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ABSTRACT

A general theory is presented for anal ys is of w i r e

antennas and scatterers. Sample applications are provided ,

and selected theoretical/numerical results are compared with

measured data. Particular attention is given to the anal ys i s

o f  the wire bic onical antenna and the special case of this

structure often called the bow—tie antenna .
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C H A P T E R  1

LNTRODUCT ION

In numerous app lications , there is a pressing need for a

short distance HF antenna which exhibits desired electrical

characteristics but which also possesses acceptable mechanical

features. For an HF antenna to be of greatest utility, its input

impedance and VSWR must not vary outside of prescribed bounds

over the frequency band , and its radiation pattern must be

ess entiall y omni—directiona l throug h out this frequency range

of interest. The antenna must be quickl y erectable , hi ghl y

portable , lig ht wei ght , and must be able to withstand natural

environmental hazards such as wind , i ce l o a d in g ,  ra in , corrosion ,

et c. Finally, the antenna m ust be simple , of low cost , and its

properties under vary ing ambient conditions must be well known.

Of course , to achieve such an ideal radiator is impossible ,

but it certainly is desirable to attem pt to realize a ph ysical

structure having as many of the above features as is practical.

It is apparent that a caref ul anal ysis must precede the

development of an optimum HF antenna , since any desi gn t a s k

necessitates intelli gent c o m p r o m i s e s  involving trade—offs and

modifications among ideal characteristi cs. Only after full

understanding of a generic antenna structure and a delineation

of its properties and their interrelationships can an eng ineer

$
I
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undertake the difficult task of designing a structure which

is near optimum for his app lica tions.

A bas ic radiating element which can be made to operate

satisfactorily ove r a broad range of frequencies is the so—

called biconical antenna.

Biconical di pol es have been used extensivel y as broad—

- : band antennas in the VHF—UHF frequency range. The biconical

type s t r u c t ur e  in  free space has been stud ied b y v a r i ous

authors as a spherical boundary—value problem , a n d , from th is

point of view , input impedance can be predicted from anal yt ic

f o r mu l as f o r s m a l l  cone ang les. Impedance data for large

ang le b iconical antennas is derived mainl y fr om experimental

- . studies , and it is well—known from these results that the input

resistance and reactance remain fairl y constan t over a wide

f r e q u e n cy r a n g e f o r  c o n e  a n g les f r o m 20 0 t o 9O °as compared to

th e thin cylindrical di pole. The gain of the biconical stru t—

t ure also exhibits this resonably constant behavior as a

function of frequency. Experimenta lists have found that , b y

adjusting the total length and the ang le of th e conical

sections , optimum radiation characteristics can be obtained

for freq uency range variations of several orders of m agnitude .

In the size needed for operation at HF , the solid or

shell biconica l antenna would be so massive that it would be

t otally Impractical. However , the pr operties of the bicone

4,

ar e so near ideal compared with those of othersim p le antennas ,

one is naturall y led to investi gat e the possibility of develop ing

2
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a bi c o n i c a l — l i k e  antenna which reta ins desired elec t r i c a l

f eat0res but which is mechanically realistic. A simp le r adi-

ator wh ich may be v iewed as a form of a biconica l antenna can

be fab r icated from conducting wires having the confi guration

shown in Fi g. 1—1. More sop his ticated antennas , comprising

va rious combinations or arrays of elemental wire bicone radi-

ators , m a y  be  d e s i r e d  w h e r e  p r e s c r ibed app lications warrant

add ed c o m p lex ity.

Even thoug h the class ical bIconica l antenna is known to

exhibit a remarkabl y w ide bandwidth , how similar are the

-) pr operties of the wire structure dep icted in Fig. 1— 1 to

4 th ose of the classical radiator? Does it exhibit broadband

ch ar a c te r i s  t i cs?

T hi s r epor t de s c r i b e s  a r e s e a r c h  program in which are

developed the tools for investi gat ing the wire biconical

antenna of Fi g. 1—1 in free space as well as above an ideal

ground (three orientations ). A new theory f o r  an al y z in g  w i re

structures ~as been developed and is described in this report.

A numerical solution procedure , b a s e d  u pon  t he new t he o ry

and applicable to general wire structures , is d i s c u ssed a n d

samp le calculated data are presented. A computer program

has been developed for implementin g the theory and numerical

solution procedure . Also , calc ulations have been made for

v arious configurations of the wire bi conical antennas , and

selected results are presented and compared with available

measured data.

3
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FIG, 1.1 WIRE BICON ICAL ANTENNA
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C H A P T E R  2

FORMULAT iON OF STRAIGHT-WIRE INTEGRAL EQUATIONS : PIECEWISE
L I N E A R  AND P I E C E W I S E  S I N U S O I D A L  T E S T I N G

2.1 INTRODUCTION

in this section a par ticular moment method [1] anal ys is

of straig ht—wire sca tterers and antennas is developed , and the

a s s o c i a t e d  integral equation for the strai gh t element is form-

ulated. The method emp h a s i z e s  p ie c e w ise l in e a r  and  s in u so id a l

4 testing, and interrelationshi ps between these two testing pro—

cedures are delineated. Both pulses and triang les ~l] are used

f or representation of the current and a brief discussion of the

utility and advantages of each is provided. Examp le results of

straig ht—w ire calculations are included.

Fr om basic electromagnetic theory app lied to the perfectl y

conducting cy linder of Fig. 2 .l ,assua ed t o be ex cit ed b y some

incident field , one may readily derive the following fundamental

- . i n t e g r o — d i f fe r e n t i a l  eq u a t i o n ,

~~ 
÷ k2) A (z) = -j ~-- E1 ( z )  , (2.1)

relating the magnetic vector potential ,

L / 2

A (z) = 

~~ f i(z ’)K(z-z ’)dz ’ , ( 2 . 2 )

z ’——L /2

S

4’ . ~~~~~~~~~~~~~~~~ ~~~~~, j - 1~~~ - ~~~~~~~~~ ~‘ ~ i~~~~~~- ~~~~~~~~~~~~



f z

~L/2 —.

t i(z)

H 2a ~~~~
‘

-L/2

- FiG . 2.1, STRAIGHT-WIRE SCATrERER ILLUMINATED BY
- 4 INCIDENT FIELD

4z

L/2

1Uz)

4
Z q

. 4

2a ~

-L/2 —
—

F i G. 2.2, Sia~i GHT-Wi RE ANTENNA ExcITED BY VOLTAGE
SOURCE LOCATED AT Z g
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to the unknown incident electric field having an axial com-

ponent E’ on the surface of the cy linder , which resides in a

h omogeneous space characterized by (‘~.i ,c ,oO ) .  The kernel in

(2.2) above is

P -jk [~~
2+4a 2 sin 2~~h /2 J 1

K ( ~~) = 
e 

2 2 2 d~~’ (2.3)2 Tr [
~ 

+4a sin ~~‘/2}
’
~

wher e k is 2 i r / A  (wavelength) at the angular frequency w of the

I ,  . . . jwtsuppre ssed harmonic time variation e . Throug h ( 2 . 2 ) , Equ a—

t ion (2.1) relates the known excitation E
1 

to the unknown axial

current i on the scatterer which is specified to be a tube of
[ -)

r adius a and length L as suggested in Fi g. 2.1. If one w ishes

to treat the antenna problem in which the excitation is a slice

g e n e r a t o r  of vol tage V impressed at a point z , he rep laces E’

— of (2.1) b y Vó( z— z ) where 6(z) is the familiar delta function

(Fig. 2.2).

For presen t purposes , the w i re r ad ius is l o o k e d  u p o n  as

be ing very small relative to the wavelength ~ as w e l l  as to the

cylind er length . Such restrictions , common in thin—wire anal yses ,

- -‘ assure one that the current on the cylinder is circumferentially
4

independent and that it can be accounted for b y the  to tal a x i a l

current i. Under these thin—wire assumptions , one c o u l d  mak e

use of the so—called reduced kernel approximation to (2.3),

but , since the solution procedures below are not undul y corn—

pl icated by the exact kernel , K ( ~~) of (2.3) is used wi thout

7
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approximation. Even thoug h thin wires ar€~ under investigation

here the analysis applies to a thick cy linder , if onl y a n ax i a l l y

d i r e c t e d  current exists and is circumfe re u tial l y independent ,

as would be the case for an isolated antenna driven b y a cir-

cularly unif orm source or generator.

The s o l u t i o n  p r o c e d u r e  p r e s e n t e d  he re is e ssen t i a l l y th e

moment method [l], b u t  a cha n ge in  the  s e q u e n c e  of  t he me th o d ’s

H u s u a l  s t eps en a b l e s  one t o ga in in t eres ti ng ins ight in to the —

nature of the numerical proc edure. The alteration alluded to

is that one performs the testing of the equation to be solved

(2.1)w ith elements T
m 

of the selected testing set (Tm) b efore

the unknown current is approximated as a linear combination of

V the elements i of the basis set (1 .4 n

I
2.2 TESTING

To ensure the stability of the antici pa ted sys t em of

li near equations to be formed in the solution procedure , o n l y

subdomain testing sets are considered here. Pursuant to such

- V 

a system , one equa tes the corresponding projections of the two

sides of (2.1) onto the space spanned b y (T) , wh ich imp l ies

that the scalar produc ts formed b y T
m 

and the two sides of

(2.1) are eq uated for each m :

((d

2 
+ k 2)  A , 

T) 
= (_i

LV E’, 
T) 

, (2.4a)

-. - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~ :- ~~~~~ ~ 
~~~~~~~~~~~~~
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w h e r e  t h e  scalar product is

L / 2

= f fg *dz . (2.4b)

-L / 2

For real testing sets (Tm) 
of the subdomain type considered

h e r e , where T (z) is zero outside Z C ( Z  1, Z +1 ) ,  (2.4) is simp l y

z +1 
Z

1

~~L 

[(~
-
~ 

+ k
2 
)A( z)] T (Z)dZ = E

~~
( Z )T

m
(Z)dZ•

rn— i m- l (2.5)

The  two t es ti ng  se ts wh i ch a re  p a r t i c u la r l y amenable to mum—

4 erical solutions of (2.1) are the p i e c e w i s e  l i n e a r  and p i e c e w i s e

s in u s o id a l  s et s w h o s e  e l e m ent s a re , r e s p e ct i v e l y ,

A — I z — z  IUI 
, ZE(Z

n1_l~~
Zm+l )

A~~(z) 
= (2.ôa)

0 , Z
~~~

(z
1

, Z
+i

)

4
a n d

sin k(~~- f Z- Z I )

s in  k~ ‘ 
ZC(Z i , Z +i ) V

A
5 ( z )  = (2.6b)

0 , z~~(z 1,z~~~1
)

I~~- - -
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where 2~ = (z — z ). The forme r set above is illustrated in
rn+l rn-i

F ig. 2.3 where one observes overlapp ing triang les on the interior

intervals with half—triang les (dashed) on the lower and upper

end intervals. Testing with the end half—trian g les , or end

“h alf—sinusoids ” in the case of p iecew ise sinusoidal testing, i n

the m oment method admits the representation of the current in

a ser ies which does not satisfy a priori the boundary conditions ,

i (+L/2) = 0 , (2.7a)

i ( — L / 2 )  = 0 , ( 2 . 7 b )

and  p r o v ides  a c o n v e n ien t way t o i n c o r p o r a te the  b o u n d a r y

~ond itions (2.7) of the problem. Having a means to incorporate

condi tions at wire ends becomes important in situations where

wires join.

In te r i o r  Tes t ing  Tes ting of (2.1) with the elements (2.6a)

of the piecewise linear set over the interior full intervals

of l eng th 2~~, (z i , Z
+i

) ,  m = 0 ± 1 , ±2 ,.. .,±(M— i] , y i e l d s

(See Append ix I) V

Z
m+i

- 2A (z ) + Az (z m i )] + k
2

(2.8a)
S V

m+l
2 f

= —j
~~

- J E1 (z)A ~~(z)dz .

z = z tn- l

10
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Similarly , tes ting of (2.1) with (2 .6b) of the p iecewise sinu-

soidal set over the full intervals yields (Ap p en d i x  I )

sin
k
k:. [A

(z
+i
) - 2cos k.~ A ( z ) + A

7 (z 1)]

( 2 .  8 b)
2
m+ 1

= _ i

~~~z:~m_ i

E

~~

(z)A:(z)dz

End Tes ting Testing of ( 2 . 1)  with T
m 

ov er the lower—end half

interval (z M ,z M+l
) is written

Z
M+l 

Z
M+lf [ ( ~~~~~ 

+ k~ )A ~~~z)] 
T M

( z ) d z  = 

~~~ 

f E
1 ( z ) T

M
(z)dz

Z Z
M 

Z Z
M (2.9a)

and , ov er the upper—end half interval (zM l , z
M ),

Z
Mf [( ~~~~~~~~ + k2) A z(Z)] TM

(z)dz = _ i
~_ J

11— 1 M — l  (2.9b)

wh e re  T
~~M 

may be e ither or A ÷M . No tice that the limits of

the integrals above render (2.9) equivalent to testin g (Eq. (2.4))

over (—L/2 , L / 2 )  with half—tr iang les or half—sinu soids. For

end test ing as above , or w ith equivalent half—trian g les , (2.9a)

12
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; i n d  (2.9b) hee oi. e , r e s p e ct i v e l y ,

- M + 1

d 1 1 2
— 

~
A
~~~~~

_
~ 1
) — 

~
A ( z

M
) + 

K
A (z

M+1 ) + k J
= 

— M

z -M -4- I

= -
~~~

-- f :: ~~(z)E
’( z ) d z

Z Z
M 

( 2 . l O a )

and

z

~~~
A ( z

M
) - 

~
A z (zM

) + kA Z (zM l ) + k 2 

J

M 

A (z)A ~~( z ) d z
Z Z

M I

= 

2 
JM E

1
(z)A~~( z ) d z . ( 2 . l O b )

Z _ Z
M 1

Al so , f or end testin g with half—sinusoids , one obtains

- 

~~
A ( z

M
) - k 

~~ 
A
z

(z
M
) + 

sin
k
k~ 

A
z

(z
M+l)

2 M+ l

j i
~
_ f E

1
(z)A

~~M
(z)dz (2.lla)

Z Z
M

13
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:,nd

d cos k
~—A (z ) - k - -.-— -~ A ( z  ) + - - - ---- - - -- --

~~ A (z  )
dz z M si n k .  z M sin k~. z M—l

2 
Z
M 

-

= -~L J E’(z)A ~~(z)dz , ( 2 . l l b )

- I 
Z Z M 1

w h e r e T~~ 1 
m a y  be either or

2 . 3  BOUNDARY C O N D I T I O N S

Atte ntion is called to the deri ’iatives of the vector

potential at which appear in Eqs. (2.9) and (2.10).

Appealing to the Lorent r condit ion , one can readily r e l a t e

these terms to the electric scalar potential 4~ L y use of

2

~~
— A ( z ~~~) = — j ~ --— ~ ( z ÷~~) (2.12)

where , of  c o u r s e , ~ is calculated from the electric charge on

the cylinder. If one does not enforce i(z+M )=0 a prior i, then ,

in order that the charge and current on the cy l inder constitute

a comp lete electric system [2], r in g s of d i s c r e t e c h a r g e  mus t

reside on the upper and lower rims of the tube. Since the

current is assumed uniform over any cy l in d e r  c i r c u m f e r e n c e ,

14
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r 4 
- — 

i(z 4M )
- + 

~J 2rt i~.a

w h e r e  t h e  upper and lower signs are associated with q u a n t i t i e s

at and (L/2 and —L/ 2), respectively. Now one may w r i t e

t h e  expression below for the scalar potential at a point

zt (—L/2 , L/2) on the cy linder in the form

L / 2

~ ( z )  = j~~~ f ~~~~i(z ’) K(z- z ’)dz ’

z

i (z~~
) i (z~~ 1)—j 

4 
K(z_ z

M
) + j 

4 
K(z_ z

M
) (2.13)

where the integral contribution to the potential is due to

the distributed charge and the re ca ining two terms come from

the ring charges. The potential is to be evaluated on the

cy linder at Z+M at which po ints (2.13) is unbounded. Specificall y ,

one can show *that the potent iai exhibits the following properites

at the upper and lower ends , resp ectivel y :

= ~ im ~~( z )  = 

i ( z
M) 

~im
Z+Z

M 
j4ii

2w c a~~z+z L ~
Z

M
_ Z

(2.l4a)

*Se e Appendix II.

15

~L_I 
—

~!~—
-
~~~~ ~!~~~~~~~ -~~: 

- 
~~~±-V~~

_ L~. ~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~ V~~~~~ V~~~~~~~~~~ V -- — - -- —--



V V

an d

i(z )1 r
= ~ im ~~

( z )  = - 
-M 

~ im ~~~ 
2a~~~~

j4~T
2
u~Ea L L z

~~
z .MI j

Z~4~Z \ 
Z+Z

M

(2.14b)

Even thoug h (2.14a) and (2.14b) are unbounded , th e der ivatives

of vector p otential in (2.10) and (2.11) are rep l a c e d  b y

+
equivale nt terms involving ~ e x p l icitly in order to facilitat e

discuss ions which follow.

2 . 4  A P P R O X I M A T I O N S

For a function f sufficientl y smooth over the interval

(Z i, Z +l
) one emp loys the appr oximation ,

zL 1

f ( T
m (

~~~~~ 
~ f(z ) (2.15)

w h e r e T
m 

h e r e  m a y  be either or A .  In a numerical solution

p r o ce d u r e , ~ must be small compared to the wavelength A , if

(1.) the exc itation is to be samp led a d e q u a tel y a l o n g  the w i re

and (2) the number of elements in the basis set {~} for the

current approximation (hence the number of equatio ns obtained

fro m testing Equat ion (2.i)) is to be large enoug h to accuratel y
a

16 
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e p r t -  ~ en t i . A s I mi lar app r ox i mat ion m a y  he made- I or Ic I in ~

over t h e  end i n t e r v a l s  with the r i g h t  s ice  0 !  (2.15) r e p l a c e d

b y 
~ ~

f ( z 4M ), since , for end t*~sting, the integration is over

arm interval of length A rather than 2 i~ as is the case in (2.15).

2 . 5  S U M M A R Y  OF T E S T i N G

E m p loy ing the approximations above in (2.8)—(2.ll) and

making use of (2.12) and (2.14) in (2.10) and (2.11), o n e

arrives at the two systems of equations below for p ie c e w i se

-
~~ 

lir-iear and p iecewise sinusoidal testing .*

Piecewise Linear Testin&

I
2 1— ( k A ) 2 

2

-~~~~ ~ 
— 

A 
2 

A
z

( z
M

) + 
~ 

A z
(z  

[M lJ~ ~~~ ~ 
E’(z~~~)

(2.16a)

~ [A (z ±i ) 
- 2(1 - ()

~~~~~ ) A ( z ) + A z
( z

l)] ~~~~ ~
E
~~
(z m )

F - 1 in = 0 , ± 1 , ~2 , . . . ,  ± [ M — l J ,

( 2 . l 6 b )

(kA )
2

_ i— -  - A z
( z

M
) + 

~ 
A
z
(
~~ [M j]

) j~~~~~ ~ 
E
1 (z~~) ( 2 .16c)

*Ano ther form of the equations resulting from end te sting
is convenient for some purpose s; this form is discussed in
Ch apter 3.
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Piecewise Sinusoidal T estin~

2 2
— cos kA k . .k A

— k . kA A z
(z

M
) + 

sin kA 
A ( z  

[M l]~ 
= 

~~

(2.17a)

sin
k
kA [A

(z
1
) - 2cos kA A ( z ) + A ( z

1)] ~~~~ A E 1 ( z ) ,

m = 0 , ±1 , ±2 ,..., ~ [M—1],

(2.l7b)

2 _ 
_ _  

2
.1< + cos kA k . .k A i—j— ~ 

— k — - —
~

-
~

- Aa
(z
N
) + sin k~ 

A z(z[M_l]
) = —j - -j

~
-- -1--E (z~~)

( 2 . 1 7 c )

2 . 6  R E L A T I O N S H I P S  B E T W E E N  P I E C E W I S E  L I N E A R
AND P I E C E W I S E  S I N U S O I D A L  T E S T I N G

F o r  s u f f i c i e n t l y  s m a l l  A , one observes that

V~V~~~ and do  n o t  d i f f e r  s i gni f i c a n t l y ,  and , therefore , o p e r a tio ns

w ith one testing element should produce results similar to

those achieved via the other. Such is indeed the case as is

seen from the discussion below . To obtain (2.16) from (2.8a)

and (2.10), approxima tion (2.15) is app lied to two integrals

in each equation , whereas (2.17) follows from (2.8b) and (2.11)

19
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sUh) )I’ (: t to a p p r o x i m a t i o n  of a single i n t e g r a l  per e q u a t i o n .

In t h i s  sense , Eqs. (2.17) res u l t i n g  from piecewise sinusoidal

testing are more nearl y ex act than are (2.16) resulting f r o m

p iecewis e linear testing. Of course , in a numerical solution

one may make use of Eqs. (2.8), (2.10), and (2.11) which are

ex act , hut , as one would suspect in view of the closeness of

to for A< <A , (2.16) and (2.17) are seen to be the same

set of equations within the approximations ,

sin kA~~~~kA

~~~~~~~ - _____

which are quite good whenever kA<<l . Of additional interest

4 is the observation that (2.l6b) is the difference equation

approximation to (2.1) arrived at b y rep lac ing the second den y—

ative operator b y the second central difference operator. Thus ,

p iecewise linear testing of Eq. (2.1) is approximatel y equ ivalent

to replacing it b y the corresponding difference equation.

2 . 7  USE OF PIECEWISE LINEAR AND PIECEWISE
SINUSOIDAL TESTING IN NUMERICAL SOLUTION OF

CURRENT ON STRAIGHT-WIRE SCATTERER

At t h i s  point attention is given to the task of solving

— for the unknown current 1 ( z )  induced on a straig ht—w ire scat-

terer b y a specified incident field E~~. To obtain such a

solution one establishes a procedure based upon either (2.16)

o r (2.17). In the procedure the unknown current i(z) is

20

~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~



approximated as a linear combination of known elements i n
( z )

of a suitab ly chosen basis set (i 0)

i ( z )  = ~~~ I i 0
( z )  ( 2 . 1 8 )

wh ere t h e  I ‘s a r e un k n own c o m p lex constants to be calculated
n

in the procedure. With i(z) of (2.18), the vector potential

of (2.2) can be written

A ( z )  = ~~~ I A ( Z )  (2.l9 a)

4 w h e r e

I
L / 2

A ( z ) = ~~ Ii (z ’ ) K ( z - z ’) dz ’ ( 2 . 19 b )z 4 T T nn 
z ’= L/2

is a partial vector potential contributed b y the basis element

1 .  Once a basis set (i) has been selected in the numerical

solution techni que , i would be known and one could immediatel y

d etermine A . Next one substitutes (2.19) into the tested
Z

n
i n t e g r o — d i f f e r e n t i a l  equation ((2.16) or (2.17)). For illus—

tra t ive purposes (2.16) is emp l o y e d  h e r e  a n d , to facilitate

explanation , one finds the following definitions to be convenient:

21
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— - -

= 
~ [A ~ 

(z + 1) 
- 2 ( l _  

(k
~~~

)
2

) A ( Z ) + A
z
n
(Zm_ l )]

L / 2

_ 1~~~i i~. I F  — ,
i i (z ) j  K(z z )

A 4r  J n L xn+ l

z

- 2 (l_ ~ )
2

)~~~
z
~~
_ z ’ + K ( z  1

_ z ’)] dz ’

- 
(2.20a)

a n d

2
V = — j~ -—A E’(z ) . (2.20b)

in W z m
I-

I n te rms  of  the a b o v e  d e f in iti ons , (2.l6b) may be written

c o m p a c t ly as

= y
in

n = 0, ±1 , ±2 ,..., ± (M—l) , (2.21)

w h i c h  is  a system of (2M—l) linear equations with (2N+l) un—

4 knowns ( I  ‘s). To satisfy the boundary conditions ,
n

i (—L/2) = i (L/2) = 0, one of the f o l l o w i n g  a p p r o a c h e s  may  be

employed.

1. Equa tions (2.16a) and (2.16c), wi th (2.18)
and (2.19), may be appended to (2.21) in

-

~~ 
w h i c h

+
case the presence of the terms 4~

and ~ of (2.16) in such an augmen ted system
of equa tions forces satisfaction of the
boundary cond itions.

V 22
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2. ‘I hie boundary conditions imp ly

i(-L/2) = 
~~~~~

in
(_L/2) = 0

and

i ( L / 2 )  = 

n=-N 

= 0

which two equations may be added to the
sys tem (2.21).

3. If the basis set (i) is of the subdomain V

type [1] , the boundary conditions may be
4 incorporated directl y b y setting 

~~ N 
and

1
N 

eq ual to zero; and exist ove r the

lowe r-end and upper—end subdomains , respe ctfull y.

W ith the wire boundary conditions honored , the system of

eq uations (2.21) can be solved for the l ’s , which in conjunc—

t ion with (2.18) lead to an approximation for the wire current

-: i ( z ) .

P ulse Basis Set As an examp le of  how the p r o c e d u r e d e s c r ib e d

h e r e  may be implemented , we choose pulses [1] for the elements

of the bas is set, in terms of which (2.18) becomes

i ( z )  = ~~~~~I p ( z )  ( 2 . 2 2 )

wh ere the pulse function ~~~(z) is g i v e n  b y

2 3
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1 , zc (ç
0
—A /2 ,

~ 
( z )  = 1 (2 . 2 3 )

n -

0 , Z
~~

(
~~n

_ A I 2
~ ~n~~~

’2
~

and where

= nA , n 0, ±1 , ±2 ,..., ±N . (2.24)

In Fi g. 2.4 a curre nt approximated b y p u l s e s  is d e p icted and

of (2.23) is shown as the coordinate location of the center

of the ~ th pulse. Notice in Fig. 2.4 that and ‘N a re

made zero in order that boundary conditions are satisfied b y

4 the current approximation; thus , (2.22) red uces to

j(z) = 1
nPn~~~ 

( 2 . 2 5 )

n=— (N—l)

and , w ith i~ r e p l a c ed b y p~ in (2.20a), S b e c omes

s = 

~~ f[ 
K(z~~~~-z ’) - 2(l~ ~~~~~

2

)K (z~~
_ z ’)

z ’=ç -A /2

+ K ( z  
1
_ z ’)] dz ’ (2.26)

since p (z) is zero outside zE (c
n
_ A /2 , 

~n
4A/’2

~~ 
A simp le

change of variable s , use of (2.24), and rep l a cemen t of  Z
m 

b y

(see Fi g. 2.4)
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z = mA , in = 0 , I , 2 , . . . , ( 2 . 2 7)

allow one t o  c o n v e r t  ( 2 . 2 6 )  to

S = f [K(A(rn+l_n]~~~ ’) 
- 2 (l_ 

(k
~~
)
2
)K(A[ m n]+~~v )

- +  X(A[m_ l_ n]+~~’)] d~~
’ , (2.28)

a f o r m  w h i c h  is  c o m p u t a t i o n a l l y  m o r e  c o n v e n i e n t  t h a n  ( 2 . 2 6 ) .

E i t h  N = M  and with ( 2 . 2 5 )  a n d  ( 2 . 2 8 )  i n  ( 2 . 2 1 ) ,  one  h a s  a s y s t e m

of  ( N - i )  e q u a t i o n s  in (N—i) unknowns from which he can deter—

m i n e  t h e  I ’ s ( u n k n o w n s ) .  T
~~ g .  2 . 5  s h o w s  a w i r e  o f  l e n g t h  L

p a r t i t i o n e d  i n t o  10 s e g m e n t s  of length A w i t h  t h e  current

a p p r o x i m a t e d  by  9 pulses. Notice the geometric relationshi ps

between the location of the piecewise linear testing functions

and of the pulses and observe that the current on each end

is  r e p r e s e n t e d  b y h a l f — p u l s e s , e a c h  of  w h i c h  is m a d e  z e r o  so

t h a t  t h e  c u r r e n t  a p p r o x i m a t i o n  satisfies t h e  b o u n d a r y  c n d i t i o n

f r o a  t h e  o u t s e t .  F r o m  t h i s  f i g u r e  we g e n e r a l i z e  as f o l l o w s .

For a wire of length L one may select any number P ( o d d  n u m b e r

f o r  c o n v e n i e n c e )  of  unk n ow n p u l s e s  a n d  part ition L into (P+l)

s e g m e n t s  of  l e n g t h  A = L / ( P + l ) ,  w h i c h  l e a d  one to specify the

n umber of equations in the linear system (2.21) to be , of c o u r se ,

P .

P - n u m b e r  of  u n k n o w n  I ’ s ( p u l s e s )  a n d  n u m b e r

of equations in (2.21)

A - L/(P+l)

2 5
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~u m . r t c i l  C a l c u l a t i o n s  We observe from ( 2 . 1 )  and (2.28) that ,

wh en m and n are- related b y e i t h e r  n = n — I , m = n , o r  m = n -4 - 1 , one

f t h e  three integra n d s of (2.28) is singular leaving one with

t h e  n e e d  t o  e v a l u a t e  i n t e g r a l s  l i k e

A / 2

~

w i t h  a singular integrand. This integral is discussed and

e v a l u a t e d  in  a f o r t h c o m i n g  p a p e r  [ 3 ]  b y Butler. All corn—

binations of n and m other than those cited above give r ise

to nonsingular integrands of (2.28) which may be integrated

4 n u m e r i c a l l y  w i t h  g r e a t  e a s e  and  a c c u r a c y .

Piecewise Linear Basis Set As another examp le ,one may consider

V 
representing the current as a linear combination of p i e c e w i se

9. 9.,l i n e a r  f u n c t i o n s  A~ , where th e A n s of (2.6 a) rep lace the

p a ’ s of  ( 2 . 1 8 ) .  T h e s e  a r e  often called trian g les or triangular

pulses and are illustrated in  Fi g .  2 . 6  where one sees the cur— 
—

V 
rent approximated by 9 t r i a n g les and their relative positions

t o  the 9 testing triangles. The peak of a given trian g le

used in the s~~t to approximate current is eçua l to current at

the point where the peak occurs , i.e., t h e  peak of A ’ is I ,

a n d  t r i a n g l e s  a r e  s ee n  t o  be arranged in such a way that the

boundary conditions are satisfied. Also , an a~-p r o x i m a t i o n  of

current b y a sum of  we i ghted triang les is e q u i v ~~l ent to p iece—

wise linear interpolation as suggested by the dashed lines of

F ig. 2.6.
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I h e  co~~1 t i c i e n t s  S are needed with I =A ~~ i n  o r d e r  t h a t
mu n n

one may e s t a b l i s h  t h e  l i n e a r  s y s t e m  ( 2 . 2 1 )  when the current is

represented by a piecewise l i n e a r  app roximation. To obtain

S w i t h  i =Y A of (2.19b) is d etermined , reduced to a use—
mn n n Z n

f u l  f o r m , and then substituted into (2.20a). First , from (2.19b ),

L / 2

A ( z ) =
~~~~~~~~~ fA~~

(Z ’ ) K ( z
m
_ Z ’ ) d z ’

z ’=—L/2

and , since A~ is n o n z e r o o n l y over z ’t(~ — A ,~ +A ) , th e a b o v e
n n n

e x p r e s s i on b e c o m e s

(n+l)A

A ( m A )  ~~L 
fA ~~( z ’)K(:m_ z ’ ) d z ’

z ’ (n—l)A

where use is made of (2.24) and (2.27). Subject to the change

o f  v a r i a b l e s  z ’=— ~~’+nA , o n e  h a s

V 

- A (mA) = ~~~~~~ fA
Z
(nA_ ~~t )K(A[m_ n ]+c 1)dy

a n d , as can be seen from (2.ôa) or (1—1 ),

= 
~ [A - fc ’ I J  =

so  o n e f i n a l l y  a r r i v es at

29
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~~ J ( ~~’ ) K ( A [ m _ n J + ~~I) d~~
I . ( 2 . 2 9 )

S u b s t i t u t i o n  o 1 ( 2 . 2 9 )  into (2.20a) enables one to obtain S

for a p iecewise linear approximation of 1(z):

S = ~~ fA~~
t ) [ K(A [m+1-nJ+~~’) - 2 (i_  

~~~~~2

) 
K(A[ m-n]+~~’)

+ K(A[m_ l_n ]+~~’)] d~~’ . (2.30)

Equation (2.30) is in a hig hl y c on ven ien t f o rm f o r  n u m e r ica l

co mputation. As is the case in (2.28), the kernels of (2.30)

ca n be singular ; such integrals are discussed in [3J and sugges-

tions for evaluation are given.

Wi th S
mn 

ava ilable for the current appro ximated by triang l es ,

V O f l u  substitutes (2.30) into (2.21) and, with N M , solves fo r the-

I ’ s. K n o w i n g  t h e s e  c o e f f i c i e n t s , one approx imates the current

b y means of

(N- i)

1(z) ~~~~~~A~~(z) . (2 .31)

n=—(N—l )
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S o i i ~ j  It R e s u l t s  The .ib uvt- t h e o r y  i s di r e c t  1 y a pp  I i  e a h  1 e to t he

p r o h 1 ~~m 0i c . i l c u l i t  ion U t  c u r r e n t  on a s t r a i gh t — w ire s a t t e r i - r .

Rv s o l v i n g  ~he s~ -t o~ i l g t - h r a i c  e quations ( 2 . 2 1 )  w i t h  S g i v e n

V 
by ( 2 . 2~~ ) ,  on e  o b t V i i n s  t~~~e I n

’S of the pulse c u c r L - n t  expansion

( 2 . 2 5 )  - m d , h e n c e , h i s  a n  a p p r o x i m a t i o n  f o r  t h e  c u r r e n t  1 ( z ) ;

s i m i l a r l y , s o l u t i o n  ~if ( 2.21) w i t h  S o f  (2.30) yields the

l ’ s associ ated w i t h  Vi t rian g le expansion which may be used

i n  (2.31) f o r  d e t e r m i n a t i o n  of current. As an examp le o f  r u—

su i t s  obtained from the pr esent anal y s i s , Fi g . 2.7 dep icts the

current induced by a normall y incident field of 1 volt/meter on

a s t r a i g ht—w ire scatterer of length L=A /4 and radius a=A/l000.

~; e t i c e  t h a t  d a t a  o b t a i n e d  b y p u l s e  a n d  t r i a n g le c u r r e n t  e x p a n —

- 
- sion ore essentiall y identical.

Couv~~~~~~~ç~ In order that one may observe the convergence of

the series (2.25) Mand (2.31) for strai ght—w ire scatterers of

v a r i ous lengths , all ot radius a=X/l000 and illuminated b y a

n ormall y incid ent e l e c t r i c  field of 1 volt/meter , Tables I and

11 are provided. From a careful study of these tabulated data ,

one sees little d i f f e r e n c e  in convergence rates.

Other Basis and Testing Sets One may choose p iecewise sinu—

soidal testing functions and emp loy Equation (2.17b) rather

than (2.16b) to solve for t h e  current on the scatterer. A

• pr ocedure based upon (2.l7b) would parallel those described

ab ove . However , in v i e - ~ of t h e  closeness of to ~~~~ for suf-

ficiently small A /X , one would obtain essentiall y the same

num e r i c a l  results. Furthermore , on e m a y  w i sh t o s p e c i f y the

elements of the basis set to be V
’

V~~~~~~~~S b u t , h e r e  a g a i n , t h e  c l o s e —
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ness of A~’ to A
& 

suggests that a p iecewise sinusoidal app roxi—

m i t i o n  of current would lead to solutions which d i f f e r  only

insi gnif icantly fr om those obtained via a p iecewise linear

a p p r o x i m a t i o n .  In sum mary, then , the two examp les ‘iven above

of solution procedures can be viewed as covering the following

combinations of testing/current approximat ion: (1) p i e c e w i s e

l i n e a r / p u l s e s , (2) p iecewise linear/p iecewise linear , (3) p iece—

w i s e l in ea r / p iecewise sinusoidal , (4) p iecewise sinusoidal/pulses ,

( 5 )  p iecewise sinusoidal/p iecewise linear , a n d  ( 6 )  p i e c e w i s e

s i n u s o i d a l / pi e c e w i s e  s i n u s o i d a l .

Whenever the wire structure is of sufficie ntl y l ar g e

magnitude , in terms of numbers of wavelengtFs of wire , one  m a y

4 

not be able to require the increment t~ t o be so small relative

to w avelength to be assured that p iecewise sinusoidal functions

(for basis or  t e s t i n g  s e t)  y ield results which are extremel y

clo se to those obtained by means of p iecewise linear functions.

For ~/)\ ~ 1/10 the differen ce should be less than 6 or 7 p e r c e n t .

The solution procedure outlined above in which p i e cew i se

l i n e a r  functions , or  t r i a n g les , are utilized as elements of

both the basis and testin g sets is an examp le of a G a l e rk in

method , i.e., a method in which testing functions are the same

as basis functions. Since (2) and (6) above are a p p r o x i m a t e ly

eq uivalent , the procedure employing triang les  f o r  e x p a n s ion a nd

t e s t i n g  is q u i t e  c l o s e  t o  G a l e r k I n ’ s m e t h o d  w i t h  p i e c e w i s e

sinusoidal functions.

V 35
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2.8 ANALYSIS OF STRAIGHT-WIRE A N T E N N A

The solution methods discussed for the scatterer in

S e c t i o n  2 . 7  a r e  d i r e c t l y e x t e n d a bl e  t o  t h e  c a s e  of  a s t r a i g h t —

w i r e  antenna , d r ive n b y a voltage source of V volts and

located at some roint 2
g 

along the length of the wire (Fig. 2.2).

if one adopts the standard slice generator source model [4],

IV -t h e n  E ot (2.1) becomes
z

E~~( z)  = V ó ( Z_ Z
g
) (2.32)

where ~(z) is the familiar delta function. Without the ap-

proximations of Section 2.4 , Vm 
of (2.21) become s exa ctl y

Z
m+l

V
m 

= -j~~~V f 6 ( Z_ Z
g

) A ~~~~
S
(Z)dZ = ~ i~~~~V A ~~

’
~~~(Z

g
) ( 2 . 3 3 )

z=z m l

f o r  e it h e r  p i e c e w ise l in ea r or  p iecewise sinusoidal testing

a n d , f o r  e i t h e r  t e s t i n g  s e t , r e d u c e s  t o

2
V m = -j~ ----V ( Z

g

= Z
j

~~~) ( 2 . 3 4 )

w h e n  Z

g 
a n d  Z m c o i n c i d e .  F o r  m u l t i p le e x c i t a t i o n  ( 2 . 3 3 )

b e comes
N

V
m 

= ~~~~~~~~~~~~~~~~~~~~~~~ ( 2 . 3 5 )

f o r  N
g s o u r c e s  l o c a t e d  a t  Z g~~ ~~~~~~~~~~ Z N g 

a n d  h a v i n g  e m f ’ s

~ V~~, V~~, .  . . V~ v o l t s , r e s :e ct i v el y .

-V - - - ~~~~~~~~~~~~~~~~~~~ ~~~~*~ V L~~~~~ ~~~~~~~~~~~~~~~ ‘ ‘- ~~~~~~~~~~~~~~~ 
~~
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The remaining terms in (2.21), S a n d  I , a r e h a n dl e dmn n

i n  e x a c t l y t h e  s a m e  w a y  t h a t  t h e y  a re  f o r  a s c a t t e r e r .  H e n c e ,

w i t h  t h e  a p p r o p r i a t e  d e f i n i t i o n  of  V m i n  ( 2 . 3 3 ) — — ( 2 . 3 5 )  a n d

w i t h  S f o r  pulse or triang le representation of current dis-

cussed in Section 2.7 , one may calculate current on an arbitraril y

excited , stra ight—wire antenna.

S a m p le results for a center—driven , half—wavele ngth

a n t e n n a  a r e  d e p i c t e d  in  F ig .  2.8. Current , c a l c u l a t ed by

m e ans of  p iecewise linear expansion and testing, is seen In

F i g .  2 . 8 , wher e for comparison is also disp layed current cal-

c u l a t e d  f r o m  a pulse expansion with collocation numerical

solution to Hallen ’s equation [5).

4

*
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Haflen (36X36-Pulse/Collocation)
* x x x  Eq. 2.1 (15x15 - Triangle/TrIangle)
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C H A P T E R  3

A N A L Y S I S  OF C O U P L E D  W I R E S

3.1 INTRODUCTION

With the foundation being established in Chapter 2 , the

next step in the procedure for develop ing a ge ne r a l  a n a l y ti c a l

technique for characterizing wire structures is the treatment

of a particular wire in the presence of others. The electro-

magnetic influence on one wire in an ensemble due to all others

p lus itself must be fully accounted for in any anal ysis. Such

coupling, mutual and self , must be taken into consideration for

each wire in an ensemble.

In this Chapter are present -ed t he  an a l ys is of wire struc-

tures and the formulation of pertinent integral equations.

Numerical solution procedure s are discussed as are symmetry

conditions. To support the theory, results of samp le calcula-

tions are included and compared with data obtained elsewhere.

In Fi g. 3 .1 are sh O Wn  several wires , one designated the

-) wi re and another desi gnated the q
th

• We focus major atten—

- th
t ion upon the p wire and invest igate how one may calculate

the electric field on this wire due to the current i on itself

plus that due to 1
q ’ 

the current on the q th wire . The contri —

but ion on the p
~~ 

wire due to the presence of wires other than

th e q
th 

may be calculated in an identical way , and then the total

contribution from wires other than the p
th 

is simp l y a summation over

40
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.~~l l  s i r e s , q= 1 , . N(q~~p) . W r i t t e n  s y m b u l i c u l l y, the

I ~- u t r (V I h- Id c li r ~ - c t i’d I I  I C )  Ii g th~ ax is 0 I t 1 14 - p~ 
Ii 

w i r e a n d

e v i l u - i t e d  on it s surface is

= E~~~ (~~) + U
p

•
~~~~~~~E

q
(~~~) (3 . 1)

(q~~p)

where E
C 

is the total axiall y directed field on the surface of

the p
tb 

wire produced b y all charges ard currents on the struc-

tur e , E is that due to the current i , and E is that due to
P c q

the q th 
wire. In Eq. (3.1) u

p 
is the unit vector along the

t h  
w i r e  ( a n d  h a s  t h e  s e n s e  of  t h e  c u r r e n t  i ) ,  a n d  is  an

independent variable denotin g axial disp la cement along U of

V th . - . - -th e p wire in a local coordinate system with o r ig in at the

center of the ~ th wire. Fi g .  3 . 2  d ep icts the two wires and

serve s to define geometric quantities of interest. *

At a general point in space (x , y , z) one may write E
-
1;

in the following f o r m :

E ( r )  = -j w A ( r )  - 
~~~~~~ ~~~~~~ (~~~~

) (3.2)

where A and 
~ 

are the vector and scalar potentials , respec tivel y ,

I 
~- calculated from the sources on the ~ th 

wire. Subject to the

thin—wire approximations , th e s e  po t en t i a l s  m ay be written

*S~~t A ppe n d i x  III.
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L /2 
-p -j k 1 r-r

A (r) = -

~~~ f 
i ( ~~~’ )  ~ ‘ 

-
~~~~~

- - - -- - d~~ ’ (J .3a )

‘ =—L /2 p

and

L / 2
V P -jk Ir -r ’~

= 

~~ f ~~~~~~~~~~ 
e 

d~~~’

? ‘=— L /2 p
p

+ 
~~
+(~~) ~ ~~~~

_

(~~~
) ( 3 . 3 b )

w h e r e  t h e  g en e r a l  p o i n t  (x , y , z )  is l o c a t e d  b y

r = x + YU
y 
+ Z U

~~~ 
(3.4)

- t h  -ari d a s o u r c e  p o i n t  on t h e  p w i r e  b y

— , 
= 

— c 
+ ~~~ . (3.5)p p p

In (3 .5), r
0 is a vector which locates *the center of the
p

w i r e  so ( 3 . 5 )  i t s e l f  i s  s i m p l y  t h e  e q u a t i o n  of  a s t r a i g h t  l i n e

i n  s p a c e  a l o n g  t h e  a x i s  o f  t h e  ~ th  w i r e .  T h e  l i n e a r  c h a r g e

d e n s i t y  on t h e  ~ t h  w i r e  is  d e n o t e d  a n d  is , of c o u r s e , r e l a t e d

t o  t h e  ~ th 
wire current b y the continuity equation ,

-‘
I — - ——---~~~~-

I ~ * ce A ppendix III .
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1I9U~~~~

i (
~~~~

) + j w p  (
~~~~

) 0 . (3. i )
d~~ p Z

in (3.3) ilic- two terms , and ~~~~~~ , repr e si -ot c o n t r i b u t i o n s  ~~~O

t u e  scalar potential from the rings of discrete charg e located ,

r e s p e c t  i v c l v  , at t h e  u p p e r  and  l o w e r  e n d s  of  t h e  ~ t h  w i r e .

These ch arge s are present whenever the current is not zero at

t h e  ends as is necessary, i f  t h e  a n a l y s i s  is to be extended to

structure s involving wires which join at their end — po iii ~~s.

Sim ilarly , th e electric field E (r) due L O  sources on the

q
tll w i r e  may be written

E
q

( r )  = ~ iw A q
( r ) u

q 
- g r a d  

~~ 
(3.7)

w h e r e  A

q
U

q 

and 
~ q 

are the vector and scalar potentials , respec-

tivel y, c a l c u l a t e d  from the sources on the q
th 

wire. A
q 

and

can be expressed in terms of po tential integrals like those

‘ 1  (~~. 3 )  w i t h p r e p l a c e d  b y q .  T h e  u n i t  v e c t o r  U
q 

is directed

along the q~~~ wire and has the sense of the defined current on

t h i s  w i r e .

Sin ce t h e  contribution s on the p
th 

wire due to currents on

thc other wires are all of the form of ( 3 . 7 ) ,  o n ly  t w o  w i r e s

a r e  treated in general below (Fi g.3.3) so that the di scussion is

n o t  r e n d e r e d  o v e r l y c o m p l e x .  T h e  e x t e n s i o n  t o  m o r e  t h a n  t w o

C 
wires is quite direct and can be done readil y after the present

tw o-wire case foundation has been established.
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t h e  ~i x i a 1 1 v ~~d i r e c t e d  e l e c t r i c  f i e l d  011 t h e  s u r f a c e  o~

t u e  ~~t l i  
w~~1e s h o w n  in F i g .  3 . 2 , d ue  t o  s o u r c e s  on b o t h  t h e

th - -
i i i C  q w i r e s , is

I-. 
- 

= -j ~~ A - 

~~~~

— jWA (u u ) — -p---- 
~ ( 3 . 8 )

q q p ~~ q

R e t a i n i n e  
~q 

b ut employing the Lorentz gauge exp licity to

(V l jm in a t e  

~ 
o n e  m a y  c o n v e r t  ( 3 . 8 )  t o  an alternate form:

j~— E~~ (~~ ) = ( 
~~~~ 

+ k~~~
) 

A (C)

4
2

+ k
2
A
q
(C)(U

q
•U

p
) — i~~~~~

— -
~~
-

~~
- 

~~ (c )  . (3.9)

A ctuall y , t h e  Lorentz gauge is invoked imp licity relative to

~q
’ for otherwise the potential integral representation of the

s c a l d r  p o t e n t i a l  w o u l d  be  i n ap p r o p r i a t e ;  h o w e v e r , i n  ( 3 . 9 )  t h e

r e l a t i o n s h i p between 
~
‘q 

and A
q 

is n o t  invoked directl y. In

view 01 theh eterogeneous application above of the relationshi p

- k
b et s~~en vector and scalar potential under the Lorentz gauge ,

one m u s t  e x e r c i s e  c a re  t o  a v o i d  v i o l at i o n  of t h e  continuity

V the - i u a t l o n , w h e n  he c a l c u l a t e s  
~ q 

f r o m  the c h a r g e  on the q

wire. When this wire joins others , as is antici pa te1.i by the

ex pression (3.3b), s p e c i a l  h e e d  m us t be g iven this caution ,

47
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V i n d  one  m u s t  r e c a l l  t h a t  e x p l i c i t  a p p l i c a t i o n  o f  t h e  L o r e n t z

gauge ensures a complete e l e c t r i c  system [1].

a

3.2 TLSTIN I~

As is done above for the isolated wire equati ons , we seek

a s et  of  l i n e a r  e q u a t i o n s  b y t e s t i n g  w i t h  fl~ a n d  ~~ of (2.6)

pursuant to the development of a numerical pro cedure for per—

f orming  various calculations on wire structures. As before we

distinguish between interior testin g and end testing in order

t h a t  t h e  boundary conditions on wire ends n a y  receive desired

attention and may be efficientl y i n c o r p o r a t ed in the  n ume ri ca l

solution techni q ue.

Testing of (3.9) with a testing function T
m y ie lds

//d 2 2 \  \ 2~~ 
/

~~~~~~ + k  )A ~~~~T + k  (u u ) A , T
d
~~

2 

~~~~~~~~~~~ T) 
: j

~ K:~
, :

m~~ 
( 3 . 1 0 )

w h i c h , i n  view of the definition of the scalar product (2.4b)

a n d  t h e  subdomain nature of the testin g functions to be con—

sidered here , can be written

• 48
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-
-‘In 4- 1

I [(~~
- , + k 2)A~~(~~)] T

m
(
~~

) d
~ 

+ k 2 (u
p

u
q )f 

A
q
( )

!C~~ I

~n+i ~~rn+i

- i~~
- f ~~~~q

( C )  T m
(
~~

) d 4  = J~~ f E
c

(
~~

) T (
~~

) d
~

(3.11)

As before , in the case of end testing, t h e  l i m i t s  o f  t h e  ab o v e

integrals m u s t  be modified; in particular , for testing ove r the

lower interval , ~ E 
~~~ M ’~~~M+ 1~~’ 

the lower and upper limits of

each integral are and 
~~ M+l’ 

respectively, whereas , f o r

testing over the upper interval , ~~t (r ,II~~~M ). 
the respective

lower and upper limits are 
~M 1  and 

~~~ 
Of course , one recog-

nizes that = ±L /2 and that 
~~~(M l )  = /~ 

- ‘ ) ,  wh ere

V 

~ is the s u b d o m a i n  i n t e r v a l  l e n g t h  d e f i n e d  in  F i e .  3 . 3

I n t e r i o r_ T e st ~ j~~~ M a k i n g  u s e  of the equations in Appendix 1 ,

O f l~ LaO p e r f o r m  t h e  operations indicated in (3.11) to achieve

t h e  e l u a t i o n s  resulting from testing with either p iecewise linear

or piecewise sinusoids over the interior intervals. For piece—

w ise linear tasting (T = A~~) one  ob tai ns  E q. (3.12) and for

piecewise sinusoidal testin g (Tm 
= 1 i )  he obtains Eq. (3.13),

b oth of which are found on the following page . Eqs. (3.12) a n d

(3.13) are exact in the sense that the testin g procedure has

introduc ed no approximations.
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I V I c l e n t  i n ~~ i n  end testing we c o n s i d e r  b o t h  E q .  ( 3 . 8 )  and

E~~. (3 .9) and test w i th i each of t h e  f u n c t i o n s  ~n d  
~~ M

’ ~~

course , the se equations are equivalent and e i t h e r  nay be used

i n  a n y  wire analysis , or they both may be e m p l o y e d  i n  a m i x e d

f a s h i o n .  Testing Eq. (3.8) by mea ns of over the upp er a n d

lower end intervals y ields (3.l4a) and (3.l4b), respectivel y,

a n d  e n d  t e s t i n g  ( 3 . 8)  w i t h  
~~~~ 

y i e l d s  ( 3 . 1 5a )  a n d  ( 3 . l Sb ) .

Similarly, testing Eq. (3.9) with A +M over the upper and lower V

e nd intervals yields (3.l6a) and (3.l6b), r e s p e c tiv el y ,  while

end testing of (3.9) with g ives rise to (3.17a) and (3.17b).

c)ne should note that , in all end testing cases mentioned here ,

the scalar p roduct defined in (2.4b) is emp loyed. The l imits

on th~ rig h t—hand—side integral in (2.4b) app lied to the present -

4 case would be -L /2 and +L~~/ 2~ wh ich reduce end testing to

integration over only one—half of the domains of the testing

- Sfunctions , or  
~
‘±M’ this is the reason that end testing is

tr eated apart from interior testing.

4

5-
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3.3 APPROXIMATIONS

As w a s  the c-Vi se i n  t h e  a n a l y s i s  o f  th ~ i s o l a t e d  w i r e  o f

Clc t p t e r  2 , t h e r e  are g o o d  a p p r o x im a t i o n s  w h i c h  c a n  be  u s e d  t o

advantage to s i g ni f i c a n t ly s imp lif y the present expressions.

The integral approximations ,

- M+ 1r
J f ( ~~ ) A ~~~

5
(~~) d~~ ~~

- A f (~~~~ ) ( J .l 8 a )

a n d

r
j f (

~~
)A

M
’5 (

~~
)dC 

~~~~~~~~ 
( 3 . 18 b )

are good whenever f ( t ~) is  s m o o t h  o v e r  the lower end interval in

the ca-c e of (3.18a) and over the upper end interval in the case

of (3.lSb ). These approximations , (2.15) and (3.18) , are a p p l i e d

in (3.12) — (3.17) to integrals containing the electric field

liii! vector potential terms , A~ a n d  A q~ a n d  one  thereb y arrives

at the following corresponding approximate equations (see fol—

lowing pages).

Cl’
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O t , i c -- r  c p p r o x i l : l - i l- i O I l s  m ay  b e  made in the p ri-seIl t an a lv sin ,

b u t t hi ~~~ I-~~~
V c c l  - c  t y p e  w h o s e  e r r o r  d ep e nds on p a r c i l : I I V - t e r s  I I I

LI~~ C c i L c j l _ i t l ) I I S  b c - m i’ , p e r f o r m e d .  F o r  -xa mp le- , ii  th~- d e n y - i —

t i L l  0 1 1 l U I iC t l O f l  I (
~~

) i S  S O f t  i c i c - - I l IC l y s m o o t h  o v e r  t i ’ -

ran-e~ of in t e g r a t i o n  i n d i c a t e d  b e l o w , o n e  m a y  e m p l o y  t h e

a p p  r o x in a t ~~~~ ,

~m+1f ~- f(ç) A~~~
S (~~)d~ A 

h “~~ m~

-, — 1f ~~~f ( ~~) ~~~~~~~S
(
~~~~

)
~~~~~ 

h ~~~~~~

Vi id

V f  ~~~f ( ~~) 
n ( ç ~~~ ~~ ~~ 

. (3.23c)

— >1

A p p r o x i m a t i o n S ( 3. 2 3 )  m a y  b e  app lied to terms like the

third in(3 .l1 ) i n v o l v i n g  i~l
q 

t o a r r i v e  a t s i m p l e r  e x p r e s s i o n s

than t hose appearing in (3.12) — ( 3 . 2 2 ) .  Such a p p r o x i m a t i o n s

are of a c c e p t a b l e  accuracy o n ly  w h e n  
h ~~q 

i s  s u f f i c i e n tl y

s m o o t h  o v e r  t h e  r a n g e  o f  integ ration of the p e r t i n e n t  expr es—

sion (3.23); 
~~ 

-

~~~~ 

is smooth enoug h for (3.23) t o  a p p l y i n
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F s i t u  , t i u i i - ~ w h e r e  - i s  t h e  s ci l cir p ot~- i ~ti:i l due to an clement

i t c u r r e n t  r c - m o t c -  (lit t c - - r m s  ( I f  W a V C  l e n g t h )  f r o m  t h e  i n t c - r v - c J

V I  r - ; i c i  I i  o n e  o f  t i c - a p p n o x l m a t  Ions (3.23) i s  t o  be c- - ni p I oycd

3 . 4  USE OF PIECEWISE LINEAR TESTING IN
‘~L’~1ER [CAL SOLUTION PROCEDURE FOR DETERMINA T1O~ OF
CURRENT ON SCATTERER COMPRISING TWO COUPLED WIRES

In this section is outlined t h e  theory for c a l c u l a t  ing

cu r r e n t s  on a two—wire scatterer illuminated b y a s p e c i f i e d

i n c k d e n t field. So that exp lana tions are not overl y c o m p l icated ,

attention here is limited to two wires but the techni q u e  i s

g e ne r a l  a n d  c a n  b e  a p p lied , wi th little or no modification , to

V 
s t r u c t u r e s  of many wires. Pulses are used tor representing th8

c u r r e n t  even thoug h) o ther basis sets can be emp l oy e d , if

d e s i r o us .

sc-s is done in Chapt er 2 for the strai gh t w i r e , w e f i r s t

approxima te the current on e a c h  of the t w o  w i r e s  b y

N

a n d  

= ~~~~I~~i (z) (3.24a)

I
q

( Z )  = ~~~~~~~~~ I~~~~~i
0

( z )  (3.24b)

wher e (2N~~-4-l) and (2N
q
+l) are the numbers of terms in the

~cPr r ox i m a t ion far i~, and ~~~ re spec tively. Nex t the ap pr oxim a—
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t h a n  ( 3 . 5 4 u )  i s  s u b s t i t u t e d  i n t o  E q u a t i o n s  ( 3 . 3) and ( 3 . 2 4 b , ,

i n t o a s i m i l a r  pair b r  A a n d  I- - W i t h  t i l e c u r r e n t s  itt t h e
q q

p o t e n t i a l  i n t e g r a l s  rep l a c e d  b y (3.24 ), A , 
~~~~~

, A , a n d  ‘

~

ace emp lo y ed in the selected tested e quations——either (3.19)

a~id (3.21 ) or (3.20) and (3.22)—— which sequence of steps esta-

b U s h e s  a s y s t e m  of linear equations having many of the f e a t u r e s

o f  ( 2 . 2 1 ) .  I n  t h i s  s t u d y of two wires , and subse quent t reat—

m c--n ts o f  m u l t i p l e  w i r e s , the wire currents are approximated b y

p uL;i- s, and p iecewi se l i n e a r  f u n c t i o n s  are u s e d  f o r  t e s t i n g

( E qua tions (3.19) and (3.21)).

In pr eparation for writing (3.19 ) and (3.21) as functions

o f  t h e  I f l ’ s and I~~’s , i t is desirable to develop expressions

for the vector and scalar potential terms appearing i n  t h e s e

V - th -two equations. The vector potential A on the p w ire, d u e  t o

current i on that wire, differs from the corresponding quantity

i n C h a p t e r  2 on l y in that contributions from the end half — p u l s e s

nu st be inc luded. One can readily show that at a point 4 on
V 

t u e  
th 

w ire (in the local coordinates of the t h  
wire w it h

o r i g i n  a t i t s c e n t e r )
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(

~~ ~~~~
c~ ‘=0

N - l  
A /2

+ ip

n = — ( N — l )  ~~‘ = — A / 2

A /2

+ ~~ [m-N }+~~~) d~~’ (3.25)

i ’ =O J4
where the first and last integrals are contributions from the

lower—and upper—end half—pul ses , respectivel y, and  wh e re

I
mA , m 0 , ±1 , ±2 ,... . (3.26)

T h e  s c a l a r  p o t e n t i a l  on the ~ th wire due t o  t h e  c h a r g e  on t h i s

w ire can be calculated with the aid of Fi g .  3 . 4  a n d  A p p e n d i x  I I .

As suggested in Fi g. 3.4 , associated with the ~ th current pulse

of strength I~ is a ring charge at ~~~—A /2 hav ing total charge

— I~~/ j~~ and another at c
n

+A
p
/2 having total charge +I~~/jw. The

total quantities of charge of the r i n g  charges deposited b y the

lower—end pul se are +I
~~N

/
~~
W at _ L

~~/2 and _ I
~~N 

/j14~t at _L
~~/ 2  +

and  t h o s e  d e p o s i t e d  b y t h e  u p p e r — e n d  p u l s e  a r e  —I ~ / j w  a t
P

V L / 2  — - ‘ / 2  and  I~ /jw a’ L /2. Therefore , t h e  s c al a r  potent ial

6 3
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i t  . I J o~~~ 1t i ou ( 1)1) t i l e  w i r e  d u e  t o  i t s  o w n  c h l a r i ’ r- s i s

•
~~

--- ~~~~ [K(~~+L [N _ 
½ ] )  

-

+

~~~~~ 

i p [K (c_ ~ [n+ 
~~ 

1) - K ( ~~-A [ n -  1 ] ) ]

n = — (N —1)

+ ~~ [K(~~~~~~N )  - K ( ~~-A [N - ½] ) ]  ( 3 . 2 7 )

1- I q u a t i o n s  ( 3 . 2 5 )  a n d  ( 3 . 2 7 )  p r o v i d e  a m e a n s  o f  d i s p l a y i n g  the

dep endence of quantities bearing subscri pt p upon I~ in (3.19 )

4 and (3.2 ). Quantities bearing subscri pt q in these two e q u a t i o n s

are next written with explicit dependence upon 1q • Involved in

each such quantity is the distance from an approp riate source

point on the q
th 

wire to a field point on the surface of the ~ th

- w i r e ,  this d i s t a n c e  Dp q is derived in A ppendix III where geo-

m e t r i c  quantities are defined and discussed in detail:

D
pq

( 4~~c ’) = [a~ + ( + ~~~~G~~~~
) - ( + ~~t~~q ) I 2 ]  ( 3 .2 8 )

The vector potential A
q 

at a point 
~m 

on t h e  ~ t h  w i r e  d u e

to t he current (3.24b) on t h e  ~~~ w i r e  i s

Ii

- 
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_ (N
q
_ ½ ) A q

A
q
(c

m
) = 

~~~~ 
LN

q 
JG pq

(
~~m~~c

’ ) d
~~

’

I C ’=-N A
q q

N -l (n+½ )Ll

+ I~~ f G pq (~~m~~C
’ ) d

~~
’

nr~~(N
q~~

l) 1 ’= ( n_ ½ )A
q

N A

+ I~~
q 

G p q m ~~c
’ ) d

~~
’ ( 3 . 2 9 )

(
~‘~~(N q~~½) A q J

wite re

V — j k D  ( t ~,ç ’ )

G pq (c~~c ’)  e 
D ( ~~ ,~~ ’)  - ( 3 .3 0)

T h e  scalar potential ~ is formulated in a manner similar
q

t o  t h a t  l e a d i n g  t o  ( 3 . 2 7 )  b u t  w i t h  t h e  k e r n e l  ( 3 . 3 0 )  p l a y i n g  t h e

role ofthe usual strai ght—w ire kernel. Using (11—7) of A p p e n d ix I I ,

one c a n  s h o w  t h a t
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~~~~ -—

) 
~~~~ 

~~
1 _ N

q 
[C pq

(~4 ~~[ _ N
q

+ ½ A q ) - G pq ( 4  ~_ N
q t q )j

+~~~~~~~~1~~~[G pq (~~ ,[n+ ½ A
q
) - G

pq
(~ ,[n- ½ ]A

q )]

+ I~~
q 
[G pq (c ~N q

A
q
) - C (~ ~[N q

_ ½ 1A q )]~~ . (3.31)

Linear System of E quations With A of (3.25) and 
~ 

of (3.27)

V 

w r i t t e n  i n  t e r m s  of  t h e  u n k n o w n  c o e f f i c i e n t s  I f l ’ s a n d , a l so ,

— with A of (3.29) and -~~ of ( 3 . 3 1 )  w r i t t e n  in terms of the
q q

one substitutes these vector and scalar pot e n t i a l  quan—

tities into the tested equations (3.19) and (3.21). As a res ult ,

wit h M=N , o n e  h a s  a system of linear al gebraic equations llk~

(2.21),

N N
p q

‘

~~~

,u

Ip S + 

‘
~~
“
1~~ =

— fl mm n n f l

ne—N n=—N
p q

m=O , ±1 , ±2 , ± , .  . . ,±N , ( 3 . 3 2 )

which is a system of 2N~~+l equations in 2(N
p

+N
q
+l) unknowns.

The coefficients S are called “self terms ” and ren re—

sent the entries in (3.19) and (3.21), subject to replacement

of quantities b y the ir equivalents in (3.25) and (3.27), which
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r c -  ~- a -  t t i L i ~~~~ t s a I he c-u r r i - l it S I . - a 11 (1 S - 1 r t -
U — - —  , l l  ~. , l l

p p

c c c e t t i c ie u t s * o f  i~~ , n = — N  • O ,..., N , in ( 3 . 2 1 a )  a n d  (3 .slb ),
it p p

t
V e S p e C t i v e l V .  S 15 the c o e f f i c i e n t  of I~ in (3.19), m —(N —1 )- inn it p ‘

0 - , . N — I .  T h e  c o e f f i c i e n t s  C in  ( 3 . 3 2 )  a r c  c a l l e d  “ c o u —p inn

p l i n g  t e r m s ” s i n ce t h ey  a r e  as so c i a t e d  with c o n t r i b u t i o n s  from

th /

t h e  c u r r e n t  on the q w i r e  to vector and scalar p o t e n t i a l

quan t i t i e s  evaluated on the ~ th 
wire . These c o e f f i c i e n t s  may

be r e a d i l y  i d e n t i t i e d , i f  one  s u b s t i t u t e s  ( 3 . 2 9 )  a n d  ( 3 . 3 1 )

i n t o  (3.19) and (3.21). C _N 
~ 

a n d C
N ~~ 

n=_N
q~~

. . . ,0 ,. . ~N
q~

p p

are coefficients of in (3.2la) and (3.2lb), respectivel y,

w h i l e  C ,m —(N —1),... ,O N —1 , is the coefficient of- - m , u p p

i n  ( 3 . 1 9 ) .  I n  o t h e r w o r d s , t h e  S ‘s account for contributions
inn

to vector and scalar potential at locations along the ~ th 
wire

from the individual elements of the basis set representing i ,

w h e r e a s  the C ‘s account for contributions on the ~ th 
wire

due to element: of the basis set b y means of which ~q 
is

a c p r o x m m a t e d .

The inhomogeneous or drivin g terms V ’s , m =—N ,... ,O ,. . . ,N ,

a r e

A
V

N 
= - 

2 
E (

~~~N 
)•~~ (3 .33 a )

p p p

*Commis are used to separate subscri p ts when their being in
juxtap o sition may lead to misinter pretation; S a n d  S are
to be looked upon as the same . 

mm m ,n
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~ ~~1(~~ ) .
~ft p in p

m=—(N —l), . . . ,N — 1 (3.33b)

and

A -

= — J~ ~~
‘
(~

- ) .
~ , (3.33c)

p p

w h i c h  are t h e  r i g h t—hand side terms in (3.19) and (3. 21)  with

F (4 ) replaced by —E
1 ( ç  ) Q  so that boundary conditions oi,

4 in ft p

F th e surface of the wire are enforced. In the case of an antenna

p r o b l e m . the modification exp lained in Section 2.8 is utilized.

The system of equations (3.32) is general in the senses

I that the ~ th w i r e  a n d  t h e  q
th w i re m ay be any pair in a coin —

p l c - X  \~~1t e  structure and that their relative orientation is

comp le tc -lv a r b i t r a r y  (Appendix III). To f a c i l i t a t e  subsequen t

- discussions we write (3.32) as a matrix equation ,

[ 5 ]  1i Pj  + [~~~J [1 q J = [v p ] ( 3 . 3 4 )

V - m d  d c - - f i n e  the individual m a t r i c e s  below.

I’

V

- -

- 69

- V-~~~~~~~~V — - ~‘ - — ~~. -
V- _V ~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~ ,— .. ~, 

— ..~~~~~~~~



S i -

—N —N ‘ ‘ • S , , , I

V.- ~~~ 
‘~~~,n — N  N

— V 

t p p

L S I  = s I
in — N I S

‘ p 1 
“~ ,~~ I ut

-
, • I P

V. 
‘ -

S - 

- — — _ _ _ _
T — —— -_

N ,—N ‘ S . . sp p I L~~~, fl N N
I P~ p

(3.35 a)

1~~~
N
2

lfl ~ _ N
q m , n C 

rn
. I 

q

C 
N

p~~_ N
q 

C 
N ,n ‘ C 

N ,N
~ q

(3.35b)

t i -

.

- 
- 
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V

~~~~~~~~ 5-

I p
— N

p

[ J P J =

I:

~~~ 

( 3 . 3 5 c )

_N
q

[1 q
1 =

I~~
q 

( 3 . 3 5 d )
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Ii

[V  ] = V
p in

(3.35e)

f r c ~ s u b s c r i p t  p on t h e  m a t r i c e s , [ S I ,  ~~~~~~~~~~~ a n d  [ V ]  , imp l i es

that cac t i of these is associated with evaluation of quantities

on t h e  p~~
h w ire. The superscript p on [IP ] identifies this

V m atrix as the column vector of current coefficients ,

in the expansion of 1 on the ~ th w i r e ;  s im i l a r l y , ~1
q

1 is the

vector of coefficients i n  the approximation of i .  The super—

script q on [C s ] denotes that this is a matrix of coupling

terms indicating a contribution from the q
th 

w ire current .

Equation (3.32), or  its matrix equivalent (3.34~~, s e r v e s

to e n t o r c e  the boundary condition that the a x i a l  e l e c t r i c  f i e l d  on
V - Vthe p w i r c - be zero. O t co u r s e , this boundary condition

m u s t  be satisfied on all wires in a given structure , and (3.32)

a n d  (3.34) are totally general so that , b y a mere change of

s u b s c r i p t s  and  s u p e r s c r i p t s , one  h a s  a v a i l a b l e  the n e e d e d

equations to enforce this boundary condition on other wires.

F o r  e x a m pl ’~ , i f two w i r e s w h i ch a r e  l o c a t ed a n d  or ie n t ed in

72 
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S a u c e  a~~e c i f i e d  w a y  (A p p e n d i x  I l l ) ,  arc i l l u m i n a t e d  b y an

i r u c i d ( - Il t f i e l d , }i ~~ e n t i r e  p r u b U - m  c a n  be ( - h l a r a c t c - r i z ( - d h~

t u e  p a i r  o t  m i t  r i x  & - q u i a t  i o n s :

[ S j  ( 1 P j + [C’1] [1 q ] = [ v ]  , ( 3 .  3 ( a )

[C r ] u P 1 ÷ [S q ] [1 q J = [V
q
] (3.36b)

These suggest that t h e  w i r e s  a r e  d e s i g n a t e d  a n d  q
t h  a n d

(3.36a) is recognized to be (3.34); (3.36b) is  the companion

equ a tion whose matrix elements are determined from the sane

procedure used to calculate those in (3 .36a) (with indices

interchanged). If there were a third wire desi gnated the

5 t h  
w i r e  in th e problem under consideration , the appropriate

equations would be

[S I  [1 P ] + ~~~~~~ ~1q
1 + [C

u
] ~~~ W

j = [ V j

[C~~} 11~~1 + 15
q

1 ~ 1q
1 + [ C

W
] ~~ W j = [V

q J

[Cc ] [1P ] + [ C ’’] ~1
q

1 + [ S W
] [j

W
] = [ V ]

or , as a s i ng le matrix equation ,

[ S I  ~C~~] [C;] [ v ]

I •; [C~~] [Sq ] [C~~] [1q ] = [V
q I . (3.37)

~c~ j L C ~~J [ s J  [ 1 W )
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-~ci- c-ms . , U t j O i f l~~d I f  t h e  w i r e s  in a s t r u c t u r e  under stu c .

are l o t  i n  c - l e c t r i - a l  c o n t a c t , t hic - c u rrent at tht - f r e e  wire

c r i d s  m u s t  hi zi -rc, . t h i n - f o r e - , t h e  c o efficients of the c-n d

- th -c u r r e n t p u lses , i .e., l P~~ an d  I~ f o r  t h e  p w i r e , are made e q u a l

to ‘c r0 (actuall y discarded from the set of unknown coefficients).

D i s c a r d i n g  these upper— ari d lower—end c o e f f i c i e n t s  redu es

t h e  n u m b e r  of unknowns so one in turn discards the equations

in the sy stem of linea r  equations (3.37) which correspond to

e n d  t e s t i n g .

i f , f o r  e x a m p le , t h e  w i r e s  in the two—wire problem char—

a c t e r i z , - d by ( 3 . 3 6 )  a r e  n o t  j o i n e d  electricall y, one would

s e t  I i’ . , l~ l’~~ , a n d  l~ e q u a l  to zero. Also , he would
V

p p 5 p q

d e l e t e  thos e equations resulting from end testin g. That is ,

the fo i l ow in > ~ m - i tr i x element s would be deleted: S
N n ’

p

S . , C , and C , n — N  , . . . , 0 , . . .  N ; SN ,n — N  , n N , n o p —N np q q - q

- C - - ii d C . , n — — N  , . . .  ,O N ; and V , V
~. , n ~~~~~ , n N ,n q q —N Nq p p p p

V _ N
q
~ and V

N . After these deletions , the resultin g l i n e a r

sy stem would contain J (N
p

+N
q
_ l) equations and , of course ,

the same number of unknowns.

T w o  Wires Joined As an examp le of a simp le wire structure

h a v i n g  a junction , we consider the two wires i l l u s t r a t e d  in

F i g .  3.5 where one sees that the upp e r end of the p th wire

joins the lower end of the q th wire. Of course a t  t h e  f r e e

e n d s , l ower end of the ~ th wi re and upper end of the

74
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the h a l t — p u l s i -  cu rrents arc set equal to zeru , a n d  t h e  m a t r i x

e q u a tion is m o d i f i e d , as described above , to be consistent

with t~ i~ =0. N ext , since the current must be co n t i n u o u s
V

p ~~~q

a t  t h e  u n e t  i o n  - one req u i re S t hi at 1 be e q u a  I t a q ~, - w hi I c i i  -
- I) <I

i t  - c  ( c r - - c , r i  du i - c - - s  i c c  n c i  nh  e-t_ ci  I u i i k  11(1W c I a  I ii I I i -  a ~
- a I i- c c c c .  I

c - - I u d l i o U s  b y o n e , t h e r c b y r e q u i r i n g  f u r t h e r  m o d i t i a t i o n  a t

t h e  ~ a t r i x  e q u a t i o n s  ( 3 . 3 6 ) .

With l~ =1 q =1 pq  (junction current), the columns hi - l ow
p q

both operate on I~ (re call 5—N ~~ 
C~~ r~~ 

SN ,n ’ C 5~ 
~ 

are zero— —
p p q

~iele ted from m a t r i x — — t o  account for IP
N 

=I~ =0 a t  t h e  f r e e
p q

e n d s ) :

S _ N  +l , N C_N #1 -N
p p p q

,N 
C N ,—Np p p q

(3.38a) (3.38b)

C_ 5 
~ 

S_N ,—Nq p q

N -l , N 
S N -1 , -N

q p q q
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h i c - - ic c e  the above two columns are added to reduce the number of

c o l m i r m n s  b y one. N e x t  t h e  number of rows must be reduced b y

one too. Reduction of the number of rows b y one is achieved

by adding the N~~~~ and _N
q
th 

rows on both sides of the e qua ti o n .

The summed row on the left—hand side is

[ ~ ~~~ +1 
+ C _ N  ,-N +1

L ~ q ~‘

S
N ,N 

+ C
N ,—N 

+ C_N ,N 
+ S_N ,-Np p  p q q p q q

C
N
p~~

N
q
_l + S _ N q s N q _ 1 ] (3.39)

w h i l e  t h a t  on the rig ht—hand side is simply

+ V_N 1 . (3.40)
L P qj

T i m e  c en t er  en t ry  in ( 3 . 3 9 )  c o mp r i s e s  f o u r  terms because these

V I terms are members of the summed column vectors (3.38) as well

as of the summed row vectors.

As an al-ter aative to the first step in the modification

d e s c r ib e d  a b o v e , one may elec t to append to the system (3.36)

q an additional equation enforcing continuity of current at the

junction , T
N ‘—N 

ra ther than to add the column vectors
p q

(3.38). Of course , the second step of adding row s must be

d one regardless of how the current continuity is handled.
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W i t h  the m a t r i x  m o d i f i c a t i o n s  discusscd above , the re-

su l t i n g  linear s y s t e m  of equations po sscs sc --s the same number

V of eq u a t i o n s  and unknowns , a n d , t h e r e - t o r e , o n e  m a y  e m p l o y

standard methods to dete rmin e the unknown current c o e f t i c i e n t s ,

q ,~I s a n d  1 a .
n it

Sam 1 Ie  R e s u l t s  As e x a m p l e s  o f  t h e  u t i l i t y  o f  t h e  c o u p l e d

t h i n — w i r e  theor y and numerical techni qui- s outlined in this

Ch a p t i r , calculated currents on bent — w i r 5  (joined) scatterers

* ire presented in Figs. 3.6 , 3.7, and 3.8. Wire configuration

m o d  d i m e n s i o n s , as well as excitation , are in d i c a t e d  in t h e

figures , a n d ,where available , results from other calculations

- are provided for comparison .

Extensive data calculated b y means of the theory g iven

- i n  Chapters 2 and  3 c a n  be f o u n d  in  C h a p t e r  4 .
I
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— C H A P T E R  s

A I5PL 1CATI )N TO W I R E  B I C O N I C A L  AN f f-~N N A  S t R U C T U R E S

~~.l MATRIX EQUATIONS AND SYMMETRY

The coup led i n t e g r a l  equa tions formulated in C h ap t e r  3 ,

along vi t h  e i t h e r  piecew ise linear testin g or p iecewise sinu—
I-

-

s o i d a l t e s t i n g ,  leads o n e  to generaliz ed equations (3.12) to

V 
( 3 . 1 5 ) f o r  analysis of w i r e  s t r u c t u r e s .  Since the pulse basis

s e t  is e a sy  tc i n c o r p o r a t e  and is as powerful as any other set ,

o n l y  t h e  p o i s e s  are used in the following application to b i —

con ical antennas. Sample results , v i z . ,  the current distribution ,

inp ut imped ance at t h e  f e e d  p o i n t , a n d  the far electric field

r a d i a t i o n  p a t t e r n , are pr esented for a wire biconica l a n t e n n a

in free space or above a ground plane in various o r i e n t a t i o n s .

F r o m  t h e  d e v e l op m e n t s  i n  C h a p t e r  3 , a self m a t r i x  [5P 1 and a

m u t u a l  c o up l i n g  matrix are established for two arbitraril y

orien ted w ir es , p a n d  q , ei t h e r  j o i n e d  at o n e  e n d  or  n o t .

F o r  t h e  c a s e  of a biconical antenna above a ground p l a n e ,

F i i ~ . - 1 . 1 . o r  a b i c o n i c a l  a n t e n n a  in  f r e e  space , F i g .  ~~.2 , t h e

-: f o l l o w i n g  p artitioned matrix e q u a t i o n  of  e ight b y ei ght is

obt a ined ,

$3
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r

~~~ ~~~ [C~~J [ct] • 

~c~T [I’] 

- 

[v11

[C~~J [s~ ] [c~ ] [c~ i [C~~] [~~2] [V2]

[S r ] [C~ ] [1P] = [v i

~~~ [c~ ] [C~ ] [C~ ] [S~~] [~ 8] (4 .l)

where [1
1
1, i~~

2
j, [i

3
1, ...,11

8
1 are par titioned column vectors

representing the un known cur ren t  coefficients on the first ,

second , ..., ei ghth w i r e s , and [V
1
] ,  [V

2
] , ... are the corre—

spond ing ex cit a t ion column vec t ors def ined by (3.3 5 ) .

Th e se l f  and the mu tual coup ling par tit ioned ma t r ices ,

~S~~j and ~~~~ res ult fr om pie cewise  linear tes ti ng on the ~ th

w ire and account for contributions from the currents on P
t

and q
th 

wires , respec ti vel y. Due to the various symmetries *

in the orientation of the wires and in the location of the feed

po int at the center of the structure , [Is ] = [I4], [1 6] = [i s ]

[i~~J = [1
2
] and [1

8] = [Il l . The bo ttom half of the matrix

can be ge nerated using top—half matrix elements in the reverse

order. Hence , dele ting the bottom half of the partitioned

ma trix (4.1), one needs to genera te onl y the top half of (4.1):

*The se column vectors arc equal sublect to appropriate ordering
of the elements in the columns.
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[st] [C~~] (c~ 1 [ Ct ]  [c~ ] 
. [C~~] [“1 [V

1]

[ct] [s~ I [c~ 1 . . . [C~~] [J 2
] 

— 

[v2]

[C~ ] [C~ ] [s~ ] 
. [c~ ] [I s ] 

- 

[v3]

[ct] [C~ J [c~ ] 
. [ct] ~~4j [V

4
]

— -
~~~~~~~~~~~~~ ( 4 . 2 )

Due t o the  symme t ry in the currents as stated above , the par-

titioned matrix equation (4.2) can be folded and written as

[st+c~
] [c~+c~ ] [c~+c~] [c~+c~] [I i

] [v 1]

[c~+C~ ] [S~ +c~~] [C~~+C~~] [C~ +C~~] [~~2] 
— 

[v 2]

[C~ +C~~] [C~ +C~~] [s~ +c~~] [c~ +c~~] [I
i ] 

- 

[v 3 ]

[c~ +c~~] [c~ +c~~] [c~ +C~~1 [S~~+C~~j [~ 4
J [V4 ] ( 4 . 3 )

The partition ed matrix equation (4.3) is a square matrix of

four b y four and can be solved for the unknown current vectors

[1 1
], [12 ], [I i], and [I~~J . This compact matrix form is equi—

valent to successive modifi cations of the kernel functions in

the integral equations (3.12) and (3.14). Such are possible

because of the symmetry in the distributionof the currents

with respect to the feed point. We further note [I a ] = [I i]

3 2and [I ] = [I I because the wire geometry is identical about

its vertical axis . Hence , one has to solve for onl y unknown

current vectors [Ii] and [12 ]. Also , one may delete the third
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and fourths rows of (4.3) and fold the resulting matrix

equation of two by four into a compact partitioned matrix

equation of two b y two:

+ [c~+C~ ]} ([c~+c~ ] + 
[c
~+c~lT1 [11111 

— 

r v l~
+ [c 4+c5

] }  { [s ~~~~+c~~~~~] ÷ [c ~~~~+c~~~~~]~~~

] 
[[1

2
1] 

- 

L
(4.4)

The above procedure can be convenientl y app lied to the cases

of biconical wire antennas placed perpendicular to the ground

p lane , Fi g. 4.3 , and parallel to the ground p lane , Fi g. 4.4.

The direction and symmetries in the distribution of the current

4 in the corresponding image structures are shown in the re—

F spective figures. The partitioned matrix equation (4.1) app lies

to these two cases of biconical antennas perpendicular and

parallel to a ground p lane with a new definition for the matrix

terms ,

[c ] = [~~ ] + [~~ ]l

where the partitioned matrix [C~~] is the algebraic sum of two

submatrices obtained for a particular element and its corre—

sponding image element. With the new definition for the

matrix terms in (4.1), step b y step matrices can be folded

and (4.3) can be solved for the case of a biconical antenna

s t ru ct u r e  p l aced  perpendicular to the ground p lane. Similarly,

(4.4) can be solved for the case of biconical antenna structure

p laced parallel to the ground p lane.
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4.2. SAMPLE RESULTS

In the following representativ e sample results , viz. , the

distr ibution of the current , input impedance , and far field

radiation pattern , are presented for the bicon ical antenna

structure shown in Figs. 4.1—4 .4.

Fig. 4.1 show s the orientation of the biconical wire antenna

placed vertically over a conducting ground p lane . The structure

is assumed to be in the xz—p lane with the feed point at the

origin of coordinates on the conducting ground plane. The

geometry of the wire structure is specified by lengths, h 1 
and

h 2, and radii , a1 
and a2, bottom and top conical ang les , a]

and a2, with symmetry maintained for the other two wires. The

structure becomes a Bow—tie antenna [1] with a
2 180 . The

j fi gure also shows the image and the various symmetries of the

antenna currents. Only [I~~1 and [121 are solved for this geo-

metry and , in Figs. 4.5 and 4.6 , are shown the real and imaginary

parts of the current distribution on a bow—tie antenna above a

ground plane at five different frequencies. The current is

continuous at the bend and goes to zero at the upper end. The

real and imag inary parts of the current on the vertical wire

biconica l antenna above ground is shown in Fig. 4.7 at three

different frequencies. In Fi g. 4.8 the input impedance on a

bow—tie antenna above ground is p lotted on a Smith chart*for

frequencies from 400 MHz to 2000 MHz. The input impedance makes

one complete loop in this frequency range , and one observes

that calculated impedance values compare quite favorably with

*Smi th chart data are normalized wi th respect to 50 ohms.
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t h o s c  w h i c h  are m e a s u r &d .  Further , the converg enc - of the

• input impedance of the b ow— t i e antenn a .~s a function of number

of c o e f f i c i e n t s  in the current expansion is given in Fig. 4.9.

S im i l a r l y ,  in Figs. 4.10 , 4.11 , and 4.12 , are  shown v alu es of

input impedance of other bow— tie antenn as above ground com-

p ared with those of the measured results. The input impedance

of a vert ical biconical antenna above ground is indicated in

Fi g. 4.1 3. We note that the distribution of the current on the

v ertical wire biconica l antenna above ground and the wire bi—

conical antenna in free space i s i den t ica l , but, fo r  the w i re

biconica l antenna in free space , the input impedance is twice

t h a t  shown for the case of a vertical biconical antenna above

4 a g r o u n d  p l a n e .

For conven ien ce and ease  of reading,  data on Smith charts

o f Fi gs. 4.8 , 4.10—4.13 , 4.15 and 4.17 are tabulated in

T a b l e s  l I l — I X .

T h e  w i r e  b i c o ni c a l  a n t e n n a  i n  f r e e  s p a c e  is now p l a c e d

a b o v e  a g r o u n d  p l a n e , F i g .  4 . 3 , w i t h  t h e  p l a n e  of t h e  w i r e s

p e r p e n d i c u l a r  t o  t h e  g r o u n d  p l a n e .  T h e  f e e d  p o i n t  i s  a t  a

di stance d above the ground p la n e , and t he f igu re a l so  shows

the image structure and the current symmetries. The unknown

currents [1
1
], [1

2
], [I~~J and [i~~j are de term ined for  th i s

geomet ry and , in Figs. 4.14 and 4.15 , da t a for this an te nna

are g iven. Similarl y, when the structure is p lace ab ove and

p a r a l l e l  to t he ground pla ne (Fig. 4.4) at a distance d from

the gro und , the correspond ing distribution of the current and

the input impedance are as shown in Figs. 4.16— 4 .17 .
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TABLE III

Input Imped ance of Bow—Tie Antenn a
ab ove Ground

(Da ta of Fig. 4.8)

Frequency Ca lculated Impedance Measured Impeda n ce
(MHz) (Ohms) (Ohms)

400 9.8 — j  136.1 12.4 — j  148.6
500 12.3 — j 15.6 12.6 — j 80.9
600 14.6 — j  31.2 16.2 — j  33.2
700 24.0 + j  9.0 23.2 + j  6.4

• 750 30.5 + j 29.5
800 39.5 + j 47.8 38.5 + j  46.5
900 65 .0 + j 95.0 61.8 + j 97.5
1000 108.5 ÷ 1 140.5 97.5 + j 140.0
1100 180.1 + j 192.0 160.0 + j 200.0
12 00  3 5 5 . 2  + j 186.3 315.0 + j 180.5

-; 1300 5 2 5 . 7  + j 5.2 510.0 + j 10.5
1400 390.3 — j 200.1 401.5 — 1 195.0
1500 261.7 — j 2 7 5 . 3  2 8 0 . 0  — j 255.0
1600 105.6 — 210.9 155.5 — j 205.0

4 1700 47.5 — 1 155.2 51.5 — j 165.0
1800 2 7 . 6  — j  110.4 29.5 — j  115.0
1 9 0 0  1 5 . 5  — j  61.5 14.0 — j  65.5

• 2 0 0 0  12 . 2  — j 15.5 12.5 — j 17.5
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TABLE IV

Inp ut Impedance of Bow—Tie Antenna
above Ground

(Data of Fig. 4.10)

Frequency Calcula ted Impedance Measured Impedance
(MHz) (Ohms) (Ohms)

600 16.4 — j 39.4 17.0 — j 38.0
700 25.9 + j 4.2 25.0 + j 4.5
750 32.5 + j 21.2 33.5 + 1 24.0
800 40.5 + j 42.2 

- 
39.5 + j 42.0

• 900 6 2 . 6  + j  80.3 67.5 + j  85.0
1000 105.1 + j  127.5 113.5 + j  120.0

TABLE V

Inp ut Impedance of Bow—Tie Antenna
above Ground

(Data of Fig. 4.11)

Frequency Calculated Impedance Measured Impedance
(MHz) (Ohms) (Ohms)

600 15.1 — j 61.3 15.5 — j 57.5
700 23.2 — j  18.6 25.0 — j  14.5
750 28.6 + j 1.6 32.0 + j 6.2
800 35.5 + j  21.1 39.0 + j  27.5
9 0 0  5 3 . 7  + j 59.5 47.5 + j 52.5

1000 81.4 + j  98 .6  70 .0  + j  95.0

k
I

1~1
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TABLE VI

Inpu t Impedance of Bow—Tie Antenna
above Ground

(Da ta of Fig. 4.12)

F r e q u e n c y  Calcula ted Impedance Measured Impedance

(M Hz) (Ohms) (O hms )

600 15 .7 — j  74.2 15.5 — j  82.5

700 24.2 — j 27.6 22.5 — 
~ 

35.0

750 29.5 — j  6.3 27.5 — j  12.0

800 36.3 + j  15.0 37.5 + j  7.5

900 54.2 + ~ 51.5 50.0 + j 47.5

1000 80.5 + .1 99.4 85.5 + ~ 8 7 . 5

TABLE V II

Inpu t Impedance of Verti cal Biconical
An tenna above Ground
(Data of Fi g. 4.13)

Frequen cy Calc ulated Impedance

(MHz) (Ohms)

600 3 3 . 9  + j 4 0 . 7
700 68.6 + j 98.2

750 100.0 + j 130.2
800 151.5 + j 161.2
900 352.7 + j 145.4
1000 411.5 — j 161.3
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TABLE V I II

Input Impedanc e of Wir e B iconica l Antenna
ab ove and Perpendicular to Ground Plane

(Data of F i g .  4 . 1 5 )

Frequenc y Calcu la t ed Im peda nc e
(MHz)  (Oh m s)

600 18.9 - j 4 4 . 7
700 3 9 . 7  + j 4 6 . 8
750 56.4 + j 93.9

O 800 79.9 + j 142.9
* 900 1 5 7 . 9  + j 2 4 4 . 4

1000 3O 6.~ + j 3 3 5 . 9

4 TABLE 1X

I Input Impedance of Wire B i conic a l Antenna
above and Parallel to Ground Plane

- (Data of Fi g. 4.17)

F r eq u e n c y  C a l c u l a t ed I m p e d a n ce
(MH z) (Ohms)

600 19.5  — j 4 5 . 2
F ’ 700 41.1 + j 46.7

750 58.7 + j 88.4
800 8 3 . 4  + j 1 4 2 . 7
900 151 .1 + j 243.6
1000 319.5 + j 324.6

I
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APPENDIX I

INTEGRALS INVOLVING PIECEWISE LINEAR
AND PIECEWISE SINUSOIDAL FUNCTIONS

In solving equations b y numerical techniques incorpora tinp

p i ec ew ise line ar and p iecewise sinusoidal testin g, one enco un—

* ters the need to evaluate integrals involving the p i e c e w ise

linear and p iecewise sinusoidal “pulses. ” I n  t h is a p p e n d ix

thes e integrals are tabulated.

I—i PIECEWISE LINEAR

The p iecewise linear function A~~(z) is defined b y

I
1

= ~ (A- Z
~~
Z
m 

(Z n_ i ,z +1) (1 .1)

w h e re

A (z~~~z 1) . ( 1 . 2 )

is dep icted in Fig. 1-1.

P iecewise Linear Testin g (Against First Derivative) For a
- 4

f unction f(z) having a first derivative , one can readil y show

tha t the following are true .
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z z

= f ( z ) - 
~
2L

dz (1 .3)

z z
m+l m+1

= -f (z ) + ~~ ff(z)dz 
(1.4)

z z z
tn+ 1 m m+1

zL
m~~~~~~~~~~~~~~~~~ 

= ~ 

[

~~~
f

f ( Z ) d Z  + ff(z)dzl 
(1.5)

Piecewise Linear Testing (Against Second Derivative ) For a

funct ion f(z) possessing a second derivative , the fo l lowing

integrals can be established .

I;

ZL~~~~~

( A d Z  = ff(z ) + ~ f(z 1) 
- (1 .6)

Zm+l

= - ff(z )  - ~ f(z ) + ~ f ( z~~~1) 
(1.7)
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F Zm+l

~
f r z

~~ 
- 2 f ( z ) + f ( z m i )j (1 .8)

1—2 PIECEWISE SINUSOIDAL

The p iecewise sinusoidal function is defined b y

sin k(L1— z—z I )
A
S (z )  = 

sin~ k~ 

m Z C ( z
m i ~~

z m+i ) ( 1 .9 )

and is i llus t ra ted in Fig. 1—2 .

Piecewise Sinusoidal Testing (Against First Derivative ) For

f(z) possessin g a first derivative , one can derive the following.I
Z Zrn m

cos k ( z — z  
— 
)

z = Z i 

= f ( z ) - k

zL::Z) 
~ 

dz  ( 1 .10 )

o Z 2
rn+ 1 m+i

d cos k ( z  — z )
= - f ( z ) + k f ( z )  ( 1.11)

m m 

-

I)
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z z

(z)dz si~ k~ 
[ _ 1 f 2 c 0 6  k ( z ~~z 1) d z

Z m+l

+ f : ( z ) c o s  k ( z
m+i _ z ) d z ]  ( 1 .1 2 )

Piecewise Sinusoidal Testing (Against Second Derivative )

Finall y ,  f or f(z) possessing a second derivative , one can es tab—

li sh the re la ti onsh ips which follow .

4
z

= 
d f ( )  

~~~ ~~~f (~~~) + sin
k
k~~~~~m_ l)

- k 2

zL

r : :Z )A : ( Z ) d Z  
(1.13)

4

f 2
f z A : 2 d2  = - ~—f(z ) - k ::~ ~~~f ( z )  + s l n

k
k~~~~~2m+l

)

Zm+i

— k2ff(z)A
s
(z)dz (1.14)

- ~~~~~~~~~~~~ -



1

Z
m+l

f 2
f Z A : 2 d2 = j

k
kA [f(z m+i

) - 2 cos k A f ( z ) + f ( z
1)]

Z m+l

— k2J”f(:)A 5 (z)dz (1 .15)

1—3 APPROXIMATION S

T h e  f o l l o w i n g  ap p r o x i m a t i o n s  a r e  good  w he n e v e r  f ( z )  is

s m o o t h  o v e r  z c ( z m i , _ z
m+1 ) and a r e  u s e f u l  in app l i c a ti ons of

4 p i e c e w i s e  l i n e a r  and  p i e c e w i s e  s i n u s o i d al  t e s t i n g .

z

(‘ .16)

3
z

~~f(Z ) (1.17)

Z
m+l

ff(z)A~~’
5 ( z ) d z  ~ f(z ) (1.18)

Z=Z m_ l

In the above expressions A 2 ’~ represents either (1.1) or (1.9).
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APPENDIX II

ELECTRIC SCALAR POTENTIAL DUE TO A RING CHARGE

In this appendix is presented the calculation of electric

s c a l a r  p o t e n t i a l  d u e  t o  a r i n g  of  u n i f o r m , d i s c r e t e  c h a r g e .

An e x p r e s si on for this po ten t ial is of ten needed in m omen t

method anal yses of wire scatterers or antennas when the wire

curren t is approximated b y pulses. A circumferen tiall y uni fo rm

surface current on a cylinder “deposits ” a discrete ring of

4 charge at any point where the current is discontinuous. If

the total axial current on the cy linder , ass umed t o be coax ia l

wi th the z axis , is 1 (z), then the total quantity of charge Q

in the ring of c h a r g e  is g i v e n  b y

q = — — 4--s ~irn [IZ(zd
+a) — I z (z d _ ct ) ]  ( I I .  1)

w h e r e  Z d is  the point at which I is discontinuous . This charge

Q is u n i f o r m l y distributed over the ring which can be looked

upon as a ci rcular line charge of constant linear density ,

= (11 .2)

where a is the cylinder radius.

K n o w i n g  t h e  d e n s i t y  p
~ of the r ing c h a rg e , one  n e x t  d e t e r -

m i n e s  t h e  s c al a r  p o t e n t i a l  due  t o  t h e  r i ng  c h a r g e .  I f  t h e  r i n g

c h a r g e  is l o c a t e d  a t  z~~~ in  a cy l i n d r i c a l  c o o r d i n a t e  s y s t e m ,
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with the p l a n e  o f  the ring parallel to the xy p lane as dep icted

in Fi g. Il—i , the potential t at a p oint (r ,q , z )  is

-Fr

— j k Re 
R ad~~’ (11 . 3)

where  R is def ined in Fig. 11—1. Since the charge is constant

in ~,, so is 
~~
; thus , ~ r e d u ces  t o

~~(r ,z)  =~~~~~g (z -~~,r ,a) (11 .4)

w h e r e

2 2 2  ½

~ f —jk [~ +r +a —2ra cos~~’]
g(~~,r ,a) = — e d~~ . ( 11 . 5 )

[~~
2 +r 2+a 2 - 2r a  cos~~ ’]

A spec ial case of interest requires the determination of

~ (a,z) in  w h i c h  c a s e  g reduces to the usual kernel (exact) K (~~)

used in thin—wire calculations : g ( ~~ , a , a)  = K(~~). Therefore ,

in view of (11.1), the potential at (a,z) due to a current dis—

continuity at Z
d 

is

~~~~(a , z )  - 
j4~~wc K(z  z d ) t l t f l  [I (z

d
+ct) - IZ (z

d
_c
~)] 

. ( 1 1 . 6 )

Las tly ,  it is worth noting that , for a<-< A and r—r ’j >> a ,

the potential at a point r due to a r i n g  c h a r g e  at  r ’ can be

written simp ly in the fo rm ,

p 
120
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-j k ~~r - r ’~
= — 

4 ir 
~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~ 

[i~~~~z~~+ o )  - I ( z~~— c z ) J  , (11 .7)

aga in w it h the r ing ch arge resul ti ng fro m a discontinuity in

I ., at Z
d

.

S ingularity of Potential Due to Ring Charge The potential -~~

due to the ring charge is singular in the lim it as the point

of ob servation approaches the ring. Knowled ge of the behavior

of the potential on a cylindrical surface due to a ring charge

at the end of the cylinder (Fig. 11—2) is useful in wire anal-

ys es. Thus we investigate the manner in which ~ (a ,z) bec ome s

un b o und ed as z-~-
~~. Since -

~~
-
~~

-
~~

- i s a cons t an t and g (d ,a,a) =

w e determine the limit of K(d) as d approaches zero. K(d) can

be written

I

K ( d )  = 
~~ f*d~~~

’ - 
~~ f [l_ e~~

3 }~~d~~’ (11.8)

w h e r e

D = [d
2 

+ 2a 2 (l-cos~~’)J~~ . ( 1 1. 9)

The singularity of K(d) is due to the first integral above

and the second is well behaved so, being interested in the

singularit y, we concen trate attention on the first. For a

pos itive number ~ <-n ,
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f ~-~’ = 

~~~~( 
f  + f  + f  

~~~~~~~~~~
‘ — iT ~* ‘ — ó ~* ‘ 6

and , as b e f o r e ,we d iscard bounded quantities and retain only F
the integral over (—6 ,5), wh i ch , for any nonzero 6 , contains

the s ingularity. Next we specif y that 6 be f i x e d  b u t  s u f f i —

0 
ciently small to justif y r e p l a c i n g  2(l—cos 4- ’) in (11.9) by

Th is enables us to reduce the integral over (— 6 ,~- )

containing the singularity to

6

1 1 
_ _ _ _ _ _ _J d 2 2 - ~

a

which can be read ily in tegrated to obtain

~~ 

{

~~n (6÷/6
2
÷~~~)

2’) -

In the limit as d-i~0 , the above behaves as

H 1 ~~. / 2a
— -cimira 

d~~O

Hence ,

K (~~) )— 

~
—in(

~ã~
) (11 .10)

d-’~O 
a

- .
4

and the limiting b e h a v i or of the  po ten t i a l  i s
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—
~~~ Z n ( ~~~) (11 .1 1)

d~~O 471

or , as a function of the current at the end of the cy l in d e r ,

1 ( ç )  
2a

2 
£n (—~--) . ( 1 1 . 1 2 )

d-* O j 4 ri w c a

I

t
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A P P E N D I X  I I I

W I R E — T O - W I R E  D I S T A N C E  A N D  1 . O C A T I O N  S C H E M E

In the interest of fl exibility in a wire ana lysis , one

w i~~hcs t e  h a v e  available a general scheme for specif y ing t h e

l o c a t i o n  o f  an a r b i t r a ry  w i r e  as well as the geom etric pro-

perties of the wire which are pertinent to the cal cu l a tr ons

to be p e r r ormed. \lso , one m ust be able to specif y ir a c~en—

er al manner the distance from a point on one wire t o  that on

in ot her. A scheme for accomp lishing the above is outlined in

th is 0ip p e ndix.

4 -\s sugg ested i n  Fig. 111— 1 , the locations of the low er ;ind

upper e n d  p o i n t s  of the axis of a g iven wire are denoted in

C a r t e s i a n  c o o r d i n a t e s  b y (x ~~, y~~, z
90

) a n d (x U ,y U
,z

U ) ,  r e s p e c t i v e l y .

F r o m  t h e s e  p o i n t s , o n e  d e t e r m i n e s  the wire l e n g t h  L , t h e  d i r e c —

t i ’ n  c o s i n e s  o f  t h e  w i r e  c o s z , co sB ,  c o sy ,  t h e  u n i t  v e c t o r

a l o n g  t h e  w i r e  a x i s  ~i , t h e  location of the axis center

W i r e  L e n g t h :

L = [ ( X ~~~
_ X

~~~)
2 

+ (y U_ y Z
)
2 
+ (Z

u_ Z i)2]  ( I I I  I )

t~~rection Cosines:

u 9.
c o s c $  = 

X — X  
(11I .2a)
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u 9.
= (11 !.  2 h )

9.
C O 5 (  

L (ll I .2c)

Un it Vector (from lower to upper end):

G = cosn i1 + cos~ ~i + c o s y  ~ ( 111.3)X y z

Location of W ire Cent er:

+ + (111 .4)x y z

= x 9. + cosa = ~ (x U+x~~) (III .5a)

C 
= y~~ + cos~ = ~ (Y u

÷ Y
Q

) (III.5b)

z~ + cosy = ~ (z~
’+z 20 ) (III .5 c)

Ih e e q ua ti on o f a lin e in spa c e can be co nven ien t ly formula t ed

i n terms of the location of a point O n the line and a paramet er

specif y ing displacement along the line from this reference

p oint to any other point. With the wire axis center as refer—

en ce the equation of the wire axis is

r(ç) = rc + ~~ . ( 111 .6)- 1
t
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As d epicted In Fig. l I T — I , r(ç) loca tes a point on the wire

ax is in terms of the fixed reference and the disp lacemen t

çu from the center to a g e n e r a l  p o i n t  on t h i s  a x i s.

Fr om (111.6), o n e may read ily calculate the distance from

a general po int r in space ,

r = xci  + y ci + zil , (111 . 7)
X y Z

to the point r ’ on the w i re ax i s :

I = 

N 
- ~~~~~~~~~~~~~~~

4 
= {( X _ X

c
) - ~ ‘cosa J ci

~ 
+ [(y_y

C
) - ~ ‘ cosBJ ci

- 

.
- 

+ [(z_z
c
) - c ’cosY] ci~~ (11 1 . 8)

A l s o , o n e  m ay de termine the distance Dpq 
from a point on the

s u r f a c e  o f th e  ~ th wire to a point on the axis of the ~~~ w i r e

(see Fig . 3.2):

) 
1

Dpq 
(~ ~~~~ ‘ )  = 

[a

2 
+ ( + ~ci~ ) - (r~~+ç ‘ci

q
) ] ( 111.9)

In ( 1 1 1 . 9 ) ,  a i s the rad ius  of  the ~ th w i re , ~
c loca t es it s

p p

center , and ci is the unit vector along i ts axis , wh i le r c
p q

locates the center of the q~~h wire wh ose axis is directed

along c i .  T h e  p a r a m e t e r s  ~ a n d  ç ’ d e n o t e  d i s p l a c e m e n t  a l o n g

~ th and q
th w i r e s , respectiv ely, fr om their respective centers.
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APPENDIX IV

FAR FIELD COMPUTATION

The radia ted fields of a comp lex coup led—w ire antenna

st ru c tu re can readily be calculated with far—field conditions

f o r  a kn own cu rren t dis t ribut ion using ei ther reci proc i ty or

a vector potential approach. In this analy s is , the vec t or

po tential approach is used to formulate the electric field in

- ‘ terms of current distributions computed from the numerical pr o—

cedure outlined in this report. As would be expected , this

4 far—field formulation reduces to the computation of an equi—

valent array factor and pattern factor related to the subdomain

bas is set used to represent the antenna current distribution .

For simplicity, a s i n g le w i re , as the ~ th wire shown in

F ig .  IV— l , is used to illustrate the formulation which ca:.

s u b s e q u e n t l y  be  e x t e n d e d  t o  t h e  m u l t i p l e — w i r e  case  r e q u i r e d  t o

fabr icate the wire biconical antenna. From standard formulas ,

such as (3.3a), for total vector potential in the direction of

the current , i.e. the wire ,

L 
-j k l ~ -~ ’ I

= 
e 

d4 ’ ( iv . i)

0 p

w h e r e  
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COS~Z~p = ~~~
H

cosc~~ g ~~~
p 

~~~~~~~~~~it li re,

FI G. IV-1, (3EOJ’-IETRY FOR FAR-FIELD COMPUTATION FOR A SINGLE WIRE.
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— — , — 2 — , 2 — — , ½Ir - r~ l = ( I n  + I n  - 2 r ~~r )

th - . . -and L is t h e  t o t a l  l e n g t h  of  t h e  p w i r e , as defined in

Chap ter 3 and Fig. IV.l . Now , for the far—field conditions ,

I~
,I

~ large , ~‘I bo unded , and ,.— 2—< <j , (IV .l) reduces top

L
p

— jk I~~I jk J r ’lcos~A ( ~~) = ~~ e 

~t 
f i ( ç ’)e p p 

~~~ (IV.2)

where  ~ is the angle between r and ci . can be expressed
• p p p

in ter ms of the directio n cosines related to i and  t h e

w i re as

O cos~ = cosu coscL + cos~ cos3 + cosct cosc~ . ( I V . 3 )p p r p r p r

If t h e  distance I~ ’ I  i s  e x p r e s s e d  in  t e r m s  of and the dis—S p p
tance along the wire from the lower and to the upper end , ç ’,

the vector potential becomes

L
-j k ( I r I - I~~~ Icos~~~) 

p
— p p 3 kç cos~A (r) = JL e 

i ( ç ’) e  ~

0 (1V.4)

4

—2.o In this case , r is the vector from the origin of the coordinate

sys tem to the lower end of the ~ th w i r e  and  is t h e  a ng le

b e t w e e n  r and r . c a n  a l s o  be r e p r e s e n t ed  in  t e r m s  of  t h e

related dire c tion cosines as
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- •  
cos~ = Cosa cos(Z + CO S~~

2.cos~~ + c o su ’ c o su  . ( l V . 5)p p r p r p r

Equation (IV .4) is simp ly an equation for the total vector

p otential in the far—field for an arbitraril y p la ced wire with

a general current distribution. However , if the current dis-

tr ibution is expressed in terms of a linear combination of

subdo main elements of the form (2.6a) and as shown in Fi g. 2.3 ,

then

1 (c 1) 
E’m~~~~~

’
~ 

( IV . 6 )

1

where N is total number of subdomain elements. With the sub—

stitution of (IV.6) into (IV.4) and a s u b s e q u e n t  translation

4 of  a x i s , the vec tor potential simpli f ies t o

I
- 

N
-
• - j k ( I r I - I r 9.

I cos~
2. )

p p jkm~ocos~
A ( r )  = ~~ e

j u  cos~
X A 2. ( u ) e  ~ du  ( I V . 7 )

-~
4

w h e r e  i s  L / ( N — l ) ,  N is  t h e  t o t a l  n u m b e r  of s eg m e n t s  on t h e

w i r e , u is d i s t a n c e  m e a s u r e d  r e l a t i v e  t o  t h e  c e n t e r  of  an e l e —

— mer i t of the subdomain basis set {A
2
}, a n d  A

9. 
is an s u b d o m a i n

element centered about zero on the u axis. Note that at each

end  o f  t h e  w i r e  t h e  i n t e g r a l  is valid onl y for A , n o t  2t~, a n d

ft
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thus , th e h.~I f— ele me iiis m ust be handled d i f f e r e n t l y fr om the

f u l l  elem eu t s . From (IV.7 ) It is evid ent that

- j k ( I r I - F ~~H cos~~~) —

A ( )  = ~ e 
[ArraY Factor

X Pattern Factor (P
f) + Half—element Contribution]

( IV . 8 a )

w h e re
K

j m k A c o s ~
A
f 

= Im+le ; K = N-2 , ( I V . 8 b )
1

-

• 
A

j k u  cos Il

4 P
f 

= A ( u )e  du , (IV.8c)

-A

and the half—element contributions on the wire ends are

A 0
jk\co s~ 2. ju cost jkNA cos~ Q ~~U C O5~~~~1

1
e ~ A (u)e du + ~ Atu)e du .

0 -Li
(Iv.8d)

0

I n  t h e  f a r — f i e l d  of t h e  w ir e , t h e  e l e ct r i c  f i el d  in t he

d i r e c t i o n  of t h e  w ir e  can  be a p p r o x i ma t e d  as

= -jwA (~~) Q  . (Iv.9)
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H o w e v e r , the 6 and -~ components of the electric field in respect

to the ori g in of the coordinate system are the qualities of

interest , therefore , the projected components of the E—f ie ld

are

E
8
(r) = —jwA (r)G G

0 
( I V . l O a )

and

E~~(r) = -j~~A (r)Q fl~ (IV.lOb)

where the unit vectors , and Q~ , can be represented in terms

of the direction cosines related to r for computation.

A subroutine PATRN has been developed for the far—field

computation of the total 0 and ~ componen t s of the e lec t r i c

field from Eqs. (IV.8) and (IV.10) using the known current dis—

tribution determined for the geometry defined in the numerical

procedure presented in this report for a sing le wire. The

subr outi ne comp ut es these f ields fo r  the piecew ise linear sub—

doma in basis set where the full—element pattern factor is of

the well—known form

P f 
= 

~ 

[

s if l x / 2
]2  ( I V . l l a )

arid the half-element pattern factor is of the form

2. 4

P
f

’ ’
~= A l — 2 ± — 

e 
2 I (IV.llb)

Lx x x j
w h e r e
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x = kAcos~ p

where the negative si gn corresponds to the upper elements and

th e positive sign corresponds to the lower element.

These resul ts are extended to the case of multiple wires

encoun tered in the wire biconi cal antenna b y linear super—

po sition of the total electric field as Indicated in (3.1).
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