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ABSTRACT

The failure modes of a stiffened skin structure , built-up

from beams, str ingers , frames , and panels , under a single con-

tinuously increasing deform ation even t are

Material (Separation) Failures

• Rupture and tearing (no flaws)

• Fracture (with flaws)

• Connection (fastener) failures

Geometric (Deformation) Failures

• Plastic collapse

• Elastic buckling

This document reviews the physical aspects of these failure

modes , examines some ways of implementing them in the DYnamic

Crash Analysis of STructures (DYCAST) module of the PLANS computer

codes , and makes recommendations and suggestions for implementation .
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1. INTRODUCTION

The DYCAST code is the dynamic analysis module of the PLANS

(Plas tic Large deflection Analysis of Structures) system of com-

puter codes. It predicts the history of mechanical behavior of an

aircraft structure under dynamic loading conditions . Given the

proper stress-strain curves for each material used in the struc-

ture , the code predicts the change in deformations , strains ,

stresses , and loads developed in any time increment , based on the

current shape and stiffness of the structure at the start of that

increment. Thus , a piece-wise linear approximation of the non-

l inear , elastic plastic , large def orma tion , dynamic structural be-
havior is calculated. Wi th cer tain lim itations , this me thod will
predic t the collapse of a structure due to plasticity, that is, due

to progressive loss of ma terial sti ffness as stress and strain
levels increase. The effect of the changing geometry in either in-
creasing or decreasing the stiffness is also accounted for during

the collapse. The treatmen t of comb ined material and geometric
nonlinearities as available in DYCAST is similar to the procedures

used in other PLANS module s and described in Ref .  1.

Wi thout any material failures invo lving separa tion of ma terial
(ru pture , tearing , fracture) the structure will dissipate energy by

means of p las tic def ormation as each component pr oceeds along its
particular load-deformation curve , as indicated by path oabcd in

Fig. la. Under these conditions it is implied that the mater ia l

wi l l  have unl imited strain capabil i ty , and each element wil l  deform

unt i l  it is unloaded , or unti l  some arbitrary geometric l imit  is

reached.

Figure la also shows the d i f ferent  character is t ics of load-

shedding and f in i te  strain energy dissipation in an element.  The

unload ing by reduction of external forces proceeds initial ly along
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an ela stic line , so that at least the elastic energy (Region A)

stored at the maximum external load is returned to the system

when material failure does not occur . When a purely brittle mate-

rial failure occurs none of the stored energy is returned to the

structural system , if we assume a sudden and complete separation

of the cross section of the component. The external load then

drops to zero at constant displacement of the component’s attach-

ment points (path oabf). For a purely ductile failure , the load

is shed over a range of defor mation , as necking (localized

thickness reduction) develops , while the component continues to ab-

sorb energy (path oabgh). Many structural materials exhibit a

mixed fai lure mode , in which a sudden fai lure follows some amount
of ductile necking (path oabgi). In this case it is convenient

to assume that a sudden failure occurred at the critical deforma-

tion (path oabcgi), even though this will overestimate the energy

absorbed by the amount of Region B , and this last failure model is

sugges ted.

Most unflawed structural components will  fa i l  sud den ly at
some finite leve l of deformation or load , and each component

fai lure redu ces the addi tional energy tha t can be absorbed by the

- ‘  structure , as indica ted in Fig . lb. This f igure dis tinguishes be-

p tween material failures without flaws, such as rupture and tearing ,

and frac ture wi th existing flaws or cra cks . The presence of flaw s
will  fur ther lower the failure loads of the components , and there-

S

fore the total energy ab sorbed by the structure is further reduced.
If the material has a low fracture toughness , the reduction due

to flaws can be large. For a high fracture toughness , the reduc-

tion may be negligible .

3
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~

2. MATERIAL FAILU RE S

Material  f a i lu res  are characterized by separation of mate-
rial. Three types of failure are considered here:

• Rupture - a sudden separation through the

entire cross section of a member

• Tearing - in a skin panel, a separation that

begins at one edge and passes thro ugh the

panel toward another edge

• Fracture - extension of an existing crack or

flaw through the entire cross section of a

member , thus causing failure

Usually , structural materials will have limited ductility ,

so that p lastic deformation is possib le only up to a c r i t i ca l

strain level €~~~, at which a material failure will occur . In

the case of a structural element under tension strain through a

cross sec tion, sudden and complete failure will occur at the ulti-

4 mate , or critical , strain level. For components in which bending

dominates , failure will also be complete if constant loads and

momen ts are main tained . In a highly redundant structure , with

multip le load paths , such a component may not fail completely,

because it will be quickly relieved of all  its load by the sur

rounding structure as its stiffness drops. In any ‘~ase , comp lete

and permanen t load shedd ing will  occur.

Thus , it seems likely tha t when the ma terial fai lure strain
is reached at any point in an element or component under a con-

tinuously increasing deformation , that element will no longer be

able to carry load or absorb additional energy. This can be simu-
la ted by setting its stiffneas to zero (or numerically close to zero).

p.
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The failure is now a material failure in the brittle mode .

even though large plastic strains might have previously occurred ,

as indicated in Fig. la.

RUPTURE AND TEARING

Isotropic Materials

It will be assumed that tearing and rupture are different

manifestations of the same material failure process; that regard-

less of previous plastic strains , they are brittle failure modes.

Bri tt le fai lur e has been analyzed by several methods; thc~ most
convenient one for these purposes is the (St. Venant) maximum

princ ipal strain theory , which states that failur° occurs at a

point in an isotrop ic structure when the maximum principal ten-

sion s train equ al s the fa i lur e str ain achieved in a si mple ten-
sion test . In practice , the general application of this theory

requires that the principal strains be found in every f inite ele-

ment of the structure . However , calculations could be limited ,

if desired , to certain selected critical elements.

In general , the princ ipal strains c 1, E 2, E
3 

are the three

roots of the equation (Ref.  2 , p. 18 , for examp le)

- I ] c - 12 c - 13 
= 0 (1)

The coefficients are the three strain invariants

I = E  + E  + E  (2)1 x y z

I = 
2 

+ ~
2 

+ ,~ - (c + ~ € + € ) (3 )2 xy yz zx x y  y z  z x

I = + 2~z € E — (IT 
2 

+ . ~2 
+ , , 

2 (4)3 x y z  xy yz zx x y z  y z x z xy

4-
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where the 
~~~~~~~~~~~~~~~~~~ 

etc ., are the strain components in the local

coordinate system . The solution (see Ref. 3, for example) is then

r a ~ 2 ; 1
k 

= 2 J — (~
) cos~~ + ~~ k j , k = 1, 2 , 3 (5)

where

= arc cos I~~~a~ 
(6)

and

a = - 

~ (I~ + 312 ) ( 7 )

b = - 

~~ (2I~ + 91112 + 27 13) (8 )

Thu s , for the general state of three dimensional strain

k 
= ~ J~f~312 cos (~ + ~~ k)  , k = 1, 2 , 3 (9)

where

2I~ + 91112 + 27 13
= arc cos 

2 3/ 2  (10) a

2 ( I i + 312)

a
For most structural metals , a sufficient amount of p lasticity

will develop prior to the material failure , so that the volumetric

(dilational) strain will be small compared to the distortional

I 

(deviatoric ) s t rain .

We now have

i_ V
= + - + = I = 0 (11)V x y z 1

so that

IT = — ( + IT ) (12)z x y

6
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There for e

= ~2 + 
2 

+ 
2 

+ ~
2 
+ ~

2 
+ ~ (13)2 xy yz zx x y x y

= -€  ( 2 
+ 

2 
- IT

2 ) - IT (~ 2 + ~2 
- ~2 

~ 
+ 2€ € € (14)3 x y yz xz y x zx xy xy yz zx

2 
~~~1j~~ cos(~ +~~~ k)  , k = 1, 2 , 3 (15)

3 [~ 
1
3

= arc cos 2 3/ 2  (16)
12

At a fr ee sur face , the transverse shear strains must vanish.

Therefore , for thin surface-type structural elements , such as mem-

brane s , p lates , shear panels , and the webs and flanges of thin-

wal led s ti f feners , commonly found in air p lane s, the transverse

• shear strains can usually be neglected. Thus , for the z-axis

normal to the element surfac e , ~ = IT 0 andzx yz

I IT + T
2

+ €
2

+ E -  (17)2 xy x y x y

I = IT (~~ 
- 

2 
~ 

- .~ 

~~ 
- IT

2 ) (18)
3 x y xy y x xy

The princ ipal strains can then be found from Eq. (15) through

Eq . (18) .

For a one dimensional s t ruc tu ra l  element such as a beam or

co lumn under comb ined axial f or ce , bend ing momen ts , and torsion ,

where x is the long itud inal axis , = = = , andy z x ‘ x

~yz = 0. Note that Eq. (11) requires the effective Poisson ’ s

ratio, v , be 4 , whi ch pertains to the condition when plastic
s train is large compar ed to e las tic strai n . Then ,

7
A
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2 2 3 2
I C + C +~~ € (19)2 xy zx 4 x

I = IT ~~~ + ~
2 

+ IT2 ) (20)3 x x xy zx

The principal strains can be found from Eqs. (15), (16), (19),

and (20). For a simple axial loading element such as a stringer ,

€ = € = -4€  , and € = € = IT = 0. The normal coordinatey z x xy yz zx
strains €

x~
€
y~

€
z are now the principal strains, by definition.

Usin g the prev ious formula s, Eqs. (15), (16), and 20), we have
12 

= ~-:
2
, 13 

= and 4’ = arc cos(l) = 0. So that k 
=

~ 
cos k = i COS k ;  k = 1, 2, 3 . This give s,

• for the principal strains ,

= € cos ~ = € cos 120° = € (- cos 60°) = -4€
- - 1 x 3 x x x

€ = € cos = € cos 240 0 
= € ( cos 60 °)2 x 3 x x x

IT = IT cos 2-
~ =

3 x x

as was expected.

Thus , for isotropic bod ies the failure criterion is met

whenever

k ~f , k = 1, 2 , 3 (21)
max

S

or , defining a “mater ia l  fa i lur e funct ion ” f, failure occurs

whenever

== - €

~~~ 

� 0 (22 )
max

This function can be visualized more generally by considering a

surface in the coord inate space at a point , which surface de scribes

I

8
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the end point of the tension failure strain vector in every direc-
tion. Consider a second surface that describes the end point of
all the applied normal tension strain vectors in every direc tion .
This applied strain surface grows as the external loading or

deformation on the element increases. When the app l ied s train
sur fa ce touches the fai lure str ain surfa ce, material failure

occurs in the direction of the vector to the contact point.

The maximum tensile strain at a point in a body is always one
of the principal strains. In an isotropic body, the fa i lure s tr ain
surf ace is always a sphere , theref ore , the fa i lure w i l l  occur in
an isotropic body when the maximum principal tension strain equals

the failure strain . A single uniaxial tension test is suffic ient

to determine the failure surface in an isotropic material.

Anisotro.,pic Materials

In an anisotropic body,  the fa i lure  strain surface  is non-

spherical. Failure will occur when any point on the applied strain

surface reaches the fai lure str ain surfa ce. In this  case , the

cr i t ical  strain need not be the maximum princ ipal strain , or any

princ ipal strain .

The applied normal strain in any direction at a point is

charac terized by (see Ref. 4, p. 40, for examp le )
11

= 2’€ + + + 22 P C + 22 2 + 22 P € (23)x x  y y  z z  x y x y  y z y z  z x z x

where the 2 ,2 , P are the direction cosines from the coordinate
x y z

axes to the dire c tion of interes t as f o l lows :

(24)

~~ 
L y C05 ~ (25)

= cos ‘
~,

‘ ( 26 )
f

4-
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The angles a,~~,”y are between the direction of interest and the

three coordinate axes , x,y,z, respective ly.

For a genera l ly anisotropic material , the f ai lur e stra in sur-
face can have any shape depend ing on the material’ s internal con-

figuration. Therefore , a comp lete representat ion of its failure

characteristic s would require failure test data at sufficient

orientations in the material to construct mathematically this

s u r f ace.

However , it is possible to construc t a sim p le approximation

to the actual failure strain surface. An orthotropic material

has three mutually perpendicular planes of symmetry . The mea-

sured failure strains in the three orthotrop ic directions are de-

fined as € lf~
IT2~~ € 3 - Arbitrarily treating these three failure

strains as if they were principal strains , one can get an equation

f or the fai lur e strai n in any direction , describ ing a presumed

fa ilure sur face , i.e.

2 2 2
= m

1
€
1 + m2

€
2 

+ m 3- 3 ( 2 7 )
4 f f f

where the m 1,m2,m3 
are the direction cosines from the direction

of interest to the axes of orthotropy . This surface is not

exactly correct , except in the three directions of orthotropy ,

but is used here for convenience, It is assumed to be a reason-
‘I

able approximation on the gro unds that the three orthotrop ic

failure strains are local maxima and minima of the failure strain

-
~~~~ surfa ce , and that any smooth connection between them is a reason-

able f i r s t  approximation.

The mater ial  fa i lure  cri terion is now expressed mathemat ical ly

as

10
IA
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f E c -  €
~~~~

O (28)

where the ind ividual terms are given in Eqs. (23) and (27). Note

that  the applied normal strain € in any dir ection is given as a
funct ion of the coordina te s train s and the angles to the coor d i-
nate axes , while the failure strain € f in the s ame d irec tion is
s tated as a funct ion of the or thotrop ic fa i l ur e s trains and the
angles to the orthotropic axes. Geometrically , f is the dis-
tance between the failure surface and the app lied strain surface

in any dir ect ion at a point .

Usable Data

The question arises as to what values of C
f 

ar e to be used

in the failure criterion . DYCAST calculates the increment of dis-

placement , AL , dur ing a t ime interv al by us ing the previ ous de-
formed state as the initial shape. Therefore , the incremental

strain of any line of current length L in the structure is

= ~~~~~~ ( 29 )

The total accumulated strain at any time is

L

3L L
L=L

0
4

which approximates the true strain (also called the natural or

logarithmic strain) defined as

L

€ = 

.L 

~~ 

= Pn = Ln (1 + 
L L ~~ 

= Pn(1 + )  (31)

11
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where L~L/ L0 is the usually measured engineering s train , base d on
the ini tial length L .

Since DYCAST approximates true strains in its calculations ,

all its strain data inputs should ideally be in true s tr ain uni ts .
Thus , the true failure strain E

f is to be used in the failure

criterion and is related to the engineering failure strain (L L/L )
o f

by

L
= Pn Pn 1 + (AL/L ) (32)

0 f

Measured fa i lu re  strains from tension tes ts  are usual ly  given

as the average value of ~2L/L0 over a giv en gauge leng th L0
(for examp le , ‘ 25 per cent el onga t ion in 2 inche s ) . When the
strain is uniform over the gauge length up to failure , the stated

value can be used direc tly in the above Eq. (32). This is usually

the case for materials having little or no ductility (little or no

p lastic stra in before failure).

However , in the case of duct i le  mater ia ls  exhibi t ing s ignifi-

cant plastic strains before failure , the strain dis tribu tion in

the gauge length at fa i lure  is often very nonuniform.  The region

of highe st s train is of ten confined to a shor t band or necking
region , in which the maxim um s train is much greater than the

stated average value over the gauge length. This is essent ial ly

a p lane s tre ss phenomenon , occurring near a free surface in the

S mater ia l , and is most common in thin sections .
1 -

In some cases , the reduction of area is given at the fai lure

se ct ion. For large plas tic strains , the incompressib le ma ter ia l
assumption is valid , and the deformation takes place at constant

volume . The volume in the necked-down portion is

12
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L~AQ = L~Af 
(33)

where L ’ and L are the initial and fina l lengths of the
necked-down section and A0 and Af are the corresponding values

of the cross sectional area. Thus

L’ A
. Q (34)

0 f

and so the true local failure strain in the necked por tion becomes

L’ A
p f

= £n = ‘fl

0 f

A
- _ _ _  — 1

= ~n = ~nAO+ AA f \A J
o f

2n~ l + (~~)
f
~ 

(35)

where (~ A/A ) is the so-called “reduction in area (a negative

number less than unity) at f ailure in the necked region .

The values of average true failure strain and local true

failure strain , from Eqs. (32) and (35), are lis ted for several
structural metals in Table 1. Note that these two failure strain

values are nearly the same for low failure stra~’s (brittle metals),

indicating uniform strain at failure , and are very d i f ferent for
high failure strains (more ductile metals), indicating local
necking at failure . The local failure strain is greater than or

equal to the average failure strain , and the ratio of these two

strains is a measure of the nonuniform ity in strain dis tribu tion
in uniaxial tension tests . This ra tio is listed in the las t
column of Table 1.

13
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Theoretical predictions of elastic-p lastic strains in DYCAST
are based on the assumption of a homogeneous material , and this

app lies up to and inc lud ing the fai lure poin t . The more bri tt le

materials , with their nearly uniform strain distribution at fail- :1
ure , will follow chis assumption quite well , and their fa i l ure
test data can be used directly to calculate E

f 
by ei ther of

Eqs. (32) or (35). The elongation- to-failure method of Eq . (32)
is preferred becau -~ the measurement accuracy is better.

For the more du~-tile materials , exhib iting large nonunif orm ities
of strain in test samples , the local strain , Eq. (35), will be too

large, depend ing on measuremen ts taken en tirely from the necked re-

gion. The aver age longi tudin al strain , Eq. (32), will also over-

estimate the strain in the unnecked region , bu t by a much smaller

error. The actual error will depend on the necked length and the

average strain in the necked region . Expressed mathematically , the

error us ing the aver age longi tud inal strain at fai lure  is

€ ‘L’+€ ( L  — L )  ..

o _ ° ° 1 _ .k._ (— 36— 

L c  £ L ~~€
0 0 0  0 0

where = LL/L , the measured average strain , €
‘ and € are

the strains in the necked and unnecked portions , and L ’ and L

are the necked length and the total gauge length. If the ef fe ct ive
necking strain is twice that of the unnecked portion , and the

necked length is 10 percent of the gauge length (0 .2  in. in a

2 in. gauge length), then the error will be +10 percent. It can

be seen from Eq. (36) that the error in the average strain will

decline as the gauge leng th increases , since the necking is fixed

for a given diameter .

In conclusion , it seems that the best available procedure

would be to use the average elongation- to- failure as LL/L in

Eq. (32) to calculate the true failure strain for use in the

15
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material  failure criterion , Eqs.  (33) or (28) .  With this method ,
the e f fec t s  of local y ielding can be minimized when the average

strain data are measur ed over the largest possib le gauge leng th.
This method tends to be more compatible with the usual theories of
structural analysis , which as sume uniform strains under uniform
stress. The reduction in area method of Eq. (35) maximizes the

effect of the local yield ing and therefore wi l l  greatly overesti-

ma te the requ ired fai lure strain , and is not compatible with the

conventional continuum mechanics theory . Furthermore , since the

extent of nonuniform s t ra in  depend s on the thickness of the sample

or component , the fa i lure  strain data should ideally be taken from

samp les having the same thickness as the s t ruc tu ra l  component to be

ana lyzed.  This applies to the stress-strain curve as well , but not

as strong ly , becau se only the fin al s tages near fa i lu re  are af-
fected by nonunif orm strains.

FRACTURE

The existence of a flaw or crack of any size in a s t r u c t u r a l

member wil l  tend to reduce the e f f ec t i ve  u l t imate  s t rength  of the

member compared to the strength derived from uniaxial tests on

unflawed specimens . The more br i t t le mater ia ls , wi th  low f r a c t u r e

toughness values , may be s ignif icantly a f fec ted  by even small

flaw s whil e the more duct ile ma terials may not be a f f ected by
rela t ive ly large flaw s . The predict ion of the f ail ure condi tions
in any general structural member requires that the existing or

probable flaw or crack sizes in the member be known or assigned
arbitrarily , and that the local stress intensity at the flaw be

mon itored .

The mathema tical theory and engineering app l icat ions of frac-

ture mechan ics can be found in many reference works (see Ref. 5),

16
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and will not be discussed here . It will be suffic ient to note

that the local elastic stress components in the neighborhood of

a crack tip all have the form

= 
K f ( G ) (37)

where r ,G are the radial and angular coordinates from the crack

tip , and K is a factor that depends on the type and magnitude

of the external load , size of the flaw , and shape of the member

in the vicinity of the crack tip . The factor K then determ ines

the magnitude of the stress components for a given load and shape ,

and is termed the “stress intensity factor .”

The calculated stress intensity factors K, induced by the

app lied loads , can then be compared to their critical values K ,

also known as the fracture toughness. When any K reaches or

exceeds its critical value IK
~
, the existing flaw or crack will

become unstable , and will propagate through the member until

stopped by a crack arresting feature , or until comp le te f ailure

of the member occurs.

Three types of crack behaviors have been identified , as shown
in Fig . 2a. In general , the stress intensity factors can be ex-
pressed as

K1 
= C1~~

a ~
- (38)

K2 
= C2 

N a r (39)

K3 ’ C 3~ f a - r’ (40)

where a is a representative dimension of the crack length (as

shown in Fig . 2b , ~~, T , and r ’ are the local ambient stress

levels that  would prevail at  the s i te  if no f law were present ,
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and C is a dimensionless fac tor  depending on the type of loading ,

the existing flaw or crack shape , and the member shape.

Formulas and tables for values of C in many prac t ica l  cases

are available in the literature (for examp le , Reg. 6). For typical

aircraft construction , using thin skin panels , and stiffeners made

of thin f l ange s and webs , two types of flaws or cracks seem most

applicable. They are the interior central crack and the edge crack

in a thin p late , both comp letely through the thickness , as shown in

Fig. 2b. Approximate values of K for these two cases are given

in Table 2.

Mode III is not presented since transverse shear stresses are

negligible for thin elements and are therefore not calculated in

DYCAST.

TABLE 2 STRES S INTENSITY FACTORS

Stress Intensity Edge Crack Interior Crack
Factor

K1 
(tension ) -i 2b tan(~ a/2 b ) - 

~2b tan(rra/2b) 
-

K2 
(shear ) \2b tan (ua/2b) -r V2b tan(7ra/2b) -r

-4 -

The term 2b tan(~a/2b) in Table 2 inside the square root was

developed by Paris and Sih (Ref. 6). It differs only s 1i ghtly in
value from the commonly used expression ~a sec( a/2b), cited in

- - MIL-HDBK-5B . Chapter 9 (Ref. 7). When a/b = 0.5, ~~r examp le ,

Table 2 will produce a value of K only 5 percent smaller than
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that indicated in MIL HDBK 5B. For very small cracks , a/b -
~~ 0,

the two values of K become equal. Paris and Sih also indicate

that the K for a short crack at a free edge is about 12 per-
cent larger than that for a long edge crack or a center crack,

but this factor has been neglected.

The failure condition is then

K~~~ K (41)

where K are the measured fracture toughness values for the

ma ter ial , app lied to the three cases of Table 2. When these con-

ditions are met , the member should be assumed to have comp letely

failed. These fracture toughness values are often deçendent on

the thickness of the material, especially for the thin sections

used in aircraft. Test data have shown that the K values are
c

independent of member geometry only when p lane strain conditions

exis t , and when the p lastic zone at the crack t ip is fa r  from a

boundary. It has been estimated that these conditions require

that the dimensions be greater than approximately 50 times the

size of the plane strain p lastic zone at the crack ti,;. That is ,

the thickness , width , etc. , must exceed 2
~

5(K
c
/
~ y
)
2
~ 

where

is the yield strength of the material (Ref. 8). This is because

the plastic zone at a real crack tip must be small compared to any

dimension in the member in order for the purely elastic model of

linear fracture mechanic s to app ly accurately. Measured values

of fracture toughness taken from s u f f iciently thick test specimens
are called Plane Strain Fracture Tcughnesses , K1 and K11, and

are considered to be true material properties. They are the mini-

mum values of fracture toughness for a material.
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In the case of aircraft construc tion, the plate , stiffener ,

and beam sections are usually too thin for the p lane strain con-

ditions to apply , and their effective toughness values will often

be greater than the p lane strain fracture toughnesses for the

material. The effective values K1 and K2 are then dependent
c c

on the thickness , and care should be taken to use the K value
c

pertaining to each thickness. Using the plane strain fracture

toughness values might significantly underestimate the fracture

strength of a thin component.

In the application of this failure criterion , the arbitrary

stress state , at a point where a flaw is assumed to exist , is

calculated without the flaw , as usual. This becomes the ambient

stress state , which is presumed to be disturbed only locally by

the introduction of the flaw and its stress concentrations. The

size of the disturbed region , for thin elements , will  be larger
than the plane stress p lastic zone size , 0.15 (K!-)

2
, and

probab ly smaller than the minimum dimension recommended for frac-

ture test specimens (by the ASTM Fracture Committee Ref. 8),

2•5(Kc/~
’y)

2
~ 

It is assumed that suffic iently distant from the

f law , the amb ient stress state is not significantly disturbed.

These calculations will not apply accurately when the crack is

placed into a region where the ambient unflawed” stress state

changes greatly over the crack-disturbed region .

In plate or membrane elements , the ambient stress state must

be resolved into stresses normal to and tangential to the crack ,

corr esponding to the mode I normal stress and the mode II shear
stress. For a two dimensional stress state in a thin element ,

with the geometry shown in Fig . 3, the transformation equations

(from Mohr ’ s circle) are
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Fig. 3 Crack in a Biaxial Stress Field

- = (sin
2
~ ) 

~ 
+ (cos

2
:~) 

~ 
+ (2sin ~ cos r)T (42)

2 . 2
= (sin ~: cos r)(:

~ 
- 

~y
) +(cos ~ 

- sin ;:)rxy (43)

where - 
. 

- are the coord inate stress components , and :: is
x y xy

the angle between the crack and the x-axis. The values of the

applied elastic stress intensity factors can then be calculated ,

using Eqs. (42) and (43), and Table 2 as
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K 1 = a ~ 2b tan (~ a/2b)  [(s in2
~~ x +(cos2

~~fly +2( s in  ~ cos 
~~~~~~~~ 

(44 )

K2 
= a ~f~b tan (77a/2b) {~~in ~ cos vX~~ 

- o )  +(cos
2
~~- sin

2
~~

)T ] (45 )

where a = 1.0 f or an in terior crack , and 1.12 f or an edge crack.

The case of an arbitrarily oriented crack in a known ambient

plane stress field has now been reduced to the equivalent case of

a crack with known applied mode I and mode II stress intensities.

This so-called ‘ mixed mode” fracture has been recently given some

attention , wi th useful res ults.

The concept that a crack will tend to propagate in a rad ial

direc tion from the crack tip along which the elastic strain energy
density is a min imum , and crack extension in that direction will

occur when that local minimum strain energy density equals or ex-

ceeds the critical value was introduced by Sih (Ref. 9). This

fracture criterion can be stated as

2
1 - * *(3 4v cos ~ ) ( l + cos S )

4 4

+ (1- 2v)/(l- v -
~~~ ) I  sin *

( ~~~ 1+ 2v)1
~~~~~f~~~~j

+ (1 2~-)/(1 v 
~ ) J !(1 ~-)(l cos 6

W ’

)

+ (l+cos ~~C
) (3  cos ~~~ l)

JJ~~~~
1 

‘ (1- 2’:)
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where v is Poisson t s ratio and 0 is the angle measured f r om
*a forward extension of the crack l ine . The angle & = 6’ mini-

mizes the left hand side of Eq. (46), and is the angle of poten-

tial crack extension (8” 
= 0 is a colinear extension). An

additional and essential condition , exp lained by Swedlow (Ref .  10)
*

that must be applied is that c~(~ ) - . 0. That is, the hoop

stress component normal to the potential  crack extension direc-

tion mus t be tensile . This last condition leads to the expression

cos ~~~+ cos

C i  (47)

- 3[~ (1- 2 v )/~ l- v- ~~ 
t sin ~~~+ sin 

t-1 
- 
0

Equations (46) and (47) were numerically evaluated for this re-

port using a digital computer. These minimum stra in energy theory

results are displayed graphically as interaction curves of K1/K 1
versus K2/K2 

for various values of in Fig. 4. 
c

C

Note that the curves vary with Poisson’ s ratio. It can be j
found from Eqs. (46) and (47), when K1 and 

~2 
are app lied

separately (Ref. 9), that theoretically

1K2 
~2

.~~.....Ll-2-) (48)

I ci (1- ‘:~~~~~~)

- 

1 Therefore

K K K,, - K
= ...2&. = I ~ il ~~Z ~ ._2~._ (49)

C c c 
~ 

(1 — v - j_
1 c

I
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Use of K2 /K 1 instead of K2 /K 2 may prove mor e convenient in

applications , since K2 data are not as commonly availab le as

K 1 data .
C

An ear l ier theoretical mixed-mode f racture  criterion , from

Erdogan and Sih (Ref. 11), states that a crack will tend to propa-

gate in the radial direction from its tip along which the circum-
ferential stre ss , -‘ ,, is a maximum , and crack extension in that

direction will occur when that circumferential stress equals or

exceeds the critical value . This fracture criterion can then be

expressed , incorporating Eq. (49), as

*1 ,
~ cos + cos 

~~
) 

~1 (50)

- (1- 2-.’)/(l- v (sin ~~ + sin ~~1

where t~
-
” minimizes the left hand side of Eq. (50). This cri-

terion was also evaluated for this report for various combinations

of K1/K 1 and K2/K 2 . However , the resulting interaction

curves do
C
not , in gene~ al , intersect the po int K2 

= K2 when

K1 
= 0, which condition is theoretically required by t~e defini-

tion of K2 . Only one curve does so, f or which ~ = 0.354, and

this curve ~s plotted in Fig. 4. Note that this particular value

of Poi sson ’ s ratio is at the upper limit of the range 0.29 ~ ç 0.35,

per taining to mos t struc tural metal s. The corresponding intera c-
tion curve for the lower limit of v = 0.29 , a typical value for

steels , has the K2/K2
~ 

values uniformly reduced by 17 percent.

For ~ = 0.33 , a typical value for alum inum , the reduc tion of
values is only 5 percent , compared to the curve shown.

p
. c

4.
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An older theoretical mixed-mode criterion is an extension of

the classical Griffith-Irwin theory (Ref. 12), that assumes the

crack will always tend to extend in its current direct ion (e*= 0),

regardless of the rela tive value s of K1 and K2, and the energy
release rates of the two modes calculated separately can then be

merely added algebraically . The mixed-mode fracture criterion is

then

K 
2

+ 
K2 

2 

1 51K1 
1(
1 

(
C C

Using Eq. (49), this becomes

2 21.. 3 (l-2v) ._2_. 2
K1 ~~2 V

2
’\ 

K
2 

— 
( )

C (1- 7
~~~j) C

This criterion also generally fai ls  to sat isfy the requir emen t

that K
2 

= K2 when K
1 

= 0, exce~.t for ~ = 0 .268 , for which

K2 
= K1 . The interaction curve for this particular value of

4 C C
Poisson ’ s ratio is plotted in Fig. 4. For v = 0.29 , the values

of K2/K2 are 14 percent larger than shown in the curve , making

this curve less conservative for the practical values of v.

Among the theories discussed , only the modified minimum ~ energy
p 

*c r i t e r ion  sa t i s f ies  the theoretical condi t ions of var iab le  8

and K2 1(2~ 
when K1 = 0.

Finally, two emp irical intera ct ion formulas were examined.
Wu (Ref. 13) has reported the interaction formula

K K 2

— +  1
K K A. (53)
1 2

C C

27

~~~
,
- -~~~~~ ‘r —~ ~~

—- 
~~~~~~~~~~~~ -~~ -- - - c - =-~~~ ~~~~~~~~~~~ — — -~~~~-~ -~~ ,c -~~~~~~~~~~~~ ~~ ~~~~~~ 

-
~~~~~~~~~~~ -~~ -‘ —- —- —-- -

-

— —-
~~~~~~~~~~~ 

-
~~~~~~~~~~ --



—=—~ - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - -—— ~~~~~~~~ - -~~~ -~~~ — --—-—-;..____------- —
~~~~~~~

-—- - —
~~ 

—- -----—--— :-::_,~.~_.--- 
— —

based on test data with orthotropic materials such as wood and

gl ass fiber reinf orced plastic . His Curve ~ S plotted in Fig. 4

and falls close to the special case of the maximum hoop stress

theory for v = 0.354, and is somewhat conservative compared to

the minimum strain energy curves.

Palaniswamy and Knauss (Ref. 14) extended the Griffith theory

without the restriction of colinear ( - - “ = 0) crack extension.

They assumed that the crack would tend to extend in a direction

for which the energy release rate was a maximum , and crack exten-

sion v&uld begin when that energy release rate equaled the crack

sur fa ce formation energy . Their numerical so lutions agreed well
with their test results on a very brittle isotropic (swollen poly-

urethane elastomer) material , and led them to propose the interac-

tion formula

2

~
— + -

~~j~
—— 1 (54)

1 1 2
C I C

which , in effect , reduces all the allowable values of K
2 

from

Eq. (53) by 18 percent. This formula fails to give K = K2
at K1 

= 0, for any Poisson ratios and therefore Eq. (54) is

not p lotted in Fig. 4.

At this point it should be mentioned , as ind icated by Swedlow
(Ref. 10), that both the minimum stra in energy density theory and

the maximum hoop stress theory indicate weak tendencie s toward
their predicted values. Tha t is , in many mixed-mode Cases , the

varia tion of induced strain energy dens ity or hoop stre ss is of ten
small near the crack tip , so that there will be a tendency for

small local variations in material properties to alter the crack

direction and induce scatter in the measured data. Therefore , small
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differences between various theoretical predictions should not be

important.

In conclusion , it appears that the empirical interaction curve

of Eq. (53) would be the best choice at present , because it is a

simple formula that is moderately conservative compared to the modi-

fied m inimum strain energy theory. This phenomenon is the object
of considerable study among engineering researchers and further

c lar i f ications should be availab le in the next f ew years.

The equations shown here do not apply when the crack is in a re-

gion of gross plasticity induced by the external loads. However , in

that case , the critical condition for the element failure ’ wil l  proba-
bly be ductile rupture/tearing or plastic collapse and not fracture.

In a highly redundant structure with multip le load paths , an element

with a flaw or crack will either fail by fracture or yield plastically ,

but probably not both. Both fracture and rupture/tearing f ailures
cause comp lete shedding of load , while gross plasticity causes shedding

of addi tional load to the surrounding elemen ts .

For exam ple , a thin skin pane l sec tion of wi dth 2b = 10 in.
in uniaxial tension has a presumed flaw or crack transverse to the

app lied stress of length 2a = 0.10 in. The material has a

(0.2 percent offset) yield strength of 100 ksi and a mode I

fracture toughness , measured for its particular thickness , of

k1 = 30 ksi in. The critical level of applied stress is cal-

cul ated fr om Table 2 , as

0cr 
= K1 ! ~T2b tan (ira/2b) 

- 200 ksi tension

This value is twice the yield streng th and wil l  not be reached in
any redundant structure containing this component. The component

will  become grossly p las tic firs t , losing most of its initial stiff-

ness and dumping any additional load into adjacent stiffer (less

29
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plastic) structural components. Thus , although the fracture analy-

sis was not applicable in this case , it was not needed either , since

gross yielding was the critical condition . If the presumed crack

was sufficiently longer , or the 
~1 

smaller , or the yield strength

larger , then the critical stress fo~ fracture wou ld have been in the

elastic range. The formula in Table 2 would have then been app li-

cable , and the element(s) containing the crack would have ‘failed”

by fracture . These elements would then have been completely re-
moved from the load path by reduc ing their stiffness to zero , dump-

ing all their load into adjacent elements .

CONNECTION FAILURES

The bebavior of connections and joints dur ing large plastic

deformation m ight have a significant effect upon the gross deforma-

tions and energy absorption of the entire structure. Strong , rigid

joints will probably cause plastic hinges to be formed in the

adjacent elements , when the loads and deformations are sufficiently

large. On the other hand , ductile joint fittings may themselves

account for a significant amount of energy dissipation and deforma-

tion . In any case , complete joint failure will have a great effect

on the local load distribution . Future app lications of the theory

and comparison with test data should determine the real importance

of joint behavior in a crash or crush event.

In the conventional structural analysis , idealized perfect

joints are assumed to be present. These perfect joints are points

(nodes) in the structure , rigidly connecting two or more com ponents ,

such that certain specified relative deformations between the com-

ponents are completely res trained whil e tran sferr ing unlim ited load s .
However , real joints can have the following characteristics:
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• Slip - deformat ion  at zero load

• Elastic~ity - small recoverable deformation under load

• Yield - large nonrecoverable deformation under load

• Failure - comp lete load loss followed by f r ee

deformations

Sli p is not usual in aircraft construction , but is possible in

poorly made joints or in special cases of initially soft ’ joints.

Elastic deformation of the Connection fittings is usually small

relative to the total structural deformation. Yield rotations

at joints should have a noticeab le effect on the structure , but

tension and shear yielding could also be a factor. Every real

joint will have a failure load , or critical combination of load

components.

Consider first the re lationship between any one component of

relative motion at a joint and its correspond ing load component ,

assuming that no other loads are imposed. This is a joint having

restraint in only one degree-of- freedom . Three types of joint be-

havior are defined for the joint failure criteria. They are shown

schematically in Fig . 5 and are:

• Type 1 Rigid unbreakable joint. No deformation ,

unlimited load capacity, no energy absorbed.

• Type 2 - Rigid breakable joint. No deformation up

to failure load , followed by comp lete sudden loss

of load , then no resistance to deformation . No

energy ab sorbed . Spec i fy onl y failure load as in-

put.
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a) Type 1 - Rigid , Unbreakab le
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b) Type 2 - Ri gid , Breakable

FAILURE

a~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

c) Type 3 - General

Fig. 5 Joint Behavior Characteristics
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• Type 3 - Deformab le breakable joint. Can have

slip , elasticity , yielding , and failure . Specify

load deformation curve up to the failure point.

When both the failure load and failure deforma-

tion have been reached or exceeded , the load drops

to zero suddenly at constant deformation , followed

by no resistance to deformation . Finite energy

absorbed.

In the finite element method used in DYCAST , the loads are

calculated only at nodal points. Therefore , the idealization

should be arranged such that nodal points are at all the connections

to be monitored. At those connection points double nodes should be

used , one node on each of the connected elements , at the same loca-

tion in the structure . This will allow relative disp lacements and

• rotation s between the nodes to be treated in the incremental ecjua-

t ions ~‘f motion .

Rigid Breakable Joint

For this type of joint , the two coinc ident nodal points on the

attached elements are effectively tied together until a failure

c ondition i- met or exceeded. That is , certain components of motion

of one node of the pair are made effectively equal to those of the

other node. However , when the critical load is reached , the nodal

loads across the joint are reduced to zero , and those motion com-

ponents of the two nodes are made effective ly independent for sub-

sequent time increments.

This might be implemented in the program in two ways. In the

method of variable constraints , the restrained degrees-of- freedom

(D OF ’ s) for one node of the pair can be initially set ecual to those

of the other node. When the failure condition is met , those previously
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dependent DOF ’ s would be made independent and added to the solution

variables.  This procedure involves relaxing the restraint cond i-

tions on some of the nodes, thereby increasing the number of solu-

tion variables , in the middle of the prob lem . The load components

in the direction of failure could be reduced to zero (unloaded)

over a few time steps preceding the change , to reduce numerical

difficulties.

In the method of vari~ b1e stiffness , the coincident nodes would

have independent DOF ’ s dur ing the entire prob lem , with the nodes

connected by springs having infinite (or very large) stiffness com-

ponents prior to failure . At failure , certain stiffness components

are reduced to zero (or made very small). In this way , the total

number of DOF t s would remain constant throughout the analys i s .

This is a spec ial case of the treatment of a Type 3 (deformable)

joint , described later. The stiffness could be reduced over several

time steps , if necessary . to reduce numerical problems.

It seems that the latter method of imp lementing the failure

would be better on the grounds that the number of solution varia-

bles would remain constant , and that the behavior of both types of

breakable joints are formula ted in the same way .

The simp lest connection failure criterion is one in which com-

p lete joint failure will occur when any one load component reaches

its known failure level. This noninteractive joint failure cri-

terion is expressed as

P .
__J.._ 1
i
f

where P. is any applied load or moment component and Pj is

the corresponding failure level of the joint when that com~onent

is app lied alone .
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However , the crit ical value of one load component is of ten

reduced when other components are applied.  In general , fa i lure

of fasteners under comb ined loads has been characterized by in-

teraction equations of the type

n,., n
-I. p P3
+ ~~~

— + ~~~
— + ... - 1 (56)

l~

where the values of n~ depend on the particular app lication.

Some connections have as many as six simultaneously applied load

and moment components.

In the particular case of transverse shear load S and axial

tension T, failure of fasteners has been characterized by the

interaction equation

2 2
~~~~~~ + ‘- ~-— - 1  57\S
f
) \

~Tf 
—

-

or more accurately, according to Ref. 7, Chapter 8, by the emp iri-

cal equation

(58)

These two equations are p lotted in Fig. 6. Equation (57) is

up to 17 percent more conservative (smaller allowable load com-

ponents) than Eq. (58) for linear elastic cases. Other interaction

formulas are in use with larger exponents , but are less conserva-

tive than Eq. (58). As the exponents approach infinity , the two

loads become independent , and the failure condition is

‘59S ‘ ‘ T~~~ 
‘
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Fig. 6 Failure Curves for Two Combined Loads
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as shown by the limiting “square curve ” in Fig. 6. This is the

uncoupled failure criteria of Eq. (55), applied to a two degree-

of-freedom restrained joint. This criterion might be easier to

use than the others , but it is always nonconserva tive . For non-
linear structural behavior the loads do not necessarily follow
any fixed ratio , and the failure point using Eq. (59) can be at

much greater loads than allowed by Eq. (58). This is shown in

Fig. 6 by the dashed load path for an unusual , but possible , non-

linear case.

Extending Eq. (57) to the general case of a six degree-of-

freedom res trained joint , it seem s tha t an int eraction formula
of the type

6 2

~~~ 
j~’ -

- 1 (60)
i=l 1f

might be a useful approximation for a conservative failure cri-

L ten on. On the other hand , Eq. (55) would probably be the upper

+ 
bound on failure. Both of these could be incorporated into DYCAST ,

with Eq. (60) to be used automatically unless Eq. (55) was speci-

n ed.

For line joints and seams (rivet lines , bolt lines, spot

welds , seam we lds , and adhesive bond lines), the failure criteria

can be used by replac ing the point loads P~ by ~~ the loads
per uni t length. For dis crete fa stene: linear joints such as
rivet , bolt , and spot weld lines, the fa i lu re  load s per uni t leng th

could be compu ted by dividing the unit fastener failure load (as
given in Ref .  7 , Chapter 8 , for examp le) by the fastener spac ing.
In some cases , the use of d iscrete fas tener s wil l  redu ce the local
tension strength of the parent sheet material because of the holes ,
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and this should be taken into account . Reference 7 gives such in-
forma tion for spot weld s.

In the app lication of the joint failure criterion , doub le nodes

are required for each element pair to be separated. An example of a
stringer attached to a skin panel is shown in Fig. 7. Pr ior to

fai lure , there are ten elements (eight membrane triangles and two

stringer elements) connected to a single node point , as in Fig. 7a.

Two failure modes at the same point are permitted in this example ,

s ince the stringer can tear away from both skin panels separately.
Thu s , as shown in Fig . 7b . three initially coinc ident nodes would
be required , node A connecting the left set of membrane triangles ,

node C connecting the right set , and node B for the stringer ele-

ments. Since the membrane elements permit only in-p lane loads , the

membrane load components (in the stringer ’ s local coordinate system)

are tension and shear at nodes A and C. The failure c:iterion

Eq. (60) reduces to the two component version Eq. (57), and can be

app lied separately for each of the node pairs AB and BC. Note that

= p~ and = 0 for this particular example because the

$ stringer carries no transverse loads. However , Py ~ 
P , so that

failure of the left and right node pairs can occur at differen t

times. Specifically, after one side fails , = pc 
= 0, and then

the other side can fail in shear alone.

If the joint fai lure is to be handled by the variable s t i f f n e s s

method , the three nodes would be separately specified at the start.

The four stiffness components connecting the node pa irs (one tension

and one shear per node pair), must be also initially specified. Only

the extensional “springs” for nodes AB and BC are shown in Fig . 7.

These stiffness componen ts are initially set very large to rigidize
the joint connections in the extension and shear modes. After
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a) Typical Multiple Element Joint (Pre - Failure )
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b) Admissible Post-Failure Deformations

Fig. 7 Skin . Stringer Joint Failure Model
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fai lure , these stiffness components are reduced to zero (or nearly

zero), allowing free motions of the specified disp lacement com-

ponents.

Note that no fa i lure  is permit ted for the other e lement com-

binations among the ten elements , because the necessary separate

nodes and nodal stiffness components were not specified.

In the case of joints between the beam and plate elements ,

which permit moments and out-of-plane forces at the nodes , the

failure specifi-~ations are similar but with more stiffness compo-

nents per node. For the beam element , there are six components

per node , and five for the plate element. The four element types

in DYCAST , their nodal load components , and their interactive

f ailure cri teria are given in Fig. 8.

In general , the failure load components at a joint will be de-
term ined experimentally or calculated from known test data (Ref. 7,

Chapter 8, for example), conveniently oriented with respect to the

joint geometry . The joint failure component directions will not

always coincide with either the local element coordinate system or

the global coordina te sy stem , in which tbe load components are cal-

culated. Therefore, provision must be made to either transform the

failure components into the global coordinate system for the app lica-
tion of the joint failure criteria , or to transf orm the load com-

ponents into the failure component directions .

~ eformpble Joints

This type of joint has the character of a structural element ,

since it carries load while permitting deformation between connection

points. It is a special element in that it has no finite dimensions,

since the two nodes it connects in the structure are at a single
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Fig. 8 Nodal Load Components and Joint Failure Criteria
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geometric point . Furthermore , its variable stiffnesses do not

have to be calculated as in the usual finite element , but are in-

put as data .  This jo in t  element is therefore similar to a beam /
spring element used in the traditional lumped mass-spring models ,

b u t  with zero length.

The recommended procedure for a deformable joint would be to

input a table of load and def lec t ion  value s descr ibing a linear-

segmented curve such as in Fig. 5c , with one such curve for each

restrained deformation component , to be used in forming the in-

stantaneous stiffness ma trix for that joint element. The joint

deformation then becomes a special elastic-p lastic element , whose

stiffness can be simply extracted from the input data. instead of

being calculated by integration over the element volume , as in the

normal finite element.

The deformable joint permits various behaviors to be repre-

sented as in Fig . Sc. The solid curve shows an ex ;ected input ,

with initial rigidity to point a. followed by progressive loss

of stiffness to the failure point. Shown by the dashed curves

are cases with initial elasticity to point b , and initial slippage

to point c. Flat (zero stiffness) load deformation segments should

be permitted as shown , but negatively sloped segments should not ,

because of instability problems.

This deformab le joint requires that the joint stiffness com-

ponents and deformation com ponents be added to the problem formula-

tion from the start. Each node of the connected pair will then have

its own set of displacements , rotations , forces , and moments. The

nodal loads will have to be trans formed into vector components that

are compatible with  the speci f ied  c r i t i c a l  load vector for  the ele-

m e n t .  These load s are shown in Fig . 8 for the four  e lement tyk es

used in DYCAST. The maximum number of loads specified for any joint

node is six .
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The most general pair of joint nodes would then have 12 re-

strained degrees-of- fr.~edom associated with it. These are the

three displacements and three rotations for each node of the pair .

There are then six components of relative motion that are related

in some way to the six corresponding components of load (three

forces and three moments). In a completely coup led joint there

would then be 36 variable stiffness functions between all the

load and relative motion components of which only 21 would be

independent. If we admit for consideration only the direct rela-

tions between a particular relative motion component and its cor-

responding load component , neglecting the coup ling between dif-

ferent component directions , there remains only six load-motion

functions. For example , longitud inal force versus relative long i-

tud inal disp lacement , and torque versus relative rotation about

the longitud inal axis are allowed , bu t force versus ro tat ion or

torque versus longitudinal displacemen t are not allowed.

This elim in;.tion of coup ling or interaction at the joints is

probably a gross simplification of the actual joint behavior , but

is considered necessary for a first step prac tical attempt to in-

corporate a joint deformation mode l into the structural code . The

uncoup led joint model also allows simp ler tests to determ ine stiff-

ness functions. A coup led nonlinear deformation model prevents

simplified tests , since the ratio of the various load components

woul d vary depending upon the particular crash conditions , and

could not be determined beforehand .

The static incremental load-deformation behavior of the joint

is then simply charac te r ized  by a variable diagonal stiffness matrix

K , where

F .  = K . .‘U . i = 1, 2 6 (61)
i ii 1 -
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where F. are the nodal load components , U .  = U. - U~ are
1 1 2 1

relative nodal deformation components (Ui ,  Uj are the absolute

deformation components of nodes 1 and 2 of the joint pair), and
the stiffness components 

~~~ 
are the current slopes of the in-

dividual load components versus deformation component curves , that

were input as in Fig. Sc. Equation (61) is shown in its simplest

f orm , corresponding to the most convenient local coordinate system

at the joint. A transformation into the global coordinate system

would be done to incorporate the joint deformation into the solu-

tion .

Some joints will  not requir e all six s t i f fness  components.

For exam p le , a shear p in , bolt , or wing p ivot f i tt ing wil l allow
free rotations about one axis (neglecting friction), leaving five
nonzero stiffness components. But the two shear stiffnesses in

the plane of rotation will probably be equal , as well as the two
bend ing stiffnesses transverse to tha t plane; this leaves only three
independent stiffness coef f icien ts , axial tension , in-plane shear ,

and transverse bend ing. Any stiffness component may arbitrarily be

made very large to effectively eliminate a joint deformation com-

ponent. Likewise , the correspond ing failure load componen t can be
made very large to eliminate its failure mode .

Other joints will not admit all six components because the con-

nected elements do not permit six load components per node. In DYCAST

only the beam element has all six components per node , as shown in
Fig . 8.

In the case of linear deformable joints such as rivet lines ,

bolt lines , welds , adhesive bond lines , etc., the behavior is most

conveniently described by p lo tt ing the dis tribu ted load com ponen t

N
~ 

(load per unit length) versus the deformation component U,,, in

44



the same manner as in Fig. 5c. This form is the most mean ingfu l

for display ing test data. The incremental load-deformation equa-

tion is then

AN. = k . .~-U . (62)
1 11 1

where k~~. is the current distributed stiffness component of the
ii

joint in load per unit deformation per unit length , equal to the

current slope of the N. versus U. input data curve.

The program requires that a unique relationship between the

nodal forces and deformation components be established , so that

Eq. (62) must be transformed into the form of Eq. (61). An equiva-

lent set of nodal forces must be devised , with an effective nodal

stiffness K.. calculated from the distributed stiffness k
ii 11

One arbitrary way would be to assume that the forces at a given node

are uniformly distributed along the joint line from a point halfway

to the node on one side to a point halfway to the node on the other

side , as shown in Fig. 9. The concentrated and distributed nodal

forces are then related by

-N = 2F /(d + d ) (63)n n n—l n

where n indicates a special internal node number sequence of the

linear join t , from node 1 to node N , and dn is the nodal spac ing.

For a noncontinuous or “finite ” joint that starts and ends at

different points , the end loads can be obtained from Eq. (63) by

setting d0 
= d 1 and d

N 
= dN_l . This is equivalent to creating

fake segments outside the end no”es , equal in length to the end

stgments. In the case of an “end less ” joint line , such as a com-

plete circumferential join t around the fuselage at a frame , the

starting and ending node will be the same . Across the common start-

finish node , at n = 1, set d0 
= d

N in Eq. (63).
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Now Eqs. (62) and (63) result in

F. = ~(d + d )k.. AU. = K .. /U . (64)in i-i— i n ii in ii 1~fln n

for the component index i = 1, 2 , . . . , 6 and tie node index

n = 1 , 2~~ .. , N. Thus , the current effective nodal stiffness

componen t 
~~~ 

is
n

K.. ~(d + d )k. . (65)
ii - - n-l n iin n

Equat ion (65) permits the line joint to be treated as an equivalent

set of nodal joints us ing Eq. (61).

The different treatment between an endless and a finite

joint line could be handled at the input. The node numbers com-

prising the joint should be entered in their proper sequentia l

order as they appear along the joint. The endless joint line will

have the same first and last node number. The values of d can

be calculated from the input coordinates of adjacent nodes. Then ,

Eq. (65) will be used with d
0 

= d
N 

when n = 1. The finite joint
$ line will have different end node numbers , and then Eq. (65) will

be used with d = d 1 and dN 
= dN l .

The failure of the deformable joint might be treated by merely

assum ing that failure occurs when any one relative deformation

component reaches or exceeds its failure value . This would be

analogous to the noninteractive failure criterion of Eq. (55),

which can overpredict the failure point under combined loads.

A more cunsistent approach would be to require that the last

load value of the input load-deformati on curve be the failure

load value for that component. Then the same failure criteria ,

Eq. (60) and Fig . 8, can be used as in the rigid breakab le
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joint , described previously. In the case of a failure that occurs

after a flat load deflection segment (solid curve in Fig. 5c), an

artific ial , very short segment with a small final load increase

would define a unique failure point, without a significant loss of

accuracy.

As before , all the stiffness - omponents of the failed joint

would be reduced to zero (or very small values) when its failure

criterion was satisfied. The sudden change in some stiffness com-

ponents will induce transient dynamic effects (stress waves , vibra-

tions) that may affect the numerical operations (requiring a smaller

time step during the transient) and the stability of the structure .

Changing the stiffness values over several time steps m ight reduce

these transient effects.

I,
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3. DEFORMAT ION FAILU RE S

PLASTIC COLLAPSE

Failure modes involving purely p lastic collapse of structural

members are automatically incorporated into the calculations . Con-

sider a hypothetical material possessing unlimited ductility with

no failure point. As the stress increases , the strain can eventua lly

increase without limit. Structural components or elements made of

such materials will develop one of the load deformation curves shown

in Fig . 10 , having potentially unlimited deformation and energy dis-

sipation . As the plastic regions in a member grow in size , the ef-

fective stiffness of the member will eventually be reduced , and each

load increment will produce a greater deformation increment than be-

fore. A point may be reached in which the effective stiffness equals

D

C

p A

B

Fig. 10 Plastic Collapse Characteristics
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or is suffic iently close to zero (horizontal tangent). A plastic

collapse wi l l  then occur , in which the deformation proceeds at con-

stant or reduc ing load , on curves A or B , depend ing on the load and

deformation constraints on the member. On curve C the stiffness

has not vanished , but become s suffic iently small so as to be arb i-

trarily considered a plastic collapse state. On curve D the stiff-

ness was initially reduced by one deformation mode (plastic bend ing ,

for exam p le), then increased at large deformations (by in-plane

stretching , for example), until finally collapse occurs when a suf-

ficient volume of the element becomes highly plastic .

In any case , large amounts of energy may be absorbed by the

component after reaching the peak load . Real structural materials

do not exhibit unlimited ductility , but will suffer a material

failure at some point that will limit the total energy absorption.

The effects of material failure and the failure criteria were dis-

cussed previously (Section 2).

In~ luded in the category of plastic collapse is plastic buck-

ling , in which gross plasticity appears, followed by steadily in-

creasing deformation , approaching a condition of zero stiffness at

or near some theoretically predictable instability load. This be-

havior exhibits the same characteristics as curves A , B , or C in

c. Fig . 10 , and is therefore included as part of the elastic-p lastic

analysis .  No spec ial calcula tion of an instability state is re
quired in this case.

ELASTIC BUCKLING

This type of behavior is character ized by a sudden , ‘ snap-

through” change from one deformation state to another. Mathemati-

cally ,  this has been termed “b i fu rca t ion ’ i ns tab i l i ty  because of

the existence of two distinct equilibrium deformation states at
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the same load . The buckled state has a subsequent load deformation

path that requires less energy , with lower stiffness and greater

deformation , than the initial unbuckled shape.

This type of instability is different from p lastic and pro-

gressive collapse in the presence of large initial imperfections ,

or transverse loading, in which deformations increase steadily at

ever increasing rates. These latter cases are calculated by the

existing plasticity and geometric nonlinearity features in the code.

The sudden elastic buckling of components is not now calculated

in DYCAST for the stringer and membrane triangle element , because the

bifurcation mechanism is not incorporated in these elements. For

example, in the case of a stringer element under compression , the

only deformation accounted for is axial compression . Since buckling

takes p lace in the transverse direct ion involving bending stiffness ,

- . this instability mode will not be considered in the existing analy-

sis . The same argument applies for the transverse buckling of
panels composed of membrane triang le elements.

Buckling can be calculated using beam and plate elements , which

contain transverse deformation components and bending rigidities.

However , these elements require many more degrees-of- freedom , and

it would be proh ibitive ly expensive to analyze an airp lane structure
— by rep lacing all the membrane skins and str inger s wi th plates and

- 
- - beam s, just to account for buckling that might not occur .

At this point in the development and app lication of DYCAST , it

seems more reasonable to select in advance a liniited number of compo-

nen ts or subassemb lies l ikely to buckle elastically , and to give them
special treatment. This treatment could be to use all bending- type

elements (beams and plates) for these components. Another method

would be to use all membrane elements , calcula ting buckling loads in
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advance , dec id ing when bu ckling ha s occurred , and arb itrari ly assign-
ing a post-buckle behavior .

The latter method will require interaction formulas  for buck-

ling under comb ined loads. The configurations of the components or

subassemb lies are too varied , covering stiffened and unstiffened

panels , orthotropic panels , honeycomb sandwich panels , etc ., to be

explicitly listed here. Many cases have been theoretically and ex-

perimentally researched , and their buckling interaction curves ap-

pear in the open literature . A particular important case of inter-

est in DYCAST is the rectangular panel under biaxial compression

and shear loads . The buckling condition for an unstiffened iso-

trop ic p late in that case is

N N N 2
xY 66

X
f 

xyf

where N , N , and N are the applied values of the two com-
X y xy

pressive loads and the shear load per unit wid th , and the subscript

f indicates the failure value when any component is app lied alone .

This formula is sometimes used in cases of stiffened , orthotropic ,

and sandwich p lates. Although not correct for these nonisotrop ic

cases , the formula is usually conservative (see Ref. 7, Chapter 1,
for example). In any case , three buckling loads mus t be calcula ted
for each structural component or assembly of components to be moni-
tored for buckling , and this can become a lengthy process.

After buckling occurs, a post-buckling behavior must be speci-

fied. Typical post-buckling actions are sketched in Fig. 11. The

drop-off in load that is typical of some deep ly curved p lates and
shells can vary greatly from 90 percent for an unst i f fened iso-

trop ic thin cy linder under axial compression , to almost nothing for
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DEF L E C T f ON

Fi g. 11 Post-Buckling Characteristics

cer ta in highly orthotropic , or strongly stiffened shells.  Mos t ap-
plications for aircraft structures will be for the flat or nearly

$ 
flat plate or panel structures that behave as either plates (with

side support) or wide columns (no side support). Many stiffened

panels show an increase in load carrying ability after initial buck-

ling of the skin because the stiffeners and adjacent skin do not

buckle bu t deform p lastically at higher loads . In cases of general

instability , where the stiffeners and sheet buckle together , a col-

lapse condition can develop with a near ly flat load-deflection curve

as for the column .

Thus , for most aircraft applications , a reasonab ly conservative
post-buckling model would hold the loads fixed at the buckling values,

while allowing unres trained deform ation. The stiffness of the buckled
elements or group of elements would be reduced to very small values in

the incremental equa tions.

4.
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It should be recognized that the incorporation of elastic buck-

l ing into the crash analysis will exac t a high price in either com-

puter time (if bend ing elements are used) or in human time (if the

buckling criteria are to be input). At this point, there is not

suff ic ient evidence concerning the importanc e of elastic buckling

in crash analysis to justify this effort.

54

I;

-- _ - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
k-

~
-

~ ~~~~~~~~~~~~~~~~~~~~~~~~~ !~~~~~~ ~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~
— -----

~
-- - - 

,
.- 

--~~ -- -~~~~~~~~~~~~



- -_ ---_— --_ 
—.-—-_-— 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —
~~~~~~

- - -: -— -

4. INTEGRATION INT O PROGRAM

The computational flow of DYCAST is out l ined in Fig. 12. As

the structure deforms, the element stiffnesses are altered to ac-

count for softening of the material due to plasticity (material

nonlinearity), and for decreases or increases in the element’ s mem-

brane and bending stiffnesses due to large deformations (geometric

nonlinearity). Geometric nonlinearity is also accounted for at the

global s t i f fness  level , when the s t ruc tu re  is placed in its new de-

formed shaoe for the next time increment, thus accounting for de-

formations that are large compared to the structural dimensions.

The deformation of joints is treatable as a simple type of

plasticity which reduces the stiffness of the joint springs.

Sinc e the fa i lures described in this repor t will  a f fec t the
s t ruc ture  by altering the element stiffnesses , they can be hand led

in the same way as the existing stiffness changes due to geometric

nonl ineari ty. Thus , the fai lure mode anal ysis is shown in Fig . 12
at the element st iffness level.

The special case of comp lete separation of a s t ruc tura l  sub-

assembly (wings , tail , etc.) will occur when all of the elements

or nodes attaching it to the main structure have failed. This

should be handled by stating the critical set of nodes or elements
as input , and when an entire set has failed , the job should stop.

The user can then examine the da ta , and can restar t the analysis
at the point of separation , eliminating the nodes and elements of

the separated subassemb ly from the subsequent calculations by the

proper input instructions .
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Fig. 12 Integration of Failure Modes into DYCAST Flow
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