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- 
‘ AB STRAC T

The purpose of this work is to develop a theoretical anal-
ysis of unsteady processes in soli d p r o p e l l a n t  com b u s t i o n , par-
ticularly combus tion stability and extinction by rapid depres-
surization. The interest in understanding combustion stability
stems from the fact that it may lead to inefficient operation
in rocket motors. Extinction by depr e s s u ri z a t i o n  is of in terest
in order to design rocket eng ine s for space applica tion with
stop-restart capability.

It is assum ed that the solid decomposes ~t its surface by
a p y r o l ysi s law , and the gaseous decomposition products react
exotherniically following an Arrhenius law, The nondirn er.sional

• activation energy of the gas phase reaction is considered to
be large so t h a t  the  r e a c t i o n  t a k e s  p l a c e  in a t h in z one whe re

¶ 
the temperature is close to the flame temperature .

The gas pha se is assumed to be quasistead y and und er t h i s
condi tion the equations in the gas phase a-re solved in the limit
of h i g h  a c t i v at ion en erg ies yieldi ng conditions for the burning
rate and heat flux to the solid, The analysis of the energy equa-
tion in the condensed phase shows that the characteristic res-
ponse time of the solid to gas phase perturbations is large con-
pared to the characteristic residence time in the heat—up zone
of the solid , their ratio being of the order of the nondiinensio-
nal activation energy of the pyrolysis law there is always uns-
table behav iour . For the stable case the dynamic extinction pro-
blem is bein g presently investigat ed, Preliminary results seem
to give an extinction criteria for step-like pressure chan ges ,

F u tur e  work  w i l l  i n c l u d e  heat losses and will calculate
h i g h er o rde r  t e r m s  in t h e  h i g h  a c t i v a t i o n  e n e r g y  l im i t .  Pos si-
b le  r e t e n t i o n  of u n s t eady  e f f ect s  in L h e  gas  p h a s e  is a lso  con-
t emp l a t e d.  
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N O M E N C L A T U R E

B Pree-xponential factor

c Specific heat

- . 
:- D Diffusion coeficient

E Activation energy

E’ Dimensionless activation energy

1 Dimensi onless heat flux at the surface , see Eq.(ltl)

L Heat of vaporization

L Lewis number
e

in Burning rate

n Exponent of fuel mass fraction in chemical reaction rate

a p Pressure

• Q Heat released per unit mass of fuel

R Universal gas constant

T Temperature

r t Time

-.5-.-- ~~~—--“- -5- -~~~~ - ---~~~~ --— -~~~~~~.5—-. 5— -- -.5—5- 5- .----- .5



____ - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ — — 

—

t0 
Characteristic Lime , see Eq.(L~3)

ii Velocity

Space coordinate

- 
:- Y Fuel mass fraction

y Dimensionless space coordinate

Thermal difussivity 
- 

-

y Dimensionless steady state surface temperature , see Eq ,(38)

c Dimensi onless inverse activation energy

0 Nondiinensional temp erature

Thermal conductivity

Dimensionless burning rate

Nondimensional space coordinate

- 
I 

• 
Nondiinensional pressure history

• p Density -

Dimensionless time , see Eq.(19)

T Dimensionless time , see Eq,(30)
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See E~~,(38)

S U B S C R I P T S

f Flame

g Gas

s Surface

0 Steady s t a te  c o nd i t i o n s

Infinity in the solid
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1. Introduction

An unders tandin g of the unsteady burning of solid propellan ts
provides insight into such imp ortant problems as th e pressuriz ati on,

depressurization and stability of a solid-rocket motor.

Research in the stability of combustion in a rocket motor ,

has bee n ac ti ve over the pas t  twen t y  yea rs , since irregular pulses

in chambe r pressure were observed to develop 6 ins tea d of th e exp ected
smooth pressure-time history . These irregular pulses are generally

ac comp anied  by mor e regular , small-amplitude , pressure oscillations ,

w i t h  f r ecue nci es of th e order of the na tural  v i b r a t i onal fr ecu en c i e s
of sound waver in the chamber. Combustion instability leads to

i n e f f icient o p e r a t i o n  of rocke t mo tors and even t o m ech an i c a l  f ai lure

of the propellant.

A considerabl e theoretical effort has be en dev oted towards

the understanding of this phenomenon . However , there are so many

different effects that may influence the stability of a burning

solid as to prevent a consensus on the theoretical description of

the phenomenon .

An excellent review of the analyses of the small amplitud e

pressure osci l lat ion s ha s b een d e v e l o p e d  by C u l i ck 7
. These analyses

calculate the adm ittance function of the burning surfa ce which H

gives the burning rate response to a pressure dis turbance , in d i c a t i n g

* 
therefore wether pressure oscillations are amplified or attenuated.

• Most of the analyses assume the gas phase to be quasisteady , in the

sense that the gas phase adjusts very quickly to changes in condi-

t i ons  when  compa re d to the resp on se of the sol id , and differ mainly

in the assump tion s used to calcula te the hea t transfer from th e gas

to the  so l id  p hase. However as Culick points out , the majority of

the results le~td to the same two-parameter form of the admittance

function , with differen t definitions of the two parameters . A

stability boundary in the space with coordinates the two parameters

—

~

- S-.5—-

~

- - ’ , -  --—- ~~~~-.‘---



--5 -- - - -5 - - - I

* 
I.

* 
- 6,—

t .5

entering the admit tanc e function , is defined as the curve whe re
- 

-
- the admittance function becomes infinite , so th at a smal l  pr essur e

- - - . change causes a large fluctuation in burning rate. Points above

this stability boun dary produce unstable solutions and p oin ts bel ow
this boundary provide stable steady solutions.

Interest in the response of a burning solid to an externally

app l ied  pres sure va r i ation stem s f r om the  p oss ib ility of ex t i n ction
by a rapid pres sure de cay 8. This dynamic extinction process is

useful in order to design solid propellant rockets with stop-restart

capabilities , of interest in connection with space applications.

Nearly all the theoretical models developed to explain dynamic
9—13extinction invoke some kind of quasistead y approximation for

the gas-phase. However , as pointed out in reference (12) some of

these analyses 9~~~
1 

have interpreted incorrectly this assumption by

imply ing that the heat feebback from the flame to the solid is a

steady state function of the instantaneous pressure only .

The present paper is a first step towards analyzing unsteady

processes in solid propellant burning by means of asymptotic techni-

ques based on the assumption that the nondimensional activation energy~
of the gas-phase reaction is large . Attention is paid both to the

problem of th e s t a b i l i t y  of t h e  st eady state and to t he  respo nse of

the burning propellant to an externally imposed pressure variation.

We cons ider a one-dimensional model in which a condensed material

gasifies by a rate-controlled surface process and then reacts in the

gas phase . This gas phase reaction is described by an Arrhenius

law , and we consider the limi t in whi ch the nondime ns ional act ivation

energy is large . The quasisttady assumption is used to describe the

gas-phase , so that  we may u se th e re su lts o b t a i n ed by W illi am s and

Buckmaster et al
Lis
, wh en analyzing the qua sisteady burning of a solid

in the limit of high activation energy . These analys es yield the

_ _ _ _ _
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burning rate and the heat feedback to the solid as func-
-
~~ tions of the pressure and- the flame temperature , and the

• se relations are then used to analyze the unsteady respon

se of the condensed phase. it is found that the charac~-

teristic response time of the solid is large of the order

- of the nondimensional activation energy , so that the temp-

erature profiles are quasisteady is first approximation

and t h e  tra nsi ent  term is a per tur b a t i o n  of th e quas iste ady

solution which may be calculated from the quasisteady pro-

files. In this way a differential equation is derived

which describes the evolution with time of the burning rate

as a function of the nondimensional surface temperature ,

the nondimensional pyrolisis activation energy and the pres-

sure-time history . The analysis of this equation yield

the stability condition - of the steady state solution , and

the response of the solid to an imposed pressure variation .

___  5- 
-
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2. Formulation a

We consider a one-dimensional model with the solid occu-
- - pying the half space x < 0 and the gaseous phase the region

x > 0. For convenience , the origin is fixed at the surface of

the regressing solid. Figure 1 is a schematic representation of

the process and shows the effects accounted for in this study .

Surface gasification is assumed to occur by an irrever-

5ible pyrolisis process which is described by an Arrhenius law .

A one step over-all exothermic reaction takes place in the

(premixed) gas. The present model has been used because it has

been successfull in describing the steady-state deflagration of

several propellants.

The equation of conservation of momentum reduces to the

statement that the pressure is approximately uniform throughout

the region treated but varies with time 1 , and we will also use

the well justified assumptions that the work associated with

viscous and external forces is negligible and we will use Fick ’s

law to calculate the diffusion velocities.

With these assumptions , the conservation equations of mass ,

concentration and energy in the condensed phase and in the gas

phase , become respectively .

• ~
(p u)
g (1)

a t  a x

.

~~~~ 
+ u - 

~~~
— 

~~~ (P g
Dg 

. .!. 
~ = - BP’~Y~

’ exp(- ~~
) (2)

+ CgU 
- ~~ (A g ..L )- ~~- 

~~~ 
=QB p~ Y~ e x p (~~~) (3)

_ _ _ _ _
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S where all symbols are defined in the nomenclature .

These equations, together with the equation of state should
determine u , Y , T , Tg~

S 
The boundary conditi ons are

T ( t , O~~) T(t , 0 )  = (5)

- A 

~~ 1s ~~g 
}
~ Is~ 

m~~ C
g~ c)T5 + U (6)

P g
D g 

~~ 

m (Y~~. — 1) (7)

T T  at ~~~~~~~~~~ Y 0  , T T f at x - ~~~ (8)

The py rolisis process is assumed to follow an Arrhenius law

in = B’ exp (
~~

E/ R T
~~
) (9)

where m is the mass flux relative to the burning surface , and E

the activation energy of the pyrolisis process.

3. Gas-phase analysis 
-

•

In mos t  s t u d i e s  of u n s t e a d y  so l id  p r o p e l l a n t  b u r n i n g ,  t h e

• gas-phase is assumed to be qua3isteady in the sense that the res-

ponse time in the gas is short compared to the response time of

t h e  c o n d e n s ed phase. The ratio of these characteristic times is

of the order of the ratio of the thermal responsivities of solid

and gas , w h i c h  is usu a l l y  small 2. The quasisteady assumption will

not be valid when analyzing the response of a burning solid to

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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very high frecuency pressure oscillations
1
.

When the gas-phase is consid ered to be quasisteady , the ana-
- - lys i s  is gr eat ly si mp l i f ied s inc e th e cons erv at ion e q u a t i o n s  ar e

uncou pled. All the time derivate terms may be neglected so that

equation (1) reduces to PgU = m. In addition the dp/dt term in

equation (3) may be neglected. Under these conditions the gas-phase

equalions may b e solved in th e l im i t of h i g h  ac t iva t ion  energy of th e

gas-phas e reaction . This quasisteady solution has been derived by

Williams 3 in the case of Lewis number unity and by Buckmaster et
‘4al ., for arbitrary Lewis number , Le.

Rather than repeat those analyses we will only state the result

needed in the following sections. The reader is referred to reference

3 and ‘4 for details. The analysis in reference ( LI. ) considers Le cons-

tant but arbitrary . In the limit of high activation energy , it is

• found that the reaction term is only significant in a thin flame

where T is close to Tf. In terms of the nothimensiona l variables

0 = C
g
T/Qg 

- 

= f:
(m/a)dx (10)

the solution outside of the flame sheet becomes simp ly

0 = 0~ 
— 1 + 1 exp (~~) )

for ~ < E
f 

(11)
Y = I - exp{L - 

~f~ J
• 0 — 0

= 
~ 

for ~ > (12)

where  t h e  locat i on  of t h e f l a me she et , is given t. leading

order by 
• 

-

in (1/1) (13)

- - —~~~ --~~~~~~~ —— - 5 -~~~~~~~~~~~~~ -5 - -5 -._ -~—--—- -5-5-- -55-— S -- --5---.5--• -_5-— ‘-— --‘- 
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The parame ter

1 = 
~~ 

- (114 )

is the dimensionless heat conducted out of the gas at the interface.

The effect of the solid and the pyrolisis are concealed in 1. An

ov erall energy bal an ce in the  gas pha se , provides a relationship
between 0 , 0 and 1.

5 f -

F - -
- 1 = I + — - ( 1 5 )

Since  the f l a me she et m ust lie in th e gas , equation (13)
provides limitations in the possible values of 1

0 < 1 = I + 0 — O
~ 

< 1 (16)

*
When 1 -* 0 the flame sheet moves to infinity and no heat reaches

* the condensed phase from the flame . When 1 - 1 the flame sheet

approaches the surface and all the heat generated at the flame goes

to the solid. -

Solutions for 1 -
~ 0 and 1 -‘ I are presented in reference (4)

- -a The reac t i on  zone  is loc ated in t he  v i c ini ty of wh ere
14 ,2 , .

- 

~f) is of order O f/E . The parameter E is the nondimensional

activation energy E ’ = E c /RQ. In the reaction zone the tempera-
• g g

ture differs from the flam e temperature by a sm all quan tity of order

T~ R/Eg~ To 1e~ ding order , only  th e reac t ive an d d i f f u s i v e  terms

are important in this zone. Solution of the energy equation with

the appropria te ma tching condi tions to th e frozen solution outside

of t h e  f l a m e  sh eet , provides th e burning rate eigen value .

-
- 

- 
In thi s way an expression for the burning rate is obtained

- - - 4

-~ S
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involving the pressure and the flame tempera ture , namely

- 

- -  

m J2r(n+1)aBO~~~~
2/Et~~~

1
~~~~~exp(_ 

E )~ n/2 (17)

For large ac tivation energy the effect of the exponen tial

term is dom inant so that the square root term may be taken as

constant when analyzing small changes in the flame temperature .

Equation (17) coincides with the Denison-Baum formula 5.

4. Condensed Phase Analysis

The characteristic time in the condensed phase is short

compared  wi th th e characteri stic t ime  in the gas phase 2. Therefore

th e conden se d phas e shou ld  not be cons idered quasisteady. However ,

a b r ie f  descri pt i on of th e quas i steady  solut ion wi l l  be p r e sented

before considering the unsteady analysis.

In terms of the nondimensional variables foI~ the so l id

- - T-T m c
_ _ _ _  

0
= 
T

50
-T0, 

y = x (18)

2

= t is’ = ~~
— (19)

a

Eq. ( ‘i s ) may be writte n

ae ae a 2 o
+ j~ = ( 2 0 )

The subscribt o refers to the initial , steady condit ion . The -

boundary condition (6) may be wri tten , ....

- , - ~~~~~~~~~-. - - - - -~~- 5 - -
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by using Eqs. (1k) and (15) as

.5 

-

~~

. 

= c(T
50
- T )  [cT~ - CgTf + Q - U + cO

s
(Tso

_T
~~)

J 
(21)

To solve the quasisteady problem , we may neglect the time

derivative term in Eq. (20). The solution to Eq. (20) is simp ly

0 O s 
exp (izy) (22)

so that from Eq. (21). -

CgTf0 
= cT~ + Q - L (23)

This equation can also be obtained by an overall energy

balance and shows that the flame temperature is constant in a

quasisteady process. For a given T ,, Eq. (23) gives the value of

• 
Tf0 which can be used in the J~ iis on-Baum formula , Eq. (17), to

calculate m . The pyrolisis law , Eq. (9),yields T5, so that Eqs .

(11), (12) and (22) describe the complete temperature profile .

-
‘ 

Figure (2) shows the burning rate m under steady conditions;

as a function of pressure for a fixed value of T0, and therefore

of Tf .  This curve is calculated by using Eqs. (17) and (23).
• 

S

The surface temperature T5 
is a p a r a m e t e r  a long th e cu rves

of figure (2), since it is related to the burning rate in0 th rough

the pyrolisis law . However , T5 is limited by the inequalities (16)

so that only a portion of the curve applies. At P~ the flame

sheet has moved off to infinity . At P the flame sheet has reached
S

the s u r f a c e .

5-I ~~~~ —-— ——. ~~~~~ —--- -- ---5 -- ”- -— . ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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We- wi l l  now ana lyze  the- evolution with time of an initially

S steady temperature prufile during an unsteady process. After some
S 

ma n i p u l a t i o n s, EqS . (20) and (21) provide the following relations-
hips

ao - ~
. ° 

~~~ 
- 

- 

C Tf0
_T
f

ay - 
~~~ a~ 

dy - z 
~ T -T 24

S 1 so ~

where use has been made of Eq. (23). The left hand side of the

precedi ng equation represents the difference between the heat

flux existing during an unsteady process and the one existing if

the process was quasisteady . We will consider unsteady processes

that  resul t  in chang es of orde r  u n i t y  in the burning rate with

respect to the one existing under quasis teady conditions. Equa-

t ion  ( 1 7)  shows tha t in t he  l im it of h i g h  ac tiva tion ene rgy of

• the  gas phase reaction , small changes in the flame temperature of

order RT~~/E g~ produce varia tions of order unity in the burn ing

• rate . Therefore , the righ t hand side of Eq.(2’l-) is small , so
5 that the heat conduc ted to the solid durin g an unsteady proce ss

differs by a small quan tity from the heat conduc ted if the process

was quasisteady .

The second equality of Eq.(24) indicates that the  variation

with time of the heat content in the heat up zone of the solid
• is small of order RT~~/Eg~ When this heat cont ent decreases , the

solid appears from the gas phase as a heat source , and t h e r e f o r e
the flame temp erature increases.

2It is necessary to wait times of order E
g/RTf to produce

changes of order unity in the heat cont~~nt  of the heat up zone in

the solid. The characteristic response time of the solid is

‘t h e r e f o r e  long compared  w i t h  t h e  c h a r ac t e r i s t i c  r e s i d e n c e

~Iik__Ji. 
-- -
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-
- .titn é in the .heat up zone.

~ I’
The ~Deni son -Baum f o r m u l a , E q .  ( 1 7) ,  y i e l d s

T P r E  E l
= ( f~ n+1 ( ..........) f/ 2  exp i — g 

(2~~)T f0 L2RT fO 2RTd

wh i c h  in the  l i m i t  of h igh  va lues  of Eg /2RT ~~0 becomes

- 

E ( T -T )
= exp { g f f o  

( 2 7 )

where
— , P ~n / 2
— ~2 8 )

0

Let ’s d e f i n e  a smal l  pa r ame te r  C , as -

2

• E g (T :o T o,) 
( 2 9 )

• and introduce as nondi mensional time variable

t = C T
1 

(30)

-
I 

E q u a t i o n  ( 2 7 )  may be used to express Eq. (20) and the

boundary  c o n d i t i o n  ( 2 1 4 )  in t e rms  of the new time variable t , as
I~~ t

• - ao ao a 2 e
. C + ~z = 

~~
—

~~
- (31)

~
-
~
j ~[0s 

C in (32)

I n t r o du c i n g  the  e x p a n s i o n s

*1 5

_ 

_ _ _ _ _ _  

.5 
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I

• 1  ( 33 )

-: 
= + C + .. 

S 

- (3 ’,. )

in Eqs . (31) ~ nd ( 3 2 ) ,  e x p a n d i n g  and  co l l ec t ing  l ike  powers  of c
the  f o l l o w i n g  e q u a t i o n s  d e f i n i n g  0 0 and 0 1 are o b t a i n e d

ao a 2 o 3 0
0 0 0

— = 2 ‘ 
— =

9y 3y 8y s

30 30 ao a 2 o -0 1 o 1
— 1- 151

0 
— + V I 

— = 2at 3y 3y 3y
(36)

30
1

— = i i O + i s i O  — u l n ——ay l o s  o l s  o ii
5

The solution to Eq. (35) is the quasisteady solution , Eq. (
~

The valu e of the surface temperature may be written in terms of ti

b u r n i n g  r a t e  p ,  t h r o u g h  the p y r o l i s i s  law , Eq. (9), resu lting
‘I.

w
— lnisi+1

0 ~~~~~~~~ - (37)Os
1- w ln p

• where

- 
RT50 (38)
E

H

I n t eg ra t i ng  Eq .  (36) from - to the surface , the  f o l l owing~
expr e s s ion  is de r iv od

-

~~~~~~~~ 
f~ ø~ ~~~~ d y ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~
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I
The quasisteady solution , Eq. (22), together with Eq.(37)

may be iced to calculate the integral in the left hand side of the

preceding equation , thus obtaining -

2 3  . 
—(y—1)(1—wln p ) p p

= — 

2 
0 

- ln (—~) (140)
di yw— y+1+w (y-2)lnjz +w in (j i ) ‘n

which describes the evolution with time of the burning rate during

an unsteady process , in terms of two parameters ‘
~
‘ and w . For a

quasisteady evolution dp 0/dt vanishes and therefore p 0 = i~~.

The value of t1~e burning rate , ‘c~ 
obtained from Eq. (140),

may be used in the pyrolisis law to deduce the surface temperature

history , and through Eq. (22) the complete temperature profile.

5. Stability Analysis

In t h i s  sec t ion  an ana ly s i s  is presen ted  of th e s t a b i l i t y  of

the steady deflagration of a solid which undergoes an Arrhenius

type gas phase reaction with large activation energy .

d

The pressure is considered to be constant , so that ii I. The

burning rate of the steady solution is m0, so that initially p~~~l•

Let ’s assume that at t = 0 a perturbation chang es the value of the

• 

burning rate so th at jI
~~ 

1+p ’. Eq. (40) show s that

— 
P (41)

TW
— — 1
v—I

Therefore the stability of the steady state solution depends

on the value of the parame ter 
~~L 

. If this narameter is greater

than one , the solution is y-I 
stable , be ing unstable when it

is smaller than one. In the stable case the perturbations decreass 
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I

e x p o n e n t i a l l y  to zero wi t h t ime , wh i l e ’ 51n the  u n s t a bl e  case the
perturba tions grow exponentially . The paramecer

y- i  E ( T -T )
— — --------

~~ A ( 4 2 )
RT

.5 so

is identical with the parameter A us ed by Den i son  and Baum 5 w h e n

a n a l y z i n g  the  u n s t a b l e  b u r n i n g  of so l id  p r o p e l l a n t s .  These  a u th o r s

develop a linearized analysis of the response of a burning solid

to a pres sure dis turbanc e using a model whi ch parall e ls the one
used in the present analysis. The difference however , is tha t in

our analysis we re tain the nonlinea r eff ec ts  tha t were line ariz ed
a’ . \Qf t hq ir paper

in reference (5). In figure (1), Deni~ on-Baum show the stability

boundary which separates regions of stable from regions of unstable

b u r n i n g .  Two p a r a m e t e r s  A and n , define the s tabil ity of a give n

so lut ion ,,~h The p a r a m e t e r  ct is essentially ide nt ical t o our pa ra m eter

c , and ii(fSigure (1) we observe that for ~ 
-

~ 0 the solutions are

stable for A < 1 and u n s t a b l e  for  A > 1. Therefore our stability

• criterion coincides ;iith the one of Denison and Baum .

The instability of the one dimensional deflagration may be

clear ly i n t e r p r e t e d, when the  ac t ivation energy of the py roli si s
is large (w small). Let ’s assume that at a certain time a pertur-

b a t i o n  causes t he  b u r n i n g  r a t e  to inc rease  (decrease) with respect

to i ts  s t eady  va lue . Since the  a c t i v a t i o n  en ergy of th e p y r o l i s i s
is ~~rge , the  s u r f a c e  temperature will remain nearly constant.

However , t he  w i d t h  of the heat up zon e in the so lid will de cre ase

-

- 

( i n c r e a s e) ,  so t ha t  t he  t o t a l  hea t  c ont e n t  of the  sol id w i l l  dec rease

( i n c r e a s e ) .  The v a r i a t i o n  of t h e  thermal energy of the solid pro--

duces an i nc r ea se  ( c ~e c re a s e)  in t he  f l a m e  t e m p e r a t u r e , as may be

seen f rom Eq. (24), which w ill further increase (decrease) the

r b u r n i n g  r a t e .  This sel faccelera t ing behaviour results in i n s t a b i l i t y

of t he  o n e - d i m e n s i o n a l  deflagration . When the activation energy

- - —J—5-.5-—-- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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of the pyrolisis is not lar ge , there are two e f fe cts whi ch con trol
the response of the burning solid to a perturbation in the burning

rate. Wh en the burning rate increases the width of the heat up

zone decreases and the surface temperature iLcreases. The decrease

in width tends to decrease the heat content of the solid thus pro-

ducing instability , and the inc rease in surfac e tempe rature tend s
to increase the heat content of the solid thus producing stability.

The stability of the solution depends on which of these two effects

dominates.

6. Response  of a b u r n i n g  sol id  to p r e s s u r e  v a r i a t i o n s .

In t h i s  Sec t ion an analy s is is presented of the re s ponse of
a 

a burning solid to an imposed pressure variation . The evolution

wi th time of th e bu rn i n g  ra te is g iven by th e so lu t ion of Eq. (40)

w i t h1~~ being a know n function of t ime defined by Eq. (28).
the  n o n d i m e~~s idn al  p r e s s ui d

It was shown in s e c t i o n  (4- ) t h a t  t h e  c h a r a c t e r i s t i c  r e s p o n s e

t im e  of the so l id  is

= 

A~ Eg
(T

50
_T )
~~

m c  2RTo g  fo

• T h e r ef o r e , if t he  cha racteris tic t im e of pressure variation is

small compa red with it , the pressure variation function ir is a

st ep function . If the time of pressur e varia tion is lo ng co mpared
to the tharacteristic time shown in Eq. (143) the response of the

solid may b e c o n s i d er e d  as a sequ ence of s t a t i o n a r y  s t a t es , and at

any g iven  t i m e  p =

The solution to Eq. (40) depends on the values of the para-

5 m e t e r s  y ,  w and of the pressure time history .

-.5

~

. 
~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - -  
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To analyze the differ ent types of sol utions tha t may re sul t
from integration of Eq. (40), let’s first study the singularities

of that equation . —

The num era tor vani shes at

1_ I ex p ( 1 / w )  , p = 11 , p = 0 (44 - )

and the denominato r at

ln p = - 

~~~~~

- {y -2  ~ /y ( y - 4 w ) }  ( 4 - 5 )

Iii  t h e  prese nt analysis we will only consider ciepressurization

problems , so that ir will decrease from 1 at time 0 to its final

value In addition we will always assume that at the initial

pressure the solution is stable , so that yw/(y-1) is greater than

one. The existence of singularities (where the denominator and

numerator vanish simultaneously) depends on the values of y, w

and lT f ,  and it is obsorved that in order to have real solutions to

Eq. (4-5) it is necessary that -

> 4-u (4-6)

In dimensional variables E /RT >1 for the existence of roots.
5 ~ 

-

It  is obse rv ed tha t  w h e n  the solution at the in it i a l  pressure

is s t ab l e , both roots of Eq. (45) have the same sign. So that

< 2 
- 

2 posi tiv e roots~~
y > 2 2 n e g a t i v e  r o o t sj

and the deno m inator vanishes at two diff erent val ue s of p , which

_ _ _ _ _ _ _ _  -5- .5—
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are e i t h e r  b o t h  g r e a t e r  t h an  one or b o t h  s m a l l e r  t h a n  o n e .  In
dim en sional  va r i ab les  T

50 
> 2T~ for the existence of two negative

roots.

• Since it ia a de creasing function of time , which starts at 1

and goes to TI
f~ singularities will only exist when y > 4w , y > 2

and smaller than the larger root of Eq. (45). When lr
~~ 

is smaller

t han  bo th root s th ere are two sin g u l a r ities , ayid when lies between

bo th roots th ere is onl y one singularity.

The condition for the steady state solution -at the final

pr essur e be ing  st able , may be written

vu
> 1 ( 4 - 8 )

( 1-uln l r f ) ( y - 1+ w l n l T f )

The left hand side of this equation is represented in Figure
‘ When in iI5-f( 3 )  aS a f u n c t i o n  of in n f~ a~~ i~~acrc-es t he  va lue  1/u (T  -

~ 
o~ ) the

left hand side of Eq. (4-8) approaches , and the solution at the

final pressure is stable. Analogously the solution is stable when

in ii
~~ 

approaches the value (I-y)/w (T5 
-

~ 0). Between these two

values , the function has a minimum when lnlr
f equals (2-y)/2w and

de7ending on wether the value of the function at this minimum is

• larger or smaller than one, the solution will be stable for any

final pressure or there will be a range of final pressures for

which the solution will be unstable. The equation which gives the

values of in lT
f 

where the function defined in Eq. (48) crosses to

the unstable region coincides with Eq. (4-5).

Let ’s denote these two values (if they exist) by in and

in 
~2 

We may conclud e that if y < 4-u the solution at any final

pressure is stable. Also , if y > 14u and v < 2 , th e solu t ion is

s tabl e for  any f i n a l  pr essure  sma l le r  than the in i t ial pre ssur e ,

_ _ _ _ _ _ _ _
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be ing  u n s t a b l e  in a f in i t e  r ange  of p r e s s u r e s  l a rge r  t h a n  t he  in i ti ~
p r e s s u r e .  F i n a l l y , if y > 4w and y > 2 the s..lution is unstable in

a range  of va lues  of f i n a l  p r e s s u r e s  s m a l le r  t h a n  t he  i n it i a l  pres-
sure . We may b r i e f l y  su m m a r i z e  t h e  d i f f e r e n t  p o s si b l e  cases  in a
d e p r e s s u r i z at i o n  p r o c e s s  d u r i n g  w h i c h  t h e  n o n d i m e ns i o r i a l  p r e s s u r e
goes f rom the  i n i t i a l  va lue  of 1, to a f i n a l  va lue  ¶

f < 1.

4RT
a)  ‘r < 4 - w (  > 1)E : The s t e ady  s ta t e  s o l u t i o n  is st a b l e  at t he

i n i t i a l, f i n a l  and all i n te r m e d i a t e  p r e s s u r e s  o c cu r r i n g  d u r i n g
the process. Figure (4) shows the evolution~d-th time of the

b u r n i n g  r a t e  for  t h e  case in w h ic h  a s tep c h a n g e  in p r e s s u r e
t a k e s  p lace  at t i m e  z e r o .  F i g u r e  ( 5 )  shows t h e  b u rn i n g  r at e
e v o l u t i o n  for  d ep r e s s u r i z a t i o n  p r o c e s s e s  uf t h e  t yp e

t ( 1— a ) e  ~ + a (4 - a )

w i t h  d i f f e r e n t  v a lu e s  of b .

4RT
b) y > 4 w , y < 2 (  ~~ < I , T < 2 T )  .E so • : This case is analogous

to t h e  p r e c e d i n g  o n e .  The s t e a d y  s t a t e  s o l u t i o n  at the  f i n a l

- - 
p r e s s u r e  is more  st a b l e  t h e n  t he  s t e a d y  s t a t e  s o l ut i o n  at the

-- initial pressure , so that a perturbation dies out more rapidly

at the final than at the initial pressure .

c) y > 4-u, y > 2~~ lT
f> 

ii
~ 

This  case is a n a l o g o u s  to case ( a )  w it h

the  s o l u t i o n  at t h e  i n i t i a l  p r e s s u r e  b e i n g  m o r e  s t a b l e  t h a n  the

- - solution at the final pressure.

d) y > 4w ,y > 2 , rT
i> 

il
f> 

it 2 The solution is unstable at the final

prer-sure , and Eq. (40) has a singularity at p = it 1, and

such that 11(t
1

) = it
1
. Thc~ character of the singularity depends

on the value of the s]ope of the pressure time function curve

at it
1
. When

‘- 5-~~~~~~~ - —----5--~~~~~- ’5 --—- .5— --—- 5 -
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3 2
dit v — 1  p

1(1—ulnp 1
)

— ( r = t 1
) < — - 

________ 
(50)

d1 w Iy (y-4u)

t he  sing u lari ty is a node , being a spiral when this inequality is

not satisfied. Figure (6) shows the isoclines of Eq. (4-0) for the

two possible cases , together with the solution with the initial con-

d i -t i o n  p = 1. When the singularity is a node , the solution to Eq.

(4-0) will be a smoo th  f u n c t i o n  approaching ir
~ 

for -r -
~ ~~~~. However

it is observed that p < 11
1 

the solution enters a region of unstable

states and any perturbation will grow exponentially with time . The

one-dimensional flame is unstable , so that our solution is no longer

valid. One may speculate that when the flame becomes unstable , some

type of two-dimensional effect or other effects , will appear in

order to stabilize the flame . When the singularity is a spiral , our

• solution ceases to be valid when p approaches 1T
~~
, since the variation

of burning rate with time becomes very rapid , so that it is no longef

valid to assume that the time derivative term is only ~ perturbation

of the quasisteady solution . A different analysis will be required

to study the behaviour of the solution near p i t 1 . However , since p

is decreasing very rapidly to zero , this condition may be identified

as a dynamic extinction caused by a rapid depressurization process

• e)  y > 4 -w , v > 2 , it f < 
~2 The solution is stable at the initial

and at the final pressure , but there is an intermediate range of

• p ressures ( 11 2 < ii < it
1

) where the solution is unstable . There are

• two singularities of Eq. (40) at p 1 i 1, li(t
1,

)= 1 t
1 

and at

The singularit~ at is a node when Eq.(50) is

satisfied and a spiral in all other cases. The singularity at

1
2 

is always a saddle. Figure (7) shows tne isoclines for the

two possible cases , and the solutior. of Eq. (40). The directions

at the node , are given by 

- --- --- - —-—-~~~
-- —•-—- -— -—-
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where

• 
H = 

2w/y (y-4w) ( 52 )
(y— 1)p~~(1—wlnp 1)

2

w~ th the minus sign in Eq. (51) corresponding to the principal direc-

tion . It is observ ed that the principal direction has a slope larger

in absolute value than the slope of the pressure function it . The

d ire ct i ons  at th e saddle  ar e given by
a’

dii
d 

— i—2 M r- 2 (5 3 )

where

H 
2w {y ( y — ’ 4 u )  ( 5 4 - )

• (y—1)p ~~(1—wlnp 2
)2

so that one direction has positive slope and the other one negative

slope. When the singularity at r~ is a node , the solution starting

at p = 1 is the separatrix. This solution enters the unstable re-

gion t h rough  the  node  and ex i t s  by t h e  saddl e , r each i n g in this way

the  re gion of stable states. However any perturbation occurring

when the value of p lies in the unstable region will grow with time

- 
- 

so that the one-dimensional flame will be unstabLe in this zone.

Other effects not considered in this study may then dppe~~r to stabilize

the flame. As in the previous case , if the singularity at -r
1~ is a

sp iral , our analysis ceases to be valid when p approaches 1T~~~ . TI’-~

J b u r n i n g  r a t e  d e c r e a s e s  very  rap idly with time , sug ge s t i n g the ons et

of d y n a m i c  e x t i n c t i o n . - 

—~~~~~~S-- -5-—~~~~~~~~~~~~~~~~~~ -----5 —-. -5 -~~-- 5-— -.~~~~~~~~~ 
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Figure (8) shows the stability regions as a function of the

- param eters y and u, At the initial point of a depressurization

process (in p c O) , the steady state solution is stable or not

depending on wether the value of w is at the right or left of

-‘ the intersection point of the y curve with the w axis respec-

tively . The steady state solution at the final pressure of a

depressurization process , has the same value of v and w but
a different value of ii(ln ~v~O), The stability of this final

point depends on wether or not it is located at the right or

left of the corresponding y curve. It is observed that for

y>2 there is a vertical tangent of the v curves , and therefore

it is possible to have depressurization processes such that

tJ~e steady state solution s corresponding to the initial and

final pressur e are stable although there are intermediate pres-

sures whose steady state solution is unstable.

II .

p.-
-.5

- 
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7 .  C o n c l u s i o n s  -

- 
We have developed an asymptotic analysis of the unsteady burn-

ing of a sol id pr op el lant in th e l imi t of h igh  ac t i va t i on energy
The analysis shows that the ratio of the characteristic pressure

and th e r m a l  r espon se t imes of the  solid , (see Eq. (143)) is of the
order of the  nond i m e n s i onal activa t ion ene rgy of the gas ph ase
r eac t ion . By integrating the condensed phase energy equation , an

equation is derived whose solution yields the evolution with time

of the burning rate.

It is found  that f or E ( T 50-T )/RT2 greater than one the steady

state sol ut i on  is d i n a m i c a l l y  unstable’. However , it is not clear

what happens when the one-dimensional , steady deflagration solution

becomes unstable. T’ien 14- , identifies the onset of instabilities

with the c-ccurrence of extinction , thus defining a low pressure

• dynamic deflagration limit , w h i c h  does no t co i n c i d e wi th th e low

pressu re  s t a t i c  d e f l a g r a t i o n  l imi t . It is more likely however , that

some nonlinear mechanism or tn -dimensional effect will prevent the

growth  of t h e  osc i l lat ion s and the occurren ce of ex t i n c t ion , so that

only the cne-~~im en sional  steady d ef la g r a t io n desc r ibed in the present

a n a l y s i s  w i l l  cease to ex is t , not the flame. The intrinsic instabili-

ty of the one-dimensional deflagration is analogous to the problem

of normal f-lame propagation which has been recently analyzed by

Sivashin sky 15 , sh owing  t ha t  f or large  ac t iva ti on energy  and Lewis
number greater than one the solution becomes unstable .

Th e ana ly s i s  has  also been app l ied to study th e resp ons e of a

burnin g solid subjected to a depressurization process. The character-

i s t i c  r esponse  time of . the solid is given be Eq. (43), so tha t when

the  t i m e  of p re ssure  var ia tio n is shor t compared  w i t h  it , the de-

pressur ization process appears as a step change in pressure . We

as sum e tha t the steady sol u t i o n  at the in i t ial p re s su re  is s tabl e ,

and d e r i v e  t h e  condi t ions  n ecess ary fo r  th e steady solu tion to be
‘~~~ s t ab le  at the final pressure and at all intermediate pressures. It 
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is shown that when the s teady solution is stabl e at all press ures
occurin g during the process , the burning rate always approaches

for lon ge t imes , the value corresponding to the steady solution at

the final pressure. The burning rate does not adjust instantaneously

to the applied pr essure s o that durin g a fast  chang e in pressure
the value of the burning rate is large~- that the quasisteady value ,

-
I 

~
approaching it for long time. The absence of dynamic extinction

, . 13appears to coincide with the suggestion of T ien , who cons ide r s

that heat losses is the mechanism responsible for dynamic extinction

From analysis of Eq.(4-O) which gives the time evolution of

the burning rate , it is found tha t when th e steady s olu t io n is
stable at the  initial pressure bu t b ecomes u n s t a b l e  at some lower

pressure which is reached during the process , a singularity of Eq.

(4-0) occurs when the pressure reaches the value at which the steady

solution becom es unstable. The character of the singularity depends

on the slope of the pressure-time curve at the singularity. When

the slope is larger than a critical value defined in Eq.(50) the

singularity is a spiral. The solution deriv ed in the present analysi~
is valid until a certain time when the variation of the burning

rate with time becomes infinite. From that time the transient term
• becomes of the  order  of the conv ective and diffusiv e t erms and our

analysi s ceases to be valid. However , sinc e the burni ng ra te is
rapidly decreasing towards zero , this condi t ion may be identif ied
with the onset of dynamic extinction. When the slope of the pressure

time curve is smaller than the critical value defined in Eq.(50),

• 
- 

t he  s i n g u l a r i t y  is a n o d e .  The burning ra te solu t ion in absence of
disturbances will approach for long times its steady value corre-

spondIng to the final pressure. However , in the region of unstable

s ta tes , a’r~y disturbance will be amplified so that the stead y one-

dimensional def lagrat i on ceases to be a valid solution , and some
other type of sol u i~4on will exist.
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L I S T  O F  F I G U R E S  -

Figure 1 Schematic representation of the combustion process

Figure 2 Steady state burning rate as a function of pressure

Figure 3 Stability of steady state solution at the final pres-

sure

Figure 4 Evolution with time of the burning rate for a
- step—like decrease in pressure

Figure 5 Evolution with time of the burhing rate ~or a expo-

nential-like depressurization

Figure 6a Isoclines of equation(L1~0) when there is only a singu--

larity which is a node

Figure 6b Isoclines of equation (4O) when there is only a singu-

larity which is a spiral

Figure 7a Isoclines of equation (4-O) when there are two singu-

larities and the upper one is a node

Figure 7b Isoclines of equationcliMl when there are two singu .~.

lar’ities and the upper one is a sp-i~ al

Figure 8 Stability regions as a function of the parameters

y and w
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