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SYNOPSIS

The basic concept of desaggregation is to develop a state of failure in

soil media by a centre of pressure located at a convenient depth below the sur-

face of the soil mass.

The mechanism of failure development in the medium located between
the centre of pressure and the soil surface has been based upon the results

obtained by application of the theory of plasticity of granular and cohesive

ST et e S

materials.,

a
L

The failure properties of these two soil groups have been expressed by

the parameters of internal friction and of cohesion.

The basic problem is presented in an analytical form which yields approxi- J
mate solutions for the pressures required to cause failure in the medium at diff-
erent depths of the centre of pressure and with different diameters of the pressure
cavity.

The consequences of the approximations are discussed and an altogether
new theory is developed. The results of an application of this theory to the
failure of a granular material are shown and a comparison with results obtained
by the approximate analytical solution is made.

Liquid loading characteristics are discussed in relation to the compressi-
bility and permeability of the soil materials.

A model experiment has been used to demonstrate the development of the

failure area and to provide pressure data. 49394




Analysis of the basic problem

The pressure cavity is supposed to have the shape of a sphere with radius
Toe Its centre ke located at the depth D below the horizontal boundary of the soil
medium. Pressure is applied to the wall of the cavity through the intermediary of
a thin rubber membrane. The cavity is completely filled with liquid (water), which
is held under pressure (Fig. 1).

A certain pressure is required to maintain the initial diameter of the cavity.
An increase of pressure is acconipanied by outward radial compression of the soil
material around the cavity. The compressive strains decrease rather rapidly with
increasing distance from the centre of the cavity; approximately proportional to the
one-third power of that distance.

In a dry, or moist, granular material compressions and the subsequent dis-
placement of the cavity wall occur instantaneously. Compaction in the immediate
vicinity of the cavity is accompanied by the formation of a dense shell of material.
When the material is saturated with water, the rate of compression depends on the
compressibility and permeability characteristics.of the material and on the dura-
tion of t'he imposed loading increment.

Though the concept "rate of consolidation" usually is not applieq to gran-
ular materials, the process of radial compression in the saturated medium described
previously does not differ essentially from that in a saturated cohesive material.

A rapid build-up of the cavity pressure holds the depth of penetration of
the consolidation effect to a mi.nimum. Failure of the material occurs when a cer-
tain critical value of the cavity pressure is attained. The failure wave propagates

through the material in upward direction as long as the pressure is maintained at




the critical value until it reaches the upper boundary of the medium. When the
cavity pressure is kept at the same value beyond this point, the body o; soﬂ
within the failure area continues to move in upward direction.

When the impervious membrane is left out water will penetrate into the
medium as a result of the increase of cavity pressure. In a dry medium the pene-
tration of water, along with the displacement of air in the voids, occurs as a
capillary saturation. The rate of penetration depends on the compressibility,
the permeability and the capillary suction force of the soil. In a saturated
medium the rate of penetration depends on compressibility and permeability only.

The mechanism of this penetration process has identical consequences
for the transfer of the liquid load to the soil medium as when an impervious
membrane would separate the soil from the liquid, i.e., the load acts upon the
medium through the intermediary of a spherical soil shell. This shell is com-
posed of more or less compacted soil. Its thickness depends on the rate of
building up of the cavity pressu e and on the soil characteristics as mentioned {
earlier.

Chapter 'I

The approximate analytical solution of the basic problem

An approximate analytical solution has been given by NADAI [l] for the
problem of a small spherical cavity held under static pressure, situated deep

under the surface of granular material.

NADAI solved the problém by making two simplifying assumptions:

a. The state of stress in the vicinity of the axis OA (Fig. 2) is taken
approximately equal to that in a spherical body of the same material
around O, tangent to the surface at A.




b. The gravity field for the material, which has the direction AO at every
point in the medium, is replaced by a field of body forces converging
radially toward the centre O and of the same magnitude as the uni-
form force of gravity. The approximate nature of Nadai's solution is
a consequence of these assumptions.

The equation of equilibrium of an element of the medium in the shape of a

truncated circular cone depends on the radius (Fig. 3) only, because of the polar

symmetry of the stress field,

Equilibrium of the element in a radial direction requires that:

a,.% de.tde - (G;... dﬁ“).(a... dz)de.(r.... dr.) de 4 2. .s[-n{.c/c.f!z.do-o-/z.‘.a't)c/o ol
- Y.I'/zda.zda + (z+dzjde./z*dz)do odr=¢

Dividing through by ‘l—‘ﬂa)land neglecting o/x/z with respect to unity:

122 oG -g)+rT=0 (1)

This equation can be solved under the assumption that failure occurs simultaneous-
ly along sliplines located in radial planes through the axis OZ and in tangential
planes through O at right angles to the radial planes. The major principal stress

5',: acts in radial direction, both minor principal stresses Q;' in tangential
directiéns.

A. Granular material

We introduce the Mohr-Coulomb condition of failure in the equation of

equilibrium:
G =izine.c
/. +Sin ()
Putting: - i =a (a parameter of the solution)
/I 4Smny
Eq. (1) takes the form:
v %% +a.G, 47T =0 (3)
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hence

d_Ci :X.‘. Zoﬁc
e aT

and Eq. (3) takes the form:
{')x, * bt d)c‘ +a..z.(><+r.z.= o
after rearranging terms and dividmg through by r;

dX g e e
[tas)X +¥] €

and as: d’)(__ d[a-'-/)x--p):]

/ ol [244—1)')(-0-)’]8 _d
(ax1) '[('a.-o-l))(..o-b’] &

:/3. x.- A s =2y

hence: s Y 2=1
/ /a([?aw)y +’f7 o _/ﬂ
_ fa+t1) | [arddX+¥] 7‘
XaX, =2,
yielding the equation (a+1)

av) X+ 7] A
% '};wjx bl

from which we obtain:

JlaedX ox] = e X, e ] e

and after replacing Xby G /z and X, by A, /% :

(&) [+ 2]08) - 2

Multiplying through by r yields:

q'//;‘ +{'£:—:j {%) i /afo-z:)

The solution of this equation proceeds by introducing a new variable:

(4)

Assuming failure to occur at a cavity pressure Py We have the boundary condition:

(5)



The validity of this equation is limited by the condition that the state failure can
only exist when the major principal stress G 2 O , because the Mohr-Coulomb

failure condition is expressed by:

G— - /*Jzﬂ? .o—t—
T I—Slﬂsp

according to Eq. (2).
Hence the external boundary of the spherical medium, when free.of .

stresses, represents the limit of the medium in failure.

This condition provides the other boundary condition required for determining

the radius of the spherical body of failure.

It follows that in order to find the magnitude of this radius, we put G; =0
for a radius r; in Eq. (3).

This substitution yields:

[/°° (am]( ' T

from which we can derive:

(7‘) -—(““'9(,1‘)‘*’ (€)

The ratio l'l/r0 therefore depends on the absolute value of To

Radius of failure

Thé radius of failure can be computed from:

/
(a.-v-lj
% - 70#‘*‘"’/;% " '] (7)

when the quantities a, ¥V , /O, and ¥, are given,




If the quantity 5 is given besides the quantities a. , ¥ and r., the cavity

0'
pressure pg can be computed from:

- (u.\-/)

o ey /am-!) L( ) (8)

Fig. 4 and 5 show diagrams of PoT relationships for Ty = 1, 5,10 and
5 cm. respectively. The volume weight of the material ¥ was taken as 1 gram/cm3
and the angle of internal friction of the granular material 7& = 30°. Hence the
coefficient a =4/3.

It should be noted that the radius of the cavity has a considerable effect
on the magnitude of Po since it appears in the denominator of the ratio rl/ro. Gran-
ular materials are characterized by an angle of internal friction 5&} O. Hence the
factor (a + 1) has values larger than unity.
Model rules

Eq. (8) is of significant value in establishing the désign of model experi-
ments as will be shown later.

Since both the volume weight ¥ and the factor (a + 1) can be adjusted in

the experiment according to prototype conditions, we can establish the following

model relationships:

£ (a+1)
y - 5 _7:1) et
e fa+ 1) R, ]
- [a+!

¥ 7o /_5.) ik
B e Z
[o = Tawt) o
where capitals indicate the relationship for the prototype and the small characters

indicate the relationship for experimental conditions.

Setting:

EL:-E-/':’?‘
2 (9)

<




we obtain the ratio:

v)
1}

R
-Z':/D 4 (10)

Eqs. (9) and (10) establish the model rules for experiments on a small scale,
which can be used to predict prototype behavior.

Rate of dissipation of the cavity pressure within the medium.

The rate of dissipation of the cavity pressure is expressed by Eq. (5).

When dividing through by ¥.% the following equation results:

A o (@)
(5[ as] @ w

and p, are given constants Eq. (11) can be

- When the quantities ¥, a, T

written in a simplified form:

/8
-

(;6-;;-) = (A +B) . [—;9-)

The rate of dissipation depends mostly on the magnitude of the power 1/B, i.e.,
on the angle of internal friction P - As a demonstration of the rate of dissipation
we take ¥ = 1 gram/cm3 and @ = 19926°.

Then: (gi;-) = (A + -;T).(.zz&)z v .é-

i.e., the ratio of G; / T is approximately proportional to the square of the ratio
ro/r. y v

Fig. 6 shows a diagram of the &-r relationships when ¥ =1, r, = 10 cm,

. 2
a=4/3 and Py = 103, 104 and 5.104 grams/cm .

The slipplane field
The slip planes intersect the principal stress trajectories at angles:

fr= ¢+ (Z{Ei')"‘f*r .
N L A
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The trajectories of major principal stress are a family of straight lines
radiating from the centre of the cavity. The trajectories of minor principal stress
are a family of concentric spherical surfaces.

The family of slip planes intersecting the family of radii at an angle of
(4 +&) are called s;~planes, those at an angle of (¢ -5 ) are called sy-planes.
The sl-planes and sz—planes are conjugate planes.

Each set of conjugate planes forms a body of rotational symmetry with re-
spect to a radius. The intersection of this body with a plane passing through the
radius is a set of conjugate slip lines, which are also called 5|~ and sz-unes.

The derivation of the s~ and sz-sup lines follows from the basic property
of the direction of slip with respect to the direction of major principal stress in
the medium.

At point P in the diagram of Fig. 7 the tangent to the sl-slip line has the
direction (l7b+ $') and to the sz—slip line the direction (50-5 ) with respect to the
Z-axis.

The tangent to the s -slip line satisfies:

1

)? = co‘tn 8
R.2¢
Taking a point R,, - ¥, at the boundary of the cavity (Fig. 8) as the origin

of the slip line: R=R fayp

E_R;. =cotn$ })"

R,

R=R, Y= -Yo
Hence:
ln B =cotn Sl )

R,

and: (12)

AR s R, exp cotnS'.[t,l«.o-s‘.)J




The tangent to the sz-sup line at P satisfies:

37? = - COEN &

R.Dy
because the sign of d¢ is negative.

Taking a point Ry + # as the origin of the sz-slip line;

?a? ?/,-_-
IR fol
—— I - G0tM s 370
R
Hence: St i %
: A= Ro.u:/;/;cornr(y,-oﬂ)
At the point of intersection of the two slip lines the radii R| from (12) and

(13)

(13) are the same; hence

o tt/bﬁofn S‘/,z;,,@]; R,. u:/o[. cotn S'/,L/-y;y

giving:
¥+ Y T =+
and: ;
¥, =0

and by substitution in either Eq. (12) or Eq. (13), we obtain:

5 . u:/b[col'n §. %] (14)

pd
where:

Rl = radius of the failure area.

From Eq. (14) follows that the ratio between the radius of failure R) and of

the cavity R o increases with the power ¢o tnS.4.
The area of the surface of a spherical segment with radius Ro and with a
centre angle a%represents the loaded area.

The area of this surface is:
2
2T R, (1= cos )

The pressure acting on this area can be obtained from Eq. (8) for given

magnitudes of R, R, and for § = 30°,
The diameter of the failure area is significant, because it establishes the degree

of approximation involved by the assumption of a radial body force.

10
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From Fig. 8 it can be seen that the strongest deviation of the radial direc-
tion from the axis of symmetry (i.e., the direction of the gravity force) occurs at

a point where the tangent to either the s1 - or sz-slip line has the direction of the

Z-axis.
At this point:
and -% + § =0
Hence: i
%: =8

From Eq. (12) follows by substitution:
Pt = 7?0. txp |cotn S'./b—... %‘)]
where: Rt = the radius from the origin to the tangent point on the slip line.

These tangent points are located on a circle with radius r,, where;
L, = Pt . sin$S

giving: ,
L = T?;:inS'. Lxp cotnb./5+ %]

and using Eq. (14) for the expression of R;:

R =R, '.a:/b[_ cotn . %]
we obtain by substitution: 7~
. = PI 3ins. u:,b/.a". c‘at’nf]
!*/7\’, = Sin §. uc/o[&zotnfj (15)

For a given granular material, $ is a constant. The maximum diameter of the

and;

failure area is therefore proportional to the depth of the cavity. The radial direc-

tion of the body forces at the level of maximum diameter is independent of the depth

of the cavity, because: gt
tt/R' = Sl.n S-

S———
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NADAI's approximate solution is therefore subject to a serious deviation
from actual prototype conditions, where the direction of the body force at the
level of maximum diameter may differ from the direction of gravity as much as

[ g o
by an angled = (45" - -;) . This deviation decreases with increasing magni-

tude of 70, i.e., of the angle of internal friction of the materiai.

RN AR
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3. Cohesive material

In a cohesive medium with no internal friction, 70 = o, which leaves us with
only one parameter for the failure condition of the material, i.e., the cohesion c.

The minor principal stress ¢, then obtains the value:
0;: = 0{- ac
Substitution of this expressica in the equation of radial equilibrium (1) yields:

da

'L.F.,.z.\’.._qc = o (16)
and: B Xy oo B
L z

With ;/_) at 7— Z
Zal Z T

e o /ca-
/‘;: “Ye

Ts?,

= f-¥/t-2)- ‘Ic.)n ('E.')

At r= r a‘ = 0, yielding

/.)0 = Y[Z,-ZJ.., ‘/C.I’n -—;:-) (18)

hence: (17)

In dimensionless quantities:

20+ )

The slip line field

The equations of the slip lines are directly obtained from Eqs. (12) and

(13), by putting¢= o, giving:
S e /f_"’_‘f = ’/50
2
hence: coén & w/
and the Eqs. change to:

R = R, . tx/-'/%r%)
R=R, - ""/‘/"71"‘%)

for 8- lines and sz-lines respectively.

(19)

and (20)

The point of intersection follows from the equality of R atf/z i

7&,;0

R e T St
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and by substitution we obtain;

s
2

Other relationships as previously obtained:

Y =9
R 2R, exp (Y +95°)
t =R

. Sedh Z
% s LRy expy, e v7)
and: 7r/P/ ,,_z@. exp (Z)

The same objections as previously raised apply to a cohesive material. The direc-

ey (21)

and

tion of the radial body force deviates by as much as 45° from the actual direction

of gravity at the level of maximum diameter of the failure area.

Conclusions

The analysis of an approximate solution following Nadai's approach
yields results which may show reasonably correct values in the vicinity of the
axis of symmetry with a direction parallel to the force of gravity.

The slip line field extends to a considerable distance from the axis of
symmetry for both granular and cohesive materials. At this distance the direction
of a body force in the radial direction, as assumed in the approximate solution,
shows a considerable deviation from the direction of the force of gravity.

A solution as suggested by Nadai cannot be taken as a basis for the con-
venient computation of the quantities required before it proves its validity in

comparison with the results of an exact solution of the problem.




Chapter II

A. The failure of the soil by cavity pressure, when the medium is subjected
to a uniform field of gravity forces.

The basic assumptions are identical with those made in the derivations of the
preceding analysis.

The stress field is symmetrical with respect to the direction of the gravity
force. The vertical axis is taken opposite to that direction.

Using cylindrical coordinates, the equilibrium equations can be derived

from the equilibrium of a cyundrica; element (Fig. 9). Since the stress field is
symmetrical to OZ, radial planes are subjected to a normal stress only. Shear
stresses act on the planes r = constant and z = constant.

We have for equilibrium of forces in Z-direction:

[o; -(c;,.“i gz,)] L /12 4dr).do.clr 4 T 1olo.d2 ST dy)(zycly)de. iz
_b’.:{./zzfdz.)a’e.dz..a(z- =

-

i./zz Faz). de.olv.ds -T. ar.

J o)
"‘lrf\

.../.tz+d;)a/o dz d: =

Dividing through by Z.d@.dz. d2 gives:
)G;.// dL -_‘_—-__//+dl) r(,_._a& =0

Since we may neglect a{z/r. with respect to unity:

;)C; z . T + Y=0 (22)

do.de - 2. _";- dy de. dx _1‘_..(2 dy.deo. Az




zquilibrium of forces in r~direction:

C&‘.zc/a.dz -/q+¥1:dr)/z* dr)a/o.dz +20.8n gde. dr.dr 4
/}'_/r..._;% a/zy. L;/zz+dz). do.de =0

and with: Sém Z de = r’ de

% y.de.dv.dr - G .de. dv.d» ~ %_‘Z.:dz.c{a.dz.a'z- 4+ Gg.dle.cdlr. dn

s e
.,)__%_/z+.£.glr:)de. dv.dz = ©

Dividing through by %, 6.t &2 yields:

T e N | T | R S dz
- e—— S — . e — - o— / il o e :o
T i T e % 32-/+‘ t)

)':.0

and:

G

S Gty DR e AT WL
vl o R T

z

Neglecting %E with respect to unity:

Eqs. (22) and (23) can be simplified by the following substitutions:
z 3: -~ (*%) S 2?3%— +G <3 (%)
yielding: z.%‘z_;_ 3%'/2 g '3 23?':-: - %/x ?)
% (7)) + _g_s‘[z.o;') = =TT (24)
% (25)

's)_z_{,,c;)+g_../z.r) =




The Mohr-Coulomb concept of failure requires tangency of the stress circles
to the failure envelope (Fig. 10).

The relation between the stresses then is:

ol
15+ @) smp= 152 7 s
Introduction of the failure condition (26) into the differential equations of
equilibrium are simplified by following Nadai's approach [2] .
The stress G, , G; and T are expressed in terms of the variables )& and G, :

z

s = angle of the r-axis with the positive direction of the major principal
stress

On=1/2 (&G +G;) = mean value of the radial and axial normal stresses.

From Fig. 10 follows that:
@G =G (1+3iney. cosiy)
C;: 6;,/1-64”7&7.4052%) (27)
Tz Gp, [ Sem tf-J'c.n-h/')
) According to the Mohr-Coulomb concept the ’intermediate principal stress

does not affect the ratic between the major and the minor principal stress at

. failure, Since we assumed a failure field of rotational symmetry with respect to

the z-axis, the intermediate principal stress is the tangential normal stress 7, acting

-
-

on radial planes through OZ. The tangential normal stress can therefore obtain any

value between the principal stresses 0, and (s without infringing the failure con-

ditions. Since the mean value of J, and ¢; equals the mean value of ¢, and (g '

G = £(5+G) > +(5+%)




tre magnitudes of G and ¢ can be obtained from the first and second Eq. of (27)

by taking ¢ = o:

G=(1+simp)m

Ga® (4= 57 o) lm

The tangential stress G therefore satisfies:

G Q=% )%

and we can write:

Go (1 steding). O, (28)
where: - KL+

Elimination of ¢, G; and T from Eqs. (24) and (25) with the help of Egs. (27) proceeds
as follows:

1.0 = (2.5, [/ Sing . cos 1)

2.G= (2.95) (/= Siny- Cosry)

LT =TG5 ). Sngp. Scn x.;p

from which we obtain the following derivatives:

' ~ . p)
St e Stz p. Sim L%.%/z.c;);., 1/1.0,). 3inep. ¢os zysjz‘_‘

~ pr g s ':)
[/... Scnep. cos 1.7;).’57:/26;) + 2/z.v,,.).sz-n ¥ ozn;%._‘_{‘é

=
e o
¥
1]

: &L /v o e 2
%/zo‘;) =//+ Sing. eos;.,;)..&l{ [t-m) - 2/t.Gp). Simp. Sin tf ‘S‘%'

' >
K= /z.z') - Sing. .smz.,p.g_;/z.a;) + z/z.V,;) . Sin . tos z%%
Introduction of these expressions in Eqs. (24) and (25) yields:

sk
Sinep. sin "7"%‘{/‘6’:‘) 4+ 2[2.0m)- Sinp.cos 4.7&._)_”2&

I
+ (! = Stnyp. cos g*)%/zc;) + z[z_C;,).S(»nY?- Sin 2y 5{ = = ¥:Z(29)




[/+ Singp- cos i) o (1G) w1 [1.G). sonip sinzg. 2L

+ 5in. Sen 2+.§).;ZI.°T.,)+ 1/2.0:), Seng. €o sx../,.’j’f = ¢ (30)

These equations are simplified further by introduction of the slip lines as a
reference system instead of the ¥-2coordinates.

When the coordinates of the diagram of stresses are oriented with respect
to the physical plane in such a manner that the positive direction of the¢- axis
coincides with the positive direction of the r-axis (Fig. 10), the direction of the
major principal stress at a point A in the physical plane is identical with the
vector QOP in the stress diagram. The slip line directions follow from the loca-
tion of the tangent points Q1 and Q2 , representing the shearing stresses at the
slip planes in A. The lines le and QZP represent the shearing directions with
respect to the direction of major principal stress QOP, hence:

angleQ PQ_ = (45°- <)
angleQ, PQ, = (45° -9
The angle enclosed by le and the positive -axis therefore is:
£ = f (v F)
and by Q,P and the positive 0 -axis:
ﬂ; - ‘7& ¥ /V(". lf
The' positive directions of the slip lines at point A in the physical plane are

indicated by arrows. The slip line direction of /4 will be called the s;-direction;

the direction of ﬂt the sz-direction.




The partial derivatives with respect to these directions can be built up

according to the chain rule:

b w2 .2k 208
- ke | S T Al T
St A ST SN WY
-DJ‘; P S~ T; 3 Sz'
where: Ny ~ o
— wm COS ¢ e w7
)5, ﬁ/ ) s, Yo
Dt 2E =
= 805 " —— - Sin .
/Ts; ﬂ& J .5* ﬂl-

Substitution of these expressions in the first two equations yields:

%_ - (o::ﬂl.%’.z + Jt'nﬂ,-g—.i—
/ (31)
P

.
— a3 o c— Scn ¥
g 2% t (455

«J

1

In order to obtain Eqs. (29) and (30) in a form identical to the Eqs. (3l)
we perform the following operations: -

Multiply Eq. (29) by @¢03) and Eq. (30) by (-3iv/3) and add:

;2.{ [zcz,j/. [/ 4 Sin.cosid)Sinfl+ Sinp.3inzd: eosﬂJ]

5 z/z.c;).s.mf.g_g — Sinag. Sonfl, - €05 2. cuspJ

%E[z,c;'}/. Sin . dtt‘n Lo SinfB + [1- sinp. ¢os 27&)40.)/1‘]
+’-/t";).uny.}§[. osay. S+ Jl'-f‘ 2. wsﬂ;] = (32)

_Vt'..sn"/!‘ . e 2 ws/s;




Multiply Eq. (29) by (=¢0%) and Eq. (30) by (rs4) and add:

:’-4—(15»)/2’4' Sing. <o Lf). Sinp = Sinyp. Sen .‘.‘f.do.s/.!]
By. {

l

_z/z.a).&n)o.%_f_ Sinlo,{,. Sinf, 4+ Cos ;‘.‘f.c'usﬁ,]

T.Diz._/z.c;',) Senp, Scn t%.éd h/.!l -//- .sxn?ﬂ. aas 17(,) (03/4’/]

= 2_/1.6;). .Sln)p.%_‘ﬁ dos 2,%. s;n/;/ - S(n 2%.4’03/3-// =
G;Sz‘n/s’, L eo.s/:'/ (33)
The expressions between brackets can be largely simplified by the use of:
o (4"~ #4)
fam =791
giving: /4?/ *ﬂ; = 1%
'/3/ 'ﬂ’- =/ °"7V)
ﬂ/ oy 2’7(’ "/I.:.
Ps= 2=/
The expressions between brackets are, from Eq. (32) in terms of/:‘, :
-//+ Simp.dosry) 61»/131'- Sing. Sin 2y - €036, S 4 COS P Co3f,
- srnty...s‘w‘;ﬂ‘- 4’0:171.. éo.s/l_; = - cos/3,
+[/- Sing. ¢os u/) doyf3, — Sim 70.5:114%. Sanp =+ aosp . Sa'n/',

4+ Sin l.:./. c'osﬂz - o5 z‘.:f. Jthﬂz = = S(M/J,
From Eq. (33) in terms ofﬂ,_:

*//f- Sum tas:L-./-)-é'lh/J, - Simegp. SiM ag.cosfB, = + losep. oS3y

+s;-n4,¢.é4»ﬂ, + eos;%.tas/‘!’ = 4 (.:;ﬂ;
-fl - 611-'70’ eou.«f«), e.»,s/)/ 4 Siny. .'i‘v-;,&. .sm/.s, = dasf. SLnﬂ
-+ ld:Lf. MY n/J, - Stnl,&,s‘oa/lﬁ, B SL‘"/J‘..

Substitution of these expressions in Eq. (32) yields:
3 o O i st bl
¢05¢/ eas[t/.%[‘t,ﬁ).., Jtn/!,.%; z.c;y.‘. z/v.r..)s:n)o/cosﬂ.,).{- 4 bzn/:x,.ﬁ.f]_

_/O;. -:D'l‘nﬂ + )’.7.(0:/3,.) (34)




and in Eq. (33):

[gsf/;a;/.!‘ :g? 7. (,:) i 0.‘-"'//3; _};/IGT,.‘)].. 2/7‘7,;) Sen f/;a‘ﬂz;’)';!: + 5(71/0‘.2_{.‘/:.
+[f .S:‘n/J/ + 7L do 4/31) (35)
By comparing the expressions between brackets with those on the right
hand side of Eqs. (31) it can readily be seen which substitutions can be made in
£gs. (34) and (395).

These substitutions yield:
pr < Do : :
&;sy._.;_.;’. (1:5,)+ 1/2..7;,)..,4n7a.;>_§ 2 = [T Sinfd + L. “”/-’a) (36)

2 S ) = " ¢ 7
tosf.ﬁ/l.c;)- £/2.6;,')...4n7ﬁ.,>_§ +/¢; Sens3, + us/.sl) (37)
To obtain these equations in a form, which shows that the sl-lines and

sz-lines are the characteristics of the solution we introduce the new variable:

. S 1 S R (38)

23en f
giving;

AX _ cosy / J -
2S5, = Ising (1) 5-3/2 n)

and
P c‘asj / ,/','c-;)
PEN .z.s.n/ % 6“) 23,

and /Lq)' exp /z fan;ﬂ. X)

Substitution into Eqs. (36) and (37) yields:

/X+,4)--

/X_ ¢)= 4,___. azplstang X0, simp e F1O30)  (40)

(z/»[ z&nf'k)/b’bt%e-rz """WA) (39)




1f at a point A the values Xﬂandy';‘ of the variables Xand are known,

3. (39) provides us with information about the increase of the sum OL+70) along
the sl-slip line. The individual values ofkandfat a point C on this slip line,
nowever, cannot be obtained from this information only. It is therefore necessary

that the values of Yiand ¥, are known at a point B located on the s,-slip line

2

intersecting the sl-slip line at C. In that case the increase of the difference

(’X-f) provides us with the information about the increase along the s, -slip line

2
when going from B to C, using Eq. (40).

By combining the information about the increases of (X+70) and ('X-yh)

-slip line respectively, Yap_and %c. can be computed

along the s,-slip line and the s

1
individually as follows:

(Xc""'/’c) s p‘n*”"ﬂ)*d//XA > 71"‘)
(%= te) = (%o -tta)+ & (¥ - 2)

where the suffixes 1| and 2 indicate the direction of the increments.

2

The computation of the increments requires the adjustment of the slip line

| and d82 so that Eqs. (39) and (40) are satisfied.

B. Graphical finite difference

elements ds

This method was developed by De Josselin de Jong [3] and applied to

problems of failure in a two-dimensional medium in plane strain. |
Us’e is made of the properties of the pole trail in the stress plane; yielding |
an additional set of equations., E
The coordinates of the pole P are: E

G = //.,. Sinyp. ¢ouy«).6;, | l |

Z,',a Jlﬂf-Jdnlf'C; i I




Eqs. (36) and (37) require multiplication by r:

ﬁ. ‘,:) = {/,. Sin . wsx..,&).[z.c‘;)
/zz;,) = Sinp.sunzy [20;.)

The partial derivatives of (Z.5;) and (ZZ;,) with respect to s; (i = 1, 2) are:

li_‘.'fl = //... Sen . Cau.f)f_/z v,,,) 2/r. G,‘,.) Sin i, nnl.% _ﬁ (41)

23,

.1 - LY ,
35‘. - .snnp. u-n:.,l._.a?“ /2.!7,,',)4.2/&.6,2).5:»% 2os 1.74«. %%‘. (42)

Multiply (41) by cos Z,Aand (42) by smzy and add;
/1.0, Ysnptosiy) = eos2y %?‘_/z.g)-g- Senm L'f.:g—& [1.5) (43)

Multiply (41) by (-smy.smz,a) and (42) by (1 + sing. coszy) and add:

2/z. L Sinad D G ) Sl Sem p. 20324 )(44)
/ {)/sm,p‘..au,b)smf ,5:5 ingp.sen %,)J"[? ,,)+/+ . f_'/ z;,';
By substitution of ihe right hand terms of:

£, =+ (7= #)
P~ $=(07-/%)

we obtain:

/d'nu)o.g-lost,é) = ito:.,,-'?,. ¢os/s,

Multiplication of Eq. (43) by cos¢ yields:

; | 2
""f-g-‘:{r,c:) % uo'/,’,.w'ﬂ[;“% ‘au,%%?‘—_/l-c;.).i- “‘fﬂn#ﬁ'/& 7/--)](4 :
and from Eq. (44) we obtain:

7 3 .9 B
by 5t B Rl o) 0




w
o

3y adding Eqs. (45) and (46) we obtain the left hand term of Eq. (36); by subtraction,
the left hand expression of Eq. (37). Then introducing for (2 Yrp) = (2/.(2 + 909

and for (2¢ -y) = (2/31 -909), we obtain:

ma .2 fe. o % g :

sn}@.iﬁ: “'ﬁ)“""‘/’x';‘,?l/”7°) = tosp, [0, 5. o, + )‘.'Z.e.:o/!&) (47)
s ’) 7 " - \

sinfl ﬁ;/zc;,) i t'o.:,a/.;)%‘/rl;.) =Co;/13/6;.am/.1/ - rz.eaa/.!/) (48)

Dividing through by cos/s’2 and cos 3 ) respectively, and rearranging:

%{z, ,,) = t"”/':./%fl /z.g).. 0;.&‘43/3:/— Y05, (49)
;f_s‘/z.z;,) - Z‘mﬂ,/%i/z,z;,) il mﬁj/_ r.osp, (50)

In ﬁnite' difference form:

d/?-l;)l = /E.n/:l‘ d/zc;)l -Q'/d.;.co.s/.?/.(r.’z)./ds/.l’ua/a,) (51)

d/l.Z;.‘ = fan/.},/;{/t_.@j&;.(/d.sx.wscij}z./d’z)./dsz.c‘ug/cl_) (52)

The pole trail method combines the relationships between the quantities

(r.g, ) and ¥, and the lengths of the slip line elements dsl and ds2 in their

repsective directions ,’.?l and ﬂz , according to Eqs. (36) and (37), with the

quantities (r.z/'.) and (r.C,", ) with respect to the same elements, according to

Eqs. (49) ;md (50).

This combination of the,qeometrical and physical relationships can be

used to advantage in two-dimensional, plane strain problems to construct the

slip line fields geometrically by finite differences. :
The method was applied to the problem under consideration but failed to :

give satisfactory solutions, because of the arbitrariness of the choice between the

49396 i
e S ———




rerms 7: xn3 and ¥7Z.cosn on the right hand side of Eqs. (36) and (37) and of

qs. (49) and (50).

The attempt showed, that while the grahpical solution is theoretically valid,
it is impractical for solutions involving radial distributions of stresses in three-
dimensional problems.

A numerical finite difference method was therefore indicated.

C. Numerical finite difference method

The differential equations of limit equilibrium were given in (36) and (37).
Assuming that point 1| and point 2 in Fig. ll are points of the slip line
field with known quantities:

—

Y ., G:/ V¥, Simp,, e, G,

z,,

Om, ) S 1S4 20873, %,

Eq. (36) applies to point 1 located on the sl-slip line.

Eq. (37) applies to point 2 located on the sz-‘slip line.

We provide the relevant quantities with a second suffix to indicate the
location, of the points.

At point 1 (Eq. 36):

: ; 53
€osp. 2 (1,G)vifs @) SinpSH = (G sinp vy 0035,) ()
3"' 0,

At point 2 (Eq. (37):
25

e T ' e
Mly.%{‘(r‘,c;‘)_z Z‘,a‘).blhf._f‘—“'-/rg‘ Jln/-',“#rzz (aVJ/,;) (54)

Point 3 is reached along the sl-sup line through point 1 and along the sz-une

s, because 23, is related to

through point 2. Omitting the second suffix of




point 1 and 3.51 to point 2, Eqs. (53) and (54) are in finite difference form:

2 0 ~ dyr :
'”’0'7%5&1 + 1/!,-v..,)-swfaf- = = (% 505, ;,.ar-z/.cas/dm) (55)

Omy) d g
(asf. ‘(/;‘s - 2/22.7;.&).50»70 6.(._;?: = "'/6‘:'5‘"/",,:." L tﬁéﬂ,‘,) (56)
7Y

Since: o e
gr— = —
/Z,'Vm,) = zJ-VmJ—Z/.vml

d,’t,.f,',,‘_ ) z./'ﬁ.:-zz'c;'z
d‘// ol Rk o

A = 44~
Eqs. (55) and (56) can be written in the following form:

pocs : 57)
das 70[5.6;,:‘ -‘ll.uq)‘,, 1/:1,6;’),&n7.{%-7(.,) o ._[O:,' Scm 3+ rz/.u;'ﬁ&]a’.s/ (

ws,ﬂ/z‘,.c;" - .:;‘)- 2(‘:1,6‘),3".7@/*’ -%)-_. .,./5,:.51 n/.l,)‘.Q.r.zJ. ta.y&,.‘;dsz (58)

The unknowns in these two equations are Z, ,G;,J P Fy o ds1 and dsz.

Three additional equations are needed to solve for the unknowns. In order to ob-
tain these additional relationships the slip lines will be considered as a sequence of
Circular arc elements of varying curvature.

When the radius of curvature at a point of the sl-slip line is R, the in-
crease of y in the direction of the slip line, d Yy corresponds to a slip line

distance, d'l = erfl’ An identical relationship applies to the sz-slip line;

dtz = Rz'd)"z‘




This property will be used to establish the coordinates of the intersection

.....

Fig. 1l shows how these cagrdinates can be computed:

ZJ = Zl +.i'.d$l/lo.3/3w "'“”/3/,3) (59)
T =1 +~,‘;d",./"‘°‘ﬁ:,z & (asﬂz}’) (60)
ZJ =2, +fd$l(.$(n/3w+ Jln/.!o’) (61)

(62)

34 = Zz -+ I" d.s‘/\h n/l:“ + S n/J“’)

From: 8, = prpfgo-p) = F e F
ﬂ,_ z c{-i/yo‘- 79] = =9
the trigonometric expressions in ﬁ can be replaced by expee@ssions in 51/ :
A,/. 7“/‘: 3/%/:%"5‘ ;/g:,z‘%z"

) s /3 T
L R N O [P = s

By substitutions in Eqs. (57) to (62) inclusive we obtain the six equations:

esp (2, my = 77: )+ z/l,,c;'.,)é.’nf‘/i,ﬁ %)= ./o;; Senf -S4 .c‘a.\(ﬁ_-f)/dsl (63)

€os /Y, G, -3, %) = 2/20m,) 31;::7'«/76 ~)=+ /‘7:“ Sinfd +5)+ 7Y o4 i3j/a/.§(64)

6
L =Y 4.{::{:,/;;:/%,.)’).- t'”{‘/:,-q-f)-] (65)

L=%+ i-da/;f»/%—fj*‘“/%"?]

(66)

;
5|
}
!
|
;
|




=2, %ds,/h n (b +5) 4 Sin iy +5) (67)
EJ = 2'&.'.i_d-’;/d}n/fl-\_)ﬁ.d“n[yd ..‘?/ (68)

th the six unknown quantities: ' ' N A 5
wi q i rs 23 G‘,‘,,3 &3 dsl andd52

We can therefore solve for the unknowns. The inclusion, however, of the
trigonometric functions of %3 requires a solution by numerical computations.

The choice of the intermediate principal stress U

In Chapter II. A we discussed the indeterminedness of the tangential stress

—_—

Tr* In Eq. (28) the factor X expresses this fact.

The value of this factor can be determined only at the axis of symmetry

and at the boundary of the cavity, where the quantities r, G-r_n' & ﬂl, and ,@2

are known,

Along the axis of symmetry the following quantities are known:

Z =0

@ = 7o"
ﬂ = /oo.,). [V(“.. {)) =/7°<.+$.-)
= 951 £) =(7°-)

Rewriting Eqs. (36) and (37) in terms of the directional derivatives:
= Cop Lot Dy O ) O+ S 7 rT. oS
Cos ,'DZ 2_’3 2/2.G ,S;nf.’_._ P Rp— //-’- .Slny’) ™ ﬂi'*‘ - 18 ﬂ
)"/'"33:*' —‘.,')"'/ -) 23,

(oa)o{"’;..%‘i 4.2.’%5.’-) + ’./7.6:,),3"" ,a.%_é =<4 [/+o<.&m,o).5,:,,.:inp/+ a—:z.cog,ﬁ]

B




cos o O 5...‘. = - (74 .4.5¢n7p).\7,,.>1np;

€osp. Oy, 33 = (e .nnyz)..m sen /3,
<
— X oz :)?_
Dividing through by O and putting 53 = COSs ﬂl and < = cos ﬂz i
'/ = 2

€osp. cosf3, = [/ + . Sim 7’) 547 /3,
@os . o/ = +{’ + m,.s,-,«?p).s‘n/a/
Since: ﬁ, o /?0‘+ s')
[ = (9°"~%)
and: ¥ 2/ &= a8)
we obtain one equation:
005(70‘_;.\.‘).:.m S - tos§ = oL, .si»n/z/w.f.- 25). cos§
from which: |
K g (69) 1
hence:

(70)

&G = (1=sim 1) om

The condition of failure and the equilibrium conditions along the axis of
symmetry require an intermediate principal stress of the same magnitude as the

minor principal stress along that aixs.

The numerical computatjons of the failure quantities in the stress field
were carried out on the assumption that & = =l throughout the medium.

Experimental evidence is required to prove the validity of this assumption.
Numerical computations with values of -1{*<t1 will show the significance of vari-

ations in the intermediate principal stress.




Conclusions concerning the feasibility of mass earth movement by

]
.
cavity pressure.

The investigation has shown the feasibility of mass earth movement by
aitiating a failure condition through a rapid build-up of liquid pressure inside a
svity at some distance from the free boundary of a soil medium.

The magnitude of the critical pressure level depends primarily on the dis-
tance of the centre of pressure from the boundary and on the mechanical properties

of the soil. The larger the cavity, the smaller the pressure required to cause

In a dry granular material (dry sand) water will penetrate into the soil by
the pressure gradient and saturate the immediate vicinity of the cavity. The

saturated shell constitutes the intermediary for the transfer of the cavity pressure

to the surrounding soil.

In a saturated granular material a rapid build-up of the liquid pressure
inside the cavity propagates through the pore-water and reaches the watertable 1
without noticeable delay. As a consequence a critical flow gradient inside the

soil medium develops and whiie the entire soil mass becomes involved in a |

failure condition, erosion of the cohesionless material is initiated at the boundary.

In a saturated or dry cohesive material the propagation of the cavity

pressure depends on the nature of the clay material. When the void channel

system constitutes a "closed" system, the cavity pressure will be transferred

mostly to the immediate vicinity of the cavity and failure will occur as if the

material would be an impervious medium,




In materials with an "open" void channel system the cavity pressure creates

condition comparable to that of a saturated granular medium.
In all soil media the state of failure by rapid pressure build-up is followed

or maintaining critically high

| )

by deterioration of the material. The time period
..quid pressures has shown to be comparitively short(in the order of seconds). The
volume displacements as a result of the expansion of the cavity, preceding the
state of failure, are comparitiveiy small. In the first phase of the treatment high
messure input and a small water quantity are required. In the second phase the
pressure can be decreased, but a larger quantity of water is required to maintain

s liquid flow of soil particles and deteriorated soil materials.

txample of a continuously operating mass earth movement system

+

As an example of a continuously operating system, Fig. 1l shows a diagram
of the mechanism required to move the soil in excavating a canal profile.

A liquid pressure feeding line is located across the canal axis and connected
with a number of casings, which are gradually lowered into the soil, while

pressure is constantly applied. The liquid flow moves the soil out and a system

of suction lines at the toe line removes the suspended material.

This material can be pumped over the sides and deposited alongside at

ény suitable location.

The excavation is supposed to remain in open connection with a reservoir
(river, ocean) allowing for a constant, unlimited supply of water.

Water is used both as a' pressure medium and a transportation device.

The entire mechanism can be moved aleng the canal trace, while the liquid

material is deposited alongside.




By adding suitable chemical admixtures the deterioration of cohesive
material can be speeded up. When pseudo-rock materials arc;) encountered the
initiation of a failure condition, using liquid pressure, can be promoted by
using suitable explosives inside the cavity. In granular materials and cohesive
soils of medium strength such measures will not be necessary, provided that
an average depth of the cavity is maintained.

In cohesionless, dry granular materials the addition of water to the
soil promotes the occurrence of flow slides, which-when kept in continuous
motion by transportation through the suction lines~do require little energy.

In cohesionless, wet granular material the removal of material along

the toe of the slope will generally be sufficient to cause flow slides as a con-

tinuous earth moving mechanism.
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