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ABSTRACT

A general theory is presented for analysis of wire
antennas and scatterers. Sample applications are provided,
and selected theoretical/numerical results are compared with
measured data. Particular attention is given to the analysis
of the wire biconical antenna and the special case of this

structure often called the bow-tie antenna.
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CHAPTER 1

INTRODUCTION

In numerous applications, there is a pressing need for a
short distance HF antenna which exhibits desired electrical
characteristics but which also possesses acceptable mechanical
features. For an HF antenna to be of greatest utility, its input
impedance and VSWR must not vary outside of prescribed bounds
over the frequency band, and its radiation pattern must be
essentially omni-directional throughout this frequency range
of interest. The antenna must be quickly erectable, highly
portable, light weight, and must be able to withstand natural
environmental hazards such as wind, ice loading, rain, corrosion,
etic Finally, the antenna must be simple, of low cost, and its
properties under varying ambient conditions must be well known.
0f course, to achieve such an ideal radiator is impossible,
but it certainly is desirable to attempt to realize a physical
structure having as many of the above features as is practical.

It is apparent that a careful analysis must precede the
development of an optimum HF antenna, since any design task
necessitates intelligent compromises involving trade-offs and
modifications among ideal characteristics. Only after full
understanding of a generic antenna structure and a delineation

of its properties and their interrelationships can an engineer
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undertake the difficult task of designing a structure which
is near optimum for his applications.

A basic radiating element which can be made to operate
satisfactorily over a broad range of frequencies is the so-
called biconical antenna.

Biconical dipoles have been used extensively as broad-
band antennas in the VHF-UHF frequency range. The biconical
type structure in free space has been studied by various
authors as a spherical boundary-value problem, and, from this
point of view, input impedance can be predicted from analytic
formulas for small cone angles. Impedance data for large
angle biconical antennas is derived mainly from experimental
studies, and it is well-known from these results that the input
resistance and reactance remain fairly constant over a wide
frequency range for cone angles from 20° to 90°as compared to
the thin cylindrical dipole. The gain of the biconical struc-
ture also exhibits this resonably constant behavior as a
function of frequency. Experimentalists have found that, by
adjusting the total length and the angle of the conical
sections, optimum radiation characteristics can be obtained
for frequency range variations of several orders of magnitude.

In the size needed for operation at HF, the solid or
shell biconical antenna would be so massive that it would be

totally impractical. However, the properties of the bicone
are so near ideal compared with those of othersimple antennas,

one is naturally led to investigate the possibility of developing
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a biconical-like antenna which retains desired electrical
features but which is mechanically realistic. A simple radi-
ator which may be viewed as a form of a biconical antenna can
be fabricated from conducting wires having the configuration
shown in Fig. 1-1. More sophisticated antennas, comprising
various combinations or arrays of elemental wire bicone radi-
ators, may be desired where prescribed applications warrant
added complexity.

Even though the classical biconical antenna is known to
exhibit a remarkably wide bandwidth, how similar are the
properties of the wire structure depicted in Fig. 1-1 to
those of the classical radiator? Does it exhibit broadband
characteristics?

This report describes a research program in which are
developed the tools for investigating the wire biconical
antenna of Fig. 1-1 in free space as well as above an ideal
ground (three orientations). A new theory for analyzing wire
structures has been developed and is described in this report.
A numerical solution procedure, based upon the new theory
and applicable to general wire structures, is discussed and
sample calculated data are presented. A computer program
has been developed for implementing the theory and numerical
solution procedure. Also, calculations have been made for
various configurations of the wire biconical antennas, and

selected results are presented and compared with available

measured data.
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CHAPTER 2

FORMULATION OF STRAIGHT-WIRE INTEGRAL EQUATIONS: PIECEWISE
LINEAR AND PIECEWISE SINUSOIDAL TESTING

2.1 INTRODUCTION

In this section a particular moment method [1] analysis

of straight-wire scatterers and antennas is developed, and the

associated integral equation for the straight element is form-

ulated. The method emphasizes piecewise linear and sinusoidal

i testing, and interrelationships between these two testing pro-
i cedures are delineated. Both pulses and triangles

[1] are used

for representation of the current and a brief discussion of the

-~ .

utility and advantages of each is provided. Example results of

straight-wire calculations are included.
i

From basic electromagnetic theory applied to the perfectly

conducting cylinder of Fig. 2.1, assumed to be excited by some

L incident field, one may readily derive the following fundamental

integro-differential equation,

A

i

2 2
d 2 gy
(d22 * K )Az(z) - & wlay (2.1)

relating the magnetic vector potential,

W TN AR T

L/2
Az(z) = -4}1? f i(z")K(z-2z"')dz"' , G2}
z'==1/2

a
b
P
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Fic. 2.1, STRAIGHT-WIRE SCATTERER ILLUMINATED BY
INCIDENT FIELD
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Fic. 2.2, STRAIGHT-WIRE ANTENNA EXCITED BY VOLTAGE
SourRCE LOCATED AT 7 = Zg
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to the unknown incident electric field having an axial com-

i L ’ B .
ponent Ez on the surface of the cylinder, which resides in a

homogeneous space characterized by (p,e,0=0). The kernel in

(2.2) above is

n 1
4 -ikte?+aa® sin®gr /21"
K(g) = 2 ) ) 9 3z ¢’ (2.3) i
[E+4a” sin“d' /217 |
e
where k is 2m/A (wavelength) at the angular frequency w of the
,; suppressed harmonic time variation eJWT, Through (2.2), Equa-

, : i ;
tion (2.1) relates the known excitation Ez to the unknown axial

current i on the scatterer which is specified to be a tube of

x

radius a and length L as suggested in Fig. 2.1. If one wishes

R

to treat the antenna problem in which the excitation is a slice

-

generator of

voltage V impressed at a point z , he replaces E;

of (2.1) by Vé(z—zg) where 6(z) 1is the familiar delta function
GEA a2

-

For present purposes, the wire radius is looked upon as

being very small relative to the wavelength X as well as to the

cylinder length. Such restrictions, common in thin-wire analyses,
1

o

assure one that the current on the cylinder is circumferentially

independent and that it can be accounted for by the total axial

current i. Under these thin-wire assumptions, one could make

N R o

3

use of the so-called reduced kernel approximation to (2.3),

ey W R SENGLNR

but, since the solution procedures below are not unduly com-

plicated by the exact kernel, K(£) of (2.3) is used without
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approximation. Even though thin wires are under investigation

here the analysis applies to a thick cylinder, if only an axially

directed current exists and is circumferentially independent,
as would be the case for an isolated antenna driven by a cir-
cularly uniform source or generator.

The solution procedure presented here is essentially the
moment method [1], but a change in the sequence of the method's
usual steps enables one to gain interesting insignt into the
nature of the numerical procedure. The alteration alluded to
is that one performs the testing of the equation to be solved
(2.1)with elements Tm of the selected testing set (Tm> before

the unknown current is approximated as a linear combination of

the elements i of the basis set (i } .
n n

2.2 TESTING

To ensure the stability of the anticipated system of

linear equations to be formed in the solution procedure, only

subdomain testing sets are considered here. Pursuant to such

a system, one equates the corresponding projections of the two

sides of (2.1) onto the space spanned by (Tm> , wWhich implies

that the scalar products formed by Tm and the two sides of

(2.1) are equated for each m:

2
d 2 g 5 ln
( =% k )Az,Tm = (-3~ E;, T ; (2.4a)

———
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i

where the scalar product is

L/2

<f,g> = f fg*xdz . (2.4b)

-L/2

For real testing sets (Tm> of the subdomain type considered

here, where Tm(z) is zero outside ze(zm_l,zm+l), (2.4) is simply

74

‘m+1 m+ 1
d2+k2A()T()d--k—2 EL(z2)T (z)a
dzz , (2 n(2)dz = =355 < A2) T, z)dz.

e e 5| (2.5)

The two testing sets which are particularly amenable to num-

erical solutions of (2.1) are the piecewise linear and piecewise

sinusoidal sets whose elements are, respectively,

e

Ai(z) =ﬁ (2.6a)
. 4 . AL LR,

and
( sin k(A-|z-2_[)
sin kA » BEAZ, 19%541)

A (2) = ¢ (2.6b)

L 0 y 2E(2, %041}
9




where 24 = (z - z ). The former set above is illustrated in
m+1 m-1

Fig. 2.3 where one observes overlapping triangles on the interior
intervals with half-triangles (dashed) on the lower and upper

end intervals. Testing with the end half-~triangles, or end |
"half-sinusoida'" in the case of piecewise sinusoidal testing, in
the moment method admits the representation of the current in

a series which does not satisfy a priori the boundary conditions,

i(+L/2) = 0 , (2.7a)

i(-L/2) =0 , (2.7b)
and provides a convenient way to incorporate the boundary
cdonditions (2.7) of the problem. Having a means to incorporate

conditions at wire ends becomes important in situations where
wires join.

Interior Testing Testing of (2.1) with the elements (2.6a)

of the piecewise linear set over the interior full intervals

of length 24, (zm ), m = 0 * 1, +2,..,[M-1], yields

-1'%m+1
(See Appendix I)

4

[Az(zm+1) - 2A (2 ) + Az(zm_l)] + 12 f A, (2)0! (2)az

e

10
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Similarly, testing of (2.1) with (2.6b) of the piecewise sinu-

soidal set over the full intervals yields (Appendix 1I)

k
psr i [AZ(Zm‘f-l) - 2cos kA Az(zm) + AZ(Zm—l):]

(2. 8b)

Zn+1
k2 i s
= B Ez(z)Am(z)dz
z=z

End Testing Testing of (2.1) with Tm over the lower-end half

interval (Z—M’Z-M+1) is written
Z_M+1 Z_oM+1
d2+k2 A()]T (z)4d B EL(2)T . (z)d
2 g <P -M 2 el AT
dz
29% o o (2.9a)
and, over the upper-end half interval (zM_l,zM),
M M
2 2
d 2 o i
f [( 7 + k )Az(z)]TM(z)dz i f Ez(z)TM(z)dz
dz
& in-1 ™% | (2.9b)

where T:M may be either AiM or A:M' Notice that the limits of

the integrals above render (2.9) equivalent to testing (Eq. (2.4))

over (-L/2, L/2) with half-triangles or half-sinusoids. For

end testing as above, or with equivalent half-triangles, (2.9a)




and (2.9b) become, respectively,

“_M+1
d ! ¥ ;l_ 2 1" s 1
= a‘ZAz(Z_M) = KAZ(Z-M) it AAZ(Z—M"’l) + k f '_M(Z)nz(l)dz
z=z_\
S
! 2 ,
i A e |
e f ‘__M(z)hz(z)dz
i z=z_y (2.« 20a)
§
and
{ "
\ d il ue 2 2
‘ E;AZ(ZM) - EAZ(ZM) + AAZ(ZM-I) + k ./' Az(z)AM(z)dz
252y 4
t

ZM
.k2 at 2
it iy Ez(z)AM(z)dz s (20 10h)
Z=2Z

M-1

Also, for end testing with half-sinusoids, one obtains

e

cos kA k
s ) sin kA Az(Z-M+1)

——
I
e

e

~

N

2 M i

2 i
2 "J'k? f E;(Z)ASM(z)dz (2.11a)
2oz

T RIS TR e TR
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and

cos ki
sin kA Az(zM) i sin kA

)

A (z
z

d p
3222 (2n) M-1

dz

VA
3 k2 [ it S
, s hz(z)AM(z)dz - (2. 14b)
Z=ZM_1

may be either A% or AiM

where TiM M
)
]
2.3 BOUNDARY CONDITIONS
¥ Attention is called to the derivatives of the vector
‘ potential at z,, which appear in Egals (2099 and (2 eL0DE
Appealing to the Lorentz condition, one can readily relate
i these terms to the electric scalar potential ® by use of
E o
3 2
i 4 i el
E Y Az(ziM) s ¢(th) (2.12)
i
i
ki
f. where, of course, ¢ is calculated from the electric charge on
the cylinder. 1If one does not enforce i(Z+M)=0 a pxiort, then,
: in order that the charge and current on the cylinder constitute

P

a complete electric system [2], rings of discrete charge must

reside on the upper and lower rims of the tube. Since the

ENRAETS

current is assumed uniform over any cylinder circumference,

gl B g,

14

2
&
.
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¢ach ring charge is uniform and has density*

rt 3 i(z_,rM

)
Ry 7 * i Tmam
where the upper and lower signs are associated with quantities
at z, and z M (L/2 and -L/2), respectively. Now one may write
the expression below for the scalar potential at a point

ze(-L/2, L/2) on the cylinder in the form

L/2
PP R 4i(z') K(z-z')dz"
aF = 40— (2 z-2 z
z'=-L/2
i(ZM) i(Z_M)
-JW K(Z-ZM) + J—W K(Z-Z_M) (2.13)

where the integral contribution to the potential is due to

the distributed charge and the remaining two terms come from

the ring charges. The potential is to be evaluated omn the

cylinder at Zim at which points (2.13) is unbounded. Specifically,

one can show*that the potential exhibits the following properites

at the upper and lower ends, respectively:

1(z.,)
¢+ = 2im $(z) = SRR i 2im [gn( = )}J

. zZ,~2
z"‘zM j4m wea z‘fzM M

(2<14a)

*See Appendix II.
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and

i(z_ )
" s Lim G(z) = -——Tﬂ Lim [zn(z—f—:—-—)]]
' jerTwea | =M J
z Z—M M

(2.14b)

Even though (2.14a) and (2.14b) are unbounded, the derivatives
of vector potential in (2.10) and (2.11) are replaced by

2
equivalent terms involving ¢  explicitly in order to facilitate

discussions which follow.

2.4 APPROXIMATIONS

For a function f sufficiently smooth over the interval

(z 52 ) one employs the approximation,
m-1’"m+l

f f(z)Tm(z)dz = Af(zm) (2.15)

> |
z2=2
m~1

5 2 s
3 where Tm here may be either Am or Am. In a numerical solution

¥
procedure, A must be small compared to the wavelength Nig ok
(1) the excitation is to be sampled adequately along the wire

and (2) the number of elements in the basis set {in} for the

current approximation (hence the number of equations obtained

-

NI R

ST

from testing Equation (2.1)) is to be large enough to accurately

S

2

16
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be made for testing

represent i. A similar approximation may
over the end intervals with the right side of (2.15) replaced

by 1 Af(z ), since, for end testing, the integration is over
Y 2 +M

an interval of length A rather than 2A as is the case in (25150

2.5 SUMMARY OF TESTING

Employing the approximations above in (2.8)-(2.11) and

making use of (2.12) and (2.14) in (2.10) and (2.11), one
arrives at the two systems of equations below for piecewise

linear and piecewise sinusoidal testing.*

Piecewise Linear Testing

3
B . (—2) el
e A A e ) + F A 02 1y qp) = ~iy 3 By
(2.16a)
2 2
1 KA : i
A [A (zm+1) 2(1 i Ljfl ) Az(zm) = Az(zm-—l)] 3 _j%K AEZ(Zm) >
m =G, £, £2,. .« E[H=1]}
(2.16b)
2 1- ——(kz"")z 2
kS ok 1 . i
L A T T IR S S CTO I -jhw— % El(zy) (2.160)

*Another form of the equations resulting from end testing
is convenient for some purposes; this form is discussed in

Chapter 3.
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cewise Sinusoidal Testing

Piecewise
2 7 :
k - cos kA k ST AN g
I ¢ sin kA Az(Z M) sin kA Az(z [M 1]) a2 hz(z-M)
(2.%7a)
N A ( ) - 2cos kA A (z_ ) + A (z Y| = _-53 AFi( )
sin kA z Zm+1 - z''m z “m-1 =TT Vgt
m= 0, £#1, +2, , *[M-1],
(2.17b)
kz e cos kA k k2 A i
e il - COS KbL IVSITE R 2 a8 1
I3 ¢ & sin kA Az(zM) i sin kA Az(Z[M—l]) W 2 Ez(ZM)
(2.17¢)
2.6 RELATIONSHIPS BETWEEN PIECEWISE LINEAR
AND PIECEWISE SINUSOIDAL TESTING
For sufficiently small A, one observes that
i < . " "
) and n; do not differ significantly, and, therefore, operations

with one testing element should produce results similar to

those achieved via the other. Such is indeed the case as is

seen from the discussion below. To obtain (2.16) from (2.8a)

and (2.10), approximation (2.15) is applied to two integrals

in each equation, whereas (2.17) follows from (2.8b) and (2.11)

19
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subject to approximation of a single integral per equation.

In this sense, Eqs. (2.17) resulting from piecewise sinusoidal
testing are more nearly exact than are (2.16) resulting from
piecewise linear testing. Of course, in a numerical solution
one may make use of Egqs. (2.8), (2.10), and (2.11) which are
exact, but, as one would suspect in view of the closeness of
to ﬁ; for A<<A, (2.16) and (2.17) are seen to be the same

set of equations within the approximations,

sinled = kA -,

(ka)?

cos kA = 1 5 :

which are quite good whenever kA<<1l. Of additional interest

is the observation that (2.16b) is the difference equation
approximation to (2.1) arrived at by replacing the second deriv-
ative operator by the second central difference operator. Thus,
piecewise linear testing of Eq. (2.1) is approximately equivalent

to replacing it by the corresponding difference equation.

2.7 USE OF PIECEWISE LINEAR AND PIECEWISE
SINUSOIDAL TESTING IN NUMERICAL SOLUTION OF f

CURRENT ON STRAIGHT-WIRE SCATTERER |

At this point attention is given to the task of solving

for the unknown current i(z) induced on a straight-wire scat-
terer by a specified incident field Ei. To obtain such a

solution one establishes a procedure based upon either (2.16)

or (2.17). In the procedure the unknown current i(z) is

-




approximated as a linear combination of known elements in(z)

of a suitably chosen basis set <1n> :

i(z) = Zlnin(z) (2.18)

where the In's are unknown complex constants to be calculated
in the procedure. With i(z) of (2.18), the vector potential

of (2.2) can be written

N
A (2) = ZInAZn(z) (2.19a)
n=-N
where
L/ 2
Azn(z) = Zu? fin(z')K(z—z')dz' (2.19b)
z'==L/2

is a partial vector potential contributed by the basis element
in. Once a basis set <in> has been selected in the numerical
solution technique, in would be known and one could immediately
determine Az . Next one substitutes (2.19) into the tested
integro—diferential equation ((2.16) or (2.17)). For illus-

trative purposes (2.16) is employed here and, to facilitate

explanation, one finds the following definitions to be convenient:
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Ty
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-
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3

2
1 (kd)
Sen =  [A2_(2ae1) - 2(1- LR Na, () + 4, (2, )
n n n
L/2
z'=-L/2
(ka)?
s - i '
2(1- > )K(zm z") & K(zm_l z )] dz
(2.20a)
and
k2 i
Vm = _jTAEz(zm) . (2.20b)
In terms of the above definitions, (2.16b) may be written
compactly as
N
E 1.5 =g A
n mn m
n=-N
m= 0, £¥1, #2,..., £(M=1) , (2.21)

which is a system of (2M-1) linear equations with (2N+1) un-

knowns (In's). To satisfy the boundary conditions,

i(-L/2) = i(L/2) = 0, one of the following approaches may be

employed.
1. Equations (2.16a) and (2.16c), with (2.18) :
and (2.19), may be appended to (2.21) in
which case the presence of the terms ¢

and ¢ of (2.16) in such an augmented system
of equations forces satisfaction of the
boundary conditions.
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2. The boundary conditions imply
N
AC=LAL2) = EI 1 (~L{2) = 0
n n
n=-N
and

N

L (L/f2) = E Inin(L/Z) =0
n=-N

which two equations may be added to the
system (2.21).

3 If the basis set <in> is of the subdomain

type [1], the boundary conditions may be

incorporated directly by setting i_N and

iN equal to zero; i_N and iN exist over the

lower-end and upper-end subdomains, respectfully.

With the wire boundary conditions honored, the system of
equations (2.21) can be solved for the In's, which in conjunc-
tion with (2.18) lead to an approximation for the wire current

o (16 B

Pulse Basis Set As an example of how the procedure described

here may be implemented, we choose pulses [1l] for the elements

of the basis set, in terms of which (2.18) becomes

i(z) = Zlnpn(z) (2.:22)

where the pulse function pn(z) is given by

23
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5 1L ze(cn-A/Z, cn+A/2)
pn(z) = (2:23)

{0, 2¢ (g _-A/2, ¢ +0/2)

and where

o ENT (2.24)

In Fig. 2.4 a current approximated by pulses is depicted and
;n of (2.23) is shown as the coordinate location of the center
of the nth pulse. Notice in Fig. 2.4 that I_N and IN are

made zero in order that boundary conditions are satisfied by

the current approximation; thus, (2.22) reduces to

N-1
i(z) = :E: Inpn(Z) (2.25)
n=-(N-1)

and, with in replaced by p, in (2.20a), Smn becomes

Cn+A/2
1 v (k8)?
= — — -— ' — —-— T S ML —

Smn A 47 [ K(Zm+l i 2<l 2 )K(zm &

'— —

z —cn A2
+ K(zm‘l—z')] dz' (Z.26)

since pn(z) is zero outside zE(En-A/Z, §n+A/2). A simple

change of variables, use of (2.24), and replacement of z. by

(see Fig. 2.4)
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Zh =R A s ()8 e y (2.27)
m
allow one to convert (2.26) to
Af2
u (kM) 2
Py » — L} - TR 2 el e (]
§ = gz [i\(A[m+l nj+z') 2(1 5 )K(A[m mlEC )
g'=-b/2
-t K(A[m-—l—n]+g')J g’ R (2, 28)

a form which is computationally more convenient than (2.26).

With N=M and with (2.25) and (2.28) in (2.21), one has a system

of (N-1) equations in (N-1) unknowns from which he can deter-

mine the In's (unknowns). Fig. 2.5 shows a wire of length L

partitioned into 10 segments of length A with the current

approximated by 9 pulses. Notice the geometric relationships

between the location of the piecewise linear testing functions

. e and of the pulses and observe that the current on each end

is represented by half-pulses, each of which is made zero so

that the current approximation satisfies the boundary condition

from the outset. From this figure we generalize as follows.

For a wire of length L one may select any number P (odd number
for convenience) of unknown pulses and partition L into (P+1)

segments of length A=L/(P+1), which lead one to specify the

number of equations in the linear system (2.21) to be,

| P

of course,

P - number of unknown In's {pulses) and number

of equations in (2.21)

e e TR

A

o - L/(P+l)

o ——
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Numerical Calculations We observe from (2.3) and (2.28) that,

when m and n are related by either m=n-1, m=n, or m=n+l, one

of the three integrands of (2.28) is singular leaving one with

the need to evaluate integrals 1like
Af2

K€z )de!

Z'moA/2

with a singular integrand. This integral is discussed and

3 evaluated in a forthcoming paper [3] by Butler. All com-
binations of n and m other than those cited above give rise
to nonsingular integrands of (2.28) which may be integrated

numerically with great ease and accuracy.

Piecewise Linear

Basis Set

-t

representing the

S

linear functions

P 's of (2.18).

pulses and are illustrated in Fig.

As another example, one may consider
<
current as a linmear combination of piecewise
2 £
An , where the An s of (2.6a) replace the

These are often called triangles or triangular

2.6 where one sees the cur-

rent approximated by 9 triangles and their relative positions

3 to

used in the s2t to approximate current

75

TR TR

Fig:, 2.6.

e

the 9 testing triangles.

the point where the peak occurs, i.e.,
and triangles are seen to be arranged
boundary conditions are satisfied.
current by a sum of weighted triangles

wise linear interpolation as suggested by the dashed

The peak of a given triangle

is equal to current at

)
the peak of A_ is I_,
n n
in such a way that the
Also, an approximation of

is equivealent to piece-

lines of

Zy
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e . - . L .
The coefficients bmn are needed with 1n=An in order that
one may establish the linear system (2.21) when the current is

represented by a piecewise linear approximation. To obtain

o

X

S with i =A", A of (2.19b) is determined, reduced to a use-
mn " in z
ful form, and then substituted into (2.20a). First, from (2.19b),
Lol
A, (z) =2 ik -2)dz ,
Zrl m 4 n m 1
z'=-L/2

and, since AR is nonzero only over z'E(Cn—A,Cn+A), the above
n

expression becomes

(n+1)A
“ T Al / o |l ]
“ Azn(mA) e An(z JK(Am=-2"')dz
z'=(n-1)A
} where use is made of (2.24) and (2.27). Subject to the change
of variables z'=-z'+nl, one has
A
A (md) = E ./kz(nA—g')K(A[m—n]+c')dc'
z, 4m n
and, as can be seen from (2.6a) or (I=1),
5 5% ) fu
i R (ad-g'y = Fla-]z*[] = Ay(E")

g
"k

so one finally arrives at

Rl e S L A

PA)

i,

L SHEET A




H
A = —_—
A2 (mA) s

ﬁ\é(l')K(A[m—ll]+g')dc‘ . (2.29)
g'=-4A

Substitution of (2.29) into (2.20a) enables one to obtain Smn

for a piecewise linear approximation of i(z):

mn 4TA

A
i 2 (ka)?
S = AO(C')[ K(A[m+1l-n]+z') - 2 (l— e ) K(A[m-n]+z")

g'=-a

+ K(A[m—l-n]+c')] dz'! . (2 .30}

Equation (2.30) is in a highly convenient form for numerical
computation. As is the case in (2.28), the kernels of (2.30)
can be singular; such integrals are discussed in [3] and sugges-
tions for evaluation are given.

With Smn available for the current approximated by triangles,
one substitutes (2.30) into (2.21) and with N=M, solves for the

[n's. Knowing these coefficients, one approximates the current

by means of
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Sample Results The above theory is directly applicable to the

problem of calculation of current on a straight-wire scatterer.
By solving the set of algebraic equations (2.21) with Smn given
by (2.28), one obtains the In's of the pulse current expansion
(2.25) and, hence, has an approximation for the current i(z);
similarly, solution of (2.21) with Smn of (2.30) yields the
ln's associated with a triangle expansion which may be used

in (2.31) for determination of current. As an example of re-
sults obtained from the present analysis, Fig. 2.7 depicts the
current induced by a normally incident field of 1 volt/meter on
a straight-wire scatterer of length L=A/4 and radius a=x/1000.
Notice that data obtained by pulse and triangle current expan-
sion are essentially identical.

Convergence In order that one may observe the convergence of
the series (2.25) tand (2.31) for straight-wire scatterers of
various lengths, all of radius a=A/1000 and illuminated by a
normally incident electric field of 1 volt/meter, Tables I and
I1I are provided. From a careful study of these tabulated data,
one sees little difference in convergence rates.

Other Basis and Testing Sets One may choose piecewise sinu-

soidal testing functions and employ Equation (2.17b) rather
than (2.16b) to solve for the current on the scatterer. A
procedure based upon (2.17b) would parallel those described
above. However, in view of the closeness of A: to Ai for suf-
ficiently small A/A, one would obtain essentially the same
numerical results. Furthermore, one may wish to specify the

: s
elements of the basis set to be An's but, here again, the close-

Jil
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ness of Ai to Ai suggests that a piecewise sinusoidal approxi-
mation of current would lead to solutions which differ only
insignificantly from those obtained via a piecewise linear
approximation. In summary, then, the two examples given above
of solution procedures can be viewed as covering the following
combinations of testing/current approximation: (1) piecewise
linear/pulses, (2) piecewise linear/piecewise linear, (3) piece-~
wise linear/piecewise sinusoidal, (4) piecewise sinusoidal/pulses,
(5) piecewise sinusoidal/piecewise linear, and (6) piecewise
sinusoidal/piecewise sinusoidal.

Whenever the wire structure is of sufficiently large
magnitude, in terms of numbers of wavelengths of wire, one may

not be able to require the increment A to be so small relative

to wavelength to be assured that piecewise sinusoidal functions

(for basis or testing set) yield results which are extremely
close to those obtained by means of piecewise linear functions.

For A/%E 1/10 the difference should be less than 6 or 7 percent.

The solution procedure outlined above in which piecewise
linear functions, or triangles, are utilized as elements of

both the basis and testing sets is an example of a Galerkin

o

B method, i.e., a method in which testing functions are the same
as basis functions. Since (2) and (6) above are approximately
equivalent, the procedure employing triangles for expansion and

testing is quite close to Galerkin's method with piecewise

; Ay
P

TN AR

sinusoidal functions.
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2.8 ANALYSIS OF STRAIGHT-WIRE ANTENNA

The solution methods discussed for the scatterer in
Section 2.7 are directly extendable to the case of a straight-

wire antenna, driven by a voltage source of V volts and

located at some point zg along the length of the wire (Fig. 2.2).

If one adopts the standard slice generator source model [4],

then E: of (2.1) becomes

Ei(z) = V6 (z-2) (2.32)

where §(z) is the familiar delta function. Without the ap-

proximations of Section 2.4, Vm of (2.21) becomes exactly

z
m+1

2 2
e e L Lisis N - 248
Vo= -V f(S(z zg)/\m (z)dz = -3=VA~ (zg) (2.33)

for either piecewise linear or piecewise sinusoidal testing

and, for either testing set, reduces to

2

S e
Vm = -j wV ; (zg—zm) (2.34)

when zg and z coincide. For multiple excitation (2.33)

becomes
N
g
k2 gyl y8
= =j— ’
Vm 55 V\)/\m (ng) ¢2.35)
v=1
for N_ s d at N i !
g ources located a zgl, zgz, » 2y and having emf's
g
of V%, V%,..., Vg volts, respectively.

g
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The femaining terms in (2.21), Smn and In, are handled
in exactly the same way that they are for a scatterer. Hence,
with the appropriate definition of v, in (2.33)--(2.35) and
with Smn for pulse or triangle representation of current dis-
cussed in Section 2.7, one may calculate current on an arbitrarily
excited, straight-wire antenna.

Sample results for a center-driven, half-wavelength
antenna are depicted in Fig. 2.8. Current, calculated by
means of piecewise linear expansion and testing, is seen in
Fig. 2.8, where for comparison is also displayed current cal-

culated from a pulse expansion with collocation numerical

solution to Hallen's equation [5].




1
Hallen (36x36 - Pulse/Collocation)
xxxx Eq. 2.1 (15xI5 -Triangle/ Triangle)
o] =
9 bomen
8
) :
-
1 6
3 5 V=| volt
L=\/2
4 a=0.007022 X
] 3
«
( i
. £ 4k
i 2 0 :
5 |
(3) -1} ;
-2}
~S 4
-4 N Imaginary
’ ‘SF - X x X
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CHAPTER 3

ANALYSIS OF COUPLED WIRES
3.1 INTRODUCTION

With the foundation being established in Chapter 2, the
next step in the procedure for developing a general analytical
technique for characterizing wire structures is the treatment
of a particular wire in the presence of others. The electro-
magnetic influence on one wire in an ensemble due to all others
plus itself must be fully accounted for in any analysis. Such
coupling, mutual and self, must be taken into consideration for
each wire in an ensemble.

In this Chapter are presented the analysis of wire struc-
tures and the formulation of perfinent integral equations.
Numerical solution procedures are discussed as are symmetry
conditions. To support the theory, results of sample calcula-
tions are included and compared with data obtained elsewhere.

In Fig. 3.1 are shown several wires, one designated the

th p ; th .
) wire and another designated the q s Wwe focus major atten-
: th . : ;
tion upon the p wire and investigate how one may calculate
the electric field on this wire due to the current i on itself
P
; (o SRR :
plus that due to i , the current on the g wire. The contri-
q
’ 141 SR
bution on the p wire due to the presence of wires other than

h

the qt may be calculated in an identical way, and then the total

; ; th .
contribution from wires other than the p is simply a summation over

40
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all wires, q=1, 2,.«+, N(g#¥p). Written symbolically, the

’ th ,
electric field directed along the axis of the p wire and
evaluated on its surface is

N

: i z : 3.3
EC(C) EPC(C) + up ZEq(C) ( )

q=1
(q#p)

where EC is the total axially directed field on the surface of

the pth wire produced by all charges and currents on the struc-

ture, B is that due to the current ip, and Eq is that due to
&

the qth wire. = In Eg. (3.L) up is the unit vector along the

>

' A

independent variable denoting axial displacement along up of

pth wire (and has the sense of the current ip), and 7 is an

B e . :
the p wire in a local coordinate system with origin at the
th - : :
center of the p wire. Fig. 3.2 depicts the two wires and
. serves to define geometric quantities of interest.*

At a general point in space (x,y,z) one may write Ep
g
in the following form:

E_ (r) = —ijp(r) = eF Tl (3.2)

A -

—

calculated from the sources on the pth wire. Subject to the

thin-wire approximations, these potentials may be written

*See Appendix III.
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where Ap and ¢p are the vector and scalar potentials, respectively,
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and
/A2
. ik fr-r|
= = L ' e '
®p(r) S5 ‘0‘"6 pz (C ) I_—_'I dC
p r-r
g'=-L /2 P
P

+ = r-
+ 05T (7) + ¢
p() p

(1)
where the general point (x,y,z) is located by
r = xu + yu + zu
X y z
: o
and a source point on the p wire by

r' = ¢ + z'u
P

o (3o ;; is a vector which locates*the center of the p
wire so (3.5) itself is simply the equation of a straight line
y ; thi . ;

in space along the axis of the p wire. The linear charge

il ‘ ;
density on the p wire is denoted Py and is, of course,

P

{4 ; ¢ ; ;
to the p wire current by the continuity equation,

*See Appendix III.

(3.%a)

(3.3b)

(3.4)

(3.5

th

related




o i PN

=

g

pr

e o

— i (g) + jwp, () = 0 . (3.6)
e o L
P
Xk je— - :
In (3.3) the two terms, bq and @q , represent contributions to
the scalar potential from the rings of discrete charge located,
) th .
respectively, at the upper and lower ends of the p wire.
These charges are present whenever the current is not zero at
the ends as is necessary, if the analysis is to be extended to
structureSinvolving wires which join at their end-points.
Similarly, the electric field Eq(;) due to sources on the

& . .
q i wire may be written

1—21_:)=—'wA_A— d ¢ S 0%
q( j q(r)uq gra 4 ( )

A

where A u and ¢ are the vector and scalar potentials, respec-
q q
: el

tively, calculated from the sources on the ¢ wire. Aq and
:q can be expressed in terms of potential integrals like those
of (3.3) with p replaced by q. The unit vector uq is directed
along the 9h wire and has the sense of the defined current on
this wire.

e ; : et L

Since the contributions on the p wire due to currents on
the other wires are all of the form of (3.7), only two wires
are treated in general below (Fig.3.3) so that the discussion is
not rendered overly complex. The extension to more than two

wires 1is quite direct and can be done readily after the present

two-wire case foundation has been established.
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[he axially-directed electric field on the surface of

th
the pLh wire shown in Fig. 3.2, due to sources on both the p

th : ;
and q wires, 1is

e o
= . - = : 3.8
Jqu(uq up) Ya Qq ( )

Retaining Qq but employing the Lorentz gauge explicity to

eliminate @p one may convert (3.8) to an alternate form:

N

A @) -5 e @ L Gl
Actually, the Lorentz gauge is invoked implicity relative to
;q’ for otherwise the potential integral representation of the
scalar potential would be inappropriate; however, in (3.9) the
relationship between @q and Aq is not invoked directly. 1In
view of the heterogeneous application above of the relationship
between vector and scalar potential under the Lorentz gauge,
one must exercise care to avoid violation of the continuity
equation, when he calculates ¢q from the charge on the qth

wire. When this wire joins others, as is anticipated by the

expression (3.3b), special heed must be given this caution,
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and one must recall that explicit application of the Lorentz

gauge ensures a complete electric system [1].

3.2  TESTLNG

As is done above for the isolated wire equations, we seek
0

a set of linear equations by testing with A; and A; o' H(E20161)
pursuant to the development of a numerical procedure for per-
forming various calculations on wire structures. As before we
distinguish between interior testing and end testing in order
that the boundary conditions on wire ends may receive desired
attention and may be efficiently incorporated in the numerical
solution technique.

Testing of (3.9) with a testing function Tm yields

2 e
<9~—2-+k2)A,T + k2 _cu (A, T
dr p’ m P @\ q 'm
2 2
k™ /0 .k i
Jw aC @q, Tm == J-U'<EC, TH> (.).10)
which, in view of the definition of the scalar product (2.4b)

and the subdomain nature of the testing functions to be con-

sidered here, can be written
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”
‘m+ 1
‘m+1

) ~ ~
d° 2 : 2 o Z p
f{:<d—’é + k )Ap(c)] rm(c)dc + k (up uq)j Aq(f)lm(l,) z
S

T em-1 L=am-l
Cm+l Cm+1
2 2
k _a_ = "—{——
=1 e=tn-1 {3.15)

As before, in the case of end testing, the limits of the above

integrals must be modified; in particular, for testing over the

lower interval, Ce€ (Q—M’C—M+l)’ the lower and upper limits of

each integral are C—M and C-M+1’ respectively, whereas, for

testing over the upper interval, CE (CM-l’cM)’ the respective
lower and upper limits are CM-I and Lye Of course,
in/Z and that

one recog-

t = % E = A 2
G4 (M-1) p/" “p)’ where

Lp is the subdomain interval length defined in Fig. 3.3

nizes Ehat Ciy

Interior Testing Making use of the equations in Appendix 1,

one can perform the operations indicated in (3.11) to achieve

the equations resulting from testing with either piecewise linear
or piecewise sinusoids over the interior intervals. For piece-
wise linear testing (Tm = Ai) one obtains Eq. (3.12) and for
piecewise sinusoidal testing (Tm = A;) he obtains Eq. (3.13),
both of which are found on the following page. Eqs. (3.12) and

(3.13) are exact in the sense that the testing procedure has

introduced no approximations.
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Fnd Testing In end testing we consider both kq. (3.8) and

; 9.
Fq. (3.9) and test with each of the functions A?M and A'M' Of
course, these equations are equivalent and either may be used

in any wire analysis, or they both may be employed in a mixed

2
fashion. Testing Eq. (3.8) by means of A+M over the upper and

O R TR ETER 2 | st

lower end intervals yields (3.l4a) and (3.14b), respectively,
and end testing (3.8) with A:M yields (3.15a) and (3.15b). }
Similarly, testing Eq. (3.9) with AiM over the upper and lower
end intervals yields (3.16a) and (3.16b), respectively, while
end testing of (3.9) with AiM gives rise to (3.17a) and (3.17b).
One should note that, in all end testing cases mentioned here,
the scalar product defined in (2.4b) is employed. The limits

on the right-hand-side integral in (2.4b) applied to the present
case would be -Lp/2 and +Lp/2, which reduce end testing to
integration over only one-half of the domains of the testing
functions, AiM or AiM; this is the reason that end testing is

treated apart from interior testing.
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3.3 APPROXIMATIONS

As was the case in the analysis of the isolated wire of
Chapter 2, there are good approximations which can be used to
advantage to significantly simplify the present expressions.

The integral approximations,

S _M+1
FLeIA 2% (e dT = = A B0t ) (3.18a)
-M 20 =D -M K
z=t_,,
and
CM
ECeyheohar & = A £lo,) (3.18b)
C M T 2 p CM .
C=CM_1

are good whenever f(Z) is smooth over the lower end interval in
the case of (3.18a) and over the upper end interval in the case
of (3.18b). These approximations, (2.15) and (3.18), are applied
in (3.12) - (3.17) to integrals containing the electric field

E. and vector potential terms, Ap and Aq’ and one thereby arrives
at the following corresponding approximate equations (see fol-

lowing pages).
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Other approximations may be made in the present analysis

but they are of a type whose error depends on parameters in

the calculations being performed. For example, if the dexrivar

3 : T
tive of a function ¥ f(r) is sufficiently smooth over the

range of integration indicated below, one may employ the

approximations,

cm+l
J Las 2 9
J{ ng(c) AL (g)dg = Ap 3T £z ) (3.23a)
c=t‘m—l
by
0 % 5's ER 9
ng(;) AM (z)dg = — gz-f(cM) s (3.23b)
E=Cy_1
and
b _M+1
3£y rtiS(pyag 2 53 ey 23
5T y (8)dT = o 5% L) - (3:23¢e)
gl

Approximations (3.23) may be applied to terms like the
third tm(3.11) involving ¢q to arrive at simpler expressions
than those appearing in (3.12) - (3.22). Such approximations
are of acceptable accuracy only when %E @q is sufficiently
smooth over the range of integration of the pertinent expres-

sion €3.23);: sz ¢q is smooth enough for (3.23) to apply in
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situations where ® is the scalar potential due to an element
p
of current remote (in terms of wavelength) from the interval

over which one of the approximations (3.23) is to be employed.

3.4 USE OF PIECEWISE LINEAR TESTING IN

NUMERICAL SOLUTION PROCEDURE FOR DETERMINATION OF

CURRENT ON SCATTERER COMPRISING TWO COUPLED WIRES

In this section is outlined the theory for calculating
currents on a two-wire scatterer illuminated by a specified
incident field. So that explanations are not overly complicated,
attention here is limited to two wires but the technique is
general and can be applied, with little or no modification, to
structures of many wires. Pulses are used for representing the
current even though other basis sets can be employed, if
desirous.

As is done in Chapter 2 for the straight wire, we first

approximate the current on each of the two wires by

N
P
i (2) = Zlﬁin(z) (3.24a)
n=-N
p
and
N
P
iq(z) = ZIﬁin(w (3.24b)
n=-N
q

where (2Np+1) and (2Nq+l) are the numbers of terms in the

approximation for ip and iq,respectively. Next the approxima-




tion (3.24a) is substituted into EBquatioms (3.3) and (3.24b),
into a similar pair for Aq and @q. With the currents in the

potential integrals replaced by (3.24), Ap’ d A . and @q

p q

are employed in the selected tested equations--either (3.19)
and (3.21) or (3.20) and (3.22)-- which sequence of steps esta-
blishes a system of linear equations having many of the features
of (2.21). In this study of two wires, and subsequent treat-
ments of multiple wires, the wire currents are approximated by
pulses, and piecewise linear functions are used for testing
(Equations (3.19) and (3.21)):

In preparation for writing (3.19) and (3.21) as functions
of the Iﬁ's and Ig's, it is desirable to develop expressions
for the vector and scalar potential terms appearing in these
two equations. The vector potential Ap on the pth wire due to
current ip on that wire, differs from the corresponding quantity
in Chapter 2 only in that contributions from the end half-pulses
must be included. One can readily show that at a point ;m on

: ErRan . : ; -
the p wire (in the local coordinates of the pth wire with

origin at its center)




A /2
P
= _uv p - 1 1
A gy = I_Np fK(Ap[m+Np] L')de
£'=0
Bt A )2

p
+ Z Ig fK(Ap[m-n]+c')dC'

n=-(N_-1) ;'=—Ap/2

p ' '
+ INp fK(Ap[m—NpHc )Ydcg (3.25)

g'=0

where the first and last integrals are contributions from the

lower-~and upper-end half-pulses, respectively, and where

(3..26)

€ : ;
The scalar potential on the p wire due to the charge on this

wire can be calculated with the aid of Fig. 3.4 and Appendix II.

As suggested in Fig. 3.4, associated with the n current pulse

of strength lﬁ is a ring charge at Qn—Ap/Z having total charge
; —Iz/jw and another at gn+Ap/2 having total charge +I§/jw. The
1

total quantities of charge of the ring charges deposited by the

lower-end pulse are +IEN /jw at —Lp/2 and -I?N /jw at —Lp/Z + AP/Z

; P P

F and those deposited by the upper-end pulse are -Ig /jw at

§ P

¥ Lp/Z - Ap/Z and Igp/jm at Lp/2. Therefore, the scalar potential
-

.
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a2tk a Jlocation € on Elie p wire due to its own charges is

p > — “J->~ Y P ’ i S | - / [ N
yp(g) = jaTue ]—NP[F(C+Aple %1) h(,+Apr4
N =1
p
+ E IE [K(Q—Ap[n+!é]) - K(C—Ap[n— 5])]
=-(N_-1
n==\( 5 )
P ,
+ 1 K(Z-A N - K(g-A [N -1 . :
P [kee-en) - ke-a v - 5 D] (3.27)

p

Equations (3.25) and (3.27) provide a means of displaying the

dependence of quantities bearing subscript p upon IE in (3.19)
and (3.2 ). Quantities bearing subscript q in these two equations
are next written with explicit dependence upon I:. Involved in
each such quantity is the distance from an appropriate source

’ th . : : th
point on the q wire to a field point on the surface of the p
wire. This distance qu is derived in Appendix III where geo-

metric quantities are defined and discussed in detail:

1

) 2 -c -c I
D LeL') = a - '
g L5 ) [ap + l(rp+CuP) (rq+C uq)‘ ] (3.28)

The vector potential Aq at a point Cm on the pth wire due

to the current (3.24b) on the qth wire is
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“Fe,

_N_IA
(q 1)(1

- M q ' '
A Ca) = g { Ly fcpq(cm,c )de
'=-N_A
¢ q”q

N -1 n+ %)A
. ( z)q

q 1 1
+ E I prq(Cm,C )d.g

n--(Nq—l) tl'=(n- 5 )Aq

N A
q q
+ 19 G €r .rtyac’ (3.29)
N Pq °m’ :

q
"m{N -1 A
G =i\ q 3) q
where

-jkD A
2 j pq(t: z')

G q(c,c') = (3.30)

D ST
p pq(cc)

The scalar potential ¢q is formulated in a manner similar
to that leading to (3.27) but with the kernel (3.30) playing the
role of the usual straight-wire kernel. Using (II-7) of Appendix II,

one can show that
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# iy

- - _ 18 q r =N + L]JA - B z ,-N_A )]
§ () = L_Nq [cpq(, s [ q L] q) pq( a2q

N, -1
q 1 - i
+ 37 1 e, @ Ltnr 518 - 6 (@ Lt x10 )]
n=-(Nq—l)
k- - - ; 2.3
. INq[qu(C N B - G(E LN - 18] (3.31)

Linear System of Equations With Ap of (3.25) and @p of (3.27)

written in terms of the unknown coefficients Ig's and, also,

with Aqof (3.29) and @q of (3.31) written in terms of the

Ig's, one substitutes these vector and scalar potential quan-
tities into the tested equations (3.19) and (3.21). As a result,

with M=Np’ one has a system of linear algebraic equations like

(2-21L),
N N
p q
EIPS + Elqc = v ’
n mn n mn m
n=-N n=-N
q

! (5.32)

which is a system of 2Np+1 equations in 2(Np+Nq+1) unknowns.
The coefficients Smn are called "self terms" and renre-
sent the entries in (3.19) and (3.21), subject to replacement

of quantities by their equivalents in (3.25) and (3.27), which
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are coefficients of the currents JL. S : and S 1 are
== 1N 1 N I

P P

L)

p
n

caefficients® of I , |1=-—NI),. v e D S e (320 A and (3L 28 b )k,

respectively.

S is the coefficient of IY in (3.19), m=-(N_-1),
mn n P

.,U,...,Np—l. The coefficients Cmnin (3.32) are called '"cou-
pling terms" since they are associated with contributions from
' th ’ : )
the current on the g wire to vector and scalar potential
i th . - S
quantities evaluated on the p wire. These coefficients may

be readily identified, if one substitutes (3.29) and (3.31)

tnto (3.19) and (3.21). C-Np,n and CNp

are coefficients of Ig in (3.21a) and (3.21b), respectively,

i n=-—Nq,...,O,...,Nq

while C sm==(N_ =1):.¢50,...sN =1, is the coeffiecient of ¢

m,n P p n

)10y B0 1R (LS In other words, the Sm“'s account for contributions
; : th

to vector and scalar potential at locations along the p wire

from the individual elements of the basis set representing i ,

: . th :
whereas the Cmn's account for contributions on the p wire

due to elements of the basis set by means of which i 1is

approximated.

AETGRON - TRSIS

The inhomogeneous or driving terms Vm's, m=—Np 9

are

A
i
Yo 2= S B e (3.33a)

*Commas are used to separate subscripts when their being in
juxtaposition may lead to misinterpretation; S and S are
mn m,n
to be looked upon as the same.
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m=-(N -1),...,N -1 (3. 33b)

P P
and
by i

] = - C *qQ w313
pr > B (,Np) Lo (3 c)

which are the right-hand side terms in (3.19) and (3.21) with
E_(Z ) replaced by —El(gm)'ﬁp so that boundary conditions onm

S

the surface of the wire are enforced. In the case of an antenna
problem, the modification explained in Section 2.8 is utilized.
The system of equations (3.32) is general in the senses
th : th . p :
that the p wire and the ¢ wire may be any pair in a com-
plex wire structure and that their relative orientation is

completely arbitrary (Appendix III). To facilitate subsequent

discussions we write (3.32) as a matrix equation,

P q a, . .
ISp] FEEE & [Cp] L £] [Vp] > (3.34)

and define the individual matrices below.
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1
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O
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(1P} =

ik

(3. 85icy

(3.354)




[Vp] = \'

\Y (3<35e)

The subscript p on the matrices, [Sp], [C:], and [Vp], implies
that each of these is associated with evaluation of quantities

on the pth wire. The superscript p on [Ip] identifies this

matrix as the column vector of current coefficients, Ig's,
: , ; E S (ol

in the expansion of lp on the p wire; similarly, [I’'] is the
vector of coefficients in the approximation of iq. The super-
sicript 'q on [Cg] denotes that this is a matrix of coupling

40 ; ; ; th
terms indicating a contribution from the ¢ wire current.

Equation (3.32), or its matrix equivalent (3.34), serves

to enforce the boundary condition that the axial electric field on
the pth wire be zero. O0Of course, this boundary condition

must be satisfied on all wires in a given structure, and (3.32)
and (3.34) are totally general so that, by a mere change of
subscripts and superscripts, one has available ghe needed
equations to enforce this boundary condition on other wires.

For example, if two wires which are located and oriented in
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some specified way (Appendix III1), are illuminated by an

incident field, the entire problem can be characterized by

the pair of matrix equations:

3 P q 9l .
[bp] [T + [Cp] {11 [Vp] > (3.36a)

]

.p P q 3
[cQ] [lE=0 + [Sq] [E2] [vq] 2 (3.36b)

These suggest that the wires are designated pt and qt and
(3.36a) is recognized to be (3.34); (3.36b) is the companion
equation whose matrix elements are determined from the same
procedure used to calculate those in(3.36a) (with indices
interchanged). If there were a third wire designated the

th s - . .
W wire in the problem under consideration, the appropriate

equations would be

. P q q W Wit
[bp] [FEEN] s [Cp] [Tt [Cp] b [VP]
P P q q w Wi =
[Cq] [l RS [N [Pt [Cq] (1] [Vq]
P P q +4 w W o
05 BPY # peth CXR) # 18%1 (57 = i 1
or, as a single matrix equation,
i . r 09 W 1 P ] [ |
[Sp] LCp] [Cp] (1) [Vp]
P w 4 =
[Cq] [Sq] [Cq] [P [Vq] : (3.37)
P q W
[el1 ielr 18,1 | Hi1M] v,
I JL %

S
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3
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Wires Not Joined 1f the wires

in a structure under study

are not in electrical contact, the current at the free wire

ends must be zero. Therefore, the coefficients of the end

current pulses, i.e. (P and IP

Eo

Discarding these upper- and lower-end coefficients reduces

the number of unknowns so one in turn discards the equations

in the system of linear equations (3.37) which correspond to

end testing.

If, for example, the wires in the two-wire problem char-

acterized by (3.36) are not joined electrically, one would

set ISV . Ig I?N , and Ig equal to zero. Also, he would
P p’ p q
delete those equations resulting from end testing. That is,
the following matrix elements would be deleted: S 5
—Np,n
B € and C ==l e Olgiete e il 555
:\p,n) _Nq,n’ Nq,n’ p! ’ . ’ p’ -Nq,l’l,
S 5 py =-N ol e
SN i C_N i and CN L n q? 5.0k +N 3 and V~N 5 VN 5
q p p P p
\ . 3 3
—Nq, and VN 3 After these deletions, the resulting linear

system would contain 2(Np+Nq-l) equations . and, of course,
the same number of unknowns.

Two Wires Joined

As an example of a simple wire structure

having a junction, we consider the two wires illustrated in

Fig. 3.5 where one sees that the upper end of the pth wire

inal h .
joins the lower end of the qt wire. Of course at the free

ends, lower end of the pth wire and upper end of the qth

4

74

> L2y N for the pt wire, are made equal

zero (actually discarded from the set of unknown coefficients).
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the half-pulse currents are set equal to zero, and the matrix

equation is modified, as described above,

with ISN =1§ =0. Next, since the current
P q
at the junction, one requires that 13 be
p
ol coursce, reduces the number, of unknowns

to be consistent
must be continuous

equal to ]?N » which
q

In the system o

equations by one, thereby requiring further modification of

the matrix equations (3.36).

With [g =12N =I§q (junction current), the columns below

P
both operate on Ij (recall S_n i Cy S Sy i CN , 6re zerp--
p P q q°
deleted from matrix--to account for IEN =I§ =0 at the free
P q
ends ) :
i i ; '
S [
—Np+l,Np =N _+1,-N
P N
P P P q
S ma (3.38b)
LR S8 -8
q P q q
% ~1.n SN -1,-§
q P q J
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Hence the above two columns are added to reduce the number of
columns by one. Next the number of rows must be reduced by

one too. Reduction of the number of rows by one is achieved

t h : :
by adding the Np # and —th rows on both sides of the equation.

The summed row on the left-hand side is

I T
P’ p q’ p

SR ] (3.39)
1’ q

while that on the right-hand side is simply

[VN B ] i (3.40)
P q

The center entry in (3.39) comprises four terms because these

terms are members of the summed column vectors (3.38) as well
as of the summed row vectors.

As an alternative to the first step in the modification
described above, one may elect to append to the system (3.36)

an additional equation enforcing continuity of current at the

junction, IN =I_N , rather than to add the column vectors
P q

(3.38). Of course, the second step of adding rows must be

done regardless of how the current continuity is handled.
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With the matrix modifications discussed above, the re-

sulting linear system of equations possesses the same number

of equations and unknowns, and, therefore, one may employ

standard methods to determine the unknown current coefficients,

1P's and 13's.
n n

Sample Results As examples of the utility of the coupled

thin-wire theory and numerical techniques outlined in this

Chapter, calculated currents on bent-wirc (joined) scatterers

are presented in Figs. 3.6, 3.7,and 3.8. Wire configuration

and dimensions, as well as excitation, are indicated in the

figures, and,where available, results from other calculations

are provided for comparison.

Extensive data calculated by means of the theory given

in Chapters 2 and 3 can be found in Chapter 4.




L, =0.2) Lq =0.IA Uq

E'dp=1 VOLT/METER  E':1g=0 : *
a, =a4=0.00! X q” WIRE 2 i

0.3

—— PIECEWISE
LINEAR

x xx HALLEN'S EQ. i

(piecewise. |
sinusoids)

:

;

0.2

() ma

0.l

LN T

Imaginary

0.2 0.3

>
@

L/ —

W U RETAL R,
@)
(@)

Fie, 3.6, CURRENTS INDUCED ON L-WIRE SCATTERER




Lp=Lq=0.2 A

a,=0a, =0.00I A
Eldy=1 VOL/METER, o™ wiRE q"WIRE o/
El’aq=o 2
0.8}
0.7+ :
: 0.6k ™ Imaginary
— PIECE WISE
g 0.5 LINEAR
! iy Imaginary ‘ ocoo PULSES
i i xx HALLEN'S EQ.
_ (piecewise
i sinusoids)
03 [/ '
:
g

TR R T

Fic., 3.7. CURRENTS INDUCED ON BENT-WIRE SCATTERER

S L R o)




39Ny ON3F NO ¥3¥3ILIVIS I¥IM-LN3G NO IN3¥¥NY) 40 3ON3AN343[ 'Q'¢ '914

e A\u

Oo
o

v O Z

)|

8J1M y,d 0="p-3 X100°0=Pp=9p
n
v

43 X2'0="1=97

- ~ e B - ‘e Lo CARTITVARRL . R W e




REFERENCES

L. King. R.W.P., Fundamental Electromagnetic Theory, Dover
: Ao A ——>rdagnetic Theory
Publication, New York; 1963,




o
Sy

- <

M

2
bd

CHAPTER 4

APPLICATION TO WIRE BICONICAL ANTENNA STRUCTURES
4.1 MATRIX EQUATIONS AND SYMMETRY

The coupled integral equations formulated in Chapter 3,
along with either piecewise linear testing or piecewise sinu-
soidal testing, leads one to generalized equations (3.12) to
(3.15) For analysis of wire structures. Since the pulse basis
set 1s easy to incorporate and is as powerful as any other set,
only the pulses are used in the following application to bi-

conical antennas. Sample results, viz., the current distribution,

input impedance at the feed point, and the far electric field
radiation pattern,

are presented for a wire biconical antenna
in free space or above a ground plane in various orientations.
From the developments in Chapter 3, a self matrix [Sp] and a

P

mutual coupling matrix [C:] are established for two arbitrarily

g . th £ . ey
oriented wires, p and q , either joined at one end or not.

For the case of a biconical antenna above a ground plane,
Fig. 4.1, or a biconical antenna in free space, Fig. 4.2, the

following partitioned matrix equation of eight by eight is

obtained,
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Ts}] Jet e e I [c*l’T (] _lvllj
Beli st tedriely c st sl ef (v,]
: : [s7] u-:g] [1."] = [V.p]
fes1 fefn lefl le i« e Lna] L[v.81 4.1)

where [Il], [12], [I3],...,[18] are partitioned column vectors
representing the unknown current coefficients on the first,
second, ...,eighth wires, and [Vl], [VZ], ... are the corre-
sponding excitation column vectors defined by (3.35).

The self and the mutual coupling partitioned matrices,
[Sgl and [Cg], result from piecewise linear testing on the pth
wire and account for contributions from the currents on pt

h : ;
and qt wires, respectively. Due to the various symmetries*

in the orientation of the wires and in the location of the feed

point at the center of the structure, [15] =_[14], [16] = [13],

[17] = [12] and [18] = [Il]. The bottom half of the matrix

can be generated using top-half matrix elements in the reverse
order. Hence, deleting the bottom half of the partitioned

matrix (4.1), one needs to generate only the top half of (4.1):

¢
3

i

*These column vectors are equal subject to appropriate ordering
of the elements in the columns.
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(4.2)
Due to the symmetry in the currents as stated above, the par-

titioned matrix equation (4.2) can be folded and written as

(st+c®) redecly redect) [c‘1’+ci-]— (111 | r[vll‘1

telecdy 1s2+cly 1c3+cd1 rep+cyl i [v,]

telvcdy rcdrc]y 1sd+chy rei+ed1| | 11 : [v,]

(c+et1 te2ec]] edec’s [52+c21_J [1“)_J (v,] (4.3)
s * L

The partitioned matrix equation (4.3) is a square matrix of

four by four and can be solved for the unknown current vectors

[11], [12], [13], and [14]. This compact matrix form is equi-

valent to successive modifications of the kernel functions in

the integral equations (3.12) and (3.14). Such are possible

because of the symmetry in the distributionof the currents

with respect to the feed point. We further note [14] = [11]

and [13] = [12] because the wire geometry is identical about

its vertical axis. Hence, one has to solve for only unknown

current vectors [11] and [12]. Also, one may delete the third
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and fourths rows of (4.3) and fold the resulting matrix

equation of two by four into a compact partitioned matrix

equation of two by two:

r~
1,.8 4, 5 Pl 36 1
{{sy+cy) + [c+ci1} {[cy+c,) + [ci+c  H| [ (17] (v,1
1..8 4, 5 &7 3,.6 2
{lcy+c,1 + (e +Co1} {Isy+C,] + [cy+C,0HY | [17) [v,)
! (4.4)
{ The above procedure can be convemniently applied to the cases

of biconical wire antennas placed perpendicular to the ground

plane, Fig. 4.3, and parallel to the ground plane, Fig. 4.4.

The direction and symmetries in the distribution of the current

ERE

in the corresponding image structures are shown in the re-

spective figures. The partitioned matrix equation (4.1) applies

B e

to these two cases of biconical antennas perpendicular and

parallel to a ground plane with a new definition for the matrix

-~

terms,

[cl) = fci1 + [cgli ; (4.5)

where the partitioned matrix [Cg] is the algebraic sum of two
submatrices obtained for a particular element and its corre-
With the new definition for the

sponding image element.

matrix terms in (4.1), step by step matrices can be folded

and (4.3) can be solved for the case of a biconical antenna

(4.4) can be solved for the case of biconical antenna structure

placed parallel to the ground plane.

!

L

h

9

5

: structure placed perpendicular to the ground plane. Similarly,
J
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4.2. SAMPLE RESULTS

In the following representative sample results, viz., the
distribution of the current, input impedance, and far field
radiation pattern, are presented for the biconical antenna
structure shown in Figs. 4.1-4.4.

Fig. 4.1 shows the orientation of the biconical wire antenna
placed vertically over a conducting ground plane. The structure
is assumed to be in the xz-plane with the feed point at the
origin of coordinates on the conducting ground plane. The
geometry of the wire structure is specified by lengths, hl and

h and radii, a; and ass bottom and top conical angles, oy

2°
and %y with symmetry maintained for the other twa wires. The
structure becomes a Bow-tie antenna [1l] with a2=l80°. The

figure also shows the image and the various symmetries of the
antenna currents. Only [Il] and [12] are solved for this geo-
metry and, in Figs. 4.5 and 4.6, are shown the real and imaginary
parts of the current distribution on a bow-tie antenna above a
ground plane at five different frequencies. The current is
continuous at the bend and goes to zero at the upper end. The
real and imaginary parts of the current on the vertical wire
biconical antenna above ground is shown in Fig. 4.7 at three
different frequencies. In Fig. 4.8 the input impedance on a
bow-tie antenna above ground is plotted on a Smith chart*for
frequencies from 400 MHz to 2000 MHz. The input impedance makes

one complete loop in this frequency range, and one observes

that calculated impedance values compare quite favorably with

*Smith chart data are normalized with respect to 50 ohms.
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those which are measured. Further, the convergence of the

input impedance of the bow-tie antenna as a function of number

of coefficients in the current expansion is given in Fig. 4.9.

Similarly, in Figs. 4.10, 4.11, and 4.12, are shown values of

input impedance of other bow-tie antennas above ground com-

pared with those of the measured results. The input impedance

of a vertical biconical antenna above ground is indicated in

£ Fig. 4.13. We note that the distribution of the current on the

‘
; vertical wire biconical antenna above ground and the wire bi-

3 : . "y .
{ conical antenna in free space is identical, but, for the wire

biconical antenna in free space, the input impedance is twice

that shown for the case of a vertical biconical antenna above

a ground plane.

s

For convenience and ease of reading, data on Smith charts

R

: of Figs. 4.8, 4.10-4.13, 4.15 and 4.17 are tabulated in

Tables III-IX.

-

The wire biconical antenna in free space is now placed

above a ground plane, Fig. 4.3, with the plane of the wires

perpendicular to the ground plane. The feed point is at a

3 distance d above the ground plane, and the figure also shows

the image structure and the current symmetries. The unknown
1 2 3 4 : :
currents [I7], [I"], [I7] and [I ] are determined for this

geometry and, in Figs. 4.14 and 4.15, data for this antenna

AN T

are given. Similarly, when the structure is place above and

parallel to the ground plane (Fig. 4.4) at a distance d from

the ground, the corresponding distribution of the current and

the input impedance are as shown in Figs. 4.16-4.17.
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A sample far field pattern of a wire biconical antenna

in free space is given in Fig. 4.18.

R

i
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TABLE III

Input Impedance of Bow-Tie Antenna
above Ground
(Data of Fig. 4.8)

Frequency Calculated Impedance Measured Impedance

(MHz) (Ohms) (Ohms)
400 9.8 - j 136.1 12.4 - j 148.6
500 12.3 - § 75.6 12.6 - j 80.9
s 600 14.6 - j 31.2 162 ~ 5  33.2
~ 700 24.0 + 3 9.0 23.2 + j 6.4

: 750 30.5 + §  29.5

i 800 39.5 + {1 47.8 38.5 +°'3 46.5
900 65.0 + § 95.0 61.8 + j 97.5
¥ 1000 108.5 + j 140.5 97.5 + j 140.0
L 1100 180.1 + j 192.0 160.0 + j 200.0
' 1200 355.2 + j 186.3 315.0 + j 180.5
1300 525.7 + j 5, 2 510.0 + j 10.5
1400 390.3 - j 200.1 401.5 - j 195.0
y 1500 26%.7 = 1 275.3 280.0 - j 255.0
. 1600 105.6 - j 210.9 155.5 - j 205.0
“ 1700 &7.5 = 4 1552 51.5 = 4 165.0
1800 276 = 4 1304 29,5 = § 115.0
'i 1900 15.5 = 4 6L.5 14.0 - §j 65.5
g * 2000 12.2 - j 15.5 12:5 = § 17:5
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Frequency
(MHz)

600
700
750
800
900
1000

Frequency
(MHz)

600
700
750
800
900
1000

TABLE IV

Input Impedance of Bow-Tie Antenna
above Ground

(Data of Fig.

Calculated Impedance

16.
25.
32,
40.
62.
105.

[l e ANV, IV, BRI o

(Ohms)

++ A+ + 0

J
j
J
J
J
3

TABLE V

39.4
4.2
21.2
42.2
80.3
127.5

4.10)

1575
25.
33.
39.
67.
113.

Input Impedance of Bow-Tie Antenna
above Ground

(Data of Fig.

Calculated Impedance

15.1
23,2
28.6
35.5
53.7
81l.4

(Ohms)

+ 4+ + + 0

e e (e Cde e (e

61.
18.

1.
21.
59.
98.

DU OO W
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15.
2504
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47.
70.
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38.

57.
14.

6.
27.
52.
95.

Measured Impedance
(Ohms)

Measured Impedance
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TABLE VI

Input Impedance of Bow-Tie Antenna
above Ground
(Data of Fig. 4.12)

Frequency Calculated Impedance Measured Impedance
(MHz) (Ohms) (Ohms)
600 15.7 ~ j 74.2 155,50 = BRLS |
700 24.2 ~ §  27.6 2205 =1 3150 |
750 28.5 = i 6.3 2053 = .4 12.0 %
800 36.3 + j 15.0 370 75 |
900 54.2 + § 5L.5 50.0 + j 47.5
1000 80.5 + j 99.4 85.5 + J  87.5 |
TABLE VII

Input Impedance of Vertical Biconical
Antenna above Ground
(Data of Fig. 4.13)

Frequency Calculated Impedance
(MHz) (Ohms)
600 33.9 + j 40.7
700 68.6 + j 98.2
750 100.0 + j 130.2
800 151.5 + j 161.2
900 352.7 + 3 145.4
1000 411.5 - j 161.3
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CALCULATED

. INPuT IMPEDANCE OF WIRE BICONICAL ANTENNA

ABOVE AND PERPENDICULAR TO GROUND PLANE
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Fic., 4,16, CURRENT ON WIRE BiconICAL ANTENNA ABOVE
AND PARALLEL TO GROUND PLANE
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