
626

UNCLASSXF IED

ADA ____________
04 00 Fe ______________________________________________ ___________________________________

END
DATE

FILMED

7-77

p



N _ _ _ _ _

D D C

Departmen t of Indust rial and Operations Engineering

College of Engineering
c_)
w

THE UNIVERSITY OF MICHIGAN

ANN ARBOR ~~ Y ~~~~~~~~~~

L 
_ _ _ _ _ _ _ _  

_ _ _ _ _ _ _ _ _ _ _



F -—- - - -—- ---- .-

~~~~~

- - - .— -..- — -.-.--.- - -—

TIME-DELAY ANALYSIS FOR PACKET-SWITCHING

COMMUNICATIONS NETWORKS

by

Donald C. MeNickle

Technical Report 77—3

March 1977

Abstract

Mean delay times at certain superposition nodes are found for messages
of variable length in a packet—switched network . These improve on some
previous approximations . The output from these nodes is such that exact
mean delays in some larger networks may be found .
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A sy s t em  o f queues  with determinist i servers has been proposed as a

model  f o r  a packe t  s w i t c h e d  message n e t w o r k .  One advan t age  of cons tan t

s er v  ice  t imes  is t h a t  the  d i s t r i b ut i o n  of t h e  t o t a l  d e l ay  t ime f o r  a set

i t  s er v er s  in ser i t ~~ ’ C ii be d e t e r m i n e d  ( s i  e A v i — I t z h a k  [1 1) .  This  has been

I X  eucli d to Vil r l ab  Ic  message I eng t  Ii sy s t e m s  by Rub i n  ( 2 I . I n  a n e t w o r k .

i i~ Wt Ve f , LIII I 1(1W I I I  ~1 SI. r I_ S 5 I (~ 
- I - - ‘ - I . i I fl l I I I t i~~~ , S i I I III - SIl l) ( I  I

t I l  j i lt e r  I~~~I.III I~~ I. I t  o r by - x t e r i l a  I ly  ~~~~
- I - r a t E d  f l I ( 5 ! S I t ’ t C , a sSl i f l l ( (I ( I )  I

.1 0155011  p r I l l -oss , o r  by the  o u t p u t  ol L I I e r  s e ct i o n s  of  t h e  n e t w o r k .

Rub in 1 3 I has SU~ ’,~~( 5  ted some i lPP n I X  ima t ions r t I I I

l i l t - i l l  dI l ly  t i m e . ;  i n  s i m p l e  s u p e r po s i t  1( 105 of t h i s  t y p e , ba sed (I n ( on s i d c r i n g

t i t -  y s t e m  S& CII by each type of  t ra f  f i r  s e pa r a t e l y .  I h i t  i lppr Y i iii,it (Ills

r E I j I L  I r i  I’o 155(111 a s s u lmp t  i ofl s a t  each  node.  Tb is n o te  ;I I( Iws t h a t  f o r  t i l e  ~~0Ih r.~ I

1.155 ( I I  5 V.5 t L’ThS in  whirl? de J ;~ys a rt ’ I a ~~~~~ L-x ac t exp ross Ions  f o r  t h e  mt- an

i lo  l i v  t l O i s I I ; IV  1) 0 I ( lun d , w h i c h  al low f o r  messages ( 11 v a ry i n g  iemgt l i s , and

I i i r t l i e r  t l i , i t  t i l e  r o mb in e d  o u t p u t  f r o n l  s i i i I i  s y s tem s  is o f t e n  of a f o r m  w h i c h

g i ve s  c X , l C t  r e s u l  ts f o r  the  d e l a ys  a t  subsequen t  s t a t i o n s . In F I g u i r e  I

I t X - . 5)  i i - ;

1.~ 

> 
~~~~~~~~~~~~~~~~~~~~~~~~ L~

]

I I [~li ro I

w i i i  - i - I I i -  1 1 1 1 1 1 1  t St reams a no I’oI  5511(1 w i t  II I . (  1511111 1 1’ rs 
I • .111(1 lie 1w

- I I 1 ( 1 0 5 , l)
i 

011(1 I) , I1; 1V 1 c~ in s t ; I r i t prod -; ; l u g  I 1 11105 , 
~

1 i • d rc-s l ie( t i ve l  y

I~iih I l l ’ ! .  ;ii1;I I V S  IS ~~iVV S  tlit (110110 dci ;IV 01 . 1  pa c k Et  at I) a!;
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An exact result will be shown to be

1 
(~~1

+A
2
)d
2 

X
1
2
d
1
2

W — 
2 I ( A +~~~)d 2(A +A ) ( l A d )  , d

1 ~ d . (Corollary 3.1)

F u r t h e r mor e , in this case the output from D is identical to that from an

M/D/l queue, and so the mean delay at any subsequent station may be found

exactly.

Generally , messages arrive as a set of n independent Poisson processes

at n s ta t ions . xT 1 
is the mean interarrival time at the i—th station.

1

Message lengths are independent and take up an integral number of packets ,

eac h taking constant processing time . The combined output of the n stations

t h e n  queues fo r  s e rv i ce  at  s t a t i o n  0 . Messages arc processed a t  U in order

of arrival , w i t h  each packet t a k i n g  t ime  d .  The s y s tem  i-an be model led as a set

of queues w i t h  g roup  arrivals , with b ( i ,j )  the  p r o b a b i l i t y  t ha t  a group  of

s ize  j a r r i v es  at  server i , whose service time is ci . .

I . t - t

R ( ~ . A b ( i , j ) ,  j~~i ,2 , . . . ,

2

~ 
~ 2 

i~~l ~ ~~ ~

w here II . and ~ 
2 

are  the mean and v a r i a n c e  of the group size in the a r r i v a l
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stream to station i.

Theorem_1. For 0 d . < d , i=1,...,n, and Xi~d < 1, the output from D

is iden t i ca l  to tha t  of a group a r r iva l  M/D/ I  queue whose mean in te rar r ival

t ime is A~~~, service time is d , and group size d i s t r i b u t i o n  Is B ( j ) .

Proo f. We show that the idle time and busy period distributions at D are

those of an M / D / i  queue .

Note that since d. < d all arrivals from a particular busy period at

server i must be served in the same busy per iod at 0, and hence that an

a r r i v a l  f rom server i who initiates a busy period at D must also have initi—

ated a busy period at server i. Also the superposition of the n independent

arrival processes is still a Poisson process with group arrivals. The group

size distribution Is now B(j).

• Suppose that D Is about to become idle at some time t. An arrival at

i after t—d . wi ll be served during the next busy period at D. If t h i s

arr ival occurs at t ime t—d
1 

+ x then by the note above it will arrive at 0 at

t ime t4- x.

Thus the idle t ime at D is independent of the  t ype  of the last  a r r i v a l ,

and has a di stributi on function given by:

j
t 

1 ~~~ h 1
_ (t

2+...+- 11)x dx+ ~ I 
~ ~~~~~~~~~~~ ( 1 +~~1 1 1 ) x  

dx
0 ~ 0 II

— i t
I —

We ~ i i  t e I’( I ,n I m )  f u r  pr obab i l it y t h a t  a bu sy p e r i o d  is i n i t i at e d  by an ;lr r  IV ;1 I
4

fr om stream i and is n service periods long , given that the first arrival

- - -. 
~~

., 
~~~~~~~~~~~ 1.: ci

— ~~~~~ __ s _ —~~ -~ — — — — —~~~~~-- - 
- - -
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came from a group of m . If the busy period appears as if i t  will end at

time t , again an arrival at server i will only extend it if the arrival occurs

time t — d~~. Thus from the independence of the arrival streams

A . 
—~~.md —(A + . . .+A . +A .+. .. +~ )mdP ( 1 ,m l m )  = —

~
--  e 1 e I i— I  i. n

A .
= 

A 
(A

Also by condi t ioning on the completion time of the f i r s t  m service periods

J A . r k
P ( i ,j+ in lm) 

r~ l 
~~~ ~~~~~ 

k=l 

(mAd)  
bk ( r )  P (j j r ) ,

since as fa r  as the busy period d i s t r i b u t i o n  is concerned there is no

difference between a busy period initiated by an arrival requiring r service

per I ods , and one i n i t i a t e d  by a queue of r customers . Her e  P ( .1 I r) =

~ P(i,j~~r), and b
k
(r) is the probability that the total number of arrivals

i 1  -

in k groups is r. b
k(r) is the coefficien t of ~

r in ( ~ B(j)zJ)k.
.1=1

— m A d
P(mjm) e , m=l ,2,...

4 j r k
l’( I+lIl I lfl ) = 

~ 

0 m~~ 

~ 
~~~~ b k ( r )  P ( j  r). (I)

I l i t  L ’ 1 1 1 . l t  1(105 ( I )  ;ire id i ot 1 ( 1  I t o  t l iuse f o r  t lie length of ii busy

o r  i III ~ I in ~1/I)/ I grw ip  ;t r riv ;i I queue . 11w i r so I u t  i o u  i s  u s  Ror e l  —i; lu lu le r

tI i t  r il,ut m u  (set- llli ;u t l’* , page 10 , Ion ox ;i rnple)

L - -
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P( i l m) = e i~~ 
m—j (jXd) 

b
k(j_m) , ~ � m.

-~ k=0

Since the busy period length is conditionally independent of the source of

the first arrival , the output from D consists of a sequence of busy periods

whose probability functions are given by P(jlm) , where m has the distribution

B(m), separated by independent exponentially distributed idle times.

The mean delays at any subsequent set of stations in series can now

be found from [1] and [21.

Since we have shown in Theorem 1 that the output from such a system is

identical to that from a MID/i queue it seems reasonable to expect that the two

mean waiting times are related. Although we can now calculate the mean time

to the n—th departure from the system it is not necessarily true that the

arrival who Is the n—th departure will have been the n—th arrival to the

system . We need to alter the service discipline at server D in order to be

able to compare mean arrival and departure times .

A particular order of service is said to be work—conserving if the server

is not idle when the queue is non—empty, and each customer receives his full

service requirement upon entering service. Since the queue length distri-

butions under work—conserving orders will be identical , from Litt le ’s formula

we have:

Lemma 1: For a single server queue with a work—conserving order of

service , the mean wa i t i ng  time of an a r b i t r a r y  customer is the same as if

the order or service is first—come—first—served .

We modify the system as follows . The arrival process to the I—tb server

s tar t s  a t  t ime  (0—d
1
). At one of t h e  s t a r t i n g  t i m e s  an a r r i v a l  occurs

51) w [Ui p r o b a b i l i t y  one there  is an ii r r  iv ;u  I to I) at  t lust - ze ro .  I I an
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- i ;  - iv ~~l -~c~- ;r s to the  i — t b  server at t ime t h e n  it is numbered in the sequence

in I V ;  s I s  i f  d O C C U :  r ed at t i m e  ~+c1 On arrival at D groups are

s . - r v l -  - i n  , ; d ~ r . I t  can he seen t h a t  s itu  - 1 I Ir r ivals i l u r i n g  a sin gle h I l l -;-1

I I  - i  1 ~~~~~-“ r - sl in t i s -  som e n o sy  p er  j od I 0 111(1(1 I I led s ys t e m  ~;o i

C 5- l i . The IIIll W ifl~ r e s u l t  a !  lows  os t l e i ; t i f y  t h e  t i m e  of t he  u — t b

d e;~~I rt  l ir e .

t oe  mod i f  led sy s t e m  r. c c  de~ - - St  r e a m  I ron 0 is the  same

~~
- - -

~~ 
-
~~~ 

r m ~~ ‘ ~°/ i  ~r O u r  a r r i v a l  ‘ ‘ ! ~~~ I J ( .

r i  ~~~. - p r oof  of t h is  fo l lows  the  sans se .1 steps and produces the same

C\  r - s o is  t a t  of Theorem 1.

r i - i n  0 . -s r  ;~ o- de lay at  D , W , c an  r r ~ he f o u n d .  W is t h e  time

- o; t i l l  a r r  t o i l  n i  ~h & f i r s t  ~~~er  in  0 e u n t i l  p ro ce s s i n g  beg ins .

I: l~’ - — .1 ~~~~~~~~ 
- - 1 ,

S ~~ -~ • ° 1 5

- -  2 -  - u d )  
I ; +~~~ ) 

2~~( L ~~ . d . )  ~~~~~ + ~) .

- Si . ; e j L v i o g  t~~ P o l i o ; - ? -  ~~h r ; i t c h ;n s  1110 to  an M / G / l  q u e ue  w i t l i

S d i s c r e t e  s e r v i l e  t ime  d i ~~t r i h u t~~on , f~~r I ;r~ n the d e p a r t u r e  mean t ime of

lie f i r s t  p; - ket of he n — t h  ~ c - s s a c e  5

n — i  I d  2 -~‘F = f 2 ( I — l d )  
( I I  ‘I

I I  I I i  1 vs I em t In- arc i v ol t ime - ¶ II p ; i c k t  ~ t t h e  I i l  I on I) II;

- I I  I I 
1 

I I  
-

~ I

ii - - 
- . ) (  — - 5  - i i  - I

I I I  I I

5 i - -~ I 1111 I — A — ‘ I I  III - r i- - I  I I i  I I. _ - - —
U ’  -

_ _ _ _ _ _ _  -
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Corol lary  3.1. If each message consists  of one packet , then

- 
Ad 2 ~ ( A .d . ) 2

- 
2(1-Ad) 

- _______

i—l  1 1

Corollary 3.2. The probability that a message experiences no delay in the

system is identical for each type of traffic and is given by l—X ijd.

Proof: Messages initiating a busy period at D will necessarily be undelayed.

From Theorem I the type of such a message is random and so the required pro-

bability is the same as the probabilit y of not waiting for an arbitrary cus—

turner in an MID/i queue .

If each of the n input streams to D is identical , (i.e., A
1 n

d
1
= ...=d , b (i,j)=B(j)), the mean delay of the i—th stream at D is

2
Ad 2 2 i i  2 2W 1 

= 
2 ( l -A pd)  (~ i +a ) - 

2(1-A .~~.d .) ~~~ 
+ o~ ). (2)

1 1 1

We conjecture that (2) does not generalize to various input streams .

Since the group size dis t r ibut ion is known the waiting time of individual

packets at D can also be found .

Theorem 1 does not cove r the  case where d . > d f o r  some i .  S ince  some
1

in t e r d e p a r t u r e  in te rva l s  will be of l e n g t h  d .  wh i l e  o the r s  are of l eng th  d ,

i t  is c l ea r  t h a t  the  o u t p u t  f rom D canno t  be i d e n t i f i e d  w i t h  that  f rom a t’i

M / I ) / I  qu e u e .  In  p r a c t i c a l  s i t u a t i o n s  t h i s  d e f e c t  may no t  be impor t an t  f o r

the  f o l l o w i n g  reasons . If most of d 1, _ , d0 are greater than d then mean waiting

t i m e  a t  D w i l l  he smal l  nd so Rubin ’s approximations , giving a ti gh t lower

hound , may he appropriate . In those situations where l ong  w a i t i n g  t imes  are

l ik e l y  to  occ ur , that is a station giving long processing t imes In series with

I)~ t h e  l i l l I a n  d e l a ’ -  can he determined w i t h o u t  a n l a y z i n g  t h e  u t t  p l u t  I . !  I) as ¶ i l  l ows .
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n >

Theorem_4: For d’ �d., i 1,...,n, the total mean waiting time in the system

of Figure 2 is given by

~~4) (~ 2 
+ ~

2 
~~~, 

wher e ~ = max(d , d ’) ,  and A~~ < I ,

f o r  a l l  values  of d .

Proof: If d > d .,  1 ,... ,n, then we have shown that the output from D is

identical to that of an MID/ i  queue and the result  fol lows immedia te ly .

For d < d . for  some i then d = d ’ . It is clear that all arrivals in a
1

p a r t i c u l a r  busy period at D must be served in the same busy period at D ’ .

H Note that the delay arguments in Avi—Itzhak apply regardless of the form

of the input , so the total waiting time in the system D-’-D ’-’- s a t i s f i e s :

W +i 
= (W + k d ’ — t ) + 

, where kd’ is the length (3)

of the n—th message , and t
n 

is the time between the arrival of n—th and (n+l)th

messages at D. Now consider the system with the order of :he servers D and

I) ’ i n t e r c h a n g e d .

The w a i t  Ing t ime In the  D ’-~D system is  s t i l l  governed b y (~) , h u t  S h ue

d ’ ~d . the results of Theorems I and 3 may he ap p l  led. T II I IS  t h e  mean w;tl I I n g

I i lis- i n  t l i t -  l)-~D’ system is

~~~) ( 2 
+ 2 ) - 

2 A ( 1 -A .~~1d .T ~~1 ÷
2 )

- 
~~~~~

_________-  - 

~~~~~~~~
~-
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and the output from D’ is identical to that from M/D ’/l group arrival queue .

The results of Theorem 4 can obviously be extended to any series system.

‘Iheorem 4 sugo,ests a conjecture abou t delays when d . ‘ d . Note that

reducing any d . increases the mean wait at D. An I n t u i t i v e  exp l a n a t i o n  f o r

this is: reducing d . increases tile variance of the ith i nput stream to D,

in most  queue s the mean wai t ing  time increases with the variance of the input

stream. We conje ’-ture tha t  th i s  holds t rue  when some of the d . are g r ea t e r

than d. Thus if d1,..., dr 
> d , d ÷1....,d ~ d , at least for single—packet

messages an upper bound for the mean wait at D is

Ad 2 r (A .d)
2 

fl (A .d .)
2 

(4)
2 ( 1 — A d )  

— 

1=1 
2A (l—A .d) 2A (l—A .d.)

Clearly suc h a bound will be lower than that obtained by assuming the

input to D is a Poisson process. It takes zero or infinite va lues  at  a l l

* appropriate points and gives the exact value of the mean wait on the boundary

of regions where Theorem 3 applies . In all the examples examined in [3], (4)

forms a ti ght upper bound for the mean waiting time .

It would appear that the use of results for MID/i queues gives upper

bou nds for mean w;u i t  log times , and further that b y t he  u st ’ of Theo rem 4

i t  ~I i i . i u I d  be pu ss  i h ) l 1 ~ to ex t en d  t h u - s i -  bo n d s  th r ou g hl m a n y  l(’tw (.rks.

The M ean Packet W a i t i ~~gJ irne .

l” rom Theorem 3 the t o t a l  mean w a i t i n g  t i m e  of t h e  f i r s t  p a c k ~ I i n o~u-h

message is

— Ad 2 
2 2

- 

- 
W ( i i  +

The mean w a i t i ng  t ime  of t he  k — t h  packe t  in a message is W + kd .  Sl u i c e

-. . 
- - - ‘ 

~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~
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the d i s t r i b u t i o n  of the number of packets  in a message is know n the average

packet waiting time in the system , W , can be found .

Theorem 5: For d. < d , i=l ,. . . ,n,A~ d<l .
2 2

— d 
_ _ _ _ _ _

p 
— 

2 h 1( l —A I J d)  
—

Proof: The p robab i l ity  func t ion  for  the number of packe ts in a message is

n A .

~~ —i— b( i , j )  = B(j). Since all packets in a message are served consecutively
i= 1

at D, the mean wait of an arbitrary packe t in the message is

~ A .( j -l)d

W W + , where A . = 
~~ B( i) .

~ A .
j = l  ~

Now 
— 

~ j ( j+l ) B ( j ) -~~ j B ( j )

W W +  ~~ — d ,p ix.

~ j B ( j )
j=l

2 2
=~~~~÷ 

u +cJ —P~~

from which the result follows .

The mean waiting time of any packet at D will be

2 2 n A . dd ~i+o v ii 1 1 (5)2 ~( l — A p d )  2 A ~ . ( l — A .~i . d 1
) 

—

I
a 

From Lemma 1 , (5) gives the mean packe t waiting t ime at D under  any order

• of service . In particular it applies when packets are served in order of

arrival at D, rather than in order or messages.

.. -“~~~- .;~~
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