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OBJECT

The object of the effort covered in this report is to analyze
the stresses induced in the plas tic rotating band during the time in
which the projectile travels inside the gun after it has been en-
graved. In this period the acceleration of the projectile causes
rad ial and circumferen tial , as well as axial normal stresses. Shear-
ing stresses are also generated in two directions . The assessment of
the levels of stresses in the rotating band not only will furnish
necessary informa tion in the selection of the plas tic materials , it
also will shed light on the gun wear problem because the contact
pressure between the surfaces of the gun and the rotating band is
also determined by the analyses .

An axisymmetric model of the rotating band in flight inside the
gun af ter it has passed the fo rcing cone ha s been fo rmulated and
analyzed mathematically. The analytical solutions of stress compo-
nents were then used in a sample calcula tion based on a sample
material with E = 6895 MPa (1,000,000 psi) and a sample geometry of
a 105 mm gun. Results show that the maximum compressive stress at
the interface of the gun and the rotating band is about 110 MPa
(16,000 ps i) whereas at the band seat a tensile stress of about the
same magnitude is induced. Shearing stresses are only of the order
of 0.7 MPa (several hundred psi). It is observed that due to the
assumption of the rigidity of the gun and the shell body the norma l
stresses are higher than the actual stresses. The stress-free con-
ditions assumed for the circumferential and axial displacements
cause the shearing stress to be too low. Refinements of the mathe-
matical model currently in use will not be a major undertaking and
are recommended.
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INTRODUCTION

In the design of a plas tic rotating band , the design analys is
• can be arbitrarily divided into three separate stages. The first

stage is to deal with the engraving process. As the rotating band
enters the forcing cone the outside diameter of the band is com-
pressed at first and then engraved by the lands on the gun tube.
The objective of the analysis of this stage of action is to deter-
mine the pressure exerted on the gun tube by the rotating band as it
is being engraved. The second stage of analysis deals with the dyna-
mics and the stress problems occurr ing af ter the projec ti le has
emerged from the forcing cone and during its travel through the gun
tube. It ends at the ins tant the projectile leaves the muzzle  of
the gun. The third stage refers to the problems relating to the band
during the free flight of the projectile (Fig 1).

Af ter the rotating band has been engraved by the forc ing cone
the projectile is made to accelerate through the gun bo th axial ly
and circumferentially, acquiring the des ired muzzle  velocity and
spin at its completion of the travel inside the gun. During this
period, pressure is generated between the mating surfaces of the
band and the barrel due to the inertial forces acting on the band.
This pressure has direct influence on the fr ictional force wh ich
exists at the interface of the radial contact. It therefore deter-
mines the wear of the mating surfaces. Besides the radial contacts
there are the la teral contacts between the ban d and the gun barrel.
Very high contact pressure exists there due to the angular accelera-
tion of the projectile. These pressures and the stresses induced in
the band during the post engraving period are the subject of analys is
of this paper.

The actual problem of stress analysis of the rotating band dur-
ing its travel in the gun is a complicated one. Foremost among the
complexities involved is the geometry of the mating surfaces of the
band in contact with the gun. These surfaces are in the form of

• lands and grooves after the band has been engraved. Since the gun
barre l and the shell body bo th defo rm, though to a much lesser ex-
tent compared to the deformation of the band , to analyze the stresses
in the band one needs also to analyze the de formations of the gun and
the shell. The complete formulation thus involves three problems
(the gun , the band, and the shell) coupled together. Simplifications
must be made before analysis can proceed.

• In the following analysis the rotating band is considered to be
a smooth cylindrical shell instead of the serrated configuration .
This assumption ignores the lateral surfaces of the land and thus
the stress variations due to the irregularities in the circumferential

2 
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• direction. Such calculation should give a meaningful estimate of the
order of magnitude of the stress levels at the contact. This estima-
tion of stress leve l would be usefu l in the selection of materials
suitable for the appl ication wi th regard to their strengths and wear
resistances. A second assumption is to ignore the deformations of
the gun and the shell so as to decouple the problem of the band de-
formation . This means that in the analysis we either take the de-
formations of the gun and the shell to the zero or use some predeter-
mined values for these deformations, say from some exper iments.

• Besides the assumptions made above, it will be assumed that the
rotating band under the given load is stressed within the elastic
limit. Therefore the subsequent analysis will be based on the theory
of elasticity.

MATHEMATICAL ANALYSIS

According to the theory of elas ticity three equations of motion
in the cylindrical coordinates r , e , and z are as follows (Ref 1):

( A + 2 ~.i) .
~~~~~ + u - 

3W 
—3z~~3z ~~~ 
— p a r

1~ ~~~ 3 
_____

• 
— + 

~~ ‘~F ~~r3r ~ 
= P a 0 

(1)

(X +2 1.i )  ~~~ - r 3U 3w
~
‘ j

~
-
~ 

i r (~~ - 

~
-F
~

1 =

where = 
1 3(ru) 

+ -_~~-~~~ + .~.! (2)
r 3r r30 3z

and u v, w are the displacements in the radial (r) , circumferential
(0) , and axial (z) directions of a point on the ban d , referring to a
frame of reference rotatin g with the ban d , and ar , a0, a1 are the
acceleration components .
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• Let the angular veloci ty and the angular acceleration be w and ~~,

the rifling angle be S and the outer radius of the hand be b. The
components of the acceleration of a point on the ban d as observed
from a laboratory frame of reference are calculated as:

2
a 
r 

= - r w - 2 w  +

• at

a
0

= r w + .
~_ 4+ 2 w

.
~~ (3)at

a = —p-— +z tgo~~ 
—

~~

-

To further facil itate the analysis , the band is assumed to be in
• plane strain; thus the z coordiDate can be ignored. It is further

observed tha t the displacemen ts are independen t of their angular
positions . This means that the e coordinate can also be ignored.
The remaining independent variables are the radial distance r and
the time t.

Using all the above assumptions and substituting Equation (3)
into Equation (1) we obtain the one-dimensional time-dependent model
of the rotating band as described by the follow ing three par tial
differential equations.

(X+2~i) }-. ~~~ 

3~ ru)
1 = - 2pw~-~ -prw

2

~ 
[
~

. 3(rv)] = P . f  + 2p w~-~ +prcL (4)

+ — .~.!) = + p ( — ~~ )~j
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• It can be seen that the first and the second equations of

Equation (4) are coupled through the Coriolis terms.

Correspond ing to Equation (4) a system of boundary conditions
mus t be prescribed to depict the physical conditions existing at the
inner and the outer contact surfaces of the band. For the radial
displacement the boundary conditions state that its values must

• vanish or be equal to some predetermined constants . These constants
can be selected from some known data pertaining to the particula r
ordnance system in cons idera tion , i.e., u(a) = u(b)  = 0, or u (a) = A,
u(b) = B , where a and b are the inner and the outer radii of the band,
and A and B are the predetermined values of deformation of the inner
and the outer surfaces.

For the circumfe ren tial di splacemen t v the boundary cond itions
are v(a) = 0, which corresponds to the condition of no relative
motion at the interface between the band and the shell , and v(b)
being unspecifiable. At the contact between the band and the gun
either the interface can be assumed to be stress free or a predeter-
mined frictional stress can be assumed. The boundary conditions for
the axial components w are simi lar to those of v.

In Equation (4) the angular velocity and the angular accelera-
• tion are given functions of time . For each ammunition system, de-

pending on the condition of the gun and the zone of firing, the
interior ballistic performances vary. Some typical data will be used
in the analysis to get representative answers which will disclose the
stress levels induced in the parti cular system .

The individual equations in Equation (4) are similar in their
structure. To determine the displacements due to the imposed in-
er tial forces , one must solve for the particular solutions due to the
inertial forces. To accomplish this the homogeneous solutions must
be obtained first. This can be accomplished by the separation of
variables technique.

The Radial Displacement, u(r ,t)

Let u(r ,t) = U(r)sinczt (5)

Substituting Equation (5) into the first equation of Equation (4),
with the Coriol is term dropped , yields the following equation :

d
2IJ i d U  2 1

+ _ w-. + (
~~ 

---2-)U = 0 (6)
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1~

2 p 2where = 
A+2~.i~

The homogeneous part of Equation (6) is the Bessel’ s equation
of the first order, whose solution can be written in the form

U(r )  = A1 J1(~r) + A2 Y1(Br) (7)

where J1 and Y 1 are the Bessel ’ s functions of the first and the
second kind. The subscripts denote the order of the Bessel’s func-
tion.

Upon imposing the boundary conditions

U(a ) - IJ (b ) = 0 (8)

the eigenvalue equation is obtained.

J 1 (8 a)  Y1(~b) - J 1(Bb) Y1(~a) = 0 (9)

If a new variable ~ = ~a and a parameter k = b/a are introduced ,
then Equa tion (9) can be cast in the form of

J ( ~ ) Y ( k ~)-J ( k ~~~Y (8) = 0 (10)

Since there is no available information regarding the eigen-
values of th is equation , numeri cal solu tions will  be perfo rmed to
obtain the eigenvalues. These values are needed for subsequent
calculations .

Assuming the eigenvalues are 
~~~~

, the set of orthogonal functions
correspond ing to the set of are given by

~p(~~ ~
.) = J

1(~~ ~
) - K Y 1(~

’
~ ~

-)

K - 

J~~(~~~) J
1 ( k ~~~) 

(11)

where 
- 

Y
1CB~) 

- 

Y1
( k ~~~)

a relation der ivable from Equa tion (10) .
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• To solve the inhomogeneous problem, Green ’s fun ction method wi ll
be employed. Let p (r,t) be a general representation of the inhomo-
geneous terms in Equation (4). The particular solution in terms of

~ 
can be represented by the following integral .

~ (r ,t) = J J G(r ,~~,t - r)~~(~~,T )d~ dT (12)

where G(r ,~~,t-T) is Green ’s function of the partial differential
equation.

Substituting Equation (12) in the first equation of Equation (4)
yields

(A + 2j . t ) •f f h~- ~3(rG)]~~(~~~T)d~ dT

- ~ J J !~~ ~~~~~~~~~~~ = 
~ (r ,t)

from wh ich it can be seen that

(X+2 1.i) ‘
~
— [- -  f- -—— ] - o__-~- = S ( r -~~)S (t-T) (13)

in which the right hand side is the product of two Dirac-delta
functions .

To determine Green ’s fun ction G( r,~~,t-r) it is necessary to ex-
pand the delta function in the spatial variable into an infinite
series in the orthogonal function ~P ( B~ ~~

.).

- 
• Letting

6(r-~~) = A~~(~~)~~~(~ ~~~) 
(14)

and due to the orthogonalit~ relation existing between ip - functions
corresponding to di fferent 

~n ’ i . e . ,

b

~a 
na)~I)(Bn ~ )d~ =

7

- -

~ 
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we obtain

~p(~ ~~)A~~ = N
a 

(15)

where

N = ~~ 2 (~ ~ )d~

To separate variables in Equation (13) we assume that

G ( r ,~~,t-T) = 
n~ l 

~~~~~~~~~~~~~~ ~~~~ ~~~) 
(16)

Substituting Equation (16) into Equation (13) and using the fact
that (i~ (~~~ 

.
~

) satisfies the homogeneous part of Equation (6) yields an
ordinary differential equation in

d2B
____ + 

2~ = S ( t - T )  
(17)

d t  ~ “ p

•.0 Equation (17) has the following solution

B~~(t_T) = - -a-— sinct~~( t - T )  (18)

Finally,

G ( r ,~~,t-T) = 
n~ i PN~~ 

a
~ S~ fl~~~(~~~T) 

(19)

and if d ( r ,t) = -prw 2

t 
00~~~~~~~~~~~~~~~~~~~~~~~ L

u ( r ,t) = J I n a fl a 
(pew )sincx (t-T)d~ dTn—i pN~ ~1

a ii (20)

8



From some data available for the 105 inn system a typical angular
veloci ty w vs t relationship can be represented by a straigh t line ,
namely,

w (T) ~~~~~-~~~~T 
(21)

where is the angular velocity of the shell at the exit time t0
.

Using the expression of w ( T )  in Equation (21) and performing
the integration with respect to the i-variable , the time part of the
integral in Equation (20) is obtained.

T ( a t )  - 

~~~3~~~2 k~~
2 t 2 -2 ( l + c o s~~~t )  

(22)

The integration with respect to the variable ~ is less straigh t-
forward and is therefore worked out and presented with a few details
in the Appendix. Substituting Equations ( 2 2 ) , (A4), and (A6) into
Euqation (20) yields

u ( r ,t) = 
n~ 1 

Cn~~
( B n r ) T (

~~n
t )  (23)

where

22w
C = 6 4 

1i’(k,B~ ) 
(24)

~~~~ t o
with

k2~ (B b ) -~~2 (B a)
‘11(k , B  ~ 

= 2 2 2 
(25)

k 
~~ 

( B ~ b ) -~P 0 (B a a)

In Equation (25) K = b/a and T* is the function inside the bracket of
Equation (22) ,
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i~0 (B b) = J 0 ( B ~ b ) - K  Y~~(B b)

and

= J 2 ( B ~~b ) - K  Y 2 (B~~b ) ,  e t c .

The Circumferential Displacement , v(r ,t)

Let v(r,t) = V (r)sinyt (26)

Substituting Equation (26) into the second equation of (4), with
the Coriolis term dropped , yields

2

2 
~~~~~ 

+ 

~~ 

~~~~~~ 4. (~c 2 -~ -~.)v = 0 (27)

where K
2 

=
U

The boundary condition at the interface between the rotating
band and the shell body requires that the circumferential displace-
ment v there vanishes to correspond to the condition of positive
anchorage of the ban d to the she l l .  At the outer radius r = b it is
assumed that the shearing stress is zero to correspond to a smooth
contact without fri ction. However, since the frictional stress is
dependent on the radial pressure at the interface, to introduce fric-
tion means to introduce a coupling between the radial and circum-
ferentia l disp lacements through the boundary cond it ion . Th is would
make the mathematical problem unnecessarily complicated for the pur-
pose of this analysis. A compromise approach would be to use a pre-

• determined value of friction and thus introduce an inhomogeneous
boundary condition . In this paper the zero stress condition will be

• used for mathematical expediency with the anticipation that the re-
sulting shear stress may thus be lower than the actual value .

Therefore, the boundary condi tions for V are:

V( a) = 0
and (28)

dV V
- 

i~~r=b 
O~

10



The solution of Equation (27) is

V(r )  = B1 J1
(Kr)+B 2 

Y1
(Kr) . (29)

From the first boundary condition 
in EquatiOn (28) it follows that

B 1 J 1( K a ) + B 2 Y 1(K a)  = 0

or
J1

(Ka)
B2 

= - 
Y
1
(Ka) 

B1 
. 

(30)

The second boundary condition 
leads to the following

81
[bK J1

’ (Kb)~~J1
(Kb))+B 2

[bK Y0
i (Kb)-Y 0

(Kb)1 = 0 (31)

Thus, the eigenValue equation, 
after simplifiCati0fl~ 

becomes

J1
’(Kb)Y 1

(Kb)-Y 1
1
(Kb)J 1(~~~

) = o . 

(32)

EquatiOn (32) can be further 
reduced by using the identities 

of

the derivatives of the Bessel’
s functions .

Let y ( z ~~ 
= K a

then Equation (32) becomes

J 0
(k~~~) M ~ 

Y
0

(k~~~) ~4— [J i
(k
~ n
)
~~
Mn 

Y
1

(k ~~~~~~~)1 (33)

This equation wil l be solved 
numerically to determine the values 

of



The eigenfunctions are given by

: 
= J1

(~
•
~ ~ )-M~ 

Y
1(~~ ~

-)

Using ~~r,t) pr~ in evaluating the par ticular integra l ~7, we have

— 

t 
~ ~p( ~ )~~~ (~~ ~~)v( r ,t) = - 

~

‘ 

~ n~ i ~~N i~ 

n a (p ~) s i n  Y~~(t-T)d ~ dt
0 a (34)

The integration of the time part gives

w
OT(i~ t) = ( 1-cosy t) (35)

The integration wi th respect to ~ yields , after some elementary com-
putation , the following expression for v.

v( r ,t) = 
n~ 1 

D~ ~ (K fl
r ) T *

(K t) (36)

- 
- 

where
2w 0

a 

D~ = ‘f’(k,K~ ) 
)

with k2~ ( K  b)-~~ (K a)
~~~~~ 

(k 2- 
•
~~ 

2)~~1
2 (K b)-~~0

2
(K a) (38)

(K
~

a)

In Equation (38) k = b/a and T* is the function inside the paren-
theses of Equation (35),

~P0(K~ a) J
0(K~ a)-M~Y0

(K~ a ) ,

= J 1(K ~ b ) - M ~ Y 1(K ~ b ) ,

~2 (K~
a) = J 2 (K a ) - M Y 2 (K ~ a ) ,  e tc .

12
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The Axia l Displacement , w ( r ,t)

Let w( r ,t) = W(r) sin ~t (39)

Substituting Equation (39) into the third equation of Equation (4)
- 

. yields

___~~~ + ~~- ~~~~~~ + (q ) W = 0 (40)

where 2
q 2 

= PP.....
Ii

The considerations for the boundary conditions are identical
with those for the circumferential displacement v. There fore ,

W(a) = 0 (41)

and
dw
~~~(b) = 0.

The solution of Equation (40) is

W ( r )  = E 1J 0 (qr )  +E 2Y 0 (qr ) . (42)

From the fi rs t boundary condition in Equation (41) it follows that

E
1
J
0 (qa) +E2

Y
0 (qa) = 0

• or

J0 (qa)
E 2 

— - 
Y0 ( qaJ E1 . (4 3)

The second boundary condition leads to the fol lowing.

E 1J0 ( q b )+ E 2 Y 0
’ (qb) = 0 (44)

13 
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The eigenval ue equation in this case is

J0
’ (qb)Y 0 (qa) -J 0 (qa)Y 0

’ (qb)  = 0 (45)

and the eigen functions are

~~~ ~~~) 
= J

0~~~ ~~~ Y
0

(q~ ~~)

where

Y
0(q 

a)
L = _ _ _ _

n J
0

(q~ a)

With ~ = 
~~~~~~~~~ we have 

r —

~ ~ p ( q  ~ )~ ‘(q —) 
bW~(r , t) = - 

‘o ‘a n~ 1 
p N  

~~ 
~ a (p~~~ .w)sin p~~(t-T)d ~ dT

(46)

The integration of the time part gives

bw
T(p~ t) = (tgS)t

0 
(1-cosA t) (47)

The integration with respect to ~ yields , after some calculation ,
the following expression for w.

= 

~ 

~~~~~~~~~~~~~~~~ (48)

where
2 b w

F = 
2 ‘V (k ,q ) 

(49)
~ ( tg is) p~~~t 0

14 
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r

with
k 2

~~1(q b ) -~~1(q a)
‘P(k ,q ) = 2 2 (50)

k iJ~0 (q~ b ) -~p 1 (q u a)
— where ip 0 (q b) = J0 (q~ b ) - L ~ Y 0 (q b) ,

= J1(q~ a ) -L ~ Y 0 (q a) , etc.

Stress Components

The rotating band is assume d to undergo elastic deformation;
therefore , the stress-strain relation is given by

= Aedke+Zp ekl (51)

According to the pattern of defo rmation assumed in this analysis the
componen ts of strai n are

e 3~1 1 3v  Vrr 3r ere -

e = 11 _ 1 3 w
08 r ‘ ~~~~~~~~~~

e1~ 
= 0 , e0~ 

= 0

The correspondi ng stress components are:

• a~i ii au ~t rr = (A+2p).~
_. + 

~~ TrO = u(~~ 
- 

~~)

T 00 
= (A+2p)~~ + 

~~~~~~~~ ‘ 
Trz = 1.I~~ ~

T zz = + 
‘ 

T zo = 0.

15
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To calculate numerical ly the stress components , the analytical
expressions must be f irst  obtained from Equations (23) , (36) , and
(46). The calculations involve taking derivatives of Bessel’s func-
tions of different orders . Thus , the expressions for the stresses

• are Bessel’s functions of various combinations. They will not be
given here but will be entered directly into the Fortran program
written for the determination of these stresses.

COMPUTATIONAL RESULTS AND CONCLUSIONS

Three separate Fortran programs are wri t ten . One computes the
radial displacemen t u from which the normal stresses t rr * i00, and

are computed , the second program computes the circumferential
displacement V from which the shearing stress is computed , and
the third program computes the axial displacement w and the shearing
stress Trz~ A sample calcula tion is performed for a band a = 2.034
inch and b = 2. 112 inch , with material constants E = 106 psi , u =
.26, p = .000129. This sample computation is based on an angular

• velocity history with w~ = 60950 radians per second and t0 = 0.01
second . A second calcul ation is made for a rotating band of the
same inner radius but larger outer radi us to assess the effect of
the increas in g thickness of the band . Resul ts were pl otted to show
the variations of the stresses with the radius and also the varia-
tion of stresses with time. Figure 2 shows the three normal stresses
plotted vs the rad ial distance between the inner and the ou ter rad ii .
It is evident from the plot that the most severe normal stress com-
ponent is by far the radial component 0rr~ 

All these stresses vary
from tension at the inner surface of the rotating ban d to compres-
sion at the outer surface crossing the zero value at the midpo int of
the thickness. At the outer surface the sample calculation gives a
compressive stress slightly over 16,000 psi , based on a material with
E = 106 psi and a geometry corresponding to 105 mm gun. A second

• sample calcula tion is based on the same inner rad ius but an increased
outside radius b = 2. 2374 inch . In this case the increase of rad ial
pressure is very considerable. At the outer surface the compressive
stress is increased to about 90,000 psi.

Figure 3 is a plot to give some idea about the increase of the
radial stresses at the inner and the outer surfaces of the rotating
band during the time period in which the angular velocity of the
project i le  is increased from zero to its maximum value . It can be
seen that the increase of the stress is less rapid than the linear
variation assumed for the angular velocity vs time function. This
sample variation is quite typical  for al l  other stress components.

16



Figure 4 shows the variation of shearing stresses 
°rO and

vs the radial distance along the thickness of the rotating band

These stresses are two orders of magnjtu~~ smaller than the nor~~l

stresses and a~~ Considered to be sl igh tly lower than what they

should be because of the boundary condit i0~5 used in this ana lysis ,

VIZ . , stress fre conditions On the other hand , the norma l stresssurfaces

components calculated are Considered to be on the hi gh Side becaus e

of the zero deformatj o 
conditions assumed at the 1

~ ner and OuterTo refine these results i t  is recoamended that
boundary conditions be assumed in all cases These computation can

be Carried out wi th much less effort than is involved 
~fl this analysis

- 
- 

culated in the current analysis .

beca~~e the eigenva~~~ 5 necessary for the computation have been cal-In COflC 1~~~ion the stress distributions and their time varia..

tions in the POst~engrav~flg period of the projectile have been deter

mined analytical1 Sample calculation have been made to give nu-

merical values of the Various Co
~~on en t of stresses Por the speci

fic geometry and material in a particular sys~~~ of gun and projec

tile , the Fortran progra~5 Used for the samp j~ calculatjo can be

used by changing the data cards to Sui t.
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A P E N’~ X A

To evaluate the normalization unstant N defined in Equation (15)

N = r U 2
(~ ~ ) dr (Al)

it is recalled that q.’ is def ined by Equation (11); thus ~I satisfiesEquation (6) , i.e.,

+ I ~~~~~ + ~~~~~~~ 
=

wh ich can be recast in the form

i d  d4~ + 
2 1 

— 

- 

(A2)
~~~~~

(ra-~) (
~~~~—~-)~P - 0 .

r

Equation (A2) can be further changed into the form (Ref 2)

2r~~ ~-~ (r~~~) + 2(B
2---~-)r 2~4-~ = 0.

Therefore,

+ B
2r2 d~~p 2) 

- 
d~ p 2) 

= 0

and

~2 J r 2 d
~

1p 2 ) d + [( r ~-~) 2~~p 2
J

b 
= 0.
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In tegrating by parts , we hav e

2 $ 2 r~
2dr = [r 2

(~~~)
2 

- (8 2 r2 1)~~] (A3)

For B-values which are solutions of the eigenvalue equation ~p(a) =

= 0 , Equation (A3) is reduced to

b

J r~p
2dr = -~-7[b 2(~-~.)

2 
- a2(~~~)

2
]

a n

= 
~~~~~~~~~~~~~~~~~~~~~~~~~~~ (A4)

where

d~p(B r) , ,
dr = J

1(~~~r)-KY 1(~~~r ) .

Since

J
1 (B~ r) = B~ J 0 (B~~r ) -~~J 1(B~~r ) ,  e t c . ,  

-

•

= 

~n
[Jo n  Y 0 ( 8 r ) 1-I [ J ( B r ) Y (B r) J (AS)
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APPENDIX B

From the formulas available in Reference (3) it is found that

= 
1
[~~
2~~~(~~~~)J (Bl)

where ii’2(B~~) = J
2(Bn~

)_K Y
2(B~ E~) and K is the same constant as

appeared in Equation (11).

APPENDIX C

Eigenvalues

• The eigenvalues for the radial displacement problem are com-
puted fro m Equation (10) wi th the Fortran program Root and are given
in the following table.

= 1 2 3 4 5

1.03834 81.92742 163.85156 245.77344 327.67969 490.00000
a 

1.10000 31.42676 62.83725 94.25140 125.66644 157.08179

1.25000 12.59004 25.14465 37.70706 50.27145 62.83662
•

1.66667 4.78508 9.44837 14.15300 18.86148 25.57148

The eigenvalue equation for the circumferential displacement
problem as given by Equation (3) can be reduced to the follow ing:

_____  
1 

_____J 0 (k~~) - Y ( ~ ) 
Y
0

(k~ ) = ~~~[J 1(kK ) y 
~~~ 

Y 1(k~~) ]  (Cl)
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The eigenval ue equation for the axial displacement proble m
• • af ter some algebraic simplification was done on Equation (45) reduces

• to

= 0 (C2)

It turns out that both Equation (Cl) and (C2) give the same set
of eigenva lues which will be listed be low.

k n = l  2 3 4 5

1.03834 40.5 123.0 205.5 287.0 369.5

22
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NORMAL STRESSES

vj .~;~j~’ “ [T4~~15) ,T (20) ,RA(4O),5(JMA~~l5),$Upd (L5),SUMC (
1 T i ~~~( LO , 6 1 ) )  ,TA t j T (  10,40), TAUZ ( 10,40~

~L a t) C i , , o! ) ( tit~T4 (  I), 1k2 ,6)
C C O 3  20 IC T (t,F1C.))

~~~
~~~~ .nuol2q

cc~’o S L I 4 ( L ) m f l
CCO 7 S( LH1)~ O
C C C 8  S L W C I L I =O

ccoq cci=~ oinco.o
CCLO CC2= 430000.0.
CCI1 CC3—1S87300.0
CCi2 RPS=6O)55-.~0

~C13 TZ= .01
CC I 4 C~ 2.*(RPS/TZ1**2
CCI5 CP’=L.03834
CC16 SCP=CM*C?~.

I
t CCL 7 T I1 )~~O

cc iq CC 50 1=2, 11
CC2C. • T C 1 ) = T ( I — 1 J +~ O01—
CC2I CC 50 Ja2,11
CC22 R A (J )=RA (J—l )•+.Oi
CC23 CC 30 K=~ ,6
~ C2•4 ~AIU =~aEIA LK
CC ? 5 AR 2=CM *A kI
CC26 C— .000l
CC27 CALL KESJ( AR 1,0,0JO1,0,tC~R )CC2 8 C A L L  ~iESJ (AR 2 ,O ,bJ02 ,D ,1ER)
CC29 CALL 8ESJ (A ~~1 ,1,b J 11, 0a1ER )
CC3C. cAu uEsJ~ AR 1,2,aJ zL÷ O ÷1 ER )
~C31 CALL 8ESJCAR2,2,8J22 ,O,IER )

~C32 CALL_BESY • (ARL , O,BYO1,0,iER).
‘~~33 CALL BESY (AI~2,O,BY02,0,IER)
.C34 CAL L . UESYCAR1 ,1,BY .11,D,1~~R)
CC35 CALL BESY (ARI,2,BY21,D ,IER)
£C3o. CAJ I ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
C C 3 7  CT~ 6J11/BY11
CC38 .X�= BJ 2 I — C T * O ’ r2 L
C039 X2K=5J22— CT*0Y22
CC4C. X IP1=DJO1— CTPSYOI
CC 4L X 1PIS=X 1P1**Z
CC.42. X lP1K~a 8JO2—C~t$bY02
CC4~5 X IP1KS i X L PLK* *2
CC44 CU=S Ct4~ X2 K—X2
CC45 AR1A ~ A R1 /A
CC46 ALN= (cC1/RI 4C )*~~.5~ A R L A
CC47 CC .ALN**4b( SCM **1PIKS—XLP1S )
CC’.S CP1~ C~ OUiC0O.A.AR1 Ai.
CC 49 *A.ALN*TI~1I
CC~ C ee~ AA*.2.
CC ~, 1  C C a C O S (A A)
CC S 2 TF —138— 2 * ( l . +OD )
0C53 A R 3 s A R I * R A ( J ) / A
CC.54. CALL BES41AR3.,~~,BJ ~ 3.,0.1EPJ_
CC55 CALL GESJ (AR3 ,I,8J13 .D ,IER )

27

~

. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



CA L L  I,ESY(AI ~3,O ,~~V03 ,0,1ER-)-

C A L L  U E S Y ( M ~3, 1 , 0 V 1 3 , 0 , I E R )
UP (i~J 13 — C T t 8 V l3 ) / K A (J )Cc~~ l’IJR= (13J03— CI* (iYO3)*ARIA

• CC6O •FA= C 0lI~0UM+C02*UR
• CC6I. Fe~~C0l*UR+C02*0UR

- 
. 0C62
• CC63  CI~ITF CN*TF
- CCÔA •S IJMA (K) SUMA (K—1.I4CN TF*FA

CC65 SLP~3(K) SUM8(K—1 ),CNTF*FB
- CC66 -5(~’C (K )=SUt’C (K— -1~)+CNTF*FC

- CC67 30 C C N T IN U E
- cC68 -1-Al

CCb9 IAU TU ,J )=SUMB( 6)
CC 70 T-AUZ(1, J )~~SUMC-t 6)— CC7 1 )

~R I TE(6 , 40 ) I ,J ,TA UR( I , J) , tA U T ( I ,J h TA U Z ( 1 ,J )
- CC~2 --4G FCRMA- T- ( U’4,ZX-s--l .3-,-I-3 ,-5X-,E.15-.-5,4X, C 1-5 ,-5,-5X-,E1S.5)-
I CC73 50 CCtI~T1NUE-GC;4-

CC75 EPiCO

28
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-: CZJ~ W*’ER~2ITIAL STRESS

-~c c i  C C ~~~NS iC’ I t~E TAU5) ,T(2O) ,RA (55-),5IJNAU5-), TAUZ TI-1O,4O)

CC~’!i 20 F C i ~l 4 A T ( I I ( . l ) I
• A=2 .OV.

4IG~~.0OO1?9
C C ) ~I CC3~79365O-RPS—6O9 55~ 0
c~ C~CC0 9
C C L O  CYsL.03e34
C C I A  .SCW.aCM*CM-
CC I2 T (1)— 0
CC 1-3-
~C 14 S U MA ( 1) 0
Cc15 CC- -50-1= 2 - ,1-t -
ccl o
CC I7 .CC --50 .J 2 ,ll-
CC i8 R A (J ) = R A ( J— 1 )~~.0l
CCI’ )- -0C—30--K~ 2,8
CC2C A R L 8E TA(K )
CC21 .AR2=CM*A R 1
0C22 C~~.00Oi
CC23 - -CALL--B ESJ (A R I+0 ,BJOI-, D , IER )
CC24 C A L L  f3ESJ (AR1 p 1,BJ1l,OaI E~~)
CC25- 4A L-L—-RE SJ (-AR2s-1-,-B.J1-2-,-O-,-IER )-
C026 CALL I3ESJ (A R I+ 2 ,8J2 1,O,I E R )
CC27 C ALL-  OE SJ (AR2 ,2,6J22,D , TER )-
CC2 3 CALL BES Y (AR 1,O ,BYO i ,O , T E R )
CC2 9 C A LL - - l~CSV (A R I,i ,BY 11 ,D ,lE R- )a (IC3C CALL BESY IAR 2,1 ,13Y 12 ,D ,IE R)
CC .i 1- ~A L-L-—~E S ~ (-A&l~-2-,-8-V4i-,-O-,-I-E-P.-)-
CC~ 2 CALL l~ES Y(A R 2~ 2 ,BY22,D,IER )
CC 33 -X2 8J21*BY1l—D Jl-l*B Y2 I 

-

CC3 4 X2K~ BJ2 2*uYi1 .fe J 1l *8V ~ 2
CC 3S - CLJ~ SCt~.*x2K—x2 -- .
CC 3 6 ~f lPI sB JO i*OYil—B J li *B Y 0l
-C ~37- -X 1-P-i-S =-X-1- P1-**2-~

a cc~ a x lP1K a u J i2*~ y ii— eJ Il $B y l 2
-CC3g -X 1 P 1KS ~ X 1P1K**2- .
CC 4O A RIS aA R I*AR1
CC’. 1- .CCL ( SCM — i /A R is ) *x ip~ xs,.xip.l~
CC 42 A R 1A .ARL /A

• CC 43- .ALP4a 7~8437*4RI4-
CC’.’. C~~ C*CU / (QC *ALN *A R1S )
CC 45 - TF~~i— C C S (ALN*T (I).)
CC 46 A R 3— A R L * R A ( J ) / A
CC 47- CALL - BESJ ( AR3 ,0,~~J03 ,O,-tEP.)
CCA8 C A LL iiESJ AR 3, 1 ,flJ i3 ,O ,IER )
-C c’.c- C-A LL. --UC 5~ (.AR3 ,0, BY03,-D,-I-EL)
CC5G CALL BESV (A R3,1, 6Y 13 ,D ,IER )
C C 5 L  V~ = (8J i3—CT $B Y -i3 )/-RA( -J )
CC 5 2 OVR1 ~~AR1*(OJ03—CT*OY03)
CC53 CV R2—— BJ1 3—CT*B~V-I,3.).LRAl-JJ
0C5 4 OVR aOV RI+ DVR2
-GC5S .
0C56 CNTF .CN*TF
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- 
- CC~ 7

.30 CCNT !NIJE
CC5~ TAU ZT(I,J)aSU~4A~6)I CC~ C WRI TE( 6,4O)1,U,TAUZT (1,J~CCoA ‘.0 FCRMAT (1X,I3,~I.3,5X,E.~,5.,.5.)CC b2 50 C C N T I N U ~CC63 .CALL—EX.L..T

- CC64 END

•

I
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- - AXI AL STRESS

1 Y C:NSft \ I~i 1 A ( i ’)),T (2O),RA(-5-5-)-, 5UMA (L5)-,-T-AUZ-( 1O ,4O)
CC02 I~L A O (5,?U)(L !ETA(1),l a 2, 8)
CCO3 20- I CiiM.~T (7fl’.i)
C CC’.

R)-C .000I29
C CC ( CC3 =7q 3650
-CCC? 4PS—6095b-.1~
CC Ot) TZ— .0I
CCO 9 C=2. *RPS/ .I-316~ *tZ
C C I O  ‘~‘=I .O3034
C C I I  SCM=CM *CM
CC IZ T (1)~~0
0C 13
CC I4 SU PA (1)=0
0615 -CC 50 1=2 ,11
001 6 TI I )=T ( I—i )+ .001
CC I 7- -CC 50 J=2 ,1~~-
CCI8 RA (J )=RA IJ—I )+.0i
CC l,~. -CC- -30-- K 2-?8
CC2O A R i = O E T A ( K )
CC2 1 ~n1R2aCM*ARi
GC22 C= .000I
6C23 -C AL L-—D E S J (Ai~L ,O ,B JO1 ,0,IER- )
C024 CALL I~ESJ (AR2,0,8JO2,O,IE~~)00-2 5 -C-A L.L—~3C--S-J-( AR-1~-i-,-O-J-1-1-,-O,-I-~-R-)
CC2 6 CALL OESV(A Pii,O,@ Y0 i ,D ,IER )
CC27- -CALL - BESY (A~k2,0,BY02,D,-IER-)
CC28 CALL BESY (AR1,1,BY1I,O,IER )
CC2 9- -CT= i3 JOl /13Y0 1
CCJO X 2—8 J iI— CT *RYOI

~ C 31- - -X -2 K—F3JO 1—&T~ bV0,2-
CC3 Z CU~ SCM~ X 2K—X2
CC 33- ~X 1P I=B JiI— CT •*BY0 1-
CC3 4 XL P I S— X IP 1** 2
CC 35 -X1 P IK= 0J02—C T*OV OZ
003 6 X 1P IKS— X IP 1K** 2
CC-3-7 . -.~R~1.5aAR- l-*ARl~
CC38 CC=S CM* X IP IKS— X 1P IS

a CC39- -AR1A= A IU /A
CC4O ALP. *7843 7*AR 1A
0C41. •C1a zC*OU/ .I QO*ALN *AR IS-3
0C 42 TF=l— C O S (ALN *T (I))
0043- ~AR~3=.AM1-*RAi~J.)iA

• CC44 CALL BESJ (A R3 ,O ,8J 0 3 ,O, I ER)
CC45 .CALL---BESJ(AR. 3 , 1,8J13,D,- IER-)
CC’.6 CALL 8 ESY (4R3 , 0 , BYO 3 , D , IER )
0047 -CALL -8 ESV (AR ~ ,-L ,RY 13,D- ,- l-ER-3
CC 4O D~ RIaA R 1A* ( BJ 13— CT * BY l3)
CC4 9 -flC~ R-2-- —(8J0-3~ C-T*43~V43-)-�.RA-W.)
CC 5O CC~Ra —O W tl +0 W k2
0C5 1 FA— C 03 * DW M
CCSa CI~TF .CN*T F
-0C53 3UMA .(K)a5UMA (It.,, 1.)+CNT~ *F~A6C 54 30 CCNTINUE
-OC5-5 LAUL( 1.J )—S1JM4-* 8-)
C056 W RITE(6 ,40)hJ ,TI UZ ( I,J )
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CC~ 7 40- FCRMAT (IX-p-I3,.13,5X.,E15..5) •

cc~ & 50 CCPITINUE -
(~C5c C~ LL--F.XIT
CCnt-: E~ D
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I

~~OT

~~~N . i C N  X ( 10 O O ) , 0 x ( t o O ) , S ( 1 C O O ) , C F ( i C O 0 ) , C N l I~~Ant
~

( C =0.

C F U) =1 .C
C C C ,

1 X ( 2 )
ccc?  A R2 a L .C 383 4 *A R1

Ca .. 000 1.
CALL bESJ (A RI , 1,UJ 1I ,O, IER )

CCIC CA LL- f l ESJ (A R2 ,0 ,8J 02,O , 1~ RI.
CCL 1 CALL KESJ (AR2,i,8J12,0,IEIU
CC12 CALL eESY (AR I,L,5V11,O,IER )
CC 13 CAL). BESY )AR2,O,5Y02, O,IER )
C C1 4. C-A LL BESY (-ARZ, 1, SY 12 ,.0,~LEL3
C C I~ C a e J Il /O Y LL
CC I 6 .FA.BJ02.— Q*8Y02.
CCI? Fe a 8J t2~ Q*BY12

I’ CC IO C F ( 2 ) = FA *AR2 — FB .
C C 1 9, DC 15 Ja1,1000
CC2Q. C J ) ~~O_
CC2 I 15 CC MTI NUE
CC2 L S.13)=0
CC2 3 CC 10 { 3,1000
Cd24 . IF(C NU) .  EC.~ .1.LG0_ .TC 35.~_~~

__ __
~-.

CC?5 I F ( A B S ( D F ( I — 2 ) ) .  LI. .000 1) GO TO 35
CC26. XC~ X.1L-J~J.~J L I I — ~~l
CC27 I F ( S ( I ) .  EC. 1.) GO 10 45
C C 2 2 ~ I F (A O S ( D F ( i — L ) ) . L1._.0001.) . GO...T0.35
CC2S OX (I)=C X (I— 1 )
CC3C GC TO 65
CC 3I 45 O X ( I)= D X (I — 1 ) * .5
CC3Z. A c  j~J~~( J f ~~. ) . I ~~fl Tn cc
CC33 I F (X O .  61. 0.)  60 TO 35
CC3.4 . Xli) aJ(.L1~J~L~.DXLU
CC3 5 GC TO 20
C036 ...35_Y.tI )=X (I.—1J 4DX (IJ
CC37 CC TO 20
~C38.. cc wx n-  (T ... n.~~~nn Tfl ~~a CC3 9 X (1 )a X (I~~1 )+OX (I)
0 C4 C . ...GL_T0 20
0C 4 1 75 X ( I ) a X ( I~~1 ) — 0 X ( l )
CC42 .__ GC TO~ 20
CC 43 ‘20 A R I p X ( I )
0-CA ’.- ARZ2I.O383’.*ARL
CC4~ CALL UES J (AR 2 ,O ,BJO2,D, IER )
CCA 6 CA LL~~ESJ (AR1 ,1,BJ l1,D, IER )
CC 4 CALL D E S J (A R 2 ,I,13 J 12 ,0 ,IER )
CC ~~ CA L L_ B E S Y ( A RZ , O , B Y O 2 , D , I E R )
0C49 CALL L3E SV IA RI,1 ,BYLI ,D ,)ER)
CC56. -CALL_8.UY t-ARZ,.-L, BY12,fl.IELI
CC~~1 FA B JO2 *8Y 11—L3J11S8Y02
CC5Z FBaBJ l2*BY I1— )3J 11 *8Y 12
CC ’3 D F (1) a FA* AR2 — FB .
CC5 4 . IF (ABS C OF ( I).) . LT. ..000L) G0..!0...100
CC 55 OC.O FU)* OF U—1)

z~~(n n.. 1~~~~ ~ .i_ an_yn Qfl

A ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 



_

CC57 S (Z+1)=1.O
CC’5R- -GC IC --l i)
CC~’9 90 S ( I + 1 ) ~~0.
0C60 GC 10 10
CC6I 100 ~)1IT~~(6,150)X(j)
CCÔ2 150- FCRMAT(Fl0.5.)
CC63 C I ( I + 1 ) . 1 .
0C64
cc~ s
0C66
CC67 10 C C N T I N U E
GCÔ8 .C-ALL—E.~.I-TCC69 END
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