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ABSTRACT

The failure modes of a stiffened skin structure, built-up
from beams, stringers, frames, and panels, under a single con-

tinuously increasing deformation event are

Material (Separation) Failures

o Rupture and tearing (no flaws)
o Fracture (with flaws)
. Connection (fastener) failures

Geometric (Deformation) Failures

° Plastic collapse

] Elastic buckling

This document reviews the physical aspects of these failure
modes, examines some ways of implementing them in the DYnamic
Crash Analysis of STructures (DYCAST) module of the PLANS computer

codes, and makes recommendations and suggestions for implementation.
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1. INTRODUCTION

The DYCAST code is the dynamic analysis module of the PLANS
(Plastic Large deflection Analysis of Structures) system of com=-
puter codes. It predicts the history of mechanical behavior of an
aircraft structure under dynamic loading conditions. Given the
proper stress-strain curves for each material used in the struc-
ture, the code predicts the change in deformations, strains,
stresses, and loads developed in any time increment, based on the
current shape and stiffness of the structure at the start of that
increment. Thus, a piece-wise linear approximation of the non-
linear, elastic plastic, large deformation, dynamic structural be-
havior is calculated. With certain limitations, this method will
predict the collapse of a structure due to plasticity, that is, due
to progressive loss of material stiffness as stress and strain
levels increase. The effect of the changing geometry in either in-
creasing or decreasing the stiffness is also accounted for during
the collapse. The treatment of combined material and geometric
nonlinearities as available in DYCAST is similar to the procedures

used in other PLANS modules and described in Ref. 1.

Without any material failures involving separation of material
(rupture, tearing, fracture) the structure will dissipate energy by
means of plastic deformation as each component proceeds along its
particular load-deformation curve, as indicated by path oabcd in
Fig. la. Under these conditions it is implied that the material
will have unlimited strain capability, and each element will deform
until it is unloaded, or until some arbitrary geometric limit is

reached.

Figure la also shows the different characteristics of load-
shedding and finite strain energy dissipation in an element. The

unloading by reduction of external forces proceeds initially along
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an elastic line, so that at least the elastic energy (Region A)
stored at the maximum external load is returned to the system
when material failure does not occur. When a purely brittle mate-
rial failure occurs none of the stored energy is returned to the

structural system, if we assume a sudden and complete separation

of the cross section of the component. The external load then
drops to zero at constant displacement of the component's attach-
ment points (path oabf). For a purely ductile failure, the load
is shed over a range of deformation, as 'mecking'" (localized
thickness reduction) develops, while the component continues to ab-
sorb energy (path oabgh). Many structural materials exhibit a
mixed failure mode, in which a sudden failure follows some amount
of ductile necking (path oabgi). 1In this case it is convenient
to assume that a sudden failure occurred at the critical deforma-
tion (path oabcgi), even though this will overestimate the energy
absorbed by the amount of Region B, and this last failure model is

suggested.

Most unflawed structural components will fail suddenly at

some finite level of deformation or load, and each component

failure reduces the additional energy that can be absorbed by the

structure, as indicated in Fig. 1lb. This figure distinguishes be-
; tween material failures without flaws, such as rupture and tearing,
; and fracture with existing flaws or cracks. The presence of flaws
will further lower the failure loads of the components, and there-
fore the total energy absorbed by the structure is further reduced.
If the material has a low fracture toughness, the reduction due

to flaws can be large. For a high fracture toughness, the reduc-

tion may be negligible.
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2. MATERIAL FAILURES

Material failures are characterized by separation of mate-

rial. Three types of failure are considered here:

° Rupture - a sudden separation through the

entire cross section of a member

o Tearing - in a skin panel, a separation that
begins at one edge and passes through the

panel toward another edge

o Fracture - extension of an existing crack or
flaw through the entire cross section of a

member, thus causing failure

Usually, structural materials will have limited ductility,

so that plastic deformation is possible only up to a critical

strain level €e at which a material failure will occur. In
the case of a structural element under tension strain through a
cross section, sudden and complete failure will occur at the ulti-
mate, or critical, strain level. For components in which bending
dominates, failure will also be complete if constant loads and
moments are maintained. In a highly redundant structure, with
multiple lcad paths, such a component may not fail completely,
because it will be quickly relieved of all its load by the sur-
rounding structure as its stiffness drops. In any case, complete

and permanent load shedding will occur.

Thus, it seems likely that when the material failure strain
is reached at any point in an element or component under a con-
tinuously increasing deformation, that element will no longer be
able to carry load or absorb additional energy. This can be simu-

lated by setting its stiffness to zero (or numerically close to zero).




The failure is now a material failure in the brittle mode .
even though large plastic strains might have previously occurred,

as indicated in Fig. la.

RUPTURE AND TEARING

[sotropic Materials

It will be assumed that tearing and rupture are different
manifestations of the same material failure process; that regard-
less of previous plastic strains, they are brittle failure modes.
Brittle failure has been analyzed by several methods; the most
convenient one for these purposes is the (St. Venant) maximum
principal strain theory, which states that failure occurs at a
point in an isotropic structure when the maximum principal ten-
sion strain equals the failure strain achieved in a simple ten-
sion test. In practice, the general application of this theory
requires that the principal strains be found in every finite ele-
ment of the structure. However, calculations could be limited,

if desired, to certain selected critical elements.

In general, the principal strains are the three

B i
roots of the equation (Ref. 2, p. 18, for example)

JE Swlige = T (1)

The coefficients are the three strain invariants
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where the ¢ etc., are the strain components in the local

x’ﬁxy'
coordinate system. The solution (see Ref. 3, for example) is then

e, =2 ~(@ 2 2T E~3. 3 3 5
:k = ,\/ (3) COS: 7 3 ] ) = ) ) ( )
where
, . iiae )
1T
® = arc cos (2) (a) (6)
and
Lod b ol
a = 3 (I1 + 312) (7)
b= — (213 + 91,1, + 271.) (8)
S 1 1*2 3

Thus, for the general state of three dimensional strain
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¢ = arc cos Il 911 2 4 713 (10)
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For most structural metals, a sufficient amount of plasticity
will develop prior to the material failure, so that the volumetric
(dilational) strain will be small compared to the distortional

(deviatoric) strain.

We now have

&Y _ . , e o
v oG te e al =0 (11)

so that

bl o (12)




Therefore

I, = €2 + 62 + 62 + €2 + 62 + € ¢ (13)
Xy yz zX X y Xy
O g e alHepiy
I3 = 7505 52 7 %2 T R T e T ) T Py tyetex ()
243 J L 2T i
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I
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L

At a free surface, the transverse shear strains must vanish.
Therefore, for thin surface-type structural elements, such as mem-
branes, plates, shear panels, and the webs and flanges of thin-
walled stiffeners, commonly found in airplanes, the transverse

shear strains can usually be neglected. Thus, for the z-axis

normal to the element surface, ¢ = € -~ 0 and
z% yz
,-2 f2 2 =2
L, = Sy el e g by {17)
2 D S
e B LR e (18)

The principal strains can then be found from Eq. (15) through
Eq. (18).

For a one dimensional structural element such as a beam or
column under combined axial force, bending moments, and torsion,

where x 1is the longitudinal axis, Gy b i i £ T and
Eyz = 0. Note that Eq. (1ll) requires the effective Poisson's
ratio, v, be %, which pertains to the condition when plastic

strain is large compared to elastic strain. Then,

-
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2 2 3 2
I, = ny e (19)
2 2 2
= ¢ (& -
13 ex(“cx + exy + sz) (20)

The principal strains can be found from Eqs. (15), (16), (19),

and (20). For a simple axial loading element such as a stringer,

€ =¢ =-=3¢, and € =¢ =€ = 0. The normal coordinate
y z X Xy yz zx
strains ex,ey,ez are now the principal strains, by definition.
Using the previous formulas, Egs. (15), (16), and 20), we have
2 2
- é- = L = = € =
12 = {ec_, 13 = €.+ and ¢ = arc cos(l) = 0. So that K
q 2 27 271 -
2 42 - A I L :
£ JA €, €08 3 k £ S08 5 k; k 1, 2, 3. This gives,
for the principal strains,
c. = ¢ cos 4L = ¢ cos 120° = ¢ (- 60°) = -3¢
3 Wieg s 73 = ¢, cos = ¢ (- cos ) = == "
€. = ¢ ool Ba s oo 240° = € (- cos 60°) = -Lc¢
2 x 3 X = X
53 = ¢, cos 21 = €4

as was expected.

Thus, for isotropic bodies the failure criterion is met

whenever

e € k = ]., 2, 3 (21)

or, defining a ''material failure function" £, failure occurs

whenever

£ = ¢ - e, 20 (22)

This function can be visualized more generally by considering a

surface in the coordinate space at a point, which surface describes




the end point of the tension failure strain vector in every direc-
tion. Consider a second surface that describes the end point of
all the applied normal tension strain vectors in every direction.
This applied strain surface grows as the external loading or
deformation on the element increases. When the applied strain
surface touches the failure strain surface, material failure

occurs in the direction of the vector to the contact point.

The maximum tensile strain at a point in a body is always one
of the principal strains. 1In an isotropic body, the failure strain
' surface is always a sphere, therefore, the failure will occur in
( an isotropic body when the maximum principal tension strain equals
the failure strain. A single uniaxial tension test is sufficient

to determine the failure surface in an isotropic material.

Anisotropic Materials

In an anisotropic body, the failure strain surface is non-
spherical. Failure will occur when any point on the applied strain
surface reaches the failure strain surface. In this case, the
critical strain need not be the maximum principal strain, or any

principal strain.

The applied normal strain in any direction at a point is

characterized by (see Ref. 4, p. 40, for example)

o

g

€ = £2€ +

e + 20 4 ¢ (23)
X X Y Y

47 ﬂzc .20 L € + 22 B e
Z % Xy 2% ZX

L L €
Xy y z yz
where the QX,Q ,Ez are the direction cosines from the coordinate

Y
axes to the direction of interest as follows:

: ?x = cos a (24)

! f = cos B 25
y (25)

X Pz = CcOS Y (26)
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The angles o,B,y are between the direction of interest and the

three coordinate axes, x,y,z, respectively.

For a generally anisotropic material, the failure strain sur-
face can have any shape depending on the material's internal con-
figuration. Therefore, a complete representation of its failure
characteristics would require failure test data at sufficient
orientations in the material to construct mathematically this

surface.

However, it is possible to construct a simple approximation
to the actual failure strain surface. An orthotropic material
has three mutually perpendicular planes of symmetry. The mea-
sured failure strains in the three orthotropic directions are de-
fined as €lf,i2f,53f. Arbitrarily treating these three failure
strains as if they were principal strains, one can get an equation
for the failure strain in any direction, describing a presumed

failure surface, i.e.,

+ m,¢€ (27)

where the ml,mz,m3 are the direction cosines from the direction
of interest to the axes of orthotropy. This surface is not
exactly correct, except in the three directions of orthotropy,
but is used here for convenience. It is assumed to be a reason-
able approximation on the grounds that the three orthotropic
failure strains are local maxima and minima of the failure strain
surface, and that any smooth connection between them is a reason-

able first approximation.

The material failure criterion is now expressed mathematically

as

10
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f=e~-€_,20 (28)

where the individual terms are given in Eqs. (23) and (27). Note
that the applied normal strain ¢ in any direction is given as a

function of the coordinate strains and the angles to the coordi-

nate axes, while the failure strain €¢ in the same direction is
stated as a function of the orthotropic failure strains and the
angles to the orthotropic axes. Geometrically, f 1is the dis-
tance between the failure surface and the applied strain surface

in any direction at a point.

Usable Data

The question arises as to what values of cg are to be used
in the failure criterion. DYCAST calculates the increment of dis-
placement, AL, during a time interval by using the previous de-
formed state as the initial shape. Therefore, the incremental

strain of any line of current length L in the structure is
AL
Ae = ==
S (29)

The total accumulated strain at any time is

L
ST (30)
dioky
which approximates the true strain (also called the natural or
logarithmic strain) defined as
L

€ = dL L _
L

L~ Lo\

- - 5 AL
=Ry - an(l + ) = In{1 + Lo/ (31)

L
o o
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where L\L/LO is the usually measured engineering strain, based on

the initial length Lo.

Since DYCAST approximates true strains in its calculations, |

all its strain data inputs should ideally be in true strain units.

Thus, the true failure strain €f is to be used in the fai lure

criterion and is related to the engineering failure strain (AL/LO)
f

by

I

—

Gf = /n Wi /n
(¢}

1+ (AL/LO) ] (32)
£

Measured failure strains from tension tests are usually given
as the average value of AL/L0 over a given gauge length L,
(for example, '25 percent elongation in 2 inches'"). When the
strain is uniform over the gauge length up to failure, the stated
value can be used directly in the above Eq. (32). This is usually
the case for materials having little or no ductility (little or no

plastic strain before failure).

However, in the case of ductile materials exhibiting signifi-
cant plastic strains before failure, the strain distribution in
the gauge length at failure is often very nonuniform. The region
of highest strain is often confined to a short band or necking
region, in which the maximum strain is much greater than the
stated average value over the gauge length. This is essentially
a plane stress phenomenon, occurring near a free surface in the

material, and is most common in thin sections.

In some cases, the reduction of area is given at the failure
section. For large plastic strains, the incompressible material
assumption is valid, and the deformation takes place at constant

volume. The volume in the necked-down portion is

12
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R

LOAo = LfAf (33)
where Lé and LE are the initial and final lengths of the
necked-down section and Ao and Af are the corresponding values

of the cross sectional area. Thus

Le Ag
i+ s (34)
o £

~

~

o } (35)

where (AA/AO) is the so-called '"reduction in area" (a negative

number less than unity) at failure in the necked region.

The values of average true failure strain and local true
failure strain, from Egs. (32) and (35), are listed for several
structural metals in Table 1. Note that these two failure strain
values are nearly the same for low failure strains (brittle metals),
indicating uniform strain at failure, and are very different for
high failure strains (more ductile metals), indicating local
necking at failure. The local failure strain is greater than or
equal to the average failure strain, and the ratio of these two
strains is a measure of the nonuniformity in strain distribution
in uniaxial tension tests. This ratio is listed in the last

column of Table 1.

13
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Theoretical predictions of elastic-plastic strains in DYCAST
are based on the assumption of a homogeneous material, and this é
applies up to and including the failure point. The more brittle
materials, with their nearly uniform strain distribution at fail-
ure, will follow this assumption quite well, and their failure

test data can be used directly to calculate €¢ by either of

Eqs. (32) or (35). The elongation-to-failure method of Eq. (32)

is preferred because the measurement accuracy is better.

For the more ductile materials, exhibiting large nonuniformities
of strain in test samples, the local strain, Eq. (35), will be too
large, depending on measurements taken entirely from the necked re-
gion. The average longitudinal strain, Eq. (32), will also over- ;
estimate the strain in the unnecked region, but by a much smaller
error. The actual error will depend on the necked length and the
average strain in the necked region. Expressed mathematically, the

error using the average longitudinal strain at failure is

€ - g efL" R MmN PRSI
o o 7o N N
€ # L ¢ Lmte (E 1> L35)
o oo o o
where € = AL/LO, the measured average strain, <’ and °, are

the strains in the necked and unnecked portions, and L’ and LO

are the necked length and the total gauge length. If the effective
necking strain is twice that of the unnecked portion, and the
necked length is 10 percent of the gauge length (0.2 in. in a

2 in. gauge length), then the error will be +10 percent. It can
be seen from Eq. (36) that the error in the average strain will
decline as the gauge length increases, since the necking is fixed

for a given diameter.

In conclusion, it seems that the best available procedure
would be to use the average elongation-to-failure as AL/LO in

Eq. (32) to calculate the true failure strain Cgo for use in the

15




material failure criterion, Eqs. (33) or (28). With this method,
the effects of local yielding can be minimized when the average
strain data are measured over the largest possible gauge length.
This method tends to be more compatible with the usual theories of
structural analysis, which assume uniform strains under uniform
stress. The reduction in area method of Eq. (35) maximizes the
effect of the local yielding and therefore will greatly overesti-
mate the required failure strain, and is not compatible with the
conventional continuum mechanics theory. Furthermore, since the
extent of nonuniform strain depends on the thickness of the sample
or component, the failure strain data should ideally be taken from
samples having the same thickness as the structural component to be
analyzed. This applies to the stress-strain curve as well, but not
as strongly, because only the final stages near failure are af-

fected by nonuniform strains.

FRACTURE

The existence of a flaw or crack of any size in a structural
member will tend to reduce the effective ultimate strength of the
member compared to the strength derived from uniaxial tests on
unflawed specimens. The more brittle materials, with low fracture
toughness values, may be significantly affected by even small
flaws while the more ductile materials may not be affected by
relatively large flaws. The prediction of the failure conditions
in any general structural member requires that the existing or
probable flaw or crack sizes in the member be known or assigned
arbitrarily, and that the local stress intensity at the flaw be

monitored.

The mathematical theory and engineering applications of frac-

ture mechanics can be found in many reference works (see Ref. 5),

16
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and will not be discussed here. It will be sufficient to note
that the local elastic stress components in the neighborhood of

a crack tip all have the form

K

£(6) (37)

o(r,6) =
2mr

where r,¢ are the radial and angular coordinates from the crack

tip, and K 1is a factor that depends on the type and magnitude

of the external load, size of the flaw, and shape of the member

in the vicinity of the crack tip. The factor K then determines

the magnitude of the stress components for a given load and shape,

and is termed the "stress intensity factor.”

The calculated stress intensity factors K, induced by the
applied loads, can then be compared to their critical values K ,
also known as the "fracture toughness.” When any K reaches or
exceeds its critical value KC, the existing flaw or crack will
i become unstable, and will propagate through the member until
stopped by a crack arresting feature, or until complete failure

i of the member occurs.

Three types of crack behaviors have been identified, as shown
in Fig. 2a. 1In general, the stress intensity factors can be ex-

pressed as

K. =g, Ja o (38)

1 1
K, =C,Nar (39)
Ky = CyNa t° (40)

where a 1is a representative dimension of the crack length (as
shown in Fig. 2b, =, 7, and +t° are the local ambient stress

levels that would prevail at the site if no flaw were present,

17
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and C 1is a dimensionless factor depending on the type of loading,

the existing flaw or crack shape, and the member shape.

Formulas and tables for values of C in many practical cases
are available in the literature (for example, Reg. 6). For typical
aircraft construction, using thin skin panels, and stiffeners made
of thin flanges and webs, two types of flaws or cracks seem most
applicable. They are the interior central crack and the edge crack
in a thin plate, both completely through the thickness, as shown in
Fig. 2b. Approximate values of K for these two cases are given

in Table 2.

Mode III is not presented since transverse shear stresses are
negligible for thin elements and are therefore not calculated in

DYCAST.

TABLE 2 STRESS INTENSITY FACTORS

Stress Intensity Edge Crack Interior Crack
Factor
B Aksms Loy ‘2b tan(va/2b) - ¥2b tan(7a/2b)
K, (shear) n'2b tan(ma/2b) 7 V2b tan(ra/2b) T

The term 2b tan(va/2b) in Table 2 inside the square root was
developed by Paris and Sih (Ref. 6). It differs only slightly in
value from the commonly used expression 7a sec(7a/2b), cited in
MIL-HDBK-5B, Chapter 9 (Ref. 7). When a/b = 0.5, ﬁgr example,

4
Table 2 will produce a value of K only 5 percent smaller than
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that indicated in MIL-HDBK-5B. For very small cracks, a/b — 0,
the two values of K become equal. Paris and Sih also indicate
that the K for a short crack at a free edge is about 12 per-

cent larger than that for a long edge crack or a center crack,

but this factor has been neglected.

The failure condition is then

K > KC (41)

where KC are the measured fracture toughness values for the
material, applied to the three cases of Table 2. When these con-
ditions are met, the member should be assumed to have completely
failed. These fracture toughness values are often dependent on
the thickness of the material, especially for the thin sections
used in aircraft. Test data have shown that the KC values are

independent of member geometry only when plane strain conditions

-

exist, and when the plastic zone at the crack tip is far from a

boundary. It has been estimated that these conditions require

that the dimensions be greater than approximately 50 times the
size of the plane strain plastic zone at the crack tip. That is,
the thickness, width, etc., must exceed 2.5(KC/‘y)2, where

is the yield strength of the material (Ref. 8). This is because
the plastic zone at a real crack tip must be small compared to any
dimension in the member in order for the purely elastic model of
linear fracture mechanics to apply accurately. Measured values

of fracture toughness taken from sufficiently thick test specimens
are called Plane Strain Fracture Tcughnesses, K1 and Kz, and

are considered to be true material properties. They are the mini-

/ mum values of fracture toughness for a material.
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In the case of aircraft construction, the plate, stiffener,
and beam sections are usually too thin for the plane strain con-
ditions to apply, and their effective toughness values will often
be greater than the plane strain fracture toughnesses for the
material. The effective values Kj and Ky are then dependent
on the thickness, and care should bg taken toCuse the Kc value
pertaining to each thickness. Using the plane strain fracture
toughness values might significantly underestimate the fracture

strength of a thin component.

In the application of this failure criterion, the arbitrary
stress state, at a point where a flaw is assumed to exist, is
calculated without the flaw, as usual. This becomes the ambient
stress state, which is presumed to be disturbed only locally by
the introduction of the flaw and its stress concentrations. The
size of the disturbed region, for thin elements, will be larger
than the plane stress plastic zone size, 0.15 (KC/'y)z, and
probably smaller than the minimum dimension recommended for frac-
ture test specimens (by the ASTM Fracture Committee Ref. 8),
Z.S(KC/~y)2. It is assumed that sufficiently distant from the
flaw, the ambient stress state is not significantly disturbed.
These calculations will not apply accurately when the crack is
placed into a region where the ambient "unflawed" stress state

changes greatly over the crack-disturbed region.

In plate or membrane elements, the ambient stress state must
be resolved into stresses normal to and tangential to the crack,
corresponding to the mode I normal stress and the mode II shear
stress. For a two dimensional stress state in a thin element,
with the geometry shown in Fig. 3, the transformation equations

(from Mohr's circle) are




Fig. 3 Crack in a Biaxial Stress Field

= (sin" ) 4 + (cos ) v + (2sin [ cos ,)Txy (42)
2 = (81n B o8 BY(c. = o) +-@052r = sinz':)T (43)
' ; X 3y -
S
, where o_,7 .0 are the coordinate stress components, and = 1is
p Xy Xy

the angle between the crack and the x-axis. The values of the
applied elastic stress intensity factors can then be calculated,

using Eqs. (42) and (43), and Table 2 as
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K., = a ¥2b tan(ma/2b) {(sin25)1x+(c0528ywy+2(sin £ cos b)rxy} (44)

K

9 a V2b tan(ra/2b) (@in B cos ﬁXJx -oy) +(c052ﬁ- sinzb)rxy} (45)

where o = 1.0 for an interior crack, and 1.12 for an edge crack.

The case of an arbitrarily oriented crack in a known ambient
plane stress field has now been reduced to the equivalent case of
a crack with known applied mode I and mode II stress intensities.
This so-called "mixed mode" fracture has been recently given some

attention, with useful results.

The concept that a crack will tend to propagate in a radial
direction from the crack tip along which the elastic strain energy
density is a minimum, and crack extension in that direction will
occur when that local minimum strain energy density equals or ex-
ceeds the critical value was introduced by Sih (Ref. 9). This

fracture criterion can be stated as

K
%(3‘ 4v = cos 6*)(l+ cos 6" "ﬁl"‘

1
5

2 l: K
ve 6" 6% - 14 2vy |2
2 (L= 2\)/(1 >l sin ¢ (cos ¢ 1+ 2v) ) "
el "¢

(46)

oo

S
¥ ,',3_‘ (1- 2v)/{1- “'?)] l(l- V(1 -cos &)

2
2 (1= 2v)

+ 1 (1+ cos 6*)(3 cos € = 1) 52.‘
4 : K

2

C
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where Vv 1is Poisson's ratio and © 1is the angle measured from

a forward extension of the crack line. The angle 6 = 6* mini-
mizes the left hand side of Eq. (46), and is the angle of poten-
tial crack extension (G* = 0 1is a colinear extension). An
additional and essential condition, explained by Swedlow (Ref. 10)
that must be applied is that od(ﬁ*) . 0. That is, the hoop
stress component normal to the potential crack extension direc-

tion must be tensile. This last condition leads to the expression

\3 cos ‘2-+cos 2 )lK l
1
1_
2 E % | K
-3l (- SPTae OL I S SR I e W
3[2 (1-2v)/\1- v-5 'l \sin -+ sin =5 > K, |- 0

C

Equations (46) and (47) were numerically evaluated for this re-
port, using a digital computer. These minimum strain energy theory

results are displayed graphically as interaction curves of Kl/K1

c
versus K2/K2 for various values of v in Fig. 4.
c
Note that the curves vary with Poisson's ratio. It can be
found from Eqs. (46) and (47), when K1 and K2 are applied
separately (Ref. 9), that theoretically
%, 1°
!_._Ci ,_3..1_1___)__ 48
Kl, s 2 ( )
[ _\,-.L_\
Therefore
K5, 3
L SRR LY B ST R i)
K K K T2 2 I K
1 2 1 f _\_\l 2
c ¢ c I (1- i /I -

24




%

1.0

08 -

K., /K X
272, 06 | MAXHOOPSTRESS/\

THEORY, v - 0.354 \

GRIFFITH THEORY, v = 0.268

N MIN STRAIN ENERGY

Q\ THEORY

40

/

c

(1-2v) K'l
Cc
a
04 | } -
—
K1n /a 0
Kzu ‘/a T
0.2 L
A A
T ;
o
0 1 1 1 1 ‘
0 0.2 04 0.6 0.8 1.0
K, /K

Fig. 4 Mixed-Mode Fracture Theories
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Use of K2/K1 instead of KZ/KZ may prove more convenient in
c (o

K

pertaining to most structural metals. The corresponding interac- i

For ¢ = 0.33, a typ1cal value for aluminum, the reduction of

K2/K2 values is only 5 percent, compared to the curve shown.

———

applications, since K

K data.
1c

2 data are not as commonly available as

c
An earlier theoretical mixed-mode fracture criterion, from

Erdogan and Sih (Ref. 11), states that a crack will tend to propa-

gate in the radial direction from its tip along which the circum-

ferential stress, Tgs is a maximum, and crack extension in that

direction will occur when that circumferential stress equals or
exceeds the critical value. This fracture criterion can then be

expressed, incorporating Eq. (49), as

1 o* 357, )
- !/ L7 2 %
4 \3 cos 5~ + cos ) K, |
1, (50) “
2 % %
| [ SOOI SN . | SR I - IR R e 5
AL (1 2»)/Kl et ) \sin = + sin > ) K, > 1
c

where ¢ minimizes the left hand side of Eq. (50). This cri-

terion was also evaluated for this report for various combinations
of KllKl and K2/K2 . However, the resulting interaction

’ C ’ :
curves do not, in general, intersect the point K2 = Ky when
5= 0, which condition is theoretically required by the defini-
tion of K, . Only one curve does so, for which v = 0.354, and
this curve is plotted in Fig. 4. Note that this particular value

of Poisson's ratio is at the upper limit of the range 0.29 < v < 0.35,

tion curve for the lower limit of v = 0.29, a typical value for

steels, has the K /Kz values uniformly reduced by 17 percent.
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An older theoretical mixed-mode criterion is an extension of
the classical Griffith-Irwin theory (Ref. 12), that assumes the
*
crack will always tend to extend in its current direction (6 = 0),

regardless of the relative values of K and K and the energy

1 2°?
release rates of the two modes calculated separately can then be

merely added algebraically. The mixed-mode fracture criterion is

then
T [® )
= = 5D (51)
1 I 1
¢ e
Using Eq. (49), this becomes
2 2
K K
- 4
L3 -2y 2 1 (52)
K 2 2 K -
. (1' - =) 2c
$ 3}

This criterion also generally fails to satisfy the requirement

that K2 = ch when Kl = 0, exceipt for ~ = 0.268, for which
ch = K; - The interaction curve for this particular value of
Poisson's ratio is plotted in Fig. 4. For v = 0.29, the values
of Kz/K2 are 14 percent larger than shown in the curve, making
this curve less conservative for the practical values of wv.

Among the theories discussed, only the modified minimum < energy
criterion satisfies the theoretical conditions of variable o™

and K, = K2 when K, = 0.

2 " 1
Finally, two empirical interaction formulas were examined.

Wu (Ref.13) has reported the interaction formula

2
K K
i 8 -
+ > 1 53
K, K, (53)
c c
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based on test data with orthotropic materials such as wood and
glass fiber reinforced plastic. His curve is plotted in Fig. 4
and falls close to the special case of the maximum hoop stress
theory for v = 0.354, and is somewhat conservative compared to

the minimum strain energy curves.

Palaniswamy and Knauss (Ref. 14) extended the Griffith theory

.
3

without the restriction of colinear (¢ = 0) crack extension.
They assumed that the crack would tend to extend in a direction
for which the energy release rate was a maximum, and crack exten-
sion would begin when that energy release rate equaled the crack
surface formation energy. Their numerical solutions agreed well
with their test results on a very brittle isotropic (swollen poly-
urethane elastomer) material, and led them to propose the interac-

tion formula

2
K (K
1 3 2
st el e (54)
K1 g {KZ
C

which, in effect, reduces all the allowable values of K2 from

Eq. (53) by 18 percent. This formula fails to give K, = K2

at Kl = 0, for any Poisson ratios and therefore Eq. (54) is

not plotted in Fig. 4.

At this point it should be mentioned, as indicated by Swedlow
(Ref. 10), that both the minimum strain energy density theory and
the maximum hoop stress theory indicate '"weak" tendencies toward
their predicted values. That is, in many mixed-mode cases, the
variation of induced strain energy density or hoop stress is often
small near the crack tip, so that there will be a tendency for
small local variations in material properties to alter the crack

direction and induce scatter in the measured data. Therefore, small
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differences between various theoretical predictions should not be

important.

In conclusion, it appears that the empirical interaction curve
of Eq. (53) would be the best choice at present, because it is a
simple formula that is moderately conservative compared to the modi-
fied minimum strain energy theory. This phenomenon is the object
of considerable study among engineering researchers and further

clarifications should be available in the next few years.

The equations shown here do not apply when the crack is in a re-
gion of gross plasticity induced by the external loads. However, in
that case, the critical condition for the element "failure' will proba-
bly be ductile rupture/tearing or plastic collapse and not fracture.

In a highly redundant structure with multiple load paths, an element
with a flaw or crack will either fail by fracture or yield plastically,
but probably not both. Both fracture and rupture/tearing failures
cause complete shedding of load, while gross plasticity causes shedding

of additional load to the surrounding elements.

For example, a thin skin panel section of width 2b = 10 in.
in uniaxial tension has a presumed flaw or crack transverse to the
applied stress of length 2a = 0.10 in. The material has a
(0.2 percent offset) yield strength of 100 ksi and a mode 1
fracture toughness, measured for its particular thickness, of
klC = 30 ksi in. The critical level of applied stress is cal-

culated from Table 2, as

Opr ™ K, / N2b tan(ma/2b) - 200 ksi tension
¢

This value is twice the yield strength and will not be reached in
any redundant structure containing this component. The component
will become grossly plastic first, losing most of its initial stiff-

ness and dumping any additional load into adjacent stiffer (less
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plastic) structural components. Thus, although the fracture analy-
sis was not applicable in this case, it was not needed either, since
gross yielding was the critical condition. If the presumed crack
was sufficiently longer, or the K; smaller, or the yield strength
larger, then the critical stress fog fracture would have been in the
elastic range. The formula in Table 2 would have then been appli-
cable, and the element(s) containing the crack would have "failed"
by fracture. These elements would then have been completely re-
moved from the load path by reducing their stiffness to zero, dump-

ing all their load into adjacent elements.

CONNECTION FAILURES

The beliavior of connections and joints during large plastic
deformation might have a significant effect upon the gross deforma-
tions and energy absorption of the entire structure. Strong, rigid
joints will probably cause plastic "hinges" to be formed in the
adjacent elements, when the loads and deformations are sufficiently
large. On the other hand, ductile joint fittings may themselves
account for a significant amount of energy dissipation and deforma-
tion. 1In any case, complete joint failure will have a great effect
on the local load distribution. Future applications of the theory
and comparison with test data should determine the real importance

of joint behavior in a crash or crush event.

In the conventional structural analysis, idealized perfect
joints are assumed to be present. These perfect joints are points
(nodes) in the structure, rigidly connecting two or more components,
such that certain specified relative deformations between the com-
ponents are completely restrained while transferring unlimited loads.

However, real joints can have the following characteristics:
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. Slip - deformation at zero load

° Elasticity - small recoverable deformation under load

o Yield - large nonrecoverable deformation under load

° Failure - complete load loss followed by free
deformations

Slip is not usual in aircraft construction, but is possible in
poorly made joints or in special cases of initially "soft" joints.
Elastic deformation of the connection fittings is usually small
relative to the total structural deformation. Yield rotations

at joints should have a noticeable effect on the structure, but
tension and shear yielding could also be a factor. Every real
joint will have a failure load, or critical combination of load

components.

Consider first the relationship between any one component of
relative motion at a joint and its corresponding load component,
assuming that no other loads are imposed. This is a joint having
restraint in only one degree-of-freedom. Three types of joint be-
havior are defined for the joint failure criteria. They are shown

schematically in Fig. 5 and are:

. Type 1 - Rigid unbreakable joint. No deformation,

unlimited load capacity, no energy absorbed.

] Type 2 - Rigid breakable joint. No deformation up
to failure load, followed by complete sudden loss
of load, then no resistance to deformation. No
energy absorbed. Specify only failure load as in-

put.
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Fig. 5 Joint Behavior Characteristics




. Type 3 - Deformable breakable joint. Can have

slip, elasticity, yielding, and failure. Specify
load deformation curve up to the failure point.
When both the failure load and failure deforma-
tion have been reached or exceeded, the load drops
to zero suddenly at constant deformation, followed
by no resistance to deformation. Finite energy

absorbed.

In the finite element method used in DYCAST, the loads are
calculated only at nodal points. Thereiore, the idealization
should be arranged such that nodal points are at all the connections
to be monitored. At those connection points double nodes should be
used, one node on each of the connected elements, at the same loca-
tion in the structure. This will allow relative displacements and
rotations between the nodes to be treated in the incremental equa-

tions of motion.

igid Breakable Joint

For this type of joint, the two coincident nodal points on the
attached elements are effectively tied together until a failure
condition is met or exceeded. That is, certain components of motion
of one node of the pair are made effectively equal to those of the
other node. However, when the critical load is reached, the nodal
loads across the joint are reduced to zero, and those motion com-
ponents of the two nodes are made effectively independent for sub-

sequent time increments.

This might be implemented in the program in two ways. In the
method of variable constraints, the restrained degrees-of=freedom

(DOF's) for one node of the pair can be initially set equal to those

of the other node. When the failure condition is met, those previously
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dependent DOF's would be made independent and added to the solution
variables. This procedure involves relaxing the restraint condi-
tions on some of the nodes, thereby increasing.the number of solu-
tion variables, in the middle of the problem. The load components
in the direction of failure could be reduced to zero (unloaded)
over a few time steps preceding the change, to reduce numerical

difficulties.

In the method of variable stiffness, the coincident nodes would
have independent DOF's during the entire problem, with the nodes
connected by springs having infinite (or very large) stiffness com-
ponents prior to failure. At failure, certain stiffness components
are reduced to zero (or made very small). 1In this way, the total
number of DOF's would remain constant throughout the analysis.

This is a special case of the treatment of a Type 3 (deformable)
joint, described later. The stiffness could be reduced over several

time steps, if necessary, to reduce numerical problems.

It seems that the latter method of implementing the failure
would be better on the grounds that the number of solution varia-
bles would remain constant, and that the behavior of both types of

breakable joints are formulated in the same way.

The simplest connection failure criterion is one in which com-
plete joint failure will occur when any one load component reaches
its known failure level. This noninteractive joint failure cri-

terion is expressed as

(55)

w}dm
I .
=

,—l

where Pi is any applied load or moment component and Py is
the corresponding failure level of the joint when that component

is applied alone.

34

T S Pa——




However, the critical value of one load component is often
reduced when other components are applied. 1In general, failure
of fasteners under combined loads has been characterized by in-

teraction equations of the type

"y

n FY
P P2 2 P3 >
+ == == + ... > 1 (56)
Py Pa
f f

p—t

|

d

1e

where the values of n, depend on the particular application.
Some connections have as many as six simultaneously applied load

and moment components.

In the particular case of transverse shear load S and axial
tension T, failure of fasteners has been characterized by the

interaction equation

2 2
2 4 (&) 1 (57)
(sf/ S A

or more accurately, according to Ref. 7, Chapter 8, by the empiri-
cal equation
SR 2
(@) % () g1 (58)

\Tf/‘ =

These two equations are plotted in Fig. 6. Equation (57) is
up to 17 percent more conservative (smaller allowable load com=
ponents) than Eq. (58) for linear elastic cases. Other interaction
formulas are in use with larger exponents, but are less conserva-
tive than Eq. (58). As the exponents approach infinity, the two
loads become independent, and the failure condition is

S

S¢
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Fig. 6 Failure Curves for Two Combined Loads
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as shown by the limiting '"square curve" in Fig. 6. This is the
uncoupled failure criteria of Eq. (55), applied to a two degree-
of-freedom restrained joint. This criterion might be easier to
use than the others, but it is always nonconservative. For non-
linear structural behavior the loads do not necessarily follow
any fixed ratio, and the failure point using Eq. (59) can be at
much greater loads than allowed by Eq. (58). This is shown in
Fig. 6 by the dashed load path for an unusual, but possible, non-

linear case.

Extending Eq. (57) to the general case of a six degree-of-

freedom restrained joint, it seems that an interaction formula

of the type
6 In }*
Z —-‘-—P. > 1 (60)
i=1 e

might be a useful approximation for a conservative failure cri-
terion. On the other hand, Eq. (55) would probably be the upper
bound on failure. Both of these could be incorporated into DYCAST,
with Eq. (60) to be used automatically unless Eq. (55) was speci-
fied.

For line joints and seams (rivet lines, bolt lines, spot
welds, seam welds, and adhesive bond lines), the failure criteria
can be used by replacing the point loads Pi by Ni’ the loads
per unit length. For discrete fastener linear joints such as
rivet, bolt, and spot weld lines, the failure loads per unit length
could be computed by dividing the unit fastener failure load (as
given in Ref. 7, Chapter 8, for example) by the fastener spacing. j
In some cases, the use of discrete fasteners will reduce the local

tension strength of the parent sheet material because of the holes,
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and this should be taken into account. Reference 7 gives such in-

formation for spot welds.

In the application of the joint failure criterion, double nodes
are required for each element pair to be separated. An example of a
stringer attached to a skin panel is shown in Fig. 7. Prior to
failure, there are ten elements (eight membrane triangles and two
stringer elements) connected to a single node point, as in Fig. 7a.
Two failure modes at the same point are permitted in this example,
since the stringer can tear away from both skin panels separately.
Thus, as shown in Fig. 7b, three initially coincident nodes would
be required, node A connecting the left set of membrane triangles,
node C conmnecting the right set, and node B for the stringer ele-
ments. Since the membrane elements permit only in-plane loads, the
membrane load components (in the stringer's local coordinate system)
are tension and shear at nodes A and C. The failure criterion
Eq. (60) reduces to the two component version Eq. (57), and can be
applied separately for each of the node pairs AB and BC. Note that {
Pi = Pi and Pi = 0 for this particular example because the
stringer carries no transverse loads. However, P? # PC, so that
failure of the left and right node pairs can occur at different
times. Specifically, after one side fails, Pi = Pi = 0, and then

the other side can fail in shear alone.

If the joint failure is to be handled by the variable stiffness

method, the three nodes would be separately specified at the start.

The four stiffness components connecting the node pairs (one tension
and one shear per node pair), must be also initially specified. Only
the extensional "springs' for nodes AB and BC are shown in Fig. 7.
These stiffness components are initially set very large to rigidize

the joint connections in the extension and shear modes. After
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b) Admissible Post-Failure Deformations

Fig. 7 Skin - Stringer Joint Failure Model
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failure, these stiffness components are reduced to zero (or nearly

zero), allowing free motions of the specified displacement com-

ponents.

Note that no failure is permitted for the other element com-
binations among the ten elements, because the necessary separate

nodes and nodal stiffness components were not specified.

In the case of joints between the beam and plate elements,
which permit moments and out-of-plane forces at the nodes, the
failure specifications are similar but with more stiffness compo-
nents per node. For the beam element, there are six components
per node, and five for the plate element. The four element types
in DYCAST, their nodal load components, and their interactive

failure criteria are given in Fig. 8.

In general, the failure load components at a joint will be de-
termined experimentally or calculated from known test data (Ref. 7,
Chapter 8, for example), conveniently oriented with respect to the
joint geometry. The joint failure component directions will not
always coincide with either the local element coordinate system or
the global coordinate system, in which thie load components are cal-
culated. Therefore, provision must be made to either transform the
failure components into the global coordinate system for the applica-
tion of the joint failure criteria, or to transform the load com-

ponents into the failure component directions.

Deformable Joints

This type of joint has the character of a structural element,
since it carries load while permitting deformation between connection
points. It is a special element in that it has no finite dimensions,

since the two nodes it connects in the structure are at a single
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geometric point. Furthermore, its variable stiffnesses do not

have to be calculated as in the usual finite element, but are in-
put as data. This joint element is therefore similar to a beam/
spring element used in the traditional lumped mass-spring models,

but with zero length.

The recommended procedure for a deformable joint would be to
input a table of load and deflection values describing a linear-
segmented curve such as in Fig. 5c, with one such curve for each
restrained deformation component, to be used in forming the in-
stantaneous stiffness matrix for that joint element. The joint
deformation then becomes a special elastic-plastic element, whose
stiffness can be simply extracted from the input data, instead of
being calculated by integration over the element volume, as in the

normal finite element.

The deformable joint permits various behaviors to be repre-
sented as in Fig. 5c. The solid curve shows an ex_.ected input,
with initial rigidity to point a, followed by progressive loss
of stiffness to the failure point. Shown by the dashed curves
are cases with initial elasticity to point b, and initial slippage
to point c¢. Flat (zero stiffness) load deformation segments should
be permitted as shown., but negatively sloped segments should not,

because oif instability problems.

This deformable joint requires that the joint stiffness com-
ponents and deformation components be added to the problem formula-
tion from the start. Each node of the connected pair will then have
its own set of displacements, rotations, forces, and moments. The
nodal loads will have to be transformed into vector components that
are compatible with the specified critical load vector for the ele-
ment. These loads are shown in Fig. 8 for the four element types
used in DYCAST. The maximum number of loads specified for any joint

node is six.
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The most general pair of joint nodes would then have 12 re-
strained degrees-of-freedom associated with it. These are the
three displacements and three rotations for each node of the pair.
There are then six components of relative motion that are related
in some way to the six corresponding components of load (three
forces and three moments). 1In a completely coupled joint there
would then be 36 variable stiffness functions between all the
load and relative motion components of which only 21 would be
independent. If we admit for consideration only the direct rela-
tions between a particular relative motion component and its cor-
responding load component, neglecting the coupling between dif-
ferent compcnent directions, there remains only six load-motion
functions. For example, longitudinal force versus relative longi-
tudinal displacement, and torque versus relative rotation about
the longitudinal axis are allowed, but force versus rotation or

torque versus longitudinal displacement are not allowed.

This eliminstion of coupling or interaction at the joints is
probably a gross simplification of the actual joint behavior, but
is considered necessary for a first step practical attempt to in-
corporate a joint deformation model into the structural code. The
uncoupled joint model also allows simpler tests to determine stiff-
ness functions. A coupled nonlinear deformation model prevents
simplified tests, since the ratio of the various load components
would vary depending upon the particular crash conditions, and

could not be determined beforehand.

The static incremental load-deformation behavior of the joint
is then simply characterized by a variable diagonal stiffness matrix

K, where

AF, = K, .AU, ; Im L2 ey O (61)
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where Fi are the nodal load components, Ei Uy » U, are

1
relative nodal deformation components (Uj , U gre the absolute

i
deformation components of nodes 1 and 2 of the joint pair), and
the stiffness components Kii are the current slopes of the in-
dividual load components versus deformation component curves, that
were input as in Fig. 5c. Equation (61) is shown in its simplest
form, corresponding to the most convenient local coordinate system
at the joint. A transformation into the global coordinate system
would be dome to incorporate the joint deformation into the solu-

tion.

Some joints will not require all six stiffness components.
For example, a shear pin, bolt, or wing pivot fitting will allow
free rotations about one axis (neglecting friction), leaving five
nanzero stiffness components. But the two shear stiffnesses in
the plane of rotation will probably be equal, as well as the two
bending stiffnesses transverse to that plane; this leaves only three
independent stiffness coefficients; axial tension, in-plane shear,
and transverse bending. Any stiffness component may arbitrarily be
made very large to effectively eliminate a joint deformation com-
ponent. Likewise, the corresponding failure load component can be

made very large to eliminate its failure mode.

Other joints will not admit all six components because the con-
nected elements do not permit six load components per node. In DYCAST
only the beam element has all six components per node, as shown in

Fig. 8.

In the case of linear deformable joints such as rivet lines,
bolt lines, welds, adhesive bond lines, etc., the behavior is most
conveniently described by plotting the distributed load component

Ni (load per unit length) versus the deformation component Ui’ in
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the same manner as in Fig. 5c. This form is the most meaningful
for displaying test data. The incremental load-deformation equa-

tion is then

AN. = k., .AU. (62)

where kii is the current distributed stiffness component of the
joint in load per unit deformation per unit length, equal to the

current slope of the Ni versus Ui input data curve.

The program requires that a unique relationship between the
nodal forces and deformation components be established, so that
Eq. (62) must be transformed into the form of Eq. (61). An equiva-
lent set of nodal forces must be devised, with an effective nodal
stiffness Kii calculated from the distributed stiffness kii
One arbitrary way would be to assume that the forces at a given node
are uniformly distributed along the joint line from a point halfway
to the node on one side to a point halfway to the node on the other
side, as shown in Fig. 9. The concentrated and distributed nodal

forces are then related by

N_ = 2F /(d__, +d) (63)

where n indicates a special internal node number sequence of the

linear joint, from node 1 to node N, and dn is the nodal spacing.

For a noncontinuous or "finite" joint that starts and ends at
different points, the end loads can be obtained from Eq. (63) by

setting do = dl and dN =d This is equivalent to creating

-1'
fake segments outside the endNnofes, equal in length to the end
segments. In the case of an "endless" joint line, such as a com=-
plete circumferential joint around the fuselage at a frame, the
starting and ending node will be the same. Across the common start-

finish node, at n =1, set dO = dN in Eq. (63).

45




|
(!_)__ 2 P n n+1 =
<—dn—Pl

1
s
Fig. 9 Distributed Loads at a Linear Joint

<9,

46




Now Eqs. (62) and (63) result in

' A L ATT — T
BF i = 3l g » O 0K, B =Ko B0 (64)
n n

for the component index i =1, 2, ..., 6 and the node index
n=1, 2, ..., N. Thus, the current effective nodal stiffness
component Kjj is

n

Kii '(dn-l + dn)kii (65)
n n

Equation (65) permits the line joint to be treated as an equivalent

set of nodal joints using Eq. (61).

The different treatment between an endless and a finite
joint line could be handled at the input. The node numbers com-
prising the joint should be entered in their proper sequential
order as they appear along the joint. The endless joint line will
have the same first and last node number. The values of d can
be calculated from the input coordinates of adjacent nodes. Then,
Eq. (65) will be used with dO = dN when n = 1. The finite joint
line will have different end node numbers, and then Eq. (65) will

be used with b d; and dy = dy-q-

The failure of the deformable joint might be treated by merely
assuming that failure occurs when any one relative deformation
component reaches or exceeds its failure value. This would be
analogous to the noninteractive failure criterion of Eq. (55),
which can overpredict the failure point under combined loads.

A more cunsistent approach would be to require that the last
load value of the input load-deformation curve be the failure
load value for that component. Then the same failure criteria,

Eq. (60) and Fig. 8, can be used as in the rigid breakable
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joint, described previously. In the case of a failure that occurs
after a flat load deflection segment (solid curve in Fig. 5c¢), an
artificial, very short segment with a small final load increase

would define a unique failure point, without a significant loss of

accuracy.

As before, all the stiffness components of the failed joint

would be reduced to zero (or very small values) when its failure
criterion was satisfied. The sudden change in some stiffness com-
ponents will induce transient dynamic effects (stress waves, vibra-
tions) that may affect the numerical operations (requiring a smaller
time step during the transient) and the stability of the structure.

Changing the stiffness values over several time steps might reduce

these transient effects.




3. DEFORMATION FAILURES

PLASTIC COLLAPSE

Failure modes involving purely plastic collapse of structural
members are automatically incorporated into the calculations. Con-
sider a hypothetical material possessing unlimited ductility with
no failure point. As the stress increases, the strain can eventually
increase without limit. Structural components or elements made of
such materials will develop one of the load deformation curves shown
in Fig. 10, having potentially unlimited deformation and energy dis-
sipation. As the plastic regions in a member grow in size, the ef-
fective stiffness of the member will eventually be reduced, and each
load increment will produce a greater deformation increment than be-

fore. A point may be reached in which the effective stiffness equals

)

Fig. 10 Plastic Collapse Characteristics




or is sufficiently close to zero (horizontal tangent). A plastic
collapse will then occur, in which the deformation proceeds at con-
stant or reducing load, on curves A or B, depending on the load and
deformation constraints on the member. On curve C the stiffness
has not vanished, but becomes sufficiently small so as to be arbi-
trarily considered a plastic collapse state. On curve D the stiff-
ness was initially reduced by one deformation mode (plastic bending,
for example), then increased at large deformations (by in-plane
stretching, for example), until finally collapse occurs when a suf-

ficient volume of the element becomes highly plastic.

In any case, large amounts of energy may be absorbed by the
component after reaching the peak load. Real structural materials
do not exhibit unlimited ductility, but will suffer a material
failure at some point that will limit the total energy absorption.
The effects of material failure and the failure criteria were dis-

L) cussed previously (Section 2).

Included in the category of plastic collapse is plastic buck-
ling, in which gross plasticity appears, followed by steadily in-
creasing deformation, approaching a condition of zero stiffness at
or near some theoretically predictable instability load. This be-
havior exhibits the same characteristics as curves A, B, or C in
Fig. 10, and is therefore included as part of the elastic-plastic
¥ analysis. No special calculation of an instability state is re-

quired in this case.

ELASTIC BUCKLING

This type of behavior is characterized by a sudden, "snap-
through" change from one deformation state to another. Mathemati-
cally, this has been termed "bifurcation'" instability because of

the existence of two distinct equilibrium deformation states at
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the same load. The buckled state has a subsequent load deformation
path that requires less energy, with lower stiffness and greater

deformation, than the initial unbuckled shape.

This type of instability is different from plastic and pro-
gressive collapse in the presence of large initial imperfections,
or transverse loading, in which deformations increase steadily at
ever increasing rates. These latter cases are calculated by the

existing plasticity and geometric nonlinearity features in the code.

The sudden elastic buckling of components is not now calculated
in DYCAST for the stringer and membrane triangle element, because the
bifurcation mechanism is not incorporated in these elements. For
example, in the case of a stringer element under compression, the
only deformation accounted for is axial compression. Since buckling
takes place in the transverse direction involving bending stiffness,
this instability mode will not be considered in the existing analy-
sis. The same argument applies for the transverse buckling of

panels composed of membrane triangle elements.

Buckling can be calculated using beam and plate elements, which
contain transverse deformation components and bending rigidities.
However, these elements require many more degrees-of-freedom, and
it would be prohibitively expensive to analyze an airplane structure

by replacing all the membrane skins and stringers with plates and

beams, just to account for buckling that might not occur.

: At this point in the development and application of DYCAST, it
seems more reasonable to select in advance a limited number of compo=
nents or subassemblies likely to buckle elastically, and to give them
special treatment. This treatment could be to use all bending-type

¢ elements (beams and plates) for these components. Another method

would be to use all membrane elements, calculating buckling loads in




advance, deciding when buckling has occurred, and arbitrarily assign-

ing a post-buckle behavior.

The latter method will require interaction formulas for buck-
ling under combined loads. The configurations of the components or
subassemblies are too varied, covering stiffened and unstiffened
panels, orthotropic panels, honeycomb sandwich panels, etc., to be
explicitly listed here. Many cases have been theoretically and ex-
perimentally researched, and their buckling interaction curves ap-
pear in the open literature. A particular important case of inter-
est in DYCAST is the rectangular panel under biaxial compression
and shear loads. The buckling condition for an unstiffened iso-

tropic plate in that case is

2
N N N
o Saien XY
N = N > 1 (66)
£ Vi Ve

where Nx’ Ny’ and ny are the applied values of the two com-
pressive loads and the shear load per unit width, and the subscript
f 1indicates the failure value when any component is applied alone.
This formula is sometimes used in cases of stiffened, orthotropic,
and sandwich plates. Although not correct for these nonisotropic
cases, the formula is usually conservative (see Ref. 7, Chapter 1,
for example). 1In any case, three buckling loads must be calculated
for each structural component or assembly of components to be moni-

tored for buckling, and this can become a lengthy process.

After buckling occurs, a post-buckling behavior must be speci-
fied. Typical post-buckling actions are sketched in Fig. 11. The
drop-off in load that is typical of some deeply curved plates and
shells can vary greatly from 90 percent for an unstiffened iso-

tropic thin cylinder under axial compression, to almost nothing for
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Fig. 11 Post-Buckling Characteristics
i certain highly orthotropic, or strongly stiffened shells. Most ap-

plications for aircraft structures will be for the flat or nearly
flat plate or panel structures that behave as either plates (with
side support) or wide columns (no side support). Many stiffened
panels show an increase in load carrying ability after initial buck-
ling of the skin because the stiffeners and adjacent skin do not
buckle but deform plastically at higher loads. In cases of general
; instability, where the stiffeners and sheet buckle together, a col-
lapse condition can develop with a nearly flat load-deflection curve

as for the column.

Thus, for most aircraft applications, a reasonably conservative
post-buckling model would hold the loads fixed at the buckling values,
while allowing unrestrained deformation. The stiffness of the buckled
elements or group of elements would be reduced to very small values in

the incremental equations.
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It should be recognized that the incorporation of elastic buck-
ling into the crash analysis will exact a high price in either com-

puter time (if bending elements are used) or in human time (if the

buckling criteria are to be input). At this point, there is not
sufficient evidence concerning the importance of elastic buckling

in crash analysis to justify this effort.
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4. INTEGRATION INTO PROGRAM

The computational flow of DYCAST is outlined in Fig. 12. As
the structure deforms, the element stiffnesses are altered to ac-
count for softening of the material due to plasticity (material
nonlinearity), and for decreases or increases in the element's mem-
brane and bending stiffnesses due to large deformations (geometric
nonlinearity). Geometric nonlinearity is also accounted for at the
global stiffness level, when the structure is placed in its new de-
formed shave for the next time increment, thus accounting for de-

formations that are large compared to the structural dimensions.

The deformation of joints is treatable as a simple type of

plasticity which reduces the stiffness of the joint springs.

Since the failures described in this report will affect the
structure by altering the element stiffnesses, they can be handled
in the same way as the existing stiffness changes due to geometric
nonlinearity. Thus, the failure mode analysis is shown in Fig. 12

at the element stiffness level.

The special case of complete separation of a structural sub-
assembly (wings, tail, etc.) will occur when all of the elements
or nodes attaching it to the main structure have failed. This
should be handled by stating the critical set of nodes or elements
as input, and when an entire set has failed, the job should stop.
The user can then examine the data, and can restart the analysis
at the point of separation, eliminating the nodes and elements of
the separated subassembly from the subsequent calculations by the

proper input instructions.
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