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Introduction

The problen of identifying outliers in a samle is a very old one,
but is nevertiieless not yet solved eatirely. A considerable amount
of work has been devoted to thz situvation in which the underlying dis-
tribution is normal, and at nost one ocutlier is believed to be present.
It is known (Paulsen 1952, Kudo 1556) that if this outlier is Imown
a priori to be on the right, then the optirial test statistic is the
largest studentized deviation. An early naper by Pearson and Chandraselar
(1936) highlisited a severe problen asscciated with the use of this
statistic -- the "masking effect.’’ This effect occurs when in fact more
than one outlier is present. The additional outliers masl each otaers’
presence by so inflating the sample variance as to reduce the power of

the test severely -- in some cases driving it to zero as the outliers

move further to the right.
This rasiing effect has led to the development of several outlier
test statistics aimed at testing specifically for the rresence of >1

outliers in the sarmle (Grubbs 1SE0, iuwphy 1951, Fergusen 1361, Dixon

1050). These K-outlier statistics are competitors to tihe recursive

procedure: Comute the single-outlier statistic for the full sample,
and for each of the subsamples obtained by “eleting the 1.2,3,...,X
most extreme observations, and decide on thz basis of some rule using

this sequence whether outliers are »resent, and how many and which obser-

vations they are.
The object of this naper is to nropose a modificacion to this recur-

sive procedure, and to compare its performance with that of the Grubbs
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and {urphy statistics.
detation

Let Xl,XZ,...,Xn be n observaticons believed to come from a nomal
distribution N(E,oz), £, o uninown, ani let Y1 2Y, 2 ... 2 % be
the corresponding order statistics. We will also suppose that there
is at hand some additiormal information on 02 in the form of an indepen-

dent szi variate V. If there is no such ¥, then set W= v = 0,

.
£i Y=
Define Y= ] Yi/n

i=1
2 n
Y]. = .2 Yi/(n‘l)
i=2
e n
Y2 = 'Zs Y;/ (n-2)
g 2
S=¥W+ X (Yi - Yj
51
Sl ym '1’ L 2-,, (Yi a -fl)“
1=4
n o 2
T G

Initially make the somewhat artificial assuption that it is mnown
a priori that, if outliers are vresent, there are exactly two, one a
; 2 5 X 3 . 2 s .
N(E + o, ¢”) and the other a I!(§ + &7, ¢°) variable with A,§ > 0.

The two-outlier test statistics to bz considerec are G = 812/5,

= (Y, *+Y, - 2Y)//S and R = o, - '\Fl)./s1 .
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Tne statistic G 1is a slight generalization of one proposed by

Grubbs (1950) (in the original definiticn, W=v =10 ). It seems to
have no proven optimality properties, Lut corresponds to the F test
of the Anova model for comparing tie three ‘'samples' Y, » Y, and
{Y3,...,Yn}. For this reascn, it seems likely to be effective when
it is not lmown a priori that A = &.

[irphy (1951) defined the statistic i for the case W =

I
<
"

o

and proved its optimality when it is lknown a priori that A = 6. 'le
note that this statistic is equivalent to the Anova test for comparing
the two "‘samnles’ {Yl,Yz} and {Y....,Y }, which in turn is equiva-
lent to the two-sample t statistic. Of course neither G nor i/
has a distribution which can be derivec from the conventional Anova
distributions, since the ‘'samples'’ are obtained by ranking the Xi .

Both statistics are extensions of the single-outlier statistic
B = (Y1 - Y)//S to the two-outlier situation. For the single-outlier
case, Crubbs prorosed the statistic Sl/S = {1 - nBZ/(n-l)}.

The recursive statistic R 1is clearly not optimal since it does
not use the sufficient statistics Yl X Y2 : ?iz and S12 , but is
a natural one to consider since, if Yl is an outlier, it corresponds
to the Paulson optimal statistic for tie subsarple {YZ’YS""'Yn}'

The three test statistics are related, in that G and [¢ may be
exnressed as functions of B and R. The relationshivs may be estab-

lished by use of some algebraic identitics from Quesenberry and David

(1961) and are
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= @-2)B/(@-1) + R - B/ -1} . )

The null joint distribution of R aad E is given in [iawkins
(1373), waere it is shown that if 5 v(°) denotes the cumilative dis-
g tribution function of D based on a sarile of size n, then the proba-

bility

3 Pri(b < B < b+db) n (xsR<B)] = nf(b)[Fn_l Gt} - F (x)1db + o(db) (2)

n-1,v
2 e
where t®) = nb/{(@-D{1 - b/ (n-1)}~1

{n/(n-l)w}%{l - nbz/(n-l) }:'z'(n+m-4) :

The range is 0 < x < t(©) < {{(a-1)/n}* , the constraints R<B and
x < t(b) being imposed by the condition Y1 2Y, .

The Grubbs test hascritical region € < Gy , whose size is

)
: Pr{% < Gyl = Pri{l - m3%/ (- DML - (@-1RY/(-2)} < Gy

- Prl{1 - nB*/(n-1)} < G.{1 - (n-1)R%/(n-2)}71] . (3)

iy
U

or any

“ g
and so get this probability. In tiis way, the distribution function

we may integrate (2) over the region defined by (3),

' of G may be found and fractiles deduced. Tor the case W =v =0,
fractiles were found by Grubbs, wio found the density of § directly,
though in teras of a multiple integral over a complicated region.

The iurphy test has critical region (7> 5 whose size is

> - = 2 i T |
Priii s AZO} = Pr{(n-2)8/(n-1) *+ {1 - nB°/(m-1)}* > iy (€))

F e ——w




and so the null distribution of !! may be found in the same way.

Finally, the size of the region © > Ro may be found from (2),
and its fractiles deduced.

Some fractiles of G, il and R are listed in Table 1. Those
fractiles listed both here and in Grubbs (1950) agree. So far as this
author is aware, this is the first table of exact fractiles of * and 2.

Figure 1 shows the critical regions of each of taese tests for

the case n=10, v =20, a= .05. Recalling that a larce value of

’

26~

B suggests that Yl is aberrant, while a large value of R indicates

that YZ is aberrant, we can interpret these regions as follows:

i) Each test is Dest in some region of (B,R) in the sense
of rejecting the null hypothesis, while botlh other tests
accent it.

ii) 1f Y, vm whiie {YZ,YJ,...;YQ} remain constant, then

ultinately {3.R} falls in the acceptance region of the

test based on 1i, and the critical region of that based on

. This means that C tends to be significant when in fact
ounly a single outlier is present. This may be a shortcoming

in the use of G. The fact that !4 may become non-signifi-

cant wien Yl beconmes more aberrant is interesting, and
possibly surprising. In fact, if we let Y1 + o, {YZ’YS""’Yn}
reraining fixed, it can be shown quite easily that i+ C =

(m-2)/{n(m-1)}* . Thus i€ the fractile My > C, then I

will ultimately becone non-significant. This means that

~

i suffers from a type of

masking effect, in that if My > Gy




it is not effective for finding two outliers whose means

are markedly dissimilar.
iii) By contrast, the critical region of R is sgecific for two
outliers, and is not affected by the relative magnitude of

B and R.

Parformance of the tests.

In this section, measures of tlie performance of the three tests
in locating exactly two outliers are considered. The best criterion
would be the probability of a correct decision — that is the probability
that t'e two contaminants are the first two order statistics of the
samle, and that (3,R) falls in the critical region. The evaluation
of this probavility however seems to involve some rather difficult dis-
tributional problems, faniiiar from the single-outlier case (David
and Panlson 1965), and so an approxination similar to that of lavid
and Paulson is proposed.

As a preliinary, suppose that

7y ~ W(g,1)

TZ 5 “(Ya}:’

all three terns being mutually independent. Let

U= Tl/\f’
= T,/ VAR

o
|
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! 8

' b * . - ) % < - - - -
: Standarc transformation methods then siww that the joint density of

U and Z is
: Ffu,2) = 4k T (B/2)"" v IDsQmime2) i (v/2) 2!
s - A = =z l’ X T .
00 ot (1+u) 2L 42y 51 (e dy B0FIARD)
2
- wasre I = exp -%(62 + y7)/{4aT(¢sD) ).
From this Pr{(U>t) n {Z > a(W)}? is
2,-1
(1+b ) e - L (1]~ (-1 {L(l4m 3
| X L oyt 0 gpial) )
: v=0 n=_0 -
‘ > viren)
i J QA REEE e, sy (5)
4 i=0 e {1+a"(v)}
,\ where Ix(a,b) denotes the incomplete beta ratio, and the variable
of integration v = (1 + uz)-l :
Azturning to the problem at hand, suppose that

B
$ &

<
2

1 ~ N(E*éo, o)

T 2
X, ~ N(E+ka, ¢7)

E !} . . 2 <
s X, ~ N(E,0%) I
|- S
é W Xy o
n
| Let = ] X./n
i i=1 -
i
| n
g X = 1 X/(m1).
¢ i=2 1

ke the Helrert orchogonal transformation, defining

-3
L}

Ty = WY/ (DY - D ~ o0k

T, = {01/ (-2)}*(%, - T)) ~ N(yo,0?) i

|
|
¥
|
|




E
i
E
t
E

3 b B = (/@))% - (n(@-1)} A
F A
£ oy = @2 - o
n A
Letting S="7+ i; (X - *

we identify T and T, with the Ty and T, of the preceding theory,

} Vowith 5-T - To , and N with n+v-2.
Then U= Ty/(S - T2 - T5)*
e
K Z -l/ (u 11)
| 1y/8% = /(1 + 28"
J\ 2 ?/z' = S,
T/ - TH =@+ H.
tow BY = {(n-l)/n}!ﬁ'i"l/syz
f
al 5

.')‘I

{2/ @D,/ - )

are siwly the B and R statistics obtained by substituting

N
-
-t

for ‘x'1 and }(2 for Y2 .

%

Let C be the critical region Zor any particular test; and let
: H(S,A) = Pri(%,P%) ¢ C1.
\ This differs from Pri{(®',R') ¢ C} n {%=Y;. 3{2=‘!2}} by the factor
Pr{(Kl:Yl) n (}12=Y2)|(}3';R’) e CJ. (€)

flow we may armue, as in Anscombe (1960) that if 6 > A >> 0, this condi-
tional probability is close to 1. flternatively, we may note as in

1 1
David and Paulson that if B' 2 [(m-2)/2n]° , R' > [(@-3)/(2n-2)]° .,




Pri(4=Y;) n (X,=Y,)|(3'.R")] = 1.

Either reasoning shows that the probability of a correct decision:
Pr!(“l 1) n (KZ—YZ) n {B*,R') e C] * D”L(n,~Y2) n (AZ=Y1) n (B',R') ¢ C]

is well-approxinated by H(8,A) + H(XA,8).

Table 2 shows tha values of H(8,\) + H(A,8) for the case n = 10,
v =0, o= .05 whose critical regions were sketched in Figure 1.
These values confim the impressions given by Fipure 1. If §&=X, ii
is the best test statistic, but its power deteriorates if 6 is markedly
different fron A. Of interest is the good performance of G; however
its power when A=0 is a warning of the possibility of rejecting Hy

when in fact only one outlier is present. The recursive test is never

hest, but is never poor when, in fact, two outliers are present.

Extension to an unfnown number of cutliers

Jtmi

Suppose now that it is not knowvm a priori whether the sample contains

n

0, 1 or 2 outliers. A question then arises of how tc adapt the test
procedures.
The Grubbs statistic is equivalent to an Anova for the three groups

‘,, Yﬁ and {Y Y _}. It might be adapted by setting up the Ancva

;..., n

for comparing Y, with {Y7,...,Yp} whose test statistic is equivalent
4 “ 4
: il % 5 Gt 4 ;
to 51/3 = {1 - n8"/(n-1)}. Then §&; is further partitioned for testing

Y, acainst {YS""’Yn} yielding a test statistic eouivalent to

312/51 = {1 - (n-l)RZ/(n—Z)}. The decision as to the mumber of outliers

would then be equivalent to a sequential test based on B and R.




he recursive test wiiich has received most attention (icillan

1971, Hawkins 1973) is:
i) Comute E. If this is non-significant, conclude that there
are no outliers
ii) Otherwise compute R, and depending on its significance, conclude
that there ars one, or twe cutliers.
It is now well-imown that this procedure is defective because of the
nmasking effect. However this tyne of provlem is very familiar in other
contexts — for examvle deciding by what order polynomial to destrend
\ a time series (Anderson 1971), and may be resolved very simply by reversing
the order of testing. This yields the procedure:

) Compute PR. If it is significant conclude that there are

[N

! two outliers.
ii) Otherwise, compute B, and dcoending on its significance,

conclude that there aye one, or no outliers

* The fractiles needed for this procedure may be comuted by integrating
(2) over the two regions: CZ : K>10 ana Cs; 3<?C, ,3>30 . The test

procecure is not fully defined umtil one malwes a decision as to how

to partition o, the overall probavility of type I error, between these
o two regions. One reasonable partition is to let each have size a/2.

A sample calculation for the case n =10, v=0, a= .05 yields

the fractiles 20 = 0,7434; BO = 0.7596. Let Hi(a,x) denote
Pri(B",R') e Ci] i =1,2 when in fact outiiers are prescnt, then E
ji(é,x) = Hi(k,é) anproximates the »nrobability cf identifying two outliers

(i=2) or one outlier (i=1).
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] Table 3 lists these approximations for this sample case, and shows
that the performance of the recursive procecure is indeed satisfactory.

. The recursive procedure extends in a natural way to test for the
possibility of 1.2,...,% outliers. The seguence of recursive statistics
onitting the most aberrant 0;1,2,...,%-1 observations is computed,

and tested for significance in reverse order. WHo fractiles for the

3 case 1>2 are as yet available, though it is iikely that the approach

7

used in liawkins (1273) could be exterced. It will be shown below that
conservative fractiles ray be obtained by the use of the Bonferroni
inequality.

The 'rphy statistic extends in an obvious way to accommodate an

3

wimown murber of outliers: For k = 1,Z,...,K, f£find the two-sample

(o]

t statistic for comparing {Yl,...;Y}} with {Y’+l‘°"" % IE th
N

largest of these, corresponding to Xk = ko , say, is significant, then

=)

conclude that kO outliers are present. This statistic, in the case %
' k=n, corresponds to a test statistic used in Automatic Interaction Detectiomn
# (see for exarple Kass 1975, Scott and Knott 1976). !
However since Table 2 suggests that ! is never markedly superior |
E to 5, and may in fact be markedly iaferior, no atterpt has been made

to study the nerformance of this procedurs. lote that for K=2 its

- fractiles could be deduced from the basic joint distribution (2).

txtension to the Tinear model

Supnose now that under g the Xi are generated by a linear ,

rnodel (|




e

i3
X, o MR, o] %
3~ N8,
: . . i C 2
where B 1is a px1 vector of uniciown regression coefficient and o
is mnknown. The alternative model that outliers are nresent may be
formulated as
. - 2
.~ Niw.B+)\. 1
X; ~ Nw;8%y, o] (3)

here A = 0 for the good observations. The sign of A; may, or
nay not be fixed a priori, depending on circurstances.

The rmodel 7 may be rewritten in temms of an indicator vector as
follows: Let g’; = (}gi; 0,0...0,1,0...0), the 1 occuring in position

i of the indicator vector, and let

o= ’)‘I’AZ" . Xn)
Then Xy ~ NLwg*, oZ}. (9)

On the face of it, tiiere seem to be two possible approaches to the problem
of handling cutliers here. One proceeds by eliminating outliers: any
significant outlier is deleted from the sample, and the usual estimates
of 8§ and o° in7 computed from ©he remaining cata. The other method
is to use the model (9), estimating g, 02 and those )‘i that tests
indicate to be non-zero.

In fact, the twe aporoachies are identical — the matrix operations
involved in deleting )(i from the sarple and updating the regression
(Beclman and Trussell 1975) are identical to those involved in introducing
)‘i to the regression.

Given this equivalence of the two methods, it is convenient for

present purposes to work in tems of the second formulation.
I3 (8 IS




In matrix fom the wodel is

0 % L)' % L

U

.
Ll
g

]
.

Introducing 1! into the regression by sweeping on the first p rows

and colums transforms this matrix o

L B Vo0 R S a0 ik
S0 N U SR V1
u(?r*w)'l A A

3 7 = £ _ riev de s
where A=1 - JH'Y 1}1', so that 5" = F'AX is the residual sum

of squares of tihe regression of X on I/ and e = AX is the vector
of resicuals.

and e. the ith

f
~ y )

Let 353 cdenote the 1i,jth element of
element of ¢. Then questions about tiie introduction of one or rore
A i into the regression focus on the matrix

-

5 g
£ BNJ -

The single-outlier test would te basel on the maximm of r, — the
AN
i

nartial correlation between X oand indicator variable i. This is

i
- 2y 2
T = ei/ (diio)

Hne

B

a well-known outlier statistic (Ellenberg 1972). In the case L o

14




=1, 1, = n/(n-1) 3. so this statistic generalizes B.
“i

Unlike the case p=1, the case n»>1 noses difficulties for testing
for the presence of two or rore outliers: — the very difficulties that
beset the regression subset vroblern, namely that the best subset of
size k to inciude in the regression does not necessarily contain the
best subset of size k-1.

If the muber of outliers k is specified a nriori, then no concevtual
difficulty arises. The best subset of Ik predictors amongst the A is
found by using a branch and bound rmultiple regression algoritim. The
analysis of variaiice then yields a test statistic equivalent to G.

The use of the recursive procedurc is ecuivalent to a stepwise
rezression in which one introduces K of the Ai in order of signifi-
cance, and tnen nroceeds to eliminate them. As in stepwise regression,

a conservative test may be set up by concluding that there are fewer

than Xk outliers if the partial correlation corresponding to the kth

is not significant at the o/{¥(n-k+1)} 1level. Experience with multiple
regression shows that there is no guarantee that this procedure will
icentify the correct outliers, especially since A has rank only n-p,
and so is highily nmulticollinear.

the Donferroni bound is conservative —

7

For the case ‘!i =31, p=1

for example in the test case considered carlier, the .05 fractile

~

of Kk corresponds to a Bonferroni fractile with a == .l. Considerable

exverience is still needed to establish wihether this procedure is effective.
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FIGURE L. CRITICAL REGIONS.

0°01

0% ¥

1
10.0




