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PREFACE

This study involved tasks related to three WES programs.

The initial program , DASA Subtask 14. 020 Deep Water

Wave Study is presented in Volum e I of this report. The

latter program s DASA Subtasks 14. 080 Mono Lake Field

Experiment, and 14. 096 Shallow Water Wave Study are

covered in Volumes II and Ill respectively.
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2. THEORE TICAL DEVE LOPMENTS RELATED TO WATER WAVES
GENERATED BY EXPLOSIONS IN DEEP WATE R

This section has been written with the objective of tracing the

historical development of the multitude of papers which have contributed

to the theory presently being applied for predicting water waves generated

by deep water explosions in a constant depth environment. A general

theoretical presentation is included and various special cases are. presented

with appropriate reference to original contributions. The mathematical

development is carried out in detail to minimize the difficulties for readers
f t

not thoroughly familiar with the theory. A discussion of the initial conditions

required for performing predictions is given along with an evaluation of the

parameters using the experimental data resulting from this prOgram . Finally,

possible modifications , extensions , and applications of the theo ry are

summarized in a de tailed forma t which can be used as a guideline for

further theoretical development.

2. 1 Historical Theoretical Developments Related to Explosion Wave s

The linear theory of wate r waves generated by explosions in deep

wate r of constan t depth consists of solving the Laplace equat ion in the

appropriate coordinate system subject to the linearized free surface

condition , the bottom condi tion and init ial conditions ,  equivalent to the

• posi tion and normal velocity or velocity potential of a fluid surface at

one boundary. Seve ral sets of initial conditions can be considered: •

1. An ini tial deformation and velocity field on the free surface

2. An initial shape of the free surface and an applied pressure

3. An initial deformation and velocity field on the bottom.



The f irs t  theoretical contributions on the theory of waves pro~
duced by a local disturbance in deep water can be found in the classical

memoirs of Cauchy (Ref. 1) and Poisson (Ref. Z). These works were

performed independently and yield essentially equivalent res ult s fo r ~~o-

dimensional problems. A mathematical analysis of both papers was

performed by Burkhardt (Ref .  3), and Lamb (Ref.  4) has reviewed the

theory and presented it in a consistent manne r including contribut~ions

of his own. The two principle shortcomings of these early papers were

1) the approximations necessary for  evaluating the integrals , and 2)

confining the initial elevation or impulse to the vicinity of the origin.

Lamb (Ref. 4) improved the mathematical approximations by observing

that he could make use of a tabulation of the power series used by Rayleigh

(Ref. 5) which appeared in the theory of Frenels diffraction integrals.

The mathematical difficulties which burdened the early work s

were removed by Kelvin (Ref .  6) when he developed the method of stationary

phase for approximating the integral at large distances from the source of

the disturbance. Many authors made contributions to the understanding of

these early classical papers with the develo pmen t of the concept of group

and phase velocities , a description of the phenomena of waves in a dis-

persive medium , and various mathematical methods of approximation.

A few of the more notable of these developments were due to Watson (Ref.  7),

Burns ide (Ref .  8), Dawson (Ref .  9), Terazawa (Ref. 10), Piddu~k (Ref.  11)

Thompson (Ref .  12) , Pidduck(Ref. 13), Stokes (Ref.  14) , and Havelock

( Ref. 15) .

The early classifical results above were supplemented by several

papers in Japan on the wave s produced by a bottom defo rmation , the impetus 
•



for the consideration of this problem being the phenomena of tsunami

waves produced by seismic disturbances of the sea bed. The earlie r

papers we re by Hasegawa and Sano (Ref.  16), Sano (Ref. 17), and

Terazawa (Ref. 18).

Furthe r theoretical development s relating to exp losion wave s

we re practically non-existent , in England , Japan , and the U . S . ,  until

World War II when a need for more detailed knowledge about underwate r

explosion characteristics precipitated a rapid development of the theory.

At this time , the work in Japan was still related t~ the tsunami problem,

some of the more notable contributions being made by Nomura (Ref.  19).

Segawa and Kanai (Ref. 20), Takahashi (Ref. 21 , 22, 23), Ichiye (Ref. 24)

Honda and Nakamura (Ref. 25), Nakamura (Ref. 26),  Unoki and Nakano

(Ref. 27, 28, 29), and Kajiura (Ref. 30). This latter paper by Kajiura is

the most notable in that it presents the entire linear theory in a self-

contained consistent manner which can be applied for sea bed disturbances ,

surface disturbances , pressure distributions , and an initial velocity

distribution. A general approach is taken to the problem and it is solved

by the use of a time dependent Green’s function with several special cases

being worked out for the asymptotic solution. This pape r and related

refe rences will be referred to later during the development of the mathe-

matical formulation and solution.

Exten sive work was performe d both in E n gland and the United State s

durin g and immediately af ter Wo rld War II on what is commonl y referred

to as the wave “gene rat ion mechanism ” . Thi s phrase means the earl y

explosion behavior , i. e . ,  the propagation of the detonation wave , production

of explosive ga ses , formation of an underwate r bubble , and bubble oscillat ions

3



and migration. Many of these papers are collected in Refs. 31 and 32

and much of the work also appears in C ole ’ s well known book (Ref .  33).

In addition, Snay (Refs. 34-36) has made notable contributions over the

past 15 years to the understanding of explosion bubble phenomena. Bubble

phenomena will not be discussed in this report due to the vast amount of

literature on the subject and the fact that state of the art prediction tech-

niques do not require any knowledge of bubble phenomena. -

With the advent of nuclear explosions , a new and perhaps catas-

trophic problem was foreseen: the possible generation of a huge tsunami-

like surface wave which might produce extensive coastal damage along the

entire East, West or Gulf Coasts of the United States f rom a single detonation

in deep water. This problem was attacked throug h a comprehensive pro-

gram formulated and monito red through the Department of Defense.  Although

mathematical models had been developed, the applicability of these models

was unknown as well as a realistic appraisal of the initial conditions.

Stoker (Ref. 37) gave the Green’s function for a three-dimensional dis-

turbance in water of constant depth. The fi r s t  successful  attempt to

formulate a realistic theory applicable to the prediction of explosion waves

was published by Kranzer and Keller (Ref. 38). Prins (Ref. 39) performed

a laboratory experiment in a two-dimensional tank (i. e, no radial spreading)

where he elevated or depressed the water surface at one end of the tank

and measured the subsequent wave profile at several stations for various

ratios of water elevation to wate r depth. The initial major effor ts  of the

DOD wave program consisted of a review of available theory and data ,

both HE and nuclear , and two experimental test series. The review was

performe d by Kaplan (Ref.  40) of Broadview Research Corporation (late

r4



to become United Research Services). Many shortcomings were evident

from thi s study, especially with respect to well-controlled experiments

for obtaining data on both the wave generation mechanism (with the objective

of relating initial conditions of the theoretical solution to the actual mode

of generation) and the wave train produced by deep wate r explosions in

water of constant dep th. The experimental test serie s on the wave

• generation mechanism was performed at a small scale under  reduced

atmospheric pressure in a tank filled with oil. Hemispherical charges

were detonated at the glass wall of the tank and high speed motion pictu res

were taken of the subsequent bubble and plume formation. The tank was

• not extensive enough for measurements of the wave profile to be taken

• at any significant distance from the charge. Howeve r , a very good quali-

tative understanding of the method of wave generation can be obtained

from a careful  observation of these films. This test serie s is reported

on in a ser ies  of eight reports by Kaplan , et al. (Refs . 41-48). The other

test series was performed by the Waterways Experiment Station and this

• volume constitute s the final report of that test series. Earlier reports

of the data from the various field tests and an analys is of propagat ion

characteristics may be found in Refs. 49-52. These field tests consisted

of detona ting 1/2 lb to 1000 lb charges of TNT and measuring the water

waves at many stations in water of constant depth. Due to the compre-

hensive planning of these tests , the data has resulted in an evaluation of

the initial conditions for the mathematical model as a function of yield

and submergence depth resulting in predictions of a known reliability

for HE charges over many orders of magnitude in charge weight. Extra-

polations to nuclear explosions are still more uncertain~ however , it 
is5



generally accepted that periods can be predicted within 20% and ampli-

tudes at least within a factor of 2 and probably considerably bet ter .  The

uncertainty stems from a serious lack of deep water nuclear tests and

the absence of reliable wave measurements from the few that were per-

formed. The present state of the art prediction technique for deep water

wave trains and the answe r to assoc iated questions relating to analytical

approximations can be found in a series of reports by Whalin . et al, from

Interstate Electronics Corporation (Ref. 53- 59). A discuss 4on of the

applicability of the theoretical methods to areas near the source of dis-

turbance is discussed by Whalin (Ref .  60).  A relative ly early exposition

on impulsively generated wate r wave s was authored by Van Dorn (Ref .  61)

• and some measurements  f rom nuclear detonations are discussed in Ref.

62 and 63. Van Dorn also repor ted on a field program involving 14, 400

lb HBX charges and the relationship between the measured profi le s and

those that could 1~e reproduced through theoretical  conside rations (Ref .  64) .

It should be noted that with the analysis of data from this test  series

and the availability of data f rom the 1965 and 1966 Mono Lake tes ts , the

state of the art  in predicting deep wate r exp lo sion-generated wave s is

undergoing very rapid change and modification. A very in terest ing  project

which provided for  an assessment  of the state of the art  became available

throug h the prediction by Le M~ haut~ and Whalin ( R e f .  65) of the wave s to

be produced f rom several  explosions in Mono Lake . Prel iminary corn-

parisons with the subsequent experimental data indicate an approximate

accuracy of 20% in amplitude and 10% in period. Anothe r report by Whalin

(Ref. 66) on this same project sum’ •iarized the theoretical back ground for

the predictions and indicated several modifications and extensions to the

6 t I  
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I theory. The following section of this report  fully contains those findings

of Ref. 66 and considerable supp lementa ry information. An interesting

app lication of the state of the art as of one year ago can be found in

Refs . 67-69 where LeM~ haut~ , Whalin , et al. predicted coastal damage

from waves near Los Angeles, Providence and New Orleans from offsho re

• underwate r and near shore air detonations.

The majority of research being conducted at this time is devoted

to a bette r understanding of . the modification of a wave train as it propa-

-
• gate s ove r the continental slope and shelf , and significance of three-

dimensional e f fec t s  on run-up,  the run-up from nonb reaking wave s , she lf

and harbor  resonance , s t ructura l  damage , and various othe r applications

of the theory to specialized problems . The primary need for improving

‘ 
deep wate r predictions is a we ll documented nuclear test. Various

modifications and extensions also should be carried out ove r the next

several years as indicated in the following sections of this chapter.

7 
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P 2. 2 Mathematical Formulation

The theore t ical for mula tion of the problem will be presented in

a general fo rm as given by Kajiura (Ref. 30) and Whalin (Ref. 66); however ,

• • most details of the mathematical development are presented as well as a

• 
~ • discussion of the contribution of various terms and the physical meaning

• of assumptions in both the orig inal formulation and the method of solution.

The energy of the source of disturbance also is given in detail.

A multi tude of classical and recent theoretical papers was referenced

in the preceding section. Regardless of their particular objectives , one

face t is common to all of these papers , namely the use of a linear theory

for surface wave s in an inviscid and incompressible fluid. The assumption

of cons tant de pth is almost a necessity for obtaining closed form analytical

p solutions and also is common to the majority of publications related to

this problem. The principle difference in these references consists of

various assumptions for initial conditions , the use of two- or three-

dimensional coordinate systems , and different methods of approximation

fo r obtai ning an analytical s olution. The initial formulation and solution

will include all previous publications as special cases and the solutions

for special cases will be discussed in detail.

Our ass umptions will consis t of the following :

1. The wate r is incompressible

2. The fluid is non-viscous

3. The flow is irrotational

4. The fluid domain is of constant depth , d , and infinite in extent

• 5. The f irs t  order of approximation is assumed for the kinematic

and dynamic conditions at the free surface. 
•

8



• The origin of the Cartesian coordinate system (x ’, y ’ , z ’) is at

• the undisturbed free surface with the vertical axis z ’ being taken positive

upwards. All variables are transformed to dimensionless form (x x ’/d ,

y = y ’/cl, z = z ’/d , t = t / ~7~, r~ = i~’/d , cp = cp ’/d f ~~T, p (p ’/p) / gd , etc).

The kinematic and dynamic conditions at the free surface are

1
• 

~x 1x - + 
~y ~y + 0

= 0

- With assumption (5) on the previou s page , these conditions are 1inear ~~ed

and become

- 

~ z r~ , z = 0

= -
~~~~~

-
~~~~‘ 

z 0

The bottom condition is

cp~ = w~~, z - h (x ,y )

which , from assumption (4), becomes

• 
= w~~, z ’ = -d 

-

or in dimensionless form

Z - l

where wh is the assumed bottom velocity corresponding to a bottom

deformation and ep ’ is the velocity potential , which , from assumptions



(1), (2),  (3) and (4) assures the existence of a single valued function

cp (x , y, z , t) from which the velocity field can be derived by taking the

gradient

= grad cp

Since the velocity components are given by the above equation, it follows

• directly from the continuity equation.

div~~~~~~~0

that the velocity potential , cp, is a solution of the Laplace equation

- 

V 2 cp ~~~~~~ + + ~~~~~~ = 0
~ x a y

and therefore cp is a harmonic function.

It should be noted that linea r ization places certain rest rict ions

• on the surface and bottom deformations that may be as sumed. Specifically,

both should be small compared with the wavelength X ’ and water depth d.

The condition z ’ X’ 2 /c13 
~ 1 should also be satisfied. However , we will

see in the next sections that for practical purposes of predict ion , the defo r-

mation may be much larger than one would normally expe Ct for the theory

to be valid.

This problem will be approached through the use of a time

dependent Green ’s function , 0, whi’ch is a solution of the Laplace equation



satisf ying the free surface condition

Gtt + G  0, z = 0

and the bottom condition

G = 0, z - 1z

~
— The mathematical conditions on the Green ’s function which must be

satisfied to as sure the existence of a unique solution are that G, 
~~~

G), G~
, Gt , G~~, G~~, and 0tz must be uniformly bounded f or every

t at x , y —4 a and (G - 1/R) must be bounded at any source point

(x0, y0 , z0) where

2 2 2 2R (x -x 0) + ( y - y 0) + ( z - z 0)

At time t = T the Green t s function is assumed to satisfy the following

initial conditions

G = G t = O ~ 
z 0

The above equation and conditions are sufficient to determine the Green ’s

function uniquely. For a derivation of the Green ’s function , in the case

of three-dimensional motion in water of finite depth , the reader is referred

to Stoker (Ref . 3?). From Stoker 

—

G (x 0,y 0,z0;TIx ,y, z;t) = 

~ ~ [sinh a {i _ j z - z 01} - sinh a {l + ( z + z )}

P + -4 {i - cos y (t - i)} 
~~~~ 

cosh a (1 +z) cosh (1 +z 0)] d a , 0 >  z , - 1

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
• 

~
• 

~~~~
- - -

~~~~~~~
•-

~~~~~•- -  ----~ 
• •• - •

~~~
•
~~~~~~~~~~~~~~~~~~~~~ ~~~~



J P I
~ 1where

- r 2 
= ( x -x 0)2 + ( y - y 0)2

• • 2
Y = a tanh a

Upon making use of Green ’s for mula , the above Green ’s function, ,

and symmetry propertie s of G, one obtains an expression for cp~ (x , y, z , t).

The integration of cp1 from 0 to T and subsequent substitution of cp

into the boundary conditions give s the following expression for the free

surface elevat ion , 1~ -

t

~~ = 
~~~ 

- GTt fl) T .0  + [S pG TTt dT ~~~~~~~~~~~~~~~ =0

- 
S 0 0

~~~- 

- 

+ [S G t~ Z T dT]Z =-l , z = o I d s

The details of the above derivation rr~.y be found in either Stoker (Ref.  37),

Kajiura (Ref. 30) or Whalin (Ref . 66) . The above expression for r~ represents

the classical solution derived in a considerably more general form.

Lets now analyze the contribution of each term in the above equation

1. The fir st term represents the contribution of the initial velocity

• dist ribution, cp
~ , assumed on the free surface.

0
• 2. The second term represent s the contribution of the initial defor-

mation, 
~ IT .0’ of the free surface.

3. The third and fourth terms represent the contribution of the

applied pressure . p.

4. The latter term represents the contribution of the bottom deformation .

p wB being the vertical velocity of the bottom deformation.

- 12



H
2. 3 Asymptotic Solution for Special Cases

The difficultie s involved with the solution of the above equation

depend upon the area where one wishe s to obtain an estimate of the wave

profile and the functional dependence of the initial conditions on the space

and time coordinates. The solution can be integrated numericall y regard-

less of the complexity of the initial conditions . Howeve r , in the case of

wave s generated by a single explosion , the problem is axially symmetric.

This results in the space integration becoming the zero order Hankel

t ransform of the initial mode of disturbance or the integral of the dis-

turbance from 0 to t . If one cannot p erform the Hankel transfo rm ana-

lytically, the approximate integration method developed by Whalin (Ref .  60)

may be used to accurately compute the amplitude time history. ‘A closed

form solution may be obtained by use of the method of stationary phase to

approximate the integral ove r the wave number. The following examples

illustrate the closed form solution for several cases of the various type s

of initial conditions.

Upon computation of the appropria te par tial derivatives and

expressing the solution in cylindrical coordinates , one obtains the following

relat ionships.

G = ( a ~~) s i n Y t d a
t j zo , z0~

O, T~ O V 0

G = S a a  J0 ( a ~~ ) c o s y t d a
t r j z=0. z : O , ‘r-0

13



GT Tt IZ O z0=o = - a ~ J0 ( a )  sin y (t - T) a a

GT T 1 z 0 z 0 T ~~~~= 12 a  J0 (~~~ ) d a

z=O S y c ~~s~ a-  ~0 ~~~~ a m Y  (t - T) da

J0 ( a r ) = J ( a  r) 
~~ 

( o r )  + 2 ~~ J ( a  r) J ( a  r0) cos n (0 - 8~ )

n 1

Note that upon integration wit h respect to the source variable 0~ (assuming

axial symmetry for all initial disturbances)

( a~ ) d 2~~ J 0 ( O r )  J (~~~r )

i + (a r ) Jo ( a r o)sinYtda~~~zOjZ O T O

+ S ~‘ 
( ar )  J0 (-

~~ 
r~ ) cos y t  a a i~ (r o)IT....0

+ p (r , T) ~~~~
- a V 

~~ 
( a  r) J0 ( a r 0) sin ? (t - T) d . a d~

+ (p~~r0 , i)  S o . J0 (a r) J0 (~ r0) d 
~~)T=t •

÷ ~ c:sh sin y (t - T) d a 
~ 

T~~~
0

= -1 
d T]  r0 a

Note: [1 the initial surface deformation is defined in general by 
% 

(r 0 , ~r)

then

P (r , ‘r) 17...o = ( r 0)



= 
~~~~~~~ r~0 (r , 

~
)tI=O = (r 0 , 0)

Now consider the following special cases:

Case 1: The applied pressure at the surface is impulsive at
+T O

p (r 0 , T) = p (r 0) 6 (0 +)

therefore

S p (r 0 , T) GTTt d~ + p (r 0 , T) ~~~~ = I
~ (r) GTTt

All other terms are identically zero of the equation since = 0 , ~ (r 0) = 0 ,

W B = 0. Therefore

~ 
Cr , t) = J0 ( o r )  sin V t  5 1~ (r 0) J0 ( a r 0) r0 d r 0 da

Upon inspection one notices tha t

J 1~ (r 0) 
~ 

(a r0) r 0 d r~ = ( a )  = zero order Hankel transform

of the initial impulse.

Therefore

f l ( r , t) J a Y I o ( a ) J o (0 r) 5
~~~

Y t d 0

The above integral can be evaluated by the method of stationary

phase subject to the following assumptions

15 
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1) The frequency of oscillation of I~~( a )  is low compa red with
that of J ( o r )  and sinyt.

2) 
~~ 

( a r) may be approximated by the first term of its asymptotic

expansion for large argument. Note: Additional terms in the
asymptotic expansion will lead to a slightly better approximation;

however , the increase in accuracy is small compared with the
unce r tainty in choosing the initial conditions.

We now proceed wi th the evaluation of the integral , preceded by the following

theorem.

• Theorem: If an integral is of the form

B
C T f ( Z )

• j~~~ (z) e dz

A

where X (z) is of bounded variation, T is a large positive constant, T f ( z)

is analytic in (A , B), and f ( z )  ~p + i~ , where cp = 0 and 4,’ = 0 has a

unique solution x0 in (A , B), then

(z) eTf~~ dz  ~ ~~(x0) 2~~ 
+~~ sqn 4, ” x~~ + ~

A ¶ 4 , ” ( x~)

Proceeding with the evaluation, we make the following assumptions

1) a y  1~~( a ) has a low frequency of oscillation relative to

J0 
(or) and sinyt .

2) 
~O~~

° r) is approximated by the first term in the asymptotic H

expansion for large argument :

2 1~~2 e 0 i ~
_
~~ + e ’~~~ 

r - )~~
~~ ~a r) 

~ r cos (~~~~ r - ~) = ~ ~r a r 2

Upon substitution one obtains
H

co 
____  

i ( ~~~ r+yt -~~) ‘(a r-Yt-~~)

C / 2 — 5 e - e
r 1(r , t) ~ ~~~~~~~~~~~~~~ 

a Y10
( a )  

~ 4j
0 i-r . 3 1- ,( a .r yt~~ ) - i ( c y r + y t -~ )

+ e e 
- 

I
A . . _...~.,.. — ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ • —~••~ - -•~•_~~• • _  ~~~•_ ~~~~ •• ~•~•



The expression for ti (r, t) is ~ow in a form which can be evaluated

by the method of stationary phase where cp = 0 , 4, ± (~ r ± y t - cr /4)

and the stationary phase points ~~ 
are solutions of 4,’ (a) = 0, where

4 , ’  ( a )  = .± r + tanh a + ~ sech2 0 
N

.1 c~ tanh ~

= ~~~~~~~~ ~ + ~ secl~
2

o 12 
+ 

sech2 a - _o sech2 0~~axih a) 
~( a  tanh a )  (a tanh 0 )  /

The stationary phase point s are defined by 
-

- i f  /~~ nh c J  i r~ q~~~~~~~~ -
= + — 

~ V t a n h O J  t
cosh a

Only the second and third integrals have real

stationary phase points. In the second integral

~ ( a )  ~ r

- tanh a + sech2 a
- r - -— 

_ _ _ _ _ _

2 ./a tanh~~

I~~~~t j  - ! f tanh ~ + a sech2 
~~~~~~ + ~~~ h2 

~ - a. sech2 a tanh a
V ~~tj  ~ 

— - 

~ 4 3/2 1/2
{~~ 

tanh ~~ 
[a  tanh 0)

The stationary phase point s are defined by

1 J

. 

~~~~ a~ — Jii -:
~_.L~~i~~1. ~

cD (cy ) 
I 1V~~~ 2 ~~~~~~~ ~ tanh a J t

- cosh a

and cp ”(a  ) is positive.



In the third integral

4 , (~~y )  - ( 0 r - y t -~~ )

= - {r - tanh a + a sech2
~~~

2 [~~~anh o

— 5 1 [tanh a + a sech2 a~~~ sech2 0 - 0 sech2 0 tanh 0
4, ( -a )  

~ ~5/2 + 1/2 t
[a  tanh 0 ]  [0 tanh a ]

The stationary phase point s are defined by the same functional relationship

as in the previous case , however 4,” ( o )  is negative in thi s case.

Upon application of the previou s theorem

- iL ( 0r  -y t - ~~-+~~(+ l ) )  -i~ G r

~
(r , t) = a y T ( a ) ~J~ r ~/ - c~’(~~ ) t

where ~~“ ( o ~~)~ has been replaced by ( - c p ’ ( o )  t). Upon substitution of

t = r/ cø ( a )  and simplification, one obtains

- 

2 T ( O ) O v /—~~( 1  ~ e~ (0 t) +e
0

~~~
_
~~~

r~(r , ) — r ‘1~~~~cp ’ ( a )  1.- 41

2 a 

~~~~~ 
[- ~ sin (a r - yt )j  

-

- 

( a )  0 J ~ sin (a  r - f~~~an h 0  t)

P
18



t p -
~

The above equation reduces to Kranzer and Keller ’s result when put in the

for m

-

= ~~~~~~~~~~~~~~~~~~~~~~~~~ s i n 2 n ( ~~~-~~ )

where 
________

cp (  a )  ~~~~~ 
0 

+ 
h2 

° ~~tanh 0

T ( a )  N ( r ) J ( a r ) r  d r
0 J 0 0 0 0 0 0

0

Z i r

T =  _ _ _ _ _

7 ~f~~~anh~~
All variables above are in dimensionless form as previously noted .

Case 2: The applied pressure is a function of time from 0 to

and zero thereafter

/ *

p~~~~4~
I *
(.. 

0 , T > T

therefore

- t 
7*

~~ (r 0 , 7) GTTt 
d T  + {p(r 0 , 

~~‘T— t S P (r 0 , 7) GTTt d T

= a y J 0 (a  r) J ( a r 0) ~~p ( r 0 , T )  a m y  (t - 
~~)  d7  d~

- - - 

19



Let

• (r 0 , 7)  sin y (t - 7)  d T = P (r 0 , t)

then

Let 

~~(r , t ) = _ 5 a y~~o ( a r ) c P ( i 0 , t ) J 0 ( 0 r 0) r 0 d r 0 da

P (r , t) J (a r )  r d r = ~~ ( a , t) = zero order Hankel t ransform of P ( r 0 , t)

(r , t) = - y ~~(a ,t) J~ ( O r )  d~

p
The above integral also may be int egrated by the method of stationary

phase onc e P ( a , t) is known and provided that stationary phase points

exist.  Otherwise , if one cannot integrate directly (which is unlikely) then

another approximate or numerical integration technique must be used.

Case 3: The applied pressur e is non-zero for all time t

p = p (r 0 , T)

therefore

~(r , t) p (r 0 , 7) G : dT + [~ (r 0 , 7)  G71J7~~ } r 0 d r 0 - P ( r , t) 

1

~ o Y J 0 ( a r) [- 
~ 

P ( r ,  t) J0 ( a  r 0) r 0 d r 0 + — p (r 0 , t) S0 ( 0 r 0) r d r 0j d o

0 0 
0

- P ( r , t)

- 

• 

~~~~~~~ -- —— ------~~-— -—~~~~~ —- 
- - - -~~~~~



[F
where

P (r 0 , t) 
~~p (r e , T) sin y (t - 7 )  d T

Let

~~ ( a , t) = 5P ( r 0 1 t ) J 0 ( a r ) r 0 dr

~~~( a , t) = J p ( r , t ) J (~~~r ) r d r

then

~~(r , t) J o Y S 0 ( a r ) {~~~P ( o ; t ) + ~~~~~~~~l }d0 P ( r . t)

Similar comment s are applicable as in the previou s case with

re gard to the integrat ion .

Case 4: There is an initial surface deformation which is stationary

at time zero. Therefore

~ (r , t) = S ~ ~~ 
( a  r) J

~ 
( a r 0) cos y t 

~6 (r 0) d a r d r0

~~ 
( a r )  cos y t  S % (r 0) J~ (a r 0) r 0 d r 0 d o

Upon evaluation by the method of stationary phase

21 



-~~~~~~~

_ _ _1 1 ( a )  — 
_ _ _ _ _

~ (r , t) O
r I t

(

(

~~~~~ cos ( a  r - f~~~anh a t)

Special note should be taken of this case since it will form the basis of our
predict ion technique .

Case 5: An initial velocity field at time t = 0 with no surface

deformation. Therefore

1 (r , t) 
,~ 

-
~~~~ J~ ( o r)  

~~ 
( a r 0) sin Vt [cD~~1~~~.o d 0 r 0 dr 0

a J ( o r )  s in y t
° S ~~~~~ ~~ 

( o r 0) r 0 dr 0 do

- 
f. -~~S (~~~r)

,~ ~ z ( a )  — ° s i ny t d a
0

co ( a )  _ _ _ _ _ _  

_ _ _ _ _ _ _

_____  

sin (a r - .[ ~~tanh ~ t)
r j tanh 0 

a

Case 6: An initial surface deformation and an initial velocity field.

The solution in th is case is merely the sum of the solutions for Cases

4 and 5.

_ _ _ _ _  _ _ _ _ _ _ _ _  ~~ 
( a )  

_ _ _ _ _ _ _

~ (r , t) ~ ! r10 ( a )  cos (a r - .[~~tanh ~ t) + ______ 
sin ( 0  r - ./ a tanh C t)

22 
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Case 7: A bottom deformat ion of constant velocity W
B 

for a

finite time T*. Therefore

— ~ 2 a s in y t d o

~~ t ~ z0~~~O - W
B J y cosh o

* *7 T c o  —
~. J ( o r )

Gt ,1. 
~z d i  = W B $ J ~~~osh~~ 

2 a [_  cos Y (t - 7)] d o .

o 0 0 0

*— 1 ’
Z a J  ( o r )

• = - w  1 ° — 1 cos y (t~~~ r ) d - ’ r d 0
B y  cosh a ~

0 0

— *
C 010 ( 0 r )  

r- sin y (t - j
~~~~= - 2 W

B J cosh~~ L y °

-

~ a S  ( o r )  ‘C

= Z W B ~~~~~~~~~~ 

[s i n y( t  - T
a’)  - sin yt] a-a

Therefore

co

1 1(r , t) = 2 W
B ~ si~~~ 

[sin Y (t - 7*) - sinYt]  5s0
( a r 0) r 0 dr 0 d 0

— 2 w r ~~ (~~ ) a J 0 ( o r )  
[sin y( t  - T*) - s inyt )  d o

B~~ 
y cosh a

~~1



2 .4  Evaluation of the Wave Amplitude for Areas Near the Source and
Near the Front of the Wave Train

It has been demonstrated in a paper by Whalin (Ref~ 54 , 60) that the

asymptotic solution obtained through integration by the method of stationary
— 

phase is valid within 5% pr ovided the distance r where the amplitude is

computed is approximately greater than 5 times the radius of the init ial

surface deformation. If one desires to predict the wave train closer to

the source of disturbance , an alternate integration tec hnique is r~ cessary.

The method described in this section cora ists of fitting a fourth degree

polynomial to each ha lf oscillation of the integrand and to then perform

the integration directly.

The solution can be represented by

1 1( r , t) = S f ( a ) d a

0 a

- • where a = a small number such that the oscillatory function of the

integrand may be approximated by asymptotic expansion near 0 = 0

= a large value of a such that the latter integral is negligible

and is a zer o of the inte grand

• ~~~ ‘ ~s an oscillatory fu nction of a depending upon the nature

- ~ cT~.sturbance. Havi ng chosen the proper limit s

a and ~~~, the first  integral is integrated directly and the latter

is negligible.

Let ~ . be the ordered zeros of the function f ( O ) in the interval

a < a .  ~~ ~~~, I = 1, 2 , .., N and ° N = ~~~, then

24 
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f ( a )  = K {A! ~~ +B! 03 +C. 02 +D ! a

a �  a �  a~ , i = 0

°1_ i  
< ~ � 

~~~ 
i = 2 , 3 , ..., N

where K is a constant depending on the initial conditions

Upon substitution of the above expression for f (  a )  and sixbsequent

• ter m by term integration , the wave amplitude becomes

~ (r , t) K {
~ 

(~~ 9/2 
- a9l2 ) + B~ (a 7/2 

- a7/2 ) + C~ (~~~~ 2 
- a5/2 )

+ (a 3/2 
- a312) + E~ (0 1/2 

- a 1” 2 )

÷ 

i=N A ’ 9/2 
- a . 9~

2) +~~~ ( a .712 - 0 7/2 ) ~~~~ (~~ •
5/2~ a??)

i=2

÷-~~~ (a~~~~- a~
3
~

2 ) +E . ’ ~~~~~~~ 0V~)i}

where
A. ’ = A.

1 1

B. ’ = (~ + 0
k_ i

) A. + B.

= a . a .~~ A1 
- (a .. + 0 j I ~ 

B. +C .

0 j 0i-l B1 
- (a  

~ 
+ a i-1~ 

C.

a~ a~~ 1 C1

A m -64 [2 1(
Oi + 3_a ._1) (

~~~~+ a
. 1 ) 2 (

3a i + a i 1)]
-
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B. = 
64 r(50

~
_
~ 

°i- i\ f ( 0 i + 3 0 i 1 \
1 

— 0 ) ~ 
L\ 6 1 ‘~ 4

- ( a  + i_ i )  (

°

~~ 

~ 
0~~~j )  

+ (
3 0

~ i_ I )  
~~ 

i - i)]

c. = 
8 a ( 0 . + G i i ) ( 3  

~~~~ 
G

~~~~~~~1
) (

a i + 3 0 . 1

1 
( 0 . _ 0 . ) ~~ 

3 4 )
1 i—i

- 

( ° • •  + a .)~~~ (3 0~ + 0
~ .i) (

0 i + 0 .~~~

2 ‘~ z

+ 
2 ( a. + 3 a . 1 )  ( a .  + 0 j — 1~ ~ (

3 0 +

~
• 

0 1_ i)

A 1’ = A 1

B 1’ = B 1 - a .A 1

C 1’ = C 1 - a 
~ 

B 1

= - ° i C 1

1 f l~~~5 
— 17) 

~‘6 
- f

7
)

A 1 = (a - b) L (a - c) - (b - c)

B — 
1 r ( a ÷ b + c )  f f ( b + c + d ) 

~ - f
1 - (a - b) L ( b - .c) ~~6 7) (a - c) ( 5 7)

c = 
(bc + b d  + c d j  

~ - 
(ac + a d  + c )~~ ~ ÷

(ab + a d  + b d )  £
1 (a-b)(a- c) 5 (a - b)(b - C) 6 (a - c)b-c) 7 

- ‘
-
•--- “-- . -- - --~~~~
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Fig. 2. \Vave amplitude as a function of time 10 km iroin the source for a parabolic im-
pulse. R = 1.4 km, h = 5 km , 1, = 5 ~ 

10T dynes sec/cm ’. M i  I I  of stationary phase (solid
line), integration method of this paper (dashed line)-

I I
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Fig. 3. W~vc amplitude as a function of time 5 km from the source for a parabolic im-
pulse. R = 1.4 km, h = 5 km , 1, = 5 x 10’ dynes sec/cm ’. Met-hod of stationary phase (solid
line), integration method of this paper (dashed line).
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= a L b ( b  + 
(C 

(c - d~~i 
+ b L ~~~ 

- 

~~~~~~~~

~.-( b - a 2 d) ( a - a  d)

~~b (b - d) a ( a - d) l

f — f
b = a 1 + 3 a  = 

1 4
5 a - d

c = a 1 + a  
£6 - b - d

3 0 ~ + a

4 f _ 3 • 4
7 c - d

= 
f (aJ

1 0 - a  a 1 =

a + 3 a
4 f (  — ) a2 =

= 3 ( O 1 +a) 
— 

- f / fa 3 - 3 4

c~
- Z f (  )

f = 
2

3 a 1 - a

- 4 f ( — )
f = 

4 _

Examples of this integration method are shown in Figures 1 to 3 for

the case of a parabolic impulse and further details can be found in

Whalin (Ref. 60 ). The method is relatively easy to use and the accuracy

of the integration procedure is well established.
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2. 5 Ener gy in Exp losion Wave s

One of the important considerations is the efficiency of an explosion

as a wave producing mechanism. Many experimental tests have indicated

that approximatel y 1-3% of the available ener gy appears in the form of

surface waves for HE detonations. The percentage is considerably more

uncertain in the case of nuclear explosions. This section gives the

expressiors for computing the potential energy of three surface déforma-

tiort s a ssumed  for  purposes  of predict ing the water waves. A derivation

due to Sakurai is included for approximatel y relating this expression to

field measu rem en ts  of the envelope maximum at various stations , adis-

ta.nce r from GZ. Further theoretical expressions and curve s are g iven

showing the relationship between the potential and kinetic energy appearing

in the wav e train at any time t after the detonation.

2. 5. 1 Energy of the Sur face Deformation

Letting ~ (r ) be the initial stationary surface deformation as in
0

the pr eceding sect ion , the potential energy is represented by

co ~ 2 (r )
~ —p- r d rE = 2 T r p g J  z o o -

0

In the case of a parabolic surf ace defor mation represented by

r 2

~ (r ) = ~ - (-i)] r � R
0

0 0

r > R0

29
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-
~~~~~~~~~~~~--

R 2 r 3 r 5

E ~~~~~~ o
= r r p g i ’ ~ r - 

R
2 ~~~~~~ 

d r 0o L o
0

= 
~~ ~ g ~ 2 T R2 2 R4 R6 -1

0

2 R2
— 

~~~p g ~~
— 

6

The potential energy of the deformation with lip represented by

~ 4 r 2
I 0 

—i +11 r
0 ,) o L ~~~ 4 3R 2

0 r > ~~~~R

is given by

J~~R r 9 8 r 7 2 2 r 5 8r 3

+ — -E = r t p g~~
2 r [ ° ° ° _ _

J 9R 8 9R 6 9R 4 3R
0

2 
[2 /7 R2 

- 9 + 11  R
2 

- 6 R
2 

+ 
~~

-

2 2
~ ~ g 

~~ 
R

2 2~~42
= n p g ~~~ R L~~~~~

] =

A third case of interest is an initial deformation in the form of a para-

bolic cavity surrounded by a lip which is an extension of the cavity. This

initail deformation is represented by

~ (r  ) = 

2 r 0
2

~ ) ‘ 0 L ’ 
, r � R

0 , r 0 > R
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and

2 R~~ 4 r 2 4r
1-  ° 0E~~~~~p g ~~0 $ 

~ 
÷ 

R4 J r  d r
0 0

0

2 R2 4R 2 4R 2
lT p g %  { -

~
--- 

~~~~~~~~ 
÷ 

6

6

It should be noted that the above surface deformation conserves the mass

of the fluid domain, i. e .,  the amount of water above the undisturbed f ree

surface is equal to the volume of the water cavity.

The above deformations are considered sinc e they are commonl y used

in per forming  predictions of the surface  waves generated by underwater

explosions. Many other shapes and conditions could be used; however ,

the present  state of the art has indicated that these initial conditions

yield the most reliable prediction.

2. 5. 2 Kinetic  and Potential Energy Distribution

At time zero , the mathematical  models used for pe r fo rming  predict ions

assume that all the energy partitioned to the water is in the form of poten-

tial energy.  One can study the partitioning between potential and kinetic

energy as a function of tim e af ter  detonation f rom the theoretical solution

for the velocity potential. However , at large times after  the explosion s

the total energy is equally divided between kinetic  and potential energy

which is easily demonstrated as follows. 

- .~~--~ -~~~~ -~~~ 
31



P. E. = ~ p g ~ 
2 

~~ cos 2 
[~~~ 

(a)  t ) da

where

= a c p ( a )  -~ J at a n h a

P. E. = 
rrp~~ (l o + 1i~

where

2
I = 

i
~
l
~~ 

a~~~ (~ ) d a

= 
— a  ( a )  cos (a~~(a) t)

I = 

~~ 
{ $~~ 

( r )  J (~~r~~~r 0 d r 0 }
2

d0

= ~ d r 0 $ d r 0’ ~~~( r )  ~~~(r 0
t )  r r 0’ $4 a J (a r ’) do

lim A
A40 ~ 3 ( o r )  3 ( ar 0

1) d~ = — ó ( r 0 - r ’)

W E.. I r~ ( r )  r d r 0 = ~
-
~j

P.E. = .
~~

- 

-

2

II l___ 
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A precise distribution of the potential and kinetic energy as a function of

time can be evaluated from the expression for the velocity potential . The

limiting value of an equal partitioning of the kinetic and potential energy

will be reached relatively quickl y.

2. 5. 3 Relationship Between the Wave Envelope and Initial Conditions

This section discusses an approximate method of estimating the explosive

energy converted to water waves from field measurements of the wave

amplitude as a function of time at any location r from SZ in water of

constant depth. The method presented was f i rs t  developed by Sakurai

(Ref.  51) and greatl y facilitates an estimate of wave energy.

The theoretical solution for the wave amplitude which yields very good

agreement with field measurements provided the cavity parameters  n~

and R are well chosen is given by

2 hr)  
____o 1 ____

~~(r , t) = 2 ~z ~~~~ 
[ â cP ( a $  cos (~ r - .fatanh at )  (para-

( a )
r C

bolic cavity)

4 ~ h 
(.J T h ~ 

f a ~ TöT0
2 ~4 

— 
~J -cp ’(oT  

cos (ar - fä tanh ~~t ) (cra-

ter with lip)

r~(r , t) = 
T\ O 1

~ j  (o R) J-:~
-
~

) cos (o r _
~ /ä t an h at  (parabolic

ra 3

depression and cylindrical elevation)
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It is very easy to perform measurements  of the f i rs t  envelope amplitude

from wave records, which forms the basis of this method. The product

of the f irs t  envelope amplitude and the distance r of the measurement

station is given by

,a R a
= 2 h r ~ 

1~~~ rn 
_ _ _ _ _ _ _2 2 \ h  / 

~~~~~~~~~~~~
‘ ( a ~~~ 

[parabolic case]am m

~ r = 4 h ~ L. 
(
~f~~0m R

) \/&
m~2 (0 1J -

r 0 2 34 -h - cp ’ (a ) [li p case]
m m

11 r = ~ R 3 (a R) m n-i (parabola and cylinder)
~~

a ç( a
e 0 3 n-i

where

a = the value of a at the envelope maximum
rn

The validity of this method is subject to the following assumptions:

1. The measurement  station is a large distance r from the explo-

sion so that the above equations are valid.

2 . The value of a at the envelope maximum is sufficientl y large so

the asymptot ic  expression may be used for the functions cp (a )

and ~.- ‘ ( ~~ )

3 . The wave t ra in  is represented relatively accurately by the above

equations provided proper deformation parameters 
r~ and R

are chosen.
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-~~~~

j
Parabolic: ? l r  = zVY ~~ R 

(
C R

)

~‘J ~ 
0m R

Crater with Lip: fl er = 4~~~~~ ~ R 4 - h

° (.~J~_a R

h

Cylinder and Parabola: ‘ri r = .J ~~~~~ ~ 0R J3 (CmR)

Parabolic case: The first maximimum of r~e
r is given by the first

maximum of J2(x) /x , given by

a R
= 2 .2 9 9 9

3 m
________  = 0.17996

a R
( m)

h

Therefore

~ 0. 509 ~~ R

F ,~~R ~ 1. 964

From the previous section, the potential energy of a parabolic cavity

is given by
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E — °
6

Upon substitution

E~~ 
3.86 ’ r r p g  ~ r 2

6 max

E~~ 129 ‘r
~rr~ax r 2 ft. lbs.

Lip Case:

In this case the maximum of J4(x)/x  is 0. 0787 , resulting in

r = 0.77l r~ Rmax 0

= 1.299 ~1 r

The total energy of the initial deformation is given by

E~~~6 6 . 2 r i 
2 r 2 ft . lbs.

max

Cylinder and Parabola Case:

The maximum of the wave envelope is merely at the maximum of

J
3
(x) which gives

1) r 0 .6l4 ii R
max 0

= 1.6 3 ‘r~max’

_ 
36 



i~ p g ’r~0 R2

6

2 2E 88,8 ‘r
~~ a r
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2 . 6  Initial Conditiors

It has been demonstrated in the previous section that one has a

wide variety of initial conditions in order to simulate the wave generation

mechanism for an explosion. Intuitively, for the case of an air explosion ,

a time dependent pressure , P (r 0 , T) ,  would seem to be the logical choice

of an initial condition. Unfortunately, to the knowledge of the authors , there

have been no theoretical developments other than those presented In the

previous section. It has been demonstrated (communicated through private

discussion with Drs.  Van Dorn . and Olsen) that the integration of pressure

measurements from field tests to give an initial impulse and the subsequent

use of an initial impulse for predicting waves results in an erroneous prediction

by more than an order of magnitude. The use of a time dependent pressure

is the next logical step toward a realistic model and would comprise both

an interesting and valuable research task.However , tn this report we are

interested in underwater explosions , primarily because the energy converted to

water waves is significantly larger than for air explosions. It has been well

established that the use of an impulse or a surface deformation as an initial

condition te sult s in a wave trair. which is qualitatively similar to those

measured from explosions . After considerable trial and error , it was

further demonstrated that a parabolic deformation or impulse of the form

r 2
r1 (r ) r

~ 
[1 - (.

~
) 
~J - 

r � R
0 0 0

[0 r > R
0

r 2
1 ( r ) = ~~~~~~~~ r

c
~o [  ( ° ~~1

0 0

“2 0 r 0 > R  

-~~~~~~~~~~~~~ ---- -— -—~~~~~--~~~~~~~ --—-.—- -  —



resulted in the best comparison with experiment provided the two parameters

R or 1 , R were properly selected. The only objection to thi s form

of initial condition is the fact that an initial deformation consisting of a

net addition or removal of fluid from the domain results in the prediction of

a discont inuity in the wa,.~~: surface at the front of the wave train. There-

fore any prediction of the leading wave will be in error , and under certain

conditions , the leading wave is of considerable interest due to its long

period and large shoaling coefficient.

Whalin (Ref. 57)  developed a model consist ing of a water crater

with a lip where the volume of fluid in the domain is conserved , thus

eliminating the discontinuity at the front of the wave train. This deformation

is given by

~~ ~~~) 
~~~~~~~ 

[
~~ 

- + iJ r �

0 r > T 3 R

and is illustrated in the following f igure.

IT R
L-~~~R

, 7 7 _ F  7 7 ~ , , ~~ ~~ ~~

Figure 4 Initial Deformation with a Lip
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Recent preliminary investigations indicate that perhaps the com-

bination of a parabolic deformation and cylindrical elevation give s a better

prediction of the entire wave train than either of the previous two initial

conditions. This deforr ~- . on is given by

~ r 1  2r 2 1
0 0 1 1

0 L L  - ---
~- J  r � R

r > R0 ,

F F ~ P ~ Y ,

Figure 5 Cylindrical Elevation plus Parabolic Depression

Therefore , throug h a considerable amount of investigation , the initial

conditions which are commonly used for predicting water waves generated

by underwater explosions consist of one of the stationary surface deforma-

tions above.

Several investigations need to be conducted to take full advantage

of the presently available theoretical develoPments. These include:
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1. The accuracy of the above initial conditions for predicting wave

amplitudes near the front and end of the wave envelope. It is

well established that periods and maximum amplitudes can be

predicted accurately.

2. The applicability of time dependent deformations or an initial

velocity field for developing a better model of the initial con-

ditions.

3. The accuracy of predictions close to the explosion, yet away

from the base surge area.

All of the above investigations require a close comparison between

theory and field tests. Even more important , field tests are a necessity

in evaluating the initial conditions and R as discussed in the fol-

lowing section.
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2. 7 The Role of Field Tests in Theoretical Developments

The previous theoretical development s are all based on the linear

theor y of surface waves in water of constart depth. Obviously, the hydro-

dynamic phenomena in the immediate vicinity of an explosion constitute a

highly nonlinear problem . Initially, it seems absurd to expect a linear

theory assuming a mere deformation of the water surface to yield reliable

predictions of the water waves produced. However , through comparisons of

the theoretical results with field tests , it was well established that the

linear theory produced qualitatively satisfactory results . The only problem

remaining was to relate the parameters r and R of the initial deformaliori
‘0

to charge weight , W , submergence depth , z , and water depth , h. In the

case of explosions in deep water , defined as water sufficient ly deep such

that the bottom has a negligible effect on the generation of the surface wave s ,

the only parameters of consequence are W and z.

The present state of the art , which seems to be quite satisfactory

for logistic purposes , could not have been achieved without the performance

of this particular experimental test series. The range of charge weightsand

submergence depths used in thi s test series was sufficient to result in a

reliable empirical evaluation of the parameters ri0 (z , W) and R ( z , W).

This initial evaluation of these parameters was performed by Whalin (Ref. .57 )

without all the data from this test series. These parameters are reevaluated

(Ref. 5 1)  in Section 4 of this repor t with the inclusion of all data from the

program. The method of evaluation is presented in the following paragraphs.

A dimensional analysis of the problem was attempted .

however , this pr ocedur e failed due to the lack of any consis tent plot of the

data in terms of dimensionless parameters. This was probably due to
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rn-any factors: the fac t that gravity could not be scaled, a change in efficiency

of detonation with increasing charge weight , the speed of detonation could not

be scaled , etc .

Approaching the problem from an empirical point of view , the

following steps were undertaken: -

1. A confirmation of the h r  amplitude decay of the envelope with

distance. This has been verified (Refs . 57 , 50 , 5 1) .  -

2. An empirical fo rmula for the period , wave number , and wave

length associated with the envelope maximum (all are related to

each other) as a function of z and W

3. An empirical relationship for the product . of the envelope

amplitude and distance from SZ (‘ri r which was shown constant
max

by 1. above) as a function of z and W for any one detonation.

The relationships above can be represented by

k = f (z , W)
max 1

‘r
~max r = f

2 
(z , W)

In order to eva luate and R from these relationships , one must refer to the

asymptotic solution for the case of an initial deformation

(r , t) 
~~~( a )  I a c p L q ~)

r ‘J - ~ ’ ( a )  cos ( O r _ .[~~tan h 0  t)

where the envelope is represented by

~~~~a )  fl~J~~( a )
r~ (r , t) = 

~~~r ~/ ~~~‘ ( ~~~~)
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P

Note that ~~~ ( a )  contains both parameters  r~ and R and
0

arl
~0

~~~ ( a)  = 
~ 

J
~ 

(a R) parabolic deformation
a

~~~ ( a )  ~
0 34 (~f ~~ 

a R )  deformation with a lip
a

0
~~ (a) = 

2 
33 (a R) cylinder and parabola ’

a

We now proceed with the evaluation of R. Noting that a = kh  or

a = k h = h i1 (z , W), the value of ~ at the envelope maximum,
max max

d(~~ r)ea , is the solution of = 0 . Therefore , R is the solution of
max dm

£ d ( r r)
- _______ = 0, shown below for the specific
L d ~ J o  = a = h i  (z , W)

max 1

cases above.

ow (a) 1- 
d 

{
J..~~ 

~2 (o R) ‘J -cp ’( a)  ~ J a = hf 1(z , W) = 0 parabolic case

a

and

I acp(a )
~ 1 _ _ _ _

~~~~~~~~~~~~ 3
4 

(~~~~ aR )  
~~~~~~~~~~~~~ 

} 1~ = h f 1(z , W) = lip caseI -
~

a

[-
~

- { -
~
- J3 (O R) ( a) )  J a = h f

1 
(z , W) 0 parabola and cylinder

The solution- for r~ is now a simple matter , upon substi tution
0
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f 2 (z , W) 2 ______

_______  _______  
I - cp ~ ( a) 1= 

2 L J
~ 

(~ R) “ I a cp ( o)  J a h f
1 

(z , W) parabolic case

f
a~~~~~

, W) 2 _ _ _ _ _

[ 
34 

a / - H ( a I= 
(,.J r aR) 

-! ~ ç~( o )  J a = h f
1 

(z , W) lip case

r a / -co ’(o ) 1
= f a~~~ ~~~~ L R J 3 ( a R ) ~‘J acp  (a ) J a = h i

1 
(z , W) cylinder and parabola

The functions f1 and f
2 are evaluated in Section 3 of this report

along with a table of r~ and R as a function of z and W
0

One must realize at this point that the values of r~ and R obtained
0

in this manner will not necessarily have any resemblance to the actual water

crater  formed by the explosion. A theoretical solution has been developed

which adequatel y describes the qualitative features of the wave train. The

experimental data are then used to evaluate the initial conditions of this

model as a fu nction of z and W so that the predictions will result in

empiricall y derived values of the wave number and amplitude at the en-

velope maximum.

It is readily appar ent that reliable predictions could not be pe r formed

without both the theoretical anal ysis of problem and the performance of

well planned and executed field tests.
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