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FOREWORD

Sate l l i t e  a l t i m e t r y  yields  geoid he igh t  data along the  grou iid I rack s. These da ta
are averaged over cells i n t o  which the  e a r th ’s sur l a ce  is d ivided . This  r eport con ta ins
ami Investigation of:

The error commit ted by aggregation.

2. Th e error in the cell average due to sa m pling.

l)r. E dwin 1). Ball has k indl y  agreed to review th is  report .
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INTRODU CTION

Satel l i te  a l t i m e t r y  wil l  soon y ield extensive geoid heig h t  da ta  over the oceans.

One iias - di vide the surface of the earth into approximately  square cells of about
eq ua l area and average the geoid height  w i th in  each cell. That  would be a method
01 data aggre gatio n. It leads to an impreci sion in the dcl er mi n at i on  01 the
a n om alous f ield fro m geoid h eig h t .  In order to m a k e a n a pr ior i  inves t iga t ion  ol

t his e f f e c t .  one may make the foll owing hypothesis:  The geoid heig h t ,  wi thou t  t he
J , te rm , i s an homogeneous and isotropic random field over a sp he r ical ear th  ~1 .2 Its
degree variances obey Kaula ’s ru le. 3 Random quan t i t i e s  are underl ined in th i s  report .

THE MATHE MATICAL MODEL

The harmonic expansion of the geoid he ig ht  is wr i t ten

N (X. g 5 ) = ~ Z (m . t? )U ( m.~: X 4)
1 = 2  tt1 =~~ .

whe re

X is l a t i t u d e

~ is long itude

The funct ion s  t J  ni ,~~ : X. u~) are surfa ce harmonics  def ined by

U (m.~ : X.c~) ~~12~ + I )  P~
1 ( si n ~ )e t~~

(or

~~~~~~~~~~~~~~~~~ ~.
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i’hese h arn i o l l ic s  s I t i s I \  t h e  t o l l t J W i n g  o r t h o n i ) r m a l i t s  r e l a t i o n s .

Jf
t J ( i1 ’ .c i

~~’ ini .~ :X .~ )d~~ = 4~~h ( i u .m ’~ Y .~
They have been def ined so t h a t  ih L ir mean  square over the  sphere is u n i t y .

i l ie  c o e f f i c i en t s  in t h e  expans ion  of the geoid hc igli t are randon i  var ia bl es
s a t I s i V i t i g  the re la t ions .

I . ~ Z ( mn. (
~) ~ = 0

~ 1( 1 I I I
l~
2

I . < Z ( mn .~ ) / lI1i ’.t~’ )* > = I~)(ni.l1i ’ : ~~~~ I
— )

accord i ig to kanki s ru le t R  is the  n o m i n a l  ra di~is of the  e a r t h )  . , -\ discussion of
dif f erent degree variance at t e n u a t  ion laws can he f o u n d  in Rap p. 4 The assumed
homogene i t y  and isot rop y of t he  random t u t i c t i o l i  N \.ç ) d e f i n e d  os er t he  sphere.
u n  plies t h a t  the  ha rmon ic  coef f ic ien t s  Z(m .V ) are uncorre lated as itiil icated

I t m a y  he no ted ,  a l t houg h ‘u~ e shal l  make no use of i t .  t h a t  the  geoid heig h t
aut oc orre la t  ion fu n c t ~ in based on our h~ pothes is is g iven h~

°°
‘S. 

I - ,~~N ( ) .~I ) \ ( X ~ç5’ ) ~‘ = 10 ° R~ ~ ~ 
P1 cos ,i )

where

is  the arc length  bet ~ ecu (he  ra~ s ( 1~ .~~) and ( X~~’ ) .

AVERAGIN G OVER CELLS

4
The ear th ’ s surface is d ivided in to  iones hounded by l ines of consta n t la t i tude

1( e ( ltIaI  I I 1 t L ’r~’Jl 5 . The zones arc divid ed into equal cells along l ines of cons tant
011 gm tII (I e A simp le consid~ r at iomi  shows tha t  the ha rmon ic  expans i on  of the  error

geoid hei ght corre sp i)nd ing t ’)  these cells is

I
= �~ L( m ,~ )tJ ( ni  .~~ : X .ç5)

I l l  ti~~’ ¼ —

~1
—
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where

l~(ni ,~ ) = 

~~~~~~~ ~~~~~~ ¼~ 

/ . ( lnh
.
~

t
) t ~~ 

~ \ \ ( I )  
K ( l ,J :  m ’.~ ’ )~ k ( I  J :  Ill

P P- ~
( ni , Iii : ~~ I

I and J denote  t he  tones and cells w i t h i n  a t one.  respect ivel y .  .\A ( I )  is t i l e  solid
angle subtended bs a cell in tone I at  t h e  centre  ( I f  t h e  ea r th .

The quan t i t i e s  K( I. J : in .t~ ) are defined b

k( I .J :  m.~ i = -
~
— f f t i (  ni.~ : X.c~)*d~2

(~~l I ( I . J )

It f o l lows  t h a t  the error anoma lous  p o t e n t i a l  is g iven  by (u s i n g  B r i i u i s ’ equ a t  ion ) .

= ~ .. � ( — j L( in ,~~ 
) L.J ( in .~!: X .g5 )

— I~~ I I  t t i = - ~~ \ r J  — 

1

where  r is the radia l  distance and ~ is the  acce le ra t ion  of g r a v i t s  on the
earth.

h u e  radia l error gravi t ( l i s t  u rbance  is

= — —~~ - = — 
~ (~ + 1 ) 1— 1  L(in .(

~) U ( m . t~:X.c5 )
R I I I  it = I \ r —

I l i e  r andom f ie ld  ~~~~~
‘ def ined  on the  sphere is not  homogeneou s and isotropic.

\c~er l l i c less . i l l  v i ew Id the  o r t h o g o n a h i l y  of t h e  h a r m o n i c  l u n c t i o t i s . one obta in s  a

si inpk ’ e \ u t r c s s i I n l  for i t s  mean v a r i an c e ,  nai i ic l y

I “~~ I

F — ~~~~ ~ . :~.. 1- 1 . ( mii , ~.~) I
— I ’~ii t I —  I 

—

— ~i’ I1 t~r t

3

~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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T h e  expressions

u2 ( ~~~N ) = 

~ ~ 
IL(ni .t~)I 2

m o - i .

are the mean degree variances.

Similar ly ,  one ob ta ins  fo r  the  mean degree variances of the radial  error g r a v i t y
i.list urh ance . the  exp ression

‘I ~ 2 , / R \ 2 ~~
’ 4  I 4

J t ~~:H.~~tEl e ) = ‘~ ( t ~+ I ) -  I — I � I -~j L( m.~ ) I. - r  R- \ r /  r n - k

where r = R + H.

The mean degree variances of ~ N are a measure — w i t h i n  our model -— of the
violence done to the anomalous field by the  operation of cell averag ing.

• NUMERICAL RESULTS

Ca lculat ions have been made for a 50 X S~ p a r t i t i o n i n g  of the ear th ’s surface
conside r u ng harmonics  up to degree 60. For comparison , t he corresponding quan t i t i e s
perta in ing  to (lie Kau la  field have also been calculated . A recursive al gorith m for the
in tegra l s  of the  associated Legendre funct ions needed for the  calculat ion of the
q u an t i t ies  K( I .J m.~). was devised by A. R. I)ii)onato .~

In Table I we present the degree variances and accuni ulated degree variances of
t he erro r geoid height  and the  nomina l  Kau la geoid heig h t .  The fac tor  y
(
~y = 978 cm X s 2 ) haS been inc luded  to convert these in to  p o t e n t i a l  un i t s .  The
uni t s  are egs.

The grap hs located on pages 12  t h rough  44 of (Ii Is report  present the logar i thm
of the  error pot en I l a l and non i ina l  ~O t e n t  ia l at the 5 ( 1  riace cit the  ear th  en in uha l ivel y
as a f u n c t i o n  of h a r m o n i c  degree. The corresponding loga r i t h m of the  radial  g r a v i t y
dist urbance at d i f f e r e n t  a l t i t udes  is also plot fed

4
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One I tb se r \  c~ t h a t  ( l ie  lo~s degree s : i i i a n c e s . of ~ N are smal l .  ~hi. reason is

t l i . i l  d ie  h iss d egr ec  hi ar m i i on ie s  are l i t t l e  a f fec ted  b’1 th e ç0 X 5~ cell a s c i  . i g i u u g .  I Iii

higher  4lcgre es  I t ies  become lar ger  and f ina l l y  c \ceed th e  n o m i n a l  K a u l a  va lu es .  I h e

ci t ri ’espoui d in g  h a r m o n i c s  are rep resented si. d l i  an emr or  exce e d ing  t h e i r  m a g n i t u d e .

I loss es er. t he  su i l ]  of the  degree var iances  of ~ N is less th a mi  t h a t  of N ( ~ 491 111 2

\s~ n i p t o t i c . i l l s  . the mean degree : i ru , i n c c s  of ~ N a t t e n u a t e  l ike  coi ls t  ir - I hose

of N l ike  const ui ’

~~ to t h e  gr :Ivi (y  d i st u r b a n c e .  one obser ~ es t h a t .  F r  e x a mp le . at an a l t i t u d e  of

500 km it is repre sented to a r e l a t i v e  preci sion of about  1/20 . At  loss a l t  i t  ides the

low degree n ic ati  v :ir i : i l lces are well r epr esented.  the hig h degree ones . po or ly .is

one s\ I.iuhd e \p ec t .

DESCR IPT iON Ol~ TABLE I

Column I The degree ~
Column 2 Me an  degree var iance  of er ror po t en t i a l  in u n i t s  of cm 4 ,~~4 

. The

liarnionie s aFe so norn ied t h a t  t he  in teg ra l  of the i r  squ are over the  cmi

sphere is 4~~.
( o lumn  3 I’rogres sive sum of co lumn I
(‘o lumn  4 Degree v a r i an c e  accord ing to K au l a ’s a t t e n u a t i o n  l aw .

Co lumn 5 pro gres siv e sum of eolun i n 4 .
= 978 cm /s 2

B

S

A . .

,
.
~~~~~_ 4

.. 
•

S ’~~~~~~~

- 
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Table 1. Degree Variance of 5~ x 50 Cell-Averaged
Potential and of the Nominal Kaula Potentia l

y~~~3, j X ~~~~

0
I . l Q ~) X 10 ~‘

2 . 17 5  9703
3 . 1 9 3 28 75
4 .2 17 12 13
5 .243 . 828 62 1 144 12
o .2~ () 359
7 .29o 22 6

.323 152
9 .349 l O(t

h O .373 2 .439 77.6 15333
1 1  39$ 58 .3
12 .422 44 ¼)

13 .445 35.3
l4  .467 28.3
15 .487 4 .658 23. () 15 5 2 3
16 .507 l9 .()

=- 1~ .52 6 15 . 8
18 .5 44 13.3
I~) .5 61 1 1 .3
20 .576 7 .3 72 9 . 70 15 ~~) 1.8
2 1 .59 1 8.38
22 .6 05 7 2 9
23 • . 6 1 %  6.3 %
24 .63() 5.62
25 . 642 1ft457 4 .97 I 5 ( i 2 4 , 5
26 .652 4 .42
27 .( i62 3.94
28 .67 1 3.54
29 . 6 1  3 . 1 %
30 ~~~~ 13. 813 2.87 1564 .4 1
31 .698 14 . 5 I 2  2. 6 1
32 .706 2 .37
33 . 7 l 5
34 .723 1. 97

(1

• — •

.5
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Table 1. Degree Variance of 5 X 5~ CelI .Average d
Potential amid of the Nominal Kaula Potential (Continued )

-
~~ ~ 2~~2~~~~~~~~ \ l Q  i

~
•. 

V

35 .~ 32 I 7 . 38% 1 . 81 15( 153.33
36 . 74 1 1 (1(1
37 .752  1.53
3% . 76 1 1.4 1
3 1) .7~ 3 1 . 31
4( 1 .784 21 . 199  1 . 2 1  I 5~~o0 .47
4 1 .800 1. 1 3
42 .5 , 13 1.05
43 . 831 97()

44 .84 % .9 1 1
45 . 87 1 25 .361 . 852 I
4 .8( 11 . 797
47 .~~I 9  . 74%
4% 945 702
4¼) 6 % )) .66 0
50 1 0 1 3  30 . 109 .o2 I 1 5668 . 907
S I 1 .055 . 585
52 1. 097 .5 52
53 1 . 1 S f )  . 5 2 1
54 1.203 493
55 1.2 7 1 3S. %% ~ .467 So~~1. S 2 S
56 .3 40 .442
5 7 1 . 426 .4 l ~

)
1 . 5 1 9  . 39%

59 1.6 3 3 37%
(tO 79 4 43 .569 ~5&) 15 6 7 3 . 5 2 1

4

-7 
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[)ESC R II ’T I O N OF T H I .  G R APU S *

[lie u n i t s  of al l  q t i a n f l t i e s  t i e  cgs . excep t  t h a t  he igh t  above the  ear th  i s

* reckoned in k in .  I l ie degree va r i ances  correspo n d to h a r m o n i c s  n i t r i i i e d . so t h a t  t he i r
in ea mi  squar e  us e r  t h e  sp h ere is u n i t s .  I i i ~ uon~in a l  f ie ld  is  as s i i u iu e c l  to ube~ K a u l a ’s
a t t e n u a t i o n  I.tss

“, I ) t i t i o i i

,~ i t i i .f he i gh t

I r i l t r  in geo id heig h t  due  to S~ ~< 5  agg r cga t i o i i

R a d i a l  er as  i t s  d i s t u r b a n c e

I rror in rad ia l  gr as i t s  d i s t u r b a n c e  due to  a g g i e g . i i i o i l

I I  I leig h )  t h u v c  I a r t h i

1.. ~ \l~i x i i n a I  and r u n n i n g  degrees of h a r m o n i c s

( I (  ~:..XN ) \ l e a n  degree  va r i a nc e  I l l  ..~~. \ of degree ~

(1 2 1 N I  Mean  decree v a r i a n c e  ot \ li t  decree ~--5

I M e an  decree va r i ance  of ~~5c of decree
~ 1 - S t

IJ ~ l~~: I l ,~ g~ I M e an degr ee  va r i ance  I l l  ~c of degree ~

-y ~ 7% ci i i

[he f o l l o w i n g  I o g a r i t h u i l i c  c u m u l a t i s e  degree var iances  are p iot  11.11

log y 2 u 2 1L~~ \ = log~ y 2 

~ 

tt 2 1~~~~ \ )~ as a f u n c t i o n  l i t  degiee I . .

2. log 2 ( F l L ~\ )  = log 
~~~ ~~ 

I t ( ~~~ , \ ) ~~~,ls a f u n c t i o n  of degrec  I

[ I l l s  s ~r t  - ‘ i i  i’ .I [ C  i 2.

5,

V

.

- 
p 

_ _
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• 3. log I ) (  F. I I :  ~~~~~~ = log l J 2 ( ~ [ : I l  
~~ l~ g 1~ as a f u n c t i o n  of degree F and

heigh t h i .

4. log u 2 t L. I I :  ~g )  = log ~ IJ
2 R :l l . ~g~ ) as a f u n c t i o n  i t t  degree I. and

• 
•

he i ch t  I I .

SAMPLING ERRORS DUE TO TRACK SPACING

Alt  im e t  rv y ie lds  geoid he igh t  da ta  a long the  grou iid t racks  of th e  se li  i d e  - We
was consider t h e  fo l lowing  s i m p l i f i e d  problem.  A cell on the  ea r t h ,  hounded  bs
l a t i t u d e  and l o n g i t u d e  l ines,  is covered by a ii um her of evemi l ~ spaced ground t racks
p a r i l l e l  to one of (lie bounda r i e s  A l o n g  these t r a c k s  geoid he ight  is given.  We
es t ima te  t l ì e  m e a i i  geoid heig h t  over t he  ec’Il by averag ing these d a t a .  W h a t  is  t he
v a n a n c e  of the  r e su l t i ng  e s t i m a t e  of the mean ?

Li. t the  cell be d e f i n e d  by

• ci cv ( long i t u d e )

-a ~ X a ( l a t i t u d e )

amid let t here be k t r acks  para l le l  to the n ie rid ian and eq naI ls  spaced.

—
~ I h i e  mea n geoid f i e igh  t over the  cell is

-
~~ I
N = — 

~ _ 
~. Z (m . (. )  J J tJ( mn .~ : X.ç5 ) dos X dX d ç5

I it
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