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STRESS-DISPLACEMENT RELATIONS AND TER: AlN­
VEHICLE MECHANICS: A CRITICAL DISCUSSIO~ 

K. w. WJENDIECK· 

lNTRODUCflON 
THB FORCES that move an earthbound vehicle over the ground · re, in ...... • . ....,. 
analysis, soil reaction forces. The engine serves only to gcncr.1te ... vSI! su· r.::a.:::v.1:. 
by transmitting a certain mechanical energy to the running gc- ·. c.:v.:: . ." ivr. .:;f 
this fact makes the interaction between the soil and the running c:..r .:~ .... ,.:: ,):-v: ..;;;; 
of theoretical soil-vehicle mechanics. 

Current theoretical approaches to this fundamental problem arc basco ~:,:,.:ct";:; •. ) 
on lbe idea of stress-<iisplacement relations for soils. Th" most commonly 1;.)-.d 
are the pressure-sinkage relation expressed by the equation 

( 
k. k ) • 

0'= b + • l 

and the shear stress-<iispiacement equation 

'T = (c+ u tan t/>) [1 - exp (-if k)] = 'Tmn [1 - exp (- j / k)] . ?' - J 

Both expressions have been proposed by Bekker [1]. the latter in a somcwha: r: o;e 
complex form to account for peak shear stresses. Equation 2 as givl!n here is a 
modification introduced by Janosi and Hanamoto [2]. 

Although it is obvious from ~he manner of derivation that these equation are 
no more than convenient mathematical formulations of I!Xpcrimcntal curve 
obtained under special conditions, certain researchers seem to consider thl!m as I ws 
of the material. Reference to these equations as "stress- strain relations for soils" 
or to some of the parameters as "soil constants" has encour. gcd this tendcn~y. 

It must be emphasized that specific stress- strain relations fo r soil arc no y~t 

established [3]. Accordingly, these relations (equations 1 and 2) or imi l ~ r ,) i\1! 

arc not in usc in the much older and more advanced science of soil mel.'h:. 1i.: . 
despite the fact that knowledge of the stress-strain characteristics for soil i high!y 
desirable for many soil mechanics problems. It was not until very recently th. • f:- t 

steps were undertaken by soil mechanics researchers to develop thcorl!tk:llly 
founded stress- strain relations for soils, in the sense of a constitutive law of the 

•Mobility Research Branch, Mobility and Environmental Divi,,on, U.S. Anny Ena;inc.:r 
Wa~rways Ellperiment Station, Vicksbura. Mississippi. 
CommMttlctlt«d by D. R. Freita1. 
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material. because of the f_-mnidable difficullies inherem in uch inve!>tigations. 
Further discussion and a list of pert inent literature can be found in the rderc.:nces 
[4. 5]. 

Because of the fundamental nature or the pr hlem involved a liJ be ausc l)f t]lc.: 
newness of the concept. one w uld expect strc s- strain relation~ ior . oi to be 
considered with an adequate reserv~. However. the author has the irnpre!). ion th.t 
these relations-or their basic ideas- were accepted immediately by mo t ~ :he: 
research workers in the field of terrain -vehi le mc~hanics. Mo t of the li.aaturc 
on this subject is related to secondary issues such as curve-filling techn i.quc . for 
and size of test equipment. establishment of a definite set of "soil consta.lls", anu 
more or Jess far reaching modifications o( the ana lytical expres ions. Tl .r: . 1 .. : :: 

issue- whether these relations arc at all a pplicable in th~ tidd or' so il- v.:;lidc 
mechanics- has rarely been que tioncd criou ly. 

This paper deals. fi rst, with pressure- sink gc and shear stre·s-Jisp:: cc.:m..:1~t 
relations in general crms. Tht:n the particular problem of the • ;l 1>li-:a i. ';y o · ir.-.. 
shear stress-displacement relati n (equation 2) to rigid whcds in san~ is c.: Jmi. c.: • 

An approximate relation between the M I R W valu~ and the T I 'r rat io is cv.:!o c.: 
to allow Sela's t teory [6] on the shear-to-normal stress ratio beneath rigiJ w.1eels 
on sand to be checked experimentally. This theory is b sed ex I siv..:.y n ~he 
abcar stress-displacement relation and thus provides an excellent ;Jpor; ; ;y to 
check the concept as a whole. 

STATE OF STRESS 
Although no genuinely scientific law has been found to describe the strcss- straii. 

relations fo! soils over the whole stress range. there is little doubc that, in u it •• -
tiv~ sense. these relations are of the form shown by the solid line in Fig. I. Thl! 
curve with a peak (dashed line) illustrates a case in which the ddormations are 

lOCAl. CI.AITQ-.. I..A$TIC MATI:AIAI. 

a 
c 
Iii 

ITAAII4 

INTCA COlA Til STAT I: PLASTIC STAT E 

CLAI'I'IC STAT& 

Fao.l. 

accompanied by a recovery of compaction energy. The hypothetical cu1ve for an 
ideal elastic-plastic material is also shown. 

Doapite the continuous character of these curves, three different states of stress 
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can be defined, the limits of which arc ncce sarily somewhat arbitrary. T hcsl! three 
states are: 

(a) A11 elastic starr in which the ddormations of the so il an be a sumed to tern 
almost exclu ively from the clastic dcfojmations of the pan:~..- l es . The stru <uri! o · 
the solid mass as a discontinuous random aggrcgatl.! of part icles remain u1 . .:: 1 n;ed. 

(b) An intermediate state chara tcrizcd by an ;ncrcasing number of loc'li gr< in­
to-grain slidings. Although these are sy tcmatic in view of the ult imate :'a i!ure, 
they do not fonn a coherent pattern of rupture surfa~:es. The str ... ..:t ure is ia per­
manent rearrangement as the stre es increase. but it remains table fo r a gi , en 
stress. 

(c) A state of aclllal phL\'tic flow that fo llows a definitl.! coherent r nttcrn of 
rupture surfaces if the geometrica l and load conditions are n t a !ta cG !1y .he flow 
process itself. The structure of the aggregate is unstable. . 

These definitions are tentative and may not ac~oun t fo r ;~ II compk iti.::-;. e~pecia!!y 
if interparticle cohesion forces are involved: they arc sugge ted ' 1cr~~ to c;np msize 
that the states of stress a re governed by three d ifferent physic::~ I proc..:. ses. 

Since the mechanical behavior of soils is mthcr complex. it might be u.)cfu :o 
consider how the related science of soi l mechanics dcJis wi th these problems. 

In classical soil mechanics, generally only two state. of stress are consi ~ret: . the 
clastic one and the plastic one. This simpli fica tion of th ' ra ther compkx :vii 
behavior is possible because soil mechanics primarily deals with stabi lity probiems. 
i.e . ascertaining that the soil which const itutes or supports a tructure w'll not 
fail. For this purpose. the soil can be reasonably assumed to behave lik.: an i 1 'a! 
plastic material. and the failure loads evaluated in terms of plastici ty. T hi f i ure 
load is then reduced by a safety factor in the order of magnitude bctwc~n 2 and 3. 
50 that the actual working s tre scs within the soil fall in a domain' li:! r~.: the mate ria l 
can be reasonably considered as elastic. T he deformations under varying ctual 
loads can then be determined using the theory of elasticity. This procedu re nppears 
'io be equivalent to approximating the actual stress- strain charactcri st1 s ol :.., ils 
to that of an ideal elastoplastic materia i (Fig. 1). From an appropria tely clh):.cn 
set of test results. the pertaining soil constants of elasticity and pia ticity. respec­
tively, can then be determined. 

Although oversimplified, this account of the computational procedure used in 
soil mechanics clearly illustrates that many soil mechanics proolems • n be solved 
adequaiely ,vhile the mechanical behavior of the soil in the "intermedia te sta te of 
stress" is ignored. The ~afety factor covers the uuexplored '"" 0.ion of the inter­
mediate state and thus focuses auention on the extreme ends of the curve . 

SMar stress-displllcement relation 
To which state of stress do equations ( I) and (2) refer? Con ider first the hea r 

stress-displacement equation (2), which obviously con titutcs an attempt to cover 
the total stress range in a continuous manner, without breaking the relation into 
distinct states. This is illustra ted in F ig. 2 which is reproduced from Wills paper 
[12]. One argument in support of equation (2) is that the safety factor i i;relevant 
in terrain-vehicle mechanics and, therefore. the complete shear stre s-displacemenr 
curve must bu considered. 
· A clote examination of how equation (2) has been commonly used reveals, how-
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ever. that in pra< tice, this equation refers almost ex lusivdy to ,he i:-. cimcdi tc 
state of stress. According to Bekker [ 1], the soil d istortion j is exprcssc by the 
product of slip s and the distance x, measured from the be inning of thc contact 
area to t.br point where the shear stress is considered: j = X.\. Hence, the sequent · ... 1 

~ (PSII · 

~ 
MAX 

~ 

~ 
!::! ... 

INTERMEDIA TE STA TE VI 
<l 
.J 
Q. 

2 l 4 I 6 
j ( IN.I 

F&G. 2. 

consideration of P\)ints more and more distant from the kau ing edge o · the · n ,,..; 
area of a running gear is equivalent to proceeding by appropriah:ly caled steps 
along the horizontal axis. j (Fig. 2). ln doing so. the clasiic regi0n is e · ui~:l-.y 
and the region of Lhe intermediate state of stress entered. Bee. u c of the C:\)h ) · 

nential nature of the curve, the region of the intermediate state can be kft . •. , i 1c 
region of the perfect plastic state approached only • fter procec.:ding ra thei f •. r al0ng 
the distonion axis.• ln practice. this occurs only for very high sl ip va lues nd long 
contact areas. Indeed, Scla's theoretical work [6] shows that. for a wheel of 51 -cm 
dia., the perfect plastic region is not approached below 30 per cent sli p. The u:.c 
of equation (2). therefore. implies that nearly all of the soil adjacent to the com~ c 
area is in the intermediate state of stress. which. thus. is considered chara tt:n!>.ic 
for the interaction of the soil and the running gear. In the light of this statem~n t. 
it appears justified to question whether the soil in the immediate vicinity of the 
running gear is. in fact, almost exclusively io. the intermediate state. i.e. in a non­
plastic, nonelastic condition. The author is convinced that any vehicle producing 
a noticeable sinkage loads the gro1.1nd to its ult imate bearing capal.ity. whkh 
indicates that the directly supporting soil is in a state of plasticity. To ignore 
the perfect. plasticity. as suggested by equation (2), therefore appears to be a seriou 
error of principle. 

Recent investigations of rigid wheels in cohesionlt:ss materials [7. 8] have rcve, It: I 
an additional phenomenon- a cerraiiJ soil mass apparently attached t0 the wheel 
and moving around the instantaneous center of rotation (Fig. 3). Because of the 
crescent moon-shaped outline of this soil mass. it is suggested that it be ailed 
a .. lunule". The individual soil particles that form the Jun c change con t. mly. 
of course, as the wheel moves forward. but the instantaneous existing lunule scc.:ms 
to behave like a solid body [4]. 

Some controversy may emerge concerning the state of stress of the lunule and of 

•Acco~DI to equation (2), the state of perfect plasticity is never reach~ for finit~ 
diaplaccmco&s 



f 

STRESS-DISPLACEMPNT RELATIONS AND TERRAIN- VEHICLE MECHAI'OICS 71 

ita ~eo~trical . bounda">:. Considering the lunule as a solid body, a1id in view 
oC au kinemat1cal functaon [4], it probably is ia an elastic state of stress and 
~ by a circle. Wong and Reece [8] refer to the lunule as being in an active 
plutic slate and bounded by a logarithmic spiral. 

FIG. 3. 

Whatever is true. it 5eems to be definite that the lunule is not in the intermediaie 
state. Therefore. the cohesion~ soil immediately beneath a rigid wheel is either 
totaUy ia a perfec:t plastic state or partially so. with the remaining pan in an cia tic 
l&ate. The shear stress-displacement equation (2) refers to a state of stress that 
cloea not exist in the immediate neighborhood of the wheel- soil interface in and 
and iJ thus irrelevant to the wheel-soil interaction. This is likely to hold true also 
for runnina acan other than rigid wheels and for soils other than sand. Therefore. 
tbe new soil constants introduced by equations (I) and (2) to characterize the stress­
ltrain relation of soils aro not only superfluous in terrain-vehicle mechanics. but 
also mialeadina. 

i'IYDIII'f-sinlulge rtlation 
Jt is obvious that when a plate is pushed vertically into the soil. the resisting 

fon:cs are due to a purely plastic phenomenon once a certain entry elfcct is over­
come. Although it ia recognized that additional difficulties arise from the com­
prasibility of the material, the main problem is still to determine the failure pattern. 
for which. in addition to geometrical parameters. only the specific weight y and the 
constants of the plasticity c and f/1 are necessary. 

Tbia simple fact has been totally obscured by early researchers in the field of 
terraia-vehicle mechanics. Bekker states that the knowledge of c and 4> does not 
IU8Ice to solve the problem. "To determine sinkage, slit~page. etc., one must know 
die corrapoodina streu-strain relations. To this end, other values are needed" 
[1). 
• It Ia to the c:rodit of the EnaJiah school of Newcastle-upon· Tync that the pressure-
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sinkap problem has been placed in its proper perspective [9- 11]. Studies conducted 
there show clearly that the empirical ~arameters k . and k. and n of I.X}U tion (l) 
cannot be understood as constants o f a stress- strain relation, but must be considered 
u a combination of geometrical parameters and constants of plasticity in th~ arne 
way as the well-known bearing capacity factors. Hencl!. equation (1) dcscrit..:s a 
plastic phenomenon and thus refers to a different state of strtss and to a d ifferent 
physical process from that expressed by equation (2). 

SIMILARITY 

In comparative study. Wills [12] found that the general form of the he r stress­
displacement curve obtained with a torsional ring-shear apparatus on sand is signifi­
cantly different from that obtained with a linear shear apparalUs, but <h t th~ :.iz~ 
of either type of device haC:: no noticeable effect. He further noted that the mcth ds 
(be mentions three) used for analyzirag these curves are highly subjc.7tive and do not 
always yield comparable results. T he ratios of corrcspondi:1g ''horizontal so il 
deformation moduli k" varied from 1:2 to 2 : I for the informa~ion given: also, 
the absolute magnitude of the modulus ob1aincd for a given device depended:. ·o ~ y 
oa the applied curve-fitting technique. The values given were as follows : 

Melhodof Unear shc:ar Annular shear Ratio 
anrllysis appara tus, k1 apparatus, k. k,/k, 

lkklter 3/4 1-t ! :1 
Janosi 1/2 t 2 : I 
Adams 3/4 1-t I : 2 

These contradictory results are remarkable in that both tests represent purl!. 
although slightly different, sliding processes. 

Thus. experimental evidence emphasizes that the shear str~s:.-displaccment 
curves mUll be considered as soil responses to a particular test device. This is also 
true of the pressure-sinkage relation (equation 1) in which the parameters k~. k •• 
and n depend on form and size of the plates as reported by Wills (10]. To what 
e.xtcnt such test curves represent the soil behavior }x.neath a wheel or a track 
remains a conjecture. There is no similarity between the physical process that 
lakes place in the sand beneath a rigid wheel as shown in Fig. 3 and the soil 
behavior beneath sliding or punching plates. 

The author does not share the opinion that refining the mathtmaticaJ forms of 
equati, ns (I) and (2) would make them more meaningful for soil- vehicle mechanics. 
Even if equations could be found with parameters independent of the form and size 
of the test device, they would characterize soil responses to pure punching or sliding 
proceuea only. Whether such isolated "pure" soil responses can be superposed to 
npraent tho combined slide-punch action that takes place beneath an actual run· 
aiDa par is the next question to be investigated. 

THE PRINCIPLE OF SUPERPOSIT ION 

Tho principle of superposition is essential for the rational solution of many design 
problema: it can be applied only if certain basic theoretical requirements are ~et. 
For example. load-deformation problems can be solved by means of superpositiOn 
aalJ if the IUCII-Itrain relation is linear. Within the theory of plasticity. partial 
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10lutiona am be superposed only if they refer to the same rupture pattern. There­
fore. Terzapi's simple formula for the bearing capacity of shallow strip foundations 

I 
p= cNe+qN¥ + 2 ylJNv 

il not a rigorous solution since the computation of the N, and Nq factors is basl.!d 
upon a rupture pattern other than the one used to compute the N., factor 13). 
However, because the patterns arc very similar, the formula can be a ceptl.!d for 
enaineering purposes. 

Pressure-sinkage and shear Slrcss-displaccmem relations are u ed to describe. in 
aa isolated manner, two different aspects of soil reactions. Thus. their joint applica­
tion to the problem of soil-runnina gear interaction implies, tacitly, . t c prin...: ipi~ 
of superposition. 

The two relations refer to different states of stres the plastic an · i 1c in:c -
mediate one: this alone would impede superposition. Even if one n'"glc...t this 
point and assumes that both relations refer to the same state of stress. whc: e:­
plutic or intermediate, the principle of superposition docs not apply. In 1 ll.! 
intermediate state, the stress-strain relation is certainly not linear; in the plasti~ 
state, the rupture patterns resulting from a pure·sliding action and a pure punching 
action are totally different. Therefore, the validity of the principle of superposit"on 
must be rejected in this case. 

BRIEF OUTL:INE OP SELA'S THEORY 

Sola [6] made extensive usc of the shear stress-displacement r~lation I! uation 
2) to describe theoretically the variation of the shear to normal stress ratio :dong 
the whcel-loil in&crfacc for rigid wheels in sand. As far as this panicular problem 
il concomed. Sola'a theory ia the most advanced development. and thus provides 
an excellent opportunity to check the shear stress-displacement relation concep 
uawbole. 

For coboliooJeu 10ils (c .... 0). equation (2) may be trartsformed into : 

t=..!. =tan~[l-exp(-j/k)]. 
CT 

(3) 

Replacing tbc diaplaccmcnt j by the product of slippage and the distance from the 
IIIMtiqedp, ODO obtains 

t- _!. ... tan~ {1-exp [ -R (a-cS)s/k]}. 
CT 

(4) 

Sola [6) refined equation (4) by taking into account the effect of the bow wave, 
but ncaJecdna tho lateral flow. For the bow wave zone, he proposed the 

equatioD 
, .. !. =tan 4>(1-cxp{ -R [(a-cS)s+ (5 - a.,}m]/k}) (5) 

CT 

wllele the anaJo 04 delipates tho separation point between the bow wave region 
(u MiliCI by Sela) and tho rear pan of tho interface, and where tn (i.s a factor .of 



74 K. W. WlENDl ECK 

proportionality. According to Sela. the original equation (4) remains valid for the 
INI'Wanl trailing zone. Scla defines the angle a., by the relation 

'T 
tan a..= u = lan</> ( 1- exp [ - R (a., - 8) s/k ]} . 

According to Sela's theory. 'Tier increases generally toward bolh ends of >he w .ccl­
IOiJ interface. with the lowest 'Tier value at the point of separation between 'he 
forward bulldozing and the rearward trailing zone. 

By applyina Scla'a theoretical concept to wheel tests conducted at th~ WES, 
aiDe clilcrcnt I (i.e. 'Tiu) diltributions were obtained based on the followinn 
IUIIDa'ica1 data (Faa. 4): 

0 

71 
R= 2 ·=35·Scm 

k= 2·54cm 

m = O·S 

tan~= o-s 
slip= 3, 14 and 33 per cenl. 

lc and m were not measured for this sand. since thdr e~act dl.!tl.!rmin. tion is hioh y 
aubjectivc [6, 12]. The values used by Sela were k = 2·54 em and m = 0·65. but he 
pointed out that thia value of m was too high; therefore. a slightly smaller val1c. 
G-5, wu uacd io thia analysis. The value of tan ~=O·S was chosen as a convenient 
reference. The actual friction coefficients of the two tested sand conditions were 
H and ()-65, respectively. so the 1 values (Fig. 4) had to be multiplied by a factor 
oll·2 aDd 1·3, respectively, for comparison with actual tests. 

METHOD TO CHECK T/v THEORIES 
It has been reponed elsewhere [4] that accurate measurement of thc shear o 

normal stress ratio by means of pressure transducers incorporated in the rolling 
surface of the wheel is not easily done. This was r\!cognized by Scla himself. 
who notes that. especially at the extremes of the wheel- soil interface. "readings cf 
the shear and normal stresses arc low and thus a small error in reading causes a 
larp error in tbc 'Tiu value". In tests conducted at the WES [4], scatter in the 
Tlu ratio was more than SO per cent with respect to the mean value. A new 
method to check any 'T/CT theory was developed which is less cumbersome in 
application, less expensive in use, and has an error margin of only ± 25 per cent. 
This method is based on the consideration of the mean T I cr value (t,~) taken over 
the whole wheel-soil interface, rather than on the variation of 'T I u along the contact 
Jeqth. It can be shown that 1,. is roughly equal to M I R W. Since t ,.. is obtained 
readily from any 'Tier theory (by graphical construction if necessary) and since 
M I R W iJ easily and accurately mcasureable for a rigid wheel, the relation between 
tile two quantities obviously constitutes a convenient tool of control. 
,If the M f R W ratio of a wheel is expressed in terms of the radial pressur~ distri· 

bution fUDCtion u,. (Faa. 5) and the corresponding 'T I cr function 1,,,. th" fol1owing 
. IXpNIIiola is obtained : 
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.. 
M s 1 ,6,u ,6,do 

RW • -; • .-----.:;;,fJ-~. ----­
S u", cos Odo-r S t161u 16,sin odo 
-fJ -{1 

(6) 

~ second member of the denominator of equation (6), reprc cnting the .:ontri­
butaoG of ~e abcar stresses. to the load-carrying capacity of the wheel, is a very 
UDall quanuty compared wath the first member. repre~nting the contribution of 

Plo.5. 

the normal streuea CT. Neglecting the second member thus generates only a small 
aeptivc error. which is roughly compensated by the simultaneous cancellation of 
tbc cosine term in the first member which slightly increases the value of the 
~miaator. 

It ia ootewnnhy that this compensation remains valid over a large range of 
CODiact •nala. since both the influence of the cosine term and the contribution of 
the sbear IUCU to the load increase steadily with cr. Equation (6) can thus be 
IWrit1ciD 

(7) 

Equation (7} c:an be simplified further by replacing the function 116, with the con­
llant t. wbicb repracnts the moan value of the 1 function taken over the whole 
wbeel-toil interface. 

Tbe two remaining intcp-als in the equation then cancel. leaving the simple 
appmximatioD formula : 

(8) 

'l1ail COGititutu only a crude evaluation. but the approximate formula is remark· 

I 

I' 

'~. 



STRESS-DISPLACEMENT RELATIONS AND TERRAIN- VEHICLE MECHANICS 77 

able in its general validity since it can be developed without con idcring slip. 
wheel geometry, or soil strength. The inherent error depends only on the 1 and 
cr functions and on the integration limits a and {3. 

To ch~ the degree of approximation, equation (8) was compared wit. the 
exact equation (6), which was solved by a computer for all possibll.: combinations 
of five t dist.ributioos and four a functions. Assuming f3 = 0·2a. which is close 
to experimental values. M I R W was calculated for a varying frorr. 0·1 to 1·1 
(radians). 

The assumed u and I distributions along the contact length are tabulat~d in 
F'IJ. 6. They are aU distorted sine and cosine functions; however. th' type of 
diltributions is important here. not how they are mathematically cxpressl!d. 1r is 

I • DIITitleUTIONI 0 • OIST IUeUTIONS 

••• fl • .,_ 

.J._ 

-~ ·[!72 ·~ '• • '·"ca.- t1 • 0 COl-••• • • •• t ~ 

..L 

"!-;f I S:=<=J 0 . , .... !~ ..... ., ... _ ••• • ••• fj I 
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uaumed that o~e selected functions encompass, by the variety of their main 
features, all reasonable u and 1 distributions for rigid wheels in sand. By the 
ame reuoning. the lateral variation over the width of the wheel of the cr and I 

fuoc:tions can be neglected. In fact, the selected functions can be considered 
u rcpraentativc of the variation of the average value taken across the wheel 
width: the form of the variation over the width of the wheel itself does not influence 
M/RW. 

The 1 functions have been so formulated that their mean value t, is equal to 
unity. By multiplying them with a constant, "· any desired 1,. value can be intro· 
cluc:ed. Some of these results have ,been illustrated graphically in Fig. 7. The 
loUowing were chosen : 

(a) The M 1 RW curves with the greatest positive or negative deviation from 
tile 1,. value (combinations 82 or CJ and B3. respectively). 

(b) Tbe curve for tho simplest cr-t combination (AI). 
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(c) The cune for the most probable u - 1 combination amou~ the 11;vestigatcd 
Gael (combination DS). • 
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Of tbe 360 calculated M I R W values [ 4], only 10 present a deviation of more than 
25 per c:eat from the corresponding ' • value. These arc : 

CoiDbiaalion 82. t. • <H Combina tion C3, t.=O·l Combination 83, t .,. = O·S 

• JI/RW Deviation Cl M / RW Devi;ltion cr M/RW Dcvintion 
( % ) (~) (~~ ) 

~1 0·12$8 +2$·8 G-7 0·1288 + 28·8 O·S 0·3702 - 26.0 .. G-1211 + 28·1 &9 ()o !3S4 + 3S.4 0·7 0·3657 -26·9 
1·1 ~IJIZ + li-Z 1•1 G-14$1 + 4S.l 0·9 0·3634 -27'3 

1·1 0·3634 - 27-3 

en. 1 fuac:don S comes neanat to the distribution found by Sela. All mcasurc~nts of u 
dilaribu"- UDder fiaid wbeela oa 1and iDdicalo a type of distribution comparable to D 
"""6.). 
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However, .none of these combinations o( extreme deviations is probable C3 is 
the most amprobable one of all those investigated). so they can be disregarded. 
Funbermore, the extreme positive deviations occur only for high contact angic.:s 
(a> &7) at a very Jow 1 .. value (1.,. = 0· 1). But Scla's tests indicate that the 1 

val~~~ always greater. th~n 0·1, which again supports the view that extreme po i;iv: 
deVIations that occur mcadentaJJy can be disregarded. The highest ncr>ativ..: dcvia­
ti~s (combination 83) arc barely above 25 per cent and these als~ have been 
daareprcle.d. Tbe equation can then be written : 

M 
RW = 1,.. ± 25%. (9) 

Equation (9) provides a simple method fo r checking the theory. If the cxp ri 1cnt. l 
M I RW values do not match the theoretical 1,.. values with in a 25 per c.:nt crrvr 
margin. the basic theory can be considered erroneous. 

The large error gap of 25 per cent exists almost exdusively because a number of 
cr-t combinations arc considered jointly. Any individual curve for a given :r-t 
combination is remarkably stable and can be approximated with a relatively small 
error by a borizontallinc of the equation. 

IO) 

Tbe subscripts u and t indicate that the coefficient A is only valid for a particu ~H 
u-t combination. whatever this might be. For example. the coefficient An~= 0·825 
is appropriate for the most probable combination 05 (Fig. 7). The l!rror is less 
than ± 5 per cent (if the extreme deviations of + 7 and + 11·5 per cent at a = 0·9 and 
a ... 1·1 for t.,. == G-1 arc again disregarded). 

SiDcc the value of A.- is unknown for any real problem. equation (10) can be u cd 
oaly lo compare the variations of 1,.., not their absolute values. Because of the 
....U error IJW'Iin. equation (10) can be written: 

M 
RW -r,... (I I) 

This means that M 1 R W varies directly as 1,.., if it can reasonably be assumed that 
the pneral aspect of the u and t distributions does not change radically during the 
Celt proaram. This assumption is a basic requirement for the application of 

equation (II). 
Tbis requirement is met by a series of constant-slip tests in which the contact 

leogth iJ varied by increasing load. While one easily envisions basic change.: in the 
v and t distributions with varying slippage, these functions can be assumed to be 
.. ntially stable for constant-slip conditions. 

In practical application. equation (11) could be used as ~ second m:~ms of 
control by dcacribing both the experimental M I R W curves ot constant-slap te~ts 
aad the theoretical t. curves in general qualitative terms. If the two Sli!ts of descnp­
dve 1erm1 do not coincide. the evaluated theory is erroneous. While equation (9) 
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permits a quantitative comparison, equation (11) can only be used in a qualit tivc ...... 
COMPARISON OP EXPERIMENTAL AND THEORETICAL RESULTS 

F'apre 8 Jbows the variation of the r. values as functions of contact length Jr wn 
fmm s.aa•a theory. Tbac curves were determined by graphical construction appl'ed 

•• 

' . .., 

to ao 
Fao.s. 

T "i'o .!> : 0 . 5 

R : )5. 5 CM 

•.o (a• {i) 

CONTACT I..ENGTH ICMI 

oa the r/u variations represented in Fig. 4 (as shown for one example at <he bo tom 
of the fiaurc). After application of the appropriate correction factor to account 
for the diftcrent tan _, value as explained earlier, these curves were uperpo cd onto 
the corresponding experimental M I RW curves obtained from constant-slip, rigid 
wheel teats toaetbcr with the ± 25 per cent error limits (Figs. 9. 10). 

Pertiacot data from tbcsc tests are : 

Soil urcnatb 
Wheel Wheel Wheel 

diame&er width slip Wheel load 
0 CN/c:ml) lane/» I (em) (em) (%) (N) 

5·44 60 o-6S 71 7·6 3, 14, 33 178, 400, I 066, 2132, 
3860, 5550 

5·44 60 o-6S 71 30·S 3, 14, 33 444. 1775, 3550 
2·n 30 C)-60 71 7·6 3, 14, 33 178, 378. 845, 1242, 

1732 
2·n 30 o-60 71 30·5 3, 14, 33 444, 88R, 1776, 3552, 

7105 

Tbe total contact length was measured directly by means of a sensor in the surface 
ol tbe wheeL Test equipment and procedures used arc described in reference [ 4]. 

Uaiaa equation (9) as a criterion. the experimental M I RW curves should remain 
illaide the error limita (dashed lines in t.lte figures), if Sela's theory is correct. 
Jtouahly 50 per r.ent of the experimental M I RW curves arc beyond these limits, 
wlllcla IIIIDituiBcieat to reject SoJa's theory. 
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However, tho dose accordance of Sela's lhe.JretjcaJ predictions to his me sure­
...ca of tho T/<T distribution by means of tangential and normal load cells remains 
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to be discussed. U one compares the results of tests on the weaker sand (Lan cf> = 0·6, 
Fia. ') to those of the stronger sand (tan 4> =0·65, Fig. 10), it is seen that for high 
CODt1'6Ct anglea (a+ fJ > ()-5 radians), the M I R W curves for the weak soil are within 
&he ± 25 pet cent wx:enainty limits; test curves for the dense soil are not Pro· 
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.i«t.ing theae findings on the even w~aker sand u cd by Sela (tn n .p = 0·44) and 
takang into account the fact that Sela's tests were limited to rather high contact 
angles (0·.6 to 1·2 radians). it is concluded that Sela's theory c0incidentally , gr~l!s 
closely wath test results under these particular circumstances. 1 fence. it i not ·ur­
prising that the measured Tlu variations mat hcd his theory fairly wei!. The 
deficiency of the stress-strain relations on which Sela's theory is based ppc. ~ only 
when a broader spectrum of contact angles and soil strength is con idcrc;d. 

To apply the second criterion of compari on (~quation 11). the main Jcscriptors 
of the experimental M I R W curves (Figs. 9 and 1 0) arc ;istcd bl!low: 

(a) The higher the slip. the higher theM 1 R W ratio. 
(b) Tbe first portion o( each M I R W curve is concave upward. 
(c) The length of the concave upward portion of the M 1 R W curve sc.::ms .. to 

increase as the slip increases. 

(d) The curvature in the concave upwaru portions of the M 1 R W urvc i more 
pronounced at the lower slip values. 

(e) In general, the d:&ta strongly indicate that for zero contnct k ngth, c 
M I RW ratio is not zero, but has a definite positive value. 

For Sela's theory to be correct. the variation o( the 1., values Fi
0

• ) mu t .,. h:r. 
these qualitatively descriptive terms. point by point. Of the fi ve cnumer t..:J ~o· :t. . 
only point (a) is in agreement; therefore. Scla's theory must bl.! rcj\!Ch:J y .:1i · 
criterion also. 

This reasoning can be used to disqualify not only Scla's theoretical conrc p ~ ' ' 
any other theory on the shear to normal stress ratio of whcds developed fm he 
shear stress-displacement relation (equation 2). From the very mathematic I nature 
of this exponential function. the conditions (b) and (e) wil never be fulfi lled by 
auch a concepL It is clear that, when equation (2) is used as a basis for prcdictin,. 
the -rlu ratio for wheels, the resulting 1,. curves as functions of conta h;ngth will 
always be concave downward and will always pass through the zero point for zero 
contact length. unless the equation is so distorted by additional terms that its 
exponential nature can no longer be recognized. 

CLOSING REMARKS 

It lies in the nature of this study that the conclusions appear to be olely negative: 
Relations such as equations (I) and (2) are relevant only to a particular test S<.!tup 
and have. as such no significance a priori ro the problem vf soil-running gear inter­
action. The usc of stress-displacement relations in the field of terrain- vehicle 
mechanics in any case constitutes a hypothesis which has been shown to be highly 
questionable. In the special case of rigid wheels on sand. the application i shear 
ltrell-displacement relations has been proved to be totally misleading. both by 
pneraJ reasoning and by experimental evidence. This leads ~o the rathl!r iscour· 
qina conclusion that the soil- wheel interaction can be approached- theoretically 
u weD aa experimcntaJJy........only by direct consideration of the soil- wheel interaction 
itself. No simple test results can serve as an analogy. 

A critical attitude toward stress-displacement relations is c~rtainly not new. 
Reece [14] appears to accept them only because ''there seems to be no alternativ~ 

.... _,....,. 100 lbon or 100 ftat to ncoaniae tbe end of the 'oncave upward portion. 
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at the moment". However, the author's conclusion goes so far as to say that 1:1e 
use of such relations, regardless of their mathematical expression, is basically mis­
leadin& and can no longer be considered as a permissible simpli fying assumption. 
Alternatives will have to be found. 

Thus, from a cenain point of view, the conclusions drawn herein arc ne· cr 
oeptive nor discouraging: Clearing away obstacles is a prerequisite to a fr..: h 
unobstructed view. 

Recent publications attest the fact that as fa r as exp\!rimcutal rc carch is con· 
cemed. a new approach to the key problem of soil- wheel inlcraction is ka 'blc. 
Beaides the contributions already mentioned [8, 9), mention should ~ made of 
the papers of Yon1 and Osler (IS] and of Boyd and Windisch [16] who vi alizcd 
some aspects of the wheel- soil interplay by an X -ray technique. 

In order to show that such experimental findings arc Miit b!c as a t ning JN. n 
for theoretical conceptions, the author has auempt~d lo develop a new approach 
to the problem of the shear-to-normal stress ratio at t.he wheel-soil interfar.e. This 
wiD be the subject of a subsequent paper. 

\ 

· NOTATION 

A factor of proponionality, dimensionless 

B wheel width. em 

c cohesion. lb I in' 

G penetration resistance gradient. N I em• 

I displacement or distortion. in. 

k horizontal soil deformation module, in. 

k. cohesive modulus of sinkage, lb/ int•+-> 

"• frictional modulus of sinkage, lblinc:+•> 

M torque. N em 

,. factor of proponionatity in Sela's formula, dimensionless 

n sinkap exponent. dimensionless (niultiplic::ation constant. dimension­
Jess) 

R wheel radius, em 

• slip. % 
t shear to normal stress ratio, dimensionless 

'• mean shear to normal stress ratio, dimensionless 

W wheel load, N 
z distance from the leading edge to a considered point on the wheel- soil 

interfaQO, in. 

1 sinkaae. in. 

Cl an&le at the wheel center between. the leading e~gc of the wheel-soil 
interface and the vertical reference hne, deg or rad1ans 

cr. anale desipatin& the separation point between bulldozing and trailing 
IODO. according to Sola's theory. deg 
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~glc at the wheel center between the trailing edge of :h.: w.:ccl- soil 
mterfacc and the vertjcal reference line, dcg or radians 

position angle, angular coordinate, radians 

u nonnal or radial stress, N/cm' 

-r tangential or shear stress. N 1 em' 

,. angle or internal friction, deg 

Noce: The dimensions of quantities proper to this paper arc given in the Metric 
System. Those pertaining to quoted expressions from the Anglo-Saxon 
Literature are given in the original form. 
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Current theoretical concepts of the soil-running gear interaction are based 
on empirical pressure-sinkage and shear stress-displacement relations. It was found 
that the tests tram which these relations were obtained present a poor analogy, at 
best, to the soil-running gear interaction. rn particular, the use of the shear 
stress-displacement relation for an analytical evaluation of the shear stresses at 
the contact surface of rigid wheels on sand was found to be misleading, primarily 
because equations obtained by the bevameter or dragged plate tests describe the soil 
behavior in the intermediate state, which is a state between t~e elasti~ and plastic 
states. Recent publications point out that part of the soil in the immediate 
vicinity of a powered wheel is in a state of actual plastic flow and part is in a 
quaaielaatic state. Thus, the soil-bevameter interaction is of a fUndamentally dif­
ferent nature than the soil-wheel interaction, which makes results of such tests un­
suitable for predicting wheel performance. Sela 1 s theory of the relation between a 
rigid wheel and dry sand is based exclusively on the shear streRs-displacement con­
cept, and thus provided L1 excellent means of checking the concept as a whole. 
Using a stmple approxtmate relation between the M/RW ratio and the mean shear-to­
normal stress ratio taken over the total contact surface, the theory was checked by 
meana of conatant-alip rigid wheel tests. The experimental findi ngs strongly sup­
parted the conclusion that shear stress-displacement relations are irrelevant to 
soil-wheel mechanics. A new theory was developed to assess the variation of the 
shear-to-normal stress ratio along the soil-wheel interface, without referring to 
ahear stress-displacement relations. This is a subject of another paper. 
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