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JOHN HENRY VERNON WATTS. Limit Theorems And Representations For Order
Statistics From Depenadent Sequences. (Under the direction of M. R.

LEADBETTER. )

Let {gn}nzl be a strictly stationary sequence of random variables
and kng(n) (Eﬁ:)) the k -th largest (smallest) order statistic for
Epr o5& - Considered is the asymptotic distrilution problem for
kng(n) when kn is a fixed positive integer and when kn + o, For the
case kn + o but ;9-+ 0 (the intermediate case), dependence conditions
are obtained which are sufficient to insure that g(“) has the same
asymptotic distribution as it would if the &, Ssequence were independent
and identically distributed. It is shown that these conditions are satis-
fied by stationary normal sequences for which the covariance function
tends to zero exponentially. A multivariate extension of the distribution
problem to several sequences of order statistics is considered. Addition-
ally, representations are developed for intermediate order statistics from
independent and m-dependent sequences, analogous to those known for sample

A-quantiles. A e
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CHAPTER I
INTRODUCTION

1.1 Preliminaries

Let 61, Eas en be a sequence of random variables (r.v.'s) on a

probability space (Q,F,P), and let
(1.1.1) s;l(“) S a0

.y

be the corresponding series of ascending order statistics for gl, -

&, - A sequence of integers {kn}nzl satisfying 1<k =<n for each
n =1 is called a rank sequence, and the variable Eéz) , the kn-th
smallest of {1, P ,gn , we say is of rank kn among gl, - ’En .

k
The ratio HE- is called the relative rank of the term g(n)

kn

We consider the asymptotic distributions as n » » of sequences

of variables {€£n)} The basis of our investigation is the

Nzl
theory of such asyﬁptotic distributions when the En are independent
and identically distributed (i.i.d.), which is extensively developed

for each of the following cases:

(i) kn equals a fixed integer k > 1 for each n = k. In this
case we call Eﬁn‘ a sequence of fixed rank or extreme order
% :
statistics.

k

(ii) kn + o but ﬁﬂ»+ 0 as n ~» «, In this case Ei:) is called a

sequence of intermediate order statistics and kn an

-




e

intermediate rank sequence.

k
(iii) kn -+ o and ﬁﬂ_ converges to a limiting relative rank A,
0 <X <1. Here we call gﬁn) a sequence of central order
n I

statistics and kn a central rank sequence.

We refer to (i) as the case of fixed ranks and to (ii) and (iii)
collectively as the case of Znereasing ranks, although for the latter
we do not in general require that kn increase monotonically.

Of course the arrangement (1.1.1) in ascending order is mercly

conventional, and we may just as well consider the series

(n) 5 5 ;(“)

L .
(1.1.2) 1 an B

of descending order statistics for 51, i ’Cn . Correspondingly, for
rank sequences kn we have the same cases (i), (ii), and (iii), with
the same terminology extreme, intermediate, and central, respectively.

Given a rank sequence kn , to distinguish the sequence of order

statistics resulting from the two possible arrangements (1.1.1) and

(1.1.2), we may say the variables Eﬁn) are of left or smallest rank,
4 -
and the variables g(n) are of right or largest rank. Moreover, we
Kk g

n
may identify the arrangement with which we are dealing by calling kn

. (n)
&k the

a sequence of left or right ranks. In particular we call

{,(n)

k-th minimumn of &l, e ,gn , and K the k-th maximum of

51, g ’En , respectively, for each n > k, and for k =1 we merely
say minimun and maximun.

If kn is a rank sequence, then so is the sequence ké given by

ké =n - kn + 1, and we clearly have the reclations




(n) _ (n) (n) _ (n)
g s 1 ‘E and E ' = E, o
n kn kn kn

Thus, for example, if kn + oo but n - kn + 1 equals a fixed positive
integer k for all n 2 k, we may actually regard gén) as a sequence
of k-th largest extreme order statistics. Also, if kn -+ o and

k

kl
ﬁﬁ»+ 1, then HE'* 0, and gﬁ“) is in fact a sequence of largest rank

intermediate order statistics.
Hence we are led to state as a definition that gﬁ") or kn
n
is a sequence of extreme order statistics if either kn or n - kn |

g(n)

equals a fixed positive integer for all large n, and that a rank
sequence kn is increasing, and gﬁn) or . 4 £(n) is a sequence of
increasing rank order statistics, if both knn+ © and n - kn > @,
For increasing rank sequences kn we will always assume that
A = lim ﬁﬁ» exists, 0 < X < 1. Other possible cases which we will not
consiger include, for example, those for which either kn or nt- kn
is bounded but without limit.

Since, as previously noted, our investigation is founded upon the
problem of asymptotic distributions of order statistics from i.i.d.
sequences, we now introduce the further terminology and concepts which

are relevant to that situation.

Thus suppose & is an i.i.d. sequence with marginal distribution

IA

function (d.f.) F(x) = P(g1 x), and let kn be a rank sequence. We

(n)

can easily obtain the distribution of Ek : For each real number x

n
and for n > 1 define the r.v. Tn(x) = iZl I[EiSX] , where I is
the indicator r.v. corresponding to the event E. Then we have the

fundamental relation




%)
e
™
)
=
—
A

(1.1.3) ) 2Bl ¢d =k ],

from which, regarding Tn(x) as a binomial r.v. with parameters n

and F(x), we readily obtain

- n
) 15 55 = n! i " r
s(gﬁn < x) = rzk T F @ - F@)
n
F(x) k -1 n-k
n! j n n
= e e | Y (1-y) dy.
(Ln 1) '(n kn). 0
Similarly we can obtain the distribution of X g(n) Now writing
n n
W (x) = Y té
\n(\) iZ] [[&i>x] we have
£ 113 SR
(1.1.4) 1{kng £ X) P[Wn(x) < k)
so that
k -1 1
) 5 n! iyt TN
[(l\ E)(n) < X] = Z m—_-}j—!‘ {2 (‘{) (1 - }()))
n r=0
() n-k k-1
n! f n n
i = Y (1-y) dy.
(kn ) I'(n knjl 0

lHowever, it turns out that in situations of interest it is not the r.v.

{in) (or K C(n)) itself which has a limit distribution, but vather
n n
some normalization of it, or more precisely, the r.v. anl(F(n) - hn),

kn
where {an>0, hn; n>l} are sequences of real numbers. This corres-
ponds in an analagous way to the usual central limit theory for sums
S, =& + ... +§ of r.v.'s, where S_ in general has no limit
n 1 n n
distribution itself, but may under suitable standardization. In what
follows we consider this notion formally.
Perhaps the most important questions in the study of asymptotic

distributions of order statistics from i.i.d. sequences involve the

concept of attraction. Suppose for some sequences of constants

ﬂmu__-,__..._.........---------"'"""""""'"“""""""-"-'--"



28 bn we have that

a
n
(n) _
7 gkn bn
18 L] -df 6 e noe
n

that is,
k n
(1.1.6) p[—P—— < x] + G(x)

for all continuity points x of G. Then we say that the marginal
d.f. B of gl belongs to the domain of attraction of, or is attract-
ed to, the limit law G for the sequence kn of left ranks. The
sequences a > 0, bn are called normalizing constants. As a particu-
lar case, 1if kn =1 for all n, we say that F belongs to the domain
of attraction for minima of G. For a given rank sequence, the classi-
cal problem of limiting distributions of order statistics consists of
first finding the class of laws G which do possess a nonvoid domain
of attraction, and secondly finding conditions which completely charac-
terize the domain of attraction of each possible limit law. Of course

the concept of attraction also applies to the problem of 1limit laws for

" £(n)
n
that the marginal d.f. F belongs to the domain of attraction for

sequences of largest terms , and as a particular case, we say
maxima of the law G if
n

iT_J > G

n
for some sequence of constants a, > 0l hn 3
It is casy to see that each limit law is in fact a member of an

entire "type' of limit laws. By considering the transformed sequence

= a—l(F,n - b) for real numbers a > 0, b, it is clear that if for a




8
given rank sequence kn » G(x) 1is a limit law having the d.f. F(x)
in its domain of attraction, then G(ax + b) is also a limit law,
whose domain of attraction includes the d.f. F(ax + b).

For each rank sequence kn and for any d.f. F(x) it can be
shown, by choosing the constants a, to increase sufficiently fast,
that F belongs to the domain of attraction of each degenerate law, so
that the degenerate laws contain the entirety of distributions in their
domains of attraction. Thus we exclude convergence to degenerate limit
laws from further consideration.

At least for the i.i.d. case, it may be seen that all results
obtained for kn-th smallest terms can easily be transformed into cor-

responding results for kn-th largest terms, and conversely. Letting

ny = -&; we trivially have that the n  are i.i.d. if and only if the
£, dre, and moreover, n&n) - -gén) , so that
n n

P[Eﬁn) < unx + bn) = P[k ”(n) > -anx = bn)
n n

i p[knn(“) <a (-x) - b).

Thus for example, if G(x) 1is a limit law for kn—th smallest terms,
which contains the d.f. F(x) in its domain of attraction, then

1 - G(-x - 0) is a 1limit law for kn-th largest terms, whose domain of
attraction contains the d.f. 1 - F(-x - 0). This simple relationship
permits us to freely transfer ocur attention from smallest to largest
terms, and vice versa. Additionally, it turns out that all possible
limit laws in the extreme and intermediate ranks cases are continuous,
so that in those cases G(x) is a limit law for a sequence of largest
ranks if and only if 1 - G(-x) 1is a limit law for the same sequence

of smallest ranks.

kk, R




We mention here that the framework we have described is a special

case of a general '"ranking limit problem'" formulated by Logve (1956).

Consid i i i e ; : i i
ered in this are triangular arrays {En,)}nzl,ISJsmn+w of r.v.'s
and the asymptotic distributions of terms Eﬁn) , where gﬁn) is the
n n

kn-th smallest of ¢ . It is easily seen that the

i ’gn,mn
situation we are dealing with is the special case in which gn,j =
ugl(g. - hn), where a, bn are real sequences and {aj} is a sequence
of r.v.'s. This generalization of course corresponds to, and in fact

is motivated by, the familiar generalization of the central limit

theorem for normalized sums of r.v.'s to convergence of row sums from

uniformly asymptotically negligible arrays to the infinitely divisible
limit laws. However we have chosen not to examine this more general
setting in our investigation; nevertheless, we have found that Lo@ve's

results can be conveniently specialized to our situation of normalized

order statistics of sequences, and in particular, his results dealing
with the problem of finding the asymptotic joint distributions of two
or more extreme order statistics, which even in the i.i.d. case has
apparently not received substantial attention in other published litera-
ture.

In the remainder of this introductory chapter we present the main

results dealing with limiting distributions of order statistics from
i.i.d. sequences. We first consider extreme order statistics, or the
fixed ranks case, in the next section, and in Section 1.3 we turn to
increasing ranks. Additionally in the next section we introduce a
highly developed theory of limiting distributions of extreme order

statistics when the i.i.d. assumption is relaxed, and more specifi-

cally, when the Fn sequence is allowed to exhibit dependence of the

2




type involving 'mixing.' From this we might expect that a similar
theory for dependent sequences could be developed for increasing ranks,
and in particular, for the case of intermediate order statistics, which
in some sense can be regarded as being ''close' to that of fixed ranks,
among the increasing ranks cases. The consideration of intermediate

order statistics will thus become the focal point of our investigation.

1.2 Extreme Order Statistics.

In this section we sketch the main results dealing with the theory
of asymptotic distributions of extreme order statistics from i.1i.d.
sequences and from a class of dependent sequences to which the tech-
niques and results from the i.i.d. case have been found to conveni-
ently extend. In discussing these results we will primarily consider
maxima or largest fixed ranks rather than minima, since this approach
is taken in most of the literature.

Let &n be an i.i.d. sequence with marginal d.f. F(x) =

=lnl

P £ < x), and for each n =21 let 18 = mux{El, s ,En}. Suppose

that there are sequences of constants a, > bn such that

{(n) -b
2y LBl +df. 6 as n+e
i
that is,
, IEUU “ by n
ElS2e%) I ——«72:—~—- < x| =F (anx £ bn) +> G(x)

for all continuity points x of G, where G is nondegenerate. Then
by the well-known classical result ot Fisher and Tippett (1928) and

Gnedenko (1943), the limit law G is necessarily of one of the




following three '"types':

0 S x =0
Gl(x) = (a > 0)
-x-a
e , x>0
(1.223)
a
e () . X<
G,(x) = (a > 0)
* 1 5 0 e
-e_x
GS(X) =e >y =0 <X o

Put another way, these three types are the only nondegenerate laws
possessing a nonempty domain of attraction for maxima. We note that
all of these laws are continuous, so that in the case of attraction,
(1.2.2) holds for all real x. Replacing G(x) by 1 - G(-x) we see

that the possible limit laws for minima are given by

0 5 x <9

Gy (x) = (a > 0)

a
R g X540
(1.2.4) 4

1 - e (X y X<

G,(x) = (a>0)
1 s x>0

-CX
Gg(x) =1-e : -® < X < o,

It is perhaps worth mentioning that, as is the traditional usage in the
study of extreme order statistics, the '"'type'" of the limit laws Gl(x)
and Gz(x) given in (1.2.3) and (1.2.4) is preserved under changes in
the parameter a > 0 as well as under the usual linear transformations
(location and scale) of the argument x.

Necessary and sufficient conditions completely specifying the
domains of attraction of the possible limit laws (1.2.3) and (1.2.4)

are given by Gnedenko (1943), and more recently other conditions have




10

been obtained by de Haan (1970, 1971) (see also Balkema and de laan
(1972) ). Roughly speaking, membership of a distribution in some
domain of attraction depends on the behavior of the distribution ncar
its (not necessarily finite) right endpoint, and similarly, for minima,
near its left endpoint. Rather than give these conditions in detail
here, we only provide some examples of attraction for maxima; similar

results hold for minima.

(1) Each limit law belongs to its own domain of attraction (cf.

de Haan (1970, p. 61) ).

(i1) Any d.f. F having a finite right endpoint x, such that

0
F(xo - 0) <1 belongs to no (nondegenerate) domain of

attraction.

(iii) The Poisson distributions belong to no domain of attraction.

o1 (X 9
(iv) The standard normal d.f. ¢(x) = (2m) * { exp(-y )dy is
-
attracted to the law Gz(x). Specifically, if &n is a

sequence of independent standard normal variables, then

( &(n) - b
p | n

. ¢
(1.2.5) - AN S x] g for all real x,

d
n

where
2

=
a_ = (2 log n)

1 53
b = (2 1og n)? - 4(2 log n) *(log log n + log 4m).

For convergence of maxima we have the following easily proven
relation (sece, for example, Gnedenko (1943) ), where x 1is a real

nunmber such that 0 < G(x) < 1:




11

(1:2.7) Fn(anx + bn) + G(x) if and only if

n[1l - F(anx + bn)] ~ -log G(x).

Writing G(x) = e T(X)

we may equivalently express (1.2.7) as
g

(1.2.8) p{lq—ﬂ < xJ > G(x) if and only if

[e

n
T(x 1
B~ Fla x & bn) = é L o(ﬁ).
For minima the corresponding relation is
E%n) e
(1.2.9) P —3—_2 < x| » G(x) if and only if
n
T(x 1
F(anx % bn) ¢ —r(l—l E O(H)’

-1(x) :

where +t(x) is defined by G(x) =1 - e In addition to their
usefulness in the generalizations to other fixed ranks (k > 1), which
we consider below, these relations correspond to analagous results for
the cases of order statistics of increasing rank.

A problem related to that of limiting distributions deals with the
nunber of exceedances of an increasingly 'high level' by the sequence
of r.v.s gn . Specifically, let x be a real number for which

(1.2.2) holds with 0 < G(x) < 1 for some sequences a, > 0, bn ’

Define the r.v. Wn = Wn(x) to be the number of exceedances of the

"level" u, = un(x)
n

’ e = 1 = B ~ >
izl I[€i>un] , and let p_ pn(x) 1 - F(u). Then from (1.2.8) we

ax + bn by El’ vl ,&n , that is, Wn =

have that P, * T * 1(x), where 1(x) = -log G(x), so that by the
familiar Poisson limit theorem for binomial r.v.'s, wn asymptotically
has the Poisson distribution with mean 1, a fact which we may express
by writing

"T’- i3
PO, <k) e " ) 4T
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for each integer k 2> 1. Of course this result holds for all x such

b

that 0 < G(x) < 1, and in the case of attraction the sequences a» by

do not depend on x. Additionally, it is clear that the level u, o may
be regarded as being increasingly 'high''. More generally, it is easily

seen to be true that if u, satisfies
(1.2.10) n[l - F(un)] > T, 0 <1< o,

then the number of exceedances of the level u, by gl, s E is
asymptotically Poisson with mean 71, where the uy need not be inter-
preted to be of the form u, = ax-+ brl . That is, there may be exam-
ples in which the mumber of exceedances of the high level u, satis-
fying (1.2.10) would be of interest, but in which the marginal d.f. F
belongs to no domain of attraction. We might point out however that
for not all d.f.'s F can a sequence of levels uy be so chosen (see
Leadbetter (1974b) ). Similarly we may consider the number of

El’ cee by which are less than or equal to an appropriate u, level:

Suppose now that uy satisfies

nF(un) =9 0 s T < o,
n
Then if we let Fn = izl I[gisun] , we have in a like manner that T

is asymptotically Poisson with mean t, which we may conveniently
express as

P(T, 2k) +1-¢ " kil i
19 y&p T!
for each k - 0. This problem of course corresponds to that of limit-
ing distributions of minima, as is clear from the fundamental relation

1:1:3)

" , . i
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We now turn to consideration of arbitrary extreme order statistics

and see how the previous results for k = 1 are extended. Again let

(n)
kE

be the k-th largest of El’ oo 56 (n2k), where k >1 is a

n

fixed integer. Let us suppose that (1.2.1) holds for some sequences

a, > 0, bn . From (1.2.8) along with the fundamental relation (1.1.4)

and the Poisson result of the last paragraph, we find that

(n)
N wy

a
n

=1 G
-log G =~y k- -
G(x) 7} ( Obr‘(xll = (k_%)r fw ey ¢ dy , G(x) >0
r=0 i g —log G(X)

0 o Gl =10,
for all real x. It is apparent that the possible limit laws for k-th

largest terms include the following three types:

(k) 0 4 x =0
bl (x) = (a > 0)
I - -1
171 f & B - %W
-a
X
; (-x)®
(1.2.11) (;gk)(x) - (a > 0)
1 5 x = 0
Ui P et f -y k-1
iz (X)) = = e’y dy 5 -© < X < o,
3 k-1)T X

By Smirnov's (1952) generalization of the results for the case k =1,
these laws are in fact all the possible limit laws for k-th largest
order statistics, for each k = 1. Morcover, the conditions for the
domains of attraction for maxima (k = 1) are also necessary and
sufficient for arbitrary k > 1, so that if a d.f. F belongs to the

M)

domain of attraction of the law for some k, then it is




g —————
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attracted to the corresponding law for all k > 1. These results

follow from the relation

g(n) U

(1.2.12) p{‘%_-—“- <x| »Gx) >0 if and only if
L n
n[l - F(anx + bn)] »v(x) ,

where v(x) 1is defined by the equation
1 -y k=1 5

DT a e’y " dy=0G6(x),
which generalizes (1.2.7). (For a recent proof of these facts, see
Leadbetter (1977) ). We note also that when we do have attraction, we
may take normalizing constants A bn not depending on k. Of course,
similar results hold for k-th smallest order statistics, and these may
be found explicitly stated in Smirnov's paper.

Of perhaps at least as much interest as that of limiting distribu-
tions of k-th maxima or minima is the question of the asymptotic joint
distributions of two or more extreme order statistics. As one might
expect, it is somewhat complicated to write down such distributions in
an explicit form. However, Lodve (1956) has obtained a representation
for these limit laws which is fairly easy to deal with, and in fact for
the more general ranking problem mentioned in the previous section.
Here we specialize his results to our situation (see Miller (1976) ).

Let 1(x) be a nondecreasing, nonnegative, and not necessarily
finite-valued function on the real line. Let Mo be the measure,
defined on the Borel sets of the real line, whose value at a semiclosed
interval (x,y] is

t(y+0) - t(x+0) , if t(x+0) < =
b (x,y] = {

0 5 if  1(x+0) = o,
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Then the stochastic process 1 = {I(x), -» < x < ®»} is called 1-
Poitgsgon if 1 1is the Poisson process with intensity measure Wy s that
is, for each real x, I(x) is a Poisson r.v. with mean uT(—w,x], and
for any real Xp S eee S X for which T(Xm) < o the r.v.'s I(xl),
l(xz)-I(xl), e ,I(xm)-I(xm_l) are independent. The random vector
(I(xl), i ,I(xm)) is called an <ndependent increment Poisson vector
with mean (u(—m,xl], wlske ,p(—W,xm]]. Here, we define the Poisson
(extended) r.v. with mean +» to be equal to +~ almost surely. In
particular, if Tt 1is continuous and if 1lim t(x) = 0, then
uT(-w,X] = 1(x) and uT(x,y] = 1(y) - T(ig_mfor all real x, y, where
we define o« - o = (,

Now, if +t(x) 1is nonincreasing, nonnegative, and not necessarily
finite-valued, then we call the process J = {J(x), -© < x < «}
reverse 1-Poisson if the process I = {I(x), -» < x < »} defined by
I(x) = J(-x) 1is T-Poisson, where T(x) = t(-x). Then, for each real
X, J(x) 1is a Poisson r.v. with mean u?{-m,x], and for any Xp € ..

< X for which T(Xl) < o the r.v.'s J(xl)-J(xz), R ,J(xm_l)—J(xm),

J(xm) are independent. The vector LJ(xl), e ,J(xm)) is called a
reverse independent increment Poisson vector which mean (U?{-m,xl],

yU—(-o, X ]]. If t is continuous and if 1im t(x) = 0, then
G m P

u?{-w,x] = 1(x) and u?{x,y] = t(x) - aly) forall =x, ¥.
Suppose now that En is an i.i.d. sequence with marginal d.f. F

and that there are constants a, > 0, bn such that (1.2.1) holds.

Then Loéve (1956, Theorem 4) has shown that, for any finite number

kl’ o ,km of fixed largest ranks,

(n) (n)
VW b gV -p
> n K. ° n
¢ B I S—— -,at{k B fhe g*]
m

a 4 & a
n n 15




__

as n > «, where the joint distribution of the r.v.'s
is given by
(1.2.1%3  P( £ ex e e J = BIGcE s o T4k ),

Ky 1 km m il m’ m
for RO s LR, S where J = {J(x), -» < x < «} is the reverse t-
Poisson process with +t(x) defined by G(x) = e"T(X) . Moreover, any
limiting joint distribution for a finite number of fixed largest ranks
must be of this form, and as was the case for the one-dimensional limit
laws, the attraction of the maximum (k = 1) 1is also necessary for any
such (nondegenerate) limiting joint law to exist. In a similar way for

smallest ranks kl’ s ,km , the relation (1.2.9) holds if and only if

(n) _ (n) _
(r'l\] bn gkm bn % *
x-—-—;——, “en ’—T_ ’)x(!—:k’ eieie; ’&,]
b ! n 1 km
as n + », where for -0 < x, < ... <X < ®
1 m
= . _'k % . .
(1.2.14) I(Lkmel, S ,gkmsxm) = 1(1(x1)3k1, Ehl ,I(km)zkm),

where [ = {I(x), -» < x < «»} is the t-Poisson process with 1(x)
satisfying Gfx) = 1 - g T
A result parallel to these representations is immediate, and which

we state only for largest ranks. Suppose (1.2.1) holds and as defined
n
Wi = (x = : £) = ¢ +
previously, let Wn(x) 121 1[51>“n(x)] , where un(x) a X hn 5
for -« < x < «, This defines a sequence of stochastic processes

w(“) = {Wn(x), -0 < x < o}, and it is clear from the fundamental rela-

W(n)

tion (1.1.4) that the finite-dimensional distributions of con-

verge to those of J = {J(x), -» < x < »}, It is possible that ques-

W)

tions regarding the weak convergence of the processes in an

appropriate space of functions on the (entire) real line would be of




1L

interest, including when the gn are no longer i.i.d. but satisfy
dependence conditions which we discuss below; however we have chosen
not to consider these here.

We indicate that we may also formulate a related multi-level ex-
ceedances problem, when appropriate u, levels can be chosen, and for
cases in which the marginal d.f. of the gn sequence does not neces-
sarily belong to a domain of attraction for maxima. This of course is
an extension of the single level problem already discussed. For a

given integer m 2 1 let us choose

G o AR L

0 < T T

(1)

and for each p =1, ... ,m, suppose the level uy satisfies
(W
T 1l
1 - FuiM) = -+ o),
n
Then upon de(ining W o P 1 () > Ve have that for any non-
R el fesn ]
in
negative integers kl’ D ’km .

P D=k, oo W) 5 P Wy, Lo 3™y )

as n » =, where [J(r(l)), e ,J(r(m))) is the reverse independent

(T(l), Lol ,T(m)).

increment Poisson vector with mean Similarly, if

instead, for 0 < r(l) L e % T(m) < o, if the level ué“) satisfies

(w)
B = B o),

n
= \ 1ne "(“) =
w=1, ... ,m, then letting N _g I b e have
i=1 [r,i:un ]

PTS ok, oo TR > R{IC  )eky, L 10 ™),

where (I(r(])), s ,I(r(m))] is the independent increment Poisson
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(T(l), L ,T(m)).

vector with mean
To complete our discussion of limiting joint distributions of
fixed rank order statistics from i.i.d. sequences, we illustrate the
use of the above representations by computing the asymptotic joint
(1) (n)

1 and the second maximum £ <

when (1.2.1) holds. Write G{(x) = e

distribution of the maximum

“BCX). ank ot I be the reverse

1~Poisson process. For Xy = X, such that G(xz) > 0, or equivalently,

1(x,) < «, we have
g™ .y g™ 1y

: 1
lim P s 3
n n n

P(I(x)=0, J(x,)<1)

P(I(x)) = 0)

—T(xl)
= e

= G(xq),

since J(le - J(xzj is nonnegative. [If G(xz) = 0, then 1(x2) =
and thus also 1(x1) = @ since T 1s nonincreasing, so that
G(xl) = 0; hence J(xl) = J(x,) = +» almost surely and therefore

P(J(x1)=0, J(x,)<1) = 0 = G(x;). For x; >x, such that G(x,) >0

1
we have
= CTY _(n)
g( ) -}%] ,5( ! —bn
im P|——— < x;, =——— o ¢
1im | a 1 a 2
n n n

p(J y J(xs) 5 1}

(U
1
- z P(J(xl) =0, J(x))-J(x;) = j)
g
Z

P = 0)P(I(xp)-T(x)) = j)

-r(x )¢ - {r(x;)~1(x4))

= e 1 {e * . 1+ r(xz) - T(Xl))}
—I(XZ)

=e (1+ T(x,y) - I(xl))




6( )[1 1 E%fl;

= X7 + og = ] ~

~ () XZ

and the same conclusion also holds for G(xz) = 0 1if we interpret the

last expression to be zero. Thus we have shown that if

lt:(n) . bn Zg(n) _ bn
p 2 Ky S E ) > d.f. H(xl,xz)
n n

as n » « for all continuity points (xl,xz) of H, then H is of

the form
0 e s X)X and G(xz) =0
, h ) "1 .
(1.2.15) H(x},x,) = {G(x,) (1 + log ETEET) »  X; >X, and G(x,) >0
G(xl) 2 X| € Xy

where G is the one-dimensional limiting distribution of the normal-
ized maximun aél(lg(n) = bn), which necessarily exists. This agrees
with the expression given by Welsch (1972, Lemma 1), who obtained it
from alternative calculations. We might mention that this result is
also valid it G 1is degenerate, although it may be seen that in such

a case H 1is also (and conversely, if a two-dimensional law H of the

above form is degenerate, then so must be G ).

A considerable amount of research has been directed toward the
development of a corresponding theory of the asymptotic distributions
of extreme order statistics of sequences of r.v.'s which are not neces-
sarily i.i.d. In most instances the identically distributed assumption
is retained, and in fact strict stationarity is assumed, and the depen-
dence structures considered involve conditions related to "mixing."

One such condition is that of '"strong mixing," which we say is satis-

fied by the sequence &n if
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(1.2.16) sup sup |P(AB) - P(A)P(B)| = g(2) +0 as & > o,

_l'l Ae l,j
BL"?j-G-Q’ﬂo
for some "mixing" function (sequence) g(%), where 1.3 and 5$5+n,w

are respectively the o-fields generated by {il, cor ghbat - and

fiShetl

42 ...}. As an example we mention that the strong mixing

Sjee+l’
condition is obviously satisfied by m-dependent sequences & by

which we mean that for each j > 1, the o-fields é?& 3 and 55?+1 "

) JtL,
are independent, and hence g(¢) = 0, if ¢ > m. Although the asymptot-
ic theory for extreme order statistics has been considered for other
types of dependent sequences, for example Markovian, it is the strong
mixing and related dependence conditions to which extensions of the
methods and results of the i.i.d. theory have been found to be particu-
larly well suited. Moreover, the case of stationary normal sequences
conveniently fits into the general framework, and here the dependence
conditions may be formulated in terms of covariances, which as is well
known provide for a complete characterization of normal sequences. In
the remainder of this section we state some of the results that have
been obtained, including those valid under conditions weaker than but
related to strong mixing.

Thus suppose 1s a strictly stationary sequence satisfying the

C S g <l = 1
strong mixing condition (1.2.16), and let 1“( ) = nmx{{l. esis ,&n:.

Loynes (1965) has shown that the three limit types result of the i.i.d.

1)

case i1s also valid here; that is, if (1.2.1) holds for some constants
a, >0, by then G is necessarily of one of the three types listed
in (1.2.5}).

Since, however, the strong mixing condition is rather restrictive

and somewhat difficult to verify in practice, it being necessary to




consider all pairs of events in the o-fields ;?1 3 and F , and

4+, @
moreover, since not all of the events generated by the r.v.'s En are
actually relevant to the study of the maximum term 1&(n) , one might
hope that the strong mixing condition could be weakened while still
retaining the three 1limit types result. This motivation has led to

the following condition, proposed by Leadbetter (1974b, 1977). Let u

be any sequence of real numbers, and for a finite set of integers

SR SO S - - () =P(E. su, L A1),
1 m 11""’lm n ipn L, B
D b 1 e s R : 121 . < g
(un) l 11,...,1p,31,...,]q(1n) 1_1,...,1p(un) _];,...,]q( n)] !’n,SL
for any integers 1 < i< .en ¢ lp < Jq S nen % Jq SH, 33 ¢ lp =Ly

where £ is nonincreasing in £ and
b

lim g =0
n Bn’gn

for some sequence Rn + o and Qn

o(n). 1

Suppose £ is stationary and that (1.2.1) holds. Leadbetter has
shown that if D(un) is satisfied for the sequence u = oax o+ bn for
all real x, then the limit law G must be of one of the three types
(1.2.3). It is clear that the requirement that D(un) hold for
ML hn for each x 1is indeed a weaker condition than strong
mixing, there being fewer pairs of events, and only events of a certain
form, which nced be considered.

From these results we might then conjecture that, under the same
conditions, for other fixed rank terms kg(n) , and for the joint dis-
tributions of two or more fixed rank terms, the possible limit laws are

the same as those which can arise under the i.i.d. assumption. lowever,

this is not correct, and thus apparently under the dependence conditions

- ————————




we are considering the generalization of the i.i.d. three limit types
result is peculiar to the (first) maximum. We illustrate with the

following simple example given by Welsch (1972) for the one-dimensional

case k = 2. Let 2y be i.i.d. with marginal d.f. F and suppose for

’

n . :
some a_ > 0, b we have that F'(a x + b.) » G(x) for all real x:
n n “n n
that is, F belongs to the domain of attraction for maxima of the

limit law G. Now define & = max{z } n 1. Then E 15
n 1312 A n

“n+l
strictly stationary and satisfies the strong mixing condition (1.2.16),

and in fact is 1-dependent, and we have that

for all x. We conclude that the possible limit laws for second maxima
include those for first maxima, so that Smirnov's generalization of the
three types result no longer is valid. Results further indicating the
actual size of the class of possible limit laws for the case k = 2,
and for the joint laws of first and second maxima, have been obtained
by Welsch (1971) and Mori (1976). Presumably more complicated results
could as well be obtained for the cases k > 2 and for other joint
ranks.

Another and related problem of significant interest is to actually
find the limiting distributions of extreme order statistics from depen-
dent sequences, and in particular, for what is probably the situation
most useful and easiest to handle, to show that the limiting law of a

: ~(n)
sequence of terms kg(

(normalized) is the same as if the {n were
in fact i.i.d., assuming this exists. 7o decal with the problem, for a
given stationary sequence £ = we et En be an i.i.d. sequence of

r.v.'s with the same marginal d.f. as € b En may be called the
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"independent sequence associated with ¢ ' (cf. Loynes (1965) ). We

o |
let kg(n) denote the k-th largest of 51, o ’Cn , for each
n=%k=>1.

As suggested by the 1-dependent example given above, even fairly

stringent mixing assumptions would not be sufficient to guarantee that

C(n) and

,Etn) (normalized) have the same asymptotic distribution,
k

IS
when these exist, and hence additional assumptions must necessarily be
made. For the case k =1 a condition leading to a result of the kind
desired has been formulated by O'Brien (1974). Let u, be a real
sequence such that F(un) <1 for all n, where F 1is the marginal

d.f. of the stationary sequence &, » assumed to satisfy the strong

mixing condition (1.2.16),
RI:

e 3 > 00 > B -1 >
that, as n » Ty X rng(qn) 0l P, 9 0, and

There exist sequences of positive integers P> 9o and r_ such

. 1, L
'n+1pn+1(rnpn) 1, and such that
1 i
ey i z (P - l)p(g >u. , £..,>0 ) o 0)
pnll Fiuni[ jug B 1 tn 1+1 t

where By © rn(pn + qn).

O'Brien has shown that for constants B, > 0, b

n ’
627 =B, ) ™ -5,
p T G(x) if and only if P|- S T G(x),
S “n

for 0 < G(x) < 1, if R, holds for the sequence u, = ax + hn

&
(Loynes (1965) originally showed the "if" part, using Ty, * e} OF
course, that R1 should hold for Uy * 4.+ hn for each x is
sufficient for the limit laws of (£ and £ to coincide.

O'Brien also gives an example for which R1 is not satisfied for all
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u, = apx + hn and for which the limiting distributions of ]C(n) and
ls(n) exist but actually differ, though still being of the same type

{which would correspond to a change in the normalizing constants ay
hn )i

The situation for other fixed ranks, and for joint distributions,
has also received attention. As a particular example, for the joint
distribution of the first and second maxima, Welsch (1971) has shown
that under strong mixing and another condition of a type similar to
Rl , the joint limit law H(xl,xz) is the same as if the {n were
i.i.d., that is, of the form given by (1.2.15). Implicit, of course,
is the requirement that this (nondegenerate) joint law exist, which as
we know is equivalent to the condition that the first maximum (nor-
malized) have a nondegenerate limit law.

The search for conditions weaker than strong mixing to use in
establishing that the maximun of a stationary sequence has the same
limiting distribution as it would if the sequence were i.i.d., has been
motivated by the following result of Berman (1964): If En 1s a

stationary normal sequence having zero means, unit variances, and

covariances r” =k hl(ﬂ+1 , and if either
R ), " logn~+0 as n -+ o
or

(e 5]
(1.2.18) J 1<,

n

n=1

then
lg(n) -b -
P S X e
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for all real x, where a, bn are given by (1.2.6). Since there is
no general relationship between strong mixing and (1.2.17) or (1.2.18),
except that strong mixing implies (1.2.18) (see Deo (1973a) ), the
normal case cannot be included in the result of O'Brien and Loynes.
However, Leadbetter (1974b) has established a relationship between
these covariance conditions for the normal case and conditions appli-
cable to general stationary sequences which 