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INTRODUCTION

Rankirg and selection procedures, subset sclection
procedures in particular, provide in a reelictic rmanner
attractive ways of handling problems that airc corzonly
treated by the 2-action procedure of a global lF-test, and
the many many-action procedure of a typical pu'tivle range
test . Censtder the common one-way layout situation in
analysis of variunce. Usually the experimenter wauts to
knew more than just whether all the treatment cffects are
equal, but he may not want to make inferences concerning
all pair-wise differences of mecans, or all lincar contrasts
of mecans. One of the more freguently occurring situations
for which this is so is where the experimenter sinply
wishcs to know which of the treatnents gives the bect
product. In this situation, formulatinc the prchblem as a
selection problem is appropriate. Subsct sclcection pro-
ccdures are often thought of as screening procedures. I1f
the data indicate several treatments are better than the
remaining trecatments but no treatment is clearly the best,
then pcerhaps the experimenter ought to retain a1l of the

better trcatments for future considceration. 0Of course the
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concept of subset selection has a much wider scope of

application than just one-way layouts. We shall give two
exanples to show how situations for which the subset
sclection formulation is appropriate arise in practice.

The first example is adapted from an experiment con-
ducted here at Purdue. Suppose we wish to dcetermine how
pcople perceive various colors. For instance, would most
people perceive red as bheing hot? gray as being cold?
Results of this type of experiments have been applicd in
practice. For example, certain fast food chain paints
all its restaurants in certain colors because studies have
shown people tend to leave the premise more quickly if the
premise is painted in those colors. So suppose n experimental
subjects are chosen and there are k available colors.
Corresponding to each adjective of interest cach subject
chooses one of the k colors that he or she preceives to
fit the adjective most closely. Then for this experiment
the underlying distribution is the multinomial distribution
with the number of observations equal to n and the number
of cells equal to k. For the type of application mentioned
one wants to select the color or colors corresponding to
the cell with the highest frequency of occurance. Hence
the subset selection formulation is appropriate.

The second example arose in the field of Bionucleonics.
This was an actual experiment that the authcr came acrosc

in consulting. 1n manufacturing radioactive trace clements




carrier particles were to be made from a petroleum basc
by the use of heavy pressure. When injected into the
patient's body, particles that are too large get absorbed
by the wrong organs and those too small go out of the
system. There were four possible pressure settings. To
each pressure setting there corresponds a particle size
distribution. The object here was to select the pressure
setting such that for the same total amount of radiation the
amount of radiation attached to particles in the desirable
size range is the largest. Hence the subset selection
formulation is appropriate. Notice here the parameter of
interest can be an extremely complex function of the
theoretical particle size distribution.

Heuristically proposed 'subset selection' procedures
of Gupta (1956, 1965) have been in existence for some time.
For related work and thinking along subset selection lines,
reference should be made to Paulson (1945) and Seal (1955).
However, unlike the F-test and the multiple range tests, the
use of these procedures in practice have been virtually nil.
This, the author believes, can be attributed to two main
reasons:

1) No computer packages exist to facilitate the use
of these subset selection procedures. None of the commonly

used statistical packages (e.qg., SPSS, BMD) includes subset

selection procedures as part of the package.
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2) Research concerning the performance of these

heuristically proposed procedurcs is inadequate. Potential
users can not, in general, be gquaranteed any optimality

properties of these procedures.

It is generally recognized that for multivariate
problems uniformly best procedures usually do not exist.
In fact in most of the situations of practical interest,
there do not even exist uniformly best unbiased procedures.
Hence it is reasonable to look for procedures that do well
on the average, averaged over the parameter space by some
prior. This approach has been taken in the first part of
the thesis. The essentially complete class of Bayes

procedures and their limits is investigated. The concept of

Total Monotone Likelihood Ratio is introduced as the multi-
variate _analog of univariate monotone likelihood ratio.
Then a multivariate analog of the classical univariate
result of Karlin and Rubin (1956) that monotonec procedures
form an essentially complete class, is proved for a loss
function which seems natural to the subset sclection prob-
lem by proving that Bayes procedures are morotone.

Bayes procedures typically require numericallinteqra—
tions to implement and this makes them unsuitable for practical

use. Besides, the use of Bayes procedures is by no means

universally accepted. So if there is available an easy to
implement procedure whose performance is close to that of the

Bayes procedure, then this procedure ought to be used.
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This possibility is explored in Chapter 3 for the case of
normal populations problem and inairnal exchangeable priors.
As it turns out, Gupta's procedure is gocd compared to

the Bayes procedure throughout the ranase of the normal
prior while Seal's procedure is good only when the normal
prior is concentrated, that is, when the normal priovr is
very informative. As of yet we do not know how these pro-
cedures perform when the priors are not normal, in particu-
lar when the priors have longer tails than the normal
distribution. But from what we know Gupta's procedure
seems to be the logical choice when the observations arise
from normal distributions.

There are heuristically proposed procedurcs for many
other distributions in the e:xponential family of distribu-
tions. Little is known concerning the performance of
these procedures. They really have to be investigated
case by case. But in the case where the parameter of
interest is a location parameter and the underlying distri-
bution is not entirely known there are known good robust
estimators of the parameter. Under mild regularity condi-
tions they are asumptotically normal. From the results of
Chapter 3, one would expect Gupta's procedure based on
these robust estimators to be asymptotically good. 1In
Chapter 4 of the thesis robust and nonparametric versions
of Gupta's procecdure are proposed and their performance

studied. One procedure in particular, the procedure based




on simultaneous confidence bounds deorived from rank tests,
is a truly nonparametric subset seclection procedure. It
controls the infimum of the probability of a correct
selection for any sample size. Becausc it is based
essentially on the Hodges-Lehmann estinmaltor it also has 3

good asymptotic performance.
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CHAPTER 1
SOML DECISION-"THEOKETIC PRELIMINARIES AND KNOWN RESULTS
In thi: chapter we give some decision-theorctic pre-
liminaries and list some known results particularly those

applicable to finite action problems. Although we shall make
use of only one of the results in this thesis, namely Bayes
procedurecs and their limits form an essentially complcte
class, it scems desirable to have the important results
listed in an orderly fashion for the benefit of future work-
ers in the fiecld. We want to emphasize that these results
pertain tc all finite action problems. Hence they are appli-
cable to the classification problem, the identification prob-
lem, the complete ranking problem, the trcatments versus
control problem, the selection problem using the indifference
zone approach, and the selection problem using the subsct
selection approach. We follow throughout the development in
Brown (1974).

We begin by describing in a mathematically precise
fashion the formulation of the statistical decision problem.

Definition 1.1. The sample space § is a measurable space

with o-field BS.

Definition 1.2. A parameter space ¢ is a measurable

space with o-field BQ.

e




Notation. We denote by P(B) the set of all probability

measures on the o-field B.
Definition 1.3. A parametrized set of possible distri-

bution is a B¢ measurable map from ¢ to P(B We denote

S)'
the value of this map at a pair ¢c¢, ScB, by F(S|¢). Note
that to say F(+]|+) is B, measurable means:

(1) For each ¢e®, F(-

¢$) is a probability distribution
on BS'

(2) For each Sch, F (S

*) is a measurable map of (¢,8,)
info (R,B(R)) . (B(R) denotes the Baire o-field on R, the reals.)

The set of distributions {F(-

¢) :¢ed} is called the sct

of possible distributions.

Remark 1.1. It is possible to parametrize any sct of

distributions. Suppose FCP(B) is a set of probability dis-
tributions. One can set ¢ = F and define B¢ te be the o=
field consisting of all subsets of &. This definition of ;
B, guarantees that F(+]+) is measurable.

Notation. If the family of distributions (F(-[¢):ded} is

dominated by some o-finite measure u, then f (-

¢) denotes a

version of the density dF/du, that is,

F(sl¢) = [£(s|¢)du(s).
8

|

Note that if LI(S'Bg'“) is seperable then f may be 1
chosen to be a measurable function from (Sx¢,BS xB¢) to
(R,B(R)) . 1

Definition 1.4. The action space is a measurable space

i A with o-ficld B,. .

PO o




Definition 1.5. A decision procedure & is a I;g Me 3 Sur -

able map from S to P(BA). We shall denotc the valuc of 5 at
SCS,BCUA by §(s,B). Note that ¢ measurable means

(1) FPor each seS,é(s,-)cP(BA).

(2) For each BLBA, 6(*,B) is a measurable function from
(S'BS) into (R,B(R))..

Notation. D denotes the set of all decision procedurcs.

Definition 1.6. The set of available decision proced-
ures, denotes by DO, is a subset of D.
I Remark 1.2. Some examples of Do are the class of in-
variant procedures, the class of monotone procedures ctc.

Definition 1.7. The loss function L is a measurable

function from (¢xA,B®xBA) to ([0,],B(10,»~1)).

Definition 1.8. The risk function of a procedure § is

the function R(+,6) :9+[ 0, ] defined by
R(¢$,8) = [[L($,a)é(x,da)F(dx]|¢).

Definition 1.9. Let T = {t:¢>[0,~]} have the weak

(Tychonoff) topology defined by taﬂt if and enliy LE
t (¢)>t(¢) for all ¢ed. For VCT let V= {t:teT, Jt'ev-3-t'
< t} where t' < t means t'(¢) < t(¢) for all ¢eo.

Note: T is compact Hausdorff.

Notation. For D  C D let I'(D)) denote the set of all
risk functions corresponding to DO.

Definition 1.10, For any non-negative measurc P on

(¢,B®) and dcD, define the integrated risk B(P,8) by

B(P,8) = [R(4,8)P(d4).




Definition 1.11. For any non-negative measure I on
(@,B¢), f*tPU 15 said to be a Lablace procecdure for P rcla-

tive to PU if and only if

BE{P,d*) = dnf B(P.8}.
Sep
o
Iff P 1s 3 prebability measure, that 1e, PFP(BQ), then §*
is called a Bayes procedure.
Definition 1.12. Given F(+|+) and P(+) as above define

it to be the measure generated by F and P oa the product
space (SxQ,BSx8¢). Thus II' is the measure generated by the

relation

n'(sxh) = [F{s|#)ar(¢)
A

for SeBS, AsBé. Let T denote the projection of II' on (S,Bg);

i.e. N(S) = 0" (Sx¢).
Notation. 1If it exist we denote the BS measurable
conditional measure on B@ given S relative to NI' by P(e]e).

That is, P(+]|+) is By measurable and P(+|+) satisfies

JP(A|s)li(ds) = N'(SxA) for all SeB AcB .
S

Sl
If P(+) is a probability distribution then P(+|+) is called
the posterior distribution on ¢ given (S,Bg).

Definition 1.13. When P(+|+) exists define for ach,

seS

B(als) = [L(¢,a)P(dad]s).

e e e e e+ e

taking action a.
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Theorem 1.1. (Brown, 1974). Assume P(°*|*) exists.
Let

(1.1) A*(s) = {a:acA,B(als) = inf B(a|s)]}.
acA

Suppose A*(s) is non-empty a.c. II and there exists a pro-
cedure 8*cD such that 6*(s,A*(s)) = 1 a.e. 1.
Then §* is a Laplace procedure for P. If B(P)<e then any

other Laplace procedure § must also satisfy &(s,A*(s)) =1

Remark 1.3. If A is finite then A*(s) is non-empty

Corollary 1.1. (Brown, 1974). Suppose the set A*(s)

as defined in (1.1) consists of a single point of A a.c. 1.
Suppose that BA contains all single points and that there is
a measurable function d:S » A such that d(s) = A*(s) a.e. 1.
Then the non-randomized procedure §* defined by

6*(5'-) =

ed(s)(')

where ed(s)(-) denotes the probability mcasure which gives

probability 1 to the point d(s) is a Laplace procedure for P.
Suppose in addition F(-|¢) is absolutely continuous

with respect to Il for every ¢ed and there is a &§eD such that

B(P,8) < . Then §* defined above is the unique Laplace

procedure.

The following theorem is well known.

Theorem 1.2. (Brown, 1974). 1If &*eD is the unique

Laplace procedure for some P, then 6* is admissable.
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A wide variety of statistical results are bascd on the
N

compactness of T(DO). We shall list three important ones.

s

Theorem 1.3. (Brown, 1974). Suppose F(DO) is compact

in T. Then

(1) There exists a minimal complete class relative to

(2) There exists an admissable minimax procedure rela-
tive to Do.

In order to state the next result, which is the only re-
sult that will be used in this thesis, it is necessary to de-
scribe what is meant by the limit of a net of decision pro-
cedures. This is most easily done when the family of
distributions {F(-:|¢):4e®} is dominated by some o-finite
measure p, and A has an appropriate topology on it for which
A is compact and BA = B(A), the Baire o¢-field on A. So
under these assumptions we define convergence.

Definition 1.14. ©Under the assumptions stated above, a

net {6a} is said to converge to & in the weak topology on D
if and only if for every feLl(S,BS,u) and 2eC(A) (C(A) 1is
the class of real-valued continuous function on A)

]]f(s)l(a)da(s,da)u(ds) + [[f(s)2(a)d(s,da)u(ds).

Definition 1.15. Any non-negative measure on (¢,B¢) is
called a prior. A measure P on (@,B®) is called simple if P

is a discrete measure concentrated on a finite set of ¢.

We now state the third result.
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Theorem 1.4. (Brown, 1974). Supposc the famly of

distributions {F(+|¢):4e¢} is dominated by <o o-finite
measure i, A is compact second countablce and L(4,+) iz lower
semi-continuous for each ¢e¢. Let DO be (waairly) compact and
e .

F(Do) closed and convex in T. Then the (weak) closure of the
set of Bayes procedures for simple priors relotive to the set
Do is an essentially complete class in PO.

The following theorem gives a sufficient coudition for
e
F(Do) to be compact.

Theorem 1.5. (Brown, 1974). Suppose the family of dis-

tributions {F(-]¢):¢e¢} is dominated by some o-finite measure
u, and A has an appropriate topology on it for which A is
compact second countable Hausdorff, BA = B(A), and L(%,+*) is
lower semi-continuous for every ¢ed. Then DO closed in the

(weak) topology on D implies that F(DO) is compact and hercc

closed in T.

Remark 1.4. If the hypothesis of Theorem 1.5 is satis-
fied, then for Theorem 1.3 to apply one has to check that UO
is weakly closed. For Theorem 1.4 to apply, one checks in

N
addition that Y(DO) is convex.

Remark 1.5. Suppose the family of distributions

{F(+|¢):4e0} is dominated by some o-finite measure p and A

is finite. Then by giving A the discrete topology the hypo-

thesis of Theorem 1.5 is satisfied for any loss function I.




CHAPTER 2
DECISION-THEORETIC RESULTS FOR THE

SUBSET SELECTION PROBLEM

This chapter deals with some decision-theorctic results
for subset selection problems. In Sections 1 and 2 we show
that essentially nothing is lost if we restrict our atten-
tion to Bayes procedures only. In particular in Scction 1
it is shown that relative to the class of all subsct selec-
tion procedures, Bayes procedures together with their linits
form an essentially complete class. In Section 2 it is
shown that relative to the class of permutationally invariant
procedures, Bayes proccdures for exchangeable priors, to-
gether with their limits, form an essentially complete class.

In Section 3 the concepts of Total Monotonc Likelihood
Ratio (TMLR) and Total Stochastic Monotone Property (TSMP)
are introduced as multivariate generalizations of the con-
cepts of (univariate) monotone likelihood ratio and (uni-
variate) stochastic ordering. The related concept of Proper-
ty M, first introduced in Eaton (1967), is also described.
Implications of each of the concepts and relationships be-
tween the three are studied in detail. Examples of families
of distributions having the various properties arec also given.

[ Thesc concepts arce used in all of the succeceding sections
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to obtain results concerning the form of Baycs procedurces,

In Section 4 the form of Bayes procedures when the
densities have property M and the loss function is nouotois
is investigated.

In Section 5 we describe a loss function which secms
natural for the subset selection problem. For this lass
function sufficient conditions for procedures to be BPaycs a.v
given. For the same loss function a sufficient condition for
the uniqueness of Bayes procedures is given in Scction 6.

In Section 7 the main theorem of this chaptcr is proved,
It is shown that under certain conditions the class of

monotone procedures forms an essentially complete clans.

2.1, Decision-Theoretic Results for the

General Subsct Selection Problem

The sample space S is a measurable space with an associ-
ated o-field BS'
The parameter space ¢ is a measurable space with an
associated o-field 8¢.
We assume the set of possible distributions {F(-|¢):
$ed} is dominated by some o-finite measure .
The action space A is the set of all non-empty subsets
of {1,2,...,p} together with the power set of A as its associ-
ated o-algebra BA‘ The action a ¢ {1,2,...,p} is to be in-
terpreted as the action of selecting the populations
{Hi,iea}.
A subset selection procedure ¢ is a mcasurable

function from (S,h.) to P(BA). The class of all subset




sejection procedures is donated by D,
The loss function L is a measurable function from
(oxA, EQXBA) to ([0,~), B([0,=])).
el .
By Remark 1.5 and Theorem 1.5 of Chapter 1, T(P) is
P
cowpact.  Now I'(D) is always convex. Hence Theorem 1.3 and

heorom 1.4 apply. However, we shall only make use of

Theorem 1.4 which is restated as

Theorem 2.1.1. Rclative to D, the (weak) closure in the
topology on D of the procedures that are Bayes rclative to D
forms an essentially complete class.

We shall assume, throughout the thesis, that the param-
eter space ¢ 1s a subset of the Euclidean space Rp+r’ and
that for ¢cd, the first p components of ¢ are the parameters
of interest, and the last r components of ¢ are nuisance
paramcters. When we write (6,y)ed, 6 will always be the p-
dimensional vector of parameters of interest and ¢ will al-
ways be the r-dimensional vector of nuisance paramcters. The
projcction of ¢ onto the first p coordinates will be denoted
by © and the projection of ¢ onto the last r coordinatcs will
he denoted by ¥. Note that 0 x ¥ does not necessarily cqual
¢. We shall assume that B¢ is the o0-field inherited from
the Borel o-field on RP'Y,

We shall assume, through the entirc thesis, that the
sample space S is a subset of the Euclidean space Rp+q.

When we write (x,y)eS, x shall always be a p-dimensional

vector and y shall always be a g-dimensional vector. Roughly




speaking, x will be the part of the ohscrvation that gives

information concerning the relative ordering of the d's

while y will be the remaining part of the olscrv . tion. The
projection of S onto the first p coordinates will be denoted
by X and the projection of S onto the last q cocrdinatcs will
be denoted by Y. Again, XxY need not cqual S. We shall
assume that BS is the o-field inherited from the Borel o-

field on Rp+q.

To fix ideas, consider the following cxample. Suppose
n observations are taken from each of the p indepoendent
normal populations with unknown means and unknown, possibly

uncqual, variances. Say the observations are Ziu’ o= 1,
: oy 2
deepie 1 =l ol pi {Zia’ @ = L, o, nhidd N(ui,oi ). By

~

sufficiency we can reduce the observations to (il,...,n ,

P
Slz,...,spz). Suppose we want to select in terms of the
2 2 =
means. Then 0 = (ul,...,up), Y = (0l ,...,op Yo X = (Zl,
- > 2 2
...,Zp) and y = (s1 ,...,sp )

2.2. Decision-Theoretic Results for the

(Permutationally) Invariant Subset Selection Problem

Notation. Let Sp be the group of permutations on
{1,2,...,p}. (The symmetric group of order p). The elcment
of Sp which interchanges i and j, leaving all other members
of {1,2,...,p} fixed, is denoted by (i,j). TFor (x,y)cRC"9

and ﬂesp, define T (x,y) by 7(x,y) = ("x,y) where 7x is de-

fined by (nx); = x -1,. Similarly, for (0,y) eRP*T ana

ncSp, m(0,P) is defined by 7 (06,y¢) = (70,)) where (ﬂf!)i Teﬂ_]j.
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For any set 8 C Rp+q,ﬂs will denote the image of S under
Similarly for any set AS;Rp+r, mA denotes the image of i
under m.

We assume that the sample space S is a Borel subsct of
RP*Y invariant under Sp, that is, for any ﬂcsp, S = S. We
assume that BS is the o-field inherited from the Borecl
o-field on Rp+q.

We assume the parameter space ¢ is a Borel subset of
Rp+r invariant under Sp, that is, for any ﬂssp, T o= ¢, We
assume B¢ is the o-field inherited from the Borel o-field
on RPYY,

It is assumed that the family of possible distributions
{F(.,-lo,w):(e,w)e¢} is dominated by some o-finite measure .

We further assume the following invariance properties for the

densities {f(-,-

0,P):(0,9)ed} and the mecasurc yu:
f(ix,y|ne,¥) = £(x,y|e,v),
dpu(rx,y) = du(x,y).

The space of possible actions A is the set of all non-
empty subsets of {1,2,...p} together with the power set of
A as the associated o-algebra BA'

A decision procedure & is a measurable function from
(S'BS) to P(BA). The class of all decision procedures is
denoted by D. For 6¢D and w&Sp, define 716 by néd(+,a) =

B

§(+,n ~a). A procedure 6§ is said to be (permutationally)

invariant if and only if §(mns,ma) = §(s,a) ¥y sc8§, ﬂasp, acA.

Denote the class of invariant procedures by D

1°
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The loss function L is a measurable function from (SxA,

to ([0,«], B([0,*])). We assumc L salisfies the

bS/.L'A)
following invariance assumption:
L(wd,ma) = L(¢,a) V’¢,a and .

Definition 2.2.1. A non-negative measurc P on (¢,B¢)

1s said to be exchangeable if and cnly if for any ﬂLSp,
Ast, P(nA) = P(A).

Clearly in the above setup the decision problem is in-
variant under the group Sp‘ The following Hunt-Stein type

thcorem gives support for considering only proccdures in

DI if the prime consideration is the suprcmum of the risk.

Theorem 2.2.1. Given any 6¢0, dlaDI-J- sup R(¢,8;) <
(:15 \;;
sup R(¢,96).
¢ed
Proof. Define GI by GI(s,a) = (L/pt) ] Stlus,nal.
WESy )
Then 6_ is invariant. But sup R(¢,6.) = sup (1l/p!) }
= pcd A bed nES,
R(w¢,8) < (1/p!) Z sup R(1$,8) = (1/p!) X sup R(q4,46) =
neSp dcod mTeSp ¢To

sup R(¢,98).
oed
If one does restrict attention to (permutationally) in-

variant procedures only, then the following can be proved.

Lemma 2.2.1. D. is closed in D in the weak togology

I

on v.
Proof. Suppose a net (60} in DI converges to §. For
fixed aeA and "tSp, let B, = {s:8("s,Ta)=6(s,a)>1/1}.

Suppose u(Ai)>0. Then there exists BiCA; such that O(“(Bi)-"

Now IBi and InBi le(S,BS,u). Both I{a) and I{ua\ e CIAT -
Hence f 6q(s,"a)dp(s)-> f §(s,ma)du(s) and f 6 (s,a)dul(s)

nB, B, i
'Bl S% B

QO




r" ' '""'-'-"""‘-.--"..-I-.l!llllll::rlllllllll|“

f §(s,a)du(s). But f ﬁo(s,na)du(s) = f Sl(s,a)dn(s) foraltl o.

Bs By B,

Therefore [ [§(ns,ma)-8(s,a)]ldu(s) = 0. But the left side
is > (1/1)5{31). Hence n(ni) = (. Contradiction. So u(Ai)
= 0. u{s:é(rs,ma)-6(s,a; 0} = lim u(a;)=0. Similarly
n{s:8(ns,ma)-=86(s,a)<0} = 0. Thé;;fore u{s:6(ns,ma) # &(s,a)l
= 0. a and m are arbitrary. Hence ALUI.

Now if § § CDI, then aél + (l—a)62LDI for any ae{6,1].

1 B
/-\,, . . . . .
Hence Y(DI is convex. Combining this and the previous lemma

we see that Theorem 1.3 and Theorem 1.4 apply. However, we
shall only make use of Theorem 1.4 in this thesis which we

restate as:

Theorem 2.2.2. Relative to the class of (permutational-
ly) invariant procedures DI’ the (weak) closurc in the
topology on DI of the Bayes procedures relative to DI forms
an essentially complete class.

Given a prior it is often easier to find its Bayes pro-
cedure(s) relative to D than to find its Bayes procedure(s)

relative to DI. The following theorem gives the necded

connection.

Theorem 2.2.3. The class of procedures that are Bayes

e

relative to DI is contained in the class of procedures that
are Bayes relative to D for exchangeable priors.

Proof. Suppose 6&01 is Bayes relative to DI for some
prior probability measure P on (¢, B$). Then it 1s easy

to see that § is Bayes relative to DI for the priox A de-

TR TS THT 5

fined by P _(A) = (1/p!) ) P(nA). For P_ relatively to D a
o o o

I'}\'
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Bayes procedure exists hence an invariant Bay2s procodare

<

0]

exist. €Call 3¢ &Y.  But B(G,PO) < B(ﬁ',ro). Honce

Bayes relative to D for P

2.3. Some Orderings on Families of Distributions
In univariate statistical inference, thc concepl of
monotone likelihood ratio plays a central role. Thercfor:

it is reasonable to think that the concept of multivariate
monotone likelihood ratio should be important in wmlitivariate
statistical inference. Unfortunately therec has never becen a
unified theory of multivariate monotone likelihocd ratio.

In studying different problems different definitions of
multivariate monotone likelihood ratio werc proposed. In
Pratt (1956), a definition of monotone likeliho~d rotio on
contours was given. Karlin and Truax (1960), and latcr jiall
and Kudo (1968), used essentially the same definition in
studying slippage tests. In studving the complete ranking
problem, Bahadur and Goodman (1952) and Lehmann (1966) made
certain independence and permutational invariance assumptions
and used univariate MLR. It was later found by Eaton (1969)
that for the complete ranking problem a weaker condition
which he called Property M suffices. As it turns out, none
of the above concepts is4rea11y adequate for the problem at
hand, namely the subset selection problem. Wec have therefore
chosen to give our own definition of multivariate monotone
likelihood ratio and also the corresponding definition of

multivariate stochastic ordering. It is clcar that these

e A ARCETIIN & - N
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new concepts will be useful in studying other reltiple com-

~

parison problems. However, it is not yct cloar whether thoy
will be useful in other, morec general , multivariate infer-
ence problems.

Definition 2.3.1. For any fixed BC ¥ = {1,2,....p) (B

may be the empty set or the whole set), definc a partial

B

ordering ' less than or equal to in B' (<) on » as follows:
= B

For X =(xl,x2,...,xp), %' = (x'l,x'z,...,x'P), X € %' if

and only 31f

X.

as 2 e B.
i

4
B

In words, x < x' if and only if x is less than or equal

fvla
g

to x' in those coordinates that are in B and greater than or
equal to x' in those coordinates that are not in B.

The above definition induces a partial ordering on S
as follows:

Pefinition 2.3.2. For (x;¥}: (x'.¥y'VeS, (x,¥} < (x*;y")

B
if and only if x < x' and y = y'.

Defination 2.3:.3:. A set A £ S is said tc be nondecreas-
B
ing in B (/B) if and only if seA, s < s'=>s'¢cA.

Definition 2.3.4. A function h:S + R is said to be
B
nondecreasing in B(/B) if and only if s < s' > h(s) < h(s').

Thus a set is nondecreasing in B if and if its indicator

function as a function is nondecreasing in B.
B
In exactly the same way we define < and /B on ', ¢« and

for functions from ¢ to R.
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} 18 said to

Definition 2.3.5. The distribation N(-!ﬂl

be stochastically smaller in B t(han F(-l¢.) ii and only if

for any measurable scet A C & that is nondocrcasing in B,

F(A](bl) < F(l\|¢2).

foiﬂiti99~gLi;5' The family of distributions {F(-]¢):
¢ed} is caid to be stochasticully nondecrcasing in B(SM/ZB)

if and only if for any measurable set A C S that is non-
decreasing in B, F(Al¢) as a function of ¢ is nondecreasing
ap B.

Remark 2.3.1. Lehmann (1955) in studying orderecd

families of distributicons defined and investigated families
of distributions that are stochastically nondecrecasing in
K = (1,2t

Definition 2.3.7. The family of distributions {F(+|%):

¢ed} is said to have Total Stochastic Monotone Property (TSHP)
if and only if it is stochastically nondecrcasing in B for
every B¢ X = {1,8,...,8).

Definition 2.3.8. The family of densities {f(-]¢):

¢ed} is said to have nondecrcasing likelihood ratio in B
(MLR/”B) if and only if

B B

<

s <s8', ¢ < o' =>L(S]P)f(s|d") < f(s|IE(s"']|¢").

Remark 2.3.2. 1In investigating multivariate one-sided

tests, Oosterhoff (1969) defined and used nondecreasing

ITikelihood ratio in K = {1,2,¢¢.:P}s

Definition 2.3.9. The family of densities {f(+|¢):

ded} is said to have Total Monotone Likelihood Ratio (T




e
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oy

if andonly if it has nondecrcuasing likelihood ratio in B
for every BC XK = {1,2,....p}.

Definition 2.3.10. (Eaton, 1967). OUnder the symmetric

$) el ]}

setup of Section 2.2, the family of densities {f(-
is said to have Property M if and only if for (x,y)cS, (e.,V¥)

ed, x = (xl,xz,---,xp), 8 = (Ul'“z"""p

X0 05 < 0= £0Gy[8,0) 2 £GLy(5,3)€6,9)

X. €
P ) —

In exactly the same way we define TSMP, TMLR and, in
the case of exchangeable prior, Property M for the posterior
distributions and densitics {F(-]|s):se8)} and {f(+]|s):s5cS}.

Definition 2.3.11. For any subset selection procedure

§ let §,(s) = ¥ §¢e.a), fee. 8;(s) is the probability of
ica

selecting i having observed s. A subsct selection proccdurc

§ is said to be monotone if and only if for each i éi(s) is
essentially /{i}, that is, there do not exist S$;¢ S5 C Se

{i}
< : s. € such the
u(Sl), u(Sz) > 5, < 8, for all (Sl, 52532 such that

a
ess sup 6.(s) > ess inf §.(s).
seS > seS *
A 2
Remark 2.3.3. What we call 'monotone' proccdures

traditionally have been called 'just' procedures in the
literature. See Nagel (1970) and Gupta and Nagcl (1971).
Following Gupta and Huang (1976), we have changed the termi-
nology to 'monotone' since we have in mind the analog of
the classical univariate result of Karlin and Rubin (1956)
on the class of monotone procedurcs.

Theorem 2.3.1. TMLR = TSMP.

Proof. Suppose {f(°*|¢):¢e¢} has TMLR.

---n---l-u-I-uIllllllllllllllllllllllllIllllllllll!lllllllllll'
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let B C K = {1,2,:..,P) be fized. PFor ¢ ¢' let 8 and S+
be the sets in § for which f(s|¢') < £(s|¢) and f(s]|¢')
f(s|q) respectively.

Supposce h, a mecasurable function from (S,B to (R,B(R)),

Q)

1s nencdecreasing in B, Let a = sup h(s) and b = iQf h(s).
ol 3

Then b-a > 0 by MLRZB and

E(h|¢*) = E(h]¢)

> alF(s7|¢') - F(ST|¢)1 + biF(st]e") - F(s*o))

li

A
(b-a) (F(ST]e") - F(s*e)1 > o.
This is true for all B. Hence TMLR = TSMP.

Theorew 2.3.2. Under the symmetric setup of Section 2.2,

TMLR =» Property M.

Proof. Suppose {f(+,+|06,¥):(€,¢¥)ed} has TMLR. Suppose

1 (x,¥)eS, (0,0)et, e (R, KojosneX s 8 = (0. ,8,4.5.48.).
. LTRG) P T 3
i Clearly x; < xg, 0; < 0, =>x < (i,3)x, 0 < (i,3)0. By
MLRZ{i} we have f(x,y[¢,¥)£((i,3)x,y](i,3)0,¥) >
£0(i,3) %, yl6,9)f(x,y|(i,3)0,¢) or
. 2 ey
fz(:‘:ly:"n"w) 2 3 (xlyl(llj)elw)-

This completes the proof.

5 Examples of Families of Densities Having TMLR

We first make the easy observation that if f(x|0) =
p P p
nef. (x,|6,) and X = 11 X;,, 6 = I 0,, then TMLR is equiva-
: R ; i ; i
i=1 i=1 i=1
lent to univariate MLR, that is, {f(+]6):06¢0} has TMLR

if and only if for each i, {fi(° Oi):eicoi} has univariate

’&
4

MLR. 1In addition, we have the following
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Theorem 2.3.3. Any family of distributicons whose

densities are of the form
9

(2.3 F) C(6,y) expl soi(ﬁi,w)xi]q(ﬁ,y)h(x.y)

1=1

where each Qi for fixed ¢ is nondecreacing in Oi has TMLR.

Proof. Suppose (x,y), (x',y)eS; (0,¥), (€',¥)ed;
B B

X <x'and 6 < 0'. We need to show that

§Q-(0-,U')x. + EQ.(B_" U)x! >
i=ll * 1 i=1 b A & 1 -

Al
i=1

or equivalently

lilfini, )=05 (6., ¥ (x! -x) > 0

i i &
B B
But this follows from x < x' and 0 < 0'. B is arbitrary.

Hence the densities have TMLR.

Example 1. The multinomial density
X X .? %.1in6,
n 3 Pl n =14 2
(X & 10,4 ...Op = (x = ) e
1° % g o,

is in the form of (2.3.1.).

Example 2. The Direchlet density

F(.E xi) xl-l xp-l
i=1

el ...ep
F(xi)...I(xp)

is in the form of (2.3.1.).

Example 3.

Consider the case of taking n observations
each from p independent normal populations with unknown
means and unknown but eqgual variances. The sufficient sta-
tistic in this case is x v % ,%2

BXprreur¥ s the sample meane and the poo)

i

R}
) S
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estimate of the common variance. The joint 4 - nsity
|9 &
ke mp(nal) 2
2 igl o h g g
C(u,07)e e BAX, s Xopserek B )
o 5 B P
is in the form of (2.3.1.).
Examples of Families of Distribulicns liaving TSMP
P )
We first note that if F(x|e) = Hr(xi|vi) then TSMP re-
i=1 :
duces to univariate stochastic ordering, that is, {F(+|6):0¢0}
has TSMP if and only if for each i, {Fj(- &j):éicﬁi} is

stochastically ordered where Oi is the projection of O onto
the ith coordinate. 1In addition, we have

Theorem 2.3.4. Suppose X = 0 = rRY and F(x,y|0,9) =

Fo(x-e,y|w), that is, F = {F(-,"

8,¥):(9,9)ed)] is a location
family of distributions, then F has TSMP.

Proof. Suppose AeBX is nondecreasing in B, (0,y),
B
; (6',v)ed® and 6 < 8'. Then B, = {(x,y):(x+6,y)eA} C
{ e —
Ay, = {(x,y):(x+6' ,y)eA} and hence F(ale,y) = F (Ag|v) <

F (g |¥) = F(ale',y). |

Examples of Families of Densities Having Property M

B

It is easy to see that under the symmetric setup of
p
Section 2.2, if f(x|0) = 1 f(xilei) then Property M is
i=1
; equivalent to univariate MLR. In addition the following

theorem concerning elliptically contoured families of distri-

pr = e

butions was proved in Eaton (1967):

Theorem 2.3.5. (Eaton, 1967). Suppose {f(-lO):GcRp}

B

; . P
are densities with respect to the Lebesque measure on R'.

i~

e
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Suppose further
f(x]0) = C(N)g[(x=0) A(x=-0)"

where A is a pxp positive definite matrix, g is strictly de-
creasing, and C(A) is a positive constant. Then the follow-
ing are cquivalent:

(1) {f(—IO):OcRp] has Property M;

(ii) A = Cll - C2 %'%, Cl

Clearly in the symmetric setup there are families of

- v 1
= O, C?/CI -‘-/P'

distributions having TSMP but not Property M since univari-
ate stochastic ordering does not imply univariate MLR. On
the other hand Property M docs not imply TSMP either. The

following example shows this.

¥

o] /6 | (6,9
K y
' (5,6
‘ (1,2) 0.9 0.1 = //

(2,1} 0.1 0.9
; (3,4) | 0.6 0.4 6.5)

(4,3) 0.4 0.6

%o

This family of four distributions clearly has Property

M. But it does not have TSMP. For instance, P{(5,6){(1,2)}

DI Y

= 0.9 > p{(5,6)](3,4)} = 0.6.
The following diagram summarizes the relationship
between TMLR, TSMP and Property M.

TSMP

TMLR ii ﬁﬂ

Property M

SF 0 s LA

L

amy

&
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The following is a generalization o a

Lehmann (1955).

Theorem 2.3.6. Supposc F(+|¢) is

s stochas ically smaller

than F(-i¢') in B. Then for any measurablc fiuicti
is nondecreasing in B, if Ewlh(X,Y)] and nn,[h(:
then E¢[h(X,Y)] 5 E¢,[h(X,Y)].

Proof. Let h* and h”™ be the positive and ncgative parts
of h respectively. We shall approximatc hY Ly a scqucnce of
simple functions. Let

(i-1) /2" for (x,y)cs(g)

hn(X,Y) = { n for (X,y)gSN
where
S(’f) = {(x,y):(i-1)/2" < P A O
i= 1,2, 0402,
S(g) = {(x,¥):h'(x,y) > n}, N =n2" 4+ 1.
Then h_ = ? 178" (x.to) + T.0) + ... % I 0n)) =
T A =3 1 S
Ig 2t e il
1=2 X

g
+ : N (74 I : .
and hn * h’., Now for each i, |J S'.’ is nondecreasing in B
j=i
since h' is nondecreasing in B. Hence E,[h (X.Y)] <

¢

Ey o [hy (X,1)].

Using the Monotone Convergence Theorem, we have

+ i b e : .
E¢[h (X, ¥Y}) = ;i: E¢{hn(X,Y)l = iiz E¢,[hn(k,Y)]

+
E¢,[h (X,Y) 1.

Similarly we can prove that E¢[h-(x,Y)] < E (h™ (X%,¥Y)]. Thus 4

¢'
if E¢[h(X,Y)] and E¢,[h(X,Y)] exist then Hm[h(X,Y)];E”,[h(X,Y)L




The result that we will actually use is contained in the

following corollary.

Corollary 2.3.1. &uppose the family of dictrilutions
{F(‘|®):¢C¢} has TSMP. If h:S -+ [0,»] is measurable angd
nondecreasing in 1B, then H¢{h(X,Y)] as a function of ¢ ic
nondecrecasing in B. :
Even though Property M does not imply TSMP, it docs J

inply a sort of one-dimensional stochastic ordering which we
shall prove through a scries of lemmas. So for the remain-
der of this section, we assume the family of densities

{f(,-]10,9):(9,P)e®} has Property M.

Lemma 2.3.1. For fixed i,j(1<i,j<p) let Cg =
{x,y) s (x,y) €S, x; < xj}. Then for any set C C Ci measur-
able with respect to BS and any (6,y¢)c¢,

S G <
F(Clo,y) ZF((i,j)Cl0,¥) as 0; 3 0. 1

Proof. Suppose 9i < Oj. Then i

F(C|6,y) = [f(x,y|0,v)du(x,y)
(3

| A

JEGe,y | (1,3)0,0)du(x,y)
C

[ f(x,ylo.0)du(x,y)
(1,3)¢C

= F((i,j)cle,.¢.

Similarly for Ci o Bj.

Lemma 2.3.2. Suppose C C S is measurablc with respect

to BS and nondecreasing in {i}. Then

F(C]0,9) = POGLDClo as 6, 7o




Proof. Let € = {(x,y:(x,y)eC, ((i,j)x,y)eC},
c; = {(x,y)s(x,y)eC, ((i,j)x.¥)¥C} and Cj = {(x,y):(x,y)¢C,
((i,3)x,y)eC} = (i,j)Ci. Then

F(clo,¢ = F(cl8,¥) + F(C;l6,v),

F((i,3)Cle,y) = F(C [e,y) + F(Cy]0,y). i

But (x,y)cCj N R xj for x; > x

i and ((i,j)x,y)cC would

J
imply (x,y)eCsince C is nondecreasing in {i}. Hence Cj C
Cg. Thereforec by the previous lemma

F(clo,¥) 5 F((i,j)cle,v) as o5 5 o,

Theorem 2.3.7. Suppose h:S » [0,«] measurable with re-

spect to BS is nondecreasing in {i}. Then [(h(X,¥)] <

Bo, v
Eg o [N((i,3)X,0)] if 0, < 05.

J
EEQQE'{i?Qrw[h((l'J)X'Y)] = E(i,j)G,w[h(X’Y)]‘ But
ei < aj:: 0 < (i,j)6. Hence by Corollary 2.3.l.

Ee’w[h(x,y)] < E(i.j)e,w“‘(x'm = Ee,w[h((i’j)x'Y”‘

2.4. Form of Bayes Procedures Under The Symmetric Setup

When The Densities Have Property M and

the Loss Function is Monotone

The results of this section were essentially obtained
in Goel and Rubin (1975). We assume the setup of the problem
is the symmetric setup of Section 2.2. To refresh our
memory, we review briefly the setup.

The sample S is a Borel subset of RP*9 jnvariant under
Sp, the symmetric group of order p. The associated o-field

BS is the o-field inherited from the Borel o-field on Rp+q.




The parametcer space ¢ is a Borel subset of Rp+r

variant underxr Sp. The associatced o-field BQ is the o-field

: ’ o el : 2 : T
inheritoed fron the Borel o-field on RI{l.

The femily of possible distributions {F(-,+|0,¥):
(0,¢)c¢} is dominated by some o-finite measure p. The den-

sities {f(-,-

G,0):(0,9)ed} and the dominating measure u

satisify the following invariance assumptions: TFor any rcsp

£(x,y|6,9)

fnx,y|n6,y)

it

du(nx,y) dyu(x,y).

The action space A is the set of all nonempty subscts
of K = {1,2,...,p} together with the power set of A as
the associated o-algebra By-

A decision proccdure is a measurable function from
(S,BS) to P(BA). The class of all decision procedures is

denoted by P. A procedure §el is said to be (permutation-

ally) invariant if and only if & (ws,ma) = &(s,a)Vs.a. The

class of all invariant procedures in D is denoted by DI'

The loss function L is a measurable function from (SxA,
BSXBA) to ([0,~],B([0,~])) satisfying the invariance condi-
tion

L(nd,ma) = L(¢,a).

All the assumptions made in the above setup are invari-
ance assumptions. We now make in addition two ordering as-
sumptions.

We assume that the densities {f(x,y|0,¢):(0,)cd}

have Property M as defined in the previcus section. That 1s,
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for (x.yp)eS, (0,00)ed, x = (xl,xz,...,xp), 0 = (Hl,UQ,.,,,HP),
- IR TR PR 0, =>fix,vl0,0) = Flx,yl G,3)8,).

We assumc the lose function L in addition to being
invariant has the following monotonicity property:
For (8,y)ed, 0 = (01'02""'60)' “‘L _:_ “"j’ LiEa . jid

imply

L((0,¥) ,a) = L (8,4 , (ll-])'“l) .

For each acA lot B, = {(x,y):(x,y)eS, Xs 2 %5 for all

Yical o falis

For each P, (x,y) and a considex rl(x,y) defined by

g

X (x,y) = [L(0,9),a)£(x,y]0,p)aP(0,4).
¢

Note that ra(x,y) is proportional to the posterior risk
Blalx,y).

Lemma 2.4.1. (Eaton, 1967). Under the assumptions
made in this section, for any acA, ica and jgfa imply

ra(x,y) (x,y)\/(x,y)nl‘«a.

Z%i,9a

Proof. Let ¢O = {8, (8,0 ed, Oi = ﬁj}, Ql = {8, W)z

1

{6, 0) :(B,0)ed, B 8.}« Then

(0,p)ee, 05 >0j}' ¢2 i ]

(2.4.2) T (5 5. (6y) = (xy)
2
= ¥ [ IL((o,9),(i,j)a) - L{(e,y¢),a)]
m=0 ¢m

f(x,yl6,y)dp(o,y).

The invariance assumptions imply that L((6,y),(i,j)a)

= L((6,p) a) for (ﬂ,w)ﬁ¢0 and
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[ Led,w),i,3)a) - L((0,y),a)1f(x,y|0,0)ar(2,y)

%

= [ [L((8,¥),a) - L{(6,y)(i,F)a)]}
(:)
1
f(x,y|(i,3)0,9)dP(o,y).

Thus we can write (2.4.1) as

(2.4.2) r(i,j)a(x’y) = ra(x,y)

= [IL((8,¥),(i,3)a) - L((6,y¥),a))]

%y

[£(x,y|0,0)-£(x,y] (i,3)0,w)1dP(n,¥).
Now (O,l,’,')i.'pl, (XOY)EBa lmply f(xlylelw)—f(x)yl(ilj)"ll‘vj")

2 0. Also (8,y)ce,, iea, jfa imply L((6,¥),(3i,3)a) -

L((e,¥),a) > 0. Hence (2.4.2) > 0 and (2.4.1) > 0. This
completes the proof.
For each seS, let H (s) = {a:acA,suBa,Ial = m} where |al
denotes the number of elements ina and H(s) = ijlﬂm(s) <
m=

Theorem 2.4.1. Under the assumptions made in this

section, for any non-necgative measure P on (¢,B¢ ) which is
*

invariant under Sp, a sufficient condition for a procedurc ¢

to be Laplace for P relative to DI is

§*(s,T(s)) =1 where
T(s) = {a:acH(s),B(a|s) = min B(a|s)}.
atcH(s)

Proof. By Theorem 1.1 a sufEficient condition for 6* to
be Laplace is 6*(s,S(s)) = 1 where S(s) = {a:acA,B(al|s)

min B(a|s)). By the previous lemma n»Hm(') > Blals)
ucA )

|
|
;
J
;
i
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min b(w[z*. Hinee Blals) = min B(uls) m:iWuls) =
I(x{"ll. sCHIESS
min B{a|g), that is, “{s) C S{s).
ach L
2.5. An Intuitive Loss Function
In intceioreling subsct selection procedvres as screcen-

ing procedures, we want the selected subset to contain the
true 'best', but we do not want the subset to be too large.
It secms reasonable then any symmetric loss function should
contain at least Lhe following three componentis:

. Incorrect Selcckion €168y = ¥ - ¥ T : .
i?n :Ui~mnx 8.}
- .
o PR

2. Thce size of the selected subset a, denoted by l|al;

3. Sowme neasurc of the average 'goodness' of the

selected sct, e€.g. max B = y Bi/)ai.
32T ywssylr © - ih
The guantity max 0. - max 0. can be considered as
g R o ] ica
a combination of 1. and 3.

Traditicrally ICS and |a| have received the most atten-
tion. Gocl and Rubin (1975) considered cl(mnn G, =
3=1,vue,p 3
max Oj) + c, |a| and using essentially Theorem 2.3.7 ob-

iea
tained results concerning the form of Bayes procedures.

Chernoff and Yahav (1977) considered cl(max Oi -
F=1y s 9P
max 0,) + c,(max 8, =~ } Oj/5a]) and performed Monte

ica 3 = PR o J ica
Carlo studies assuming normal populations and normal ex-

changeable priors. They found that in terms of Bayes risk
Gupta type proccdures are extremely good comparced to Bayes

procedures but could not offer any explanation as to why this




is so. Bickel and Yahav (1977) considered c, (103) +4

C‘;)(l‘._':'.v: Dj - > "*i/fal) and studied i azventotic !
=l oD lea
behavior of Bayes procedures as p - assuning normal popu-

lations.

As it turns out the form of the Baycs poocodures is
fairly sensitive to what is used for 3. As the inclusion
of the compenents 1. and 2. seem to be in general agrecment,
it seems reasonable to consider loss functions of the form
L(¢,a) = c;(ICS) + ¢, |al.

Some care must be taken in defining 1CS when several of
the €'s arc tied for the maximum. Traditionally when this
happens one cof the 6's tied for the maximum is arbitrarily
'tagged' as the 'best'. This makes PO,Q{]CS} a continuous
function of (0,y) in the usual case, namely, whcn the setup
of the problem is symmetric, the procedure considered is
permutationally invariant, and the family of possible distri-
butions is in the exponential family of distributions. 1In
this thesis we shall use a slightly different definition of
ICS which is equivalent to the traditional definition (in
terms of risk functiong) in the usual case described above

but not equivalent in gencral.

P
Definition 2.5.1. 1ICS(¢,a) =1 - ] J (/mI, (4)
i ica m=1 Tim
where

p
. = {¢:4ed, 6. = max ;PR |
§ = R =




hand

then for any prior,

Remark 2.5.1. 1In words, q)im is the subset of ¢ where
iv tied wvith m=1 other 8's as the maximum.
To fiy ideas, suppose three of the ¢'s are tied fo
: vximman, if ‘a' selects two of the three, then IC5((,a)
A

We shall use throughout the thesis the following short-

notation.

P
ati = = T, ¢
Hotation I{Oi = max ej}(¢) mzl(l/m) Vim(')
J=L, vs P
Note that defined this way T.o _ .. = }(f) is Ai)
i ¥

j=1,...,[/
We now describe a Bayes procedure.

Theorem 2.5.1.

If the loss function is =

the procedure

gole,a*) = &
2%
where
a* = {i:P{¢; = max ej]s} i cz/cl} if a* # ¢
j=l,.c.,P
and
dl(s,{i}) = 1/N(s)
where
P{0. = max 0.]|s} = max P{e_ = max 8. 1s},
= J=Ly %P ) 1y IR P ) o g2l s i P J
E p
| N(S) igll{P{elzmax OjIS} =
F -'g j=l,ee.,P
: max P{6_ = max O.!sl1(sh
p m=l,...,P j=1, P
3
! if a* = ¢ .
&
' p is Bayes.
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Proof. The posterior risk B(a|s) = ¢, [1- J P{o, =
; ica
ma x Ojls}] + c,lal. The result follows from Theorem 1L1.
3=l,e.00p

reduces to

Corollary 2.5.1. If c2/cl < 1/p then 61

62(S,a*) = 1

where
a® = {i:p{p, = ?:i,...,poj‘s} > e,/c,}.
Proof.
_E Bip, = max Oj]s} =1,
i=1 =l e AT
S0

c,/cy < 1/p = a* # ¢.

Suppose the setup of the problem is symmetric, then 61
is permutationally invariant for any exchangecable prior. In de-
scribing 61 one can therefore assume for any s = (Xl'

x2,...,xp,yl,y2,...,yq) that Xy Xy K sex £ X

- p'
Corollary 2.5.2. Suppose the densities {f(:,-|0,¥):
(6,9)ed} have Property M and the prior is exchangeable. For
s = (xl,x2,...,xp,yl,yz,...,yq) assume without loss of gener-
ality Xy S %5 S w00 S xp. Then 61 can be writtcn as
63(s,a*) = 1 where a* = {i=:i>3*} "if i* < p,

63(5,{i}) = 1/N(x)
for ecach i such that Xy = xp. N(x) =

where

i* = Jargest integer i such that P{&i = max 0.8}

< Cz/cl.
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Proof. This follows from the fact that the posterior

densitice with respect to the prior have Property M and so
by Theorem 2.3.7. x, < xj::§P{Oi = max Oj!s} <
J_ll"'l})
P{6. = max Ojls}.
S SN A

2.6. Uniqueness of Bayes Procedurcs

The following gives a sufficient condition for the
uniqueness of Bayes procedures.

Theorem 2.6.1. Suppose that the setup of the problem is

the symmetric setup of Section 2.2, f(x,v]|0,0) = C(6,))

>

exp [ % Q(Hi,w)xj + ? Rj(w)yj]h(x,y), and the dominating
i=1 ) j=1

measure p is the Lebecsgue measure on rRPHI, Suppose also the

loss function is c,(ICS) + 02|a| with c¢,/c; < 1/p. Then for

any exchangeable prior, 6§, is the unique Bayves procedure.

2

Proof. For any SeB,, F(S|¢)=0 for some ¢ed¢ implies

g’
F(S|¢)=0 for all ¢c¢. Hence for any prior, F(-|¢) is absolute-
ly continuous with respect to I for every ¢cd. Since the

loss function is bounded, for any prior P and any 6¢0, B(P, &)
< », Hence for Corollary 1.1 to apply we need to show A*(s)
as defined in (1.1) consists of a single point of A a.e. I.
Without loss of generality assume h(s) > 0 for all seS. The

posterior density with respect to the prior has the form

C(o,p)expl § Qi(e,w>xi + ? R.(0,P)y.1h'(x,Y)
i=1 j=1 J

and S is in the natural parameter space of the posterior.

Consider the set I of (rcal) solutions of P{Uj = may
’ g i [
Ojls} = ¢,/¢; in D where D is the interior of the natural
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parameter space. For fixed (x2,...,xp,yl,...,yq),

P{0, = max 0.]/s} is analytic in x,. Likewise for every
o PR
other component of (x,y). This fact implies u(E) = 0 or

E = D. We will show this for p=2, g=0. The proof for the

general case follows by induction.

Let Dy and El be the projections of D and E onto the

first axis respectively. For each xleDl, let Dx =
1
{x2:(xl,x2)eD} and Exl = {xzz(xl,xz)eE}. If u(E) > 0, then
there exist €>0 and E! C E, such that p(E!)>0 and p(E_ )>e
1="1 1 Xy
for each X, € Ei. In particular for each x,€¢E!, E is

1 xl

uncountable and hence is the whole of Dx . But then there
3

exists an interval (a,b) such that for each xzc(a,b), the

set {xlz(xl,x2)rE} is uncountable for otherwise Ei would

be countable. lience {(x,,x,):(x;,x,)€eD, x,c(a,b)} C E.

By analytic continuation we have D = E.

Suppose D = E. Then P{6. = max 0.]18} = e, /e
i j=1 P 7 . |
== AR 4
a.e. II. By symmetry P{6, = max 0.l8} = c . fe. ae. &
i di j 25
j=l,...,p
for each i, i=1,...,p. But then § p{ei = max ejis} =
i=1 Y il ST
p(c2/cl) < 1 a.e. NI. Contradiction. Hence u(E) = 0

which implies A*(s) as defined in (1.1) consists of a

single point of A a.e. 1.

The following figure might clarify the proof.
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Figure 1. The Sets P and B.

2.7. Torm Of Bayes Proccdures When The bensities

Have TMLR and the l.oss Function is c¢ (ICE) 4 c_!h?

A Selbie el G0 e L T S B ]

We have seen earlier that the concept of Property M is
important in the study of Bayes procedures partially onccause
the densities of (x,y) given (6,y) having Fropzrty M implies
for any exchangeable prior P the posterior densitiecs of
(8,9) given (x,y) with respect to P have Property ¥ and hence
the posterior distributions have the one~dimensional stoch-
astic monotone property stated in Theorem 2.3.7. Likewise,
the concept of Total Monotone Likelihood Ratio (TMLR) is
important because the densities of (x,y) given (0,¢) having
TMLR implies for any prior P the posterior densitics of (¢,y)
given (x,y) with respcect to P have TMLR and hence the poster-

ior distributions have Total Stochastic Monotone Property




| ('rsMp) . Py atat B T Fact formally.

E Lerma 2.7.1 S iran; Lhe densities {£(x,yl2,0):(0,0)ed)
| have TMLR. 'then [or o3y prior P the posterior densities

of (0,¥%) given (x,v) with respect to P have TMLR and hence
the posterior distrikuiions have TSMP.

Proof. The pusterior densities with respect to P are
{E£0x,y|0,0)/[EGt,y]0,0)AP(0,0) : (x,y)eS) a.c. . They have
TMILR hacnunpﬂof the symmctry in (x,y) and (9,%) in the
definition of TMLL. 7The rest follows from Corollary 2.3.1.

IDSPEYFL?;jf?' fuppose the densities {f(x,y|a,"):
(6,9)ec®} have TMIR and the loss functicn L(4,a) = cl(lCS)

+ c2|a| is such that c,/cy < 1/p. Then the nonrandomized
Bayes Procedure 6., defined in Section 2.5: 6,(s,a%) = 1

£

I & % = 1 - A .=max ,'S e TN ‘S z e
§ where a {i:pla, ?3{ pOJI F = ,/¢y} is monotone
A opg e ey

D,
Proof. I{oj:max .)

% s ’
=k o P
lemma and Corollary 2.3.1, P{Oi=max ej]x,y} ig. Hils
g o SRR

is /{i}. By the previous

Hence 62 is monotone.
However, if the setup of the problem is symmetric, then
the condition that c?/cli]/p is not needed.

Theorem 2.7.2. Suppose the setup of the problem is

the symmetric setup of Section 2.2, the densities {f(x,y|0,¢):
(6,¢)ed} have TMLR and the loss function is ¢ (ICS) + c2[a|.
Then for any exchangeable prior, the Bayes procedure 63

P defined in Section 2.5,

§,(s,a*) = 1 where a* = {i:P{0,=max 0.]s} >
! g . VI !

> o

c } if at ¥ ¢,

2/CJJ

? e
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&3(5,{i1) = 1/N(x)

where

X.=1max X
1l .

o Nix) = 31
B SPIRSS o i

if a* = ¢
is monotone.

We have the following trivial

Corollary 2.7.1.

If the hypothesis of Theorem 2.7.1.

(Theorem 2.7.2) is satisfied, and if for a prior (exchange-

able prior) there is a unique Bayes procedure, then that

Bayes procedure is monotone.

We are now in a position to prove the following essen-

tially complete class theorem.

Theorem 2.7.3. Suppose the setup of the problem is the

symmetric setup of Section 2.2, f(x,ylo,w) = C(8,0) exp

B )
(0. ) x.+

- 1 R

nondecreasing in

Rj(¢)Yj]h(x,y) where, for fixed ¥, Q is

ei, and the dominating measure i 1is the

>+C : i
Lebesque measure on rRPTI, Suppose also the loss function 1is

c, (ICS) + c,lal with c,/¢y < 1/p. Then relative to D , the

class of monotone invariant procedures forms an esscentially

complete class.

Proof. Since the setup of the problem is symmetric,

Theorem 2.2.1. implies the closure of Bayes procedurcs rcla-

tive to D for exchangeable priors forms an essentially com-

plete class relative to DI. By Theorem 2.6.1, for each esx-

changecable prior, 62 is the unique Bayes proccdure. 52 16

aof course invariant. By Theorem 2.5, 3. JI(','I g ury 2 £6,4)
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has TMLR. So by Theorem 2.7.1, 62 is monotone. Thus it
remains to prove that limits of monotone procedures aro
monotone.,

Supposc a net {8“} of monotonc procedures convergces to

§. Suppose that 6 is not monotone, that is, thercexists i, §

{i} v

S,e8, 1(S)), H(S,) > 0, s;< s, for all s,€8;, s,c8,, and

ess sup § (b) > uss 1nf 6 (s'). It is easy to check that
seE S s'eS
2

this implies therec exists wl - Sl, w2 C Sl, 0 < h(wl),

u(wz) < « such that 61(51) > 6 (s. ) + € sonie £>0 for all

' r o o0 y
s €Wy, s,ell,. Now [wial(s)du(g)]u(w o = g;; sup ‘;(s)l(hl)
t
. , 1
u(l,) < ess inf éi(s)u(wl)u(wz) < fx W (S)Ju()).  Since
SC(Uz

fﬁ?(s)dn(s) > féi(s)du(s) and fui(s)dn(a > [é,(s)di(s)
(Ul wl (1}2 wz
we have | f@.(s)dn(s)]u(w Yo« fé.(s)du(s)]p(w Y« But

w 27 — W g i
1 2
> 8, : | i e e
éi(sl) 61(52) + ¢ for all slr,(tl, 5’2““2 >cq§i inf 61(.) >
N

ess sup §;(s) + c. Hence [ fd.(s)du(s)]u(wz) > ess inf 4. (s)
sel, W ssw
WU, > [ess sup 6, (s) + clu@u(w,) 2 [ o, (Hau(s))

scl ()
u(wl) + eu(wl)u(wg). Contradiction. Therefore 6lu monotone

and the proof is complete.

Our essentially complete class theorem is not entircly
satisfactory in two ways. First, permutational invariance
was used. The theorem ought to be true even if the sctup is
not symmetric. Two, the theorem is an essentially conplcte
class theorem rather than a complete class thcorem. By us-

ing the strict versions of Total Monotone Likelihood Ratio

Y e S PP e




and Total Stochastic Monotone Property it may be poccible to

give a constructive proof of a complete class theorcii. 1n 1

this connection see Brown, Cohen and Strawderman (1976).
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CHAPTER 3

SIMULATION RESULTS ON SUBSET SELECTION PROCEDURES

In the last two chapters our search for procedurcs that
perform wcll on the average led us to the investigation of
Bayes procedures. But Bayes procedures typically require
numerical integration to implement and sometimes this makes
them unsuitable for practical use. Besides, the usc of
Bayes proccedures is by no means universally accepted. So
if there are easy to use classical procedures that have per-
formance close to those of Bayes procedurcs, then these
classical procedures ought to be used. This possibility is
explored in this chapter for the case of normal populations
with normal exchangeable priors. The classical procedures
of Gupta type and of Seal type are compared with Payes pro-
cedurecs in terms of integrated risks. Though the Monte
Carlo studies were done for the case p=8 only, indications
are for each loss function and prior pair, there is always
a procedure of Gupta type that performs almost as well as
the corresponding Bayes procedure, while this is true for
Seal type procedures only when the normal prior is very in-
formative comparcd to the observations. In this connection
Chernoff and Yahav (1977) earlier made similar studics for

the loss functions c, (max O,-max 0.) 4+ c,(max =

(
l ! G=Ly e v op iea * iy ) RS J
‘k ﬁi/fd[). They also found that Bayes prccedurces can b
lea
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approximated closely by Gupta type procedures. Though we
do not yet know whether Cupta type procedures are robust
against priors, we can recommend their uce in the case of
normal populations as procedures that have at lcast some
optimality properties.

Notation. In this chapter as well as the next, we
shall adept the following convention. Let 6 < < B

1] ~ """ = Tip}

be the ordered components of 6. If there is exactly onc

such that 6. = > ~ 0. = 0 >
at 0l O[p] then we shall denote (l (p] by,
max .. If more than one 6, are tied for 0 . then
j=] p J 1 [p]
S e
caactly one of these Gi is tagged as max 8.. For any

e 5 3
= R o
subset selection procedure R, let PQ{CSIR} denote the

probability of a correct selection under 6 when procedure
R is used. More precisely, if §(s,a) is the probability
assigned to the subset a of {1,...,p} by R when s is ob-
served, then PG{CS]R} is the expected value of

agxl{max eja{ﬂi,ina}}d(s'a) under 6, where I denotes
= . 3

J=L pesis gD
the indicator function. Also we shall denote by Eo

expected subset size under 6 when the procedurc R is used.

(SiR) the

If we let P@(ilR) be the probability of selecting i under
0 when procedure R is used, that is, Po(i{R) is the expected
value of |} I

oy ln
= Y P (i|R).
i=1 ©

g ) ] S € - - B S!{
{153}5(5ca), then it is easy to see that E (S|R)

Consider the following model:

(X!]l) ~ N(n,I),

X )
where XT(Xl,...,Xp), u=(n1,...,up) are vectoars in RI and
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I is the pxp iddentity matrix,
T N(m}, rI 4+ sU) where m, r, 8 are constants, r 0,
~r/p < s <r, angd U= 1" vwhere 1l = (F,-c:,1):

The above model is eguivalent to

(1+x}I + sU xI + sU
X, N l,ml), -
(X, 1) ((ml,ml),( . . qu r1 + su’

lHence a posteriori

(u]x) ~ N(u,2 vhere

271
bo=ml o+ (rI + sU) [(140)T + sul™t (x-m1)

= (x/l+r) x + a multiple of 1

and
222'1 = (rI + sU) - (rI + sU) [(1l+r)I + sU]—1 (xI + sU)
s
= (rI + 8U) ~ (£I + sU) (1+r) i1~ -2EE__y) (r1esv)
1 +P‘l—:fr
= rI - (r’/1+r)I + a multiple of U
= (r/l1+xr})I + a multiple of U.
Bayes Procedure.
Recall that the Bayes procedure , denoted by RB’ is as
follows: Select 1 if and only if X; = ?ST, ,pxj and/or
P{ui=max ujlx} > cz/cl.

3=l,...,p

Gupta's Procedure.

The classical procedure studied in Gupta (1956,1965),

denoted by RG' is as follows: Select i if and only if

Xi > max X. - dG(P*) where dG(P*) is just large enough such
j#L

that inf P“{CSIRC] > P* where P*{1/p < P* < 1) is pre-
ye RP A= o ;

determined.,




2%

&> o

¢

Seal's Procedure.

One particular procedure in the class of procedur

studied in Seal (1955), denoted by RS, is as follows:
Select i if and only if Xi = X X./(p=-1) - @ (P*}

J#1

where dgo(P*) is just large enough such that inf P {C5|Rk,

pe RP
P* where P*(l/p < P* < 1) is pre-determined.

We shall try to show that both Gupta type procudurcs
and Scal type procedures are intuitive first approximations

to Bayes procedures. First we state a well known lomma.

Lemma 3.1. Suppose V . N(b, I + du), - 1/p<
1xp Ixp pxp PXD

Then there exist ) and a such that if
0 TR |
A

o = 7 o o * I - 3y % R

W (LO,Nl,...,hp) N((O,E)), : pPxXp |, then (\»J :d.o,.
A

Wp—iwo) has the same distribution as V.

As a consequence of this lemma, the expected value of

3

any measurable translation invariant function of V can be

computed under V - N(b,I) rather than V - N(b, I+0U) .
prove this formally.

Theorem 3.1. Suppose V ~ N(b,I+8U),-1/p < § < 1.

We

b 5

h is measurable and translation invariant, that is, h(v4cl)

= h(v) for all ceR, then
h dag
fp (v)do (v)

R

(v = [ h(v)dd, o

b,I+déu rY 5

where ¢q R denotes the normal cdf with mean vector a and

’

~

variance-covariance matrix B.
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(4
Ij;ph (v)ad b, I+6

(v)

= f“+lh(wl~w0,...,wp—wu)d¢

: = (W)
: 0,b 5D s
R ( ) ) A

A I
pxp
A d _A vy
£[3+lh(wl""'NI))L”(O,IJ) CTTE 4
- '

i
PXPp

= }él)h(v)(1¢’b,I(v).

Let us examine the Bayes procedurc more closely. We

first note that the set {ui = max p.} is both trans-

: . _ J=h e o o P
lation invariant and scale invariant in u. So

P{ui = max u. | x}

= fI{“i '}dd:

]
= |
=
o

(r/1+r)x + multiple of 1,

i (r/1+r)I + multiple of U(“)

U-}d¢

s e
{“i v 3 (r/l+e)x + multiple of 1,
J=k peae s B %

(x/1+x) I (v) by Theorem 3.1

]

max

II{“i .
=1, oP

)d®
uj (6 /8 S ) BTN (54 o =)

translation invariance

(u) by

}d¢
3 (e/1l+%)

invariance

fl{ui = max
bl SR o)

1/2 1) by scale

XII(L

& lI{ui -y (r/1+r)]/2(xi—xj) >0, 3#11%%, 1

{3:1)

i AT
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Hence the Bayes procedure selects i if and only if the

p-1 dimensional vector (Xi—xj,j#i) is reasonably large. As
a first approximation we may replace (Xi~xj,jfj) by
(X,-max X.) 1 or by (X, - ) X./(p-1)) 1. Now
o = i e ~
Jrx Jj#1

2 fI{ui~u,+(r/}+r)l/z(x.—max .. 5#11%%0, 1M
J 1 . y '3 =
(3.1) 1

| A

iy, v 14002 (2= T x./(p-11) ,5#119%0, 1 (W)
i 13573 >

where the first inequality is obvious and the second in-
equality follows from the result of Marshall and Olkin
(1974) . So morec realistically we would approximate

(>'~i—le:]7/'l) bY (Xi-—max xj.*.cG)]; and (Xi- Z Xj/(f"l)'cs)!—

j#i j#i
where CG and CS are positive numbers. In any case, the first
approximation leads to the procedure of selecting i if and

‘ only 2f Xi~mag X. 1s reasonably large which is Gupta's
procedurec. Jéie second approximation leads to the proccdure

i of selecting i if and only if X; - _;_ Xj/(p—l) is reasonably
large which is Seal's procedure. i

Monte Carlo studies were performed to determine how

good these approximations are in terms of integrated risks.
The three types of procedures being considered--Bayes pro-
cedures, Gupta type, and Seal type, all are translation in-
variant procedures. The loss function L(u,a) for fixed a is

E} both translation and scale invariant in p. In computing the

integrated risks the following sequence of reductions

shows that the integrated risk of any translation invariant
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procedure § is independent of m and s.

B(6,N(ml, rI + su))

1l

IIL(U’a(X))d¢(r/l+r)x + multiple of 1,

(r/l4x)I + multiple of u (M)

A%, (14r)1 + sy %)

JILQue8(x1@0 iy sy (0)

dvml,(1+r)1 3 SU(x) by Theorem 3.1

JJL(n.6(x))as

It

(r/l+r)l/2x,1(“)d¢ml,(l+r)1 + SU(X)

Il

ffL(UfG(X))dé(r/l+r)l/2x,1(“)d¢g,(l+r)I(X)

by Theorem 3.1

JJn s (/1 T 200, LGnaeg o (2).

Q,rI
For each (r, c2/cl) pair, r and c2/cl indexing the
priors and the loss functions respectively, the best Gupta
type procedure and the best Seal type procedure are found
by simulation and their integrated risks are compared with
the Bayes risk by simulation. As it turns out, throughout

the range of r and cz/c1 studied, for cach (r'CZ/Cl)' there

is always a Gupta type procedure that perform almost as well
§l as the Bayes procedure, while this being true for Seal type
r_' procedures only when r is roughly less than or equal to 1,

? " i.e. only when the prior is very informative compared to the
i observations. For each (r,c,/c;), Table I gives the ap-

¢ proximate value of the optimal dC' the constant associated
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with the best Gupta type procedure. Table IT agives for

ecach (r'CZ/Cl) the simulated integrated risks using the Baycs
procedure and the best Gupta type procecdure. In this con-
nection Chernoff and Yahav (1977) made similar studies for
the loss function cl(mix Oj—max Ui) + cz(@ax ej-
J=2 ps sw pP - dEQ A=L e e r P
1 6;/lal). They also found that Bayes procedurcs can be
éigsely approximated by Gupta type procedurcs. Notice that
the values in Table II depend moderately on cz/cl but for
fixed C2/Cl are relatively insencsitive to . For the loss
fﬁnction they studied, Chernoff and Yahav (1977) also found
this phenomenon.

The question that has to be answered bhefore Gupta type
procedures can be recommended as 'the' procecdures to use in
all normal populations situations is how they perform under
priors other than the normal, i.e. are they robust against
priors? Simulation studies in these cases becawe more diffi-

cult and have not yet been done. But until they arc done wo

can still recommend the use of Gupta type procedures. They

have at least some optimality properties.
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CHAPTER 4
SOME ROBUST AND NONPARAMETRIC

SUBSET SELECTION PROCEDURES

The search for good procedures generally has to be
carried out individually for each distribution. 1In the last
chapter we found that in the case of normal populations with
variances known, Gupta type procedures have some near-
optimality properties. Now consider the following location
model. Supposec xiw,i:l,...,p,u=l,...,n are random variables

P n
such that their joint distribution is I I'(x. -€.) where
i=1 a=] ik
F is only partially known or totally unknown and O=(&l,...,
cp) is an anknown vector ip Rp. Suppose we want to select
in terms of the Oi. There is a large body of literature
dealing with robust and nonparametric estimation of the
location parameter. All the good known estimators are asymp-
totically normal under reasonable regularity conditions.
Hence, intuitively, Gupta type procedures based on these
estimators should have good performance. In this chapter
we propose two procedures to be used in the e-contaminated
normal populations case. These two procedures asymptotically
control the probability of a correct selcction. We also

propose a third procedure to be used in thc case where F is

absolutely continuous but otherwise unknown. This procedure
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controls the probaliility of a coryeet selectiun for any

L]
samble size n. Since it is bescd ssentially on the Hodges-
Lehmann estimator, it iulicrits the high esymptotic relative
efficiency of that esti..itor. It should be pointed out that

the problem of nonparajciric subset selection is an old one.

Some of the earlier relecrences are Lehmann (1963c¢), Puri and
Puri (1969, 1968), McDonald (1969) and Rizvi and Woodworth
(1970). The approach here differs fiom the earlier ones in
that direct estimators of the paramcier are employed in con-

structing the procednres

DRI

4.1. e-Contaninatcd Normal Populations

With Scale Known
Let Xi“, =1, .. P 0=, ...;0 be random variables
having the joint distribution
p n
. =B
O R Ve

where F = (l1-¢)¢ + eH, (0 < € < 1) is a known constant,

&
is the standard normal cdf, H is an unknown symmetric dis-

tribution, and 0 = (Ol,...,Gp) is an unknown vector belong-

ing to RP,

Let C be the class of all e~-contaminated distributions,

C = {F:(l-¢)9 + eH, H symmetric distribution function].

We shall propose two asymptotically equivalent pro-
cedures, one based on Hubcr's maximum likelihood estimator,
the other on the trimmed mean. One way to introduce these

estimators is as follows:
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The distribution 5% in C having the smallest Fisher
information has the density

fo(x) = (2ﬂ)—l/2(l—€)e_00(x)

where 2
1/2 x for |x| < k
k

Pot®) =ty k] - 172 k¥  for |x| >

with k depending on € through
ef1l=c = 24k} /k — 2¢(-k),

where ¢ = ¢' is the standard normal density. Let
. X for |x} < k

q:o(x) = OO(X) ={k sign (x) for le =k

We shall denote the maximum likelihood estimator of Oi

with respect to the above F, by M; . It is the solution of
n

)

a_lwo(xianoi) = 4
The (asymptotically) best estimator of Oi based on
linear combinations of order statistics is the trimmed mean

n
h n+l))x.
le (B/(n+1))x; g
from X.
i

)/n where X3 ( is the Bth order statistic

1(B)
B’ B=1 oo,
constant for Fo(-k)<t<F0(k)

h(t) ={
0 otherwise

n
such that Jh(8/(n+l))/n = 1. We shall denote the trimmed
B=1
mean c¢stimator of 6, by L. .
i in

The following results are well known. Sce Huber (1964),
Brickel (1967), and Jackel (1971).

Theorem 4.1.1. Under the sole assumption that H is

symmetric, n (M. —ei) is asymptotically normal with mean 0.

in
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Let oM, 1 be the asymptotic variance of n ™/ “(I'. ~(_.) under T,
’ i N i
2 2 2 2 2 2
then sup o SE_ TN (e where ¢ = = [(l-g)Z ¢ + ek“1/
S 2 M,} o ) Vo 24
Fe( - O
i CIE o .
[(l-L)h¢vO] p Under the additional assumpticon that H has
: . . iy
continveons derivative, n ‘" (L. -6.) is asy totically normal
in 1 ‘ 2 d
ith _ Sl 4 : : 1/2
with mean 0. Let oL F be the asymptotic variance of n
L'

(Lin—oi) under F, then under the additional assumition on I,

o 2 2
sup © S S0 =G also.
Fe L,F L,JO (e}

ro

Remark 4.1.1. Tables of o " are available. sSecc for
example Huber (1964).

Let P*¥(l/p < P*¥ < 1) be the desired minimum probebility
of a correct selection. Let d be the positive numbor such
that

[oPh (x+d)ae (x) = pr .

We now describe the two proposed procedures.

Procedure RIigj Based on the Trimmed Mean

ol ; . > L3
Select 1 if and only if L., > max L. _<do_/n™
Q= j=1 D in O
g oy

Procedure R, (n) Based on IHuber's Mnximgy“l%kgWJho»d

M— =il
Estimator
A , e _ : S T
Select i1 if and only if M, > max M. =-do_/n
in — in o

J=lie s E

Theorem 4.1.2. Under the assumption that H is sym-

metric, sup lim inf P{CSIRM(n)} =Rk Under the addition-
FeC n»w 0eRP
al assumption that H has a continuous derivat ive,

sup lim inf P{CS{RLln)} = pk,
FeC nor» HoRP
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Proof. Let Fn be the common distribution of Ljr_U"
T
i~l,...,P, under F, Suppose bi = max 8., then
=Ly vs P

> {CSIR } = o ot 3/2_~ 0 -
P ol ].“(n)l fj;jln(xadno/n “j)dln(x o)

vitich is nondecreasing in Oi and nonincreasing in every
other component of 8. Hence

inf P {CS|R,(n)]} = PL',O{CSIRM(“”'

oerP Fr
where O = (0,...,0), Now
< Ware: JIR a [)—l H(w
iiT PFloitu]RM(n)} jy (x+doo/nM'F)d»(x).
2 2
3 3 3 = g ¥ o
But sup (M,F (b Hence

Fel

inf dam 4 mE PF 0{CSIRM(n)} = f@p—l(x+d)d;(x) = P*,
FeC noo 9¢RP £

The proof for RL(n) is exactly similar.

4.2. F Absolutely Continuous Unknown Case

In this scection we consider the case where F is
absolutely continuous but otherwise unknown. Let Xia' a=1,

2,...sn, i=1,2,...,p be independent random variables such
p n

that their joint distribution is 1 11 F(xiu—ei) wherc F
i=1 a=1

is asbolutcly continuous but otherwise unknown, and 0 =

(0 ..,0p) as before is an unknown vector in rRP .

i Gl

Let us denote the rank sum of {(X..,X.,,+..,X:_} when
b 1) S, jn

) i . ’ (3)
they are compared with [Xil,kiz,...,xin} by K'7' .

Let
I3 o 3L) . ¢ wiii)
D(l) < D(Z) o ¥ D(nz)
denote the n2 ordered diffcrences qumxj‘,'u S T AN ¢ S
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Since P is absolutely continuous we can asswne these giffer-
eNzZos to be distipnct. Let wji(A) denote the numbor of pairs
{x,8Y fTor which

W ;
< 3! - /\

Xjf\ B A

In accordance with tradition, we write Wji(O) simply as wﬁj.
o2

The following theorcm, stated as Thecorem 2.4 in Lehman
(1975), gives the relationship bhetween 053;) and Wjj(ﬂ).
Theorem 4.2.1. (Lehmann, 1975). Suppose the differ-

ence Xim— Xjﬁ are distinct. Then for any intcger m betwoen

2
1l and n” and any rcal number A,

(j1) : g 2
(4.2.3) D(é) <6 if and only if Wy (A) < n"-m
and
(42,2 DE%;) > 6 if and only if W_ (/) > n?-m+l.

Gupta's procedure RN(n) for the case where F is the
normal distribution with unknown variance is as follows:
Y B , LR e 1/2
Select 1 1f and only if xi > kj = dnS/n
for all j, j#i
vhere ii' i=l,...,p are the sample means, S is the pooled

estimate of the standard deviation and dIl is just large

pre-determined.

enough such that inf P {CS|R (n)} > p*, p*
¢ N
%
Notice that this procedure is equivalent to the following:

Select i if and only if the 100P*$ simultaneous con-
fidence intervals {0.-0. < X,-X. + d S/nl/2 for all j, j#i}
L 1y n
gaver U= oo iy

Theorem 4.2.1. enables us to construct nonparamectric

simul taneous confidence intervals for (0.--C., 441) as

J

follows:




(4:2.3) 9. b v ”21;) for all j, i7i)

R ¢ 1 J <
= P {0 )'\(]l) for all jr j/Jlr

B, 8 (a)

7 2 ¥ i == 3 2 }
P, {nTea < wji for all j, j#i
= P {nz—a < R(g) =142 m(n+l) for all j; J#£1 }
Yo
where 8 is such that 86, = 8. = ... = 8 . Hence (4.2.3)

o 1 2 P

can be computed exactly by enumerations.
We are now in a position to proposc proccdure Rk(n),
the nonparametric analog of Gupta's procedure R _(n) based
iy

on the Hodges-Lehmann estimator.

Procedure RR(n) Bascd on the Hodges-Lehmann Estimator

Select 4 it and osly Af B < Dggl; for all j, j#i
n

or, equivalently,

Select i if and only if n® - a_ < RJV-1/2 nine1)
 §
for all j, j#i
i where a. is the smallest integer such that
P {n2-1 < R(j)—l/” m(n+l) for all j, g#i} > p*
6 “n il “ : y da’ B2 :
o
We now show inf P .{CS|R_(n)} > P* for any sample
sepb Fab R - =
U E N
4 . : max o
size n. Supposec without loss of generality 6. = . _ 0.
s i 3=l vn e )
‘ Then
inf I e i (31) r ¢ aaey
inf P JCUIRp(n)} = inf P, 8{0<D(a ) for all j, j#il
6eRP 7 ) 6erP “ n
% ; (3x) p o s
i =Rt P {0.-0.<D for all J, 3#i)
: oeRP F,OO e (an)

= e Gt : v
= PF'OO{O\D(an) for all j, j¥i}

S ASWILT AT
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= Py (n®-a <12 n(nrl) for a1t 3, ri)
Q

B

The asymptotic value of ay is given by the following

theoren.

Thicorem 4.2.2.
. o e e aIs N 5 ) ; s
lim (n /L—an)/(n (2n+1) /1 2) = -d/v¥2 where d as Lefore is

n o rw

determined by

[P L (xed)ae (x) = p*

2 il

PO {n Ry < wji for all §, a#Fil

= 2, (n?/2 - /ey a2 < ;- n?r2)/
% .

(22 for ail 5, 250,

It is well known that the random vector ((wji—n2/2)/

(e C2nE ) /12 , J#1i) under 0O is asymptotically distri-

. 2
buted as N(Q,)/2(I+}‘))). Hence lim (n“/2—nl)/(n2(2n+1)/

).
2 n->cw
123172 = _q//3.

The following generalization of Lemma 4 of Lehmann
(1963b) cnablees us to compute the asymptotic relative
efficiency of procedure RR(n).

Lerma 4.2.1. Under the condition ffz(x)dY’v, for fixed

i, as n»*« the random vector nl/Z(DE;l;—(ﬁi—
n y
nmultivariate normal distribution with mean vectcer (d/(12)1/2

Oj),j#i) has: &

2 . . ; .
[J£7(x)dx) 1 and variance-covariance matrix

o 2 w2
Oy = 1/6 (/7 (x)dx]
oy 11211 (a0 ?




Froof. Assume without loss of generality that (.-2.=0

J
far all 9 i#Zi. For any constant vector v {17 1)
Jl ] 2 ) } '
142 £33 i . 2 i /
Piv.2n / U(} ),7/1f = Pt{n -a_ <W (0™ v.d. 3FI
1 (dn) : n  ji j

py Thcorem 4.2.1. DBy Lemma 1 of Lehmann (1963a), the random
=342, . gile 40 -1/2 A ) R
e OE 3 LR . bl i P . 7 H 255 as 'nA”vUtl_
vector (v]l(n vj) F[H}l(n v])l, 3£ YT
cally normal with mean 0 and variances egual to 1/6 and

covariances equal to 1/12. Now for any j, j#i

. ~3/ Sl 5
tim n"¥ 2w, . (n1/2y.)1-n?/2)
e Jt ]
. ~1/2
= lim n 3/ n2[P{X.—X. > nl/“v.}—l/Zl
nio J 1 J
= lim n'/? j[F(x-ﬁl/zvj)-F(x)]dF(x)
n»\n

= -vj[fz(x)dx
where the last step in justified because jf‘(x)GXum. Sec

Olshen (1967) and Mehra and Sarangi (1967). Hence the random

=3/ 2

vector n ((Nji(ﬁl/zvj)—nz/Z), J#1) is asynptotically

: -2 : ’ i
normal with mean —ft (x)dx v and variances 1/6 and covari-

ances 1/12. By Theorem 4.2.2., we have

Tim Py, < nl/nggl;' j#i}
fobh i

5 2
= 1im P{n%-n2/2-(n2 (2n+1) /12) Y %43 +0(n37?) «
noo
/2

(n V.l JEL}

W. .
J3 J

li

lim Pf—di((12)l/?ffz(x)dx]vj+o(n3/2)/n3/2 <
n->«

1/2_=3/2 2 R
(L2} n [wji(n vj) 3 g

F Iazi e (x) ] vg, 3}

Py taking limit we get the desired result.
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Agywptotic Relative Ffficiency of Procedure %L (n)
Congsidcx Gupta's normal means proczduve B (n) descri

carlier:

)
J

Select. 3 if and only if Xi“i' Fd.8/n""% > 0
for altl 3, 3F1

whoere Xj, i=),...,p are the sanple mcans, S is the pooled

estimate of the common standard deviation, and 4 is dete

il i

mined by

[v's) [aw) 1

)_' ) \
[ ] P (x+sd ) as (x)dG_(s)
n v

O -0
wliere G\ 1S the edf of yw /v with v = pm-1) -

J v

2 2

Denote by 0 the variance of P. We shall assuwme that ¢ 2w,

' A ; 2
Under the additional assumption ff (x) dx<w, w= soe fron

Lemma 4.2.1. that for any i, n*/2[(12)™2[1" (») dx] (ufg’;
i i 172 =1y o= 3t -
(“i_uj), j#i) and n /25 (Xi_xj +d,8/n . , j71) have

the same limiting distribution. Hence if n'(n) is such tl

2
lim n' (n)/n = 1/120° [[£2(x)ax]% then Llim P, {CS|R (n") 1/
N> 500 e U 24

5 ~ ] - : ] ~ "
}F,O{LS,RN(n)} 1 and iii EF,e[S[RR(n )]/EF’GIS!RN(U)J
for any ¥,08. Therefore if we define asymptotic relative

efficiency CR,N of RR tO RN as the limit of the reciproca

of the sample sizes required such that the two procedures
have the same asymptotic performance, where pcriormance
is measured in terms of E(SlR) for controlled P{CS|RrR},

P{CS|R} for controlled I:(S} R}, or a linear combination of

» 5 .
P{CS|R} and E(S|K), then en h=:l2uz[ff”(x)dx]2. It is we
TER

known that 1)02[ﬁ_2(;d<1x]23}!.ﬁﬁﬁ for alkl £, and k2 “1FE" g

3/% = 0.95% when § is the normal donsity.

1
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