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~~ conjecture to be true for a variety of Jackson networks with single server
nodes. Subsequently, a number of characterizations of the equilibrium
traf f ic s treams on the arcs of open Jackson ne tworks emerge , whereby
stochastic properties of traffic streams are shown to be equivalent to a

- - simp le grap h— theoretic property of the underly ing arcs. These results
then help to identify some inherent limitations on the feasibility of
e q u i l i b r i u m  decompositions of Jackson networks .
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The equilibrium behavior of Jackson qucueing networks ( P o i s s o n

arr ivals , exponential servers and Bernoulli switches) has recently been

investigated in some detail. In particular , it was found that in eqnil—

ibrium,the traffic processes on the so—called exit arcs of a Jackson

network with single server nodes constitute Poisson processes. This

result may be viewed as an extension of Burke’s Theo rem from single

queues to networks of queues.

A conjecture made by Burk e  and others c o n ten d s  t h a t  the  traffic

processes on nonexit arc s cannot he Poisson in equilibrium. Th is p ape r

proves this conjecture to he true for a variety of Jackson ne tworks

with single server nodes. Subsequently~ a number of characterization s

• of the equilibrium traffic streams on the arcs of open Jackson netwo rks

emerge , whereby stochastic properties of traffic streams are shown to

be equivalent  to a simp le g r a p h — t h e o r e t i c  p r o p e r t y  of the un d e r l y ing

arcs. These results then  he ]  p to i den ti fy scorn I r ih e r en t  I I nii t a l l  en s  nfl

t he lens I h i  1 1 t y of  equ I I lb  r i n n  decompos i t  j OIlS 1)1 ~~~~~~ n n e t  w n r k i ~.
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1. Introduction.

P.J. Burke [4 1 and E. Reich [14 1 showed independently that the

depar ture process from a M/M/s queue in equilibrium is a time homogen-

eous Poisson process (with same r a t e  as the arrival process). Analo-

gous results have been recently obtained by F.P. Kelly for a large class

of queueing ne tworks with exponential servers ([11], [12]), and even for

certain ones with general independent servers [1). These results made

e l e g a n t  use of r e v e r s i b i l i t y ,  f i r s t  employed by Reich in [143. S i m i l a r

r e s u l t s  were a t t a i n e d  more directl y ( [3 ] ;  1 13)  Sec.  4 . 7 )  fo r  the class

of Jackson qucueing network. These networks are termed after

R . R . P .  Jackson [101 and J .R .  Jackson [ 9 ] ;  they are described below.

A J z~~~;~ ;y n ’ t ~ ni~~ cons is ts  of in service s t a t i o n s . Each s t a t i o n  1

houses a f i n i t e  number of p a r a l l e l  identical independent servers that

provide exponential service times with rate . Customers can arrive

at a station i either endogenousl y (from other nodes) or exogenous l y

( f r o m  ou ts ide  the  ne twork) ; in the latter case they arrive from each

secirce a c c o r d in g  to a Poisson process wi tli intensit y i. . When the

serv er : .  are busy, customers are ( I e I . t v ( ( l  in a I..( :I :S ( f i r s t  c ome I i r a

st ry e ) wa I I i n  ~ 1 i flI o f  i l l  f i n  I t e c - : I  pm i ty  . On SI m v  i • eornp J et  in n  i - n  -

c I I ’ : t c c I I I e r c u t  c r:: :1 b( r n ( I i I l  I I ( i ( ( ( c f l l i ) c l S  I ( I ( 1 1 1  : : W I  I c - I l  W i l l I l l S  U( X (  1 1 1 : 1  I —

l i i  1 1 1 1 1 1  I S i i  i c  clII  I uit’cI I I  ( ( c  r<i i t )  I I I )  :1 111111 I I 11)110 I I lit c c c c l i i  I I I F I I i  .

I - l i s t  lo ll er may tIic ~~ lit r0 l i t ( ( I  ( ( I  : 1  II I o u  j w i t  i i  J i rc Ill Ili l  I i t y  . e u  h - c e

III

t i n  : y n t  ( II I ~1 I t  I~~~ c I hl~ w i  t h  p r e l ol I I  i t  v q . I — . A l  I c . c c ~~~~ l I c l c

n r r t v . o l  ~~~~~~~~~~~ si r v i c - c  I h e :  ~I Y i ( I  s w i t ( I I I c )  de - i ~~ u ce l l  t I l c c i I l I . I l  I s

I n o i ep c n c l c ui t

In t i o t s  p . o J c & r , We niec  I 1 he sol c i v  u l ) f l c  c rcn d w i t  i t  •l~~~k n c ’n  fl - t ~~

w i t  Ii • i r ig  h e  :a rye r - - 1 . 1  I I c  cu e . - i c i - I o  I l l  two  rks  ire o l i cp . o  c I I v e~ n j I led by

-I- 
-

~~~~~ 
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a quadruple JN = (M ,a ,a , P) where M = ~l,2 mi is t he s t a t i on set ,

-t = (a
1
,...,i )  is the vector of arrival rates, a = (a

i
,...,o )  is the

vec tor of service rates , and P = 
~~~~~~~~~~~~ 

is a m x m subs tochas t ic matrix

which specifies the switching probabilities among stations. The dummy

s tation 0 will denote the network sink , with the convention p00 1.

Since a network configuration is routinely pic tured as a direc ted

graph, we shall find it useful to couch much of the impending disc ussion

in graph—theoretic terms (c.f. [151). Accordingl y, service stations

will be terme d n Jc:~ , while the term a,e’ w i l l  r e f e r  to node pairs ( i ,

such that p .. > 0. A iath is any sequence of nodes (k
1
,k2,...,k )  such

that 
~k k > 0 for every 1 < l~ n. The len (/th of a pa th  (k , k 2 , .  . . ,k )

— 1

is n—l , i.e. the number of adjacent arcs specified by the path. If

,. , > 0 then the network is said to have an inlet to node i. Likewise ,
1

an arc (i,0) is said to be an c utlet of the network from node i , if

q
1 

> 0.

The z - ;~~~-~ / 1~~f relation is defined on M~~{0} as follows : j  is

acc essible from i (notation i’ ~j )  i~ 1= ) or t h e r e  i s  a 1) 1111 ( I  , k ,~~~~~~~., k , j )
n

We say tha t i and j . ‘-n rr ci - ‘
~~‘; ‘.~ if i -~-~~j and j _

~~~, 1. The c om m l i n i c a t  i n n

r e l a  t ion i s  an equ i  va lence  r e l a t i o n  on M I J ~0 I the eqo~ I v a l e n c e  c l a s se s

( i f  t i i i ’  re so ! tan t p a r t  i t  i o n  w i l l  he t ermed he r e  ‘ si: -- s S / o 1 t l i e  n e t  WII r k
a

An c - I l m c n t a r y  c l a s s i f i c a t i o n  c c l  nodes an t i  J a c k son  n e t w o r k s  n ow

f o l l o ws .  A t i t e l e  I I s  j . c  S If i — ’ * I ) ; i t is , . / - : / I I j v / - i ( J . A tackson

t i c  t w o  ml ’ is  - , e  c r  ‘ /  - , / ; t c ( n r c I  i ng  I S ;i 1 1 i t s  nodes  a T o  O J ) l l I  c r  c i  n s c - , i

c t  Ii e rw i se , i t  i s  ,:i ‘ 5 1. A lack son t ie  I WI) rk is ‘ c - _ s . • I I t  h a s  t in

i n l e t s  ( - e l Sec .  4 . 1 in  [ [ 3 ]  11cr m ore c l ( t n I l s ) .  A f o i n d a u n e n t i l  c l a s s i —

I 1 5 . 1 1  i o n  c l i  a r c s  i s  g i v e n  by

I) t I l i i i 1 1 1 1 1 1  1 . 1  (ci . I I ;  I I  I~ ~c - r . ‘i . 7 )

, \ t i  ar c  ( I , I) i s  an  c x i  t a t  I i  I . Ot h e r w i si ( I , j ) I S I  n O n e X i
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Thus , an exi t arc is located be tween dist inc t components, while nonexit • 
-

arcs reside within components. It also follows that a nonexit arc (i , j )

-

• has a cycle , viz, there is a path of the form (i,j,k
1
. ..,k 1, i). Con-

sequently, (i,j) has a cycle of minimal length L L(i,j); such cycles

will he termed minimal cycles (of(i ,j)). In particular , when L=l , (i ,i)

will he called a f ((11 (11 / arc .

Let tX . . ( t ) }
~~~0 he t h e  traffic (counting) process on arc ( I  , j ) ,

v i z .  K . , ( t )  i t  t h e  t o t a l  number  of cus tomers  t h a t  passed on a rc  ( I  , j)

in the  t ime interval (0,t]. Ihe salient f e a t u r e  of t r a f f i c  processes

on exit arcs (i,j) is that in equilibr ium {k . . ( t ) }
~~>o is a Poisson pro—

cess. (See [3]; [13J Sec . 4.7). A stronger result will be stated later

on in Theorem 2.1,

The s t u d y of traffic processes is essential to the stud y of network

decompositions. It was conjectured in [13] (Conjecture 4.7.2) that if

( i , ) i s  a nonex i t arc (ex c l  11( 1 i ng  f e e d b a c k  arcs  ~ i t  Ii p , = I ) , t I u e n

K . ( t  
~ 

i s  no t  a I’o i s s nn  p r o c e s s .  A s in !  Ja r cot ) j t c t l o r (  was p r (v loIIIs l v

;lsse r t l d  by  I’ . !. B urk e ’  1 5 1 ,  w h e r e  a h e u r i s t i c  :o r g t i mc n t  t o  t h a t  e I h - c t i s

a lso  ou t  l i n e d .  P r e l i m i n a ry  r e s u l t s  s u p p o r t i n g  the  n o n — P o i s s o n  o oi  j e c  t o o t

we re o b t a i n e d  i n  [ 1 3 ]  (see Sec.  4 . 7 ) ,

I n  t h i s  paper , we sn a I l  prove a r e f i n e d  ve r s io n  of  the a l o r e s a i d

• r un  ] c c t u r e  as rega rd s feedback arcs in  a r b i  t r a r y  J ack son n e t w o r k s ;  we’

shia  1 1 prove i t t i c  he t r i t e  f o r  any  open Jackson  n e t w o r k  i n  e q t i  i i  i br  1011 1 1 .

I n  t h e  l a t t e r  cast’, t l t i s  w i l l  y i e l d  a Poisson c h i a r a c t l r i : ’ a L  ion c c i  t u e

I r ; o I  I i c  p r c c c e s ses  based on t h e  e x i t  property 01 the u n d e r l y i n g  a r t s .

A n u l n i h t r ot  o t h e r  c h i - i r a c t  I n  z a t  i cu l S  will he seen to  eme rge f rom t h i s

these r e s u l t s  sugges t  g e n c r o  1 pm l i l t  ip l es  that impose i t i i o e r e nt

• 
- -

~~ I i v o l 1 : 1 1  i o n s  on n e t w o r k  de compos It i o n s .  in add i t  I tin , W (’ s ii a I I se c l ’  t I c

~Ind scone l i g h t on t l u ’  n a t u r e  of  I l o t  b - v i o t  i o n  I m m  t h e  110 1  551( 11 , ;ind t o

p c o f  T i I c c I l I  t i l t -  I l i t  I’  rp  l i v  bc I wI c Il t i l l  grap h— I li en r e t  i c i l  aSpI c - I 5 tu sh I i l l

statistical aspects of JackaQn ~~~~~~~~~~~~~~~~~~~~~~ ~~~~ • —- _--- - — ~~~~ ‘~~~~ - -
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J .  R e v i ew  of Some Known Results

In t h i s  sect ion we review some known r e s u l t s  t ha t  p e r t a i n  to Jackson

n e t w o r k s ; t h e  term Jackson networks will h e n c e f o r t h  r e f e r  to ne tworks

with single server nodes .

Let  JN=(M,i,a ,P) specif y such a ne twork .  The associa ted  ‘ ‘-V

/ 5 / I  1 5 iS

( 2 . 1)  ~~- = + c° P

in the  unknown s / = (/
~~

, . .. , l ) .  A so lu t ion  ~- -‘0 fo r  ( 2 . 1 )  is ca l l e d  a

t : jj ’
~~
’ ’ ; lu/-~~v:. An open Jackson network always has a uni que t r a f f i c

solution; an autonomous closed one has infisitely many solutions (see

[2 ] , and [13] Sec. 4 . 4  for  mo re details).

The state process of the network is denoted {Q(t)}
~>o where

Q(t)=(Q1
(t),.. . ,Q (t)) is the vector of customer totals at each node at

t ime t .  ~Q( t ) }
1 0  

is a Markov process (!2]; [13], Theorem 4.2.2) whose

s t a t e  space ranges ove r all m—tuplcs v= (n1,...,n ) of n o n — n e g a t i v e

integers.

For e a c h  ) ( n  , . .. , n ) d e n o t e  f o r  b r e v i t y  PLQ (t)=n , . . . , ( I  ( t ) n I P ( 4 ,I m 1 1 rn m t

and let r . denote the  rn—dimensional unit vector with 1 in the i—tb coor-

d i n a t e .  The birth—and—death equations of 
~
Q (t)}

~>o are ( c f .  [9 ] )

(2.2) P (s) = 

-

1~~~ 
( , )_ :  ) c

+ ) i

4 / / I’ ( v—o i . ) .p .
i r l  j~~1 

I .1 I~

111 111 rn in
- I’ ( )  ( /  i l  / - i dl I(n ) f  ~ / 1 p . , l ( I o )) .t • 1  0 , __

~~ 
I I I i~~ ~~ 

I I I  I

V ( n  , . . . , n ) 0 , t ‘C) , 
I~ I

n-  - 

~~~~~~~~~~~ -~~~~~~~--~~~ --~~~~~ --~~~~~~~~~~ - - - -~~~~~~-
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0 , if n 0
where ( ( n ) =

I , if  n >0

A Jackson ne twork is said to be ~ fl , - ; s ’l~~~~ ,’ 11 Q ( t ) }
~~~0 ~~ in

steady state; equivalently, i
3 

P
~~
(V)

~
0 

~ ~~~~~~~~~~~~~

A Jackson network in equilibrium always has a traffic solution

= (E[D
1
(t,t+1]j ~ [D (t,t+l}]),where D.(t) ~ K .j t )  and

j=O
D .( t , u] D . ( u ) — D .( t )  ( [2 ] ;  [13] , Theorem 4.5.4); hence,ii may depe n d on

the i n i t i a l  cond i t i on  P (v) , ~>0. The r e l a t ion  between the  T r a f f i c

Equa t ion and ne twork  e q u i l i b r i u m  is inves t igated in d e t a i l  in Sec . 4 . 5

of [ 13] ;  in p a r t i c u l a r , i f  the netwo rk is not open , i t  is n e cessa ry  in

cq u i l i h riu m  f o r  each closed p a r t  to he au tonomous  ( i b i d . ) .

For mixe d n e t w o r k s  in  e q u i l i b r i u m , t he h a t  t en  f a c t  enab les  its to

deal s epa ra t e ly  wi th  each open par t  and each closed autonomous  communi-

c a t i ng  p a r t .

For open Jackson ne tworks , the  equ i l ib r ium s t a t e  d i s t r i b u t i o n  was

shown b y J . R .  Jackson [9] to be
m n .

( 2 . 3 )  P [Q ( t ) n Q (t) n I = ~1(l ~~ )P 1
1 1 m m . 1 1i=l

I l l i c i t ’  r the su ( I  I c i  en I cond i t  ion - 
-~ I i . ( l i t  ;t  i or e s ;o  i d t t ) i l c l  i t  ion

is  :i l so e’c e s s , o r v  or e q u i l i b r i u m  ( [ ,
~~ J ;  jl3] Tloeorcrn ~~~~~~~ ~ i m i 1 : c r I v ,

l e r  I c o t o n o l w c c i s  c l c c - : c d n e t w or k s  i i i  e q l u i  I i b r i t i r n  so ic h t h u  t l o e  number nI

I c c ( i I  c i s t o o n c ’ r s  S.~ i i i  t h e ’  n e ’t w c c r k  e q ua l s  ii w i t h  pr - oh I h i I  i t v  I , W .J. ge m !1 11

/111 1 (.I’ . N ewell 1 8 1 sii(lwc c i t l c . c t  h i  ~‘q t i I  I i b r itorn

- I(:‘ .6)  I ’ l l )  ( I ) 1 i  ,..., t~ ( t ) n s o j  = - -
I I m m - 1,1 g ( n )

I
I

w h e r c ’  
~ 

fo r  soni c  t r o t  h o  s o l l o t  i o n  I ’ , ;in cI g(n) I S  :1 u l o r l I h I l  I :’:o t i o n

( ‘O u l St  a l i t  . N o c t  ice I i i i  t b c  SI II i -/ j ) O c c ’  is m i s t  r j e t  cci I (01
1 

c

~~i i c i t  1 h I t  
. 

0 , Ii. ~- 1 c c r c  gl oll rat l v  • i I 10 c i i i  i t  r ; i t  V l I l s i  r i b i d  i I n  c i
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is known , then in equilibrium

( 2 . 5 )  p [Q1 (t)=n1, . . . ,Q (t)=n ] =

,Q m
(t

~~~
n m S

M~~~~~~
fl . 1 . l h [V

~j
: : 1 f l  I .

Let (a ,b) be an a r b i t r a r y  arc .  Consider the process

f ( Q ( t ) ;  K b
( t ) ) }

t>O of the s ta te  augmented by the t r a f f i c  coun t on a rc

(a ,b ) .  { (Q ( t ) ;  Kab
( t ) ) }

t>O is a Markov process wi th  a countable  s t a t e

space of the form ( 2 ; k ) >O ([3]; [l3] Theorem 4.7.1). In writing the

corre sponding birth—and—death equa tions ,we must distinguish between

two cases. Here ,the C . are the (m-s-l )—dimensional u nit vectors and

l’ (s;k) 
~ 

P[Q
l
(t)=n

l
,...,Q (t)=n ,K b

(t)= kl , fc r ;tu cv (-; k) (n
1 

il ,~ ) I l .

(Vise 1 ( f e e d b a c k  a r c s ) :  a=b

(2.6) -

~~~~ 
P
~
(s;k) =

+ ~ P ( (~~; k)+ ~~~) — , q ,
j=l 3 1 3

+ 1 ~ 
P
~~

( (
~~

;k )_ c .+C .) : T . p ..
i=l i=1 .hl 3 1

., j # i

-f p ( ( ; k ) _ L  ) -
~ pt ni+l a aa

- P
1 

( v ; k ) L ~~~ ~~~~~~~~~~ - , q . i ( n , ) +~~ ~ ~~~~~~~~~~~~
t = l  j=l - - - i= I ] 3 -

~ I
• ( i ; ! - )  ( I , t - ( h .

i : . c , o  2 ( r ~~c ui I o t i l h . i c k ;o rr~;) :

(;‘ . 1) 
:~~, 

1’
1

( - i ; k )  = ~~I’ ( ( v ; k ) - c , )

RI

I- i ( ( e ; k ) +  ) t

° + 
i~~I ~~i 

( (  ;k )- i  - ) 1 
1
p 
~

-. i / i
( j , I I / (a , h)

- - fl - 
_
1 ~~ 

- - r i -~~ — - -~~ 
- - —  

~~~~~~~~~~~ —- . — — — — —— - -~~~~~~
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+

- P
~
(
~
;k) [  ~ -:~~~ + ~~O .q.~~(n.)+ ~1=1 j=1 ~ ~ 1=1 j=l ~ ~

j ~ i
(~ - ; k ) >O , t ’ O .

The i n i t i a l  cond i t ions  in each case are

( 2 . 8) P ( ; k ) =  ~

‘ 

P (-4 , if k=O
(I 0

I )  , o t b o e r w i s e .

Fioi;t I l y, we (‘ j te  Iwo r e s u l t s  I~~ n L a  i n i r i g t o  o q u l  1 ihr inn t r a i l

processes.

Theorem 2.1

Let JN= (N, t ,~~,P) be a Jackson network in equilibrium. Let

be a set of arcs such tha t 
~~~~~~~~ 

fo r  all l -
~~~~n ,

1 lcn .

Then the t r a f f i c  processes  ~1< ( t  ) I , 1’ r ii are u m i t t o - o l i v
0 1  t -ci — — ‘ -

r r  —

i n d ep e n d e n t  Po i s son  p rocesses .

I’ roo I

I I I or II 3 1,  ‘I’h t eo r e no  ~~~~ 3 .

l i c e  r e m

In  e q u i l i b r i u m , each component  C o f  t h e  ne t w o r k  c o n st i t n t e s  i t s e l f

• 
a . t o i -k s o n  n et w o r k .

b’ n i f

S i - c -  [ 2 I or  ~1 I j  , I c c  -o rem -~ . 7. 
0 0

~ 

— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-
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3. Some Implica tions of a Poisson Traffic Process

Let 
~~~~~~~~~~~~~~~~~ ~ 

P
~

(ni,...,n ) (  ~ z.
i) be the

(n ,. ..,n )>O i l
1 m-

generating func tion of the distribution of Q(t). Likewise, the gener-

ating function of the distribution of (Q(t);K ab(t)) is denoted

i~~~~(z ,...,z ,y) = P (n ,...,n ,k)( 1 Z . )yI it mi 
(11 , . . .~,n ,k) >O ~ I m i=i l

m -

(‘lie i~ener;i I I ng 1011(1 t I on,s above and in th e seq iie l are  del I ned ho r I I I ,

I ( i i  M) ,a tod y I , oto l ‘si-i c u t  l o t ’  rw I Sc’ S I c e d  - I I ied. We slo t I I , t I  1 0 1 1 1 1  : - c -

use t h e  conven t ion  O0~~1. Not ice  t h a t  (~ (z , . . . ,l , . . . , z y)t 1 i

E
~~~

(z
1

, .  ~~~~~~~~~~~~~~~~~~~~~~~~ where 1. designates the subs t i tu t ion  of

1 for z. in the argument list. This is so , because se tt ing z~~ l

results in the generating func tion of the respec tive marginal dis tri-

bu t ion  by Abel ’ s Theo rem ( c f .  [9 ] ,  1. 2 ) .  In general , substituting a con-

s t a n t  c f o r  z . in the argumen t l i s t  wi l l  be denoted 
~~~~~~~~~~~~~ 

, . . . , z ,y ) .

T u e  p r o b a b i l i t y  t r aj e c t o r i e s  P
~~

(n j , . . . ,n , k)  have d e r i v a t i v e s  of  every

orde r  i n  t .  Moreover , every c o u n t a b le  sum t he r eo f  is tin i fo rm i y con—

vr ’r g e n t  on each compact in te rva l  of [0 , 1) .  This f a c t  wi l l  j u s t i f y all

termwise ope ra t ions  to be p e r f o r m e d  in the seque l , such as te rmwise  H

• passage to limits , in tegra tion ,differentiation , etc. ( c f .  [ 9] ,  1.1 , 1. 7 1 .

We now proceed to write the generating function version of (2.6)

and (2.7). By adding and subtracting the term P
~
((\

~
;k)_1

h
+o

l
)o .l p lI) in

Case 2, we un;iy combine the  two cases i n t o  one case as fo l  l ows

(3.1) 
~~ 

i(
t
(Z

l~~~~~
Zm ,Y) 

= Y~~~ t
(z
i
,...,z

m
,y)

~~i
(z
i

_ i )  +

m 

I ( t
~ 

(z  , . . . o z m~
y ) _ +

t
(z i * • •  . , 0 . ,  . . . , z ,y ) ) - ,q

-‘ i~~l 
(c~c 

~
‘ i • ~~ 

y)_ i~c
1 
(z

1 
I) z ,v I) - .1’ .. ( ‘ - I )

i / i

_  _ _ _ _ _



___________________________ 
- - 

~~1

-J

9..

z~y+ (~~~~(Z
1
~~ ...c Z ,y ) _ cP j z

1 , . . . ,0 ,...,z ~y))a p~~~(
____ 

—1)

-

- 

— (o~~ (z
1

, . .  
~~~~~~~~~~~~~~~~~~~~~~~~~ 

••c Zm
cY))

~~a
Pab(~~ 

—1).

Note tha t the singularities due to z . 0 in the respective denomi—

nators  are all  removable via continuous extensions .

Next se t z~ =l, irM , on both sides of Equation (3.1). We obtain

( 3 . 2 )  
~~~

In the sequel , [B .(t ) }
~~>o will denote the state indicator process of

node i, where

10, if Q.(t)=0
B . ( t )  = ,< 1

1 

~,j’ ~~ Q~~(t ) > O .

‘3) E [ K 1 ( t )  
~~

°1a1
~ab 

~ 

P[B
a

(u )=I J d u , t~~0.

Proof

Equating coeff ic ients in Eq. (3.2) results,after some manipulation ,

in the sys tem of equations

~ i P[K~~ (t)=k]=

(P[B
a
(t)=l~ K

b
(t)=k_l]_ 

~~~~~~~~~~~~~~~~~~ ~~ ah
k=0,I 

F-’o r eac I t Ii xe’oI l i i  1 1 1 1 1  ‘gr a  Is’ coi l c i t  hot I t  i-i I (It’S S b t c v c ’  t o  vt - r Ic 
- 

,i

I i i  V I I  ‘W I )  I ( ~) . 8) wc - y - I
-

~ - l’I K
h (t)~

’n 1= 1 I ’[ Ii (ii)=l , K ,Ih (u ) n _ l  I O p  , Ii I .

S h it-t i K b ( L )  is a non—negative intege r valued random var iab le

_ _  - - -~~~~~~~~~~~~~~~~~~~~ - - -  --- - - •~~~~~~~
——

~~~--~~
-

~~~~~ 
- - - -_ .
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cxi

E[K
b(t)1= ~ 

P[K b
(t)>flI

~

~~
‘ 

f ~ 
P I I l ~~( t i ) = 1  , K

Jb
( i I ) = r i _ I  ] 

) p (I11
n l o

Gp
b 1 P[B (u)=l]du

~
‘ by interchanging summation and integration. o

Corollary 3.1

E[K ab(t)]=At c t>0, for some A>O if f {Ba
( t)}

t>0 is in steady state.

In particular, if {Kab ( t)}
t>0 

is a time homogenous Poisson process ,

then 
~~a~

t
~~ t>O is necessarily in s teady state. 

1 0

We can now characterize Poisson—distributed traffic processes in

.Jackson netwo rks.

‘i’It ~ o rem 3. 1

Kab (t) is Poisson distributed for every t>0 1ff B
a
(t) and K

h
(t)

are independen t for each fixed t>0.

Proof

(
~ Suppose that Kab(t) is Poisson distributed. Thus

and conseq uen tly from (3.3)

• 
0 

] (y) i J o
1 

(y) 
~t~~;ih 

P [ B  ( I ) = l  I ( y— l ) .

S t i b s l  i (ii t I mig t h e  ;ihove ot t i tin ’ Ic’ I t s lilt’ ccl (1 . 7)  ~i t i c l  I I  I I I )  I i I V I

y i e l d s

~I ~~ 
(y )  I’[ Ib~1

( t  ) 1  I=cIi
~ 
(y)_-

~1 
(10
~
.Y)

~ 
ly ‘ I .

L Equa I lug coc ff1 ci en Li - ; on ho tb sides above restil t ~ iii

P [ K
11~

( t )  k I . P I B 1( t ) ~~1 1= I K
1))

( t ) k J  t’
a

( t 0 K
ab ( t ) k

~~~

PI I(
1
(t )- -k ,B ( t  )-=l ~~, k=0 ,l  

——~~~~~~~~ -- _-- - .--- --‘~ - - - -  — —- --- — -
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The requisite independence now follows,since B
a(t) is a zero—one random -

variable.

- .

- (‘~ ) Suppose Ba (t )  and Kab ( t )  are independent for  eve ry fixed t .

Then 
~t
(0a~ t~

0
a c ~~~~’~~~ 

Equation (3.2) becomes

~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

This can equivalently be written as

~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

and the un ique solu tion is

~~(y) e
P[B

a
(t) l

aPab~~
_
~~~.

Finally, the above is recognized for each fixed t as the generating

func tion of a Poisson distribution with respective parameters

P[B (t) l}cJP b.

Corollary 3.2

If {K
b

( t )}
t>o 

iii a time homogenous Poisson process,then in

p ar li ct il - i r

~n 
PEQ

a
(t)=O ,Kah(t)=OI= 

I)[(~a
(t)=0Je

l
~
I
~~/~h)

(l) I t (_EIM
h (I)I)

fl

The following theorem characterizes time homogenous Poisson traffic

in Jackson networks.

Theorem 3.2

L 

ah (t) ~ 0 
a t line hornogenoits Poisson prcn- t’ss It I

;t) 
~< 1h

( I
~ ~ 

Is a renewa l pro(’ess

tuitl

I l )  I Ih , ( t ) I
~ 

Is  I n  s te ad y s I ; t t c ’ . 

- ----- —- - - _ - - —  -—-- -“-- ~~ ---~~
- - - - - - —‘

~~~~~~~~~~~~
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Proof

F 
(~~~~~ ~f ~~ab~~~~~t-’0 

is a Poisson process ,then i t  is w e l l — k n o w n  t h a t

- . a) holds , and b) follows from Corollary 3.1.

(~~~ ) Suppose a) and b) hold . From Corollary 3.1 it follows that

R( t) 
~ 

E[K
b
(t)}=cl p

b 
P[B (0)=l]t

-
‘ 

where R(t) is the renewal function of (K ( t ) }  . But the onlyab t

renewal process with R(t)=At for some A>0 is the Poisson process

([6] p.308). 0

It should be pointed out that some aspects of the results obtained

so far are strongly reminiscent of analogous ones attained in [7] in

the context of a single M/G/1 queue.

The reader is reminded , however , that our results apply to any

,tackson netwo rk with arbitrary topology (open ,closed or mixed). With

the aid of these results we shall proceed to treat , in the seque l ,

traffic processes on nonexit arcs. The discussion will he restricted

to arcs (a,b) which are traffic—nontrivial in the sense that

E [K ab (t) ]
~~
0
~ 

t>0, or equivalently Pab~
P[B

a(t)=lI~
0
~ 

t>0.

_ _ _ _ _ _ _ _  _ _ _  - - - - -- -— - — —---- - --- - -- -- -— — - ----- --~~~~~~~ 
_ _
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4. Traff ic on Feedback Arcs

Throughout this section , (a ,a) will designate a t r a f f i c — n o n t r i v i a l

-

‘ 
feedback arc .

Before proving the main theorem we need ,

Lemma 4.1

If P[B (t)=l]:l 1>0, then

Setting z~ =l for all 10 M— (a} in the generating fuiict ion vers lto n of

(2.2) yields (cf. [21),

~T ~t a
m

t a a
+
.~~1

t a
) t~~ a~

0
j

f l  
~j~~ja~ a ’

~

1+ (
~~t

(z
a
)
~~~t

(0
a))GaO~

_P
aa

)(
ç 

—1).

I The inverse transformation of the above to the time domain gives

a f t - e r  some mani p u l a t i o n

(4.1) P [ Q a ( t ) = f l I =

( P [ Q a
( t ) = f l_ l ] _  P [Q ( t ) = n I ) d

Lu

• + Y P[Qa(
t)=fl_l

~ Q j
(t)>0]_ P[Qa

(t)=n ,Q j
(t) 01) j P j;1

ij=~l 
-

+ ( 1 0  [Q (t )=n-+- l J _  ~~ ~~Q ( t ) ti I —i— I ’ I ( t )  0 1 ’ ) c
1

( l _ p
1 0

) ,  —

0) 11 , 1 , 2 , .  .

wli t ’  rc ’ 1 1  K ro ne t ’k c ’  r s cit’ 1 t o .

t rio

Now , soippose ~ R ( ) :1 1 I , t 1) . b i t t p I . We ~Iccc w h’- I t i d u oc I ion t I n

n (), I , . . . 1 hat

L ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

_
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(4.2) P[Q (t)=kF O, t>0,for all k’-n

which will contradict P[B (t)’~l] - l, t>0. For n 0 , (4.2) immed iately

follows from the supposition .

Assume that (4.2) holds for n>0. In view of the induction

hypothesis  we obta in  f rom (4.1)

0= P [ Q a (t)=n+l P a
(l_p

aa )

which  es tab l i shes  the i nduc t ion  step s ince  (
~a

( l_ p
aa )

~~
0 by t h e  sc opp os i—

t ion .

Th eorem 4 . 1

Let JN= (M ,~ t , T , P) specif y an arb itrary Jackson network . Then

~
K
aa

( t ) }
t>
~ 

is a time homogenous Poisson process if f

a) P[B (O)=l]=l

and

b) Paax1

Proof

For a=h send tio+ in Eq u a t i o n  (‘3.1) thus o b t a i n i n g

( z  , . .. , z ,y)’~c t  o I m

• 
~~i~

o
~~
l’” ., z , y )~~. ( z . - l)

+ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~

+ (-i’ (z  ,.. . , z , v ) — ’ ?  (z  0 .,...,7, ,y) p . . ( - — 1 )
H o I m 0 1 m I I ’  7,.

i~~i
I- ( - ~~ (~~ , . . . , z , v ) — -~ ~~~~~~~~~~~ , . . . ,~~~ ,V ) ) P (v—I )

< t  I nt t i  I - i  Tn - I

Iii V i  (‘W o l  ( 2 . 8) ,  I I n ’  t r ;o o ~ , I c ,rnit ’ti V I ’  I~~i l o c i i  o f  t l i e  I i i  I t  I d  o -onol I t I

Not j o - c ’  l i s t  In  v i e w  n O  l , c ’orima /c . I , .t ) and h) ; 0 1 0 c i v d -  - 0 0 _ c -  ( ‘ d i i i  iv :t I c - u t I c c

I’ IB (t )=l 1 I , t O .
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(4 .4)  
~ o

(Z1,...,Z
m
,Y):

~~o
(Z

i
,..., Z

m
) .  

—

A comparison of (2.7) in Case 1 with (2.2) reveals that in view of

(4 .4 ) ,  Equation (4.3) reduces to

-t- _
)(4.5) 

~~~~~ 

q ( z
1
,...,z ,y)= 

—

~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ , z ) ) - ~~~p ( v — l )

Sett ing in (4.5) z.=l , I ’  M— ~a , y ields

(4.6) )t ~~( ,y)

(‘~ Su ppose ( K (  I) I is a t m e  homogenous Poisson proc ess. (In

setting Za=O I y 0 in (4.6) we observe that

( 4 . 7 )  P [B  (O)=0 , K ( 0 )= 0 ] =  
~~

since - 
P [Q ( t )= O l~~~~O , t>0 ,by Corollary 3.1. But  from Corol lary  3 .2

( 4 . 8 )  - -i- p [B  (O)=O , K ( 0 ) = O ] =  P [Q a (O) =O ] (_ E [K
aa ( l ) ] )  .

From (4.7) and (4.8) we deduce P[Q (O) 0] 0,as E[K a(l)l
>0 by traffic—

nontriviality, so~ that Condition a) is established. Furthermore , by

:o c rt oi la rv - 1 . 1

~ 1 , t O .

Comicl j t ion h) now f o l l o w s  f r o m  Lemma 4 . 1 .

( t)  If Condition s ;t) am i d h )  h o l d , t h e n  ~K ( t )  I

~~ ~ 
is .o time

it oom genous Poisson p ro c c  ‘ss , s b c e  t l ie  t n t  e r d e par  t tort’ I lit e rva is ;o rc’

inti t u t a  I I y i n (l (’pendeoit ;tood expo nt -rot Ia I ly d 1st o - i h tit c c i  r o t o c l o m  var 1 - o h l  c i ;

w I t h ; , d f l o e ’  pa ranu- I c  r ~l

l0ost ’ rvc~ th a t (4~ 
r~ ) I,’; V i  I 1(1 (‘Ve TO ~ lt c’ii we des 1 w i t i t  a s i t i g  l o t  ( i i i  - c l o t  i l l —

-
— 
, oflkHis 0 1051 ( 1 oot ’ I work  (one wI  t I ~ N I o l  a n c i  P;i ,- o 1 ) . i i i  I l i i i - ;  c a s t - , a l l

e rms 0)01 I b c  - r I gb t i i  c i -  - I (-‘i . ) I ’ ’ - - p I I c i r  I t i  - I c  - I I c o o c  -

‘ o i i p t  v ; i r io !  I b t c ’ r o - I  ore’ c’v;il l i s t  I ’  too 7 - T o . l lo wr- v c ’r , i t  c iii he di r e d - I Iv

v c ’ r i f  I l - c l  that 
I t  ~ 0 , t O , as r e q u i red .
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Theorems ‘Li  and 3.2 provIde additiona l information about

-K t~~} 
in

~~ t>0

Corollary 4.1

When P[Q (0)=O ]~ O, it follows from Theorem 3.1 that {K (t)} -O is

not c~vcmi Poisson d i s t r i b u t e d .  ii in addition {B ( t ) 1 is  ~ fl St t - ;o olv

s t a l l ’ , i t  fol lows f ront Theorem 3. 2 t h at 1K ( 1  ) I is not even a
aa t-’O

renewal process .

A close examination of Equations (2.3) and (2.5) reveals that the

two asser tions above hold, in par ticular , when the network is in

equilibrium.



— - -—---s- --  - - 
~~~~~~~~~~~~~ 
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5. ‘o r a l  I j e c o O  Non feedback  N o n € ’xj  i A r c - s

Let (a,b) be a traffic—nontrivial nonfeeciback noncxit arc; thus

-

. a~ b ,and the minimal cycle 1 ength (see Sec . 1) satisfies L(a,b)=L>1 . Our

working conjecture is that {K
h
(r)}

t>o can never be a Poisson process.

The proo f strategy would b- a~ialogous to t he  one in the  p rev ious  s ec t i o n ,

i amely to demenstrate an inconsistency with Theorem 3.1. This in turn

would again enable us to deduce that {Kab (t)~~t > O  is neither Poisson

distributed nor is it a renewal process. A n~ re extensive conjecture ,

consistent with the above , is put forth in the following

nj e c t i i re  5.1

I.

~~~ 
I)IQ

a
(O)=O ,Kab

(O)=Ol=c

P ( O ) O . O P b 
P [ B ( O ) = l J )

L

+ d(a , j  , . .. , j

C . (a,b) 1 L
mi n

where the soon is taken over all 
~~~~~~~~~~~~~ 

in the set C .(a ,b) of d l i

minimal cycles of (a,b), and the d(a ,j
1
,...,j

1
) are n on v an i s l~ i n ~ t e r iii s

n I l  I t — t y i n g  the same sign .

P r cov i oi ~ tb Is i ’om l o ’ c t i o n ’  w o t i l o l  o i e l - c ’ s 5 i  t a t e  t h e ’ o ’ l c n d i - d o (  i t  ion  c l

- c  
~ , . . . , , v )  . We how oott I i lie how t loi s nosy i)(’ (101K’

I, o I m - -

L et  ,
(~~~~~~ 1) 1)1 - t l ie  set of gene  r ;o t i ng l oin e t i on s  ( z —  t ra mis f o r m s )

~ ~~ ‘ 
‘i’
m ’ 
y) of sequences ~j

’( s) I >0 ,where 10 (o °m ’ k )  r ao i ~~i’s over

a ll (m+l)—tup ll’s of non—nega t lye integers , and s u m c - 1 t  t l t a t  ‘
~ 

‘~ ( i I ) ’

p

Next , -issno’ 1st t -  with .IN~~(M, o , 1 , p)  a n t I  ;irc (a ,h) l i i  o p t ’ r ; t t o r

(rn-f l ) (owl- I)
I): ( ‘ 0 -  oh - I i iit’ii by

I ) 1)1 
~ I ‘ •

~~~~~
‘ ‘

~~~~~ 

v) I 
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P 
+ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -1)

+ ~~ ~~ 
(y(z~, .. . ~Zm~Y)_~((Zi

c . . . ,O . . z ,y ) n .p - I ~~~~~ 

—I)
i=l 3=1 -

i# ~

+ (y ( z
11. . . , z , y ) — ~~(z 1,. . . , O , . .  ., z ,y )

~~~~
p b ~~ (y—l)

Iz~ l<l (icM),jy ~<l.

We make the following observations

L 
~~n 

~ t
(2

1
, .,z ,y)=D

fl
[~~

t
(z
l
,...,z ,y)j=D [~ 1

2. u rn D[
~~~

(z1,.. .,z ,y)}=D[lim ~1 (z ,. ..,z ,y)]
t~~o

+ in m

whence
n

3. D
n

E I ~~~~ (Z 1,. . ., z ,y ) j —

and finall y

4. D is linear ~ f 7 , •

D[c
1
y
1+c

2
y
21 c 1

D[y
1
]+c

2
D[’t~2

]

fo r  any 
~l

’
~~2~ 

and scalars c1,c2.

Observation 1. reflects the fact that on differentiating both sides

of (3.1) n—l times, 
~~
— 

~~~~~~~~~~~~~~~ 
can be obtained recursively

from -
~
—--—-j-- :- (z1,. . .,z ,y) by setting the latter on the right side

~n—l
of (3.1) (or equivalentl y by appl ying D to ——-- - —-

~~

- - 
~~(z~ z ,v ) ) .

•

In p;t r t i cu l a r, t l oi s is t rue for t 0 d u e  to th e eon t inn i t  y c i  I) i n  t Is’

:;ei i sc ’ c c l  ( )h s erva t ion  2. ‘I ’ b i t t s , the  prohi em of cOIlO p om t b i o ~~

0 

~~~~~~~~~~ 

, z .y) reduces to Ilie ( - o m h ) I n a t o r i a l  p r o h b t ’ u i o  t i l  c:il ’ c o l a t  l u g

( z  , . . . . 7, ,y I .  A ma j o r  r c ’ d t t c t  ion i n  t lie c o m b i T i a t  o c r  i c~~; in v o  I v c ’ c lo 1 rn -

c -sn hc ’ ;ot Ia m e d  by c - o i l  l c ’ c t I i ) ) ’  t e r m s  — mitch I ike in t l t e  p r e v i o u s sc - c t  ion  —
si i c l  o omp l c - t ing them , i f  u c ’ c - c - - ; s i r y ,  t i c  -~~O r - - ; ’ , l o n s  w i t i c - i l  v i t o  i - h  ‘ , c c i e i

l i t - tp~) ropr  i s  t c ’ (‘oto(i it Ions. 1’Itt i~ : c ’ o i c i  bii ~’ I ~{) + I n  ( I .  I ) ocr i/h y l c ’ I o l ’ ,

-

~

-——‘-—- - - -~~~~~-— --— ---—-- - -  - - ----- - - -- I~~~-— - —-’- --— - --—--- -
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( 5 . 2 )  1 ) 11 1 ( i .,  ~ ‘i) 1’ —
0 1 u t

~‘ (z • z  ) + (.  (z , . . . , z ,y)— .- (~~~~~~ . Q  , . . . , Z ,V)~ 1 p (v— I )3t  o 1 m o 1 m o 1 a m

due to (2.8). Notice tha t  ~~ ~~ (z 1,.. .,z )=0 in equilibrium , 

a

Lemma 5.1

For fK b
(t)}

t>O to be a Poisson process , it is necessary that for

every n>O , 
* 

P[Q a(O)= n
~
K 

b~
0
~~~~

j= 
~~ 

P[Q
a
(O)=nI_PIQ

a
(0)=r+i l :i~ ah~

I’ roof

Set z = l  for all i~ a in ( 5 . 2 ) , t h us oh t s in i n~

~t 
i o i ~~~

’ ;i ’
~~~~ 

= 
~t ~eo

(Z
;o

)+(
~~o 

z )  f
o

th a
) ) 

:o1 alc ) (y—l) .

O b i t  I moo t f o b  low ’- 1 by ~~( t t lf l %  ilsive / 1) m d  y=()
a

In view of Corollaries 3.1 and 3.2 we have

Cor ollary 5.1

If 
~
K

b
(t)J t>O is a t ime homogenous Poisson process ,then necessarily

a) P [Q (O)=l ]= P[Q 5(O)=o]
.P[Q

~
(O)

~
1O]

h) “
~~ a~

°
~ 

- 1 1 = 
~~~~~~~ ~~~~~~~~~~ 

~~

‘o r o l l a r y  5.1 considc’rahly r - s t  r i c t s  t h e  f e a s ib i l  I t v of Poi 550)11

t r a f f i c  p rocesses .  An i n s p e c t i o n  of E q u a t i o n s  ( 2 . /c )  and  ( 2 . 5 )  c l l s o  I n ~ o - - ;

I los t eveti iii c ’q ti i l b b r i  itno a c I ose-cI lo o t work c i o c l ~~ ; 1 1 0 1 1  , 11 0 ge -ric o - i i  — s o t  i

I lu i l - c  c - - - - - o r v ‘ c c o c l 0 ( Ic on~ , 0 0  I ( . c c r 0 0  I I ;t rv 5. 0 . h o  ‘ W o-  ~
- - I , I ro c o ld ( ,~ ) 

- 0  5

E ; t c ~~~ i ; c c n  c t o t w c r k  in e q t O i J  i h r i o i o i i  ;tl w ;ov; , cO cc i : . In v i e w  c o O  t l o o ’  I c - , c ’ - ; i h I  I i t v

c o t  ( l l ’ c ’ t l u j c c s  ng the l o t  t I - I  n ’ t w c c o k s  , t c ’ t - e o r c l  I n g  t o  ‘ l l o c ’ o i o  l O l l  2 ._ ’ , vt s lo , t I I

110W p~
.

’ c - c d t o o  - - i cc ~ t l t , t I ( o c u i  I c  - t b  c - S . I I t c c I IS I i i O t ’  I 0)T opeui t i c -  t 5- ’ c i  i-~ ‘,

f l t t I I i I c r l I I _

C

L4 _______ “--- ‘- -- - - --
~~~~~~~~~~~ 

-
-
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6 . Non iec’dhac ’ ~ None x i t  A r c s  i i i  E q i o i l  ibriurn Opel; Jac kson Net wo - rks

in this see tion we deal with open ,I aek son  networks in c’c~c r I jib r oiooc ;

recall (see Sec. 1) that the traffic solution 6 satisfies - - , =EID (t ,t + lj l

t~ I), for any lsM. Throughout this section (a,b), a~h , desi gnates a

t r a f f l i  — n o n t r i v i a l  nono ’xit arc. A m a j o r  simp i i f  h- : o t i o n  w i l l  h - c t t ~~ i i o c - d

in the impending computations , by taking a d v a n t a g e  ol h ot- I th-n t i t  y

(6.1) ~ (z  , . . . ,z ,y)— (z , . . . ,O . , . . . ,z ,y)’-°~ ( 7 , , . . ., z , “) f ’  , z ,
0 1  in 0 1  j  m 0 1  rn

which follows from (2.3) and (2.8). Furthermore , the equilibri- im

situation brings about a substantial reduction of combinatorics Lv

enabling us to collect and “complete ” terms into v a n i s h i n g  ex p r e ’s s i c i s .

- - Thus, (5.2) become s in equilibrium

~ (6.2) i)[~ (~ ,z ,y) ] = -
~ 

(z  , . . . ,v. ,y~ - p  z (v—I).
I ui - c c 1 pi a ah I)

A n~ire c -orn 1cli- :’: Spp l i c a I  Ion  of t h e “comp letion ” I l l - I  lion ! w i l l  uoow Is

t’xemp I if it’d I or t h e  cnmput at ion of D[ 
~~ 

‘‘
~~~

‘‘
~
‘m ’ ~~ 

~~ 
x ~ ) I

I ‘n ’  m , 1 --1 ,b ut - i / - i  - i : 1- k-- n . Dc- no t  i n g  ( S ,..., z -: ) ( 
~ 

k 
= -

— - k— n k 0 1  m 
k=1 1 k

and w i t h  t h e  a i d  of (6.2) we compute (for the sa ke ol -l sri t v S’c ’ sh ;t l 1

e x p l i c i t l y list oil  t e r m s , i n c l u d i n g  the vanishin g Ollc-s)

•

/. r c ( z - -l)
i

~~~

i 
0 0  

-

+ / r I I . - - - ( - - — I ) -i- i ( —0 )a  q, ( - I)
I I I 1 I I

1 
~~~~~~~~~~~~~~~~~ (

I 
~~~~~~~ I t — l i )  i o ~~~( ’ - I )

i M j oN — .i I 1 i I~ “ _

~ 
I ~I j I.i

— 

j/i ° 

I_ _

i l
I 0 

~ ~ P (v—i)
- c 5 51) 7, 

~~ ~~~~~~~~~~~~~ 
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Nex t, we complete the right side ~ f the above to

ó (z , . .  .,z , y ) (  H z~~ )=O by adding and sub t racting terms of the01 -  0 1 in

form ~~~~~~~~~~~~ -1) and ~~~~~~~~~~~~~~~~~ -1) for irM and jCJ . We obtain

after some algebraic manipulation

— D [ y I =

;-
‘

~~
- 

~ (z, ,.. . , z ,y)( ~ z )
‘1 0 1 no k= 1 -’k

+ 1 J ,qj-~ -l)(1-~~, z,)
JEJ ~ J _J ~

+ / {) ,p ,  , ( ~~~~~ 
-l)( l-:- .z ,)

-~~~~ 
. ] 31 Z . 3 ]i-~-I 
~
‘
~~n 

-

+

Finally, af ter collecting terms , the end product of the calculati-in

reduces to

n 
-

-

(6.3) D[’~ (z ,...,z ,y)(
0 1  ‘~

,~, ,y) ( J 7~ k) .L ( 1 5  z )  ( -  q - ( I - z , )+  
Y ° ‘P  - - 

(z , -z , ) )
~ 

o 1 m k=l -1k ~1 I 1 1 I I I

n
+ ~t. ( z  , . . . , z , y ) (  - z , 5) ~~ p 7, (v-I)

o 1 k—i 1k a ab b -

I,et / -‘ (h) he t h u i - set of all pat ios (b, j I t i c  d l  c c r i g i u i , o t c - I r - t- i
• 11 1

u c d o ’  h an d  lo ; o ve  l e n g t h  n - ’l .  I , c - t  V (h)~ Ii N :  ( h , , i ) o  ( h )  O c t
— n I ~ - I

, , c o t c c ’  I ‘k ’ ou , ui~~ , be’ 11cc’ r i — c ot- I gl ol -i c o r loood of h , w i o c -  c c l  I I w -  d o t  bile ’

(It )~ l b .

I- i c e - i l Iv , l o t  -
- ( I i )  i c ’  (lit , c ’ t  o o f  i l l  ‘— ; Icot c~; w l c c c s c -  1 , - o p t - . I o . c c _ o -  t i t o - I c — r  ii- Ii

(O . /i) I (, - , y ) ~~~- c (  y-  I ) 
1
/ (,  , v )  ( , h ( 1—i /I ito ci  I 

I k k I ~ 1<

yj i  - r o ’
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1. Cis a scalar

-: 2. r>O , r
k

O are integers

3. 11,12
V (b)

4. d,eCV (b)
n

Lemma 6, 1

For any T(z1,...,z ,y)L~7 (b), l~ n~L, of the form (6 .4) we h ave

DFr (z
1
,.. .,z ,y)]ut’ +i (b).

Proof
rk

Expand ( Z
k 

) ii ( l_ P
k

z
k

) into a (finite) power series in the
kcI1 kcI2

Z
k~ 

Thus , T(z
1
,.. .,z ,y) Is a sum of terms of the form

(6.5)

for some C ’, 
~k

>0’ and IcI
1
UI2

rV~ (b ). Recalling that 4V ( b ) ,  we

shall now compute D[T t (z
1
,. ..,z ,y)] with t h e  aid c f  (6.3); for the sake

r
of brevity we denote C (y—l) ~ ( z 1 , . . . , z ,y)( 11 7,1 k)

0 ~ in

D [T ’( Z 1,. .., z ,y) ]=

~ 
y ’z -

~~
- (l-P , z .) ( ~~.q .( 1-z ,)+  ~~G .p .  (z -z ,))

j~~l h J f e } e z~ 3 ,1 3 3 3 i=l ~ ~ ~
i~ j

+ ( ‘Z e ó P h Zb
(Y_ l)

- ~~, ~ ‘ z
j~~ III {d I ~ 3 ~ ~ 1=1 ~ ~

i
~

_ j i-fl

— ~~ z b
ofi I ’ ~~(Y 1 )=

~ . ~~‘ I (J-( .z,)(-~~ q .(I-z .)+ ),~~~ . p . . (z .-7~. ) ) ( z  -z )

~ i Z .

~ 

I I 1 I • ~ 
3 I i  ‘ .1 ~~‘ ci

m
+ ~ , y ’ (l-r ’ ,z,)(~~ q (i- -,, )+ ~

_ji . Ie ,d I ~1 I I I I i 1  3 I I 1 1

1~~i
+ Y ’ó a P ib Z

b
(y _ 1) ( Z t,

_ ’/
~d

) .  

_ _  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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An inspection of the right—most side above will verify that

DE
~~
’(Zl,...,Zm,Yfl

E:S
n+i

(b). The Lemma follows from the linearity of D.

We are now in a pos it ion to s tate

Theorem 6.1

Let JN=(M ,~~,J ,P) be an open Jackson network in equilibrium. ‘i’hen

for Vn ’L

•6.6) D~ [~~~(z 1,. ..,z ,y)]=

n

n-i
+ ~*(z ,.,.,z ,y) ~ ( H (l 0. z . )U , p . - , . )( z . -z . )

° Pn 1
( b)  k=1 -1 k -1 k 3k -1 k1k+l - i~ ~~~

n—2
A óaPabt(Y fl

where  ~* (z
1
,. . .,z ,y)=~ (z

1
,. ..,z)e , and R 

2
rS

2
(b); tile

sums ~ here and elsewhere are taken over all (
~j1

,.. . , 1 ) t P
1( b ) ,

P 1 ( b )

unless otherwise specified.

P roof

From (6.2)

(6.7)  D[~)(z1,...,z ,y)]’~ 
~ 

(1c*(z
l
,...,z ,y).zh

The proof will proceed by icothoct iort on n 2 ,. ..,L.

For n=2 we compute from (6.7) with the aid of (6.3)

D
2 [l~~~(z 1, . .., z , y ) ] = D I ;~~ ~c*(z1,..,,z ,y)7,~~

~~~~ 
~~* (z 1, . . . , 7 y )  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

~~~~~~~~
j~~h

+ ;
~ 

‘ i - ~~(z
1 , .. ‘ ‘m ’~ 1) .1P11) 1) Y )=

- j  
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

- ‘ - -
~~~~~

- - - - - -
~~~~~~~~~~~~~~~~~~~

- - -
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2 2
~~~~~~~ ~~~~~~~~ ., z ,y ) z h

- r

for some R c ’] (b),which establishes the induction basis.
o o

Now, assume that Dr
~[~ (z ,...,z ,y)] has the requisite form (6.6)o l  m

for 2- n~ L, and app ly D to D~ [u~~(z
1
,. ..,z ,y)]. From (6.3) the first

expression in (6.6) Is

(6.8) D[~~~~~~*(z1
,. ..

~~~~ 
lt)* (Z ,...,Z ,y) Z

+

l c r  some RU)c 5’ (h) ‘c’ (b) .
1 1 n— i

Consider the second expression in (6.6). By the ind ’iction hypct-

hiesis , each term T 1. . ~ in the sum associated with the path

(j 1,. ‘~~n
1
~n—l~~~ 

belongs to L7 (b). For each fixed ( j 1 , . .  . , j )

n— 1
expand II (1—p . z . ) i n  the corresponding T ( .  , as in Lemma 6.1 ,

k=I 1 k 3k a l’’” ~
l

fl

and set e~~j and d~~j . Thus for each term T ’ of the form (6.5)- n - n—i

t-, iic hi tha t I I ) /  I ’ (we use the results and nuts t lou oi l I,c-unm ~ 6. I
I ui

l ) f 0 ’ (z
1 , . . . ,Z ,y) 1

( ‘( i_ I c . ) ~ n , p . ~(z~-z.
n n n

i#i n
+ R ’

n-i

b r  some R ’ o ’ (h). Note that
n— l n—I

- n-i
Y

t 
~ 

l * ( ? ~1 , . . . , z , y)  fl ( l — t . z . )I T , p .  . the slim being taken
I 

- () m 
k~~I 

1 k 1 k ‘k 1 k+l

‘‘vi’ r , t I I 0 ‘ wIn I S i’  i i i  j i l t  ct inip r I ‘ci - S I . ‘ I I  i i i :  , r c l , t utn t i t i g  i ‘v t ’ t - t I I s l i i i 0 ‘

i b I s  i i ,  f o r  t ’se Ii ( , . . . , ) c - (I)) -

L

I ii ii I
i .. =~~~~~--~~~~—- ~~~

- - -

~~~~
- -~~~-~~~~ 

—
~~~~~~~~~~~~~

-—  —- ———  —-
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D [ T  - . (z , . . . , z , y) ]  =
(i
l

t . .., j ) 1

- .  

~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
~n 0~~~~’~~~~n

“
- - - + R  =

n—i

~~* (z  , . . ., z ,y) ~ ( U (i- ic . Z , ) - i , p .  . )(z , -Z ,
at o 1 m 

=1 k=1 1k 3k 3k -1 k-1 k+I. 1 n+l 3n
- n+l

+ R”
1 ~n+i~~~n

for some b( (b).
n—I n — I

Summing again the above ove r a l l  (j
1 ~~ 

1
n— l ~~~~~~ ~~~~‘ ~~~~~~

- n—i

(6.9) D{-~~ ~*(z ,...,z ,y) ~ (II (1-c ,. z. )r . p . - ) ( z  -z
0 1 m p (b) k l  3k 1k 1 k -1 k’k+l ‘n i n—i

n—l

~~* (Z  ,...,z ,y) ~ 
( H (1-p . z . ) G . p . . ) (z . -z ,

~t 0 1 iii P (b) k=l 3k 3k 3k 3k3k+l 3n+l 3n
n

+ R~
L )

n— i

( 2 )
I or  o c c u i c e  I-I o ( I c )

I n — I

I” ins I I y , from I.e’rnnuc 6. 1

(6.1 1)) I)IR
2

I c ,’
1

(h ) .

The i ndii c l ion step follows f ron (6. 8), (6.9) and (h . 10) by Ii n o - - t i  it v of I) .

TIu- ma in result now fo~ lows .

T l i e c c  r~~ni 6.2

l~ -t , l N = (M , c , l ,I’) be an open Jackson n ctw o i ’k  i l l  c ’ q l i u  I i b r i i u m .  Then

IK b (t t O  
is not a PC) i sscrn pro (’eSs

I’roo f
-

~~~~ 

• For n=i,, set in (6.6) z~ =i for all l~ a. Since ao “h ’ l  ~~~l,—2~~~~’

-~~~ ----- - --- -- — - --— --- — —- ---‘-----
~
-‘-- — ‘-—- - - - - - ‘—
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_ c (~

R
1 2  

vanishes along wit h a l l  t erms  c - o c r r c o p n u o c h i n g  t o  paI l s )

with j
L~
a
~ 

leaving only terms that correspond to all minimal cycles of

- -  (a ,b). Thus,

(6.11) —r ~ (z ,y) =

- ,- L
~~
(Z
~~
Y)((Pab (Y_l))

L-i
+ ( 11 (1-i . ) ‘  - p - . ) (z -l)

C . (a ,h) k=l 1 k k 1 k 1 k+1mm

v It o- re 
~ 

is taken ove r all (a, j , . . . , ) C (a I ) ) .
C (a,h )  1 - 1 m u - i
m l n

On setting ~~~O ,y O above ,we obtain

(6 .12)  
~~~~~ 

PE R (O)=O ,K b~°~~
01

PEBa(0)=O~Kab (0)=O1(_I~~p b
)
L

L—l
— ( I T  ( I — ~~. )~~~~~ . p .  . )

C , (a ,h )  k 1  1 k 1k ~k
1 k+l

Now , if 
~
K b (t)}~~ O 

is a Poisson process , then from Corol lary 3.2

(6.13) - ;~:- PFB a(O)=O~ Klh (O)=OJ=
in I’[ (O) Ol~~~~

c0
~~

th ( ( — 0 ’ p ) L
,{)+ a a

P[B (O)=O ,K 1 (O)=O] ~~
_ ‘ a~at) 

‘ 

1,-I
R u t  for each (a, 1 1 ‘ • ‘ Crnth 

(a , h ) W I ’ t c S v c ’  P ( 1 — i  - )~ • p - - (1 .
k= I 1 k 1 k k 1 k+i

As 
~m l i i  

i ,b)~~oI by our a s sl im p t  Ion , ((.12) co nt r;idh- t s ((c . I i )  w I n -m t t b it’

‘I ’ii ’c r c ’ iu i  t oi l I cw s

I.~~ ‘~‘~p - .

_ _ _ _ _ _ _ _ _  _  - 
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7. Conclusions

The intuitive essence of the preceding results may be loosel y

• described as follows . The traffic process on arc (a ,b) is statistically

dependent on all state indicators of those nodes which it a f f e ct s  (all

nodes accessible from node b). These dependencies radiate about node b

in a sor t of a ripp le effec t; they manifest themselves for nodes which
i-t+1

- 
are n—distant from b through ~ (z ,... ,z ,y). The existence of a

0 1 in

minima l cycle for (a,b) enables these dependencies to propagate to node

~t , the rehy leading to a coti t rad Ic t ion to Theorem 3. 1

a (:ons(’quence Of Theorem 6. 2 , one may simm im’i r I ‘se t I t o ’  to r o ’  co j o - i g

dl sccission concerning traffic’ processes  In  equ  ii I b ri urn spell ~I;& kt-inii

netwo rk, as follows .

Conclusion 7.1

Let JN= (M,~~,~~,P) be an open Jackson network in equilibrium ,arod lot

(a ,b) be a traffic—norarivial arc . Then the following are equivalent

statements:

a)  ( a ,h) is an e x i t  a r c : .

b ) ll )~ 
I S  S I’ou  sson p r c d i - o - s s .

t ’ ) K oIc ~ 
t )i i s  a renews I proc e ss.

ol) For each t O , K b 
( t )  i s  l’o 1st-son (list ri b , t tc ’ cI w 11 Ii 

~~ 
l i i i  I c i  ‘ 

~~

• c ) For carlo t- -O , B ( t ) and l< i (1 ) are i n d e p c ’n c l c o i  t t o  ui o lo ~ ii vs r I ctb 1 0 - - j -

t~) ‘l’bu’re is N’ M, a- N, suc bc  t h a t  f o r  each t ’ O , 1 ( i  ) icc i u u l e ’p r n d & ’u o l

ol Io ~~~. ( t  ) : j0 N i ;  in I c i t - I  , N— - 1 : 1  — — - .a . -

to o o oot lti ’r c’ cli) c Itit ; i c iui n I b -c l l u t e , ccl) ‘h I i c ’ c c r c - c c o  ° . . ‘ I c - I  I ;  cc j , ol c c c c ct I

l iii I t .o t I l )i ltc I nl it ’rc ’nt in 15 1 cc I I I I o n  I c m i  c l t ’ c - cncc l c  ‘ c I I o c r  c c l  cc pi’ ~i I c c  i-c - c c o d  i c - i - —

woc rks.

- -



____ - 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

_
~~ 

- ‘-- ‘—•- —- - -  —

—28—

Conclusion_ 7.2

The decomposition in Theorem 2.2 of an open Jackson network in

equilibrium into Jackson network components is maximal in the sense that

no refinement of the underl ying partition will y i e l d  •Jackson stthnetworks

i n  eq i t  I I I hr i tim) . 
I

Next , let us extend the no t ion of an exit arc to any superposition

of traffic processes on arcs emanating from the same node , as follows :

the superposition above is said to have the c~~i- ,~ - i ’ ’ - - -)~~~ - , if all its

constituent arcs are exit arcs; otherwise , it has the c 
~~

, — -~~~~ 
‘ - .

In the latt er case, the minimal cycle associated with it is the smallest

over all nonexit arcs in the superposition. We point out that all the

foregoing results will still hold nru /~- j f J c ’ ~~~~~~~~ fo r  such superpos itinnc-c .

Going back to Conjecture 5.1 and comparing it with Corollary 3.2,

we see that the sum ch~~ ~ d (co , j 1,...,j 1 
)~ 

i t o s  - o ci sc - f oil

C , (a ,b )
m m n

interpr e t at ion ; it may be construed as ci heurist i deviation c-it

- 

~ oh 
~ ~~~~~~~~ t he Poisson . 1 Moreover , ea rl ,  I erm in the sum ~~oy  be

interpreted a t-i h u e  deviation due to t b -  rc’spo’o - t  I v I ’  m i i i  rn — tI rvc - l c -  ci ( c , h )

In particular , for open Jackson networks in equi l ihrium , th is

dc-v i t t  I t t  td ’ -s t Ic t i oo I c c r m

I’ l l) (t) — - H~~
’ I c , i f  L— I
a ; o - c

1,—I

( I .  I )  oh = ~ ( H P1 I - ( t  ) - - 0 l o  - P - -  I I  L I
C 

• Ca ,h I  k=1 ~I< k I— i--u
tn t’)

~ 0 , i i  1, i c c  - ‘ ~ u~~o I  0 -~ : i 5 1  ( j  &‘ . • (a, ho) =
m o n

c o w  l u l l ’  t oo  ( ‘ ~ . 7) , ( ‘ c . 14)  c on ol ( I t .  I I )

I -  - -  ‘ - ‘ ‘ - -I - c i 0 0 1 0 i c o I I t i c V ii ‘04 -
~ 100 c I o i l - c o t  I I i , ,  I ic ‘,‘ 0 - is - u I  Ic I i i i  I ‘o u t - I c c  - ‘ t i ll

~ I . I , ( i  I I o I~c o ‘- ; - _ t o i c o o -  - ‘ , I I I ’ - ( - 0  , I c  ) — - • - coot
cli I _ I )  11) 0 11

( l o o t  ‘ t u i  I v I I I  1 II .

_  - - --



- ~~~~~~~~~~~~~~~~~~~~ - 
- 

~— - ‘~~~~T ’°~~~~ “—I ’

Equation (7.1) provides some clues to the behavior of th e - dc -v icc t ion

as ci function of the network ’s st tu r a l  paranoete -r o - i . A number of 110 ic~k

observa t ions  now follow :

I .  The dev ic i t ion magn i tude  is a f f e c t e d  by n e t w o r k  connec t  i v i t v  in t io t -

sense- that It i nc r ea se s  as tb tc ’ u i u i m h c - r  of minim a l r y e - I t - c i n c -r e ;

— ‘ l b  c ‘ cli ‘vi c i t  I c o i l  o ’u n m p col i t ‘St oblil - I t o  ci  110 1 1) I Ill;) I t v t - I I cc  ci I I c - - - I c - c l  by

d j s t c t u i c - t -  i n  the’ sc-nst’ th at It c l o ’ c r c - c , s e ’ c -c as t l t t -  u c o ini um o , - t l  c v -  b -  I c - o l d 1,

1, i to c - ro co ca ’s , pro vic lo ’d th e’ serVi cc _ c i torts - - p-~~ ~t I o n g  o r  - - ~~ 11 i- 1 k 1 i - - + I I -  0

- I cc-c S I cci ii one-

3. ‘ F l o e -  d cv i  St  1 ) 0 1  e o o m p o n e n  I c l o c c -  t o )  a mlii i mccl c v ~ l~ - is at - f e - c - t - d  by I lie’

cy cle ’s “strength” . It decreases cis the cycle ge tS “wccaker ” ,in

the sense that the switching probabilities p . . decrease in
3k~ k+ 1

magnitude.

-‘c . l’boo deviation component due to minimal cycle arc - affee ted by tl oc

woo rl< l o a d .  I t  (lee re-cisc’ s ci 5 I l o t ’  n c o b c  -~~ I r;’ o - j  Os ’  i t  ~‘c - I i i i  I c ’  r , i . t ’ .

- o n  t h e -  I r c i l  t i e  i n t e n t - c i t  Ic -i-i - _ ;ipp r c; c i o too .

As r n c l t t c ’ r  of  b
_

i to _ _ I  I so  a l c p r cc.cc - Ii in g c-ca t o i r , l t 1 (011 , tI n - u S - - _ ; I n - c  I I

( l ( ’ v i  - 0  I, I co i l s t e n d  t o  I) .  dsnsc ’q 0 c c - l o t  Iv , c oui d t ’ r b n ’ c i v v  I r c t  I I i c  0 c~ t i c b  I t i c o l t s ,

cove- n ci I I c c l i - - i i  C (a , b )  , K ( t ) } I co 
~i ’ r I ma t o  - I v - c I ’ I 5c c  c o on - t n ah _ II

l o t

l i n - o l  I v , -s - i t  1 0 0 1 0  I l o s t  a n c o l c g s o o s  i ’ l l ’ ;  o c t  I b i c c - c d  I ’ ,

- ccc I ;i bo o i ’ d  h o  I ii 0 1 0 , 1 1 0 0  I 0~~ c c  c c  - c - c cu b e’ I v o l  c I —,- 1 -  c 0 Vt  cl I c o o  - i )~~0 c c c  - - c I I ~~~ 
- -

I i i  c c l  l i - c l  t i c c l i  ii I’s I i i  ~- 1. c r k c c v j ; o n  - I c - n u t - , .  ‘ 1 1 c c -  ‘ - c ’  i l o i l  I t ’ ,

c c l  - - c c c l i  o : c - t i c - u ; o I  I ’ l l  c o I l S  is o - l l r o o - i b ( l v  t o o le r I t o - - s t  l~~’ - c i  i c o n .

~~ I I t lot’ i - i cc i n  t - - is c I (I(l c ’ch t oo I l ot’ s I  - I t o  - s i c , O c t  o f  c - cli 0 0  ‘ i c’ , Ii o &’ ui h oc ’
• e q it  I I i h r i c t n u  r i o - i t  1 0 0 1 0  w i l l  m d  ide ’ ( l ot- c c - o -  P 1 c 0 0 ( t ) ‘ I I s - m t  c o r a l  ion)

N ~I ic _ c’ I bict t - i 5 . 0  I i i  V - I t c - o h  n o t h o  - is i no l i st ito ~ l i I iIi 0 li i c - I u - ni I he cmv u - o n  —

Tlit’ul t solir c - c - ‘ o i - O i c c c o  i l l  (‘1051 (0mm -n st re- inn c i t - p o r t  l o b ’. t b o a t 11( 1(10 ’ a r c ’
u nI t ( co d I lv i ndc’p€ ’tidcnt Ps o m c c ii p r c ’ ’  I n s t -  - wbo I I i  0 1 0 -  il S o c  i c o b - i c c- n b ii? (if

I lot ’ t r n i v i l n , c - ,o - r v i c -cs - l i d  - w i l c I , h , o  Ic ‘ is  itHcs l i t  - i l l  ccl c c  F l l c c , l o - - . .

----- -‘—---- ---— - -- - - -S -~---- - — -.-- ___ - — --- —
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