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1. INTRODUCTION

Shallow water explosions are commonly defined as detonations in water
where the bottom influences the generation of the water waves produced.
Until this test series performed by the Waterways Experiment Station

• (WES), there was no data indicating the water depth limit for a deep
water explosion. Recent experimental studies indicate the water depth
becomes an important consideration for values of d/W”~ � 4. 0 (d being
the water dept h and W the char ge weight) and that it beg ins to influence

the wave generation mechanism when d/W~”~~<6.0 .

Shallow water explosions were 
* 

until recently, thought of as producing
a lar ge am plitude solitary type initial crest followed by a long trough

and higher frequency oscillations of decreasing period. However , it

has been r elatively well est ablished that wave tr ains of this type are not

produced until d/W~~~ ~ 0. 6 . This depth limit has been established from

the 1955 WES test series , 1966 Mono Lake shallow water test series , and

P the pr esent test series being conducted by the WES. In this report detona-

tions where d/W~
’
~ � 0.6 will be referred to as very shallow water ex-

plosions.

The case of most interest and prime importance is for shallow water ex-
1/3

plosions in the range 0. 6 < d/W � 6. 0 . Thi s is an extremely lar ge

range of water depth s and includes the weapons in 1/2 - 50 MT range de-

tonated at some location on the continental slope (800 ft. < d < 6000 f t . ) .

The largest ampli tude breaking waves will be produced by explosions at

this location which is of utmost importance as far as damage potential to

sur face and subsu r face shi p traffic , li t tor al dr i f t , and wave run-up.

Theoretical inves t igations of shallow water explosions are very limited and

there is not sufficient data over the large range of values for d/ 1/3W to

• assess the reliability of any theoretical models or to produce empirical

pr ediction techniques. A prediction technique is available for explosions

in very shallow water (d/W U3 
~ 0. 6) and was constructed empirically by

WES (Ref.  1) from data gathered by extensive test series .
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Several mathematical models have been proposed by Whalin and Divoky

- water (0. 6~~ d/W ’’~~~ 6.0).  However , th e assessment of these modelsI (Ref.  2) which may apply to the transition zone from deep to shallow

• depends upon the collection of extensive data necessary in evaluating the

• initial conditions (cavity parameters and/or velocity field) as a fu nct ion
• of yield , submergence depth , and water depth.

The latter section of this repor t delineate s experimental and theoretical

I areas needing further development leading to a reliable prediction tech-

• nique of the water waves generated by explosions in shallow water.
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2. THEORETICAL CONSIDERATIONS

Theoretical development s have been very limited for water waves gener-
ated by explosions in shallow water. An initial attemp t which seems to
show considerable promise for detonations in the range 0. 6 ~ d/W 1”3 

~ 6. 0
was developed by Whalin and Divoky ( Ref. 2 )  and appears as A ppendix I.
This w~ rk is an attempt at extending the linear theory of water wave s in
an inviscid, incompr essible med ium , of cons tan t dep th to app ly to shallow
water explosions through the use of either a stationary initial surface de-
formation or an initial velocity field which is determined from experimental
data.

Data from this test series can be used to assess the app l icabi l i ty of these
mathematical models along with a modification of the presentl y available
deep water prediction techniques. Of considerable interest  are the n-iathe-
matical models shown in Figures 12 and 13 of Appendix I which consist of
stationary and a time dependent initial surface deformation in the form of) a truncated parabolic cavity with a Up which is an extension of the cavity.
This particular . model is precisely the same evolved by Van Dorn and
Whalin for deep water predictions when the water depth is greater than
the cavity depth. Upon evaluation of this model with experimental data .
it may be tha t one mathematical model will be applicable for both deep

and shallow explosions with the cavity par ameters 
~~ 

and R0 being a

function of yield,submergence depth, and water depth. Obviously the
• evaluation of this model will entail a numerical integration for areas

nea r the sour ce as mentioned in Appendix I.

Should these extensions of the linear theor y pr ove inadequate, non-linear
theoretical models can be developed for both the wave generation and

propagation.

3 
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3. EXPERIMENTAL DATA

All known experimental data on exp lopively generated water waves is
for ranges of d/W 1”3 

> 6 .0 or d/W ~< 0.9. This test series , although
limited, is the only data available in the transition zone fmm deep to
shallow water explosions. Preliminary indications of this data are that
the maximum amp litude of the f i rs t envelope is reduced by 1/2 to 1/3
for 2 ~ dlw”3 £ 4. 0 . This reduction is certainly signif icant and may
drast ically influence present conclusions on the severity of the waye
environment on continental shelves produced by weapons detonated sea-
ward c~f the shelf.

Explosions in very shallow water (d/w t”3 < 0. 6) are of less importance
due to the g reat ly reduced ener gy partitioned to water waves and con-
sequent reduc tions in damage potential.

Unfortunately there is not enough data available to draw any conclusions

at this time. However , of prime importance is a need for ext ensive tests

(especially small yield less 1,000 lbs TNT) in the range 0.6 � dfw~~
3 � 6.0

One question of prime importance is the magnitude of the waves produced

at the upper critical depth and even the existenc e of the upper critical

depth for shallow water explosions.

Figures l and Zshow extrapolated curves from a 1955 WES report on Shallow

Water Explosions for predict ing the height of the first wave from exp los ions

in very shallow water. Four curves are illustrated for dIw 1”3 = 0. 088,

0.175 , 0. 292 , and 0. 585.

P
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P ~~ . RECOMMENDATIONS

There is a considerable lack of experimental data and theoretical work
on water waves generated by shallow water explosions. However, from
the extensive knowledge gained from studies  of deep water exp losions
and the available data on shallow water explosions, a well defined pro-
gram can be formulated which should lead to reliable prediction tech-
niques in an ef f ic ient  manner . The following problems and experimental
tests are recommended for future consideration.

1. The data of this test series should be analyzed to determine

a) r~ r and T where wave envelopes still appear similarmax max
to deep water explosions

b) The relationship of envelope amplitude with distance of the

measurement  station (in y~ 
~~ 1

max r

c) The energy partitioned to water waves as a function of water

p depth and submergence depth. Thi s should be compared to

that for deep water explosions.

d ) The comparison between these field tests and the various

mathematical  models presented in the Appendix. The theoretical

solution should be obtained by a numerical  integration technique

near the front  of the wave train.

e) Attempt to classif y the type of wave t ra in  produced to values

of the reduced wate r depth d/W ~~
3

4

2. Perform an experimental test  to dete rmine the extent to which

the small amplitude theory is app licable . Thi s can be accomplished

by s imply measuring the water waves produced by either a cylin-

drical  elevation or depression of the water su r face (o r  preferably

a cy lindrical depress ion  surrounded by a lip) and per forming measure-

ments of the wave t ra in  at various stations at dis tances  r in the

range ZR � r � ZOR (R being the radius of the deformation).  These

P
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measurements should be made for various water depth s starting
with 4r~0R2 I d3 << 1 and gradually decreasing d . Compar isons
can then be made directly with the theoretical solution to ascer-

• - ta m the range of app licabili ty. of the linear theory for small am-
plitude waves.

3. An extensive shallow water test series with one charge weight

(small, 1/2 - 10 lbs TNT) is recommended covering the range

0. 5 � d f W”~ � 6 .0  with submergence depths from surface to

bottom for each value of d/W~~~ . It is particularly important

to obtain a well defined upper critical depth. One should obtain

measurements at many, stations in constant depth water and it

might prove of considerable value to tak e stereo-photographs

of the generation area to provide data on the initial velocity

field, actual maximum cavity radius, plume development, and

mass t ransport  (base surge) in the generation area.

P 4. Upon preliminary analysis of the above data , or simultaneously,

4-10 other charge weights should be selected for measurements

at pre-determined critical values of diW~
”3 and z (especiall y

at upper critical depth) .

5. Upon completion of the above test series , extensive analysis of

• the data and fu rthe r  comparison with theory should result  in a

prediction techni que similar to that for deep water with the ini-

tial conditions of the mathematical model evaluated to produce em-

pirically derived wave train character ist iCS.

• 6. Subsequent large scale field tests  should be conducted (charge

weights in excess of 5, 000 lbs TNT equivalent) to evaluate the

prediction techniques developed and provide more data to in-

crease the reliability of extrapolation techniques.

7. It is relatively clear that the primary concern arising from de-

tonations in the range 0. 6 � dIW hI’3 � 6. 0 is from the damage 
•8



potential to surface and subsurface ship traffic on the continental
shelf when the detonation is somewhere on the continental slope .
This presents  another problem in so far as reliable predictions ,
are concerned. Namely, in accurately describing the wave en-

vironment on the shelf. The previous studies lead to reliable

• predictions in water of constant depth and in establishing the

mathematical model for the wave generation mechanism. Pre-

sent techniques being applied for the prediction of explosively

• produced water waves over a non-uniform bottom are not appli-

cable to this situation because the stationary phase approximation
Ii

is not valid and the theoretical computation .of the dispersive

characterist ics of the wave train are hi ghly questionable. The

problem arises  from the computation of , for example , two or

even less than one wave in the f i rs t  envelope because dispersion

is retarded for the rap idly decreasing water depth. Further

theoretical work without using the stationary phase approxima-

tion is recommended in this important area as well as small scale

field tests with spher ical TNT char ges and a bottom modeled to

represent a typical east coast situation. Perh4ps later a large

scale field test would be beneficial , but only subsequent to performance

and evaluation from the small scale tests.

8. One consideration which should not be overlooked is the case of

multiple explosions in a similar situation on the con tinental slope.

If wave amplitudes can be inc reased by a factor of 2-4 from two de-

tonations, it tremendously increases the utility of this concept due
4

to the r elatively non-critical item of charge placement (100 - 400 ft.

relative to one another for weapons in the IMT class).

9
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• APPENDIX MATHEMATICAL MODEL FOR WATER WAVES GENERATED
BY EXPLOSIONS IN SHALLOW WATER

This section describes the mathematical formulation of the problem.
including its expected region of validity and the general solution. Var-
ious methods of representing the generation mechanism are presented

• along with several sample calculations.

A. 1 Theoretical Formulation

The general formulation of the mathematical model to be applied to the
problem appears in the works of Kaj iura ( Ref. I) and Whalin ( Ref s. 2
and 3). This formulation is based on the linear theory of surface waves
in an inv iscid , incompressible fluid of constant depth. The source of

disturbance can be either a surface deformation , bottom deformation ,
or initial velocity field which is not necessarily symmetric. However ,
in the problem under consideration , the source is assumed to be either
a stationary surface deformation or a time-dependent deformation which ,

in th is case , is equivalent to assuming an initial velocity distribution.

The kinematic and dynamic conditions at the fr ee sur face ar e

4,z = 
~t ’ z = 0 ( 1)

(2)

and the bottom condition is ‘I

~ = o , z = - 1 , (3)
z

• The time-dependent Grei& s Function G is a solution of the Laplace

equat ion

v2 G 0, 0 ~ z > - 1, t � r (4)

‘11p -

- - .  - • 

~~~~~~~~~~~~~~~ 
-
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- - -

~~~~ 

satisf y ing the fr ee surf ace condition

G tt - f G = 0 .  z = 0  (5) t
and the bottom condition

G 0 , z = - 1  (6)

I:
it is requir ed that G , G , G ,  

~~~ 
0

~ 
Gt~ Sy ’ and %,~ 

be

uniformly bounded for ever y t at ~c , y-’~ and that (G - lip) be• I 
bounded at (x~~ y ,  z )  where

(7)

At time t r, it is assumed that

z 0  (8)

G is determined uniquel y f rom the above equation and conditions.

The Green’ s function for the case of three-dimensional motion in a fluid

of finite depth is

y0, z0; TIX , y, z~ t) ~~~~~ [sin~ m ~~~ - - z01)

~~ sinh m ( 1 + ( z + z o) ) + ~~~~

• .(i - cosh y ( t - T))cos~~m

• coshm (I + z) coshm( l  + z~ijdm~ 
‘ 1 4

0 > Z , Z > - 1 (9)

•• 

_ _ _  I ,,~~~~~ - _ _ _ _ _



where

_2 / 2 2r ~~~~ _ x
0) +(~ -

( 10)
and

= rn tanh m

Assuming the disturbance in the present case to be that of an initial
surface deformation or an initial velocity dist r ibution , the solution for
the wave amplitude becomes

= .
~~.JJ(G~4~ 

- G~~ f l)~ ~ 
dS, z = 0 , z = 0 ( i i )

A. 2 Initial Conditions and Solutions

The wave generation mechanism of an explosion in shallow water is

• certainl y an extr emely complicated hydrod ynamic phenomenon. However ,

f or the pur pose of this inves ti gation , two classes of initial conditions we re

assumed:

a) A stat ionary-axial ly symmetric surface deformation

b) An ax ially symmetric initial velocity field (prescribed such

that it will approximately generate a desired surface defor-

mation at a small time 1r ~ after the detonation)

Table I show s the various types of initial defo rmation considered;

Table II show s the zero order Hankel Transfo rm of the deformation,

and Fig s. la and lb are illustrations of the deformations.

I I ’  
13
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• • TABLE I

Initial Deformations Simulating

an Explosion in Shallow Water

1. t~ = - d  r �  R

= o r >  R

2. t-
~ 

- d 0 � r0 � R 1

R2
~~~~~

R
~~

( ~~ j -) R 1 ~~r0 ’R

, 1 = o  
- 

r � R

3, i~ = - d  r0~~~ R

• 

= 

R2
~~~~~R~~( ? ’

) R 1
�r 0 �R

R2 + R2 r / r - R
2 \2 1,

it R~~(R~ R 1)S1,, ~~~R Rz ih J  R �r ~~~ zR z - R

r � 2 R 2 - R

- -‘ r < R4. 7 1 - - u

- 
R2d ‘ R < r < Z R  - R

- 4R 2(R 2 - R) o 2

= 0 r >  ZR 2 - R

14

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~ 

- ‘



In

TABLE I

Initial Deformations Simulating
an Explosion in Shallow Water

(Continued)

5. ~j = - d r <  R

3 R1d ( / r~-

~ 8 R 2(R 2 R) ~~~~~~ R2 R ) J  
R � r � 2 R 2 - R

• ij = 0  r 0 � 2R 2 - R

6. 71 = - d  . r 0 � R 1

= - 

R2 
R2d (~ 4) R 1 

� r~~ + ~~~~ 4

= 0 r >  ~R
2 + ~IR~ - R~ 

~~~

7. ti - d r~~~ R 1

71 = Ar 4 4 Br 2 4 C R 1 
r �  R 3

77 r � R 3

2 2
d 

- d R R 3
A = 

(R
2 

- R~ )(R~ - 2)  
C 

~R2 
- R~)(R~ - R~ )

d(R
2 + R ~ ) 1 ( 2 2

B =
( Z Z) ( z~~~~~) 

. R3 = ~~~~~~~~ - R ~

+ ~ 9R~ + 6R2R~ - l5R~)1/2

15
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TABLE II

Zero Order Hankel Transform of the

Initial Deformations

1. ~~~(m) = - d - ~~ J 1 (m R)

2. ~r (m) = 
m2(:2~~ R~)U

2 ( 1) - R2 J2 (m R)
)

R 2 + R 2

3. ~~~(m) = - J (m R)~~~~-~~ 
(R2 - R)

3 

I;,

ZR - R  R2 + R 2

+ J0 (Zm R 2 - mR)~~~ :~ (R2 - R)3

Zd R 2 •

p 

+ 
~~ 

(mit1) m2(R2 
- 

2 2 2

- 

~~ 
(m R)~~~~~~~~~~ R~) 

+ 
~~~~ R~ (R~~~~

R)3)

(ZR - R)2 R2 + R2

+ 
~2 (Zm R2 - m R) 4 in

2 R2 (it2 
- R)3

+ 
8m~ 

~~~~~~~~~~~~~ (fm R  

1

ZmR 2 - m R 
J0 (t) dt)

16 
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TABLE II
Zero Order Hankel Transform of the

Initial Deformations -
(Continued)

4. ~~~(m) = - J1 (m R)~~~~ ( l +~~R ( R R)) 

•

•
1 R2 d(2R2 - R)

+ J 1(2m RZ - mR )~~~~R (it it)

5. ~‘ (m) = - J (m R) 
~~ m

2
(R2 - R )3

R2
d(2 R - R) Rd

+ 30 (2m R 2 - m R)  
~ R - R ~ 

- J1(m R) —

- J2 (m R)~~ m2 Rz(R:- R)
3

2
R d ç 2 R - R )

+ J2(Zm R2 - ru R) 
~ m2 R2(R2 - R)

3

Zin R - .m R

+ 
4 3 

( R R )~ (f 
tri R 

J~~
( t).dt - f  2 

Jo (t) d~~

17
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TABLE II

Zero Order Hankel Transform of the

Initial Deformations
(Continued)

6. ¶ (m) = J i(m J z  + ‘JR~ - it ;
1)

z _ (R2 
+ \JR~ ~~ 

\$/Z

Z dR~
+ J ( m R )  2 2m (R ~~R1) It

- 

~ (m \IRZ 
+ \/R~ - 

- R~)
( + \I~ R~~)

2

7. ¶ (in) = —4 J2(mR1) (4AR~ + ZB)
m

R 2 
2

- .4 J2 ( m R3) (4 A R3 + 2B3

R3 R3

~~_ J 3 (m R1) 8 A + ~~~~~~J3(m 1 t3) 8A

j

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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ri
Upon subst i tut ion into Eq. 11 and expressing the wave amplitude in

• ~ cylindrical coordinates (due to the assumed axial symmetry) ,

77(r , t) = 
-f ~~ (rn) in J (mr)cos(’\jm tanhmt)dm (iZa)

whe re 
~~, 

(in) is the zero order Hankel transform of the initial surface
defo rmation , 

~o ~~~~~~ and = 0 at r = t = 0; z = 0; z = 0,

or 0

m J  (m r) 
—

77 (r, t) = 

~ m tnh m ~~ 
(m) sin (yin tanh in t)dm ( 1 Zb)

where the wa ter surface is initiall y undisturbed and is defined b y

1~o
(r o) sin .~~-~ 0 � ‘r � r*, r � R

7 7 ( r , r) = 
ç• L 0 * r > T * , r 0 > R

and the initial velocity of the surface at time ‘r = 0 is

z = 0
0

1•z = 0

T t 0

The usual technique of evaluating the above integral is to apply the

method of s ta t ionary  phase for a large distance r fr o~n the detonation.

However , in the case under consideration , the cavity reaches to the

bottom and the deformation is not small in either depth or extent when

compared to the water de pth. Furthermore, the dimensionless wave

p
21
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numbe r in the area s of interest is r elativel y small (o � m � 3/2).
However, the use of the method of stationary phase will be accurate

within  a few percent  provided that the wave train is computed at

dis tances r which are  greater  than five times the assumed cavity

radius , and it is realized that the computation for values of in < 0. 4

is successively more in error .  A precise method of evaluating this

integral (such as Whalin, Ref. 4) will result in an elevation of the water
• surface for all times t > 0 due to the assumption of an incompressible

fluid and the fact that the surface deformation creates a velocity field

throughout the fluid instantaneously.

• • IA

In order to evaluate the applicability of this linear theory,  it is suf-

ficient to use the method of stationary phase for evaluating the integral

in Eq. 12. However , in formulating an actual pred ict ion method , re-
• lating initial deformations and velocity fields to W , d , and Z, and

evaluating the accuracy of the method, the integral should be computed

by other methods for certain reg ions in both space and time.

U pon evaluation of Eq. 12 by the method of stationary phase , the expres-

sion for the wave amplitude becomes

f l ( r , t) = -L 
~~~~~~ 

~~~(m)cos (mr 
- \~m tanh m t) (13a)

for a stationary initial surface deformation and -

f l ( r , t) 
~~~~ ~~~~~~ 

~~~ 
(~~ sin(m r - ~~m tanh m t) (13b )
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for a time-dependent initial surface deformation of the type given in
Eq. lZb where

~~(m) + 
Z cosh 2 m ~/tax~~m = x (14)

One example of each of the seven mathematical models shown in Fig. 1
was calculated , f i r s t  assuming the stationary initial deformation , and

second assuming an initial velocity field with ‘r* = 4. 35 (chosen for con-
venience in the numerical calculation) . The initial conditions used are

shown in Table III and were chosen to approximate conditions of one of
the WES 1955 te st series in very shallow water. -

TABLE III

Model d (ft) R 1 
R R2 R3

• I 0 .927 ---- 2. 60

II 0.927 2.60 • 3.96 ---- ----
III 0.927 2.60 3.96 5.66

• IV 0.927 ---- 2.60 366 --- -
V 0.927 ---- 2.60 4.03

VI 0.927 2.60 3.96 - - - -  - - - -

VIII 0.927 2.60 4.39 ---- 7.41

The first few waves of each of the wave trains generated is shown in

Figs. 2 through 15. The f igures which illustrate a time-dependent

deformation show waves of an amplitud e which is impossible in some

• cases, The reason for this is a poor choice for ~r* and the fact that

the linear theory may not be applicable for prediction purposes unless

phys ically unreasonable initial conditions are assumed. At any rate,

the qualitative features of the wave trains can be ascertained and the

I
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applicability examined. Figures 2 and 4 illustrate the wave train from
an assumed stationary cylindrical cavity and a truncated parabolic
cavity. Obviously, and as expec ted, the models are inadequate for pre-
diction purposes at large distances from the explosion because of the
discontinuity at the front of the wave train. In addition , the calculations
are inadequate near the explosion, requiring an improved numerical
scheme as described in Ref.  4. The use of a time-dependent initial

defo rmation ( Figs. 3 and 5) of the same type results in a crest as the

leading wave and show s more promise of being applicable for some
shallow wate r explosions. The remainder of stationary initial deforma-
tions consist of a cavity with a lip of various types and in all case s
(Fi gs. 6, 8, 10 , 12 and 14) the lip was chosen so that the volume of

water in the lip is equivalent to volume of the cavity in orde r that the

resultant wave train doe s not have a discontinuity at the front. Naturally,

each of these wave tra ins beg ins with a leading trough. In some of the

reg ions where we would like to apply this theory, a crest is observed

as the first disturbance. Of course, if we do not use the asymptotic

solution (msp), a crest will appear f i r s t , but will start (although very

small) at time t = 0. Figures 7 , 9, 11, 13, and 15 show the wave

trains for the same initial deformations when assumed to be time

dependent. All these wave trains beg in with a crest. It is anticipated

that one of these models will be applicable to the prediction of waves

generated by explosions in shallow water somewhere in the range of

scaled depth s of 0 .6  � d/W h l’3 � 6. 0 . Unfortunately, no data are

available for comparisons in the expected range of validity of these

models. • 
-
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NOMENCLA TURE

a wave height, first crest to trough

d water depth

G Green ’s Function

m a wave number

P pressure

R, R 1, R 2, R 3 cr ater radii

r radial coordinate

T wave period 
-

t time

W explosive yield

x, y, z spatial coordinates

wave amplitude

crater depth 
•

• 
• r a dimensionless time

a time parameter typical of the duration of

water crate r formation

velocity potential
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