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ABSTRACT

The purpose of this work is to develop a theoretical anal-
ysis of unsteady processes in solid propellant combustion, par-
ticularly combustion stability and extinction by rapid depres-
surization. The interest in understanding combustion stability
stems from the fact that it may lead to inefficient operation
in rocket motors. Extinction by depressurization is of interest
in order to design rocket engines for space application with
stop-restart capability.

It is assumed that the solid decomposes at its surface by
a pyrolysis law, and the gaseous decomposition products react
exothermically following an Arrhenius law, The nondimensiocnal
activation energy of the gas phase reaction is considered to
be large so that the reaction takes place. in a thin zone where
the temperature is close to the flame temperature,

The gas phase is assumed to be quasisteady and under this
condition the equations in the gas phase are solved in the limit
of high activation energies yielding conditions for the burning
rate and heat flux to the solid, 'The analysis of the energy equa-
tion in the condensed phase shows that the characteristic res-
ponse time of the solid to gas phase perturbations is large com-
pared to the characteristic residence time in the heat-up zone
of the solid, their ratio being of the order of the nondimensio-
nal activation energy of the pyrolysis law there is always uns-
table behaviour. For the stable case the dynamic extinction pro-
blem is being presently investigated, Preliminary results seem
to give an extinction criteria for step-like pressure changes,

Future work will include heat losses and will calculate
higher order terms in the high activation energy limit., Possi-
ble retention of unsteady effeg¢ts in ihe gas phase is also con-
templated.
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NOMENCLATURE

Preexﬁonential factor

Specific heat

Diffusion coeficient

Activation energy

Dimensionless activation energy

Dimensionless heat flux at the surface, see Eq,(14)
Heat of vaporization

Lewis number

Burning rate

Exponent of fuel mass fraction in chemical reaction rate

Pressure

Heat released per unit mass of fuel

Universal gas constant

Temperature

Time




Characteristic (ime, see Eq.(43)

u Velocity
&
axd x Space coordinate
b
5@. Y Fuel mass fraction
4
! y Dimensionless space coordinate
o Thermal difussivity
3
": Y Dimensionless steady state surface temperature, see Eq,(38)
1 € Dimensionless inverse activation energy 2
)
' 0 Nondimensional temperature q
1 ’ A Thermal conductivity
4
F i 'l Dimensionless burning rate
» 4 Nondimensional space coordinate i
I & T Nondimensional pressure history
: p Density
¢ T, Dimensionless time, see Eq,(19)
¢ .

T Dimensionless time, see Eq.(30)
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w See Eq.(38)

PSS C LT PT R

f Flame

;g Gas

s Surface

0 Steady state econditions

L Infinity in the solid




~gives the burning rate response to a pressure disturbance, indicating

5,~

1. Introduction

An understanding of the unsteady burning of solid propellants
provides insight into such important problems as the pressurization,

depressurization and stability of a solid-rocket motor.

Research in the stability of combustion in a rocket motor,
has been active over the past twenty years, since irregular pulses
in chamber pressure were observed to develoﬁ6 instead of the expected.,
smooth pressure-time history. These irregular pulses are generally
accompanied by more regular, small-amﬁlitude; pressure oscillations,
with frecuencies of the order of the natural vibrational frecuencies
of sound waves in the chamber. Combustion instability leads to
inefficient operation of rocket motors and even to mechanical failure

of the propellant.

A considerable theoretical effort has been devoted towards
the understanding of this phenomenon. However, there are so many
different effects that may influence the stability of a burning
solid as to prevent a consensus on the theoretical description of

the phenomenon.

An excellent review of the analyses of the small amplitude

pressure oscillations has been developed by Culick7. These analyses |

calculate the admittance function of the burning surface which

therefore wether pressure oscillations are amplified or attenuated.
Most of the analyses assume the gas phase to be quasisteady, in the
sense that the gas phase adjusts very quickly to changes in condi-

tions when compared to the response of the solid, and differ mainly

in the assumptions used to calculate the heat transfer from the gas
to the solid phase. However as Culick points out, the majority of
the results lea2d to the same two-parameter form of the admittance

function, with different definitions of the two parameters. A

stability boundary in the space with coordinates the two parameteré




the admittance function becomes infinite, so that a small pressure

steady state function of the instantaneous pressure only.

¥ {3

6,- | 3
entering the admittance function, is defined as the curve where
change causes a large fluctuation in burning rate. Points above
this stability boundary produce unstable solutions and points below

this boundary provide stable steady solutions.

Interest in the response of a burning solid to an externally

applied pressure variation stems from the possibility of extinction {4
by a rapid pressure decay . This dynamic extinction process is
useful in order to design solid propellant rockets with stop-restart

capabilities, of interest in connection with space applications.

Nearly all the theoretical models developed to explain dynamic
extinction e invoke some kind of quasisteady approximation for
the gas-phase. However, as pointed out in reference (12) some of
these analysesg"11 have interpreted incorrectly this assumption by

implying that the heat feebback from the flame to the solid is a

The present paper is a first step towards analyzing unsteady
processes in solid propellant burning by means of asymptotic techni-
ques based on the assumption that the nondimensional activation energy;
of the gas-phase reaction is iarge. Attention is paid both to the

problem of the stability of the steady state and to the response of

the burning propellant to an externally imposed pressure variation.

We consider a one-dimensional model in which a condensed material§
i

§

gasifies by a rate-controlled surface process and then reacts in the

~gas phase. This gas phase reaction is described by an Arrhenius

law, and we consider the limit in which the nondimensional activation
energy is large. The quasistecady assumption is used to describe the
gas-phase, so that we may use the results obtained by Williams3 and
Buckmaster et alu, when analyzing the quasisteady burning of a solid

in the limit of high activation energy. These analyses yield the
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burning rate and the heat feedback to the solid as func-
tions of the pressure and the flame temperature, and the

se relations are then used to analyze the unsteady respon
se of the ccndensed phase. It is found that the charac-
teristic response time of the solid is large of the order
of the nondimensional activation energy, so that the temp-
erature profiles are quasisteady is~first approximation

and the transient term is a perturbation of the quasisteady
solution which may be calculated from the quasisteady pro-
files. In this way a differential equation is derived
which describes the evolution with time of the burning rate
as a function of the nondimensional surface temperature,
the nondimensional pyrolisis achvation énergy and the pres-
sure-time history. The analysis of this equation yield

the stability condition. of the steady state solution, and

the response of the solid to an imposed pressure variation.




2. Formulation .

We consider a one-dimensional model with the solid occu-
pying the half space x < 0 and the gaseous phase the region
X > 0. For convenience, the origin is fixed at the surface of
the regressing solid. Figure 1 is a schematic representation of

the process and shows the effects accounted for in this study.

Surface gasification is assumed to occur by an irrever-
3ible pyrolisis process which is described by an Arrhenius law.
A one step over-all exothermic reaction takes place in the
(premixed) gas. The present model has been used because it has
been successfull in describing the steady-state deflagration of

several propellants.

The equation of conservation of momentum reduces to the
statement that the pressure is approximately uniform throughout
the region treated but varies with timel, and we will also use
the well justified assumptions that the work associated with
viscous and external forces is negligible and we will use Fick's

law to calculate the diffusion velocities.

With these assumptions, the conservation equations of mass,

concentration and energy in the condensed phase and in the gas

phase, become respectively.
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where all symbols are defined in the nomenclature.

These equations, together with the equation of state should

determine pg, MY Ry ?g'

The boundary conditions are

T(t, 0%) = T(t, 07) = 5 (5)
aT aT B
A Bx e +Ag % |s+ : mEng-C)TS + I_] (6)
Y %
0Dl = © m(YS+ 1) (7)
T g wHce L ¥ 20, WD At w+ e (8)

The pyrolisis process is assumed to follow an Arrhenius law
m = B' exp(-E/RT) (9)

where m is the mass flux relative to the burning surface, and E

the activation energy of the pyrolisis process.

3. Gas-phase analysis

In most studies of unsteady solid propellant burning, the
gas-phase is assumed to be quasisteady in the sense that the res-
ponse time in the gas is short compared to the response time of
the condensed phase. The ratio of these characteristic times is
of the order of the ratio of the thermai responsivities of solid
and gas, which is usually small2. The quasisteady assumption will

not be valid when analyzing the response of a burning solid to




~gas-phase reaction. This quasisteady solution has been derived by

10,=

very high frecuency pressure oscillationsi.

When the gas-phase is considered to be quasisteady, the ana-
lysis is greatly simplified since the conservation equations are

uncoupled. All the time derivate terms may be neglected so that

VTS Sy g e

equation (1) reduces to pgu = m. In addition the dp/dt term in
equation (3) may be neglected. Under these conditions the gas-phase

equations may be solved in the 1limit of high activation energy of the

Williams3 in the case of Lewis number unity and by Buckmaster et

alu., for arbitrary Lewis number, Le.

Rather than repeat thcocse analyses we will only state the results
needed in the following sections. The reader is referred to referehCn1
3 and 4 for details. The analysis in reference (4) considers Le cons
tant but arbitrary. In the limit of high activation energy, it is
found that the reaction term is only significant in a thin flame

where T is close to Tf. In terms c¢f the nomlimensional variables
: X

g = elT = m/o)dx (10

cgT/Q g = [ (m/a) )

the solution outside of the flame sheet becomes simply

beg -1 #E exp (&)
for £ < &g (11)
Y =1 = exp{Le(E - zf»
0 = 08¢
for E > &
¥ =9 f (12)

where gf, the location of the flame sheet, is given to leading

order by

= 1n (1/1) (13)

bg
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The parameter
(14)

is the dimensionless heat conducted out of the gas at the interface.
The effect of the solid and the pyrolisis are concealed in 1. An
overall energy balance in the gas phase, provides a relationship

between es, ef and 1.

1l = 1.+ es - ef ; » (15)
Since the flame sheet must lie in the gas, equation (13)

provides limitations in the possible values of 1
O <Rl =] SO =0 E (16)

When 1 - 0 the flame sheet moves to infinity and no heat reaches
the condensed phase from the flame. When 1 + 1 the flame sheet
approaches the surface and all the heat generated at the flame goes
to the solid.

Solutions for 1 - 0 and 1 + 1 are presented in reference (U4)

The reaction zone is located in the vicinity of Egs Where
(g - Ef) is of order 62/E'2. The parameter E' is the nondimensional
activation energy E' = Egcg/RQ. In the reaction zone the tempera-
ture differs from the flame temperature by a small quantity of order
T:R/Eg. To leading order, onlv the reactive and diffusive terms
are important in this zone. Solution of the energy equation with
the appropriate matching conditions to the frozen solution outside

of the flame sheet, provides the burning rate eigen-value.

In this way an expression for the buraning rate is obtained

s o b s A e

I et
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I
involving the pressure and the flame temperature, namely
3 i 1/2 1
m=|oT (a1 )eBa 2 2 gt P - aypPl 2 (17)
£ 26f
E For large activation energy the effect of the exponential
term is dominant so that the square root term may be taken as
constant when analyzing small changes in the flame temperature.
'f Equation (17) coincides with the Denison-Baum formulas.
4. Condensed Phase Analysis
b
& The characteristic time in the condensed phase is short
compared with the characteristic time in the gas phase2. Therefore
the condensed phase should not be considered quasisteady. However,!
¥ a brief description of the quasisteady solution will be presented
4 before considering the unsteady analysis.
In terms of the nondimensional variables fo% the solid
'
A T-T m_c
o s e S YR
SEF oy yo=e—u (18)
so ® ]
; i
1 m_ c 3
£ . Sl
T, T t u - (19)
Eq. (4) may be written i
2. l
30 30 _ 3@
3‘[1 + = -5-y—2' (20)
'Ty The subscribt o refers to the initial, steady condition. The ° =
- E. boundary condition (6) may be written, EEREERRRRES |
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by using Eqs. (14#) and (15) as

30 :
—_—t Fe & = v e T, ~T) (21)

— = T -
Cm Cg

To solve the quasisteady problem, we may neglect the time

derivative term in Eq. (20). The solution to Eq. (20) is simply

6 = 6_ exp (uy) v (22)

so that from Eq. (21).

G L EehL K S (23)

This equation can also be obtained by an overall energy
balance and shows that the flame temperature is constant in a
quasisteady process. For a given T_, Eq. (23) gives the value of
Tfo which can be used in the Dmison-Baum formula, Eq. (17), to
calculate m. The pyrolisis law, Eq. (9),yields Ts, so that Egs.
(11), (12) and (22) describe the complete temperature profile.

Figure (2) shows the burning rate m under steady conditions;
as a function of pressure for a fixed value of T_ and therefore

of Teoe This curve is calculated by using Egs. (17) and (23).

The surface temperature Ts is a parameter along the curves
of figure (2), since it is related to the burning rate m_ through
the pyrolisis law. FHowever, T  is limited by the inequalities (16)
so that only a portion of the curve applies. At P, the flame
sheet has moved off to infinity. At Ps the flame sheet has reachead

the surface.




therefore long compared with the characteristic residence

15

We  will now analyze the evolution with time of an initially

steady temperature profile during an unsteady process. After some
manipulations, Egs. (20) and (21) provide the following relations-

hips

o c =T
36 o i 36 I g fo f
5 ue = D = dy = op = o (24)
s 1 soO ®

where use has been made of Eq. (23). The left hand side of the
preceding equation represents the difference between the heat
flux existing during an unsteady process and the one existing if
the process was quasisteady. We will consider unsteady processes
that result in changes of order unity in the burning rate with
respect to the one existing under quasisteady conditions. Equa-
tion (17) shows that in the limit of high activation energy of
the gas phase reaction, small changes in the flame temperature of
order RT%/Eg, produce variations of order unity in the burning
rate. Therefore, the right hand side of Eq.(24) is small, so
that the heat conducted to the solid during an unsteady process
differs by a small quantity from the heat conducted if the process

was quasisteady.

The second equality of Eq.(24) indicates that the variation
with time of the heat content in the heat up zone of the solid
is small of order RT?/Eg. When this heat content decreases, the
solid appears from the gas phase as a heat source, and therefore

the flame temperature increases.

It is necessary to wait times of order Eg/RTg to produce
changes of order unity in the heatcontunt of the heat up zone in

the solid. The characteristic response time of the solid is
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a4 ~
B . timé in the heat up zone.
f%; The Denison-Baum formula, Eq. (17), yields
’.S. #
{
- T P E E
: f.n+
! w = (=) (i 2 exp|—8— - —& (26)
i Tfo P° 2R?fo 2RTf
‘;
which in the limit of high values of Eg/2RT§o becomes
'
EA2.-T_ )
B £ “fo
7 - .exp { 3RTZ } - (27)
o
;k where
‘ -
T = (-PP—)“/2 (28)
o
Let's define a small parameter e, as
&
E 2
E- 3 c 2RT :
.~ 2 B et (29) '
STE L BT T
g "so =) 1
§ and introduce as nondimensional time variable
'é, T ety (30)
{ Equation (27) may be used to express Eq. (20) and the
: boundary condition (24) in terms of the new time variable 1, as
i 2
. 36 30 _ 3°9
; E3T U y 3;2 (31)

90

<

= "[%s ~ ¢ 1n %] : (32)
s -

Introducing the expansions
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6 =86 +eo, * .. (33)
WEug ot e uy o , (34)

in Eqs. (31) and (32), expanding and collecting like powers of ¢

the following equations defining 60 and 91 are obtained

860 9 eo 860
T b 2 5 - it el D ' (35)
dy oy y |s
2 3N
96 36 96 376
1 1
st Llo s + u1 = 2
9T oy dy 9y }
(36)
36 H
1 i (o)
3y Kaou ¥l - M 5 /

The solution to Eq. (35) is the quasisteady solution, Eq. (
The value of the surface temperature may be written in terms of t

burning rate u, through the pyrolisis law, Eq. (9), resulting

—%T lnut+l
8, = s . k87
l1-wlnyu
where
g Teo : g RTso (38)
Sl 3t A

Integrating Eq. (36) from - « to the surface, the following

expression is derived

o

N ’
! an \‘ \\\ O/ uO
et 9 eis--{ios+u1605+u 1s7¥o1® T i
N




B4 17'-

The quasisteady solution, Eq. (22), together with Eq.(37)

may be wed to calculate the integral in the left hand side of the

preceding equation, thus obtaining .

' du (1r-1)(1-mlnuc,)2 u: ug
«2 —— . 2 2 - ln(—) (uO)
k dt yw-y+1+w(¥‘2)lnuo+w 1n (uo) m

WY

which describes the evolution with time of the burning rate during
an unsteady process, in terms of two parameters Yy and w. For a

quasisteady evolution duO/dT vanishes and therefore SR

The value of the burning rate, W » obtained from Eq. (10), a

S

may be used in the pyrolisis law to deduce the surface temperature

2 history, and through Eq. (22) the complete temperature profile.

ey

§. Stability Analysis

In this section an analysis is presented of the stability of
the steady deflagration of a solid which undergoes an Arrhenius

type gas phase reaction with large activation energy.

The pressure is considered to be constant, so that n=1. The
burning rate of the steady solution is m_ s so that initially u°=1.
Let's assume that at T = 0 a perturbation changes the value of the

burning rate so that u_ = 1+u'. Eq. (40) shows that

1 1
%%— ST y: ety
e

Therefore the stability of the steady state solution depends

on the value of the parameter yw . If this parameter is greater

than one, the solution is it stable, being unstable when it

.~ is smaller than one. In the stable case the perturbations decrecase
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exponentially to zero with time, while in the unstable case the

perturbations grow exponentially. The paramecer

= - = A (42)

YW RTSo

is identical with the parameter A used by Denison and Baum5 when
analyzing the unstable burning of solid propeilants. These authors
develop a linearized analysis of the response of a burning solid

to a pressure disturbance using a model which parallels the one
used in the present analysis. The difference however, is that in
our analysis we retain the nonlinear effects that were linearized
in reference (5). 1In figure (15%fbggiégng%giﬁ show the stability
boundary which separates regions of stable from regions of unstable
burning. Two parameters A and a, define the stability of a given
solutiopfhgghe parameter o is essentially identical to our parameter
€, and in figure (1) we observe that for a -+ 0 the solutions are
stable for A < 1 and unstable for A > 1. Therefore our stability

criterion coincides with the one of Denison and Baum.

S B i

The instability of the one dimensional deflagration may be
clearly interpreted, when the activation energy of the pyrolisis
is large (w small). Let's assume that at a certain time a pertur-
bation causes the burning rate to increase (decrease) with respect
to its steady value. Since the activation energy of the pyrolisis
is Bhrge, the surface temperature will remain nearly constant.

However, the width of the heat up zone in the solid will decrease

(increase), so that the total heat countent of the solid will decrease
(increase). The variation of the thermal energy of the solid pro-
duces an increase (decrease) in the flame temperature, as may be

seen from Eq. (24), which will further increase (decrease) the

burning rate. This selfaccelerating behaviour results in instability

of the one-dimensional deflagration. When the activation energy
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of the pyrolisis is not large, there are two effects which control
the response of the burning solid to a perturbation in the burning
rate. When the burning rate increases the width of the heat up
zone decreases and the surface temperature ircreases. The decrease
in width tends to decrease the heat content of the solid thus pro-
ducing instability, and the increase in surface temperature tends
to increase the heat content of the solid thus producing stability.
The stability of the solution depends on which of these two effects

dominates.

6. Response of a burning solid to pressure variations.

In this Section an analysis is presented of the response of
a burning solid to an imposed pressure variation. The evolution
with time of the burning rate is given by the solution of Eq. (40)
with, 7 being a known function of time defined by Eq. (28).
the nondimensional pressure
It was shown in section (4) that the characteristic response

time of the solid is

Ap EAT ST )

t = £ 8o 2 (43)
¥ m2c 2RT2
o8 fo

Therefore, if the characteristic time of pressure variation is
small compared with it, the pressure variation function w is a
step function. If the time of pressure variation is long compared
to the characteristic time shown in Eq. (43) the response of the
solid may be considered as a sequence of stationary states, and at

any given time p = 7.

The solution to Eq. (40) depends on the values of the para-

meters Y, w and of the pressure time history.
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To analyze the different types of solutions that may result
from integration of Eq. (40), let's first study the singularities

of that equation.
3 The numerator vanishes at
v = exp(1/w) s = s u =0 (44)

and the denominator at
ln y = - %; {y-2 ¥ Vy(y-t4w)} (45)

In the present analysis we will only consider dJdepressurization
problems, so that m will decrease from 1 at time 0 to its final
value T In addition we will always assume that at the initial
pressure the solution is stable, so that yw/(y-1) is greater than
one. The existence of singularities (where the denominator and
numerator vanish simultaneously) depends on the values of vy, w
and Tes and it is obscrved that in order to have real solutions to

Eq. (45) it is necessary that
Y > o (46)
In dimensional variables ES/RT°° >1 for the existence of roots.

It is observed that when the solution at the initial pressure

is stable, both roots of Eq.(45) have the same sign. So that

Y < 2 _ 2 positive roots

Yy > 2 2 negative roots R

|

and the denominator vanishes at two different values of u, which
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are either both greater than one or both smaller than one. In
dimensional variables TSo » 2T . for the existence of two negative

roots.

Since m is a decreasing function of time, which starts at 1

and goes to Tes singularities will only exist when y > 4w, y > 2

and Te smaller than the larger root of Eq. (45). VWhen Te is smaller
than both roots there are two singularities, and when Te lies between

both roots there is only one singularity.

The condition for the steady state solution -at the final

pressure being stable, may be written

YW
S (48)

(1—w1nﬂf)(y—1+wlnnf)

The left hand side of this equation is represented in Figure
2 When 1ln n¢g
(3) as a function of 1ln w_“approachés the value 1/w (Ts + =) the

left hand side of Eq. (48§ approaches « , and the solution at the
final pressure is stable. Analogously the solution is stable when
1n Te approaches the value (1-v)/w (Ts + 0). Between these two
values, the function has a minimum when lnﬂf equals (2-v)/2w and
depending on wether the value of the function at this minimum is
larger or smaller than one, the solution will be stable for any
final pressure or there will be a range of final pressures for
which the solution will be unstable. The equation which gives the
values of 1n Te where the function defined in Eq. (48) crosses to

the unstable region coincides with Eq. (45). 3

Let's denote these two values (if they exist) by 1n m, and
1n Tye We may concluvde that if y < 4w the solution at any final
pressure is stable. Also, if y > 4w and y < 2, the solution is

stable for any final pressure smaller than the initial pressure,
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being unstable in a finite range of pressures larger than the ini+i
pressure. Finally, if v > 4w and vy > 2 the sclution is unstable in
q' a range of values of final pressures smaller than the initial pres-l
sure. We may briefly summarize the different possible cases in a
depressurization process during which the nondimensional pressure

$ goes from the initial value of 1, to a final value me < 1.

4RT
E

a) Yy < Lo > 1)

: The steady state solution is stable at the

E i initial, final and all intermediate pressures occurring during
: the process. Figure (4) shows the evolutionwith time of the

burning rate for the case in which a step change in pressure

i takes place at time zero. Figure (5) shows the burning rate
i evolution for depressurization processes of the type
= (1-a)e_bT + a (49)
¢ with different values of b.
4LRT
" ©

b) ¥ > Bw, v < 2 ( < e 2w

E SO *: This case is analogous

b to the preceding one. The steady state solution at the final
: pressure is more stable then the steady state solution at the
. initial pressure, so that a perturbation dies out more rapidly

at the final than at the initial pressure.

c) Y > huw, y > 2,ﬂf> LPEE This case is analogous to case (a) with

the solution at the initial pressure being more stable than the
solution at the final pressure.

3

d) ¥ > Bu.y > 2,n1> Te> Ty, The solution is unstable at the final
M 3

pressure, and Eq. (40) has a singularity at u = Ty and Ty

The character of the singularity depends

such that Mri) =T,
on the value of the slope of the pressure time function curve

¢ at ﬂl. When

)
(ﬂ




dm ' y-1 pi(l-wlnﬁ1)2
— (T=T1) < — (50)
dr w Yy(y-4uw)

the singularity is a node, being a spiral when this inequality is
not satisfied. Figure (6) shows the isoclines of Eq. (40) for the
two possible cases, together with the solution with the initial con-
dition p = 1. When the singularity is a node, the solution to Eq.
(40) will be a smooth function approaching Te for 1t » ». However

it is observed tha€égul Ty the solution enters a region of unstable
states and any perturbation will grow exponentially with time. The
one-dimensional flame is unstable, so that our solution is no longer
valid. One may speculate that when the flame becomes unstable, some
type of two-dimensional effect or other effects, will appear in

order to stabilize the flame. When the singularity is a spiral, our
solution ceases to be valid when u approaches Ty since the variation
of burning rate with time becomes very rapid, so that it is no longer
valid to assume that the time derivative term is only a perturbation
of the quasisteady solution. A different analysis will be required
to study the behaviour of the solution near u=n1. However, since u
is decreasing very rapidly to zero, this condition may be identified

as a dynamic extinction caused by a rapid depressurization process

el vy > lag ST Te < M, d The solution is stable at the initial

and at the final pressure, but there is an intermediate range of

pressures(m, < m< "1) where the solution is unstable. There are

2
two singularities of Eq. (40) at MET, nﬁ1)=n1 and at WT,

ﬂ(12)=ﬂ2. The singularity at 1, is a node when Eq.(50) is

1
satisfied and a spiral in all other cases. The singularity at
T, is always a saddle. Figure (7) shows the isoclines for the

two possible cases, and the solutior of Eq. (40). The directions

at the node, are given by

g




o, =
dmn
Q‘L s 1% / 1+2M ?i—r_ll s
dr M
where
" 20/y(y-4w) (52)

3 2
(Y—i)ul(l-mlnul)

w’th the minus sign in Eq. (51) corresponding to the principal direc-
tion. It is observed that the principal direction has a slope larger
in absolute value than the slope of the pressure function m. The

directions at the saddle are given by

du _

T

(53)

1t/ 1-oudE
dt|2
T

where

s 20vy(y-L4uw) (54)

3 2
(Y-l)uz(l-mlnu2)

so that one direction has positive slope and the other one negative
slope. When the singularity at Ty is a node, the solution starting

at w = 1 1is the separatrix. This solution enters the unstable re-

~gion through the node and exits by the saddle, reaching in this way

the region of stable states. However any perturbation occurring

when the value of p lies in the unstable region will grow with time

~so that the one-dimensional flame will be unstable in this zone.

Other effects not considered in this study may then appear to stabilize

the flame. As in the previous case, if the singularity at T is a
1c Tl"b

burning rate decreases very rapidly with time, suggesting the onset

spiral, our analysis ceases to be valid when u approaches 7t

of dynamic extinction.
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Figure (8) shows the stability regions as a function of the
barameters vy and w, At the initial point of a deﬁressurization
brocess (1n pu=0), the steady state solution is stable or not
depending on wether the value of w is at the right or left of
the intersection boint of the y curve with the w axis respec-
tively. The steady state solution at the final pressure of a
depressurization process, has the same value of y and w but

a different value of u(ln 1<0), The stability of this final
point debends on wether or not it is located at the right or
left of the corresponding y curve. It is obseryed that for

Y>2 there is a vertical tangent of the y curves, and therefore
it is ﬁossible to have depressurization prodesses such that
the steady state solutions corresponding to the initial and
final pressure are stable although there are intermediate pres-

sures whose steady state solution is unstable,
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7. Conclusions

We have developed an asymptotic analysis of the unsteady burn-

ing of a solid propellant in the limit of high activation energy

The analysis shows that the ratio of the characteristic pressure

and thermal response times of the solid, (see Eq. (43)) is of the
order of the nondimensional activation energy of the gas phase
reaction. By integrating the condensed phase energy equation, an
equation is derived whose solution yields the evolution with time

of the burning rate.

It is found that for E(Ts -Tw)/RTzo greater than one the steady

state solution is dinamically u:stablé; However, it is not clear
what hapbens when the one-dimensional, steady deflagration solution
becomes unstable. T'ienlu, identifies the onset of instabilities
with the cccurrence of extinction, thus defining a low pressure
dynamic deflagration limit, which does not coincide with the low
pressure static deflagration limit. It is more likely however, that
some nonlinear mechanism or tri-dimensional effect will prevent the
growth of the oscillations and the occurrence of extinction, so that
only the cne-dimensional steady deflagration described in the present
analysis will cease to exist, not the flame. The intrinsic instabili-
ty of the cne-dimensional deflagration is analogous to the problem

of normal flame propagation which hé&s been recently analyzed Ly
Sivashinskyis, showing that for large activation erergy and Lewis

number greater than one the solution becomes unstable.

The analysis has also been applied to study the response of a

burning =o0lid subjected to a depressurization process. The character-

istic response time of the solid is given be Ec.(43), so that when
the time of pressure variation is short compared with it, the de-
pressurization process appears as a step change in pressure. We

assume that the steady solution at the initial pressure is stable,

and derive the conditions necessary for the steady solution to be

stable at the final pressure and at all intermediate pressures. It
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is shown that when the steady solution is stable at all pressures
occuring during the process, the burning rate always approaches
for longe times, the value corresponding to the steady solution at ]
the final pressure. The burping rate does not adjust instantaneously
to the applied pressure so that during a fast change in pressure
the value of the burning rate is larger that the quasisteady value,
approaching it for long time. The absence of dynamic extinction
appears to coincide with the suggestion of T'ienls, who considers

that heat losses is the mechanism responsible for dynamic extinction

From analysis of Eq.(40) which gives the time evolution of T
the burning rate, it is found that when the steady solution is
i stable at the initial pressure but becomes unstable at some lower %
' pressure which is reached during the process, a singularity of Eq. ‘
(40) occurs when the pressure reaches the value at which the steady :
solution becomes unstable. The character of the singularity depends
' on the slope of the pressure-time curve at the singularity. When
the slope is larger than a critical value defined in Eq,.(50) the
singularity is a spiral. The solution derived in the present analysi#
is valid until a certain time when the variation of the burning
rate with time becomes infinite. From that time the transient term
- ¢ becomes of the order of the convective and diffusive terms and our *
analysis ceases to be valid. However, since the burning rate is i
rapidly decreasing towards zero, this condition may be identified
with the onset of dynamic extinction. When the slope of the pressure%
‘ time curve is smaller than the critical value defined in Eq.(50),
! . the singularity is a node. The burning rate solution in absence of
b disturbances will approach for long times its steady value corre-
1 sponding to the final pressure. However, in the region of unstable
states, Jﬁy disturbance will be amplified so that the steady one-

dimensional deflagration ceases to be a valid solution, and some

other type of solutdon will exist. i
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Figure 5
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