases , and. these four sets of results are given in Figs . 18, 19, 20 and 21.
The driver and channel gases, which were taken to have the same temperatures,
are shown in each figure. Figures 18 and 19, for driver-to-channel gas com-
binations of’ He-Air and Air-Air , respectively, show that the particle displace-
ment increases and then decreases to Its final displacement (asympt ote indicated).
This behaviour Is typIcal of the case of a light driver gas and a heavy channel
gas for which the specific impedance ratio a is less than unity. From the
results of Figs. 20 and 21 for drIver-to-channel gas combinations of C14F8-Air
and C02-He respectIvely, the particle displacement Increases in a “damped”
oscillatory menner to its final displacement . This behaviour is typical of
the case of a heavy driver gas coupled to a light channel gas for which the
specific Impedance ratio a is gr eater than unity. In each of the FIgs. 18,
19, 20 and 21 the top displacement history for radius r~ equal to r0 is thatfor the contact surface. The contact-surface displacement is the largest,
and particle displacements at increasing radii continually decrease and become,
eventually, inconspicuous, because the wave motion being strongest at the
diaphragm station becomes weaker with IncreasIng distance and eventually
vanishes.
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The particle-displacement histories for the pr3vious driver-to-
channel gas coithinations of He-Air and Air-Air given in Figs. 18 and 19 are
also shown in Figs. 22 ai:-i 23. In these latter figures , however , the dis-
placement histories are superposed on a time-distance diagr am which also
depi~ts the wave motion. Additionally, displacement histories for another
driver-to-channel gas cozibination of SF6-Air are simi larly shown for interest
in Fig. 2~4 .

In order to check the validity of the acoustic analysis of the w ave
motion in the pyramidal shock tube, the TJTIAS Travelling-Wave Horn was
used to obtain experimental dat a which could be compared with predic ted
results. The pyramidal shock tube had a total divergence angle of 7.2
degrees , an overall length of 25m and a driver that was 1.58m long (Ref s.
3 and 5). The driver gases used for the experiments were helium (He), air,
argon (A) , carbon dioxide (co2), sulfur dioxide (so2), dichiorodifluoromethane
(CC12F2) and octafluorocyclobutane (C13F8), which covered a large range of
both molecular weights arid sound speeds ( see Table 2 ) .  For all experiments
the channel gas was air , and the driver and channel gases had the same
initial temperature. Overpres sure measurements made in the channel of the
shock tube for the different driver gases are shown in the top part of
Figs . 25 to 31. Note that the driver and channel gases , pressure difference
across the diaphragm, dr iver length and measurement location are given above
each oscillogram. Each experimental overpressure signature has been re-
produced below its oscillogram, where it is compared directly to the predicted
signature. For each one of the seven comparison s the predicted. and measured
profiles are in good agreement , substantiating the analysis for the wave
motion in the pyramidal shock tube. From experimental data such as those
show-n in Figs. 25 to 31 it was found that the acoustic analysis was still
valid when the pressure difference across the diaphragm (t~~ ) was as high
as 15 kN/m?.

3.2 Special Solution

It is of academic interest to investigate the solution of the wave
motion in a. pyramidal shock tube for the special case of different driver
and channel gases which have the same density. For this special case of
equivalent densities the ratio of the drive r and. channel gas sound speeds

and the specific impedance ratio s (a2p2/a1p1), are bo~h fixed , being
equal to the square root of the specific heat s ratio ( 72/71)1/ 2 . Furthermore,
the temperature of the driver and channel gases cannot be arbitrary , as the
tex~~erature ratio T2/T1 must be equal to the ratio of the molecular weight s
M27M1.

For this special case of equivalent driver and channel gas densities
the solution of the wave motion takes a relatively simple form. Certain
terms vanish from the differential equations for the velocity potentials
g1(~ ), fj(~) and hj(~) (see Eqs. 3.214, 3.25 and 3.26). The resulting simpler
differential equations are given below .

I ~~~~~~~~~~~~~~~~
g~(~) = (3.52 )

I = 2 , 3 ,  ...,

‘i,j 
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~p r 2

- a~p~(a+l ) (~ -i*~ ) i = 1

= (3.53)

I a—i ,, ~~ —
j~~~~ i-1’~~ 

— 
~ ~ 

.. .,

h~(~) = - f~(,~) I = 1, 2, ..., (3.514)

From these results the following recurrence relationships for g’(~ ) ,  f’.’(T~)
9’ 1 1and hi(~ ) can be obtained.

= 
a2~~~a~1) (

~~~i)
i
~
l
(~~2i+i~~) i = 1, 2 , ... , ( 3 . 5 5)

h~(~ ) = a p °( +1) ~~~~~~~~~~(~ -2i+1+a) i — 1, 2 , ..., (3 . 5 6)

f~~~p r 2

a2
p
1(~

+1) (~-l) I = 1

g~(~ ) = 2 (3.5’7 )

I ~~~~~~ +l) ~~~ ~~~~~~~~~~~~~~~~~~~~ i = 2, 3, ... ,

These ex~ressions can be integrated. to obtain recurrence relationships for
gj(~), f1(~) and h.j (~ ),  and. also for gj(~), f j (~~) and. h~(~). The results for
gJ(~ ) ,  f~(~ ) and. h~ (~ ) can be substituted into the expressions for the total
velocity potentials 

~l 
and. ~~ (Eqs. 3.7 and 3.10). Then the two respective

expressions for the overpressure and. particle velocity of the channel gas
follow from Eqs . 3.8 and 3.9, whereas those for the driver gas follow from
Eqs. 3.11 and. 3.12 .

The mathematical expression for the overpressure signature of t1~wave moving in the channel of a pyramidal shock tube is given below .

1~p r
= 
(a+1)r [ (l-~~)H( ~ )

~~2 
(~~~~)~~

2
(~~2i4 )HC~-2i+2) 1 (3 .58)

From this expression it can be shown that the overpressure signature consist s
of a sequence of diminishing az~ litude N-shaped. segments, some of which may
be Inverted, but each having the same duration of 2r0/a2 . ,Five overpressure
signatures corresponding to values of a , a2/a1 or (,~/~~)l,2 of 0.89 , 0.81,
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L0O , 1.13 and 1.23 are shown in Fig. 13, illustrating the preceding remarks.
Although these signatures could have been generated by using Eq. 3.58, they
were originally computed from equivalent expressions of Eqs. 3.37, 3.38 and
3.39 of Section 3.1. Note that the signatures have been discussed previously
in Section 3.1.

The linear variation in overpressure of the 1th N-shaped segment of
an overpressure signature can be expressed quite simply as shown below.

~p r / ‘~i-lA — o o i a—l 
~2i 1 ~~ -2 < ~ < 2i

- 

(a+l)r \
\ I~T ,) ‘ - ‘ i = 1, 2 , . . . ,

This result, which can be derived from Eq. 3.58, is much easier to use than
Eq. 3.58 when constructing an overpressure signature. From Eq. 3.59 (or
Eq. 3.58) one can show that the slope of the jth linearly varying over-
pressure segment , or the first derivative o~f the overpressure with respect
to nondimensional time ~~, is given as follows .

i~p r  1-1
- (a+1)r i = 1, 2, - . .. ,  cx~ (3.60)

j Note that the absolute magnitude of the slope diminishes in the form of a
geometric progression having the coxm~~n ratio (a-l)/(a+l).

The particle-velocity signature of the wave propagating in the
channel gas of a pyramidal shock tube can be determined directly from Eqs.
3.9 and 3.57. However, it can also be obtained from the overpressure
signature (Eq. 3.58 or 3.59) by using Eq. 3.141. The easiest procedure is to
use Eqs. 3.141 and 3.59. Then the particle velocity associated with the ith
segment of the signature is given by the following expression.

= 
a1
p~(a41)r (

~~~
i)

i~1

[ 
(2i-i-~) ~~~~~~~~ (l~(2i~l~~)2) I

t 2i-2 <~~~<2 i
I = 1, 2 , ..., (3.61)

Each segment of the signature consists of a near-field and a far-field term.
The particle-velocity signature therefore tends with increasing radial
distance to take on the same shape as the overpressure . Generally the near-
field term is unimportant when the parameter a1r0/a2r is less than 1/14, or
when the radial distance r is greater than 14r0a27a1 or 2~ ,where ?~ is thewave length of each segment.

The motion of the channel gas and contact surface , owing to the
— wave motion in the pyramidal shock tube, can be determined from Eq. 3.61 for

the particle velocity. As ~ui is equal to dr/dt exactly or a2d(r/r0)/d~ tofirst order, the particle displacement can be obtained by integration. The
first-order particle displacement r

~
r
~ or simply ~r associated with only the

jth segment of the signature Is given below.
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~p r a /a.. .‘L~r 0 0  2 i (a-1 1 2i1~~~r 0 272p1r~ ~+1 \~ a+i
a r -

~
+~~~~~~_.i _2 (~ - ~~ (2i-l-~) +~~~~ (2i-l-~)~) (3.62)a2 *

2i-2 <~~ <2i
I = 1, 2, •. .,

From this result the particle displacement &/r0 at the beginning of only
the jth segment (~~2I-2) is zero, of course, and that at the end of the jth
segment (~=2i) is given by the following expression .

~çr
2 ( 2 ~ (a- l ~i-l

2 ~~a+l)~~ a+l) 
( 3 .63 )

3~~ 
r

2
p1*

Hence, the total particle displacement z~r/r0 of the 1
th segment, which now

includes the displacements of all previous segments, is given below.

r
~~~~37 1r:

2 [ (
~~~~
)
~~~~~~

u 1
~~

a1 (
~~
1)

i l

{ 
(2i~1~~)

2

~~~~~~~~~~~~~~~~~~ (
~~ 

- ~~ (2i-l-~) + - ~~ (2i_l_ ~)
3
)}] 

(3.614)

2i-2 <~~ <2i
I = 1, 2, ...,

At large times (i .-~~~~~ , ~ 
.-. c

~
) the motIon of the fluid,~partic1e ceases and

the final particle displacement ~.r/r0 is simply t~or0’~/372pir~
2. For the

- I contact surface the final displacement is L~o/3~2p1. Note that these
results are in agreement with those in Section 3.1 (Eqs. 3.50 and 3.51),
which were derived by a different analysis .

14 . DISCT~ESI0NS AND CONCLUSIONS

‘I Acoustic analyses have been given for determining the weak wave
~~ motion in both low-pressure-ratio rectangular and pyramidal shock tubes.

Each analysis, which was sufficient ly general to deal with different driver
and channel gases having different temperatures, yielded a closed-form
solution for the wave motion. Each solution was illustrated graphically
with selected averprassure and particle-velocity signatures for the wave
moving in the channel gas . Additionally, solutions for the fluid-particle
displacement of the channel gas and thus the contact-surface displacement
were obtained for both the rectangular and pyramidal shock tubes, and they
were also shown graphically with selected results. Although the solutions
of the wave motion aM fluid-particle displacement for the pyramidal shock

I ~~~ tube were quite lengthy, graphical results for the overpressure, particle’.
velocity wA particle displacement were obtained rather easily by utilizing
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a relatively small digital computer (mM 1130). Experimental data in the
form of overpressure measurements, obtained in conjunction with suitable
rec tangular and pyramidal shock tubes , verified the analyses and solutions
for the wave motion in both shock tubes.

For the special case of identical driver and channel gases having
the sa~r~ temperature, it has been well known that the rectangular and
pyramidal shock tubes both produce a single finite-duration wave or pulse
in the channel . For example , for the rectangular shock tube see Ref. 18
(similar wave motion of string~, and for the pyramidal shock tube see Ref s.
15, 18, 19 and 20. In the case of the rectangular shock tube the pulse is
flat-topped (see Fig. 7c),  having an amplitude of one-half the pressure
difference across the diaphragm (~~~/2) and a wave length of twice the
driver length (2r 0) .  For the pyramidal shock tube the pulse is N shaped
(see Fig. llf) , having the same wave length of twice the driver length
(2r0) and an amplitude which is initially one-half the pressure difference
across the diaphragm but diminishes inversely with increasing radial distance
(i~p0r0/2r). The general solutions of the wave motion given in Chapter 2 for
the rectangular shock tube and. in Chapter 3 for the pyramidal shock tube
are , of course, in perfect agreement with these well-known results. However,
in the past it has not been fully recognized that in the more general case
of driver and channel gases having different densities, owing to different
molecular weights or temperatures, the amplitude and shape of the waves in
the rectangular and pyramidal shock tubes can differ markedly from those of
a single flat-topped pulse (see Fig. 7) and N-shaped wave (see Fig. ii)
respectively. In fact, this was one of the main reasons why the solutions
of the wave motion in the rectangular and pyramidal shock tubes were obtained.

As explained. in detail in the Introduction , a pyramidal shock tube
utilizing identical driver and. channel gases having the same temperature has
to be very large (about 200m long) if the N-wave produced in the channel is
to simulate a full-scale sonic boom from an SST aircraft. Although a shorter
pyramidal shock tube could produce a similar duration simulated sonic boom,
provided the sound speed. of the driver gas was relatively low , this simulated
sonic boom would not h&ve the desired N shape and It would also have undesirable
trailing disturbances. Consider , for example , the specific case of sulfur
hexafluoride (SF6) as the driver gas and. air in the channel. Owing to such
a low sound speed driver gas the pyramidal shock tube needs to be only 50%
as long as one which uses air in both the driver and channel . However, the
dIst orted N-wave which is produced in the channel (see Fig. 11k) is quite
unsatisfactory for standard sonic-boom-research purposes. Consequently, it
can be concluded that the concept of using a low sound speed. driver gas to
make possible the construction of a relatively short and inexpensive pyramidal
shock tube for sonic-boom-research purposes is not very feasible .

At noted in the Introduction , a relatively short pyramidal-pyramidal
shock tube utilizing air In both the driver and channel could be used. to

• produce a simulated full-scale sonic boom (see Fig . 5) .  This simulated sonic
boom would also not be N shaped and it would also have undesirable trailing
disturbances (see Fig . 3d). Consequently the concept of using such a short
and inexpensive pyramidal-pyramidal shock tube for sonic-boom research
purposes is also not very feasible . Howeve r , if a short and inexpensive
sonic-boom simulator is to be built, the pyramidal-pyramidal shock tube is
more practical than a pyramidal shock tt~be which uses different driver and
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I - channel gases. Firstly, although it can be shown that the ur ilesirable
distortion in the N-wave produced by either ~hoc:k t-~fn~ is about the ss~~ ,the trailing compression waves or disturbances for th~ as~ of the pyramidal-pyramidal shock tube (Fig. 3 d )  are ~ ich less ~~v~-re than the trailing steep-
frc-~~Ed -~istur b an’es for the p~ r- a’~’ida sho~~ t~~ -~ (r ig.  l lf) . ~~-~ondly,
the problems asso -iated. with the mixing of the different driver ar i channel
gases in the pyramidal shock tube after the diaphragm is broken is nonexistent
for the case of the pyramidal-pyr amidal shock tube .

The analysis and solution for the wave motion in a ~ yramidal-
pyramidal sho-~k tube for which the driver and channel gas~ s -. ~r not only
be different hu t also have different temperatures is very similar to that
given in Chapter 3 for the case of the pyr~~~ d.al sho k tube . F or  such an
analysis, if the radial distance for the driver regior is dencit~~ by r , ~
new radial distance, say R , is needed for the channel. Ih-~refore the length
of the driver is r0 and the length of the truncated portion of the thannel
is R 0 . Then , for example , the recurren ce relationship of f1(i1) (see Eqs.
3.27 to 3.32) for the pyramidal shock tube can be osed. for- the case of the
pyramidal-pyramidal shock tube, provided the paraimster 2 is modified ~iightlyfrom (l+~ )/ (p~/pl-l) to (1+~ )/ (p2r0/p1R 0-l). Consequently. the analysis
and. solution for the pyramidal-pyramidal shoc’k tube can be obtained quite
easily with this and other slight modifications to the pyramidal-shock-tube
results given in Chapter 3. From such a solution it can be shown that the
overpressure signature of the wave in the channel is generally not N shaped
and also has trailing disturbances, very much like those shown in Fig. 11.

It is worthwhile to discuss one particular solution of the wave
motion in a p~rramId.al-pyr ami d.al shock tube. Then one nan answer the
interesting question as to whether a pyramidal-pyramidal shozk tube using
different driver and channel gases can produce a single undistorted N-wave .
From the solution of the wave motion, it can be shown that the linear
variation in overpressur e for an N-wave can o ~~ur only if the parameter £
becomes infinitely large. (Note that this nor dition is precisely that used
to obtain the special solution given in SectIon 3.1.) This condition on 2
is possible only if the ratio of the driver and channel gas densities P

~/Plis exactly equal to the geo~~tri’al ratio R0/r0. Coris~quent1y, one finds
the interesting result that the two distortions of the N-wave, one produced
by the different driver and channel densities and the other intrLduced by
the different driver and channel divergence angles , cancel exactly if c’~/P1equals R0/r0. Even though the N-wave is undistorte d , however , it is followed
by a series of rapidly diminishing amplitude N-waves having the same dur ation
(2r0/a2), exactly like the results shown in Fig. 13. J~ne can conclude ,
therefore , that a pyramidal-pyramidal shock tube using d~fferent driver andchannel gases cannot produce a single N-wave.

-‘ There would. be no significant advantage for building a pyramidal-
pyramidal shock tube instead of a pyramidal shock tube to produce an N-wave
for the simulation of a full-scale sonic boom . Firstly, of course , the
simulated sonic boom, although it would be N shaped , woul~. have undesirable
N-shaped disturbances. Secondly, the overall length of the pyramidal-pyramidal

4 shock tube would not be shorter but actually longer than that for a correspond-
ing pyrainida]. shock tube . It can be shown that, for fi~.ei diaphragm and test
section sIzes , the reduction in channel length ( factor of a2/a1) is over-
compensated by the increase in channel length, because F~0/r 0 must equal pojp1.
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A technique first considered in England (Ref .  9) was discussed in
the Introduction. This technique consists of using a low soun d speed driver
gas in an existing short pyramidal shock tube , thereby producing a simulated
sonic boom with a longer-than-normal duration. Because the simulated sonic
boom would. be an undesirable distorted N-wave having trailing di sturbances ,
according to the results of Chapter 3, it can be concluded that this tech-
nique of improving the capability of an existing short pyramidal shock tube
to produce a long N-wave is not very practical.

The only type of shock tube which produces a good N-wave is, of
course, the pyramidal shock tube , provided the driver and. channel gases are
identIcal and. have the sa~~ temperature. If a full-scale sonic boom is to
be simulated then one must recognize the fact that a large pyramidal shock
tube Is required . It is worth mentioning, however , that smaller sonic-boom
simulators such as a loudspeaker-driven booth and a pyramidal horn with a
mass-flow valve can also be used for simulation of a full-scale sonic boom
(Refs , 3 and 5) .

The analyses and solutions of the wave motion for both the rectan-
gular and pyramidal shock tubes is directly applicable, of course, to
finite-sized planar and spherical weak explosions. This-fundamental work is
relevant to the understanding of the wave motion produced by such weak
explosions, for which the explosion gas is different than the anthient gas .

t

4.

14 
_______ 

36

- -~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~ -~~ - -. ‘.~~~~~~-~~~~~- 
_ _ _ _ _ _ _ _ _ _ _ _



fl . 
R~~~~~~CES 

- _ _  
-___

1. Kryter, K. D. The Effects of Noise on Man. Academic Press
(1970).

2. Glass, I. I. Canadian Sonic Boom Simulation Facilities.
Ribner, H. S. Canadian Aeronautics and Space Journal, Vol. 18,
Gottlieb, J. J. No. 8, pp. 235_2146 (October 1972).

3. Gottlieb , J. J. Sonic Boom Research at TJPIAS. CASI Journal,
Vol. 20, No. 5, pp. 199-222 (May 19714).

4. Carothers, R. Initial Calibration and. Physiological Response
Data for the Travelling-Wave Sonic-Boom Simulator.
UTIAS Technical Note No. 180 ( 1972) .

5. Gottlieb, J. J. Simulation of a Travelling Wave in a Pyramidal
Horn. Ul’IAS Report No. 196 (July 19714).

6. Gottlieb , J. J. Recent Developments in Sonic-Boom Simulation
Glass, I. I. Using Shock Tubes. Canadian Journal of Physics,

Vol. 52, No. 3, pp. 207-218 (February 19714).

7. Ellis , N. D. Development of a Portable Sonic Boom Simulator
Rushwald, I. B. for Field Use. UTIAS Technical Note No. 190
Ribner , H. S. (July 19714).

8. Franke, R. Perte AuditIve et R€cup~ration chez le Cobaye
Lursat, C. après Exposition a des Ondes des Choc ~ Prof ile
Evrard , G. 1~ectangu1aire . Institut Franco-Allemand de
Devriere , F. Recherches de Saint-Louis, Rapport 3/72 (1972).

9. Webb, D.R.B. - .• A Device for Simulating the Sonic Bang. Symposium
Pallant, R. J .  d.’Acoustique A~ronautique, sponsored. jointly by

the Association Française des Ingénieurs et
Technicians de l’A~ronautique et de l’Espace
and Groupment des Acousticiens de Langue Francaise
and the British Acoustical Society, Toulouse,
France (1968).

10. Peter, A. G&n6ration d’Ondes en N ~ l’aid.e d’un Tube ~ ChocPflster , M. en Forme de Pyramide. Institut Franco-A].lemand
de Recherches de Saint-Louis, Notice N1/69 (1969) .

U. Ribner, H. S. Laboratory SImulation of Development of Super-
)& rris , P. J. booms by Atmospheric Turbulence. J. Acoust. Soc.
Chu, W. H. Amer., Vol. 53, No. 3, pp. 926-928 (1973).

12. Peter, A. Etude d’un Tube ~ Choc de forme Pyramidale pour
Brunner , J. J . la G-ènèration d’ une Onde en N. Institut Franco-

Allemand d.c Recherches de Saint-Louis, Note
Technique Tll/70 (1970).

— 
- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - 
_

37 

-- 
- - _ _ _ _ _ _ _



13. Slutsky, H. E. Experimental-Analytical Dynamic Techniques for
Arnold , L. Application to Sonic Boom Structural and Acoustic

Response Determination. FAA Report NO-70-l5
(1970).

114. Thery, C. La G~n~rateur de Bang de l’ISL. Institut Franco-
Peter, A. Allemand de Recherches des Saint-Louis, Rapport
Schiosser , F. 15/71 (1971).

15. Warren , C.H.E. Proposal for a Shock-Tube Fac ility to Simulate
Sonic Bangs. Royal Aircraft Establishment Tech-
nical Report No. 6631414 (Noventer 1966).

i6. Ta~~oulisn , B. Description and Capabilities of a Travelling Wave
Peschke, W. Sonic Boom Simulator. NASA CR-1696 ( 1970).

17. Glass, I. I. A Theoretical and Experimental Study of the Shock
Martin , W. Tube . UrIAS Technical Note No. 2 (1953).
Patterson , G . N.

i8. Jeff r eys , H. J .  Methods of Mathematical Physics. Ca~~ridge,
Jeffreys, B. S. Second Edition , Chapter 19 (1950).

19. La±, H. M. Hydrodynamics. Dover , Sixth Edition , pp. 1491-1492
( 1932).

20. Landau, L. D. Mechanics of Continuous Media, Gostekhizdat,
Lifshitz , E. M. Section 78 (191414). Translation , Fluid Mechanics,

Pergamon , Section 95 (1959).

38

_ _ _ _  —-._ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

I 
— — 

— — 
~
....: 

-- — — — — 
- - — —



TABLE 1

RECTANGULAR SHOCK TUBE

Franke, Lursat, Evrard Gottlieb (July 1974)
and Devriere (1972)

PYRAMIDAL SHOC K TUBE

Webb and Pallant  (1968) Carothers (1972)
Peter and Pfister (1969) Ribner , Morris and
Peter and Brunner (1970) Chu (1973)

Slut sky an d Arnold (1970) Gottlieb and Glass ( 1974)

Thery, Peter and Gottlieb (July 1974)
Schiosser (1971)

PYRAMIDAL-RECTANGULAR SHOCK TUBE

Warren (1966) Gottl ieb and Glass (1974)
Pete r and Pfister (1969) Gottlieb (July 1974)
Pete r and Brunner (1970)

PYRAMIDAL-PYRAMID A L SHOCK TUBE

Pete r and Brunner (1970) Gottlieb (July 1974)

Gottlieb and Glass (1974)

RECTAN GULAR-PYRAMIDAL SHOCK TUBE

Tambou lian and Peschke (1970) Gott lieb (July 1974 )
Carothers (1972)
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a) RECTANGULAR SHOCK TUBE

_ _ _r 

_ _ _ _ _ _I~~driv er k channel
k~

_ diaphragm location

b) PYRAMIDAL

c) PYRAMIDAL-RECTANGULAR SHOCK TUBE

d) PYRAMIDAL- ID~~~~~~~OcK T~~~~~~~~~~~~~~~~~~~~11
e) ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

FIG. 2 SHOCK TUBES WHICH HAV E BEEN ASSESSED FOR SONIC-
BOOM SIMU LATION PURPOSES
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a) RECTANGULAR SHOCK TUBE
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TIME

b) PYRAMIDAL SHOCK TUBE
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\
\

~

j  TIME

c) PYRAMIDAL- RECTANGULAR SHOCK TUBE

TIME

d) PYRAMIDAL-PYRAMIDAL SHOCK TUBE

.) RECTANGULAR-PYRA~~DAL SHOCK TUBE

FIG. 3 OVERPRESSURE SIGNATURES IN THE CHANNEL OF VARIOUS
LOW-PRESSURE-RATIO SHOCK TUBES
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a) PYRAMIDAL SHOCK TUBE ( long Channel )

- 
-T

b) PYRAMIDAL-PYRAMIDAL SHOCK TUBE ( short Channel )

H

FIG. 5 COMPARISON OF PYRAM IDA L AND PYRAM I DAL-PYRAM IDA L SHOCK
- TUBES WHICH PRODUC E EQUIVALENT-DU RA TION SIMULATED
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SONIC BOOMS
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a) DRIVER GAS: AIR • (0 kN/m2
CHANNEL GAS: AIR
MEASUREMENT LOCATION : x a I m  

• 46 cm

4.95
kN/m2

k -lO ms

b) DRIVER GAS: HELIUM a (0 kN/m2
CHANNEL GAS: AIR
MEASUREMENT LOCATION: x = 2.1 m ‘ 1.5 m

6.65
kN/m2

lO ms

c) DRIVER GAS: AIR 
~

p • (0 kNIm2
CHANNEL GAS: HELIUM
MEASUREMENT LOCATION : x • Im • 46 cm

2.8
kN/m2

I
. ~~~~

— 
—

lO ms

F I G . 9 OVERPRESS LJRE MEASUREMEN TS MAD E IN ThE
CHANNEL OF A RECTANGULAR SHOC K TUBE .

-: ~~~~~~~~~~~~ ~~~~~~~~~~~~~ 

-

-.

~~~~~

- -

-

~~~~~~~~~~~~~~~~ 

— 

~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

- - -  -— -  -

~~

- 
—



-
~~~~~-1~~~~~~~~~
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CHANNEL GAS: AIR
MEASUREMENT LOCATION: x • Im a 46 cm

PREDICTED (Z : 1.0)
5 - -  _ _ _ _  MEASURED
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CHANNEL GAS: AIR
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~~~-MEASURED
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PIG. 10 COMPARISON OF PR EDICTED AND MEASURED OVERPRESSURE
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p
a) DRIVER GAS : HELIUM (He)

CHANNEL GAS : AIR
DRIVER OVER PRESSURE (Ap ): 2400 N/rn2
DRIVER LENGTH (r,): g8 m
MEASUREMENT LOCATION (r): 4.6 rn

lO m s  iaJ

b) — - - PREDICTED
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FIG . 25 COMPARISON OF MEASURED AND PREDICTED OVERPRESSUR E
SIGNATURES OF A PYRAMIDA L SHOCK TUBE
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FIG. 26 COMPARISON OF MEASURED AND PREDICTED OVERPRE SSUR E
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a) DRIVER GAS: ARGON (A)
CHANNEL GAS : AIR
DRiVER OVERPRESSURE (A$)): 2400 N/rn2
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~~~~~~~~~~~ (me )

FIG. 27 COMPARISON OF MEASURE D AND PREDICTED OVERPRESSUR E
SIGNATURE S OF A PYRAMIDA L SHOCK TUBE
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a) DRIVER GAS : CARBON DIOXIDE (C02)
CHANNEL GAS : AIR
DRIVER OVERPRESSURE CAp,) : 2400 N/rn2
DRIVER LENGTH (r ): 1.58 m
MEASUREMENT LOCATION (1’): Z6 m

L. 2O ms —~~

b) ‘
~~ --- PREDICTED

MEASURED

FIG . 28 COMPARISON OF MEASURED AND PREDICTED OVERPRESSURE
4 SIGNATURES OF A PYRAM IDAL SHOCK TUBE
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a) DRIVER GAS : SULFUR DIOXIDE (SOz )

CHANNEL GAS: AIR
DRIVER OVERPRESSURE (Ap,): 2400 N/rn2
DRIVER LENGTH ( r• ) : 1.58 m
MEASUREMENT LOCATION ( r ) :  7.6 m

N/rn2f

2O ms

b ) c ~ PREDICTED
z — MEASURED
~~ 207

I -207 
\S~~~~~~~~ ME (m~~

• FIG . 29 COMPARISON OF MEASURED AND PREDICTED OVERPRESSUR E
SIGNATURES OF A PYRAMIDAL SHOCK TUBE
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a) DRIVER GAS : DICHLOROOIFLUOROMETKANE (C C12F2)
CHANNEL GAS: AIR
DRIVER OVERPRESSURE (np) :  2400 N/rn2
DRIVER LENGTH (r.): 1.58 m

- ~- MEASUREMENT LOCATION ( r ) :  7.6 m

I
Is  SO me

b) ~ - -  --- PREDICTED
— MEASURED

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

W —175 TINE (me)

FIG. 30 COMPARISON OF MEASURED AND PREDICT ED OVERPRESSURE
SIGN ATURES OF A PYR AMIDAL SHOC K TUBE
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a) DRIVER GAS : OCTAFLUOROC?CLOBUTANE (G4F8)
CHANNEL GAS : AIR
DRIVER OVERPRESSURE (Ap•): 2400 N/rn2
DRIVER LENGTH (I~,): I.58 m

-- MEASUREMENT LOCATION- (t) : 7.6 m -

N/m2 I

I_s SO me

b) 
~~~ - - - PREDICTE D

- MEASURED

‘

~: _i\~~j I
I . r~~~1r~~~~~~..).

-iso TIME (me)

FIG . 31 COMPARISON OF MEASURED AND PRED ICTED OVERPRESSURE
SIGNATURES OF A PYRAM I DAL SHOCK TUBE



APPENDIX A

The following expression for the I velocity potential f~(~s) was
derived in Chapter 3 (Eq. 3.29).

-- 
= 

~~ )

~~~~
J (  

2 
)

i 1

If t~p0r0
22/a~p2(~+i), (~-i)/(s+i) and 2/(~+l) are denoted by A, B and C

-: 
respectively, ~he first five velocity potentials can be expressed as follows.

— r~~(~~) =

= A[B I~(i~-3) + c

= AtB
2
I~(?s-5) + 2BC I~(i~-5) + C

2
I~(~-5uj

f~(,5) = A[B3I~(1~ 7) + 3B
2C I~ (v)-7) + 3~~

2
I~(~_7) + c

2
I~(~ -7fl

= A[B’~I~(1~-9) + i
~B
3C I~(,I-9) + 6B2C

2
I
3
(~-9) + ‘4BC3I~ ( 1)-9) +

The ~th 
function 13(1l-2i+l) derived in Chapter 3 (Eq. 3.32) can be expressed in

the following form.

I~(w) = (i~~÷2) (
~ 

- j  ) + s +~~~~~ k~i~~÷2)~~(w 
)

i~k
exp (

~
w/2)

The first f our functions are listed below for convenience and illustration.

= (i~~ ÷2) - + g + (i+2)exp(-w/2)

= (i~~+2) (
~ 
-2 )  + ~ + 

[
(1÷2) ~ + (2 ~~2i~ ) ] exp( -w/ L )

= (i4~+2) (~ 
- 3) + s + [ ~~~~~~~~~~~~ 

(
~~
)

2 
+ (2 ~Q21~ ) ~

+ (3+32+~) 1 exp(-w/2)
‘I~(W) = (i+i+2) (

~ 
~~14) + ~ + [ ( I )  

(

~~~~~~
)3 + 

(242 2+) ~~ 
(
~~
)

2

+ (3+314i) ~ + (~ 4J42+.) ] exp(-w/ 2 )

A-i

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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£ —

- [( l4 ~L)(42 )2/2 ~

= t (l+2 ) ( w/ 2 )~ / 3 -~

Jj(w) 1(1+ 2)(~/2)~/~: + ~(w/ 2) 3/ 3 :) exp (-w/ 2)

A-2
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1.
APPENDIX B

The following expression for the overpressure in the channel of a
pyr a3fli dal shock tube utilizing different dr iver and channel gases was derived
in Chapter 3 (Eqs . 3.37, 3.38 and 3.39) .

- -~~ 1 
= ~~ ~~~~g~~~ -) H(~-2i+2))

1=1

~~ 
1 = 0

ii

J~~~-21~~) i = 2, 3, ...,

2 + (1+2)exp(-w/2) i = 0

1(w) =

~~
[

l+2
(

w)i  + 

(j-l)~ 
(w)

i1

1 
exp(-w/2) j = 1, 2 , ...,

If (i-l)/(i+l) end -2/(i+1) are denoted by B and C respectively, the first five
functions for g~(~) can be expressed as follows.

g~~~(~~~~) =

g~ (I) = C J~ (~-2)

g~~~ ) = BC J~ (t -~ ) + C2J~~~-~)

= B
2
C J ~(~-6) + 2~~

2
J”(I..6) - + c3j~( I-6)

g~ (I) = B3C Jj ’(I-8) + 3B2c2J~(I-8) + 3Bc3J~(~-8) +

4 The first five functions of J~j(~_2i4€ ) are listed below .

J ” (w) = - £ + (1+2)exp(-w/2)

~ç(w) — t(1+i)(w/i) + ijexp(-w/2)

B-i

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _  -- T~~~~
- T 
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