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THE USE OF ARRAY ALGEBRA IN TERRAIN MODELING PROCEDURES

INTRODUCTION. Terrain modeling is currently accomplished by a series of
polynomial least—squares fits to observed elevation data. The polynomials
are then mathematically joined to provide a second series of polynomials
that join smoothly with their neighbors. These final polynomials are then

- . 
used to generate data for computer—driven plotting devices.

The routine that produces the initial set of polynomials from the
observation data utilizes the principle that the best: mathematical fit of a
model equation to arbitrary points in space must minimize the square of the
vertical distance from the data to the surface described by the derived
function. This technique involves the inversion of an m by m matrix ,
where m is equal to the number of terms in the model equation . Although
work at ETL currently uses a relatively small (four terms) model equation ,
new developments will soon require more complexity, expanding the model
certainly to nine terms and probably more. Consequently , the inversion
time for the m by m matrix will grow geometrically (see appendix D). As
a means of reducing some of these cumbersome and time—consuming inversions,
the technique of array algebra is being investigated . Array algebra, the
invention of Dr. Urho A. Rauhala, performs the same functions as a least—
squares fit in fewer computational steps. Where least—squares requires
the inversion of one m by m matrix , for instance , array algebra requires
the inversion of an a by a matrix and a b by b matrix, where a and b
are integer factors of m. As is demonstrated in appendix D, the computa—
tional savings of array algebra increase dramatically with m.

This report analyzes the methods by which array algebra can be
implemented into ETL ’s terrain modeling procedure, and determines its
feasibility.

ARRAY ALGEBRA IN TERRAIN MODELING.

The Terrain Modelin g Procedure. Prior to making any determinations
regarding the feasibility of array algebra ’s implementation , it is
necessary to understand the current terrain modeling procedure , wh ich can
be ordered into five distinct steps .

1. Data Collection — This step normally involves the analysis of
stereo photography of land defined by one topographic map sheet scaled
1:50,000. This analysis yields 2.25 million elevation observations. These
observations , however , are from stereo pairs of overlapping photographs and
are organized accord ingly.

2. Mosaic Routine — This procedure uses a software routine to
transform step 1 data into a set of 1.02 million elevations on a single
plane congruent to the corresponding 1:50,000 map sheet.
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3. Preliminary Least—Squares (L—S) Fits — This step establishes
p number of congruen t, overlapping rectangles across the data grid and
derives a series of fitted L—S polynomials , one for each rectangle. The
surfaces defined by these functions, however , do not necessarily join
smoothly where they overlap.

4. Interpolation — This step uses the first set of polynomials and
a set of weighting functions to produce a second set of polynomials which
defines a set of surfaces that exhibit first order continuity (i.e.
functions that agree in slope at the points where they meet). This set of
surfaces now defines a continuous , smooth—flowing representation of the
corresponding terrain .

5. Evaluation of the Final Polynomials — This step involves the
evaluation of the final polynom Luls for each (x, y) at which elevation data
is required . These elevations are then used to produce contour maps , DTM
data bases, 3—dimensional projections , or any of a variety of topographic
products.

• Array algebra can be incorporated into this 5—step procedure only in
step 3, which currently uses a conventional least—squares technique , and in

• step 5, which currently uses a standard algebraic solution process. The
remainder of this report , therefore , will discuss only these two steps.

Deriving the L—S Polynomials. Each L—S polynomial essentially converts
a series of data points into a continuous surface representation . The best
representation exists when the polynomials minimize the sum of the squares
cf the vertical distance from the observations to the defined surface. If
the fitted altitude f(x,y) is defined as,

f(x.,y.) = c0 + c1 x1 + c
2
y~ + c

3
x
~
y1

then the vertical distance d may be represented as

d. = z 1 — f ( x 1, y.)

where z . is the “i ” th observa t ion .  The en t i re  set of n number of
distance~ can then he represented as

n n
~ d . = 

~~~ 
— — c

1x . 
— c 2 y .  — c

3
x 1v . )
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and the sum of the squares of these distances as

n n

•
E d~ = E (z

~ 
— c0 

— c lxi — c 2y 1 — c3xiyj)
2

i=1 i=1

Minimization of E d ~ yields , in matrix notation ,

C - (ATA) A ZL L

where ZT is an n by 1 matrix of observations , A is an n by m
matrix of polynomial terms , and CL is an m h’ 1 matrix of coefficients.
(A complete derivation and a numerical example are presented in appendix A.

The array algebra method of analysis follows a different approach .
Assuming that the elevation data points are on an orthonormal grid (ordered
via an x/y grid), then we select an e by f matrix (Z A) of n
observations on the grid and attemp t an array algebra polynomial fit. Then,
in matrix notation

= XCAY
T 

(1)

where X is an e by a m atrix of x—direction parameters , y is an
f by b matrix of y—d irection parameters , and CA is an a by b matrix
of coefficients. If we use the same n—tern mode1~ equation that was used
in the least—squares derivation , then a and b must he integer factors
of m. Solving (1) for CA

-• CA 
= (XTX)_lXTzAY(Y TY)~~

(A comolete derivation and a numerical example are presented in appendix B).

•1 It may sometimes be desirable to choose ab = m such that a ~ b.
Such a choice increases the accuracy of the fit along the directional
parameter which corresponds with the greater factor , while denigrating the
fit along the other axis , thus producing a terrain description with
predictable unidirectiona l distortion . This may be extremely useful in
saving computationa l t ime when analyzing terrain that exhibits a
unidirectional trend across a specified area .

3
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The complexi ty and ex t reme length  of Dr .  Rauha la ’s array al gebra
de r iva t i on  has impeded in v e s t i g a t i o n s  i n to  it s  v a l i d i t y ,  a f ac t  t h a t  has

• hindered its acceptance even in the  face  of a h igh  c o r r e l a t i o n  of e m p i ri c a l
data , and there were those who would not accept the equivalence of

(ATAY~A
Tz
L 

and (XTX)~~ XTZAY (Y TY)_1 .

However , Mr. James R. Jancaitis , Automated Cartography Branch , ETL ,
recently constructed a detailed proof ’ of the equivalence of the array
algebra solution to that of least—squares , and also developed techni ques
for weighting and constraining the array al~ ebra fit.

Impact Upon the Terrain Modeling Procedure. An observation of the
numerical examples in appendixes A and B , where identi cal best fits are
determined for the same data using both the least—squares and array
algebra techni ques , coupled with Mr. Jancaitis ’ proof of Teast—squ ares

• array algebra equivalency , lustifies the statement that the imp l ementation
of array algebra into ETL’s current modeling software would have no impact
upon the resulting terrain model. The only observable differen ce would
deal with the computational efficiency of the polynomial fitting software.

As best as can be predicted , therefore , array algebra is a feasible
method for fitting a model equation to a set of orthonormallv ordered data.

AN ANALYSIS OF T~IE COMPUTATIONAL EFFICIENCY OF ARRAY ALGEBRA.

The Dual Nature of the Polynomial Fittin g Process. To measure the
relative efficiency of array algebra , the cc’mputational differences
between the least—squares and array algebra techniques must be isolated.
This requir~’s a quantitative comparison of the number of multip lications
and additions needed to compute the coefficient matrices C1 or CA when

C1 = (A TAY ’AT ZL

4 or

CA (xTx) lxT ZA y (y Ty) l

4

‘Jame s R .  J an c a i t i s , “Theroe t i cal  Analysis of Array Algebra ,” Paper
Available at IFA Eng ineer Topographic Laboratori es , Fort Belvoir , VA ,
September 1°76 .
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An important feature of this analysis is the repetitive aspects of
these computations. Since each CL or CA describes only one polynomial ,
then the polynomial must be calculated p number of times to describe an

• entire 1:50 ,000 map sheet. The data presented in Mr. Jancaitis ’ report 2
leads to the derivation of p as

r 916 1 1 1112
p = I INTEGER ROUNDED UP ——-- TNTFCFR ROUNDED UP

L Ye+I)

where e & f are the respective number of points on the sides of each
rectangle of data. It should be noted that p is subject to variations ,
since the number of observations on a 1:50,000 map sheet often vary
considerably from the example.

At first glance it seems that the number of multiplications and
additions needed to compute the coefficient matrix must he multiplied
by p to predict the number of computations per map sheet. However , this
is not true . The computation of (ATA)~~ AT essentually involves only the
matrix A , which is composed of m model equation terms evaluated at a
given (x,y), listed over all (x,y) considered for each fit. The values for
A , therefore , are dependent only upon the model equa t~ion and the position

• of the observations with respec t to the origin. If a new origin is
selected for each computation of C~ and if it is placed in the same
relative position with respect to the new set of observations , then A is
constant throughout the entire polynomial fitting pracess. Thus , the
computation of (ATA)~~ AT is a one—time procedure , and only the

T -i T• multiplication of (A A) A to ZL n eeds to be repeated p times. A
similar procedure is used w i th  the  a r r ay  algebra forma t , showing that the
computation of (XTX) 1XT and y(YTY)—1 are one—time calculations while
the multiplication of (NTX) 1XT to and the multiplication of
(X TX) _ I XTZL to y(YTY)~~ must be repeated p times per map sheet.

An analysis of multiplications and additions required to fit a model
equation of in terms to a series of rectangular data grids of n points
yields the following figures (see appendix C for a complete derivation):

I

2 •!ames R .  Janca i t is , “M o d e l i n g  and Contouring Irregular Surfaces Subject
to C o n s t r a i n t s , “USA Engineer  Topographic  L a b o r a t o r i e s , Fort  Belvoir , VA ,
ETL—CR—74— 1 9, AD A0 1 0406, January 1975.

5
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Where CL = (A TA)
_ 1

AT z1

CL requires:

1/6m(9mn + 3m + 4m2 + 3m — 1) one—time multiplications

mnp repetitive multiplications

1/6m(9mn — 3n + 4m
2 

— 6m — 4) one—time additions

mp(n—1) repetitive additions

Where CA = (XTXY IXT ZA 
~(~

T~) 
1 

and ab =

C
A 

requires:

1/6[a(9a~~~+~~~n+4a
2+3a—l) + b(9h~~~+3~~~+4b2+b_PI

one—time multiplications

(an + ab~~~ )p repetitive multiplications

1/6[a(9a~~T~—3~Jn+4a
2—6a—4) + b(9h—~~ n—3—~ f~+4b2-6h—4 )]

one—time additions

(an — a~~/~ + m~~~ —m)p repetitive additions

There are some situations in which some computational steps may be saved .
For an explanation of these cases , refer to appendix C.

A Comparison of the Computational Efficiency of Least—Squares to that
of Array~ Algebra.

An Analysis According to the Comp lexity of the Model Equation . An
analysis was conducted (see appendix E) to determine the computational
savings of array algebra as the model equation increased in complexity
from 4 to 256 terms . To simulate undistorted terrain modeling, the ar r ay
algebra parameters selected were a = b =\/~ , where m was a per fec t
square , and a < b with a and b as near m as possible when m was
not a perfect square. The square observation grid was selected over a
range of n , compatible with the complexity of the model equation , as

6
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determined by Mr. Jancaitis. 3 The results of this analysis show that the
advantage of array algebra ’s smaller matrix inversions is diminished by the
fact that the inversion process is a one—time procedure. The number of

• repetitive multiplications for the conventional least—squares procedure ,
however , exceeds those of the array algebra pr ocedure by

mpn — ap(n + bV~ )

mpn — apn — apb~~’i~

mpn — apn — mp’~’iT

1 1
= mpn(l — —s— -~7=-)

Since b>2 and s i n c e\rn � 3, then mpn (1 — _
~~~

_ — 

~ 
) is always positive ,

and t h e r e f o r e  a r r a y  a lgebra  r equ i res  fewer r e pet i t~ ve m u l t i p l i c a t i o n s  than
convent ional  l e a s t—squa re s .  Note also tha t  the d i f f e r e n c e  increases wi th
b or ‘./~ . A similar result is produced with the number of repetitive
addi t ions .

Appendix  E presents  a de ta i led  l i s t i n g  of computer  t ime saved ,
considering only multiplication and addition as variable factors in the
modeling s o f t w a r e .  Use of a CDC 6400 computer is assumed , wi th  no time-
shar ing  problems . The da ta  from th i s  l i s t i n g  show tha t  under the current
t e r ra in  modeling parameters  used by Mr. Jan ca i t i s4 , where

m = 4 terms

a h 2

• e f 1 3

n = 169 observa t ions

The compute r  savings  us ing  a r r ay  a lgebra  w i l l  amount to o n l y  4 1 . 1 3
seconds per 1:50,000 map sheet. More significant savinc~s, however , can be
realized where the model eqwirion is large . Large model equations allow
for better terrain resolution over a larger grid , enabling larger values
for n to he selected which in turn lowers the number of polynomials
required to fit a 1:50,000 map sheet. An attempt to do this using the

3
op. cit.
4op. cit.

7



least—squares technique fails because the multiplication and add time
become unreasonably large as m and n increase. Array algebra , however ,
enables the procedure to be conducted without unduly large increases in
computer time . Note figure 1, which exhibits the relationship between the
length of the model equation and the necessary computer time for the
required additions and multiplications , assuming tha t n remains optima l
for each m . That is

n = (INTEGER V~~~~~m)
2

which is a relationship tha t is derived from information in Modeling and
Contouring I r regu la r  Surfaces  Subject to Constraints 5. This va l ue for
n merely assures a consistent terrain representation by matching the
size of terrain represented by one polynomial with a sufficiently large
model equation .

An Analysis A c c o r d i n g  to the Ar ray  A l g e b r a  Pa ramete r s .  The
multiplication of

(xTx)~~x
T to ZA to y(yTy) l

requires an+m f multiplications and an + af + mf — m additions
(see appendix C). Since ab = m and ef = n , the number of multiplications
and a d d i t i o n s  increase  as a is increased or as f is increased . As a
resu l t , the opt ima 1 values  fo r  a and h , i . e .  those values  t ha t  m i n i m i z e
the number of multiplications and additions , are a = I and h = m.
Likewise , e and f seem optima l at e = m and f = 1. Remember ,

• •
• 

howeve r, that a and h define the number of terms in the model equation
tha t carries x or y values and that as a and h deviate from
a h~~~A~ the model equation becomes x—o riented or v—oriented , producinF
a commensurate lateral distortion of the f i t t e d  t e r r a i n  r e p r e s e n t a t i o n . A
s i m i l a r  s i t u a t i o n  deve lops  as e and f d e v i a t e  f rom e = f \/~~ S i nce
e and f define the length of the sides of the fitted rectangular g r ids ,
these grids deviate from squares to thin rectangles. Since the l e n g t h  of

• either the x or the  y d i r e c t i o n  increases , t h e r e  must  he a c or r e s p o n d i n g

4 increase in the x or y terms of the  model e q u a t i o n  to describe the
extended terrain area . Thus , any variance of e must he accompanied by
a corresponding variance in a , which leads to the unidireetton distortion
described above .

• 5op. c i t .
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A quantitative analysis of this distortion can he performed
empirically if the present modeling software is altered to incorporate the
array algebra techn ique.

Append ix F presents a detailed listing of computer time saved ,
consider ing only multipli cations and add itions as variable fac tors on the
terrain modeling software , with several model equations studied for
differing values of a and b. Use of a COC 6400 computer is still
assumed , with no t ime sharing . The data  from the l is t ing supports  the
above analysis.

Using the  Array Al gebra Format to E v a l u a t e  the  Final Pol ynomials. A
• standard algebraic method is currently used to evalua te  the f ina l

polynomials for each (x ,y). This procedure requires

l ,018 ,000q(q + 2) adds per map sheet and

2,036 ,000(q2 + 2q — 1) multi plications per map sheet ,

where q is equa l to the exponential order of the model equation .

If , however , the array algebra x and y pa rame ter mat rices are
defined as in the polynomial fitting process and if the coefficients are
ordered in an x—y grid , then

T
= XCAY

where X is an e’ x a ’ matrix

Y is an f’ x b ’ matrix

CA 
is an a ’ x b~ matrix

I
The number of multiplica t ions required to produce ZA for all (x,y) are

p ’ [(a ’) 2(e ’-l) + b’(e’-1)21

and the number of additions are

j 
p ’ (a ’(e ’ - i )  (a ’- l )  + (e ’- )2(h’ -1)]

10

-y



wher e, as deri~ ed from Modeling and ContourinR Irregular Surfaces Subject
to Constraints

/ 916 \ / 1112 \
p = I~ INTEGER ROUNDED UP 

) (~
INTEGER ROUNDED UP ‘Jf  ‘ + 1))2

A detailed examination of these formulas is presented in appendix C.

The computer times for the multiplications and additions necessary to
evaluate all of the polynomials over an entire map sheet were analyzed ,
and a comparison of conventional versus array algebra methods was conducted .
The conventional system indicates a considerable rate of increase in com-
putational computer time as the length of the model equation is increased ,
a fact that has contributed to the reluctance to use higher order polyno-
mials in terrain modeling. The array algebra format , however , enables
high order polynomials to be used without significantly increasing the

• evaluation time. The multiplication and addition time , for instance , for
a 4th order pol ynomial evaluation over all (x,y) is 56.19 seconds and
for an 18th order polynomial is 168.84 seconds. As a comparison , the
corresponding conventional times are 26.59 seconds and 3,235.13 seconds.
The follow ing graph (figure 2) indicates the results of .the analysis.

DISCUSSION. A major roadblo ck in using higher order polynomials for
terra in modeling has been the unreasonable increase in req uired computer
time. Indeed , the change from a 1st order to a 15th order model equation
increases the computer time over all five terrain modeling steps by almost
five hours per map sheet. A comparative change using array algebra results

• 
~~ in an increase of only 9 3/4 minutes . It should be noted , however , that

high order pol ynomials may have drawbacks tha t are unrela ted to the
increase in computer time. Array algebra , by allowing these drawbacks to
be inves tiga ted withou t undue computer costs , provides an option that is
not reasonably available with conventional least—squares.

When the use of high ord er polynomials is invest iga ted , the sof tware
required will be lengthy and exceedingly intricate. Since conventional
least—squares cannot handle these polynomials within reasonable computer
times, array algebra must be used . The investigation of computer use of
high order polynomials and array algebra simultaneously would be excessively
complex since no workable basic structure exists for either development.
Plans at the US Ar my Engineer Topograph ic Labora tories , however , call for

• the current terrain modeling software (1st order polynomials) to be revised
to incorporate an array algebra solution technique , followed by efforts to

cit.

11
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expand the model equation. Thus, the inves tiga tion of high order
polynomials will have array algebra available as a tool rather than as a

• problem.

With the advent of the array algebra solution technique and especially
in light of the recent work by Jaricaitis , the conventional least—squares
software has become at least partially obsolete for this application .
Since the efficient use of computer time is becoming increasingly important
in virtually all aspects of automated cartography , array algebra may prove
to be a powerful tool in the search for cost—effective digital terrain
model ing  techniques.

CONCLUSIONS. It is concluded that :

1. Array algebra produces the same results as the conventional
least—squares method .

2. Array algebra can be we i ghted and cons t ra ined . 7

3. Array algebra performs a least—squares type polynomial fit faster
than the conventional least—squares method .

4. Acceptance of either x—direction or y—direction lateral distortion
decreases array algebra computational time commensurate with the degree of
distortion .

5. Array algebra evaluates the final polynomial faster than the
conventional algebraic method in all cases save that of the smallest
possible model equation where array algebra is 30 seconds slower per map
sheet.

7James R. Jancaitis , “Theoretical Anal ysis of Array Algebra ,” paper available
at  USA Engineer  T o p o g r a p h i c  Labo ra to r i e s , Fort  Be l voi r , VA , September 1976.
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APPENDIX A. LEAST-SQUARES POLYNOMIAL FITTING

THE DERIVATION OF C
L
=(ATAY 1A IzL

n
Given a set of n e1e~ ~Lion observations , Z zj , suppose tha t one

wishes to fit the polynomial il

f(x 1,y1) = c0 + c1x. + c2y .  + c3x1y1

as closely as possible to these observations . An accepted “best” fit
occurs when the sum of the squares of the vertical distances from the
observations to the desc ribed surface is minimized . The distance from an
elevation point to the descr ibed sur face  may be def ined as

d = zj — f (x
~
,y
~
)

d2 = (z 1 — f (x 1,y1)) 2

The set of n distance—squares is therefore

n 
2 

n 2
S Z d

~ = Z ( 7 ~~ — c0 
— c1x1 

— c 2y~ 
— c3x~y1)

i=l i=l

S will be minimized when its derivative is equal to zero .
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—U’

* 6S = —2Z (z1 
— 

~~ 
— c1x~ 

— c2y~ — c3x1v~
) = 0

6c0

SS
6c 1 = _2

~~{ (z~ — c0 — c1x~ 
— c2 y 1 — c3

x
~yj

) ( x i)] = 0

(Al)

6S
6c 2 = —2Z[(z1 — c0 - c

1
x .  - c

2
y
~ 

- c
3

x . yJ ( y j ) ]  =0

= —2E[ (z1 
— c0 

— c1x~ — c2y~ 
— c3x1y~ ) ( x 1Y 1) ]  = 0

c0n + c 1 E X i + c 2 Z Y i
+ c

3
Z x iYi~~~~~ i 1

+ c1 Zx~ + c
2 

Zx 1y .  + c 3 
Zx~ y 1 = ~

x1z~ (A2)

Z y~~+ c1 Z x~ y~~+ c2 Z y~~+ c 3 ~
. x~ y~ = Z y 1z 1

C
0 

Z x.y. + c
1 

Z x~y~ + c2 
E x y

~ ÷ c3 Z x~y~ = Z x.y.z1 

n

*Hereafter the symbol Z indicates E
i=l
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Define A as an n by m matrix of polynomial terms , CL as an m by 1
matrix of coefficients , and ZL as an n by 1 matrix of observations .

Then,

1 X1 ~l 
X

1~~1

1 x2 y2 x2y2

1 x
3 

y
3 

x
3
y
3

A =

1 x~ y~ x~ y~

Cl

C =L
c
2

17
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The left side of equation (A2) can now be written as

1 1 1 . . . 1 1 x~ y 1 x 1y1

X
2 Y 2 i. .

~~~~~~~~~~~~~ 

L ~ 
~~~ L~1which in matrix notation is

ATAC L

The right side of equation (A2) can now be written as

1 1 1 . . . l

x x x .  • . x  z
1 2 3 n 2

y y y . . . y  z
1 3 n

x
1
y
1 

x
2
y
2 

x
3
y
3
. . X Y

z
n

which in matrix notation is

ATZ1

18
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Equation (A2) cai now oe rewritten as

ATACL = ATZL

Solving for CL , multiply the left side by (ATA) _l

(ATA) _l (ATA )CL = (ATA) _1ATZL

CL = (ATAy~ ATZL

A NUMERICAL EXAMPLE OF THE LEAST—SQUARES TECHNIQUE. Given nine
observations on a 3 by 3 grid ,

z (O ,O) = 100

z(O ,1) = 110

z(0,2) = 112

z(l,O) = 118
• 2 112. . . . * 120. . . . * 114

z ( l ,l) = 108

z ( l ,2) = 120

z ( 2 ,O) = 106 1 110. . • * 108. . • * 104

z (2 ,l) = 104

• z(2,~~) = 114
100 118 106

— A x
(0 ,0) 1 2

4
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The model equation is chosen as

f ( x ,y) = c0 + c1x + c~ y + c3xy

Then:

100 1 0 0 0
110 1 0 1 0
112 1 0 2 0
118 1 1 0 0

Z = 108 A = l  1 1 1
L 120 1 1 2 2

106 1 2 0 0
104 1 2 1 2

• 114 1 2 2 4

T ~ ~ ~
A A =  9 15 9 15

9 9 15 15
9 15 15 25

25 —15 —15 9
(ATA)~~ = —15 15 9 —9

36 —15 9 15 —9
9 — 9  — 9  9

(A
T;~)~~~AT 

= - 1 25 10 -5 10 4 —2 —5 —2
— 15 —6 3 0 0 0 15 6 —3
—15 0 15 — 6 0 6 3 0 —3
9 0 — -) 0 0 0 —9 0 9

2

20
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fl788 1 IiOS.22fl

(ATA~
_l

ATZL = I 48 I I 1.333 I
36 168 = 4 .667 1

L_36....I L—
c0 = 105.222 c1 = 1 1/3 c2 4 2 / 3  c3 = —l

z = 105.222 + l.333x + 4.667y — xy

Notice that  th i s  resul t  is identical with that of the array algebra

numerical example in appendix B.

4
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APPENDIX B. ARRAY ALUhBI(A F(JL\NOMlA1~ F i TT ING

THE DERIVAT ION OF C
A 

(XTX) _1XTZAY (YTY)

When the set of elevation observations

m- 1
Z z 1
i=0

is ordered in an orthonortilal grid , then it may be written as

(a—i)  , (b— i)
E

with abm terms in the model equation . 
If the model equation is chosen

as the f o u r — t e r m  polynomial

~~~ = (x~ ,y~ ) = c00 ÷ c10x1 + c01y~ + c11xjyj

then ,

= (c klx~Y~~
)

= [lx i] 

c
00 

c

C l0 
c
li 

y
j

I
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and , g iven n=ef observations , then all z 1~ in the gr id are

[:~ :~j [~
l ~

‘2 
: : :

= Z = XC

whe re

H [~~o~~~~ ]
CA L~o ~j

1 1  ~
‘l~~

~~‘

Y =  
•

L~~~J
ft is , of co urse, poss ible to generalize this derivation by selec ting a
general model polynomial.

23
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Thus, choosing

z f (xy ) =c 00+c10x1+c01Y~+C11x .Y~+C20
+c

02Y~

+c 2i x~ y . +c 12 X~ y . +C 22 x~ y~ + .. • +C ( 1 )  (b l)
X . Y.

then ,

(a—l) , (b—l)

k,1=O 
cklx~Y]

c~ 1 
c02 . . . cO(b l) 1

C
10 

C
11 

C 12 • cl(b l)

• r 2 3 (a—l) 1 2
= 
[1 

x . x~ x 1 .. .x . c20 c21 c22 . . . c2(h l)

(b—l)
C (a l)O c ( 1)1 

C
( 1)2 

• c
( 1 )  (h-- l 

y~

24
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and all z.. in the grid are
1]

i 
~1 ~ (a-1) 

~~~ c01 c02 ... CO(b_ 1) 

— 

1 1 1 ... 1

1 ~(a-l) 
~10 ~11 ~12 • •~~ 

C
l( b l) Yl Y2 Y3 

. . .  Yf

2 2 2 2
1 x3 ... x~~0 1 )  c 20 C

21 
c22 

.. .  C
2(b l) Y l Y 2 Y3 . . .  Yf

• 1 X
e 

X . . .  X (a l) C
( 1)0 

C ( a_ l ) l  
C ( a_ l ) 2 ~ 

- .  C (a_ l) ( h - i )  
~ (b-l)  ~ (b_ 1) ~ (b- 1) ~ Cb-1

T
ZA X C Y

Where X is a e by a matrix of x—direction parameters , Y is a f by b
matr ix of y—direction parameters , CA is an a by b matrix of
coef f ic ien ts, and ZA is a e by f matrix of elevation observations.

Solving for C
A

• 
~~~yTZ

A

_ 
A

Z
A

Y = X C
A
YTY

XTZAY = (X TX)C (Y TY)

(XTX) _l X TZ AY = (XTX) _l(xTx)CA (Y TY) = CA (y
Ty)

(X Tx) l
x
T
ZAY (Y TY)~~ = CA (Y Y)(Y Y) = C

A

CA = (X TX )
_ 1

X TzAY ( Y TY )_ l

Note that when X = Y , a special computational case exists:

J 25
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Y (Y TYY ’ = X (XTX) l

= [1x
T
x

_1
1T]T

= [[X
T
X

_1
I
T
xT]T

and , since (XTXY~ is symmetric ,

[[X
T
X

_1
]
T
XT]T = {(X

TX) 1X
T

]

th e r e f ore, when X = Y

T 

c~ = [ (X TX)~~ xT
i ZA [ ( X TX)~~ xT

1
T

and Y(Y Y) need not be calculated .

A NUMERICAL EXAMPLE OF THE ARRAY ALGEBRA TECHNIQUE. The same observational

values used in the numerical example in appendix A will also apply to this

examp le.

The model equation z = c00 + c01x + c10y + c11
xy can be w r i t t e n

[c00 co1l rl
z = (1,x)

L b  c1~~ j  
y

therefore ,

-

~~O
c
0i

= (X TX)~~ XTZ \ Y(Y TY
_ 1

~il0 
c
lj

26
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11 01 1 0
where X = f l  i i  Y =  1 1

~~1 2] 
1 2

zoo z01 Z
0~ 100 110 112

and Z
A 

= z
10 

z11 z12 = 118 108 120

z z z 106 104 114

(XTX) = 

~~~O 21 2~~~ 

~ 

- 

= 

~~~ 

-

(XTX) 1 
[ s  _3]

~ [
~ —3~~~~(l 1  i~ i [ 5  2— i

• (X TXY~~X T 
= 6 

L 
~~~ ~ i L o 1 

2] 
= 6 L — 3 0 3

T T _ 1 T T
• since Y = X , Y(Y Y)~~ = [ (X X) X I

_J~~~. 
5 —3

= 6 2 0
• —1 3

• 1 F 2 —l 100 110 112 1 L 1 5 —3

A 
=~~~~~~~ 

630 6 686

] 

108 120

] 

6 V
1 —l 3

1 3788 168
= 36 48 —36

27
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105.222 4 2 / 3
= 4/3 —l

Z = 105.222 + l.333x + 4.667y — xy

Notice that this result is identical with that of the least—squares
numer ical example in app endix A .
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• APPENDIX C. THE NUMBER OF MULTIPLICATIONS AND ADDITIONS
REQUIRED TO FIT A POLYNOMIAL OF m TERMS

TO DATA SETS OF n OBSERVATIONS

REQUIRED MULTIPLICATIONS AND ADDITIONS USING THE METHOD OF LEAST-SQUARES.

• Given that

C
L 

= (ATA) 1
AT ZL

where

A is an nxm matrix , Z is an nxl matrix.
L

Then

L = ATA requires

m m
n~ i multip licatiens and (n—I) 1i add i t ions
i=1 1=1

which simplify to

-~~ nm(m+1) multiplications and m(n—l) m+1) additions.

P = (L) requires

I m(4m 2+3m—1 ) m u l t i p l i c a t i o n s  (see appendix  D)

and

~ m(4m
2-3m.-1) additions (see appendix D).

29
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TQ = I A  requ ires

m2n multiplications and mn(m—1) additions.

T - i TR = (A A) A requires

! m (4m2 + 3m + 9mn + 3n — 1) multiplications
6

and

I m (4m~ — 6m + 9mn — 3n — 4) additions.
6

In the polynomial fitting process , it is necessary to compute (ATA)
_1

A
T

only once. The multi plication of (ATA)~~ AT to Z L,  however , must be
repeated as many t ines as necessary to compute all of the polynomials
needed to describe the terrain.

This process requires

(mn)(ll of reps.) multiplications , and

m ( n — l ) ( #  of reps . )  addi t ions .

REQUIRED MULTIPLICATIONS AND ADDITIONS USING ARRAY ALGEBRA.

CA = (XTXY 1XT ZA Y(Y TYY ’

where

X is an e x a matrix

Y Is an f x b matrix

ab = m ( t e rms  in the  model equa t ion)

ef = n(number of observations)

30
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X
T
X requires

ae(a + 1) multiplications

and

a(e - i)(a + 1) additions.

T -1(X X) requires

—~ a(4 a2 + 3a — 1) multiplications
6

and

1 a(4a~ — 3a — 1) additions (see appendix D).

(xTx) I x
T 

requires

a2e multiplications

and

ae(a — 1) additions.

T 1 T
(X X) X therefore requires

• 
~ a(4;r + 3a + Yac + k• — I) mu lti p] i c~i t  i ons
6

r

and

31
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1 a ( 4a 2 — 6a + 9ae — 3e — 4) additions.

• y(yTY) _ i l ikewise requires

~ b (4 h2 + 3b + 9bf + 3f — 1) multiplications

and

-
~
- b ( 4 b~ — ôb + 9bf — 3f — 4)  a d d i t i o n s .

The repetitive computations involve the multiplication of (X
TX) l

x
T

to Z and the multiplication of (X FX) 1XTZ to Y(YTY) l . These steps
require

p(an + mf) multiplications

and

p(an — af  + mf — m) additions

where  p is equal to the number of polynomial fits per map sheet.

Where X =

A Y ( Y TY) 1 = X ( X TX)~~

1

= ([x x
T
x

_ 1
]T) 

T
which , s ince  (X X) is symmetric , is equal to [(XTx) \T1

t h e r e f o r e , ~ (~ T~~) _ 1  nee d not be (-~I 1cula ted .

32



APPENDIX D.. THE NUMBER OF MULTIPLI CAT I ONS AND ADDITiONS
NECES SARY TO INVERT AN mxm MATRIX

USIN G GAUSSIA N EL I MINATI ON

Given that :

a11 a12 a~~ . . . . a
1 

1 0 0 . . . 0

~2 1 a
22 ~23 

. . a~ 0 1 1) . . . 0

~3l a
32 

a . . . . a~~ 0 0 1 . . . 0

a a a 0 0  ~ • .  1
ml rn2 m3 mm

1 b 1-, h
13 

. . b
1 

X 0 0 . . . 0

0 b 22 ~~~~~~~ 
. . . . b 2 X 1 0 . . . 0

0 b 32 b 33 
. . b

3 
X 0 1 . . . 0

8 =

0 h b . . . .  h X O  0 . . .  1
m2 m3 mm

33



1 0 b . . .  b X X () . . .  013 lm

O 1 c . . . c X X 0 . . .  023 3m

O 0 c . . .  c X X 1 . . .  0
33 3m

C =  . . . . . .

0 0 c . . .  c N N 0 . . .  1• m3

iI •uj~~~;ian reduction from A to B requires m2 multiplications and
n(m—1) •idditions. Reduction from B to C requires an identical

• nInHb~~r ot operations. Thus , a complete mxm matrix inversion requires

multiplications

•ltI• I

m (m—l) additions.

When the original matrix is symmetric, however , procedures are available
that reduce the required multi plications and additions by a considerable
amount.

• I)iagonalizing the matrix , we see that reduction from A to~ B requires ,
as above ,

I
m~ multi plications

and

m(m—l) additions.

.34
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The next  s tep  in the  diagonalization involves reducing B to C ,
where

1 h 17 b13 . . b
1m 

X 0 0 . . . 0

0 1 c . . . c X X 0 . . . 0
23 3m

0 0 c . . .  C N N 1 . . .  0
33 3m

C =

0 0 C m3 . . cmm X X 0 . . .

This reduction requires

m(m—l) mult iplications

and

m (m—2) additions.

The patterns now become apparent , with diagonalization requiring

m(m—0)+m(m—l)+m(m—2)+ . . . +m [m—(m—l)~ multip lications

and
a

• 
/~

4u1 )+ ( )+m ( . . . +rn[m—(mfl additions

• 
. •~ •
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______-

~‘r , in summation notation

m-l
• ~ m ( m — i )  m u l t i p l i c a t i o n s

i—0

11 ( 1

‘
~ m (m—i) additions
— 1

~rn  s imp lif y to

12m
2(m+1) multi plications

‘ m2(m—l) additions.

• w~ l1 now consider the Gaussian reduction of the upper righ t half of a
- • VI flfletri c m a t r i x  that has been reduced to the diagonal matrix A ’

1 a . . . a  a w 0 . . .  0 0
12 l(m— 1) lm 11

0 1 1
2(m—l) ‘2m 

W w
22 

. . . 0 0

0 C) . . . I a
3 

W (m l)l W (m_l)2 W ( 1) ( 1 )  
C)

• 0 0 . . . 0  1 w w - ,  . . . wml m . T (m-1) mm

• . — •~~ • 
~~~~~~~~~~~~~~~ ..T

~~~~~



Since the upper right section of the inverse (containing zeros in A’ )

will eventually be defined by the lower left section , it is not necessary
• to perform any operations on these zeros.

Thus, where

1 a a 0 x * * *
• 12 l(m—l) 11

o 0 a2( 1) 0 X21 x
22 

. . .  * *

B ’ = . . . . . .

0 0 . . .  1 0 x x . . .  x *(m-l)l (m-l)2 (m-l)(m-l)

o o . • . 0 1 w w . . .  w 1 1 ~ml m2 m k m / mm

The operat ions conver t ing  A ’ to B ’ r e q u i r e  
—

(m— l )  + (m—2) + (m—3) + . . . + [m—(m—l) I

m-l
= N i

i=l

• Continuing this process presents the series

rn-i m-2 m-3 m- (m-1)
N i +  N i +  N i + . . . + N I

1=1 1=1 1=1 1=1

or

~~(m-1)~~~~(n i -2 )  ( m- 1)~~12( m - 3 I  ( n - 2 ) +  . . . + 1t m- (m- 1)  I f m — ( m - 2 )  ~

37
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or

• m-1

½ 
N (m—i)[m—(i—l) }

i=1

which represents the number of multiplications or additions 
required to

f ind the upper diagonal and can be simplif ied to

lm (m2_1)
6

Total multip lications required to invert a symmetric mxm matrix are ,

therefore , equal to

1 2 (mf1)4~ m(m
2_1)

which simplifies to

Im(4m2+3:~—1) 
multiplications.

6

Total addit ions , likewise , are equal to

2 rn 2 (rn— l)4ai (m 2 — l )
6

which simplifies to

1 2
~m(4m —3m—i)

38
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APPENDIX E. LEAST-SQUARES VS. ARRAY ALGEBEA : A
COMPARISON OF COMPUTATIONAL TIMES
AS THEY VARY WITH CHANGES IN THE

LENGTH OF THE MODEL EQUATION

A comparison of mult iplication and addition times in programs of polynomial
• fitting using both  the least—squares and array al gebra techniques.

Assuming the use of a CDC 6400 computer. Multip lication time for the
CDC 6400 is 5700 nanoseconds; addition time is 1100 nanoseconds.

j
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APPENDIX F. LEAST—SQUARES VS. ARRAY ALGEBRA : A
COMPARISON OF COMPUTAT IONAL TIME S AS
THEY VARY WITH THE ARRAY ALGEBRA
DIRECTIONAL PARAMETERS (e AND f)

A comparison of mu l t ip l i ca t ion  and addition times in programs of polynomial
fitting using both the least—squares and array algebra techniques.
Assuming the use of a CDC 6400 computer. Multiplication time for the
CDC 6400 is 5700 nanoseconds;  addi t ion  t ime is 1100 nanoseconds.
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APPENDIX G: EVALUATING THE FINAL POLYNOMIALS .

The Conventional Evaluation. The evaluatior of the qth order
pol ynomial

z = c0+c1x+c2y+c3x 2y+c4xy
2+c5x y 2+ . . . +c~ x~ly~

l

has previousl y been accomplished by first creating two arrays , one of
exponential values of x , another of y. Creating these arrays required
2 (q—1) multi plications. The actual evaluation then required

q
N (21 + 1) additions , and

i=1

q
N (4i) multiplications .

1=1

Total adds and multiplications were therefore

‘N q(q + 2) additions , and
• ‘N

2 ( q 2 + 2q — 1) multiplications.

This procedure was repeated for every desired elevation , normal l y 1.018
million t imes.

The Ar ray Ai~ ebra Evaluation. The array algebra format , however ,
lends itself to a more efficient method of model equation evaluation.
Consider the grid of polynomials in fi~ ”re Gl. Given these polynomials ,
we are required to produce elevation data at each “ X ” . (Al though f i g u r e
Gi shows each pol ynomial descr ib ing  n ’ = 16 e l eva t ion  points , n ’ is
not restricted to this value , nor is this 4 by 4 arrangement necessarily
optimal). Now we define the local coordinate system to describe the
r e l a t i v e  posi t ions  of the e l eva t ion  da ta  within the polynomial p 11 only.
(see f i gure  G 2 ) .
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p 13 p23
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X X X X
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P12 p23

X X X X X X

X X X X X X

X X X X X X
P11 p 12 p 13

X X X X X X

x K - K X - X X- - -  .

4-’0 Figure Gi. The Grid of Polynomials

(3 ,0) (3 ,1) (3 ,2) (3 ,3)

X X
(2 , 0) (2 ,1) (2 ,2) (2 ,3)

X X
(1 ,0) (1 ,1) (1,2) (1 ,3)

(0 ,0) (0 ,1) (0,2) (0 ,3)

Figure G2. The Local Coordinate System
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It the matrix X is def ined  as an a r ray  of x—direction values of the
model equat ion  and the matrix Y is defined as an array of y—direction
values of the model equation , and if the model equation is defined as

= cOO+C~lO x l+c9O x .+c l l x~y f
+c7l xiyl+cO,yi

+c
l2
x
~Yl

+c
22
x
lY .

then

1 0 0  1 0 0

1 1 1 1 1 1
X =

1 2 4  1 2 4

1 3 9  1 3 9

The matrix of coefficients defining each polynomial is , of course ,

c
00 

C
0 

c02

‘5

C = c c c
A 10 11 12

~~~~~~~ C 2 1

Note  t hat  the number of terms in the model equation (m’) is chosen as 9,
and CA is an a ’ by b’ matrix , where a ’b ’ = in.  The model equa ti on  can
now be written in mat rix notation as

Z = XC
A A

where ZA is an e ’ b y f ’  matrix of elevation points , and e ’ f ’  = it ’ .

A re—inspec t ion of figure Gi shows that since many of the Z values
lie on borders of two or more polynomials . not all N values need be
calculated for every po l ynomial.
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F i  l~ I I r I ’ C I .  I?valuat ion of the Grid of
Polvnimials

Rather than e ’ by f’ clo ~- ,ition points , only an (c’—l) by (f’ — I) array
(s e t ’ fipu r 45- G3) need be c ,il cul at ed . A l  so , an inspect ion of the X and
Y matr i ces shows that tliuv i t o  independent e l  the coefficients of the
model equat ion and dependent only upon the size of the x—v posit ionnl
g r i d .  Since  each polynomial has an ori C in and a dir el -tional grid (figure
G 2 ) t h a t  is c o n g r u e n t  to each ori gin and grid in the remaining polynomials ,
then X and Y (and of course \-T) are constant for the entire map sheet
and need he calculated only once. In a general case , the number 01
repetitive multipli cations for Z~ = XCY T are

-
~~~~ ~~~

‘ [(a’)2(e’-1) + h’(e ’-1)2]

S and re:~& - t i t i v e  ad d i t i o n s  are

p ’ [a ’ (e ’-l)(~i ’-1) + (eI _ 1 )2 (hI _ 1)]
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Mr. .Lincajtjs 8 describes the number of pol ynomials (p ’)  - i S  a function
of the number ef eL -v a t  l en s  on the sides of t h e  Cr i d s  Upon ‘511 iI ’h the
f i n a l  po l y n o m i a l s  a r e  defined :

p 1 (S.L~~±~~~~~_ iV~±~~
_

\e ’+l J\f’+l

I

8 Iame s B . Janca i tis, “Model ing and Contouring I r r e g u l a r  ~~u r t  a c es  Suhjo1 t
t o  Con1- i t ra i n ts , “ USA Eti g i ne t - r l’o p o gr ap h i c  L a b o r at o r i e s , A r t  B e i v o ir , \ A ,
E T L — C R — 7 ~ — 1 9 , AD AO I O4O 6 , J - initi r v 1975 .
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