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IN TRODU CTION

• r~~nl; ~Pq an l  ~;c~] c~:t ion  procedures , i lL . L~t ~; - )  rn:t ion

procedures  ~ n p a rt i  cu l a r , p r o vi de  i i  j -
~~~~ ii  ~:t c

at t rac t  iv~ ways  of h a i ic l i ing l.)ro~)1.en1s th~ 1 a~ C ;’ i :o n  l y

t 1 L ( : ~~t . C C i  by t h e  2~~~~: t i cn  )roce (iur~ 01 ~ c j i c~~:~~I l • -~ e~~t - , ‘m(~
the rn~ln y i~~i i i y— ~~c Li c’~ pf l : o c c c I u r e  of ~i L yj  ‘.i c~ 1 ~ L i p 1 ( r~ ) t ~~~:

te L.I. Ce:~~- ider  th -? co~nr~ion o n e— w a y  l a y o u t t i n

ana l .~~ ~; of var i~~nce. Us~.ia i ly t he  ~ xnc i-i i~~~’i  ~~i ‘~‘a n t s  t o

knew i~ore than  j u~~t whether  a ll  the t rr~i t  n~ ’i. t ei font

but  he may not want to i i d k e  ii~fer e n c~c~ con~~~r i  i~

all p i i  r- wi so ~ i f fe r c nc c~; of means , or a lJ  i ~~ ~ . r c~~ i~~r a n t  ~

of  mc- w~~ . Oae of the more fre juentl y Q C C U r r  ~~~~~ ~ i tu . .~ t

• f o r  w h i c h  t h i s  is so is where  the expei u.~~nt - e r  s i i  oly

wishe ’; to kno w which  of the tr eat~1v~nt s  g i v s  t l ; ’ Le~~

pr o d u cL .  i n  t h i s  s i t u a t i o n, for mu lat .i no t i : ’ prc~~lt ~~ as a

selc’cti on pr Obl em is ap p r o p r iat e . f ubset ~~~i ( C 4: lOf l  pro—

ccclurc’n are often thouqht .  of an screening p r . ~~~n r e n .  I f

t• hc data i ndicate several treatments arC better thara t h e

r e r n a i n in q  t r e a tp i en t s  but no t r e a t m e n t  i~ c) e a r l y t i l e  b en t ,

th ou  perh ips the ( xp erimer 1t:~~r o~~ 1 h t  U) r e t a i l )  ~~. ii of t h’

hot~ er treat i~~n t s for futiu re conn~ dt~ m l  i n • ~ co u i  ~;t ¶ } , . -

I
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concept of subset  selection has a much wider scope of

ap p l i c a t i o n  than just one—way layouts. We shal l  give two

t~~: t . : ; ) 1 u~-; to show how s i tua t ions  for which the subset

‘01: f o r m u la t i o n  is appropr ia te  an so in p r ac t i c e .

T~~c’ f i r st  e~;ample is adapted from an expcr ~ ment con—

dueLed  luc re  at Pu rdue . Suppose we wish  to de te rmine  how

people pe rceive various colors. For instance , would must

people pe rceive red as being hot? gray as be ing  cold?

Res ul ts  or th is  type of experiments have been appl ied in

prac tice . For example , certain fas t  food chain  p a i n ts

a l l  its res taurants  in certain colors because s tudies  have

shown people tend to leave the premise more quickly  if the

premise is painted in those colors. So suppose n exper Imcnta . 1

subjec ts  are chosen and there are k avai lable  colors .

Corresponding to each ad j ective of In t e res t  each sub jec t

chooses one of the k colors that  he or she p rece iven  to

f i t  the adject ive most closely.  Then for  this  exper imen t

the underly ing d is t r ibut ion  is the mul t inomi al  d i s t r i b u t i o n

with the number of observations equal to n and the n umber

of cell s equa l to k.  For the type of appl icat ion m e n t i o n e d

one wants to select the color or colors corresponding to

the cell wi th  the hi ghest frequency of occurance . Hence

the subset selection formulat ion is appropriate .

The second example arose in the field of Bionucleoruics .

T Iul n w.is an ac tua l experiment  that  the au thor  came across

ill ( 0fl511 I t i u u c j  . i n  n L u n u f a c t u r l n q  r ad~ r~~eL  VU’ L r d c ( -  ci t~~ :~

L ~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
—~~~~~

- - 
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carrier particles were to be made from a petroleum base

by the use of heavy pressure. When injected into the

patient ’s body , particles that are too large yet absorbed

by the wrong organs and those too small go out of the

system. There were four possible pressure settings. To

each pressure setting there corresponds a particle size

distribution . The object here was to select th~ pressure

setting such that for the same total amount of radiation the

amount of radiation attached to particles in the desirable

size range is the largest. Hence the subset selection

formulation is appropriate . Notice here the parameter of

interest can be an extremely complex function of the

theoretical particle size distribution .

Heuri stically proposed ‘subset selection ’ procedures

of Gupta (1956 , 1965) have been in existence for some time .

For related work and thinking along subset selection lines ,

reference should be made to Paulson (1945) and Seal (1955).

However , unlike the F-test and the multiple range tests , the

use of these procedures in practice have been virtually nil.

This , the author believes, can be attributed to two main

reasons:

1) No computer packages exist to facilitate the use

of these subset selection procedures. None of the commonly

used statistical packages (e.g., SPSS, BI4D) includes subset

select:~on procedures as part of the package .

_____ ______ ~~~~~ ~~~~~~~ ~~~~~~~~~~~~~~~~ 
-
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2) Research concerning th e performance of these

heu r i st i c a l ly proposed procedures is i nadequate . Potenti al

users can not, in general , be guaranteed any op t in r u l ! ty

properties of these procedures.

It is generally recognized that for multivariate

problems uniformly best procedures usually do not e x i s t .

In fact in most of the situations of practical interest ,

there do not even exist uniformly best unbiased  procedures .

Hence it is reasonable to look for procedures that do well

on the average , averaged over the parameter space by some

prior. This approach has been taken in the first part of

the thesis. The essentially complete class of Bayes

procedures and their limits is investi gated . The concept of

Total Monotone Likelihood Ratio is introduced as the multi-

variate analog of univariate monotone likelihood ratio.

Then a multivariate analog of the classical univariate

result of Karlin and Rubin (1956) that monotone procedures

form an essentially complete class , is proved for a loss

function which seems natural to the subset selection prob-

lem by proving that Bayes procedures are mor.otone.
.

Bayes procedures typically require numerical int eer i-

tions to implement and this makes them unsuitable for practical

use. Besides , the use of Bayes procedures is by no means

universally accepted . So if there is available an easy to

implement procedure whose performance is close to that  of the

Bayes procedure , then this procedure oug ht  to be used.

- - - 
~~~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- -  --
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This I :ossibi l i ty  is c~xp1oir’ .l i i i  ~~~~~~ i 3 f o r  t h e  case of

normal £‘OL’ula Lions p fOhl (fl and I ‘~~~~ n~ :ub le ~ r i ems.

As it t u rns  out , Gup ta ’ S prece~~’~ L~~ L~5 qUad cciur:j..ared to

the Bayes procedure  throug hout the ran jo  of the nori~al

prior while  Seal’ s procedure is good only when the norma l

prior Is concentrated , that is , when the normal  1 r ior  is

very informative . As of yet we do not know how these pro-

cedures perform when the priors are not normal, in particu-

lar when the priors have longer t o i l s  than the normal

dist r ibut ion . But from what  we know Gupta ’ s procedure

seems to be the log ical choice when the observations arise

from normal distributions.

There are heuristically t)roposer3 procedures for  many

other distributions in the e~:ponentIal family of d i s t r i bu -

t ions . Li t t le  is known concern ing  the pe r fo rm~.nce of

these procedures. They really have to be investiqatcJ

case by case. But in the case where the parame t er o 1

interest is a location parameter and the underlying distri-

bution is not entirely known there are known good robus t

est imators  of the pa rame te r .  Under  mild r e g u l a r i t y  condi-

tions th ey are asumptotically normal. From the results of

Chapter 3 , one would expect Gupta ’ s procedure ba sed on

these robust estimators to be asymptotically good . In

Chapter 4 of the thesis robust and n o n p a r am e t r i c  vers ions

of Gupta ’s procedure arc’ proposed and t h e i r  per f orm ance

studied.  One procedure in p a r t i c u l a r , t he  procedure  based



~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~

on simultaneous conf idence bounds th r i  ~‘~ d from r ank  t L-~~tS ,

is a t ru ly  nonparametr ic  subset  s e l ect i o n  p r ocr du r e . It

cont rols the i n f i r t u n i  of the proba~~~] ~~t~~ ’ of a correct

s e l ec t i on  fo r any sample s ize.  Becau:~~ i t  ~s based

essen t i a l l y  on the Hodges — L ehmann e~~t i r :~~~or it  also has

good asymptotic performance .

I

)

~
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CH A PTER 1

Dr~Ci ~i ) i
~ TIft;QhrflC PRELIMINARII;S AND KNOWN RESULTS

lii LhH. cho~oer we give some decision-theoretic pre—

liniino ri e s and l i s t  sorti e known r e su l t s  p a r t i c u l a r l y  those

a p p l i cab l e  to fi rti te act ion problems . Al though  we shall  make

use of o n l y  one of t he  r e su l t s  in th i s  thesis , name ly  Bayes

procedures  and t h e i r  lim i ts  form an essen ti a l ly  comple te

class , it seems desirable to have the important results

listed in an orderly  fashion for the benefit of future work-

ers in the field. We want to emphasize that: these results

pertain to all finite action problems . Hence they are appli-

3 cable to the classification problem , the iden tification prob-

1cm , the complete ranking problem , the t r e a t m e n t s  ver sus

control  prob i em , the se lect ion problem u si n g  the i n d i f f e r e n ce

zone approach , and the selec t ion probl em using the subset

selection approach. We follow throughou t the development in

Brown (1974)

We begin by descr ib ing  in a ma thema t i ca l l y  preci se

fashion the formulation of the statistical decision problem.

Definition 1.1. The sample space S is a measurable space

with a—field 8~~.

Definition 1 . 2 .  A parameter space is a measurable

spoce w i t h  a — f i e l d  L~.

~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Notation . We denote by P((~) th e set of a l l  prob~ h i l  i t y

meas ures on the a — f i e l d  6.

D e f i n i t ion 1.3.  A para metr ized  set of po ss ib le  d i s t r i -

b u t i o n  i s  a 8~. measur .~ble map f rom 4) to P ( F ~~) . We denote

the value of t h i s  map at  a pair 4)L~~, SCB ç by F(SI~~
) .  No te

that to say F(~~I • ) is 134) mea surable means:

(1) For each ~ c4 ) , F ( . k )  is a p r o b a b i l i t y  d i s t r i b u t i o n

on 8~ .

(2 )  For each Sc6 5 ,  F(S~~ ) is a measurable map of (~~
- ,~~~~)

in to  (R , 1 3 ( R ) ) . ( 8 ( R )  denotes the Baire  a— f i e l d  on R , t h e  r e a l s .)

The set of d i s t r i b u t i o n s  {F ( ~ ct) :~~c4)~ is c a l l e d  t h e  sot

of possible d.istributions.

Remark 1.1. It is possible to pa ramet r i ze  any set of

di s t r ibu t ions. Suppose FçP( 8)  is a set of probability dis—

: tributions. One can set 4) = F and define 134) to be the a-

field consisting of all subsets of ~~~. This d e f i n i tion of

~~ guarantees that F(~~~~) is measurable .

Notation . If the family of distributions fF(~ ):ct~~~} is

dominated by some a-finite measure p, th en f ( . j ~~) deno tes a

version of the density dF/d~i , that is ,

F(S (q) = ff (sI~~
) d
~i (s) .• S

Note that if L1 
(S ;13s,p) is seperable then iT may be

chosen to he a measurable  f u n c t i o n  from (Sx 4 ) , 85 x6 4) ) to

3 (R , 6 ( R ) ) .

• Definition 1.4. The ac t ion  spa ce is a measu rab le  space

A w i t h  u — f i e l d

IIIpf ~--- . —~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -



D e f in i t i o n  1.5. A dccision i - r o cc : -du ’  ~ i~ e 1~ H - ~~~~ - - t  —

able map from S to . We shall dennt :o t he  v.ilu~ o’ 
‘- at

scS , BL 134 by ~ (s , B) . Note t h a t  ~ m e a su r a h)  e

(1) For each seS ,ó ( s , .)CP(B A ).

(2) For each B L6 A ,  6 ( • , B) is a mens urab le  function IL-er!

(S~~B~~) in t o  ( R , 6 ( R ) )

N o t a t i o n .  V denotes  the set of a l l  dec ision  p r o cod u rc s .

~~~finition 1.6. The set of av a i l a bl e  d e c i s ion  proced-

ur& s, denotes by V
0, is a subset  of V.

Remark  1.2. Some examples of V are titc c1~~ss of in—
0

var iant procedures , the class of monotone oc e du r e s  etc .

D e f i n i t i o n  1. 7 .  The loss f u n c t i o n  L i s  a I T L e . : t S U r a b l C

f u n c t i o n  f rom ( 4 ) x A , 6 4)x6 A ) to ( [ 0 ,~~~] ,~~ ( (  0 , - ’ ] ) ) .

D e f in i t i on  1.8. The r i sk  f u n c t ion  of a prc:cc~1nre ~ is

the  f u n c t i o n  R (~~,~~) :4 ) -~ [ O ,~~~) d e f i n e d  by
3

R (~~~~) f f L (~~, a)~~(x , a a ) F ( c i x~~~) .

Def in i t ion  1.9.  Let T f t : 4 ) - * [ 0 ,~~ ] }  have  the  weak

(Tychonoff) topology defined by t~ -~t if an d  O nly  if

t ( ~~)-~t (~~) for all 4)c4). For VCT let V ~t:t~ T, ~~t’~~V~~~~t ’

< t } where t ’ < t means t’ (~~ ) < t (~~) for a l l  ~~~~~~

Note: P is compact Hausdorff.

Notation. For V C V let ] ( V  ) denote the set of ,-il l
0 0

r isk  f u n c t i o n s  corresponding to P
0
.

- : D ef i n i t i o n  1.10 . For any non—neqativc merisu,e P on

(4 )~~84) ) and d c V , def ine  the in te qrated_r i sk  B ( P ,~~) by

B (P,~~) = fR(~~,ó )P ( c l~~).

—---~~~~ :~~r 
~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

— - -  -“ —
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i a it ‘~~~~‘ - I . U . For ~ ny  f l ° f l— n e q a t  ~ve n e su re  I ’ on
Cj , ~; s ;t  d to be a La l 3 c e p~- o( ’e~~~rc for  P r~ - 1a—

t iv~ t r md o~ i~~ y i f
4~)

i n f  B (~~, á )
‘~~t i~0

T f  P ~~s a pr c J ’ d ~~i 1 j t - ~~’ measure , t h a t  is , Pr P (t~.) , then  ~~
is ca1l~ ti a fla’~’es piocedure

D - f i n j t j s~~~~j . l ?.  Given F ( . - J . )  and P ( . )  as above d e f in e
It ’ to be the measure generated by F and P oa the product
space ~~~~~~~~~~~ . Thus II’  is the measure genera ted  by the

re la t ion

f l ’ ( S xA )  = f F ( S I ~~) d p (~~)
A

fo r  Sc~~5, Ac1~~ . Let fl denote the projection of 11’ on
i.e. H ( S )  = H ’ ( S x 4 ) ) .

Notation. If it exist we denote the measurable

conditional measure on 84) given S relative to fl ’ by (
~ H.

That  i s, 
~

(
~ t~

) is 
~s measurable and P( .J .) satisf ies

fP(ttfs)fl (ds) f l ’ ( S x A )  for all S $~~, 
j r~~S

If P(.) is a probab ility distribution then P(• • )  is called

the posterior distribution on 4) given (S ,8~~).

Definition 1.13. When P (.J .) exists define for an/i ,

scS

B (aIs) = JL(~~,a ) P ( d ~~~s).

B(afs) may be described as the posterior risk incurred from

t a k i n g  a c t io n a .

~~ ~~
_-_

~~~-- 
-_ —-

w f ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
—- 

-~~~~- .. -
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Theo rem 1.1. (Brown , 19 / 4 )  . i sute~ P( ) ~ ) e:-~i s t n; .

I ~e t

(1.1) A*(s) = ~a :a A , B ( a I  s) = inf B (aI s) 1.
acA

Suppose A*(s) is non-empty a.e. 11 and there exists a pro-

cedure ~*cV such t h a t  ~*(z,A* (s)) = 1 a.e. II.

Then ~~ is a Laplace procedure for  P. If B(P) <~~ t hen  any

ot he r Laplace pr ocedure  ~ must  also s a t i s f y  6 ( s ,A * ( s ) )  = 1

a.e. 11.

Rema rk 1.3. If A is f i n i t e  then A * ( s )  is non—empty

a.e. H .

Coro l l a ry  1.1. (Brown , 1 9 7 4 ) .  Suppose the set A*(s)

as defined in (1.1) consists of a sing le point of A a. c . IT.

Suppo se that  contains all sing le points and t h a t  there is

a measurable function d:S -
~~ A such that d(s) = A * ( s )  a . c .  H .

Then the non-randomized procedure ~~* def ined  by

= Ed(s) 
( • )

where Cd(s) (~~ ) denotes the probability measure which g i ves

probability 1 to the point d(s) is a Laplace procedure for  P.

Suppose in addit ion F ( .~~p) is abso lu t e ly  con t inuous

with respect to If for  every q c 4 )  and there  is a 5 n V  su ch t h a t

B(P,ó) < ~~. Th en ~~ * def ined  above is the unique Laplace

procedure.

The following theorem is well known.

Theorem 1.2. (Brown , 1974). If ~~k V  i s  the u n i q u e

Laplace procedure  fo r some P , then 6* is ad m i s s ab l e .

~~~~~~~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ --- —— -----~~~~ -- 

.-
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A wide variety of statistical results are based on the

ceini actr iess  of F ( V ) . We sha ll  I I et t h r e e  i mp o r t a n t O f l O s .

Theo rem 1.3 .  (Brown , 1 9 7 4 ) .  Suppose F ( V ) i s  compact

in T. Then

(1) There exists a minimal complete class relative to

V .
0

(2)  There exists an admissable min imax procedure rela-

tive t o V .
0

In order to state the next result , which is the only re-

suit that will be used in t h i s  thes is , it is necessary  to de-

scribe what is meant by the limit of a net of decision pro-

cedures. This is most easily done when the f a m i l y  of

dist r ib utions {F(.14):qc4)} is dominated by some a-finite

measure p ,  and A has an appropriate topology on i t  for w h i c h

A is compact and 13(A ), the Baire a—field on A. So

under these assumptions we de f ine  convergence .

Definition 1.14. Under the assumptions stated above , a

net (6~~} is said to converge to 6 in the weak topology on V

if and only if for every fEL
i(S,8s,~~

) and ~nC(A ) ( C ( A )  is

the class of real-valued continuous function on A)

fff(s)
~~
(a)6a (s,da)IJ (ds) -

~ fff(s)Z (a)6(s ,dahi (ds).

Definition 1.15. Any non —negative measure on (4),B~~) is

called a prior. A measure P on (4),B4)) is called simple if  P

is a discrete measure concentrated on a finite set of ~~
- .

I - We now state the th i rd result.

~~t ~~~~~~~~~~~~~~~ 
:~~ ~~~~~~~~~



Theorem 1.4. (Brown , 1974). Suppose t~ n i l y of

distributions IF(.k) :~~n4)) is dominated ny e’~ ~~j f l 1 t f

measure p, A is compact second countab .lr- ~ nd L ( ~~, • )  i~ lowe r

semi—continuous for each ~c4). Let V he (~a - a - i y )  e- -~~-~oct  and

FT~ ) closed and convex in T. Then the (- -eaL) cJos~ne of t h e

set of Bayes procedures for simple priors im- ] ‘~~e to  the set

is an essentially complete class in P
0.

The f ollowing theorem gives a suf flicien i- c~;nrliLi o~ f o r

F ( V 0) to be compact.

Theorem 1.5. (Brown , 1 9 7 4 ) .  Suppose t h e  f a m i l y  of d i s —

tributions {F(. I~
) :~~c4)} is dominated by sons a— f i nite n-ensure

p, and A has an appropriate  topology on i t  for  whi ch /~ is

compact second countable f lausdorf f , 6A 8 ( 4 ) ,  and L ( ~~, )  i s

lower semi—cont inuous  for every 4 c 4 ) .  Then V0 closed in1  t he

(weak)  topology on V impl ies  tha t  F ( V 0 ) is coml Jct  an :~ her.cc

closed in T.

Remark 1.4. If the hypothesis of Theorem 1.5 is satis-

fled , then for Theorem 1.3 to apply one has to check th at V0

is weakly closed . For Theorem 1.4 to app ly ,  one checks in

addition that F(V ) is convex.
- 

1, Remark_1.5. Suppose the family of distributions

{ F ( - ~ ~q) :~~c4)} is dominated by some c—fin ite measure i~ 
and A

is finite . Then by giving A the discrete topology the hypo-

thesis of Theorem 1.5 is satisfied for any loss  f u n c ti o n  I..

j

~~~~I.

II.. ~~~ — J~~~ ~~~~~~~~~~~~~~ - ~~~~~~~~~~~~~~~ 1.~ + .
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CHAPTE R 2

DECISION —T HEO RETIC RE SULT~i FO R THE

SUBSET SELECTION PROBLEM

This chapter deals with  some dec i s ion - theo re t i c  r e su l t s

for  subset selection problems . In Sections 1 and 2 we show

tha t  e s sen t i a l ly  noth ing  is lost if we rest r ic t  our a t ten-

t ion to Bayes p rocedure s only.  In p a r t i c ula r  in Sec t ion  1

it is shown t h a t  re La t ive  to the class of n i l  subset .se]€c—

t ion proced ur es , Bayes proced ures together  w it h  t h e i r  l i s i t s

form an essen t ia l ly  complete c lass .  In Section 2 it is

shown t h a t  r e l a t i v e  to the class of p e r mu t at i on a i l y  invariant

proced ur es , Bayes procedures for exchangeab le  p r i o r s , to-

gether wi th  thei r  l imi ts , form an e s s e n tia l l y  complete c la ss .

In Section 3 the concepts of Total Monotone L i k e l i h o o d

Ratio (TMLP) and Total Stochast ic  Monotone Property (TSMP)

are introduced as multivariate generalizations of the con-

cepts of (univariate) monotone likelihood ratio and (uni-

va r i a t e )  stochastic order ing.  The re la ted concept of Proper-

ty M , f i rst introduced in Eaton (1967)  , is also descr ibed .

Impl icat ions  of each of the concepts and r e la t ionsh ips  be-

tween the three are s tudied in detail. Examples of families

of distributions having the various properties are also given .

The se concepts a re  used in al l  of the  succeeding sec t ions

ft.-

I— - -

— — ~~~~ - ,- ._ 
~~~~~~~~~~~~~~~~~~~~~~~~ — ~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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to ob t a i n  r e su l t s  concern ing  the form of Iiay .; ro-~ ~~~

In Section 4 the form of Bayes proredunu’s wh n f L -

densities have proper ty M and the loss ~n c t  j O I  is

is invest iga ted .

In Section 5 we describe a loss f un i c t i o s  w h i c h  seuno-

na tura l  for  the  subset select ion probicro For t h i s  l ’ ,ss

f u n c t i on s u f f i ci en t  c o n d i t i o n s for p r r~rt- lures to h~- 1’ ~~~ S ~ * .  e

given. For the same loss f u n c ti o n  a s u f fj c j ~~n t  -~~~di~~i ur: fe~

the uniqueness of Bayes procedures is given i s  Sc~ct ~oi~ 6.

In Section 7 the r~ain theorem of this cha1 t er ~

It is shown t h a t  under  certa in  condit  i on s  the c l a s s  ~ f

monotone procedures forms an essentially C j l  t o  c)s~s.

2.1. Decision-Theoretic_Res ul t s_ fer th~

General subset Selection_Prob lem

The sample space S is a measurable space wi t h ~in assoc i-

ated n-field 6~~.

The parameter space i~ is a measurable  space w i t h  an

associated a -field B~ .

We assume the set of possible distributions (F (.fq ):

~c~~} is dominated by sonic c-finite measure ~n.

The action space A is the  set of a l l  non-empty  Subsets

of {1,2,... ,p} together with  the power set of A as its associ-

ated c-algebra 84. The action a C (1 ,2,... ,p} is to ho in-

terpreted as the ac t ion  of se lect ing the popula t ions

(IT., i n a } .

A subset s e le c t i on  procedure  ó is  a m ea s u r a b l e

funct i.on f rom (S , I~~ ) to P(6
4

) . The c la ss  of n i l  subset

- - -
- ~~—..——- -~~“ .~4 _ _ ~i ~~~~~~~ - - - . - ~ — — .  .— -
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cc t ion procedures is donated by V

The loss f u n c t i on  L is a measurab le  f u n c t i o n  f rom

~~~
, L x 8 ~~) to ( [O ,~~},  B( [O ,~~J ) )

By Remark 1 . 5 and Theorem 1. 5 of Chapter 1 , N V) is

‘ :j  .ic t. Now N V) is always convex. Hence Theorem 1.3 and

~L -orc in  1 .4  apply .  Howeve r , we shal l  onl y make use of

‘ i l icorem 1.4 which is restated as

Theorem 2 .1. 1. Relat ive to V , the (weak )  c losure in the

topology on ~ of the procedures tha t  are Bayes relative to V

forms an essen t ial ly  complete class.

We shall assume , throughout the thesis , tha t  the param-

ete r space ~ is a subset of the Euclidean space RT)+T , and

t h a t  for 4ic~~, the first p components of ~ are the paralseters

of in terest , and the las t r components of q are n u i san c e

parameters . When we write (O ,~~) c~~, 0 will always be the  p-

d imens iona l  vector of parameters of interest  and ç w i l l  al-

ways be the r — d i men s i on a l  vector of n u i s a n c e  p a r a m e t e r s .  The

project ion of l onto the f i r s t  p coordinates w i l l  he deno ted

by ~ and  the  pro jec t ion o f ~ onto the last r c o o r d i n a t e s  w i l l

he den oted by i’ . Note that 0 x lj does not nece ssarily c~~un]

~~~. We shall assume that is the c—field inherited from

the Borel c-field on RP+r.

We shall  assume , through the entire thesis , that the

sample space S is a subset of the Eucliclean space

When we write (x ,y)cS , x shall always be a p-dimen sional

vector and y shall always he a q—dim ensional vector. Lou~ih ly

- .. ..

L 
. - ~~~~~~ - , ~~ $~. - - ~~~~ —~—~~~~~~~~- .~~~~~~~~~ - -

t -
~~~~ ~~ 

-. ~~~~~~ 
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speaki ng ,  x wi l l  be the part  of the  ohscr~~~t or t~~~ t iv~ s

i n f o r m a t i o n  con ce rn iny  the  r e l a t i ve  ordorii.q r~~ t h~~ ~ ‘s

while y will be the remaining part of the ~~l . s . y  .. - .L~~~OYi . 
rI~hU

projection of S onto the first p coordinau s ‘.ii~ 1 he (icOOtOd

by X and the projection of S onto the l ast  q cocidinates will

be denoted by V. Again , XxV need not equal  S. ~~~ shall

assume tha t  l3~ is the  n — f i e l d  i n h e r i t e d  fron t i nc  Borci c-

field on
To fix ideas , consider the following example. Suppose

n observations are taken from each of the i independent

normal populations with unknown means and unknown , possibly

unequal , variances. Say the observations are Z~~ , x = 1,

2
1 = l ,...,p, {Zia i a = 1, . .. , n }i i d  N ( 1 . , o .  ) .  Ry

sufficiency we can reduce the observations to (Z 1,. .., Z ,

2 2S1 ,...,S~ ) .  Suppose we want to select in tel-ms of the

2 2 —

means. Then 0 = ( i i 1,...,p), t~i = (n
1 ~~~~~~~ ) ,  x (Z 1,

— 2 2
~~~~~~ and y = (s

1 ,...,
s~ ) .

2.2. Decision -Theoretic Results for the

(Permutationally) Invariant Subset Select ion Prob lem

Notation. Let Sr be t he gr ou p of per mut a t ions  on

{l ,2,...,p)- . (The symmetric group of order p). The e lement

of S~ which interchanges i and j ,  leaving all other  members

of (l,2,...,p} fixed , is denoted by (i ,j). For ~~~~~~~~~~

and rrcS~~, define Tr (x ,y) by 71(x,y) = (ll x ,y) where iiX is de-

fined by (i~x)~ = x~— l .  Simi l a r l y,  for ( 0 ,t~i) nR~ and

ii (0 ,t4) is defined by ii (~) , n~) (~~~~P , ~
) where  (~ ~

) f~

1
‘I... ;

_ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~1~~
— - — .— - -  —

~~~
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I’w- any set s c ~P4q nS will denote the image of S u n d er

Similarly for any set A C R P4r , irA denotes the lun ge of 1

und er ii

We assume that the sample space S is a Borel subset of

pir .
R invariant under S~~, that is , for any n cS , ~S S .  We

assume that: B~ is the a-field inherited from the ford

- p+qo — f i e l d  on R

We assume the parameter space 4 is a ford subset of

invariant under S~~, that is, for any ¶cS~~ ~ ~~~ . We

assume 8~ i s the a—field inherited front the Borel 3-field

p1- ro n E

it is assumed that the family of possible distributions

{ F ( . , .~~0 , q j ) : ( e , i 1) c ~~} is dominated by some a—finite measure ~t .

We further assume the following invariance properties for t he

dens i t ies  { f ( ~,. I O ,i!’ ) :(0 ,~~) c~~} and the measure p:

f(ii x ,y~~’3,~ ) f(x,y~ 0,~~),

d~i (i~x,y) d~n (x ,y)

The space of pos sibl e act ion s A is the set of all non-

empty subsets  of {l ,2,...p} together with the power set of

A as the associated a—al gebra 84.

A dec i s ion  procedure 6 is a measurable function fron

(S~ B~~) to The class of all decision procedures is

denoted by V . For 6cV and 1rES~~ def ine  i i 6 by n 6 ( ~~,a)  =

A procedure 6 is said to be (permut ationally)

i n v a r i a n t  if and only if cS (t s ,lla) = 6(s,a)V scS , ~~~~~ a~~~.

Denote the class of invariant procedures by V 1 .

~ 

~.- ~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _~~.±± . ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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The loss fu n c t i o n  L i s  a ius c e u  ii)  I t n : c-~ J a n  1~~~ (Sx~’

to ([0 ,~~J , L~( [ 0 , ’]) )  . We as:u~ I ‘t i s ~~i’ .’; t i t -

f ol l o w ing inva r i ance assump t i o n :

ld ’~~ , :a) = L(~~,n) V ~ ,a and ;r.

Definition 2 .2.1. A non—ne cietivc measure P on (1- ,i3~~)

is s a i d  to be exchangeab le  i f  and only if for ;nny CS ,

P(~ A ) -= P ( f )

Clearl y in t he  above setup the d e c is ion  prob lem is in-

v a r i a n t  under  the group S~~. The fo l l ow i r i cj l l u n t - S t  em ty p e

theorem g ives support  fo r  c o n s i d e r i n g  only pioc cures in

V 1 
if  the pr ime cons i dera t ion  is the s u m  n u n  c f  t he  r i s k .

Theor m 2 . 2 . 1 .  Given any 6 e V , 9 6~~eP~~
. . 

~ P ( - ~~) <

~~~‘

sup R(~~,ó)

Proof. D e f i n e  
~~ 

by 6 1
(s , a)  ( i / p ! )  ~

C S~
Then is invariant. But sup R (~~,6 1

) = sup  ( 1/ p ! )  )
qc~ ç~cf i r

R ( r 4 , ~~ ) < (]/p!) ~

‘ sup R (ir~,6 )  = ( l/ p! ) ) sup R (~~, )  =

n c S ~ ci ’ 1r~ 
~~ ~~~

sup R ( ~~, 6 ) .

If one does restrict attention to (permutationaily ) in-

variant procedures only, then the following ca r 1 p n o \ ’(  c i .

Lemma 2.2.1. V 1 
is closed in V in ti n e wea k toqo lo~ y

on V .

Proof. Suppose a net f~~~} in V 1 conv°rgcs to ~~. 1- o r

fixed anA and 70- 5 , let A. :6 (Tt s,~~a
)_ (s ,a)~~1/i}.

Suppose ji (A .)~’0. Then there exists B~CA 1 
such th at

Now ‘B
~ 

and I~~ fL 1 (S,
t-~0,~J). Both I { )  and 

~~~~~ 
c C(A ) .

Hence f 6 ( 5 , a) d~ ( ) -> f 6 ( s , i la )  ciji Cs) an(1 f 
~ - (5 , a) ci (s

ri ~i I

-

~

- -- ---~~~ —ai -~~~- ~~~~ ~~ ~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~ ~ i~~flE~~ ~ - Jfrrrr- r w r ~~~
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f 6 ( s ,a)dii (s) . m i t  f ~ (s ,nia )d~~(s) f 
~ (s , a) h i ( s )  f o i all

B. nB . B
1 1 1

There fo re f [6(lT s,ra)—6 (s,a )Jdii (s) 0. But the left side

is > (1/i)u~ I3 .) . Hence ~m ( B . )  ~ 0. Contradiction . So (i~~)

= 0. ~n{s: ó(ir s,Tra)—ó (s ,c.~, -0) = u r n  li(A~ )=0. S i m i l a r l y

jn {s:6(ii s,na)— 6 (s,a)<01 = 0. Therefo1e~~n{s: 6 (i r s,Ta) ~

= 0 . a and ~ni are a r b i t r a r y . Hence  ~S z V 1.

Now i f  
~ l’ 6 2 nO 1, then + (1—a)

~~2
iV
~ 

for  any an  [0 , 11.

Hence 1 ( V 1) is convex.  C o m b i n i n g  t h i s  and t ime  p rev ious  I er:!’:a

we see that Theorem 1.3 and Theorem 1.4 apply. However , we

shall only make usc of Theorem 1.4 in t h i s  th esis which we

res ta te  as :

Theorem 2.2.2. Relative to the class of (permutational—

ly) invariant procedures 01, the ( w e a k )  closure in the

topology on of the Bayes procedures r e l a t i v e  to 
~1 

forms

an essentially complete class.

Given a prior it is often easier to find its Bayes pro-

cedure(s) relative to V than to find its Bayes procedure(s)

relative to V 1. The following theorem gives the needed

connection .

Theorem 2.2.3. The class of procedures  t ha t  are Baycs - -

relative to V~ is contained in the class of procedures that

are Bayes relative to V for exchangeable priors.

Proof. suppose 6cV 1 is Bayes relative to 01 for some j
prior p r o b a b i l i t y  measure  P on ( ,  8 ~

) . Then it  is easy

to see tha t 6 is I3aye s rel at ive to V~ f o r  the pr ior  P0 dc—

fined by P (’) (l/p !) 
~ 

P ( ~i~ .) . For 
~~~ 

r c i~~t i v c i y  t .~ !~ 

~~~~~ ~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
--- 

~~
-- -
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Bayes procedure exists hence an invariant Lk~~ , 
- - - 

15 0  c- .-

e x i s t .  Ca l l  it 6’ . But B(ó,P )  < B ( Y  , P )  . : ‘ - 
-

Bayes rela t ive to V for  P
0

2.3. Some Orderings on Families of !)istr~~ - r+ io~ s

In univariate statistical inference , Lfl cc’~ (e1 L

monotone l ikelihood rat io p lays  a cent r a l  i c L e .  ~h.-r ~c:

it is reasonable to think that the concej:t of C- i t . ~~o~~~~at e

monotone l ikelihood ra t io  should ke i.mport: -~n L I : s ! ~ iv~ ria~ c

st a t i s t i c a l  i n f e r e n c e .  U n f o r t u n a t e l y  t h e r e  h . m s ‘me ~ 1. er a

unified theory of multivariate monotoac 1i1;c1iL ’e~l r at  ic .

In studying d i f f e r e n t  problems dif f e r e n t  d~~f immi e~a of

multivariate monotone likelihood ratio were em -uj - cr ’ - l .  in

Prat t  ( 195 6 ) ,  a definition of monotone li~-.e1i1c ;d reijo 0!:

contours was given . Karlin and Truax (1960), and la~ c r 1a1l

and Kudo (1968) , used essentially the same defi nition j. rm

studying slippage tests . In studying the complete ranking

problem , Bahadur  and Goodman ( 1 9 5 2 )  and Ichmann (1966) irk

certain independence and permuta t iona l  i n v a r i a n c e  assu :~: I ions

and used un iva r i a t e  ML R . It was la te r  found },~ F a t e  (19C7)

tha t  for  the complete r a n k i n g  problem a weaker  cor id it i on

which he called Property M suffices. As it turns out , non e

of the above concepts is really adequate for the problem at

hand , namely the subset selection problem. We have therefore

chosen to give our own definition of riultivariate monotone

likelihood ratio and also the corresponding defimi ~~~~c-n of

m u l t i v a r i a t e  s t ochas t i c  o rd er i nq .  I t  is clear that tht .~~o

I’

ft
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ncr  concepts w i l l  be u s e f u l  in aturl yimiq c t  L2 1 t i PlC co;. —

parisori probleiiis . However , it  i s  n o t  y I u. a ~ ..-m ’  L ti

W i ~ 1 be u s e f u l  in othe r , mare qc imer ~m J , el t :~r~~J it Jr f r ~~~ —

(‘rice p i o O  I -n rc .

D e f in i t : iont 2 . 3 . 1 .  For any f i x - e l  F C ~ [1. ~~~~~~~~~~ ,r~
} (13

may be the empty set or the whole s’i~) , cc I L -  a J r t~ al

order ing  ‘ less eh a n  or equal to iii B’ (~~) on ~ aa f o l l o w s :
B

For x = ( x 1, x 2 ,  . . . ,x~ ) , x ’ = (x ’1,x ’2, . . . , x ’ ) ,  ~ >: ‘ .11

and on ly  if

x. — x . as I c B.
1

B
In words , x < x ’ if and only if x is less than or e p u a l

to x ’ in those coordinates  that  are in 13 and ci : eatur  ~Jr~n c m-

equal  to x ’ i n  those coordinates t h at  arc not  ~n II.

The above d e f i n i t i o n  induces  a p a r t i a l  o r d e r i ; 2  on f~

as follows :
B

Definition 2.3.2. For (x,y) , (x ’ ,y ’ ) c~~, (:-: ,y) (n ’ , Y
B

if and o n l y  if x < x ’ and y = y ’.

D e f i n i t i on  2 . 3 . 3 .  A set A C S is said tn Fe
B

ing in B (7B) if and only if seA , s < s’ ~ o

Definition 2.3.4. A function h s.c -> P i_ s  s~H d  to ~~
B

nondecreasing in B(7B) if and only if s < s’ :> ln ( n) h (s’).

Thus a set is nondec reasing  in B i f  and if it ~ ind icator

func t ion  as a func t ion  is nondec reas ing  i n  B.
B

In exactly the same way we define an d  / h  on P , ~

fo r  f u n c t i o n s  f rom ~ t o F .

4’ - -~~
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. ( i s rr’ m d no

be stochastically nno~l1or in Ic 
~
,( 

~ , ) i a n t  en . ’; i~~

for army measurable set A C tt at is ‘ end e r t - e l  tVJ ] m j  a~,

F ( i  1~~i
) < F (A ~~q 2 ) .

D e f i n i t i on  2 . 3 . 6 . Th far u  I y of d :-;t ri}r n ons {F(

~ . ) is n a i o  to he- stucrhantic~~l i. ’ m. ,,( ce~ na:;j nc) ~n i i  ( f M/ I - : )

i f  and  on l y  if  fo r  ar m y m( ?a~ U c ab ]  r e t  A c S t-. 1i~;L iS

dec reas ing  in  B , F ( A !  ~ ) as a .tun c t  i on  of is  ,; - ;n u u cr e n s in a

in B.

Rema rk 2.3.1. Lchm emrn (1955) in r-;tu -yin q ordered

f a m i l i e s  of d i s t r i b u ti c ’n s  de f in e d  and  i r i ve s t i  rj a t e d  fae~ li. *-s

of d i s t r i b u t i o n s  t h a t  are stoch i st i c al ly  ~ o:id~ - cr a s in q  i n

K = f l , 2 , .  . . , p}.

D e f i n i t i o n_ 2 . 3 . 7 .  The f a m i l y  of diaLributiene 1 F(

~c ~ } is said to have Tota l S tochast  Ic ~ cac t o n r  Pr op e i-ty  (TSvP)

3 
if and only if it I& st och a st ica lly  n o r i c i e c r c - d n i i ;j  in B for

every  B C K = ~l , 2 , .. .  , p~- .

D e f i n i t i o n  2 . 3 . 8 .  The fa ::c i ly  of dc~~siI  i c s  ( f ( .

~ e~~} is said to have  n o n d e c r ca ni n g  l i k e l ih o o d  r a t i o  in  1:

(MLRI4 B) if and oniy  if
B B

s < s’ , < ‘ ~~ f ( s ~ ~ ) f (s ‘ ) < F (sn ) f (s ‘

Remark 2 . 3 . 2 .  In inves t ig a t i n g  m u l t i v a r i a t e  one-s ided

tests, O o s terh o f f  (1969)  d e f i n e d  a n d  Used n o rtdc c rru s i i i c ~i

l ike l ihood ra t io  in K = {1,2,... ,p).

Definition 2.3.9. The family of densities {f(
~~!~~

)

~u ’?} is said to have Total Monotone Like] i hn o .t  1~ i t l o (‘I ,

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

- 
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i f . and only  i f  i t  has nondc . J r c ;  11 ci  i }eod  at i o  i n  B

fo r  every B ç K = {l ,:~~, . . .  ,~~ } .

D e f i r m it i o n 2 . 3 . ] 1  . (Ikmc on , l ’ 6 7 )  - U n d er  t h e  r y n a - r r  C

set uc of Se ct i o n  2 . 2 , t he  F , .1 l y  of c~ . - ne it e !-r f ( 
~

. ) :

i s  s a i d  t:o have  P r o per ty  M f a r l  cnn lv  i f  f o r  (x , y ) L S ,  ( c , ~~)

4’ , x = (x 1, x 2 ,  . . . , x )  , e (o
~ ‘ 2 ’S

x~ x~ , — 
~~~~ 

f C:,y 1~ , i ) a f (:-:,y (r. , j )  ‘‘

In exactly the same ‘i-icy we d e f i n e  ‘fdt;I’ , T~it~R and , in

the  case of exchangeab le  ui :ior , P r o p er ty  t’~ fo r  t he- 
~

d i s t r i b u t i o n s  and  d e ns it i  r-; {F ( • ~~s ) : s c S )  an d  ( f ( • ~~s) : S L S ) .

D e f i n i t i o n  2 .3 .1 1 .  For any subset s e le ct i cn  p rocedure

6 let 6 1( s)  = Y 6 ( s , a)  , i .e .  6 ( s )  is t h r -  p r o b a b i l it u  of
Ir a

selecting i having observed s. A subset selection pruC~ 
(
~iU 5-

6 is said to be monotone if raid only if for each I ~~(s) is

essenti a l l y  /{i },  tha t is , there do not euist 
~~~~~~

‘ 

~2 
c~ •

c~
~i} -

~i (Si) ~ 
> 0, s1 

s
2 fo r al l  s~ u S

1 , s7r 
~2 

such that

ess sup ti (s) > ess inf 6 ( s )
seS2

Remark 2 . 3 . 3 .  What  we c a l l  ‘monotone ’ orocedures

t r a d i t i o n a l l y  have been cal led ‘ j u s t ’ p r o ced u res  in  t k e

l i tera ture .  See Nage l ( 1 9 7 0 )  and  Gupta and r a q ~~] ( 1 9 7 1) .

Following  Gupta and Huang ( 1 9 7 6 )  , we have chanqed the termi-

nology to ‘ mon otone ’ s i n c e  we hav e in mind the analog of

the classical urmivariate result of Karlin and Rubin  ( 195 6 )

on the class of monotone p r o c e d u re s .

Theorem 2 . 3 . 1 .  TMLR -~~ TSMP .

P roof .  Suppose f ( ‘
~ 
) : ho; T - ~LI ’t .

— ~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~ ~~~~ ~~~~
‘ -  - ‘ .  

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~ - - 
~
-
~~~
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~~~
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= LL ,2 1 ...,r’ ) he fixed. For ~~ < ~~~
‘ let S and

I -  L t .  :, te; i n  S for which f(s~ q’) < f (sJ~~) and f( s I< ’) >

(
~~~k 

‘ -
~ a .  en ~el y .

F :  ;.o ac n , a non surable function from (S , Lt ç) to (H , ~ (i’)

m i e n t ’~:’ �a c& ;~in g  in 13. Let a = sup h (s) and b -= i n f  h (s)
S—  S +

Then h-- n  a 
~ by Mi,R ‘B and

E(h~~~’) 
— E ( h ~~p)

a [F(S I ’ ~ ’)  - F(S  14 ) 1  + b [ F ( S~~k ’)  - F ( S~~I~~) i

= ( h — a )  E F ( ~~~j~~’)  - F ( S~~I~~) I  > 0.

Thi s is t rue for  a ll  B .  Hence TNLR -~~~~ TSMP.

‘i’h c ’c ,rr i: 2. 3 .2. Und er the symmet r i c  se tup of S e ct i o n  2.2 ,

‘!I~LR :1> Prop~~rty M .

P r o o f .  Suppose [f(. , . I o , i~) : ( O , 1,)~~~) has  TMLR . Suppose

(x ,y)rS , (O ,~~)cct , x = (x1,x2 , . . . , x ) ,  0 (0 11 O 2,...,~ )~{i } ~ {i } [)

3 Clea r ly  x 1 < x . ,  0~ < O~ ~~~x < (i,j)x, 0 < (i ,j)0 . By

NLR/~ij we h- av e  f(x ,yk, ’5)1 ((i ,j)x,y((I ,j)~~,ç) >

f( (i,j)x,yl ~~~~ I ~~~~ ( i , j )  0,~’) or

f2 (u ,y~ O ,~~) > f2 (x,y~ (i,j)O ,~~)

This completes the proof.

Exarn: les_of F < t m r i i ± i e s  of Densi t ies  Hav ing  TML P~

We first make the easy observation that if f(xlO) =

p p p
11 f.(x~~e~ ) and X = H X~~, 0 = Ti 0 . ,  then TMLR is equiva—

-‘ i=]_
l 

i=l i=l~~lent to univariate MLR , that is , {f(.16):Uc ’- ) has TMLP

if and only if for each i , 
~~~~~~~~~~~~~~~ 

has univariate

MLR. In addition , we have the following

- ,  . , f ~~~~~~~~~~~~ ~~~~~~~. ~~~~~~~ 
-
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~~~2r0rn
2.3.3. Any fa;e ly of d i r t  r i l ’ u t  i n n  ~Jio sc

densities are of the  fo rm

( 2 . 3 . 1 )  C ( ( ,~~) exp [~~
’ f l (~~.,~~) a . ] q ( ; , y ) h ( : ,~~)

where each Q. for fixed ~‘ is nondeerecisi nq in U . has T~ LR.

P r o o f .  Suppose (x ,y), (x ’ ,y)eS; (0 , ~ ) , ( U ’  ,~~)ci ;
B 13

x < x ’ and 0 < 0’ . We need to sI io~,- t h a t

+ 

1=1 3 1 ~) x i ~

- 
~

( O i ,
~~) x ! + 

~
Q.(

~~
’ ç )~ :.

or equivalentl y

~)-Q 1 (0 ., ~)] (x! -x 1) > 0

B B
But this follows from x ~ x ’ and 0 < U- ’ . 13 is a r h - t - y a r y .

Hence the  dens i t ie s  have TMLR.

Example 1. The rnultinomial density ~
X X .)  x.ln

( fl ) 0 l 0 P ( n 
) e

1
~~~~~

1 1
X
1

. .. X~~ 1 p x1 

is in the form of (2.3.1.).

Example  2 .  The Direchiet density

F ( ~~~ x. ) x1-l x~~ l
1 1_______ . . . o

F (x)...I’ (x 1 p
2 

1 p

is in the form of (2.3.1.).

Example 3. Consider the case of taking n observations

each from p independent normal populations wit:h unknown

means and unknown but equal variances. The sni f i ci e n t  s t a -

t i s t i c  in this case 
~ 

,
~~~~~

, ~2 h r  s~mnip~ C- r i  - c r 5  ~nd L~h~

a.

~~~~~~~~~ ~~~ 
-
~~~~ ~~~~~~~~ L.~~~~~~~~ —-
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estimate of the common variance . The joint d

~ ~
‘i — —p(n—l) 2

i_ —a— X .  -____

2 i l G / f l  2o’ — — - -  2C(ji ,a )e e h(x1,x2 -- r n

is in the form of (2.3.1.).

Examples of Families of DistribuLions ha~r inq TSMP

We first note that if F(xf 0) = H L ’ ( x , j ~ : .) then TSMP re-

duces to univariate stochastic orderinq, that is , fF (.J0):OcO }

has TSMP if and only if for each i, {F.( .It. ) :o.eO .) is

stochastically ordered where 0. is the projection of 0 onto

the ith coordinate. In addition , we have

Theorem 2.3.4. Suppose X = 0 H and F’(x,y~ U ,y)

F (x—0 ,y~mp ), that is, F = {F(•,~ I0 ,i~
) : (0 ,4i)c~~) is a location

family of distributions , then F has TSMP.

Proof. Suppose A cS
~ 

is nondecreasing in B, (0 ,m~),

(0’ ,~~)c’~ and 0 < 0’ . Then A0 = ((x,y) : (x+0,y)~~A} C

A0, = {(x,y):(x-+-0’ ,y)cA} and hence F(Al0 ,~~) = F0 (A 0 1 4 )  ~~.

F0(A0 1~ mp ) = F(A10’ ,mp ).

Examples of Families of Densities Having Property N

It is easy to see that under the symmetric setup of
p

Section 2.2, if f(xIO ) 11 f(x~j0~ ) then Property M is
i=1

equivalent to univariate MLR. In addition the following

theorem concerning elliptically contoured families of distri-

butions was proved in Eaton (1967):

Theorem 2.3.5. (Eaton , 1967). Suppose {f( 10) :OcR ~ }

are densities with respect to the Lebesque measure on I J .

r ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
.‘(, -~~~~~~~ ~~~~~ ~~~~~~ -~~~~~~ - 

____________ 
~~~~~~~~~~~
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Suppose f u r t h e r

f ( x f  0 )  C ( A )  cj F (x - 0 )  It ( a - U ) ’ ]

where  ft is a pxp p o s i t i v e  c lef  i i t i  te r t i  I ;-: , q is strict ly dc . —

crea s ing  , and C ( A )  is a pos i t  i ye con.’. l am : . Than the  fo]  ic” .’ —

ing are equivalent:

(i) {f(. 0) :0cR ~ ) has Property ~~~;

( i i )  A = C11 — C
2 

)‘l , C~ > 0~ — ‘ ~~C2 /C 1 
•- 1/p .

Clearly in the symmetric  setup t her e  n c - a f ind I los of.

d i s t r i b u t i o n s  h a v i n g  TSNP but not  Propcr t - v M si nce  cad var. i  —

ate stochastic ordering does not imply  U IIi var ~ te ~ 1P .  On

the other hand Property 11 does not imp l y  TS~ 0~ e thor. The

following exLt nple shows this.

x2
(5 , 6) (6 , 5)

(1 ,2) 0.9 0.1 ~~~~ /
/

(2,1) 0.1 0.9 /
(3,4) 0.6 0.4 / (6,5)

(4,3) 0.4 0.6
x2

This family of four distributions clearly has Property

M. But it does not have TSMP . For instance , P{(5,6) j (l , 2 ) }

= 0.9 > Pf (5,6) (3 ,4) } = 0.6.

The following diagram summarizes the relationshi p

between TML R , TSMP and Property M.

TSMP

TM LR
P r o p - r t : y M

~ .‘- - .v!.. ..iii1~
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The following is a general iz tioj1 n a i -
- .a ’~~

Lehmann (1955)

Theorem 2.3.6. Suppose F (  ~ ) is s t n a h~a-  ~~. I ‘ - - r . ’~ I c ’

than F(.k’) in B. Then for any nl.nsl r rb ]L i - , ~~~~~~~~~ :
is noadecreasing in B, if H , [h(X , Y) I and i:

,
~ , [l ~ (::~ V) c - a l  at

then E~, [h (X ,Y) I < E~~, [h ( X , Y )

Proof. Let h~ and h be the p o s i ti v . an d  i r c d ~~t iv e  ~~~r t n

of h r e sp ec t i v e l y .  We shal l  ap p r o x im n a tn .- ~~ .. ~~~ta~r~aa of

simple functions. Let
n (n~(i—1)/2 for (x,y)cS

- h (x,y) = {fl n for (x,y)nS 1,~

whore

= { (x,y) : (j_1)/2 fl 
< h~ (x,y) i/~~ ~

n

= f (x,y):h ’
~(x ,y) > n), N = n2~ ~ 1.

3 Then h = ~ l/2~ (I~~(n) + I5(n) + .. . + I~~(ii ))~ i=2 i 1+1 N
N

fl N
L J / L  I ( n )

i=2 S
-
J= 1  -

N /
and h~ ~ h

+. Now for each i, (J S ’~~’ is n o n d e c r e a n i m a ; -  i n  B

+ 
J= 1  J

since h is nondecreasing in B. Hence E
4
1h~~(X~Y)I <

E~~,[h~ (X,Y)].

Using the Monotone Convergence Theorem , we have

E~,(h
4(X ,Y)I = u r n  E~, Fh~ (X~YH < u r n  E~ ,th (X ,Y)) =

f l _ ) QD fl-3-~~

E~ , rh~ (x,y)].

Similarly we can prove that E~~[h (X,Y)) < E~~, [h (X,Y ) I .  Thur .

if E~ [h(X ,Y) ) and [ h ( X ,Y) I exist then 1: 4 Ih (X ,y) I It ., [h(x ,Yfl .

.., . -- . -,

~ 

-
~~~~ ~~ . ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

_
. 5 I ~~e~~ ~~ ~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~
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‘ru e result t h a t  we Wi i i  a (-t’~,i 1 1 y use .i s cont~ m o d  in the

fol, l o w . i n j  cor o l l a r y

Corolla y 2.3.~ . S r~ pose rlie 1 :c. -~i i y  of  d i ’  t o :d ’~ : o i i s

(F( . l~ ) :~~c~j has ThMP. J f I,:S -
~~ [0 ,~~] is measurab .le and

nondecreasincj in l~, t he n N~~1h(X ,y) ~ as a fuect ion of ‘;. is

4nondecrcasinq in B .

E ven t houg h P r o p a r t y  M does not imply TS hP , i t  does

imply a sort of o n e — d i m en s i o n a l  s tochast ic  o r d e r i n g  w h i c h  we

shal l  prove through a se r i e s  of lemmas. So for  the  r em - J n —

der of t h i s sec t ion , we assume the fami ly  of den s i ti es

{f ( , 1 0  , m~ ) (Ci ,J ) c~~} has Proper ty  N .

Lemma 2 .3 . 1 .  For f i xed  i. ,j ( l < i , j < p )  let C~ =

~(x,y) :(x,y)cS , x~ < x~ }. Then for any set C C C~ measur-

able with respecL to 1L~ and any (0 ,~~) c ~~,

F(CI0 ,u) ~T 1((
j,j)CI0 ,~~) as 0~ ~ U

Proof .  Suppose 0 .  < 0~~. Then

F(Cl0 ,mp ) Jf(x ,y~ (,~~)dIi (x ,y)C
< Jf(x ,y~ (i,j) 0,~~~)dLi (x , y )

C
= f f ( x ,y ~ 0 , i j ) d p ( x ,y)

(i , j ) C

=F((i ,j)Cl0 ,~~).

Similar1~’ for O
~ ~ 

0~~.

Lemma 2.3.2. Suppose C C S is measurable with respect

to B5 and nonclecreasinq i n  {i)- . Then

F (Cl0 ,~’) F ((i ,~~)CI0 ,l1i ) ~~~ 
~

‘ . 1~~~~

-— ~~~~~~~~~ ~~ -~~;
_ ~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~ -.i~: ~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~ i~ - -~ -~ 
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- - .~~~
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Proof. Let C -
~~ ( ( x , y : ( x ,y ) c C , ( ( i , j ) x ,y ) c C } ,

C~ — { (x , y )  : (x , y)  n C , ( ( i , j ) ~ r , y )~~C) and C~ = { (x,y) : (x,y)~~C,

((i ,j)x ,y)cC) (i ,j)C.. Then

F ( C I 0 ,~ ’) = F ( C 0 l 0 ,~~) + F(C~ l0 ,~~)~

F((i ,j)CJP ,~~) = F(C0j0 ,p) + F(C~~I0~ IP).

But (x~Y)cC~ =~.-x 1 
< x~ for  x~ > x~ and ((i,j)x,y)cC would

imply (x ,y ) n C s in c e  C is noridecreasing in ii). Hence C~ C

C~~. There fore by t h e  previous lemma

F ( C j 0 , m~i)  ~ F ( ( i , j ) C ~ 0 , 1P) as 0~ ~ 0~~.

Theorem_2.3.7. Suppose h:S -
~ [0 , u~] measurable  wi th  re-

spect to is nondecreasing in {i}. Then E0~~~[h (X ,Y)) 
<

E0~~,[h((i,j)X,Y)] if O~ < O~~.

Proof. B [h((i,j)X,Y)] = E . 0 [h(X ,Y)]. But—— ~j ) ) r Y  (i , j )  ~~~

01 < 0 . .= ~ 0 < (i,j)0. Hence by Corollary 2.3.1.

E 0~~~ [ h ( X ,Y ) ]  < E (1~~~) Ø ~~~ [ h ( X s Y)]  E 0~~~ ( h ( ( i , i ) X , Y H .

2.4. Form of Bayes Procedures Under The Symmetr ic  Se tup

When The Densities Have Property N and

the Loss Function is Monotone

The results of this section were essentially obtained

in Goel and Rubin (1975). We assume the setup of the problem

is the symmetric setup of Section 2.2. To refresh our

memory , we review briefly the setup.

The sample S is a Borel subset of ~P+q invariant under

S~~, the symmetric group of order p. The associated u-field

is the a-field inherited from the ford a-field on

I

— - 
— -.

-
~~~~~~~ 

- -
~~~~~~~~~~~ , 

1~~ _ ~~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ — ~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~ 
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The pa~~~- c t cr  si ace is a Bor c- l  sm . i lf l e t  (f

v a r  ‘a c o~~-r  ~ . Time as soc iat ed  c — f i e l d  B I s the  a — f i e i . dp

i n t m t ’ r . L I i . e ’  Un- fo rd  o— fie~d on RP I L
.

The f a t l y ~~f possible d i s t r ihu L i o ns  [ F ( . , . I ~~,~~) :

(0 ,~~) c ” )  i s  do:c ,Ln at ecl  by some u — f i n i t e  measu re  ~~ . The den-

s it i es  { t ( , • Ci , ~i )  : (0  , t j )  c~— }  and the  d o m in a t inj  m e a s ur e  ii

sa t is ty  t I i c  f o l l o w in g  invar iance assumptions:  For any v r S ~

f ( n x ,y~~i r8 , ’~’ )  = f(x,yj0 ,mp )

d i i  (mi x ,y) = d i i  (x , y ) .

The ac t ion  space A is the set of all nonempty subsets

of K = {l. ,2 , . . . , p)  together  wi th  the power set of A as

t h e  a s soc ia ted  u-a l gebra 6 A~
A d e c i s i o n  procedure is a measurable  f unc t ion f r o m

(S , B S
) to P(B A ). The class of all dec is ion  procedures  is

denoted by V . A procedure ócP is said to be ( p e r m u t a t i o n -

a l l y )  i n v a r i a n t  i f  and only  if 6 (ns ,’tia) = 6 ( s , a ) V s , a .  The

class of all  inva r i an t  procedure s in V is denoted by V 1.

The loss function L is a measurable f u n c t i o n  f r o m  ( S x A ,

BSX B A ) to ( E 0 , n ] , B ( [ 0 ,~n ] ) )  s a t i s f ying the  inva r i ance  condi-

tion

= L(q i , a)

All the assumptions made in the above setup are invari-

ance assuri-iptions. We now make in addition two ordering as-

sumpt ions .

We assume that the densities (f(x ,y I It ,i ): (0 ,~~)i ~‘ l

have Property ~-1 as dc’f:nc ci in tLe previou: r;ecti o~~. i’
~~; i t  i n ,

- - ~ —-~~~~~~~~~~~ -~~~~ ~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~ ‘~~~~ ~~~~~~~~~~~~~ -~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-. 

~~~~~~~~~~~~ ‘-‘- -
~~~~~~~~~~
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for (x , y)  r , ( 0 , i ) )  ~ , a - ( : : .~ , , . . . , , ‘
~~~

1 
• 2~ 

•

x ‘ > : .  , U > 0 —;~ f ( r-: , y , ~ ) ( , ( , j ) . , ‘
~

Uc assui -. the less tu~ c’t L O 1 in  a c t s  1 t i  en to P - is q

I miva r ian t It a a the tel I ~~~~~ mario ten i ci ty pro; - i  t y :

For (€ l ,q i ) ciI~, 0 = (0 1, 0 2 , . . .  , 0~~) , > a ., i a a , I/i

i rnp iy

L (  ( 0 ,’~) , a)  < L(  ( U ,~~) , (i ,j ) a )  .

For each e rA  let  B = t(x ,v )  (x ,y ) c S , x~ > z. for all

ira , j~~a1.

For each  P , (x / v )  and a cons ic ier  r (x , y )  di .- f ~~~ 0 I

r (x,y) = JL ( ( 0 , ~~) , a )  f (x ,y 0, ci ) dP ( 0 , )
a

Note t h a t  r ( x ,y )  i s  p r o p o rt i o n a l  to t h e  p e s t c a io r  r i s k

B(a~x,y).

Lemma 2.4.1. (Eato n , 1e(~7 ) .  U n d er  the  a s s um p t i o ns

made in th i s  sect ion , for any ar \ , m a  arid j~’a imp ly

r ( x ,y) < r ( ) (x PY) V (x lY )t~~~.

Proof. Let 
~~~~~ 

{ (0 , ~ ) : (0 , ~‘) c t  , 01 c~~} 
‘ ~ ( “  ,

(0 ,~p ) c ~~, O~ > ~~~~~~~ = ~ (0 ,ç) : (0 ,ci)e~ , 0~ < 0J. Then

(2.4.1) r (i j)a (x /Y) _ r
a (x , y)

2
= y f f L (  (0 ,mp ) , (1 ,j)a) - L (  (e ,~~) , a ) ]

f ( x , y I 0 , ç ~) d P ( 0 ,~ i ) .

The i n v a r i a n c e  a s sumpt ions  i m p l y  that L(( Il , , ) , ( i , j ) n )

= L ( ( f l , m~) , a) f o r  (ll , c ) e 1 ~ and

~

._ ‘

~~~~~~~~~~~~~~~~
. • L ~~~~~~~~~~~~ d 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



f [l~( ( ) , i~ ) , ( i , j ) a )  -

= f [L (  (0 ,~~ ) , a)  - L(  (0 , c ) , (i , j ) a )  I
c
~
)
i

f ( x ,y~~( i , j ) 0 , i p ) d P ( o , ç ~) .

Thus  we can w r i t e  ( 2 . 4 . 1 )  as

( 2 . 4 . 2 )  1 (i j ) a (x
~ Y) _ r

a (x ,y )

= f [L (  (0 ,ci), (i ,j ) a )  - L( (U , c )  ,a)  I
1~

[~ (x,y 10 , ~) -f (x ,y U. , j )  ~~~ ~~‘)  ] clP (~~ ,

Now ( t ,~~ ) a ~~1, ( X
~~Y ) C B a imply  f ( x , y I 0 , c ) ~~f ( x , y I ( i , i ) 0 ,~~)

0.  i-.I.so (0 ,~ : ) c ~~1, i c a , j~ ’a imply L ( ( 0 , c ’ ) , ( i , j ) n )  —

L ( ( C i ,~ ’ ) , a)  > 0. h ence ( 2 . 4 . 2 )  > 0 and ( 2 . 4 . 1 )  ‘ 0.  T h i s

complete s the proof .

For each s~ S , let lI ( S)  = { a: a cA , srB a , l a I  rn } where  J~ l
deno te s  the  numbe r of e l e men t s  i n  a and I - I ( s )  = u Ii

m l
Theorem 2 . 4 . 1 .  Under  t h e  assumpt ions  made in t h i s

sect ion , for  any n o n — n e g a t i v e  measure P on ~~~~~ ) w h i c h  s

i n v a r i a n t  under  S , a s u f f i c i e n t  condi t ion  for  a prcreJun~

to he Laplace tor P r e l a t i v e  to is

ó *(s , T ( s ) )  = 1 where

T(s) — (a:achI(s) , B ( a  s ’ = mm B( ~ J s )  I
uic 1~ ( s )

Proof . By Theorem 1.1 a s u f f i c i e n t  condition for ~~ to

be Laplace  is S~~(s , S ( s ) )  = 1 where 5 ( s )  ( a : a c ’~ , f l ( aH

miii B ( . -
~~j s )  ) .  fv tht ’ ’ pr.’vious l v n  .1’ L ( : ) - -

‘ I - n ( i I )
( f t

~~
i,

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
‘ - -  

~~~- .
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~~~, 

\-~~ \-: t t t ~ I he 5,~~l i ;5 t  CC! a i , O 5 - -t ~~~o e V n t e l n

t SU c2  ‘n’. ‘ , i s i s  ~ -a ~ m L  went the S U P S C I  t ~~- - tos hat p

It  ~~~~~~~ S’S I.~~~~~. 5o5. ic Lhc- r 1 dny sym~etric lon ;s f’s ct. lcn ~ hu~i ] d

cent al’ ; i i U s-i — ~~o]  1O W [ i I c j  t h r e e

I . l m - .cc- ~n I-o1~ c~~ion (1Cc) = 1 
: .~~~~yice  i H , . . .  ,;

2 .  TLL s i s ’  o~ t P ~ se i i - c ’~~e-0 subse t . :t , (l ~ - t ’ c - ’t ( ~~l Ps

3. Sc’: .. - r c, ; n - n t r - of the avi eon ‘ qo u i r, s s s ’ of t~~’

ci se t , i .q .  r:nn~ : C - 
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~
‘

j=- 1,... ,p ~ ir a

Tb c pc:i r mt i t - ’  ,i - x 0 . - e n ;  !~ : - c on s i d ’  rod ~~t- i  ] - 1i r a
a com~. i s ut i  on of  .r . and 3.

~~ Traditicr .a]J y ICS and a l  have re (,Ovejc he .ss~ t i ; : —

- - t ien . Ccci ] arid Ruhi. ri (1 9~~~) con s i d e r ed c~~ ( i t t : - . 1’ —

~~~~~ ~~ 
1

max 0~ ) + c2 a ari d using e s s e n t i  n h l ~ Tl ’ ’n e r e” i  2 . 3.7 ~P--
ire
t a m ed r e s u l ts  concern  Us;  t h e  f o r m  of Bayes  roe’- duvc’s.

Ch cr rn ’ ff anti ‘i’alm ,-,v (1 977)  cons i closed c1 (m a >; 0~~~. 
—

~~~~~~~~~~~~~~~~~~ ~~~~ 
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max (t . )  + c2 (max — / a I ) and i~er fOrlnes f
)r.t

ira j = i , . . . ice
Carlo s t u d i e s  as sum n immcj norma l popui .it ions and nc’s; n i l  e s—

ch ar m n~c :.h1e psi  a ss.  TI-i c y  f o u n d  t hat  a ym to rsir of  Bayes  si sk
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is so . B ick el  and Yahev (1977) cC :iss d s e .  e , ( 
~~

‘
~

)

r ., (mn :, -: 0 - — ‘
~ 
/ I I ) and I n. ui . u- ’J - -

. - 
-

. , p  i r s
h e i i a’v i cj r  o f Bayes  L S O C O C I U L -s (IS p ‘ ,a-~~~~~ , - e  . ‘te :.sl j ( ~~~ 5- -

1. it ion s .

As i t  t:u r n s  o a t  the form of the Ba ye s  ;.~~ec- -~~e a i s

f a i r l y  s e i l s i t n i v i !  to what  is used for  3. / . : i sri aU ci;

of the components  1. arid 2 .  Seem to be in c;~s;~~~-~ n i l

i t  seems r e a s o n a b le  to c o n s i d e r  loss r uncs ion s a[ I Pa iorn

L ( ~~ , a )  c
1

(ICII ) -+ c 2 a~~.

505:5 s ire i-nat be taken in do fi n m1 5 Yn~ i-: ’ - a sc-~’ i-al of

t he  ( ‘ s arc t i e d  f o r  the maximum . Trad it  ana l  ly ~-.f~~- i i  t h i s

happens  one ci the 6’ s t ied  for  the  l : x i in - i ’c i : ;  a r f i t ra r  ii y

t-.agqed ‘ as t h e  ‘ best ’ . This  makes P . { icc ci sc’s t i i i u o . J t;

f un c t i on of ( C ’ , c i) in the usual case , n,sm::c] ~~~, ~- hc; a t i e  . . - -

of the p r oble m is symmet r i c , the procedur e  c n s s ide~-c .sl . .

pe r m u t a t i o na l l y  ir ivc~~ian t , ari d the f am i l y  of ;~c a c i b ] e  dU - ’ i —

b u t i o ns  is in  t h e  exponent i a l  f a m i l y  of d i s tr i b u t i o n s .  I i i

t h is  t hes i s  we shall use a s l i g h t ly  d i f fe r e n t  d~~f .~n i t i on  e

ICS which is equivalent to the traditional dcfini . tios (in

t e rms  of r i s k  f u n c t i on s)  in the usual case cluscrif ~- -~I ;nLov .-

but  ;mot e qu iv a l e n t  in g e n e r a l .
p

D e f i n i t i o n  2 . 5 . 1 .  I C S ( q , a )  = 1 — 
~~ ~

‘ 
( l - ’

~~U I , (:)
ir e  m l

whore

p
~
‘ . = { ~~- : - ~- i ~~~, 0 .  1:; i >: 0 ., ~

‘ I -im 1 . j  - { 0 Inc . >; 0 .

J l , .  .4 )  a=l e 3
S • . 5 1

i r os’



—

- :: i . cr i-. 2 .5 . 1 . In words , ~ - is t h e  sub - - -t of ‘- -  -
- -

. 1 ‘ci t: il ~i—l otZier U ’ s as the r i -  > : ‘ t n U r ~i .

‘ F -  i: i~l - ~~n ; , suppose three  of t h e  C - ‘ s O~~C! Lj ~ . U t o t

P i. e-e n - a , i f  ‘ a ’ selec ts  two of the three , I . l n  I C , ( , . ’ )

- 1/ - ; .

I .e sh a l  1 use throughout t he  th e s is  th c~ L o l l - - -.- - IS’] n o r  —

t i e t a t  i on .
I,

~~~t i .  I {p  = riax o .1 ~ (1/ic ) I , (-; )
i . j  m= 1

J= i , .  . . , p

~cte t h a t  d e f i n e d  t h i s  way I V )  ~ ~~
~O , = m a x  ~ - .1

1 .  1

~~~~~ rn’.-; ~i.nscriho a nayes procedure.

Tha -jrem2 . r, .1 . If  the  loss f u n c t i on is c~ ( I C U )  -4 H
t h e m ;  for J I~~~ r.i or , t i l e p r o c e d u re

~ , ( s , a *) = 1

where

= {i : P ( u
~ 

mar  e - l s }  > c 2 /c1
} if a~’ /

am i d
— 

61
(s , { i }) = i / N ( s )

where

P {0 .  max o , I s }  = max P {e = mc’ >. P

1 . j  m j
j 1, . . . ,p m=l , . . . ,p j=l , . . .

p
N ( s )  = 

~~
I
~ p{ O _ m ax  0 .Is ) =

— 1 j=1 , . . ., p
s) ,

max = max 0 . , s t

- 
~~- 

m~ l ,...,P 
m j=1 ,... ,~~~ 

1

i f  a~

i n  Ba yes

I .

-—
~~~~~~~~~~~ !~~~~ L ~~~~~~~~~~~~~ ~~~~~~~~~~~~
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P r o o f .  The posterior risk B(a ’Is) c1 Ei— ~~ P{’ .

mar 0. s} ] + c2 I a  I . The r e s ult  folio.-.’:. from ‘lhcor. ’ri 1.. 1
j=1 ,. . . ,p

Corol l a r y  2.5.1. If c2/c 1 
< 1/p then ~~~ reduces to

= 1

where

a * == ( i : P { G ,  max O~~I s }  a c
2

/c
1

} .

3- ,...,p

Proo f .

p ro . = max O H s )  = 1,
i~-l j=1 ,...,p ~

so

c2/c1 
< 1/p~~> a * � 4).

Suppose the setup of the probl em is symmetric , t he n

is purmutat.tonally invariant for any exchangeable prior . In d’--

sc r ib ing  -

~~~~ 

one can the re fo re  assume for  am ~y s (x 1,
3 ~~~~~~~~~~~~~~~~~~~~~~ that x1 ~ x2 ~~ . . .  ~~ x~~.

- 
Coro lla ry  2 5.2. Suppose the densities i f( . , .~~0 , -~’):

(0, m~
) c~~} have Property 1-1 an d t he  p r io r  is exchangeable. 1-

_
or

s (x 11 x 2 1 .  . . , x ,y 1,y ~~, 
~Y1~

) assume wi t h o ut .  loss c f  gener-

a l i t y  x
1 x2 

< ... < x~~. Then can be wr i . t t c n  as

~3(s ,a )  = 1 where a* fi :i>i*) if j* <

6 3 (s , f i })  = 1/ N ( x )

p
-
~ for each i such t ha t :  x .  x , N ( x )  

~ 
1{x . =x ~ 

~~ i_ * = P
j=l j  J~)

whe r e

i~ la rg e s t  i n t e~~a r  i such t h a t -  P { ’ - 1 t ie) :-:
-p— i , . . . ,p

C / c 1.

- —.- - - ~~ - -~~ - - .- - - ~~~~
- 

- ,.
*~~ t~~~~~~~ t - - - ~~- 

. —

--~~~~~~~ ~~~~~~~ ~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-
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P r o o f .  Th i s  fo l lows  f rom the  f a c t  th at t ! i e  u O s t er i o r

ec - i n ;  stie s - -li th res [rect to the p r i o r  have I’ro } .i e r t y  -
~ and so

by ‘l’h ioae-mn 2.3.7. x~ < x . ~~P fO. = max (
1 1 t ; 1 i  <

3 j=1 ,. . .51 ~p {p . = max O~~Is).-~

2. 6. Unique m ess of Bayes Procedures

The fol l owing gives a s u f f i c i e n t  cond i t i on  for  the

uniqueness of Bayes procedures.

Theorem 2 . 6. 1 .  Suppose that the setup of the problem i s

the symmetri.c setup of Section 2.2 , f(x ,v I O ,4) = C(i ,:)

exp [ Q (011~;)x~ + R.(iC’)y.)h(x,y), and the dominating
i=l - 

j =]  ~
measure ii is the Lehec-cjue measure on R~ . Supinose also tue

loss function is c1(ICS) + c2~ aI with c2/c1 
< 1/p . Th en fo r

any exchangeable  prior , 
~2 

is the unique Bnyes procedure .

Proof .  For any ScB
s. F ( S I 4 ) ) 0 for  some 4 )c -~ - i m p l i e s

F ( S I ~ - ) = O  fo r  all  ~~~~ Hence for any pr ior , F(.(~~) is absolute-

ly cont inuous  w i t h  respect to H for every ç4’rH’. Since t h e

loss function is hounded , for any prior P and any ôt :V, L ( P ,~ - )

< co • Hence for Corollary 1.1 to apply we need to she A *(s)

as defined in (1.1) consists of a single point of A a .e .  P .

- 
Without loss of generality assume h(s) > 0 for a l l  sr S .  ‘l’he

po sterior dens i ty  wi th  respect to the  prior has the  form

C ( O ,~~) e xp [ Q . ( O ,4 , ) x .  + R . (Q ,~~)y .Ih’ (x,y)
-~ i=l j=l ~ 3

and S is in the n a t u r a l  paramete r  space of the  r)o:;t “ri or.

Consider the set F~ of (r e a l )  s o lu t i ons  of P~~U .
fr j ’-- i , .  . .

0 .  s)  = c2 /c1 in  D w her e  11 is t h e  in t e r i o r  of t h e  n - a  L u r : , 1

I’,

I.

--- - 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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parameter space .  For fixed (x2,.. .,x~ ,y1,.

P{O
~ 

= max O. I s } is analytic in x1. Likewise for every
j=i ,. . . ,p

other con:~onent of (x ,y) . This f a c t  implies i i ( E )  = 0 or

E = I). We wi l l  show t :h i s  for  p=2 , q=0. The proof for the

general case follows by induction .

Let D1 and be the projections of D and E onto the

first axis respectively . For each x1cD1, let D =

{x 2:(x1,x2)cD} and ~x2:(x1,x2)cE). If p (E) > 0, then

there ettist c>O and E’ C E such that ~i(E ’)>0 and p (E )>c1 1 1 x1
for each x1 c E~ . In particular for each x1cE~~ E isxl
uncountable and hence is the whole of D . But then there

X
1

exists an interval (a ,b) such that for each x2c (a,b), the

set {x 1: ( x 1, x 2 ) r E l  is uncountable for otherwise E~ would

be countable . h ence {(x1,x2):(x1,x2)cD , x2E(a ,b)} ç E.

By analytic continuation we have D = E.

Suppose D = E. Then P~ 0~ max O .js } =

j=l ,. .. ,p
II. By symmetry P~O~ = max 0.Is } c2/c1 a.e. Hj=l,...,p ~

for each i, i=l ,...,p. But then p
~
O
~ 

= max 0.Is } =
i=l j=l ,...,p ~

p(c2/c1) 
< 1 a.e. 11. Cont radic t ion .  Hence j i ( E )  0

which implies A*(s) as defined in (1.1) consists of a

single point of A a.e. H.

The fo l lowing  f i gure mi ght c l a r i f y  the p roof .

- -—

~ 
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i ’ic jure  1 . ihe- Sets P

2 . 7 .  I ’o rr  Of Pee-) - Pro— :L U- ’n-s ~-] . -n ~~~~~~~~~ 
I - e - i t i ’ s

f ll~~~~~~ ) - ~~J 

~~
L’ i~~~~~~~ 2~ J~ i L:._ c2

We have seer earlier that t he  con- - - - ;it ni P~ ,e - . P 1;,

3 irpc rtent lfl tile s t u d y  of B-ayes p r o c - - ui  c’s p a r ti 1 -
.- ‘

t h e  dens i t ic s  of (x , y ) g iven ( O , c ) h a v i nc~ I in ~ - ? r t y  P i:H i~’e ~

f o r  amc ~’ C> h a n qe cs b l o  p r i o r  P the posteraor U -ns ~i ~ec: of

(P ,~,) given (x ,y) w i tl i respect to P hoe)- Pro 1 : h’. p ~e~iU hc

the poster ~or d L :tr i but:ions have the one—cl ic -ess . iona. 1 ;;t0 h—

an ti c  m o n o t o n e  ProPerty stated in Theorem 2.3.7. Lihewi~~c ,

the  concept  of Total ~‘1onotoi e Li ~ol ihood Pa t io  ( ‘ i ’ P i P )  is

i m p o r tan t  because  t h e  densi t i or of (x , y )  q i ve n  (s c ) havin r~

T~-~LB l I P p l i ( - s  f o r  en ’-  p rier  P t h ’ -  j~o st c r i or  d e l lsi t  Cr  of ( C ’ , ~‘ )

g i Von (x, y) wi th r ’ . n F~ -eL to P Is ye TPLP cind 1; 1’:e time pet ter—

icr c l i n t  r ii )n~ i o n - . late - ’ ‘io t~~ ] et~~c I i  t n t  o: I-~~n n t c i ;e Pt i’e- rt V

- ~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~ -
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(‘J’~~ P ) .  u-:~ ~- t - . t  - . a et fo;- n a l I ’ , .

LL- r - - . ‘ .7.i P 
- - - L b . .- ( j e m i a l t i o t ,  { f ( > : , y - , : ) : ( ( , ’~ ) i  ~)

h a v~ ‘t -H }t .  ‘d i - ~~ - n - o~~ P t he  p o s ter i or  ( L- ~ 1 s i tj n

of  ( O , iI ) given ( : , ‘~~) 
-

- S i n .  ~- i - c t  to P have TM~.R . t ’ ; d  hence

t i m e  l) ’st cr J or  ( u n  J - ,  j t , 1 1 rr i i : ’e TSMJ ’ .

~~2L fli~ - i ~~~~~~ L ~~~~ ~~ c~ ’m1 ~~i t ie s  w i t h  respect: to P arc

- ‘  ,~~) f t ( P ,~~) : ( x , y ) c S )  a . o .  I F .  They hav-

TPri~ bc-c- anne of t lie a yis r 1 - - try in ( x , y) and ( P , tp ) in the

c i o f ix i i t io n  of ‘~ ;-~t p ~ I l i e  ref ; t fo l  lows f r o m  Coro l lery 2. 3. 3

Theorem 2.? . 1 . 5Thtppose t~he densities { f (y , y ,

( 1 ,~~ ) c ~~ } h ay :  ‘I’PP~ one the  l o s s  fur ~ct icn L (~~ , a )  e1( I C S)

+ c2~ a J is such that c 2 /c1 < 1/p . Then  l:hct  r i onrand omi  .~od

Bayes Procedure  cief~ m scc1 in Section 2 . 5 :  i~7 (s ,a*) = 1

where a * = { i :P {i ’~~— ’ma r 0
1

i s }  
-~~ c2/c1) is monotone.

J ~~ O1 , . .  .,p

Proof. I~~ - 3 -

~ 
is /{i}. By the p r e v i o us

i -
-. i-J=-1 ,. . . ‘p

ictirna and  Coroi l a -y 2 . 3 . 1 , P {0 . max e~~~’-: , y }  i.s /~ i ) .
1 j = l , . . .  ,p

Hence 
~2 

is monotone .

Howeve r , if  t i l O  s e tup  of the p r o b l e m  is symn :etr ic , t hen

the c o n d i t i o n  tha t: c2 /c1a l/p  is not  needed.

Theorem 2 .  7 . 2. Suppose ti; setup of the i roh1ei~ is

the  symmet r i c  setup of Sect ion 2 . 2 , the d e n s i t ies  ~f ( x ,y ~~~, C ) :

( O ,’~ ) c~~) have TNLJ ~ and  th e  loss f u n ct i o n  is e1( T C S )  + c2 J a~~
.

Then for  any  er c h am i ge ab i e  pr io r , the Bayes procedure  
~~

d e f i n e d  i n  Sec t ion  2 . 5 ,

63(s,a*) 1 w h e r e  a * = { i :P ~~0 .  max 0 . J s )
j -4 . . . .  ,p

c2~
’c-~ } i f  a * -/

- ~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~‘~~~~- ~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



{i t )  --

wile 1 e
p

x .~~iil ax x - ,  N (x )  = )‘ I
a - - 

. 
- =1-flax x -

3 1 ,... ,~- 1 1  1 .

~~~~~~ 

13— ,.. . , J
~

if  1 * =

is mono tonc- .

We have the following trivial

Corol la r y 2.7.1. If the hypothesis of Theorem 2.7.1.

(Theorem 2 . 7 . 2 )  is sat isf ied , and if for a prior (exchtari ~e—

able j rior) there- is a uni que Bayes procedure , then that

Bayes procedu re is mono ton e .

We are now in a p o s i t i o n  to prove the  f o l lo wi o n  ess n-

t i al l y  complete class  theo rem.

Thcor em 2.7.3. Suppose the  se tu p  of t i m e -  p r o b l em  is t i ;

symmet r i c  setup of Sec t ion  2 . 2 , f ( x , y j O , mji ) C ( O ,~’ )  ex p
p q

~ Q ( ( ~~ , n~- ) x 1+ ~ R .  (~~) y . ] h ( x ,y )  where , for  f i x e d  ~~~ U is
-: i= 1 -i= l  ~

nondct c rea s i  ng in ~~~ and the d o m i n a t i n g  measure  p is the

1 L ~hes( 1uc - m e a s u r e  on ~~~~~ Suppose also the loss f u n ct i o n  is

c1(ICS ) + c2 l c t f w i t h  c2 /c1 
< 1/p . Then relative to  the

class  of monotone  i n v a r i a n t  procedures  fo rm s  an c s s c r t  i-:: l ) y

comp l e t e  c lass .

Proof. Since the  se tup of the  problem is s y mmet r ic ,

Theorem 2.2.1. implies the closure of Bayes p rocedures  i c - l a -

tive to V for exchangeable priors forms an essentially com-

plete class r e l a t ive  to 01. By Theo rem 2 .6 .1 , f o r  e-ich en:-

chan geah : :l e  p r i o r  , 6~ is the unique Bayer. ~J r((” dur~ ~2

c i i  eour:. i h e ir i n i m i t  . fly Tiieoreni 7 . :. ~~. { f ( . 
, 
. , , ) - -  

I

L -
~~~~~~~ 

-. 
-

~~~~ ~~~~~ - ~~~~~~~~~~~~~~~~~~~~~ 
- 

~~

— - .—_ -



h as TM I R .  So by l’hoorc ;’ 2 . 7.  1 2 ~~~ Pn ~~~i O t  e s - . This it

r ema ins  to prove that limits of monotone p icc -d’ei-e :; em

~~~~~~ t 1)

Suppose a net -~ ~l~~~~} of monotonc procedures comi - - iI -c j :n : to

1S . 5c i~ pose tha t ~ is not monotone , t h a t  is , th~ re cr i n t  :: i , L - ,

~~~~{i)
- 

~~~ ~ (S
2
) ? 0 , s1< s2 for al l  s1cS 1, s

2
t ~S 2 ,  cmnd

055 Sup ~- i (s) 
> ess inf  

~~~~ 

(s~ ) . IL is easy to c ock that-
ssS 1
this i mmipi iea there exists (U

3 C S
1~ 

(0
2 c 

~~~~ . 
, 0 - - p ( 10

1

‘~ ‘~~‘ such t h a t  6 . ( s 1) > + c sonic e >0 for all

S
1

E ( 0 1,  s2~ U 2 .  Now [ J~ ( s ) d n ( s )  ~~ ~~~~ ~ 
en s  sup ~ ( a ) j  ( hj )
su ( ~t 1

~j ( (0
2

) < ess inf ~ ~ (s) ~m (((‘ )  p 
~~~ ~~ J~ ( s )  r~ ; ( s )  ] -  (P

1
) .

SC U J 2 
LI 2

- f 6 .  ( s ) d p ( s )  and f6~~(s)dii (n ) f ~ ( n ) : :  - ( s )
(mJ 1 

w 
1 

(0 
~~ w

1 1 2
we have I - (s) d~t (s) ] p ( ( 1

2
) < [ f 6 .  ( s )  d p ( s ) ] 1 (1 :

3
) . But

(li
i 

— LI
2 
1

6~ (s 1) > 6. (s~~) + c for a l l  s
1

1 ( ~ 1
, s2

r ( mJ
2 ~~ ess i m f

3 
1

ess sup 6 (s) + c. Hence I f6 ( s ) c l i i ( s )  j p ( L ’ 2 ) > es: m i  :- . ( r . )

selt? 2 LI sit
> [ess sup 6 ± ( s )  ~ c j p ( W

1
) p ( W

2
) 

~ 
f ] ~ (~~)dl : (s) IseW 2

+ ~ p ( W
1

) p ( W 2 ) . Cont rad ic t ion . The re fo re  6- is m o n o t o n e -

and the proof is comple te .

Our e s s e n t i a l l y  complete  c lass  theorem is not  c :n t : i r e ly

s a t i s f a c t or y i n t wo ways . F i r st , permutational ij i v - r i a n : ’ .’

was used.  The theorem ough t  to he t r ue  even if the s tef’ is

not s y m m e t r i c .  Two , the theorem is an essent i a l l y  c omp l e t e

class theorem rather than a compl ete cl ass t h i e o r  m.  by us-

ing  the  s t r i c t  v e r s i o n s  of To ta l r-~o n o t 1 ’n e  hi  ke l  thee ’.  t-t m~ i O

L~. -- ~~~~~ 
—-

~~
- 

~~~~~ ‘— 
- 

~~~~~~ ~~~~~4~~~—nn5 ~~~~~~~~~
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and Tote I S tocha .  ;t . in  h- met  one 1’roperty i t  J : i ~ i - c- ~~‘: a

qi ye a c ou nt  r un  i v~ proof of a comp lete-  ci ass :  I F a c ~~~~. i n .

tIil comii mectJ on see Brown , Cohen ari d Str:iwde~ n , - s~ ( i ’°/-

3

‘
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CIIAP’ r LR 3

S1MUI,AT1 ON R1~SULTS Oh SUBSET LLC’rJO~ PROCI;DUi-i :5

In the List two chapters our search for p 1 ecedur ce-n that

p e r f o r m  ~-.‘ l. l on the  ave rage  led us to the  investigation of

Bayes p rocedures .  But  Bayes procedures  t y p i ca l l y  r e q u i re

num erical imitegr.’ttion to imflple ]Ileflt and sometime s t h i s

them u n s u i t a b l e  f o r  p rac t i ca l  use. Besides , the  use  of

Bayes p rocedures  i s  by no means u n i v e r sa l  I v  - mcc c~ ‘t ed .  So

if t her e  are easy to use c lass ica l  procedures  t i i t have  ~ e i —

fo rmance  close to those of Bayes procedures , t h en  thc:n: ’

c l a s s i ca l  rrocedu re s oug ht  to be used .  T h i s  ~eS ih~ l~~ty iE

explored in t h i . s chapter for  the case of nonem l ~-opu] et ic ’nis

w i t h  norma l exchangeab le  p r io r s .  The c l a ssi c a l  ~eu c e~l u : i s

of Gupta  type  and of Seal type are compared w i t h  l ay e s  p r ’~~

ced ures in terms of int c~~-at ed  r i s k s .  Though t he  Monte

Carlo s tudies  were done f o r  the  case p= 8 o n l y ,  i n d i c a t i o n:

are for each loss f u n c t i o n  and prior  p a i r , t h e r e  is a lw ay s

a procedure of Gupta  type t h a t  p e r f o r m s  a lm ost .  as we l l  as

t h e  co r respond ing  Bayes procedure , w h i l e  t h i s  is t r u e  fo r

-: Seal type procedures  on ly  when the normal  p rier is ve ry  in-

f o r m a t i v e  compared to the o b s e r v a t i o n s .  In  t h i s  c o n n ect i o n

C h er n o f f  and Y ih c i v  ( 1 9 7 7 )  e a r l i e r  m imu c ie  s i m i l a r  n t u d ~~ f i r
fr

t h c  loss  f u n c t i o n s  c 1 ( m i x  P - —nia~: 0 ) -
~ c~ ( :- l x P - —

-: 
- 

j 1  ,.. .
~~~ 

~ i i f l  - -  
F-I , . . . ,  

1
) r i / l u 1 ) . Th ey a l s o  f l m n i - : 1 t h a t  Baye s ;  p r i - : - m m m r i - ~ can

~~~



1 ( J j l r ( ’: i i - -~t &~d ~lo~ cly by Cup ta  t yp e  prr o-  -~u r o n ;  - ‘ L ’ i ; - I l -  we

do h ot  y et  kn o w  whet  Li r CUI Cl typ - ~~fo~~”~ U i- e n s  are  r u ij u -  t

a ‘:2: in s  pr i os : , We can  r eco ind  end the  I r is ~~r j j i  the  car ;  o I

n orma l p or )u l at io n s  as procedures that have at ic-ant Son- (-

optinsal ity I)r op ert i i~s.

N o t a t i o n . In t h i s  c h ao t er  as wel l  as the  n e x t , we

s h a l l  adopt the  f o l l o w i ng  c o n v e nt i o n .  Let 0 
~~~ 

. . . P

be the  ordered components  of 0 .  If there  is ex a ct i - . - e r i e

such t ha t  0 .  = 0 then  we sha l l  denote f P be
i (p1 1 [p)

mar  0 - . If more, ti-ian one 0 .  are t i e d  for  I: , t he n
- — 3 1j — ] , .  .. ,p
euciot ly one of these 0. is tagged as max P . . For an y

j=l , . . . , ;- ‘

subset selection procedure  I~, let P0{CSJR ) denote the

p r o bab i l i t y  of a correct  se] ec t ion  under  e when procedure

R is  used . More p r ec i s e ly ,  i f  6 ( s , a )  is the p r o b a b i l i ty

assigned to t he  subset  a of ~l , . . . , p }  by ~ whc -ni S is esc-

served , then P~~~C S 1R }  is the  expected va lue  of

I . 6 ( s , a)  under  0 , where I ti - r o t e :{ma xa A  
j~~l , .  .. ,~~~

the i n d i c a t o r  f u n c t i o n . Also we sha l l  denote  by E ( S 5) tie’

exp ected subset size under  0 when the procedure  F is  u s ed .

I f  we let P~~~~~( i ( R )  be the p r o b a b i l i t y  of se lec t ing  i UsHeY

2 0 when procedure R is used , t ha t  is , P 0 ( i~ F) is the e x n - e c t  - I

v a l u e  o f 
~. 

I {I C ~~~
6 ( s ; a ) ,  then it is easy to see t h a t  1-: (S B)

p a cA
= )‘ P0

( i~ R ) .
i=l

Consider  the f o l l o w i n g  model :

( X l  p )  N ( i m , I)

whore  X ( X 1 , . . . , X )  , p (p 1 , . . . , i i )  a s e  V~ ‘f  1 5 s i n  -oH

~ 



-- - 

~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~ - -~~~ - —

I is t h e  ; : - p Lh-ntity na I F i x ,

N (ni , rI  + sIJ) s- lien ’ s , r , sn a re  cc:s : :  I iinta ; , r 0 ,

— r / p  < S < r , an d U = 1 ‘ 1 where  I = ( 1  , - . . , 1)

The abo c- . - modol  i s  ‘qu iv c i l~~n t  ti.

( 1  ~r )  I + sU rI  4
(X , i i )  N ( (m l  ,ml) , ( ) )

-~ - r i  + sU rT  + sU

h e n ce 0 1 - (:51 -sT tori

(n I x) N 
~~~~~ ‘ 22 . l~ ~-‘here

ml 4- (r I  ± sU)  [ ( 1 4 - r ) I  + sU ] ’ (x—nsl)

(n/l+r) x + a cuI .ti p le of 1

and

~2 2 . l  (r I  + st;) - ( r I  + sU) [(l~e-)I (rI + sW

= ( r I  ‘- sU )  — ( r I  -+ sU)  ( l + r )  [ I —  — 
- - 

~ 
lii (nI~~:U)

‘~

= ri — (r2/l +r )  I + a m u lt i p le  of U

= (r / l+ r)  I + a m u lt i p l e  of U.

Bayes  Procedure.

Recal l  t h i t  the  Bayes procedure  , denot ~~o by R B ? is  a.s

fo l lows : Select i if  and on ly  i f  X~ = m a x  X -  and/ o r

P {1j . =max p . I x }  > c 2/c 1.

~~~~~~ 
. ,

~~

Gu pta ’ s P rocedure.

The c l a s s i ca l  procedure  s t u d i ed  i n  C o n - t i ( l 9 ~~i’ , l~” 5 )

-: denoted by R
G

I is as f o l l o w s :  Select  i i f  and o n l y  i f

X~ > max X - — d G ( P * )  where d G ( P *)  is j u s t  l o r e  e:~~u.~ii such
j~~i 

J
t h a t  i n f  p { C S I R ~

) P * wher e p *( l / p  P ’~ I) is or’ —
p 1 R P — —-

dot  em ‘ii nO d

-4.1 
~
•“ 

~ ~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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Seal ‘ s Proc-i ’dur c

One par t  i c ul a r  proced ure  in t he  c lass  of i c - r i - ; ; ’

s t u d i ed in Seal ( 19 5 5)  , denoted 
~~~‘ ~~~~ , is as f-:;i ic. - -

Sc’] cot I if sod o n l y  i f  > ~ X~~. / ( p — i )  -- ti~ ft *

j~~i 
J

wh ere  d~ ( r ~~) is j u s t  l a r g e  enough such t h a t  in P 
~
(:
~~
B
~

t ~-:~ ‘J~~ s-T h e s e  ~~ * ( i/p . p~ -
~ 1) is p r e — t i e t e r w i  n c - t i .

~V.T’ s h a l l  try I-c she’.-: t h a t  bo th  Gupta  t y~ - . s-cc’ ti-an ..:

and Sc-al type proc-edur :r; are ~ntui tiv1 - f i rst  z r ~in ~~;‘ ~t i o n e :

to Bayer procedures. I irs;t we St - i t o  a w 11 k n -  n - ri I ’  en- a .

L c n - n n : , i  3.1.  ~up~~ise V -- N ( b , I ~ ~~~~ ), — l/ ~- - -~ -

I xp 1:-np j r-: p ore
Then then - t-n -:i st ?- a n d  a such t hat  i f

fl.A ...

c-i = (1-J~~, ;-;
1 

;~~) -NNo ,h),~~: 
ipy~~

] 

t h en  - - - t i , 0 , . . . ,

ha s  t h e  s a n e  d i st r i b u t i o n  as V.

As a c :;: ‘qu enc o of t h i s  lem ~~ a , the e::p - c t -  J va l ue of

any measisral’!e t ranslation i nvariant function of V can be

computed u m i - l e r  V N ( h , I )  r a t  her  t h a n  V — N ( h , i + - ~ U ) .

prove t h i s  f o r m a l l y .

Theorem 3.1. Suppose V N (h ,I + 6 U )  ,—l/p < S < 1. i f

h is measurable and translation invariant , that is , h(v4cl)

h(v) for all cr R , th en

f P
h (

~~
) d ; h I÷ , 1,U (V ) =

where  ~ de n otes t h e  n o r m -a l  cdf  wi h m a n s  v c c t o r  a am ld

v a r ian c e -- co var i  anc e ma r ix H -

a

. -5--- 
~~~~~~~~~~~ .-~~---- .-~~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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Proof.

f h  (v) 5 )  1+0

• 0
)d ,  (P b) 1 A .  ..A1 

( s ’ )

= ~~~~~~~~~~~~~~ (w 1,. . .  ~w ) d ~~( 0 } )  -l~~. . - A 
(i- ’)

‘
~~~~~~ , i  1

,\ j
J h ( v ) d n -

1 1
(v )

Let us examine the Bayes procedare men .c- closely. n~ ’

first note that che set {~~i - = max p .1 in both t r o n s —
‘ j = l , .  . . , p

la t i c -n  in ’,’a r i ant  and scale i n v a r i a n t  in  ; : . So

P {p .  = max p - l x }
j = 1, .  . .,

~~~

= 
I) - = flOX ii - }~~~~

‘ (r/1 +r) x ~
- m u l t i ple  of 1,

~ 
J r.4,.. . ,p 

- -

(r / l + r )  I + multiple of u

= f I {~~~ = ~~~~~~~~~~~ 

. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ + m u l t iple of 1,

( r / l + r ) I  ( sd by Theor em 3 . ]

= f I {~~
1 

~~~~~~~~ 

. . ~~~~~~~~~~~~~~~ (r/l+r)I~~
’
~ 

b~’

translation invariance

= JI {~~1 = ~~~ 
p
p
j
)d~

l
(r/l4r) i/2y.,Ift) by scale

imiva r ianc- e

= f i ~~ - + (r/1+r)~~~
2 (x. -x.) 0, j-/i)~~~O i ~~~

(3.))

Iil_l___ — 5 -- --- 
-5- -~~ — ‘~~~ ,-. -
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Tic-nec the Royc-s procedure seiui- t~ i i f  anc c - Si I ~~
‘ i f  t h  -

p — i  d i n i e r i s  s .O i i a  1 vec to r  ( X i — Y~ , j / i )  is reane~n i ably I s  ~~‘ -  . 115

a first appi 1:- ;ilnatlon s-c may se-p lace  ( X
~

_ _ X 
, / i  ) by

( X~ -’m-ax X.) I or by (X 1 
— 

~ x . / ( p — l ) )  1. ~~~~~“-:

i/s ~ j /i. ~

~ f I {p _ h i + ( r / l 4 ~r ) l/2 (x _max x ) , -j / i l O , i~~~
( 3 . 1 )  

--

~ 
f i ~ + (r / l + r ) ~~~

2 ( x . - ~ x ./(p-i)) 1~~
.~~dt 0 1  (i;)

J j~ i J - -

s-,-h ’’s-e the  f i r s t  i n e qu a l i t y  is obvious and the second in-

equality follows from the result of Marshall and 01km

( 1 9 74 )  . So more realistically we would appro,.ni: ate

(x 1-x . , j/ i )  h~’ (x 1-rnax x~~
± Cc)

~~ and (x i- ~ x
1

/ ( p _ l ) - C ~J~~
J7 1 j/i

whore 0G and are pos i t i ve  numbers . In an y  case , t h e  f i ~~~ st

approx ima t ion  leads to the procedure  c— f s elec ti  rig i i f  a r c ]

on l y  if  X - — mn a x X .  is reasonably large w h i c h  is Cu pin a ’ s
~ i /i  J

procedure .  The second approx imat ion  leads  to the  p r o c e d u re

of s e lec t i ng  i if and onl y if  X~ — ~ X . / ( p — l )  is re-~ r on a b 1y
j~~i 

J
large which is Seal’s procedure.

Monte Car lo  s tudies  were performed to determine ho ’-.’

good these approximation s are in terms of i n t e g r a t e d  r i : ;k s .

The th ree types of procedures being considered--Bayes pro-

cedures , Gupta type , and Seal type , a l l  are t r an s a a t i o n  in-

- 

- 
va r i an t  procedures . The loss f u n c t i o n  L ( -~i ,a ) fo r  f i x ed  a is

both t r a n s l a t i o n  and sca]e  i n v a r i a n t  in p .  In com p ut ing  t h e

integrated r i s hs  the  f o l l o w i n g  sequence of r t i u c t io n-s

shows t h a t  the  i n t e g r a t e d  r i  .sk of ~a n y  t r an s i at  inn  invariant

~
__ ___

~i _
~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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procedure 6 i s  i n d e p e n d e nt  of m and  s.

B ( 6 ,N ( m l , ri + s U ) )

= ffL (PI 6(X))d~~(/1 ) + multiple of 1 ,

(r/l4-r)I + multi ple of

cI~ (x)ml , ( 1 c r ) 1 + sU

= JJL(p , 6(x) )d~~~/ 1 )  (r/l+r)I~~~

(l+r)I + su~~~ 
by Theos es - 3 . 1

= J J L ( P l 6 ( X ) ) d
~~( r/ l + r ) l/2 x ~~~~~~~~~ ( l + r ) I  + sLr 1

~~

= f f L ( 1J f 6 ( X ) ) d 4 ( r/ l +r ) l/2 x I ( H ) d ~~O ( l + r ) I ( X )

by Theorem 3.1

=

For each (r, c2/c1) pair , r and c2/c1 indexing the

priors and the loss fu n c t i o n s  r e spec t ive ly ,  the Lest  Gupta

type procedure and the best Seal type procedure are found

by simulation and their integrated risks are compared wi th

the Bayes risk by simulation . As it turns out , throughout

the range of r and c2/c1 studied , for each (r ,c2/c1), there

is always a Gupta type procedure that perform almost as well

as the Bayes procedure , while this being true for Seal type

procedures only when r is roughly less than or equal to 1 ,

i.e. only when the prior is very informative compared to th ”

observations. For each (r,c2/c1), Table I gives the ap--

proximate value of the optima l ~~~ the constant assocint”d

a

_ _-  - 

—--5-



— ~~

— - — -
~~~

- - - - - - - - -~~~~~~~~~ - -- - 5 - - - —- ----- - —-~~~~~~ - -—- - ------—- - - --r
C) ‘4. 10 C) C) iO Li) N (~ (- I -

m m i-n m c-.i N (N N CJ (N

in 10 If 1 CD CD L~) c-i N r N N‘0 . . . . . . .
4-4 c~~ (‘~i (~1 i-fl N C 4 (N N (N N
0

~~~ ~~ ~ 
a-, a~ In LI-) ~.D N N N

r-4 In . . . . . . .
i-fl i-fl (N N N N (N (N (N N

in m m c~ CO ~j- ~~ i.o lo

~~ (N N (N N N (N

P 0 (N C-I CO N ‘1 ~r LI-) 10 10 10

i-fl i-fl C-I N N N N N N i-N

10 r-4 ,-~ N ID i- ’) i-fl ‘zV 10 10 10i-n . . . . . . .
i-fl i-fl (N (N (N i-N N N (N N

-‘-4 (1)
l~ 0 0 0 C’) If) U1 (N (N ‘J ‘~~

(N (N (N (N (N N (N (N (N (N

0
-‘--4 Cl)

N N ~~ ~~ ~—4 r-1 N 0) i-fl

(N (N (N (N (N (N (N (N N (N

0

C) ~~~~~~~~ ( N ( N o o~~~~~~~N r c
(N (N (N C—) (N (‘—I (~“4 (N (N N

4J
‘0

= ~~ CO i-fl ~~ ‘ ,-4 ,. 4 C’) C’) ‘H ‘H r-4 rH

‘H . . . . . . .
(N (N (N C-) .—4 —i (N (N C-) N

0-c
- .-4 -p

ID ‘H (N C) C) 0) 0) C) ‘H ‘H ‘H
‘H

(N (N N C—) ‘H ‘H (N N N (N

O tT’

~~ ~‘ ~~- C’) ,—1 C’) a-~ N 0) C’) 0 C) 0
‘0 ,-~ . . . • . . .

o o ‘H (N ‘H ‘H ‘H ‘H ‘H N N (N

U,

9 ~ (N N C~ S CO ID N Ci) 0 C- 0

~4 ,-4 . . . . . . .
,,4 

~ 
r 4  ‘H ‘H •-4 ‘H ‘H ‘-4 ‘H ‘H r—1

0 10 N Lfl ID N in N CO CC’ I i )

H ‘H . . . . .
,—4 ,—l ‘—S •—4 ‘H ~—4 ‘H ,-‘ r 4  -i

C)

in LC Co 0 C) -‘a. C) C) C)

C) C) CD ‘H N (fi - -r - -C- 0 C

~
t. 

~~ 
. 5 ~~1 0  

- 

-



~~~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - .  -— —5---- --- - 

- —-— -
~~~~~~~~~

--
~~~-,~

w i t h  the  best Gupt a  t ~‘ye p ro n-d u r1 . ’  - TaN &- ~ I ~~i v~ - .—~ t d r

each (r , c2/c1 ) the s imnul Ltte cl :in t cg  m a t -d r i~;h -; u:. i nq t he ~~iy

procedure and the  best Gupta  type  p1. 0 04. .]ure . Us tii.i s con-

n e c t i o n  Ch e r r i o f f  and  ~ ah av ( 1 9 7 7 )  r n - i d e  si rniL1 j studies b r

the  loss f u n c t i o n  c1( :uax 0 —ma: -: U . )  + c . , ( i 1 - s x  1 , —
j 1 , . . . 

~~~ 
~ ~ a j r~r 1 , . . . , f )

~ tL/~ a~~) . They a lso  found  t i sa t  Bayes iir~ ccdur c~ - can ho
ica
closely  a p p r o xi ma t e d  by G u p ta  type proce ]urc-s. Notice that

the values in Table Ii depend moderat e ly  on c2 1’c1 hut fo r

f i x e d  c2/c1 are r e lat i ve l y  i n s e n s i t  ly e  to r .  FOr t h e  loss

f u n c t i o n  they s tud ied , C her n o f f  and Y ahav  ( 1 9 7 7 )  0) 5 0  fou n d

this phenomenon .

The q u e s t i o n  tha t has  to he answered  h c f n r - ( ; i i n t 7 ~ t yp e

procedures  cal i  be recoi’-n e n d e d  as ‘ the  ‘ proc -ch ic to uSe 1

al l  norma l  p o p u l a t i o n s  s i t uat i o n s  is how t h ay  p ~rfrrr u dc- i

pr io r s  o ther  t h a n  the  norma l , i . e .  ar c  t hey  r o bu e t  ac :. iisst

pr iors?  Si n u l~~t ion  s t u d i e s  ifl these  cases bc -cas io  s -o r e  di~ f~~—

c u l t  ari d have not yet  been done . But. unt  ~ I they ~m cc don’:- 
~~- 

—

can still recommend the u of Gupta tvp~- procedures. 9 h c y

have at leas t  ~~~~~~~~~~~ on t i m a li t ’ ,’ p r oj - € - i t . i t s .

~liiL ~ - -~~~~~~ -- . . - ~~~~~ —~-~~- -
‘ 

~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ --
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C) 
i f)  ‘H ‘H ‘H ‘H ‘H ‘H ‘H ‘H C) C) C) C) C) C) C) C) 0 0 C C)

H C) ‘.0 C) ,—, CO C’) C’) LI-) (i-i .—l 0) r- - - CI’) 0’) If) ID C) C) ‘4
LI) C) N 1 —  N ~r —=C i-fl ~4’ Ci,) cr ID N ‘3~~’3’ ‘1’ ‘4’ In’3’ C’) C’-)

‘3’ .--l ‘H ‘H —4 .--1 ‘H ‘H ‘H 0 CD C’ C’ C) 0 0 C) CD C) C) CD

4’ a-)
‘H 

~ (N If) 10 Cr) (‘1 N ‘H C) ‘H N C’ CO (0 10 ID ‘H .—~ N N
C) C’) C) 0) CO N 0) ID ID CT’) CD ID 1,0 ‘4’ ‘4’ ‘4’ ‘4~ ‘3 i-fl f-n

-
~~~ o ‘3 ‘H ‘H —I ‘H -4 .0 ‘H ‘H C) ‘H C) CD 0 CD CD C) C) C.’ 0 CD

0 ) 0

) S-I
Cl) 5)1 

~1’ C’) C’-’) in CD C) ID CD in co ‘—I ‘H N S 1,() N ID IC) ‘-~ ID
- 
‘~~ in ‘H ‘H ‘H ‘H (N C-) C-’ Cl) C) CD N N LI-) If) ‘4’ ‘ ‘

~~~~‘3’ ‘) ‘3’

i-fl (N N N (N (N (N ‘H ‘H ‘-S ‘H C) C) C) C) CD 0 ‘D C) 0 0

- ‘--4 E-~

CC’ N N (N 10 10 C) CC) if) N ‘H ‘4 it,0 N ‘H r H N N - C -
C) ‘3’ t f)  ‘4’ ‘4’ ,— -4 N 0’) 0’) (‘-4 C-I C) 0) 0) CC’ LI-) If) LI) (1, ‘-~~ ~ r
C’) (N (N C’) N (N N ,—4 ‘H ‘H ‘H Ci C) C) C) CD CD C) C) 0 C) 

10 ‘H — 4 ’4’ ID i-fl CD ‘3’ C’) ’i’ C— CC) ID N N 1’ C’) CD r-1  ‘H
() ~ 

It) C) C) C) C’) I f) ID C-I (N ‘H Cl Ci C) N S N N in 1,0 IC ‘C)

o (N i-N’ i-fl (N (N (N (N (N N ‘H ‘H 00  C’ C) 0 0  C’ C C C)

~j  (
3-s -‘—,

‘H
C) 0 (N C) ~~ ‘ r- In 0) ‘H CD ID rH (‘1 10 If) ID en ,‘ , 

~~ C-i if ’) if)

• 
C) If) If) (N (N ‘H ‘H ID C’) ~~‘ If) ‘3’ “3 ’ 0) C’) CC) CC) C) 0) 10
(N In C’) C’) In i-fl i-fl (N N ‘H ‘H ‘H ‘H 0 0  0 0  00  0 CD 

V (~ 510 C) 0 0) 0 ~~ <“i 0 i-’ C”) C-~ ‘4’ N N N 0) C~ 0
0) 10 S 10 C— (

~~- If) CO C) If) 10 C’) i-fl C-i (N ‘H ‘H N N Cf 0)
‘H i-fl (“-) i-n en i-fl C’) C-I N ‘H ‘H ‘H ‘H ‘H ‘H ‘H ‘H C) CD C 0

S i -—  I D i n  I D N  0) 1 0  t - ” 4 ’  3 ’ I D  0 )0  4.0 10 C O G ’ )  r’)In
~~ 0 10 (‘-,) i-fl C) C) 10 C— C’) C) CO 0) 

~3’ ‘3’ N C’-) 0’) 0) C) C) C — N
‘H ‘4’ ‘3’ C”) ‘3’ i-fl In (‘-I i-fl r- -i ‘H ‘H ‘H ‘H ‘H CD 0 ‘H ‘H C) C 

0

‘H (N C’) N 1 CO C-’~ C) N U) If )  C) C-I (N N CO LII If ’) Ci) CO
C) 

‘3’ N CO (N i-fl ‘0 IC) i-fl 1’- ) ‘4’ Lfl ID ID “3‘ ‘4’ C) C C) C’) CO CO
‘H ‘4’ ’zi’ f~~~ I n C-i  Cfl CC) C - IN  ‘H~~~4 ‘H ’H  r - 4 ’ H  00  C)0  

(4-i
C) 

~~ In C) LI) C) (N ID If) ‘H 0) ID C’) i-fl N —4 ‘1’ 1 0) C”’) C”)
(N C) ‘H ID 10 C”) ’3’ If) ID (N N CL) 0) CX) CC’ (N i-N C) C’ C’) C’)

U, .—4 U) if) ‘4 ’’3  ‘3’ ’4’ C’) i-fl (N C-I ‘H ‘H ‘H ‘H —I ‘H ~—4 .—4 CD C’
• •.-4 44

If) 0)) 0) N ‘4 C) ‘3’ ID (N C) 0’) N i-’~( IC’) (N (N N ‘3 N N
C) ID N ‘4’ LC N CC (N C’) ‘3’ in C’ ‘H Lii if) i-fl i-fl (N N ‘--3’ ~C -

H ‘H LOin LOin  “‘3’ ‘4’ -
~~ i-N N N N ‘H ‘H ,—4 -H ‘—4 ‘H ‘H ‘H

H

C)
It) 10 0) CD C) C, C) C’ C)

C, C) C) ,‘—l (‘-3 i-fl 3’ ‘-1- CO C’)
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CHAPTER 4

SO?’1i~ I~OB UST AN D NONP A R AMET RIC

SU BSE T SE LEC TI ON PROCE D URES

The se , ir :h  for good procedures generally has to be

L c a r ri e d  out . i n d i v i d u a l l y  fo r  each d i s t r i b u t i o n. In the  las t

c hap t er  we found t h a t  in the case of normal p o p u l a t i o n s  w i t h

v~ ri a r - ~~s knc.’-ii1 , Gu pta  -~ type procedures  have sor ~e n c - a r —

o p ti m al )  t~y prc~~~-r~ ic-s .  Now consi -~1er the f o ll c~- .- . ir i q  l o ca t i on

mode l .  Sup po~;e X .  , i - ’-l , . . . , [‘ , c~~l , . . . , n are  r, nd-T :n v a r i ab l e s
p n

such t h a  ~ t hc’ir l O i . f l t  distribul :ion is II T 1- ( -
~ 

- — ( -  - ) wher. e
i_ - i  ]_

i= l  ( i - ~~]

F i3  only pn~ ti ~~1 I y known or t o t a l l y  unknown  and 0 , -

i S  an un 1
~~un ’- - --n vc-c t :or lp Suppose we \-~,) f l t :  te selec t

i n  t e rms  of t ho 
~ ~~

. There is a m i - ic body of i i  t er ~~t -u r-

d e a l in g  w~~th robust: and nenparametric estj.~ :~ ticin of the

locat ion p a r a m et e r .  All  the  good known est im ,st ,or s  are ~symp-

t o t i c al l y  norma l under  rea sonable r e g u l a r i ty  c o n d i t i o n s .

Hence , intuitively , Gupta type procedure s based on these

estimators shoul d have good performance . Th t h i s  chap t e r

we propose two procedures to be used in t h e  c— c o n t am i n a t e d

normal  p o p u l a t i o n s  case. These two p r o c edu r e s  a s y m p t o t i c a l ly

control the probability of a correct selcction . We also

propose a third procedure tn be used in the case where F is

a bso l u t e l y  cc-nt  J n U O U S  hu t  o t h e r w is e  u n k n o w n  . Thi  s procedure

- - ~~~~~~~~~~~~~~~~~ 
-
~~~~~ ,- ~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~ 

_ _ _ _ _ _ _ _ _  
- -



— - — - ---- ,

~
- - ~~~~~~~~~~~~~ 

- - 

57

Ci) ! i l l  ( J  1 5 1 • ‘ I ‘i- ’ i a ,‘i -~ et  - .‘~~ L:c .-~ f i, r -~n ‘
I

~~~~~~~ :i. ‘ ~C i i  i S  - -~ - - Li , 1ll’ ~ LI I I  I_ l i e  ik> I~~- s-—

1 hr!))fl(s t~’’~~t 11)  4 ’ - - I  i ‘ ,
~~ - 4 ~~) . ( ‘~~~ ~~~~~~~~~~~ ic ro lit I iv ’-

I t~~~i 1 C - : I - -y  0 ’  t n - i 4 . . , r .  ~~ : ; h -i , J ’ j  L ‘ ) j i ; t C d  O u t  tL~t

t l~~- pr ohi  en o L  i f ) ) ’5~t , C ~~~ C S ‘~~~~ u -  1 . 5 i - i e - ’~ 2 -,n  ] S an Old C U ’  -

Some of t:L - earl iej .- 1 L I  1-~~~ - - se:- ;  s i c  I. h -r i  ~ins (1963 .-) , Purl and

Pun ( 19t ’) , Ui( ~~~~~~) , ~~~~~
- h  in  i l l ( 1  ‘i i ’~~) ~~~~~ R~~ / V i  an d  W-~odwortli

(1910) . The ( ip 1)) Qa c h  I s - c e  di I f - i s  f, osi t i e  e - irl ic r - o~s-s in

t h a t  d i r e c t  st 5~~~~~. -j 5 a l  ~ h -  r’a r~ ’ s - e ~~4 .- - ar~-~ en~~
]o’,’c-d in con —

stru- :ting t!i o r-rc- -c- -T h f~

4 . I - i . -- ( ‘ ( 1 ~ t - s . i t ~ i~~ Poj - u l  - i t  i ‘

~~ i Lb Sca I C - - 1~n oC ;I1

Let X~ , i= l , - - . ~~~~~~~ I , . .  - , n hi ’ s undom ‘~-‘aria] ic-s

h a v i n g  t h e  j o i n t  d i s t ri bu t i o n
p n
11 11 F(x- — O -

IC), 1i’= l ~t -’1

where F ( 1 — c )  ‘ - -l- c l i , (0  < c I )  is a kn ~ ‘~::i constant ,

is the standard norma]. cdf , ii is an u n k n o ’ .;s s y L - J n e t r  Ic di  S

t r i b u t i on , and  (1 = (0 , . . . , 0 ) is an u n k n .~- ’n vc -c : t or  he l,c-: -~j —1 p
ing to R~~.

Lot C b~ the  class of a l l .  I — c o n t am i n a t e d  c~i s t rib u t  i on ” ,

i. e .

C { F : ( l — c ) ;  + cli , H symmutri .c  d i st r i bu t i o n  f u n c t i o n) .

We shall propose two a symptotically equivalent pro—

cedures , one based on liuhu r ’ s maximum likelihood estimates - ,

the other on the t r immed  sc-- ,in .  One way to i n t r o d u c e  th e s e

esLi~rs~tors is as lO .] l O W S

-~~ - - -~~~~~~ ~~~~ ~~~~ ~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~
—

~~~~—— ---~ —------ - ------— -
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~- i e  ci ~s t rib u t i o n  i-’~ in C h a v i n g  the  smal lest F i she r

i i~~ermatiOfl l ias  t he  dens i t y

f ’ r )  (2 ~~) h/2 ( l c ) e hb 0~~~

Wi crc-
1/2 x2 for l x i < k

~~~~ ~~ k j x j  - 1/2 k 2 for  l x i  
> k

with k depend ing on c through

c/ i — c  = 2~~(k)/k — 24 ( — k )

where ~~ = ~
‘ ‘ is the s tandard  norma l dens i ty . Let

x for Ix~ < k
= p0 (x )  

~~ k sign (x )  for  l x i  > k

We shal l  denote the maximum l ike l ihood e s t ima to r  of ~~~
1

with respect to the above F by ~i .  . it is the s o l u t i o n  of
n 0 fl

i( (x- — 0 . )  = 0.
- 0 1CX 1a-~1

The ( a s y m p t o t i c a l l y )  best e s t i m a t o r  of O~ based on

l inear  combinat ions of order s ta t i s t ics  is the tr immed mea n
n
~ h (~~/ (n -+ - 1 ) ) x . 1 ~~~/n where X j,~~~~ is the ~ th order  s t a t i s t i c

‘~ /

from x~~~, ~=i , . .  ., n ,

constant  for  F ( - k ) < t < F  ( k )
h ( t )  = { ° °

0 o therwise
n

such tha t  ~h ( ~~/ ( n + 1) ) / n  1. We shal l  denote the t r immed

mean e s t i m a t o r  of 0 -  by L1 lf l

The fo l l owing  r e su l t s  are well  known . See Jlube r ( 1 9 6 4 )

Brickel (1967) , and Jackel  (1971)

Theorem 4 . Ll .  Under the  sole assumption that H is

s y m m e t r i c , n ”2 (t v~ - 0 . )  i s  a s y nip t e ti c al l y  no rma l  w i th  mean 0.

~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~ - - ~~~~
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I t C)
.
~~~~~~1 

be L sr :  us ’/l pLotic va r .i ns ’e o i ~~~~ 
~~ ~) uu d( r

t h ~~n Sup ~~~~~ ~~
2 

~~~ h i ~~~~ = f (i- -,j~ 
-
~

[ ( 1 ) 
~ 

2 One- - r t he  a u d i t  i e n a l  :n Ci  c c  - - - . - I ; - _ 1 h a

fl i 1)11 ~ iss d~~ - i  i va t v , ft — ) i C s ’ -  - - -
- - 

- 1

w i t h  mean ( . Let h the  a n s t ~~e- i1 - V 5 - 5 ( - ~ ~~f ~~‘

( L . — b . )  und ~.-r F , t h en  under the add L 1 O J i ( i  e ; r u -  H e~ en I: ,

SUp  ~ 2 
= ~ 

2

FcC L,F 1’’1 o

-I
Remark 4.1.1 . Tables of C arc-:- - n - ~~ 

-; 1 abl t - . , ’ ;- - c or
0

examp le hluher (1911)

Let P *( i/ p  P* < 1) be ihic -  d es ir ~
- - d m i n i - s i r  ~-~~oi - L l s t y

of a correc t  s el e ct i o n .  Let.  ci be t i s -  ~‘c i n i~ it  -~~ i.ir; h:- r s-r-~

t h a t

J
3 ( x + d ) c 1~’ ( x )

We now descr ibe  t h e  two proposed psoc - u s  r : c - 1  -

~~occc1ure R1 (n) 1~ased on the_ Tr i s i r s e d  0 i

Select i if and only if L. > max o ~~~d /n ’
~~~~i n —  - n ~~j - - i , .  - .

Procedure  R~~( n )  II’~~~t d  on J iuher ’ s Ma ;-: s irn I : 1- Un  I i t

E s t i m a t o r

- - - - 1/2Select i if and on]y if LI, > max i i .  —ci:: /n
S i n —  - J f l  0y l , . .  . ,j :

1 .1.2. Vnder  t h e  asnumpt . ion t ha L II i

n e t r i c , Sup i iic inf P{cS 1 ( n ) } = p-k • ft~c]- :r thc ui1d~~tios
F~~C n- ’  - t i  ~-~p 

I

al assum ~~L i a ;  t h u t  11 h a s  a cen t;  n : : O u s  den val t -n

~U l) I im i n f  i’{cs RL
(n) i =

i - C C  n~~--

IL~ - - ~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - ~
—

~ ‘-~—- -
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Pr o f .  1~~ t P 1-- - the c ommon distributie: of 1 . —0 ,— -  n J ! _  i

— . . ,~~) , und -r  P . Si_ sppo: e ~~~ ~~y - ,

- - . ‘p

P - (c~ I-~ ( n )  } -
~~ J II 1- - (x~ (i S  /

l/2~~ l - ) ciF’ (x -~ - )
I , t~i 1-i 

- - - H C) j n 1
J 7’- 2

~.h i d :  iS n u n d s .:c rea: ;~~nq i~fl D i and  n o n i l i c r ea s i n c j  i n  c v .- ry

O t c e r  (‘Ol : 1 ) ( r C 1 t of 0 .  Hence

i nf  P 1~ (Cs R~1 (n)1 = P 1, 0 {Cs RM ( n ) )
L 5. —

- 
- 

\,‘t c - r c-  0 (0,.... ,0) Now

U r n  PF O 1 C S l 1~~l
( n ) } f~~

P_ l (x+d o o/eM r ) d ~~(x )

Put  sup ~~ = ~ 2 h ence
F i C  N , }- (,

in f  ii in i;if 
~F 

{C S { R ( i i ) } = j~- p-l ( x± d )  d~ (>)
FcC n-~-’ OcRP ‘ M

The proof for R L ( n )  is exact ly  s i m i l a r .

4 . 2 . F Abso lu t e ly  Cont inuous  Unknown Case

In t h i s  section we consider  the case where  F is

abso lu t e ly  con t inuous  h u t  o the rwi se  unknown . Let X - , s-i ,
I I L

2 , . . .  , n , i=2 , 2 , .  . . ‘p be independent  random va r i ab l e s  such
p n

t h a t  t h e i r  j o i n t  d i s t r i b u t i o n  is H IT F ( x .  — 6 - )  where F
- 1) ,  1i=1 a=l

is n s ho lut . - ly  c o nt i n u o u s  h u t  o therwise  un i - :t in ’~-,- s , and 0

~
0
~~

,
~ ~~~~~~ as before  i s  an unknown vector in R~~.

Let us denote the rank sum of [X , x ,. . .  ,X I wh enj i  -j 2 j n

t h e y  are  compa r -ci w i t h  (X ~~~~1, X~~~~2 , .  . . , X~~~} by

Let

~(ji)( 1) (2) ( ,~2 )

(1( i - t e  t l C -  ~~ oi cicrc’ci c1ifie jen -s~ X. --X. , , -~~ I , n .

4
*

~ 1

- ____  
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - ~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~ ~
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- u n  0 1- i s  n i :  i I t i t ~~ t ’ , Co n t i u s i l o u s  W 4 -  C _ i l )  -iSSil i tL - - ’ - -

s i  ::- ~ : P~~~
- d i  ct i j i C t  . Let W .  (1. ) d i i  ‘t  c tn~ - S ad - s 01 

~~ 
1 5

1 - )  I i  i h  -h

— I.- 31: 10

.1 l s u  a c a -  ;. J: s i c -  i ; i  th  t r a d i t i o n , we’ w ii t .u ~~~ - -  ( 0 )  s im p l y  - i n  1- - -p

‘iho  fol  J owin g theo rem , st a t i i as Th c - o i e n i  2 . 4 i i  Lehi ::  i s

(1 9 7 5 )  , give - the relat onship b et w een  P ~~~~~~~~~) enci W~ ~~~~ -

‘fheorer-I -1 . 2 . 1. (L eh in a n n , 1975)  . Suppos e the- di t i e r —

en ce X~~,— X. are (l i st i  n e t .  Then for  a n y  j u t e  i~c-i irs b-:- t . w - - : .

1 and 112 and my r eal number A ,

( - 1 . 2 .1)  < 1: i f  and only i f  l-~ .~~ ( A )  n 2 -ns

- -

( 4 . 2 . 2 )  > 1- i f  and o n l y  i f  W
,~ C ’) n 2 -n t l .

Cun t a ’ s pcoccdure-  R N ( n )  for  t~iie  case  i;] - - s r e  F i a the

iso- -r;a i cIist i :  i hutiosi with unknown variance is; o fol - a , . :

S e l ect  i i O  and  onl y i f  ~~ 
> - ci

1 3 fl

f o r  a l l  j ,  j -~i

where  
~~~

. , 1=1 , . . . ,p are  the sample  means , S i s  th e  
- 

i i

e st im at e  of i i ~ s t a n d u u i - d  d e v i a t i o n  and ci in  j u s t  Lu s e ’

C XI O LI ( ; h ) such Lb-:s t iri f i’1 {cs 0 ( n )  } > p* P~ 1- - r’- —cct c-rr .-incd .
o . oP - —

list ice  t h at  t h i s - ;  pi - uccd nr -e i S e q uiv a l e n t  to the- f o l io -  i ng :

Select ~i i I and only if the  10OP *~ n i p ; u l t - u~ s eosis c - u n —

f i c~ence i n t e r v a l s  { O . — o .  < 
~~~~~~~~~~~~~ + d S/n ~~~

2 for a l l  j ,  i~~i}
1 3 1 3 fl

cover 0 (0 , . . . , 0)

‘i’heerc- r 4 . 2 . I . c - n u l l en us to (:ofls-:t r n - - I c i  s i p -  I sirne t r C

~~ .r.ii.1 L a n C e - l u : -  (‘I s I l c - f l ( ’ - i 4 ( r ~~~~j n  I r e  

~~ 
di

fo l I u -,-j~~

- ~~~~~~~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ c~~~~ -
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( 4 . 2 .  ~) 
J ) , f r - n 

- - u~~ ~~ 1( 1  i l L  -j ,  i i

= 

-n 

~~~~~(~~) 

~~~ a l l  j ,  j / i

= 
~~~~~ 

—a ~‘T ~~ai lu i.l 3, J~~1;

= r’ 2 
< ~ U) 1/ 2  n ( : i + I )  f o r  all j, j/i}

U 1
C)

where 0 i~~ stu ’II tha t t~~ = 0 = . . .  = I . 1 l C f l d L  (4.2.3)o 1 2

can be computed c: ::u c :t I ’  by - 1 U 1 5 1 a  t: i ons

We a re  now i n  a 1osi t ie ’ to ~ ropose proc’( - d u n e  R ,~ i n )

t h e  flonparul:1-:tric anal oj (f G up t a  ‘ S p roccdw:c- Id. ( 11 ) b.~ s ; - .?d

on the l l o d c p - n — L e h ~n ann  C s t im ut o r  -

Proceth:re Rh (n) BanL
~ 
Io n  th e  I lodqa ’s-L ehiv ’n :  P st  .i n - a ~~~ne

Select  i i f  and o n l y  i f  0 < D~~~~
1

~ fo r  a ll  j ,  j / i

or , e q u i v a l e n t l y ,

Select  i i f  and on ly  if 11 2 
C ~ R~~~~-1/2 n ( n ± i )

3
fo r  a l l  j ,  j~~i

where a is the  snualles t integer such that

P 0 {n 2 -a < R~~~~ -1/~ 11 ( 11± 1) for  a l l  j, j/i~ P~~.
0

We now shsou- ,~ i i i i  P -- 
{Cs B ( n )  I ~ ~~~* for  any  sam p l~

~~~~~~~ 
~~~~~~~ 

p -- —

size ru . Suppose without l o s s  of g e n e r a l i t y  1 1 ~~~ 
- . .

Then

in f  
~ F 1~c~ Ir~ (n) I  i t i f  p f 0 ~~~ ( J i )  for  a l l  j ,  j 1u i .u

O C R P  ‘ U C R ~ ~ 
d

in f  P {0 0 <D~~~~ fo r  a l l  ~~ , j~~i )
O c R 0 ~~~ 1 ‘J ( a )

= p . {O-~r~~~’~ f o r  a l l  j ,  j~ iI
- — I , (d )

0 fi

I ~

-~~~~~~~~ 
_ _1-~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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t hi ~ - c i

-I . 2 . 2 .

I I :  (n 2 / 2 — a ) / ( n 2 ( 2 n f l  ) / 12 )  1/2 —d /~~~ ~-,‘h c-i -  cI ~s i - - f o r e  is

- 3- : Lerisi f l y ( I  by

(~~+ d ) d ~ ( x )

Proof.

P 0 {n — a~ < il~~ for  aI. l j ,  I V i I

P 1 ( (n ~~/2 - a )  / (n 2 ( 2 n + l )  / 12) 1/2 ( l i~ ~ 
2
/ /

(n 2 ( 2n + l ) / l 2)~~~
2 for  a l l  ~~ j~~1 L

I L  is  well known that the r andom vector C ( i -~ . —n 2 / 2 )  /

(1) 2 ( 2 J ~~ 1 ) ,‘ i2 ) ~~~~~, j~/ i )  under  0 is  a sy ; :spt o t  i c - a l ly  5~~~~

l.uutcd as 0 ( 0 , 1/2 (T Fl s f l )  - Hence Urn (r i 2
/ 2 — a  ) -‘ (~~2 (2ii~ 1) /

12) = — d/~~2 .

The f o l lo wi n g  gen . - r a l i z i t c a r i  of Le’;~11S Tu 4 Of LCliS ’T: ZIISU

(1 9 6 3 b )  enab.i -s us t:o compute  the  a sympto t  ic r e l at  i - k - S

o f t  ici . enc~- of i - s o o e d u r e

Lc-m~ a 4 . 2  .~~~~. Un der  the  c o n d i t i o n  Jf
2 (x ) d ’ :  - - , t o  01 d

i , as n - ’ ’  t he  random vector  ~ l/2 
(~~~( 3 1 )  ( t — U . )  , j~ ’ i)  las s a

oul  t v ar i at e  normal  distribut ion with no-un veetcr (d/  ( 1 2 )  1/2

Jf
2 ( x ) d x )  1 and var i an c e— c ov ar i an e c  i n i t r i x

2 2a - , 1/6 1f f  ( x ) c I ; - :

a . .  J / l 2 ( j c ( : -~) d . ]
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S u o f.  ~‘ 5 :- cn o w i  ticout loss ot gL - r -xou u y t i  - l  - . —

~c r  - i ll  
~~ i/ i. 1 -u n any c , r ~s t an L v e c t o y  ‘: ~ -r j / 1~~~

Pk- - -:~~ ~ p ~ , i / i i  p 1 -  —LI <i - . - ( u  - v ) , - / ~ -

3 (Li ) 
- 11 p j

iy  ‘ihL :rc-n 1 . 2 _ i  - t r y  Lemnau .1 of L eh ma ’s r  (1-ie3a , , t:hs r inclo m

v : - ~ t n  ut ~1 (ii 2
vi-E 1~

/ .. (r~
1/2 v~~) , j~~i~ In asyr.~~tUt~-

p r : O r l ! i l  “ i  Lb 110W) 0 and v ar i an c e s  c- -~ u a i  t o  .1/ (- a nd

c- v :-r  m oos ( ‘ S t u a l  t o  1/12 . Now for  fly I ,  j /~

lij a n ~ j C  h-; . . (n~ ’
12

v .) )-n 2/ 2 )

Urn  —3/ 2 
n
2
[P{X —X . ~

l/2 } l/ 2 }
n- c o  3 1 3

= 
.1/2 ( F ( X _ ~~

U2 v . ) _ F ( > : ) ) d F ( x )

-v
1f f

2 ( x ) d x

where the  1~~st  step in ju st i f i ed  becaus e ff 2 (- :)cix- . See

Olshc-n  ( 1 9 6 7 )  end  llehra and Saranqi (1967) . lO s es t h e  io i r :de~ .

vector  n~~~
2 ((~ (

l/2~~y~~~ ~n 2 / 2 )  , j~~i) is nap s  YLot i s a )  ly

n o r m a l  ~- .-i~ h r~csan 
(
f
2 
~~ dx V and v ar i a nc e s  l u  a i d  co -an . —

an c -c - s  1/ 12. Py Th -sor c ’m 4 . 2 . 2 .  , we have

P~~v .  < n 1 2 0 , i’1i}  

1/2 - 3/2I m  P ( n  -n  /?— (n (2n+l)/12) d’Y2+o (n ) -

I:

-1/2 - - -(n v . )  , 37~1t

= 1im P~ _ du[(1 2) l/? ft 2 (x)dxI,u 4o(n 3/2)/n 3/2 ~
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C - ar] ic - c :
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> U
1 j  p

for a).) j ,  j / i

~ -ih  re X ., 1:—],.. . ,
~~ ‘ ~sr e  t he  s u i -ph  - c l a n s ; , P is; t i e o~ o1 . - O

- L i i a t e -  oS the c-ocscc rofl st- roland drvi~~n c c:: id P is de’~£ 1

Ii 1. me P by

f f ~P 1  (x+sd j dt  C x )  (IC ( s )

;- ‘h: rc  G i s  t h e  ccl f of - /v w i t h  v p ( n — l )
V v

2 - , 2
U r fi h o t Ii v~~r inc e ’  01 ~ ?~‘ Sh i i  ~~~ _ 1 C

- . - -ta J’cr tic s a b  u t-~~O 1l) 1  u S S : c l f lh l c t l O n  f ( x ,  :l x ( - ’- , — a ’ : ‘

Lemma 4 . 7 .1. t i n t  for any i , n’~~
2 

[ ( 1 2 )  
i./ 2~ ~ ( > - ) dx i

( I - u ) , j7~i )  an d  1~~
1/2

G
l (X

1

_ X
~~ + d S/n 1 /2

4 j / i )  u - V ~’

t h e  same l i m it i ng  d i s t :n i but i o n . Hence if  n ’ C u )  i- s n;n.cfl t h a t

Urn n ’ (ri)/n = ]/ l 2o 2
[f f

2 ( x ) d x J 2, then U r n  P F ~C l i I R~~( ; ’ )  7

}
F,O S I J

~N
(
~~~ 

l and Urn EF o [S
~~

R R (n ’ ) ] / E F o [S
~~

R N ( n ) ]  = 1.
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i - f f i c i c i c - ,’ C of R t a  P as the limit of toe rccllo :ocuiR , N R c-5
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linear contrasts at means.---~~)ne of the mere frequentl y occuring s i t u a t i o n s  I t

which th is  is so is where the ’ .t~xpe r incenter si mp ly wishes to know which of ttu€ -
treatments g ives the hc~~t product . ~~. In t h i s  situation , formulating the prohlecn
as a selec tion pi-oblem is appropriate. S u t s n t  sel ection pu-ocedure s i c e  oftcrc
thoug ht of as screening procedures. If the data indicates several treatments
-are better than the remaining treatments hut no treatment is clearl y the best ,
then perhaps the experimenter ought to retain all of the better treatments for
future considerat ions .

It is generally recogni:ed that for mult ivariate  problems uniformly best
procedures do not exist . Hence it is reasonable to look for procedures that
do we l l  on the average , averaged us- cr the parameter space by some pr ior.  This
approach has been taken in the f i r s t  two chapters . Ihe essent ia l ly  comp le t e
class of Bayes procedures and their limits is investi gated . The concept of
Total Monotone Likelihood Ratio is introduced as the mu ltivariate analog of
univaria te monotone likelihood ratio . Then a mul tivariate analog of the
cl assical result of Karlin and Ruhin (1956), that monotone procedures form an
essen t i a l l y  comp lete cl ass , is proved for a loss function which seems natural
to the subset selection problem by proving that Bayes procedures arc r rc o r i o t o c c - ;  -

Bayes procedures typ i c a l l y require numerical in tegrations to implecnent
and this makes them sometimes unsuitable for practical use. Besides , the
use of Bayes procedures i s by no means universally accepted . ~-~o if thi-re is
available an easy to implement procedure whose performance is close to t h u t  of

the Bayes procedure , then this procedure ought to be used . ihis possi b ility
is explored in Chap ter 3 for the case of normal popula tions problem and norma l
exchangeable priors . As i t turns out , for each prior and loss function p~1ir
there is always a Gupta type procedure that performs almost as well as the
Bayes procedure , while this being true for Seal type procedur-es only when the
norma l prior i s very informative. AS of vet we do not know how these p r —
ce dures perfo rm when the prior i s not normal. Nevertheless we r c c n m r e c r d  the
use o f  Gupta type procedures when the observations ar ise  t rot: norma l distr i-
but ions as pu-ocedure s that have at least some near optima l i ty  ll ro l- n- r t ies .

In t he case where the parameter of interest is a loc at  c o n  p arnrc-te r and
the underlying distr ibut ion is not entirely known t here are good robust t - s tj -

mators of t he parameter. [Jnder mild regularity condit ions they are asymp-
to t i ca l ly norma l. From the results of Chapter 3 , we would expec t tha t

— Gupta type procedures based on these es t ima to rs  to have 5oot! asymp tc -tic
perfo rmance. In Chapter - 1 robust and nonparanetric Gupta type proced ure s
arc proposed . One procedure in part icular , the procedicre based on scm ci l-
taneous con fidence hounds derived from rank tec ~t s , is nonp-I r nu t r  i c - I t

contro ls the probabi lity  of a correct se lec t  ion for any sam ple s i : c .
Since it is based essentially on the }lodges—Lehmann estimator , it i n h e r ct s
the hi gh asymptotic relative efficiency of that estimator .
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