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*JOh N 1-hENRY VERNON WAll’S. Limit Theorems And Representations For Order

Statistics From Depend ent Sequences. (Under the direction of M. R.

LEADBETFER.)

Let 
~ n~n�l 

be a strictly stationary sequence of random variables

and 
~~ 

(
~~

) the k~-th largest (smallest) order statistic for

Considered is the asymptotic distriLution problem for

~, 
~(n) when k is a fixed positive integer and when k + ~~. For the

~ k
case -

~ ~~ but 
~~~~~ 

-
~~ 0 (the intermediate case), dependence condi tions

are obtained which are sufficient to insure that ~(n) has the same

asymptotic distribution as it would if the 
~ 

sequence were independent

and identically distributed. It is shown that these conditions are satis-

fied by stationary normal sequences for which the covariance function

tends to zero exponentially. A multivariate extension of the distribution

problem to several sequences of order statistics is considered. Addition-

ally , representations are developed for intermediate order statistics from

independent and rn-dependent sequences, analogous to those known for sample

A-quantiles. ~--~~~~-— -
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CHAPTER I

INTRO DUCTION

1.1 Prelim inaries

Let 
~~ ~~ 

be a sequence of random variables (r.v. ‘s) on a

probability space (c1,F,P), and let

(1.1.1) ~(n) ~ ~

be the corresponding series of ascending order statistics for 
~~~~

,

- A sequence of integers (k~}~ >1 satisfying 1 � ~ n for each

n � 1 is called a rank sequence, and the variable ~~~ , the k~ -th

smallest of 
~~~~

, . . .  ,
~~~~ 

, we say is of rank k~ among 
~~~~

, ... ,
~~k

The ratio ~~ is called the relative rank of the term ~(n)

We consider the asymptotic distributions as n + of sequences

of variab les 
~~n~i 

. The basis of our investigation is the

theory of such asymptotic distributions when the are independent

and identically distributed (i.i.d.), which is extensively developed

for each of the following cases:

(i) k~ equals a fixed integer k � 1 for each n ~ k. In th is

case we call ~~~ a sequence of fixed rank or extremc order

statistics.

(ii)  k~ ~ but 0 as n -
~ 

U • In this case 4~
) 

is called a

sequence of intermediate order statistics and kn an 

:s~~~~~~~~~~~~~~~~
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intermediate rank sequence .

k
(iii) kn 

-

~ 
and ~~ converges to a limiting relative rank A ,

U < A < 1. h ere we call ~~~~ a sequence of c’entrcz l. order

stat ist ics and k~ a central rank sequence .

We refe r to (1) as the case of fixed ranks and to ( i i )  and ( i i i )

collective ly as the case of ~u i r ~: acLuL U ranks , although for the latter

we do not in general require that k~ increase inonotonica lly.

Of course the arrangement (1.1 .1) in ascending order is merely

c~m~entiorm l , and we may just as well cons ider the series

( 1 . 1 .2)  ~(n) ~ (n)

ot descending order s tat is t ics for 
~l’ •

~ 
Correspondingly, for

rank sequences k~ we have the same cases ( I ) ,  ( i i ) ,  and ( i i i ) ,  w i t h

the same term inology extreme , inte rmediate , and cent ral , respect i v e l v .

Given a rank sequence k~ , to d i s t ingu ish the sequence of order

statistics resulting from the two possible arrangement s (l.l .l ~ and

(1. 1.2) , we may say the van ab Ics ~~n) are of le f t  or smalle ;t rank ,

and the variables k1~ 
(‘U a ic  of ri ght or largest rank. ~1orec ‘c  r , \cc

m a y ident i I the arrangement w i t h  which we are dea l ing by ca l l i n g k
11

a sequence of i t -I t  or ri gh t ranks . Iii particular we call  r~ ’~ the

k- tb mm im~un of •~ , . . . , , and k~ 
(~U the k- tb  maxinmnn of

respectively, for each n � k , and for k 1 we unerel~
say I f l i f l i f l h I U f l  afl(l maximmln .

If h,~ is a rank sequence , then so is the sequence k,~ g iven by

= n - k + 1, and we c l ea r l y  have the re la t ionsn n 

~~~~~---~~~- _
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(n) (n) d (n) 
— 

(n)
k’~ 

an 
~k ’ k~~

Thus , for example , if kn but n - k~ + 1 equals a fixed positive

integer k for all n � k , we may actually regard as a sequence

of k-th largest extreme order statistics. Also, if k + and
k kt
n n (n)

— + 1, then ~~
— + 0 , and 

~k 
is in fact a sequence of largest rank

intermediate order statistics.

Hence we are led to state as a definition that or r (n)

is a sequence of extreme order statistics if either k~ or n - k~ + 1

equals a fixed positive integer for all large n , and that a rank

sequence k,~ is increasing , and or kn~~
”
~ 

is a sequence of

increasing rank order statistics , if both k~ ~~ - c~ and n - kn 
-~ ~~‘.

For increasing rank sequences k we will always ass~ ne that
k fl

A = u r n  ~~ ex ists , 0 � A � 1. Other possible cases which we will not

consider include, for example , those for which either kn or n -

is bounded but without limit.

Since , as previously noted , our investigation is founded upon the

problem of asymptotic distributions of order statistics from i .i .d .

sequences, we now introduce the further terminology and concepts which

are relevant to that situation.

Thus suppose 
~ 

is an i.i.d. sequence with marginal distribution

function (d.f.) F(x) = P( 1 1 c x ) ,  and let kn be a rank sequence. he

can easily obtain the distribution of : For each real number x

and for n I define the r.v. T0
(x) 

~~ 
1[~ .�x] , where I~. is

the indicator r .v. corresponding to the event F. Then w~ have the

fundamental relation

_ _ _



(1 . 1.3) � x) = P(T~~x)

from which , regard ing T~ (x) as a binomial r .v .  with parameters ii

and F(x) , we r eadu lv obtain

n(n) - n! ~r - r
r~k~~

1
~~~~~

1 1- ( x ) 1 - 1( x)

F( x) k -l n-k
W - f l r n - k ! 1o ~ (l-v) ~ dy.

Snmii l a r ly we can obtain the distribution of 
~~~ 

: Now ~~i t in g

~ ‘ L- ~~~~~~ we have
i=l ~~

(1 .l . -l) x) = P (IV (x) < k~) ,

so that

I)(
kn~

(fl) 
x) 

k
u
-i 

n! j;n~r ( )(1 -

~ : ( x )  n-k k -l
= 

~i~~~~~~~r’~
—- V fl (1 y) ‘~ dy.

However , it turns out that in situations of interest it is not the r . v .

(or k ~(n)  
~ i t s e l f  which has a l imit  d is t r ibut ion , hut rather

some nonna l i :at j ar ’ ol it. or noi-e ~rccisely, the r .v . ~~ ~~~~ - b )

whe re {a - )  , b ;  , r l  } arc sc~umcnces of real ntmrhe r s . This corr es—

ponds in an aria I agom m~- wa t a the usual centra l I imi t theory for si~ns

S = F + . .  . + F~ of r . v .  ‘s where s in genera l has no l imi tn ‘1 ii n

dis tribut 10mm itse I f, but may trndei’ suitable standa rdi zation. In wirm

follows we consider this notion f o r m a l l y .

Perhaps the most nn~’ortant quest ions in the st ud of asymptotic

di stributions of order s t a t i s t i c s  from i . i . d .  sequences involve the

concept of ~~ ~roo ’ . Suppos e for some sequences of constan ts
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a > 0~ bn we have that

(n) bn
(1 .1.5) 

~[ n
an I -* d.f. G as

that is ,
r ( n) - b n

( 1.1.6) ~[ ~~~ ~ G( x )

for all continuity points x of C. Then we say that the marginal

d .f . F of 
~~ 

belongs to the domain of att~’action of , or is attract-

ed to , the limit law G for the sequence kn of left ranks . The

sequences a~ > 0, b,.~ are called normalizing constants. As a particu-

lar case , if  k1.~ = 1 for all i-i , we say that F belongs to the doma in

of attraction for minima of C. For a given rank sequence, the classi-

cal problemim of limiting distributions of order statistics consists of

first finding the class of laws G which do possess a nonvoid domain

o f att raction , and secondly findi ng conditions which completely charac-

ter ize the domain of attraction of each possible limit law . Of cou rse

the concept of attraction also applies to the problem of limit laws for

sequences of largest terms k~ 
, and as a particular case , we say

that the marg inal d . f .  F belongs to the domain of attraction for

max ima of th e law C if
(11) b~ a~~~~~1 ~

for some sequence of cons tan ts a > 0 , hn n
I t is eas y to see that each li mit law is in fact a member o f an

entire “type” of limit laws . By considering the transformed sequence

= a ’(F ,~ - h) for real numbers a > 0 , h , it is clea r that i i  for a

• ~~~~• • . -~~~~ ---~~ - - — • - •~~~~• --- • • • • •~~~~~~~-_- - — - •~~~~~~~~~~~ ••- •--
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g iven rank sequence k~ , G( x )  is a l i m i t  l aw having the d. f. F(x)

in its domain of at tract ion , then G( ax + b )  is also a limit i : iw ,

whose doma in of attraction includes the d. I. F(ax + b ) .

i~or each rank sequence k~ and for any d. I. F(x) it can he

shown , by choosing the constant s a~ to increase s u f f i c i e n t l y  last ,

that F belongs to thc domain of ~i t t r action of each degenerate lam ~, so

that  the Jt cnerate laws contain  the entirety of d i s t r ibu t ion s  in the i m

domains of attraction . Thus we exclude convergence to degenerate I m u  t

i. s f rom further consideration .

t\t lea s t  for the i . i . d .  case , it may he seen that all results

ob t a ined  for k -th smallest term s can eas i ly  be transformed into cor-n

m c s f : I L I i n L ~ r e su l t s  for k~ -th larges t  tern~s , and conversely. Le t t ing

r j .  = -
~~~~. wo t r i~~i : u i 1 v  have that the arc i . i . d .  if and only i f  the1 1 - fl

- ~n )  (n)are , and oo rearer , = — 
, so that

P (r ,~
U -: a~~ + b 1J = P - a x  - b,~)

= I - 

~
1k 0

(n) < 
~~~~~~ 

- be) .
n

Thus for c’xao~ Ie , i G(~ J is a l im i lu.~ Hr k -th sma l lest t c n~~~,

which coot a m -
~ I 1w d . I. f (x ) in  i t s  dooa in of att raction , then

I m ; ( — X  — 0 )  is  l i m i t l aw for k — t b  l a r cc st  term s , whose domain of

I t t  r ict iou  c uit  i mi ~ t Ic d. 1. 1 - F) -x - 0) . ‘lii i S simple relat ionshi p

i t s u~ free l e  t ruFu s fer cur at  ten t ion from smallest  to largest

and ice  i ( r su  . •\d l i t i ona l  ly ,  i t tu rns  o m i t  tha t  all  l)0Ss11)1e

I in i t  I m~ -~ in t he e~ t remc and j u t e n red i a te  ranks cases are cont inuous

so tha t  in  t hose c us es  ( i ~ x ) is  a 1 i o u  t law for a sequence of la rges t

ranks if and only if 1 - C )  -x )  is a I m i t  Ja ’~. for t he same sequence

ol smallest ranks .
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We mention here that the framework we have described is a special

case of a general “ranking limit prob lem” formulated by Loève (1956).

Considered in this are triangular arrays n ,j~n�l ,l�j~~~-~ 
of r .v . ’s

and the asymptotic distributions of terms , where is the

kn~th smallest of 
~n ,l’ . It is easily seen that the

situation we are dealing with is the special case in which 
~n j  

=

- ba) .  where ~~ bn are real sequences and is a sequence

of r.v. ‘ 5. This generalization of course corresponds to , and in fact

is motivated by, the familiar generalization of the central l imit

theorem for normalized sums of r.v. ‘s to convergence of row sums from

uniformly asymptotically negligible arrays to the infinitely divisible

limit laws . h owever we have chosen not to examine this more general

setting in our investigation ; nevertheless , we have found that Loève’s

results can be conveniently specialized to our situation of normalized

order statistics of sequences, and in particular , his results dealing

with the problem of finding the asymptotic joint distributions of two

or more extreme order statistics, which even in the i . i .d.  case has

apparentl y rot received substantial attention in other published litera-

ture.

In the remainder of this introductory chapter we present the main

results dealing with limiting distributions of order statistics from

i.i.d. sequences. We first consider extreme order statistics, or the

fixed ranks case , in the next section , and in Section 1.3 we turn to

increasing ranks . i\dd it iona l l y iii time next section we introduce a

hi ghly developed theory of l im i t i n g  dis tr ibut ion s of extreme order

statistics when the i . i . d .  assumption is relaxed , and more specifi-

c a h l y ,  when the 
~~ 

sequence is allowed to exhibit  dependence of the

-~~~ -V  •-- ~~~~~~~~ ~~
• - •  • -

~~~ 
-4
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type involving “mixing .” From this we might expect that a similar

theory for dependent sequences could be developed for increasing rank s ,

and in part icular , for the case of in termediate order s tat is t ics, which

• in some sense can be regarded as bein g “close” to that of fixed ranks,

among the increasing ranks cases. The consideration of intennediate

order statistics will thus become the foca l point of our investigation .

1.2 Extreme Order S ta t i s t i c s .

I n this section we sketch the main results dealing with the theory

of asymptotic distributions of extreme order statistics from i . i . d .

sequences and from a class of dependent sequences to which the tech-

niques and results from the i . i.d .  case have been found to conven i-

ent ly  extend. In discussing these results we wi l l  primarily consider

maxima or largest fixed ranks rather than minima , since this approach

is taken in most of the l i tera ture .

l e t  :~ be an i.i.d . sequence with  marg inal d . f .  F (x )  =

� x l , and for each n � i let ~(n) = max f~~1, ... ,~~~}. Suppose

that  there are sequences of constants a0 > 0 , b~ such that

~ (n)  
~

(1 .2 .1) ~~ -i-—---- ~ d . f .  C as n

that is ,

~(n) 
- 1)

( 1 . 2 . 2 )  n = F’1( a x  + h )  ((x)

for all continuity points x of C, where C is nondegenerate. Then

by the well-known classica l result of Fisher and Ti ppett (1928) and

Cnedenk o ( l ~) 13) , the limit law C is necessarily of one of the

_ _ _ _ _ _ _ _ _ _ _ _ _ _  ~~~--- - ---• - -
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follow ing t hr ee “types” :

0 , x � 0
C1(x) = 

f e~~ x 0 

(a >

( 1. 2 . 3)

I ~~~~~~ , x < 0
G-,(x) = (a > 0)

( 1  , x � O

C3(x) = e~~ , 
-~~~ < x < ~~ .

Put another way , these three types are the only nondegenerate laws

possessing a nonempty domain of attraction for maxima . We note tha t

all of these laws are continuous , so that in the case of attraction ,

(1 . 2 . 2 )  holds for all real x. Replacing C (x) by 1 - G( -x)  we see

that the possible l imit  laws for minima are given by

0 , x � O
C1(x) 

= (a > 0)

1 - e x 
, ~ > ~

(1.2 .4)  a
x � O

G2(x) 
= (a > 0)

I , x > 0

G3(x) = 1 - e~~ , 
-~~~ < x <

it is perhaps worth mentioning that, as is the traditional usage in the

study of extreme order statistics , the “type” of the limit laws G1(x)

and G2(x) given in (1.2.3) and (1.2.4) is preserved under changes in

the parameter a > 0 as well as under the usua l linear transformations

(location and scale) of the argimient x.

Necessary and sufficient conditions completely specifying the

doma i ns of at tract ion of the possible l i m i t  laws (1 .2 .3 )  and (1 .2 .4)

are given by Gnedenko (1943) , arid more recently other conditions have

- V



1 0

been obtained by de i laun (1970, 1971) (see also Balkema and de Haari

(11)72) ). Roughly speaking , membership of a distribution in some

domain of attraction depends on the behavior of the distribution near

its (not n ecessar i ly  finite) right endpoint, and similarly, for min i ma ,

near its left endpoint. Rather than give these conditions in detail

here , we only provide some examples of attraction for maxima ; similar

results hold for minima .

(i) Each l imit law belongs to its own domain of attraction (cf.

de Uaan (1970 , p. 61) ) .

(ii) Any d.f. F having a finite right endpoint x0 such that

F (x 0 
- 0) < 1 belongs to no (nondegenerate) domain of

at t  ract ion .

( i i i )  The Poisson distributions belong to no domain of attraction .

4— X
( i v )  The standard normal d. f .  ~(x) = (2 iu ) 2 

[e ~~(-~y~)dy is

a t t rac ted  to the l aw G 3 (x ) .  Speci fically,  if is a

sequence of independent standard normal variables , then

- h -x
(1.2.5) � 

X J -* e~~ for all real x ,

where

= (2 log n ) 2

(1 .2 .6 )  and

= ( 2  log n ) 2  - ‘2 (2  log nY 2(lo g log n + log 4 r ) .

i:or conver gence of maxima we have the fol low i ng easil y proven

r e lat  ion (see , for example , Gnedcnko (1943) ) , where x is a real

nm n mm ber such that 0 ~- G(x)  ~ 1:

0
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(1.2.7) F0(anx + bn) 
-

~~ G(x) if and only if

n[l - F(anx + ba)] -
~~ -log G( x) .

Writing C(x) = e T
~~~ we may equivalently express (1.2.7) as

~(n) 
- b

(1.2.8) p 1 
a 

n 
~ x 

-
~ C(x) if and only if

1 - F(a~x + b~) = ~-(-~2. + o(~).

For minima the corresponding relation is

- b

(1.2.9) P 1 
a ~ x -* C(x) if and only if

n 
F(a~x + bn) = + o(~~~,

where T(x)  is def ined by C( x ) = 1 - e
T
~~~ . In addition to their

usefulness in the generalizations to other fixed ranks (k > 1), which

we consider below , these relations correspond to analagous results for

the cases of order statistics of increasing rank .

A problem related to that of limiting distributions deals with the

number of exceedarices of an increasingly “high level” by the sequence

of r.v.s 
~n 

Specifically, let x be a real number for which

( 1.2 .2)  holds with 0 < G(x) � 1 for some sequences a~ > 0 , hn
Define the r .v .  W = W (x) to be the number of exceedances of then n
“level” un un(x) = anx + hn by 

~l’ ‘~ n that is, W~ =

~ >u ~ 
, and let = p~(x) = 1 - F(u~) .  Then from (1.2.8) we

i=1 i n
have that np~ 

-
~~ T = -r (x) , where T(x )  = - log C(x), so that by the

famil iar  Poisson limit theorem for binomial r .v. ’s , Wn asymptoticall y

has the Poisson distribution with mean -t , a fact which we may express

i)y writing
k-l r

P (W~~< k )  ,.~~~
_ T 

~
r=0

V ~~~~~~~~~~~~~~~~ - ----~~~ -- • - --  -~~~~~~~~ • •-~~~~~~-- - • - • ~~~~ - •
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for each integer k � 1. Of course this result holds for all x such

that 0 < G(x) � 1, and in the case of attraction the sequences ~~ h0

do not depend on x. Additionally, it is clear tha t the level u~ may

be regarded as being increasingly “high”. More generally, it is easily

seen to be true that if un satisfies

• (1.2.10) n[l - F(u0)] T , 0 ~ T <

then the number of exceedances of the level u~ by 
~l’ ‘~~ri 

~~

asym ptotically Poisson with mean t , where the u~ need not he inter-

preted to be of the form u~ = anx + b~ . That is , there may be exam -

pies in whic h the number of exceedances of the h igh level un s at i s -

f v in ~ ( 1.2.10) would be of interest , but in which the margina l d. 1. F

belongs to no domain of at t ract ion . We mi ght point out however that

for not all  d . f . ’ s F can a sequence of levels u~ be so chosen (see

Leadbetter ( 1 9 7 T h ) ) .  Similarly we m:u) - consider the number of

~~~~~~ 

which are less than or equal to an appropr iate u
11 

l e v e l :

Suppose now that u1~ 
sa t i s f ies

nF (U 1) ~~-t , 0~~~~~~~i ~~~~~~

n
Then if  we let T = ~~ I • , we have in a l ike manner that  ‘1’

n . ~~~~~ ] n

is asymptotically Poisson with mean r , which we may conveniently

express as
F k- i  r

P(T �k)~~* 1 _ e T 
~ 

T
n r=0 r!

for each k 0. This problem of course corresponds to that of limit-

i ng d i s t ri bu t io ns o f min ima , as is clear from the fun damental re la t ion

(1 .1 .3) . 

~~~~~~~~~~~~~~~~~~~~~ • ••~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~• .
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We now turn to consideration of arbitrary extreme order statistics

and see how the previous results for k = 1 are extended. Again let

be the k-th largest of 
~~~~~

, ,
~~~~~ 

(n � k ) ,  where k > 1 is a

fixed integer. Let us suppose that (1.2.1) holds for some sequences

> 0 , b~ . From (1 .2 .8) along with the fundamental relation (1.1.4)

and the Poisson result of the last paragraph, we find that

- b~~ 

~~

G(x) 
k~l (~log G(x))r 

= k 1  e~~ 
~k~l dy , G(x) 0

r 0  -log C(x)

0 , G(x) = 0 ,

f or all rea l x.  It  is apparent that the possible l imit laws for k- tb

largest terms include the following three types:

(k) 0 , x � O
G , (x) = (a > 0)

I I -y k- i
(k- i ) ! i

~~-a 
e y dy , x > 0

(k-fl! r ., 
e~~ y

k~l thy , X < 0
( - x i ’

(1.2.11) G~, ‘( x) = (a 0)
1 , x~~~0

• (k) 1 I’ -y k - I63 ( x )  = -

~~~~

---

~~

-.

~

-

~

- j e • y dy , 
-
~~~ < x ~-

By Sm i rnov ’s ( 11 152 ) gene ra l i za t ion  of the resul ts  for the case k = I

these laws are in fact al l  the possible l im i t  laws for k - t h  l a m g t st

order s t a t i s t i c s , For each k 1. Moreover , the conditions for the

domains of a t t rac t ion  for max i ma (k = 1) are also  necessa ry and

su f f i c i ent for arbitrary k > 1 , so that  i i  a d . f .  F belongs to the

domain of a t t rac t ion of the law (~~~ for some k , then it is

_ _ _ _
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attr acted to the corresponding law for all k � 1. These results

follow from the relation

( 1 .2 .12)  ~~k 
a 

fl � 
x] C(x) > 0 if  and only if

n[l - F( a x 
~~ 

b ) ]  -- v(x)

where v(x ) is defined by the equation

~~~
-
~~~~

1 
~~ 

e~~ ~k~l dy = 6(x) ,
v(x)

which genera l izes (1. 2.7) . (For a recent proof of these facts , see

Leadhetter ( 1977) ) .  We note also that when we do have attraction , we

may take normalizing constants a0, b0 not depending on k. Of course ,

similar results hold for k-th smallest order statistics , and these may

he found exp licitly stated in Smirnov ’s paper.

• Of perhaps at least as much interest as that of limiting distribu-

tions of k -tb  m axima or minima is the question of the asymptotic joint

V 
d i s t r i b u t i o n s  of two or more extreme order statistics. As one mi ght

expect , i t  is somewhat complicated to write down such distributions in

an exp l i c i t  fo rm. However , Lo~ve ( 1956) has obtained a representation

for these l im i t  laws which is f a i r l y  easy to deal with , and in f act for

the more genera l ranking problem mentioned in the previous section .

Here we specia l ize  h i s  resu l t s  to our s i tua t ion  (see Miller ( 1 9 7 6 ) ) .

Let i(x)  be a nondecreasing, nonnegative , and not necessarily

finite-va lued function on the real line . Let p1. be the measure,

defined on the Borel sets of the real line , whose value at a semiclosed

inter val ( x ,yJ is

f -r (y+0) - -r (x+0) , i f T (x+0)
p (x,y] =Vt 

~ 0 , if T( x -’-O) =

—4
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Then the stochastic process 1 = (1(x), -~~~ < x < ~~} is called -r—

P oisson if I is the Poisson process with intensity measure p ; that

is , for each real x , 1(x) is a Poisson r.v. with mean p ( - ~~,x], and

for any real x 1 � . . .  for which T(X m) < ~~~, the r .v . ’s 1( x 1) ,

~
J(xm)~ l(x i) are independent . The random vector

( 1( x 1) ,  .. .  , I (x 1)) is called an independent increment Poisson vector

with  mean (p (-~ ,x1], . . .  ,p(~
c
~,xm]) . Here , we define the Poisson

(extended) r. v. with mean +~ to be equal to +~ almost surely. In

pa rt i cular , if -r is continuous and if u r n  T(x) = 0 , then
x+-~

= r (x)  anti PT(x,y] = T(y) - -r (x) for all real x, y, where

we define - 0.

Now , if i( x) is nonincreasing , nonnegative , and not necessarily

finite-valued , then we call the process J = {J(x) , -
~~~ < x <

r~.~~~’pse i-Po isson if the process J = {l (x) , -~~~ < x < ~~} defined by

1( x) = J ( -x )  is i-Poisson , where f(x) = -r (-x) . Then , for each real

x , J(x)  is a Poisson r .v. with mean p—( -~ ,x] ,  and for any x1 s

� Xm for which -r (x1) < ~~~, the r.v. ’s J(x 1) -J ( x 2) ,  . . .

J (Xm ) are independent. The vector (J(x1), . . .  ~
J(xm)) is called a

reverse independent increment Poisson vector which mean

If r is continuous and if u r n  T(x) = 0, then

p (-co ,x] = T(x) and p~(x,y] = T(x) - T(y) for all x, y.

Suppose now that is an i.i.d. sequence with marginal d.f. F

and that there are constants a~ > 0, b~ such that (1.2.1) holds .

Then Loève (1956, Theorem 4) has shown that, for any fin ite number

k1, . . .  
~
km of fixed largest ranks,

r(~
) -b ~(n) - bk1” n k~ ’ n * *

~~ a~~~~~ ’ ” ’  an n 1 in 

~~~ • •• •~~~_ _  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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as n -
~ ~~~, where the joint distribution of the r .v.  ‘s 1,

1
is given by

(1.2.13) p (
k~~

*�xi, . . .  ~~~~
*�xm) = P(J(x1)<k1, . . .  ~J(X ~

) <k m)~

for -~~ < x 1 < . . .  < x  <~~~~~~, where J = (J(x) , -~~~ < x < ~ ) is the reverse 1.-

Poisson pr ocess with T(x)  def ined by 6( x ) = ~~ . Moreover , any

l imi t ing jo in t  distribution for a f inite number of fixed largest rank s

must be of this fo~~ , and as was the case for the one-dimensional l i m i t

1:t ~ s , the a t t r ac t ion of the maximum (k = 1) is a lso necessary for any

su~h (nondegenerate) l imi t ing joint law to exist .  In a similar way for

si!t- m I lest ranks k 1, . . . , k , the relation (1 .2 .9 )  holds i f  and oni y if

~ ( n )  
- b ~(n) 

- bn ‘k n * *

c~~~ 

1 m 
- (r

a ‘ a ~ kn n I m

as n ~~~~, ~diere 1~ir -
~~~ < x . . . < x <I m

(1.2 . 1 1 )  i ’(~~ - x 1, . . .  ,~~~~~ �x )  = P ( 1(x 1) -k 1 1( k )�k ,
m in

where I = ( 1 (x )  , -=‘ < x < ~~ is t lte 1.-Poisson process with 1(x)

satisf y ing (; ‘:x) = i - ~
- i ( x )  

F

A result p a r a l l e l  t~ thesc - representat ions is i~mned i ate , and wi t  ich

we state only for ha rgest r~u~~s. Suppose ( 1. 2. 1) holds anti as d e f i n ed

p m - ev I OUS lv , let ~~ = 

i~~1 ~~~~ 
.>u 0 (x) ~ 

, where Un (X) = a x  +

for -~~~ < x ~
- “- . This defines a sequence of stochastic processes

= {W ( x ) , --
~~ < x < co} , arid it is clear from the fundamental r i - l a

t i on  1 1. 1 .4 1  that the finite-dimensiona l distr ibutions of con-

\ € - i~~~- to t i i r-;e of J = {~1 (x ) , 
-~~~ < x ~~

}. I t  is possible tha t  ques-

t ions regard i n g  the weak convergence of t he ~
(n) processes in  an

appropriate space of funct ions  on the (entire) rea l line would he H

_ _  _ _ _ _ _  • • • ~~~~~~~~~~~~~ --~~~~~~~~~~ -- - •--—--•-
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interest, including when the are no longer i.i.d. but satisfy

dependence conditions which we discuss below; however we have chosen

not to consider these here.

We indicate that we may also fomulate a related multi-level ex-

ceedances problem, when appropriate u~ levels can be chosen , and for

cases in which the marginal d.f. of the 
~n 

sequence does not neces-

sarily belong to a domain of attraction for maxima. This of course is

an extension of the single level problem already discussed . For a

given integer m � 1 let us choose

~ ~ 
(m) < < (l) <

and for each p = 1, . . .  ,m , suppose the level ~~~ satisfies

1 - F (u~~~) = + o

Then upon defining = ~~ I 

~ 
, ~~ have that for any non-

i=l [~ . >u h~
L fl

negative integers k1, . . .  ~km

,W (m) =k )  -* P (J( T~~~)=k 1, . . .  ,J(T~~~ )=k~)

as n -
~ ~‘, where (J(1W), J(1.(m)

)) is the reverse independent

increment Poisson vector with mean ~~~~~ .. . ~~~~~~~~ Similarly, if

instead , for 0 � 1.11 ) < < < ~ , if the level ~~~ satisfies

F(u~~~) = + o t
1

~,

= I m , then letting .1 (11) = ~ I we have
in  [ r .  ~u ~‘ ]i n

,T
(m) =k~) P ( I ( T (’~ )=k 1, . . .  ,1(T (m) )=km),

where ( J ( ~ ( l ) ) 1( 1 (m) ))  is the independent increment Pois son

• • - • -
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vector with macan (T~
1
~ , . . . ~~~~

To complete our discussion of l imiting joint distribut ions of

ii  xe.! rank order stat ist ics from i. i .d. sequences , we illust ra te  the

use of the above representations by computing the asymptotic joint

distribution of the maximum and the second maximum

~hen ( 1 . 2 . 1 )  holds . Wr i t e  G(~ ) = ~~
T(

~~ and let J be the reverse

u -P oisso n process. For x1 x2 such that  ( ( x 7 ) > 0, or equivalently ,

T ( x 7 ) < -~ , we have

( i i )  
- 

(n) 1
J i m P ~ x 1, ~- • -~~~~---~~~~~~~~~ = P (~J(x 1)=0 , J(x 2 ) < i )
n n n

= P(J (x 1 ) = o)

= 
-T (X 1

)

= 6 ( x
1

) ,

- i n c c  J ( x 1 ) - 1 x 2 ) is nonnegative , i f  6(x 2 ) = 0 , therm iix 2 ) =

and t ) t i ~ also 11 
~~~) 

= ~ since -r is nonincreasing , so that

G(x 1) = 0; hence J x 1 ) -lH x 2) = ~ a lmost surel y and there fore

P ( J ( x 1) O , J ( x 2 N l )  = 0 = (~~x 1) .  For x 1 > x -, such that ( ( x 2 ) > 0

we have
in - ( i i

t — — b
- ~ l - i i  — ninn I —--- —

~~~
— - -

~~~ n~ X 1. -- - - - -— —— � x~

= P(J(x1
) = 0 , J ( x 2 ) ~ 1)

= ~ P ( J ( x 1 ) = 0 , J ( x ,)-.J (x
1
) = j )

j=0 -

I
= ~ P(J (x 1) = 0) P (J 1x 1 ) - -1 (x 1 )=0

- r ( x 1 ) ç  - (i(x 2)-T x 1))
= e j e (i + i (x , ) - r ( x 1 ))

= C (1 + i(x2) 
-
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6 (X
l)= 6(x2) 1’ + log 

c1x2T’~

and the same conclusion also holds for 6(x2) = 0 if we interpret the

last expression to be zero. Thus we have shown that if

- b ~(n) -

~ 
2 

a 
0 
~ x2J 

d.f. 1l(x 1,x2)

as n ~ for a l l  continuity points (x1,x2) of II , then II is of

the form

0 , x1 
-
~ x 2 and 6(x 2 ) = 0

G(x
(1.2.15) Il(x 1,x,) = 6(x 7) ( l  + log ( (~

2-y-) x 1 > x 2 and 6(x 2 ) > 0

6(x 1) , x1 sx 2 ,

where C is  the one-dimensional limiting dist ribution of the nonna l-

i:ed maximumii a 1
(~~~~ 

- In
n), which necessarily exists . This agrees

with t he expression g iven by )~elsch (1972 , Lema 1), who obta ined it

f rom a l te rna t ive  calculations . We mi ght mention that this result is

also valid i f  C is degenerate , although it may be seen that in such

a case H is also (and conversely, if a two-dimensional law H of the

above form is degenerate , then so must be C ) .

A cons id~rahle amount of research has been directed toward the

development of a corresponding theory of the asymptotic distributions

of extreme order statistics of sequences of r.v. ‘s which are not neces-

~a r i 1 v  i.i.d. In most instances the identically distributed assumption

is retained , and in fact strict stationarity is assumed , and the depen-

dence stnLctures considered involve conditions related to “mixing .”

One such condition is that of “strong mixing ,” which we say is satis-

fied by the sequence 
~n

~

••

~ 

• . • ~~~~~~~~~~~~~~~~~~~~~~~~~~ •~~~~~~~~~~~~~~~~ •



( 1 . 2 .  I u )  sup sup P (AB ) - P (A ) P (B )  g (~~) 0 aS
-1 :\-~~~~ ,~

,
. -

or sonic ‘‘in I x ing ’’ funct i on (sequence ) g( 
~ ) , where 

~~ 
and 

~~~~~ 
+ -

are respect i ccl y the tY- f i e lds  gene r -atcd by {~ , ~~~- )  and

~~~ ,, , . . .} .  As an example we ment ion  that  the stu n, , m l x i i i :

condi t ion  is ol ) c - j o t  ts I ~ sat i s f i ed  by rn -dep endent sequences 
~ 

, by

wi t i ch we u i - a r t  t ha t  For each ~j -
~ I , the o — Fields  

~~ 
-
~

‘ire indep endent , and hence g ( 
~ ) = 0, i f  ~

‘ - m . Al though 1- } as~n np t

theory for ext re~ne order s t a t  I st i us has been considered for other

of JO; L ude n t  ~c~ i ie nces , for exa up Ic ~t -t i h o ~ ian , it is the -
~~~ i~

m i  ~~ .1 ig and IV e I a t c - .i dependence condi t ions  to which ex t en s ions  of I he

s and m e s H  ts of the i . i .d. theory h av e been Found to c ;u r t  i c i t —

I ar  Iv ~~~~ 11 Sn ted . ‘-I r e v  er , the case of st a t  i ona i-v normal sec~ ien ces

nvo r i  ient Iv  f i t s  i t i  the ~e nc 1:1 1 framework , and here the dependence

c o n d i t i o n s  n a y  be i ~iL t c d  i n  te rm s of covar  t a r w es , which :Ls s c c l i

known m a y  ide for  a coop let c character-i :at ion of norma l seqr temic es . In

th e  re - - a  m d i i o f t h i s  sect i n n  we st a t  -
~ —one of t l t  results  t ( a  i ave

i c  n oh ned , inc lud i ~ g i n ~e UI l i i i  tmder cond i t u ris we ake r  h ot

- I i  -d - S t  rung ‘‘r i x  i n u .

hu ts suppose 
~ n is a s t r i c t l y  - ;t u t  n i -  si-hilence sat i s t r i n g  t h e

s u n ~- n i x m n t -  c m i d i t  ion ( 1 . 2 . 1 6 ) ,  an~l le t  i t )  
= u a x [ ~ 

I - a  ks  ( ~~~ ) t ins  showni h a t  th e th r ee 1 mut t I I ~pc- s r V e s i t l  t of the  i . i .d.

c : t — e i s  n i l  S i )  \ a i i i !  l i e  that is , if ) I . ~~. 1 )  ho l iI~ 101 some L
V
o f l St n I f lt  S

1 ~~ , then ( is rw -eess ;u i -  i Iv  H one of the  three type— listed

in  ( 1 . 2 ,

~ Inrce Il we\ r . the s t r mn t m ix ing  conditi on is rathet - tes t r ii -t jv e

and somewhat di flir t! t t I  yen fy in  pra ct  ice , i t  being m i e c c s s ; i r v  to
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consider all pairs of events in the u - f ie lds  
~~l j  and 

~~~~~~~~~~~ 0 
and

mo reover , since not all  of the events generated by the r .v .  ‘s are

actuall y relevant to the study of the maximum term l~ 
, one migh t

hope that the strong mixing condition could he weakened while s t i l l

retai ning the three limit types result.  This motivat ion has led to

tht e following condition , proposed by Leadbetter (l974b, 1977). Let u~

be any sequence of real numbers , and for a f in i te  set of integers

,j let F. . (u ) = P(~ . �u , . . .  ,~~~~ . su ) .11 , . . . ,  11

D (u ) I F -  . . . (u ) — F .  . (u ) F .  . (u )
fl 11 , . . .  

~~~~~~~~ ~
3 q 0 

~~~~~ ~
1p 11 J~~’• ~

3q 11 ~~~~

for any integers 1 i1 < . . .  < i~~ c < ~i q S fl , j 1 - j~ -

where g0 ~ is nonincreasing in 2. and

lim g~~~ = 0
11 fl

for some sequence -~ ° and = o( n) .

Suppose E1n is stationary and that (1.2.1) holds . Leadbetter has

shown that if 0(u ) is satisfied for the sequence u0 
= a~x + b1.1 for

all real x , then tine limit law C must be of one of the three types

( 1. 2. 3) . I t  is clear tha t the requirement that 0 ( u~) hold for

u = a x + in for each x is indeed a weaker condition than strongn n it

m i x i n g , there being fewer pairs of events , and only events of a certain

form , which need be considered .

From these results we might then conjecture that , under the same

condi t ions , for other Fixed rank terms k~ 
, and for the j o int  d is-

t r ibut ions  of two or more fixed ran k term s , the possible limit laws are

the same as those which can a r i s e  under the i . i . d .  assumption . However ,

t h i s  is not correct , and thus apparently under the dependence condi t ion s



V -~~~

we are considering the general i :at i on of the i . I . d. three 1 in it w- -

result is peculiar to the (1i i sl maximum . !‘ c i i  l u s t rat i- mci  t i t  t hu r

lol low i ng s imp l e example g iven  by hclsch ( 19’2) l o t  t he  ~ r ic  ih ir l eits tuna I

case k = 2 . ct be i .  I .d .  w i t h  marg ina l J~ f .  F and s i ip ~~~sc ( o r

some a > ~~ . h we have tha t ~~ 
~~ 

+ in ) . 
~~ ) I f i t r  all rc :i I -\ -

n u - n  i t

tha t is , F belongs t i  the dom ain ot r t t  t i r a t i o n  (or n l a \ i i I a  of the

l i m i t  l : iw C. \cu c def ine ~, = max{: , in - I . Ihie n -
- i s

ii in n4-l i t

strict lv st at i o r u i  i -v and s a t i s f i e s  the st ronu mu i ia — md i t  ion ) I 2 . 1 ( i )

in fac t  is  1 — k ; e iu d c i i t  , and ~ce have tha t

Jo) 
- h

x]

lo t— i l l  N .  \~ comic I tile I i t t  I h i  p — s  i l l  e I hid t l imo I i _ c L ,  m e l  i i r i .\ l i n t

i i t c l i i J e  those fur  f i r s t  n c  t o r i , so t h a t  t~r r i  l t O \ ‘ s ::cnter a l i :a~ ion I t I-

t l r r t L - types ic-suit to I rlacu is vol Id . Ri - s n i t s  Fu r t h e r  i n d i c r i t  i n g  t i -

r e t  i r i l  s i :- e t ~~h c l a s s  of possible I i i ~~t l ;u w- ~ For th e case k 2 .

i t i  t o t  the JO i f i t  - r- - ol F ir - t rind second t ax ma , have hi - i- rn  ~b t  i i  itoh

-mv ~. I s e l i  ( I  I I r i nd  ~- t i  ( I~ Y h )  . I s t u i r i h l v  r i o t - c  comnp l i c a t  t J  r i - s u i t s

Id a - st I I  he - ! - :  - u r n  - r ii un -~es k ~- 2 and F ~r ot c i  j u  I 1

- .

Another  rind m e l n i t e t !  prob l eiri i f  s i a r l i l i - r u t  i n t i - r e s t  is to n i c t i u n i l  l y

f in d  t h e  I i t n t i t  dig - t m  i l a t  J f l ~ of  - \ 1  i - c H u m -  o i J - i  s t a t i s t i c s  from del - m t

dent  ~t m J n c rIci r - , r ind i n  p a r t  i c u l a r , or idio t i s  p robabl y  tine s i t u a t i o n

inst  use In I and e r i c  iest to hand Ic , t i  show t i ia  t t h i l i m i t i n g  law o f  a

Se~ u cr icc  of t er n i s  (n )  (no nr wi  I i  :ed) i s  the san te is if tine 
~ 

w i t e

in  f a c t  i . 1  .d .  , ass tn ri l ng t h i s  e x i s t s .  V Io deal w i t h  the pr oblem , (o r  a

y en s ta t  iona rv sequence 
~ 

wi let inc au i . i .d .  sequence of

i- .v .  ‘ 5 w i t h  the sante marg ina l d . f .  as 
~n Vu nay be ca l  led tli c 

V_V V _ _
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“independent sequence associated with F,1~ 
“ (cf . Loynes (1965) ) .  We

let k~ 
denote the k-th largest of E~ , . ..  ‘~n 

for each

n k � 1.

As suggested by the I-dependent example g iven above , even fa i r ly

stringen t mi x i ng  assumptions would not be sufficient to guarantee that

k ari d k iY II ) 
(normalized ) have the same asymptotic distribution ,

when these exis t , and hence additional assumpt ions must necessarily he

made . For the case k = 1 a condition leading to a result of the kind

desired has been f ormul ated 1w O’Brien (1974). Let u~ be a real

sequence such that F (un ) < 1 for all n , where F is the ma rg inal

d .f . o f tine stationary sequence 
~rt 

assumed to satisfy the strong

mi xing condi t ion  (1 .2 .16 ) .

There ex i s t  sequences of positi ve integers p~ , ~~ and r
11 

such

tha t , as n , rn ~ ~
=, r~g(q 0) 0~ P~~% 

-
~ 0 , and

i-
1 p 1 ( r p Y 1 

~ I , and such that

pn -l

~~~~~~~~~~~~~~~~~~~ 
i~~~l 

~~~~ 
- l )P ( ~ i >u

~~
, >u t~) ~

where t~ = rn (pn +

O ’Brien has shown that for constants a~ 0 , h~

- 

x} 
-

~ G(x) if and only i f  —a � 
xJ

fo r 0 < C ( x )  - 1 , if R 1 holds for the sequence u~ = a~x -. h~

( Loynes (1965) ori ginally showed the “if” part , using r~ i t . )  (M
V

course , th at  should hold for u~ = a~x + h~ for each x is

sufficient for the l imit laws of I~~
O1) and r (n) to coinc i de .

O’Brien a lso  g ive s an example for which R1 is not satisfied for all
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= ~t~~X h 1 and for whicin the l imiting dis t r ibut ion s of and

~(n ) ex i s t  hut actually d i f fe r , though s t i l l  being of the same type

(wli ic }u would correspond to a change in the normalizing constants

b ) .
n

The s i tua t ion  for other fixed ranks , and for joint  d i s t r i bu t i ons ,

has also receit-ed attention . As a par t icular  example , for the j o i n t

distribut ion of the first and second maxima , (V e l s ch  (1971) has shown

tha t under strong m i x ing  and another condi t ion  of a type similar t o

the j o i n t  l i m i t  law I l (x 1, x , )  i s  the same as i f  the t

i . i . d . , that  is , o f the form g iven  by (1.2.15) . Imp l ic i t , of cours e ,

is the requ l remn cnt that  t h i s  (nondegenerate) jo in t  law exist , wh i ch as

we kr ~ omc is e q u i v a l e n t  to the condi t ion that the f i r s t  maximum (no r-

m a l t  :ed ) have a nondegenerate Ii im m i t 1 tie .

The search for conil i t ions weaker than strong mixing to liSi’

est iN i i  shi m m  t h a t  tine ma xi i mi u um t of a st ru t  ionary sequence has ti-a sort i e

h tm l t i m ~j  d i st r i h u t  ion as i t  would i f  t ine sequence were i . i . ~.i. , has been

iliot r v a t i - d  by tine fo l lowing r e s u l t  of Berman (196- b ) I f  m i s  n i

St  it  i Ol in rv norma l Sio(i lei lce t a l c  i i t t ~ cr0 irm eans , unit variances , and

• oc • i t •  j ;uIce - c r = I- . , n i mni l I F e i t h e r
ii 1

l . 2 .  17)  r~ log n - U is n

in t

( 1 . 2 . 1 8 )  ~ r <
n 1

then

-~ e
_ e _ x 

—- --- --~~~~~~~~~~~~~~~~~~~ —
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for a l l  real x , where ~~ bn are given by (1.2.6). Since there is

no general relationship between strong mixing and (1.2.17) or (1.2.18),

except that strong mixing implies (1.2.18) (see Deo (1973a) ), the

norma l case cannot be included in the result of O’Brien and Loynes.

h owever, Leadhetter (1974b) has established a relationship between

these covariance conditions for the normal case and conditions appli-

cable to general stationary sequences which lead to the desi red con-

c lusions , by again employing D (u~) and the following condition simi-

lar to

n- I
n 

~ 
P(E i >unr , ~i+ i

>unr) = o(~) as r -
~

Leadhetter has :ho~~ that if £[a~1 (~~ (n) - b ) )  -* C and if both

D(u0) and I)’(u ) hold for each u~ = anx 
+ h , then for ~~i-’ - i ~y

k 1,
j n) -b  k-i  ~

P -h--- -
~~ � x ~ C( x ) ~ ~-1og C (x ) j

a s=0

as n -
~ ~~~ , for all real x , where the right hand side is defined to he

zero if G(x ) = 0. That is , k~ 
and have the same asympto-

t ic  dist r ibut ion , and trider the same normalization, for all k -- 1.

This result for k > 1 follows as a corollary to the more general

Poisson convergence of the number of exceedances by 
~~~~~

, , r~ of

the leve l u~ satisfying n(l - F(Un)) 
-

~ i , I-’ being the marg inal

d.f. of 
~ 

, which we have seen to hold in the i . i . d .  case , and which

Leadbetter has shown to also hold for stationary , dependent sequences

under both the conditions D(u~) and Il’ (u~). Moreover , in the norma l

case either of the covariance conditions ( 1 . 2 . 17 )  or ( 1.2.18) limply

both D(u ) and D ’(u ) for = a~x + b0 fo r a l l  real x , where
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~~ h~ are g iven by ( 1.2.6) , a fact which lets us regard the result of

Berma n as a special case of a result for more general dependent se-

quences . I t  is perhaps worth mentioning that i t  has more recently been

established (see Leadbetter, et. al. (1977) ) that these results for

normal sequences are also valid if the covariances r~ satisf y

1 ~ 1r • ~ log j
( 1 .2 .19) 1’n - 0 and -

~~ ~ ( r . ) ( lo g  j ) e  -~ -
~ 0 as n

j = 1 ~

for some y > 2 , a condition somewhat weaker than either (1.2 .17) or

( 1 . 2 . 18 ) .

F i n a L ly  in this section we remark that it is of interest to con-

sidec other types of situations in which there are limiting clistrihu-

lions of ext reme order statistics from stationary , dependent sequences.

flu e such result  has been obtained for the mmaximimn term (k = 1) of a

- t n i t  1- crmni r  norma l sequence 
~n by Mittal and Ylvisaker ( 1976) , who

have ~-inown u t h at  under a dif f erent but equall y mneaning ful covariaiice

conditi on for mci i i c i n  ( l . 2 .U ) - ( l .2 . 19 )  (and hence the strong m i x i n g

condition ) necessarily fail to hold , the maximum term ~(n) ~ actu-

a l l y  nis v t p t n t  ic a l  lv  normal , w i t h  nor mual i  zing constants ~~ h~ d i f f e r-

ent f rom t F i r - r e g i v e n  by ( 1 .2 .6 )  . Here i t  would he interesting to see

wha t are the I i mil i t i ng  d ist r i b u t i o n s  for other f ixed ranks , and for

j o int ranks , i f  these ex is t .  Anot iner problem , pertaining to genera l

~t u t i o nary , dependent sequences , would involve determining i f  i t  can

ha ppen tha t the f i x e d  rank terms of a sequence 
~~ 

have limiting

d i s t r i h i i t i o m i ~ w h i l e  t hose of t he associated independent sequence do

not , that is , the margina l d . f .  belongs to no domain of attraction . Of

c i i i  Si- , for example , for strong ly mixing sequences such would require

some ‘ large degree” of  dependence between the r .v .  ‘s arid when
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l i -il is “small,” in order that O’Brien’s condition not hold.

We leave such questions as these open, however, along with poten-

tial analagous results in the case of increasing ranks. In fact , when

dealing with that case we will only consider the problem of obtaining

general dependence conditions insuring that the asymptotic distribu-

tions of the increasing rank order statistics of a stationary sequence

are the same as if the E~ were i.i.d., where we assume the latter

exists .

1 .3. Order Statistics of Increasing Rank.

We now discuss the theory of asymptotic distributions of sequences

of order statistics ~(n) or ~(n) 
, where the are i .i.d. and

is an increasing rank sequence. Extensive studies of the possible

limit laws and their domains of attraction have been made by Sm irnov

(1952 , 1967), Chihisov (1964), Cheng (1965), and Wu (1966). In all
k

cases considered it is assumed that the relative rank sequence

tends to a limit A , 0 � A � 1, as n ~ ~~‘ , and the results obtained

depend upon the value of A and, when 0 A 1, upon how rap idl y the

sequence of relative ranks converges. Since in most instances smallest

increasing rank order statistics rather than largest have been con-

sidered , we will here primarily deal with sequences of smallest

terms .

An important and useful preliminary result , corresponding to

(1.2.7) and (1.2.12) for fixed ranks , is the following , which was

orig inally given by Smirnov (1952): Let he i.i.d. with nmargina l

d.f. F. Then for given constants an > 0 , b~ , the relation

- -~~~-~~~ -~~~~~-~~~~~~~~~~ - - -~~~ - -- -V  - -  V ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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~(n) bn
(1 .3 . Ia) f) n

an 
� x -

~ G(x)

ho I u s  if and only i f
k

F(a x+h ) - --s
(1. 3 .Ib)  ~~~~~ 

- 
rm fl ~n u (x) ,

in
n

as n —b- ~~ where u (x) is defined m v

G( x ) =

h ei ug t h e standard noniia l d . f .  For a central rank sequence k
k

_ Pn \ , 0 < A < 1, (1. 3.lb) nay he writ te n as
k

F(a x+b ) - --fl-
(1.3.2) 1) n 

~~~~~~~~~~

and for an intermediate rank sequence k and for x such thatn
0 < C(x )  < 1 , (l.3.lb ) becom es

k i i ) x ) ~~~~
( 1 . 3 . 3 )  F(a -\ + h 1 = —

~~ 
+ 

~~~
-—

~~
—

~~ 
+ o11 fl 11 fl n

~ ini i h i m -  r e l a t i o n s  of COW - Si ’ hold t i s u n  or seqiic’mlcc .s of largest t~ nns

k 

~~ (n)  
, anl by c on s i d e r i n g  ic increasing rank sequence k 1 given by

= n - k + 1 , i t  i s  o t i s ’ . - t o show tha t , as an examp le , for the par-

ticu lar case that k
in 

is an intermediate sequence of r ight r anks , f o r

~ such that 0 < ( ( x  ) < 1 , we have
(n) 

- h
Iin 

a ~ -
~ C (x)

if and on1~’ i f

k u (x ) i / 1~~( 1 .  
~~~

. I) I - }(a  x + 1) ) = _!! - __ ___
~Ji + ~~ ~~~~~n n n n in
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where G(x) =

As in the fixed ranks case, we may also consider a related problem
involving the number of exceedances of an appropriate level by the

sequence of r.v. ‘s . In particular , for intermediate rank se-

quences kn let u be a given real number and suppose the level u~
satisfies

( 1.3.5) 1 - F(u ) - ~~~~~~~~

Now let W~, = 

~ 
be the number of exceedances of u~ by

Then we have that

(1.3.6) P(W < k~) ~~u) as n

a result which is clear from the following lemma , which we will also

employ for otiner purposes in Chapter Ii.

Lemma 1.3.1. If ~ < 
~n < 1 is a sequence satisfying

k uv’R
(1.3.7) p = —

~~~ 
- —

~~~ 
+ oI—1~n n n ( f l

for some real number u, and where kn 
-

~ ~~, k~ = 0(n), then
k

(1.3.8) 
~ 

(fl)~~~~~~ - ~~) n -r  
~~u) .

r 0

The result is also valid if the upper limit of si~~m1ation is k~ 
- 1

instead of k

Proof: This follows from Lemma 1.4 . 1 of Leadbetter (1977), which is in

fact more general , but for completeness we give a proof here. Let

X1~ . . .  he i.i.d. Bernoulli variables with mean p~ . Then
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k

r~O 
(~)p~ (1 - 

~~~~~ 
= P(~~~~ X~~ k )

n
~ X. -n p

._~~ 
i n k - n p

( 1 .3 .9) = P ’~’ 
n n

n~~~~n~ 
/np~ (l- p~)

From the Berry-1~sseen bound (see , for example , van Beek (1972) ) we

have
n
~ X - - up

V 1 n k -n p  k -np
_ _ _ _  

n n n ~i C

~~P~ (1 1~n
) 

~~~~~ 
-p a) /np~ (l- p~) v’np~ (l -pa)

for some constant C , not depending on n. Now from (1 .3 .7) the ri ght

side tends to zero, while

k -np
________  

~ u.

f l n i s  a long  with (1.3.9) g.ives (1.3.8).

In a similar way we may cons ider the number of 
~~~

, . . .  ,

~~~~~~ 

which

do not exceed a suitably chosen u~ level, which corresponds to the

problem of l imiting distributions for k1~-th smallest order statistics ,

again whore k~~ is an in termediate  rank sequence. For a given retil

number u , we now suppose the level u~ sa t i s f ies

k uv1~~(1 . 3 .1 0)  F(u ) = + n~~ 
+ o[~~ll]

Then le t t ing  1 = ~~ I , we obtain from the above lemma andn ._ ~~~~ ]i—I i n
the t r i v i a l  r e l a t i o n i ( u )  = 1 - fl-ma),

P(’ F � k )n fl

It is also possible to formulate the exceeulance problem for con-

t r a l  rank sequences k~ , which  w i l l  not be of primary interest to us
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but which we will later have occasion to deal with to some extent.

Again let u he a real number and let k~ be a central rank sequence

with limiting relative rank A , 0 < A < 1. Suppose the leve l

satisfies

(1.3.11) 1

n 

F(u~) = - 
uIA~~ -A ) 

+

and let Win = ~ ~ [~ 
>u 

~ 
Then using the niore general form of Lemma

1 .3. 1 g iven by Leadbetter (1977) , we have that

P(W < k~) -
~

Let us now return to the problem of limiting distributions of

increasing rank order statistics. We will  mai nly dea l with the asympto-

t ic  theory for the intermedia te ranks case , but for completeness we

first briefly consider that for central rank terms. Under tine assump-

tion that - A~ -
~ t, 0 < A < 1, -

~~~ < t < ~~, Smirnov (1952)

showed that any limit law for (normalized) must be of one of the

following four types :

1°  , x < 0
= (c>O , a >0)

I 1(cxa) x

I ~ )~~c~ x 1 w ) , x < 0
G
2
(x) (c>O , ri ’( i)

, x : 0

( 1.3 . 1 2 )
, x - (1

(~~ (x) = (c
1
>0, c ~ -0 , a~~()

, ~~ (1

10  ,

G4(x) 
= , — 1 x 1

x~~~l .

_ _  _ _  V V -~~~~~~~~~~~~ - -~~~~~~~~-~~~~~~~~~~~
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Moreover , Siuirnov found necessary and sufficient conditions completely

specif y ing the domai n o f attraction of each of these laws . Other

results are valid when the quantity - A] tends to or is

hounded but without limit m ayo been obtained by Wu (1966). Here we

only prov ide a well -known particular example of a t t ract ion for central

order statistics , given hr the following i-esult , which Cheng (1965) has

proven by using the equivalence of (1.3.la) and (1.3.lb) : For a d.f.

F, i f  there is a number X A sucin tha t F ( x ) = A , 0 < A I , and

i n s i d e  an in te rva l  (x A
_ c , \ A~ & ) F has a den iV itive F’ wi n ich is

cent inuous at \ , and F ’ (x 0 , then F belongs to the dem ia i i i  o f

; i t t i -action of the standard normal law 4 for any rank sequence k~
k

such that ~ A ;  specifically,

- bk n 1(1. 3.13) P ~ -
~

I

for al l  real >~; where a h are g iven  ben in -

k

F i b  ( = 
r

ii ii

( 1 . 3 . 1 1 )  and
~1.~

= 

~~~~~ 
~~in~

(l\ ~
Under the add it jotla I i ss i i - i 1i t  ion tha t  ~ 

~~~ . 0, by orTn lov ing an

mpjII V i t ) iiti tc cinange in the norma lizing _
V
O i iS 1 t i i~~ t 5  , ;i cc ii Ji tig i~~ t h e  m i ~ -iia 1

cr i t e r i a  (see Fe l le r  (1966 , p . 2-16) ) , we f i n d  tha t ) 1 . 3 . 1 3 ) — ( I . 3 .  1- i )

becomes the stat cmcm nt that  ~~ 
1
M~~) - x ) i s is~~m ptot  ica l i v  normal i~ i t  ii

in
mean ~c m -  and var iance  ~- ( l — A ) [ F ’ ( x ( ]  , whemo x~ is t int ’ uni que \—

(luant i le of f This result has been ~‘ ly on by a munher of auth r s

including , f r exanip Ic , ft i i  ks ( 1 ~) 62 , p . 2 7 3 )
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Results answering the question of the possible limit laws and

their domains of attraction for intermediate order statistics of i.i .d.

sequences have been obtained by Chibisov ( 1964) , Cherig (1965) , and Wu

(1966). Chibisov Inas shown that for a particular class of rank se-

quences sat  is lying

k
( 1.5 . 15) i-i

where ~ ~
- 1 and 1) < U < 1, t he possible l imi t  laws of sequences

are g iven by 

0 , .~ � ~
G 1 (x) = (a > 0)

~~~(a log x) , x > 0

f - ~(-a 1og x) , x < 0
(1.5 .16) (~~ x) = (a > 0)

x~~~0

C_ (x) = 1( x ) , -o
~ < x < ~~~.

ftc note t ina t each of these l i m i t  laws is continuous , so tha t (l.3.la)

would mn ec e~t sti ri Iv hold for a l l  real x.  Moreover , as is evident upon

replacing ( ( x )  by I - C (-x) , for tine same class of intermed ia te  ran k

sequences, these tire also tine possible limit laws for lc~ _ t h largest

term s k . The following theorem of Wu (1966) extends these

results to imm ore genera t i n te rmedia te  rank sequences , subjec t only to a

relatively mmi i Id restri ct i o n (winich in fac t can he wea kened)

Theorem_ 1.3.2 .  SUppoSe 
~n is i . i .d .  and let he a nnonotonically

increasing (not necessarily s t r i c t ly )  intermediate rank sequence. I f

there tire constants a~ 0, h0 such that

r I1~ - hk n
P ~~~~~~~~~~~~ — x d . f .  G( x)

-- V
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for a l l  con t inu i ty  poi nts x of G , then C is of one of th e  three

types l i s ted  in (1.5.16).

k r  tine intermediate rank sequences Inc considered , Ghib isov ( 1964)

foun d nccess ;irv and sufficient conditions characterizing the dom ains of

attraction of each of the limit laws (1.3. 16) . As in the fixed ranks

case , membership of a d i s t r ibu t ion  in a dom ain of attraction for small-

Ost terms is determined by i ts  behavior near its le f t  endpoint . How-

ever , the domains of attraction are highly dependent upon tine ptirticu-

lar rank sequence chosen , even to tine extent that for each of the laws

and C , in (1.3.16), there is m o distribution attracted under each

of two rank sequences sat isf y ing (1.3.15) for different  pairs (O ,~~).

In add i t  j oin , t in e re are ran k sequences not s a t i s i
V

y in g  (1.3.15) for which

on ly  the nom i na l la w (J 3 = ~ is possible ( c f .  km (1966, p. 7 5 7 )  )

Thus at  present there are no general ch arac ten i :at  ions , valid for t i l l

intermediate rank sequences k~ , of the domains of attraction of the

possible- l i n i i t  laws .

i lowever , seceiVa 1 part icular resul ts  dea l ing w i t h  domains of at t rac  -

t ion are known and cover many s i  tu t i t  ions of in teres t .  The following

two theo rems due to Cheng (1965) show tlnat the norma l law has a nomnvoid

donna in of a t t rac t ion  for every in termedia te  rank sequence , and mmlore-

( ( ye- m S
, there are distributions attracted to the normal law for ever~-

intermediate rank sequence . The f i r s t  of th~sc is fundamental to the

results we’ w ill develop in Chapter IV.

flneorernl.3.3 . Let he an i. i .d. sequence w i t h  marginal d. I. F.

Suppose’ tha t F has ti f i n i t e  l e f t  endpoint x0 such that F( x 11
) = U

I H i t  i s , t l c t t  is  no probabilit y mass at X
()  I , and in an i n t e r v t i l  

V — --
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(x 0, x0+~), the derivative F’ exists and is positive , and such that

Iim F ’ ( x )  > 0. Then for each intermediate rank sequence k , we have
x~x n

0 r ( n)
c,k 

~~n
S ~(x)

as n ~ ‘~~, for a l l  real x , where a~ > 0 , b~ (depending on kn ) are

g iven 1w

k
F(h ) = —

~~~n n
(1.3.17) and

=

Note that under tine implicit asstumiption that c u r n  F’(x) exists ,

WC t in y rep lace a by
- n -

v1~~
• (1.5.18) a’ =

n nc

Fin eore mn 1 . 3 .4 .  Suppose 
~~ 

is i . i .d . witin marg i nal d . f .  F . Let

~I > 0, p -
~ 1, and d be given real numbers . I f  in an interva l

(-  ,d) F is twice differentiable and such tha t in this interva l ,

F’(x) > 0 ,

F( x ) 
<

x~’1~’ (x )
and

x+o~~~’~
[F’ (x)]

then for each int ermediate rank sequence kn
(n)

~k - b ~,, n - x -~an

as n -
~ 

~~~~
, for a l l  real x , where 

~~- -~~~~ ---~~~~~~~~~~~~~~~~~~ V ~~--  - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-
~~~~~~
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k
F(b ) =n in

amnd
Ac

~~~~~~~~~~~~

:\~ an examp le , Cheng shows that the standard norma l dis t r i b u t i o n

sa t i s f i e s  tine conditions of Theorem 1.5 .4 .

These results can of course be rephrased to give su f f i c i e n t  con-

d i t ions  involving a corresponding behavior of the marginal d.f. F

near its fiinite or infinite right endpoint, for tine sequence

of largest rank terms to have a limiting normal distribution , that is ,

j n) - bk ”  n
a ~ x

for all rea l x.  In this situation , when such conditions a r t -  s a t i s f i e d ,

the appropriate normalizi ng constants are given by

k
F(b ) = 1 -

( 1 . 3 . 1 9 )  and

a nF ’( h~T

\s i s clea r from symmnet i v , the ml onmkml di s tr ihut  io n wou ld aga i i i  be an

examp le , t h i s  t i me of a dis tr ibut ion attracted to i tself  for a m y  inter-

m n c t i t a t e  sequence of ri ght ranks .

F ina l ly  we arc led to consider the class of distributions attrac t-

ed to the norma l law for every intermediate rank sequence . For small-

est te rms k0 
Sm i rnov (1967) has shown that this class consists of

a ll distri but ions F satisfying the following condition : There exists

a c mmi tinuotms function Q(z) 0 as z -
~ X 0 , suc h that for a l l  rea l x ,



— V~ -- V ~~~~~~~~

37

~~[z ( l+xQ (z))  -F (z )
-~ x , as z~~~x

F[:(l+Q(z)) -F(z)

where x0 ( -
~~~~) is the left endpoint of F. This condition is

analagous to Gnedenko ’ s (1943) characterization of the domain of attrac-

t io n for maxima of tine law G3 (x) e~~ , in that some suitable

continuous function is to be found. 1-lowever , as earlier noted , alter-

n a t i v e  cond i t i o ns  have been obtained for t inat case , and it would be of

in te rest to see if othe r conditions coul d as ~el1 he found fo r tine

imnten imedi ate case. 
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CHAPTER II

L IMITING DISTRIBUTIONS OF INTERMEDIATE ORD ER STATISTICS
FROM STATIONARY SEQUENCES

2.1. Preliminaries.

In this  chapter we study the prob lem of finding su f f i c ien t  cond i-

t io ns under wh ich we can obtain tine asymptotic distributions of increas-

ing rank order s tat is t ics  from stationary, dependent sequemnccs. in

particular we coins ider tine situation in which , for a g iven dependent

sequence •
~ mn and increasing rank sequence kn the r .v .  or

k (no rm al i zed) has a l imiting d ist r ibution wh ich is the same as

i f  the were i . 1 . d. , wlnere of course we assume that  the mmm a rg i nal

d.f. of~~~ belongs to the domain of attraction of a limit law for the

sequence of ranks kin 
V I~~e conditiomns we impose are of a type sim ilar

to those which we have exam imned in the fixed ranks case, one signifi-

cant difference being that certain rapid “mixing ” rates are assumed .

As we mi ght expect , the procedure s used in dealing with the same prob-

lem for f i xed ranks are m ost readily adapted to inandle the asymptotic

d i s t r i b u t i on p roblem for in te rmediate order s ta t i s t ics , and the resul ts

we establish will i)e valid only for th is  case . We have not yet

obtained aiialagous m - e su l t s  for cemntr al  ranks .

Because of the nature of our conditions , and for simplicity in

comparing them with those used in tine fixed ranks case , espec i a l l y

Leadhetter ’s (1974b , 1977) D (u~) and I)’ (u
n

) , we will develop and

V - V ~~~~~ ~~~~
_ - _-

~~~~ 
- V  V~~~~~~
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i n i t i a l l y  e x p m o s s  out resul ts for largest m-ather than smallest ran k

in t e rmed ia t e  order statistics. Moreover , in our procedures we w i l l  in

fact deal w~ rh the more general problem concern i ng numbers of h i gh

level exc ee dtm n ces  by s ta t ionary , dependent sequences , as om it lined f o r

I . i .d. seqmw-nce~ u n tine prey ous chapter . This problem is interesting

in i ts own r i ght and , of course , is intimately related to tinat of

I immi i t ing distribut ions of order stat ist ics  of largest  rank . h ow e ver ,

we w i l l  a1so rep inrase our condit ions and resul ts  as they would pe r t a i n

t~’ smnal l e st  rank terms.

To begu n t l f t ’ dcvelopt :tent let us suppose that is a stationary

seotlence of r .  v . ‘s having marg inal d. f .  F , that  k~ is an in terme di t it e

r t u i ~- sequence , and 
~~~~~ 

is the k~ -th largest of 
~~~~~

, ... . Let

u he a g i veil real nm~miher , and suppose that ice can choose a sequence of

levels u~ to i-cit sf (1.3.5) , that  is , upon rel abeling ,

(2 .1 . 1)  1 - F(u ) = - +

\ccorditm g to 1.5. () t h i s  can cer ttm inl v be done , for any rea l ntunher a ,

when F bel n~ s to the dom~m a in  of t t  t r a c t  ion of some l imi t  I r~; C , of

one of L - f V ~~~~~~ V l i s ted  in (1. 3.1 ) , for the sequen ce k~ . Nne5 let

Fe the nmn~iher of cxcecdimnces of tI
n 

h-c 
~~~~ 

, . . . ,
~~~ 

, that  is ,

= 

~ 
[r u ]  

(~~r obj e c t i v e , then , is  to establ ish that under

c e r t a i n  L k - I ) e n d U i l c e  conditions we have tha t  , as in the independent case ,

2.1 .2) PI1 ’~ < 1-c I i (u)  , as in

I a in ’ been able  to accomplish tha t by means of each of two some -

what di f f e m e n t  procedures. In Section .~.3 we giv e conditions for

I irm t e nmied la t e rank sequences under which the desired result 

-- - - -  - - -~~~~~ ~~~~~~~~~~~~~~~~~~
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follows immediately from the asymptotic normality of a standardized

form of W~ , which we obtain by employing known central limit theory

for row sums of triangular array s of r .v. ‘s dependent in each row. In

the next section, however , we give a procedure for obtaining (2.1.2) by

actually approximating the value of P(W
n 

< k~) by alternative quanti-

ties which can be more easily calculated; the nature of this procedure,

however, is such that it is apparently successful only if kn does not

tend to infinity too rapidly, in a sense which we make precise below.

For the given intermediate rank sequence k~ let us define

0 = 0({k~}) by

0

(2.1.3) 0 = inff0~ : k = O(n 1) }~

Clearly we Inave 0 � 0 � 1, and it will be convenient to regard 0 as

a measure of how rapidly k~ tends to infinity . Moreover , regardless

of the value of 0 , it is evident that we have

(2. 1.4)  k~ = o(n °~~ ) ,  for every c > 0.

In perhaps the most typical cases we actually have kn cn 0 fo r some

c > 0 and 0 < 0 < 1, but it is clearly also possible to have 0 = 0 ,

indicat ing a slowly increasing intermediate rank sequence , as for

example k~ c log n, or 0 1 , indicating a rapidly increasing

intermediate rank sequence, which we would have if, for example ,

k~ cn(log n)~~

Our basic strategy is to employ a techn ique used in various fonmis

by a number of previous authors when dealing with dependent r .  v . ‘ S

satisfying conditions related to mix ing , includ i ng its original use in

considering central limit theory (see, for example, Iloeffding and 

V -- --- V --~~~~~ -~~~~~~
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Robbin s ( l 9 1~~) ) .  t~e f i r s t  let and 
~mn be sequences of positive

integer s suc h that

12 . 1 .5) 
~ ~~~ H ~~~

‘ ~n = 0 ( h ) ,  and mn = oH I .

Then , for each large in an integer ;~ is Jet en’i I ned by t i m e  r e la t ion

(2 .1.6) n = ( L  ~~~~~~~~) -  ~~R , O s R  <~~ ~~~~~V•
ii n n in n n n

i t is read i ly checked tha t

( .l .~ )

~e now part it ion tine f i r s t  n pos it ive  i n t e g e r s  in t o  ‘ ‘in t erv als ’’

1~
n) 

1
fl ... ~~~~~~~ T~~~ , of respec t i~-e a l t er n a t in g  “ l e ngt h s ’

a , ~ , R . B-c interva l we mean a finite - -et  of
in a n i n ii n -

consecutive integers , and the l ength of any i n t e r n a l  is simp ly  t i t i

nunher of  i n t e g e r s  i t  contains . For any set of integers I , wi i c in  may

not n ’ccs~ ar  I ly  be an int e rv t i l  , we let = 1ç (n) he the mn um bcr ci

ex ceed cmrn ces of th~.- level ma~ by f~~ : j E I } .  (For notational s impli-

c i t y  we w i l l  delete exp l i c i t  dependence upon n . )  Then we ii mt i ~ wi - i te

= 
.~~~~ ~~ (n)

lie idea mow is  t~ show tha t , for appropriate choices of 1m n and

the r .v . ’ s w i t h  i even make a negli gible contr ibution asympto-

tically, in determining the quantity P(W~ < k~) or tine limiting

L l i s t r I h l l t  ion of 
~n (standardized) . Further , we can deal si multane-

ous l y with the 1
~~(n) i odd , without too much d i f f i cu l ty ,  m n-nder

assumptions analagous to those of the fixed ranks case , and moreover

- - - -
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these latter r .v . ’s will be “approxi.mate1y independent” for large ri.

We have not made a significant attempt to judge the relative merits

of the two procedures to be presen ted , other than to note that the one

given in Section 2.3 is substantially shorter. One obstacle to making

comparisons arises from having to assume various rel ationships among the

sequences ~~ g
71
, and k~ . Moreover , in Section 2.4 we will consider

stationary normal sequences, giving covariance conditions sufficient for

obtaining the results from both procedures, and we will see that in that

case the relative strengths of the results “overlap,” one admitting

weaker covariance conditions for small 0 0({k~}) and the other for

large 0.

We now consider our first procedure, involving a direct calcula-

tion of the quantity P(l~ < ku ) .

2.2. Calculatin g P(W~ < k,.)~ When B Is “Small. ”

We comntinue to assume tha t is stationary with marg inal d .f .

F and k~ is an intermediate rank sequence . We will however in this

section make a restriction upon how rapidly k~ tends to infinity.

For the given sequence kn let s~ be a sequence of positive

integers such that

( 2 . 2 .1) S 
~~ 

5n = o(k~).

Let us now suppose that c~ and are sequences of positive inte-

gers satisf ying (2.1.5) , and moreover such that

= o(cts ),

( 2 . 2 . 2 )  a~k~ =

and 8~k~ = o (cm
n

).
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In order tinat these relationships , which will be crucial in tine develop —

mnent , be s a t i s f ied , it is necessary to assume tha t k~ not increase

too rapidly. in fact , since

5 ~ 2 2  2k ~~k c t k  - k  sn _ i n n  n n  i n n  n 1 ,~-

~~~~~~~

-

~~~~~~~~~~~~~ I n  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~n n m  ( in k i~in n

i.e see that we are res t r ic t ing our consideration to rank sequences

for which kin o(n2”5). Moreover , if 0 < 0 0( {k ~ }) < , we may

~m c tual l y choose 
~~ 

and 
~n n0 for some 0 < p < A < 1. l’hen

t ak ing  Sn n V 
, 0 < v 4 , we may restate ( 2 . 2 . 2 )  as

p + B < A +

+ 21) < 1,

I
- -, 

~ - arid

p + -
~

- < A ,

whic i n  is in t a c t  s l i ghtly more restrictive than ( 2 . 2 . 2 ) . Also , if

i- = 0 , we can s a t i s fy  (2.2 .2) by taking a~ nA and n~
1 for an

Jio ices of A and p such that  0 < p ~ < 1.

\ow , for a g iven  large n , let 
~—r = {i 1 . . ir } where

c j 
, he a set of m - integers chosen from among the f irst

odd pos i t  ive hi t  eger s , in bei ng defined by (2.  1.6), and winere

(I � r k - s . l~e def ine i = ~~, and from the relations

= o(n) and 
~n na~~ we may assume that k~ < Z~~ .) We then

define events

k -s

‘n = 
n n  

~~~~ ~~ ~~ 
( i n ) 1)1 n 

~~~~ ‘r ~~~~~ 
= °fl}

i ’  odd 
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and

k -l

B = 

r=k~-s~+l aii i {L ~ = 
~ 

~~ 
~~~~~ 

= ofl}

i ’ odd

Thus the event A~ contains all outcomes for which in each of up to

k - of the odd-indexed intervals 1(n) 1~ n) 
~~~~~~ 

there

is exactly one exceedance of the level ma~ , given by (2.1.1), by

and in the remaining odd-indexed intervals there are no

exceedances; a similar statement holds for the event B~ . We show by

means of the following lemmas that the value of P(W~ < kn) can be

approximated by P(An)•

Lemma 2.2.1. P(A ) - P W > s 1 � P (W  < k )n 
~~~~~ 

nj n n

i even

� P ( A ) + P ( B ) + P f  U W (fl) > l .n ‘-i odd I~

Proof: The second equality follows from the set relations

(W < k~ ) {w 
~ 1 (n) < k J  = {w 

~ 1 (n) � k~ - 5n]

‘ odd i odd

U l k  - s  < W( n  n 
~ u 1 (m n) n
i odd

c A  U B  U W > 1 .
— n n 1i odd 1 (n)

1

The first i nequality is i m m e d iate , since

(W~ < kn) 2 ~
‘n ~ 

~ 1 (n) < 

~n)
i even
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= ‘ \ s 1 (1 Ap 
~ ~( i m )  n n

‘
~ i cv em n J

l e t uam 2 . V . 2 .  t t~~ sequences , , and s are such tha t (2..).~~)in n n

1 ci IV ~ t en

P s -
~~ 0 as n -~ - ‘

~ 1 (n) 1
!

I ~‘ \ ( i i

ow : Is I i i t ~ tine ~Ia rkov i n e q u a l i t y  we ban -

P : ~
- s 

- 

F

u n u ~ 
I n )

i even i even

I ’  +~~) , I +

S J~~~~VVV ~ L~~~~~~~~ I~~ . P > u ) ,S 1 nn
k

w h i c h  tends to :ero , sinc e fm - nm (2. 1. 1) we have P( -

~ 

> u~ ) -~~ , and
nsince -~ 

-
~~ —ii -

i i
—

I eun~a ~~~~~ 11 in 
~ 

P(~~1 -u , 
~ i+ j  

>~1~~) -
~~ 0 , then

P { U -
~ i)J 0 , as it

i odd I
~

Proof :  To pm - f l e e  t in  is we note that

~ 
(n) ~ in ~~~~~

� ~ ~ P(  ~ - - m m , ~ V >u )n - - ~~1 fl 1 fl
~~ 1 K 3  

~m n 
-

~t — l

m n ~ n j~ l 
P(F,1 ‘1n~ ~ 1+j 

i i )

by s~ iona r i t ~ m u d  the cnuuc I nm s i on  follow’s, si nce ~ r~ n .V ‘ n n
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On combining these lemmas we obtain the following resul t .

Lemma 2 .2 .4 .  If the sequences a , 8 , and s satisfy the relation -
a - i  n n n

ships (2.2.2), and if n P(~1>u~ , 
~l+j >Un ) -

~ 0 , then

< k~) - P(A~ ) l  � P(Bn) + 0(1),

as ~~~~~

Having this preliminary result, we now make the following

assumption:

A1: For the given sequence of levels u~ satisfying (2.1.1) for some

real number u, there is a system of sequences {an, ~~ 
s~ ; n�1}

subject to (2.1.5), (2.2.1), and ( 2 . 2 . 2), and such that the following

are satisfied:

c m i

(2.2.4) ii ~ P(~ 1>u~ , 
~~~~~~~~~~~~~~~~ 

-
~~ 0 as n -

~~

j=1

and

For each large n , for p,q 1 and integers 1 � i1 < ... i~

1 < J q in such that - i~ ~ 9~ we have

~~~~~~~~~~~~~ ~~~~~~ . . .

( 2 . 2 . 5 )  - P(.~i � u n , .. . ~~~~~~~ • P(~ .�u , . . .  ,~~ . s u )

-

where

( 2 . 2 . 6 )  
~~~~~ 

= o(e~~~) 
a: 

n 

.for some ~ > 1-A > 0 , where n and 0 is defined by (~~. [ . n ) .  

V ~~~~~~~~~~~~~~~ ~~~~~~~~~
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t~e see t ina t  (~~ . 2. -I ) is simply tine hypothesis of Lemmas 2 . 2 . 3 and 2 . 2 .4

and is a vt i  m i~uit of t u e  comn dit ion I ) ’  ( u )  used in tine f ixed r ainks

case. Usc  we note that (2 .2 .5)  — ( 2 . 2 . 6)  is in fac t  the D(u 0 ) co mn di  -

t i o n  witin a certain fast rate of decrease to :ero by 
~~~~ 

. I t  w i l l

l a ter  become clea r  why we assune such a i-ate , there being in tine in-

c reas ing ranks cti se a need to comnsider events other than just  those

relevant  t o  f i xed ranks , that is , ot V the form appearing in ( 2 . 2 . 5 ) .

i t  is a iso of ptirt i cu l a r  interest here to see exactly bow the

i t  m c m i  ( 2 . 2 . 5)  r e l a t e s  t e  tine strong mixing comndition ( 1 .2 . 1 6 ) .  As

is  i e p t i u - ect  (2.2.5) w ill bc stm t i sfied if  ( 1 . 2 . 16)  holds w i t h  g ( 2 )  I)

-~i ift i c ient Iv fact . ‘Inn - prec i se Ic , suppose that a system

n i  w i t i n  ~ n~ and f n~ is chosen subject toin ii n n ml

( 2 . 1 .  , 2 . 2 . 1 ) ,  t on i ( 2 . 2 . 2 ) , and th at  ( 2 .  2 . -I ) is sa t i s f i ed .  I f

(1 .2 .  m l  holds , t hen c ~et iu  ly so does (2.2.5) with = g( t )  , and i f

in a d d i t i o n , g C ) = o (e ) ‘ -. 1 th - _  
1 

> , then

=

— ino t e  )

K i1

for some c ( I . and them (2. 2.0) will hold t o m  an~’ ~ such tha t

i -  
I - \ . h i m  cemid i t  L OIn (2.2.5) —(2.2.1)) is  of course sat isfied ftc

i . d . c~-) (mmt - umces ~. .  n i t  it is not obv i ous I n  wha t extent we are
U

- - t m -ic t i mi- ~ lie c I t m s - ~ of s - i t  o i i t l i - sequenc es he i mng considered . i ow -

ever , i t  s }mnuil l he tin~~- l t } ~~m~ t h i s  ‘ ‘ d m s t m i b n m t i ona l m i x i n g ’’ is  po tc i l—

t ia l ly ‘m m c l i  i c - t i k e r  th i n -- t  rong mix ing  w i l t  t ine -~ - q i t emuc e g(~ 1 tending
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to zero at the rate indicated above .

We now present the main result.

Theorem 2.2.5. Let be a stationary sequence of r.v. ’s w ith  mar-

gina l d.f .  F , and k~ an intermediate rank sequence such that

0 � 0 < . Let the leve l u~ be defined by (2.1.1) and let

W = 

~~ 
‘[

~~ > u ]  be the number of exceedances of u~ by

If the assumption A1 holds , then P(W~ < k~) -
~

as n - ~~~.

In order to prove this theorem we will show that under A 1

(2.2.7) P(A ) -* ~(u)

and

(2.2.8) P(Bn) 
-* 0 ,

~rs n -. =- . l’he theorem wil l  then follow by Lemma 2. 2 .4 .  Throughout ,

we ass ume tha t  a system {an , 1~n ,sn ; n�l} for which all of the g iven

conditions are satisfied has been chosen. We begin with the fol lowing

lemmas.

Lemma 2 . 2 . 6 .  -\s n

k - s  - r n

~ 
{r ’i [P {w (~ ) � ‘II [PtW ( )  0)1 

+

Again note that k~ = o(~~) by (2.1. 7) and ( 2 . 2 . 2 ) , so that k~ <

for all large n.

Proof: By Lemma 1.3.1 it suffices to show that

_  _
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F -s ui~ - :
~

2 .2.9) P{W 
:~ = - +

0 mn

as a -* ~~~~ To obta u n  t i n i s  we f i r s t  note that  ~V 

any noiuie~ t i t  ice

inte i ~er— n a  I ned r.  . : we have tine easi 1 v pr vei n i n equa l i t i e s

~ P (:=1) + I t ~~~-l ) p : - 1) + E ~~~- l ) .  Then wr i t i n g  : = ‘~~(n) =

I - we b an e
1= 1 [

~ j~
11mn ]

0 - F )v
1 ~~ ~ 

- 
1] = l’ (T i >un , 

~~

. - u )  - 
~ 

P(~~~ 
~~~~

= ~ P ( F .  ~u , 
r >u )

- . ‘1 0 ‘)i~ J -

( 2 . 2 . 1 0 )  _ L n
_ l

~ 2 

~ 
: P(~~1- - -im , 

~1+j -u)

I i )
= o t — --, - n )

by (2.2. 1 ) .  k-nec

1) c F t
~1 (n) 

- P{W
(
~~
) 

� 
i] ~ F 

(
•
1 [~~1

(n) 
- 

iJ = 0~7- - !

arnd so

1] 
= F IV - 0

~~~.1I) = P)~~ > mm ) - o I~—~- 
i i  ~~1 n ‘

~~

k i i  ~ J-. - -
~~n n i t  a in nt~= -- - - — - _ + 0 - - n n n

‘ow si nce

k — 1~
’ fl 

V1~~~1l ~~~~~~
- in ) 

~i: 
n in

n—fl ~- - )-; )_V
’

= ,/r~-—- 
- - fl in in 

~n n n
,‘o ~2 - -

— -k - 
- - 

i t  + 
0 Ti

n~ n in

_ _ _ _ _ _ _ _ _ _ _ _ _  - -~~~~~~~~~~
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: 

~~~~~~~~~ 
+ 

of ~~~~~

by ( 2 . 2 . 2 ) , and since s~ = o(k~), we have

a k  kn n  n _ n - n n
£

By inserting this into (2.2.11) along with the relation

u/F = up~ (i + 0( 1)) = u/k -s +

we obtain (2.2.9).

Lemma 2.2.7.

k~ -1 r -

r=kn~s + l  1r1 LP iW~ 1)1 L~1wi~ 
= 0)1 0 , as n

Proof: To prove this we wi l l  use tine Berry-Esseen bound (van Reek

(1972) ) : i f  X 1, . . .  ,X~ are i . i .d .  r .v . ’s each having zero mean ,

variance o~ , and absolute third moment p > 0 , then

x + . . . +x1 n x - ~~x) �
o v ~

uniformly for all real x , winere C < 1 is an absolute constant.

Now, for each n let X~ 
~~~

, 
~~
. .  , he 

~n i . i .d . Bernou lli

r .v .  ‘s with mea mn p~ = 
(in ) 

� 1) . Then from the above we inave 

V~~~~~~~~~ -- -- - -
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Ic (mm ) ~]J L (n) = oJ

= P ( X  + . . . +X - k - 1)in 1 m m ~
‘ n, 
i i

- P (X + . . .+X - k -sn,i n~ a n
ii

X ÷ . .  .-~-X - n J) -mi , 1 II , ’ a n k — 1 — I  p
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F - s - - p
-
. _ 

— 
0
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~~ 
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p~~u 1 - 

~n 1 ~ K p~ for
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k -9. p
(2.2.12) ~‘ ‘~ ~1

(9. p (i-p )) in f l  n

converges, as n + 
~~ . But it follows from (2.2 .9)  that

k uv’F
- +

o{~~~
J
~ so that clearly we have kn - 9.n~n 

uiç9.n n
and again since 9. p (1 - p~) k~ , the quantity (2.2.12) tends to then n
limit u.

In the next result we show tha t � 1) may be replaced by

P 1W = i] in the above . 
1(n)

I ~(n)
1

Lemma 2 . 2 .8 .

k -sn n ‘ 9 . r
(a) 

~ [r~J [~~~1(n) � ‘)l [~[ ~(n) =
r=0

k - s
~ r 1 r

- ~ I ~~~ t PIW = 
1)] [P[W (fl) = 0)1 0 ,

r=0 Ir i t  t~ ~(n)
L 1

as n - ~~ .

k - I —19 . - rn 9. 1r
(h) { fl) 

J � ~1 I
- n 

r 1 L 1(n) 
J
_~ 
[

P [W ( )  = 0)]r=k -s +1

k - I
=

9. 

1

r f l 1  
= 

~~ a

r=k -s +1 Cr ] r ~ ~(n) 1) L ~ 1(n) o ) ]  0 ,
n f l  L i —

as ~~~~~

Proof: The proofs of these two statements are virtually identica l , so

we only consider (a ) .  We first note the fact that

_ _ _ _ _ _ _ _  - - - - V - -- -~~~~~- - -  _ _ ,_ ___~___~~~A
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0 � P [I~’~~~~ > 1] � F 
~1 (n) {w 1 (~) - I),

SO ti ma t liv (2 .  2.10) , (w (a) > 1) = 0 (~~
—

~ 
. Thus we have

11 a

k - s

~] L~ [~1 (n) 

~ 
Tr {w (n) = 0)1 

a

k-s - ~~~~ ~~
- 

~~~ 
[
~nJ LP [b o )  = 1) _i LP [W ( )  =

p i T h  T, r - r
= 

m -~O 
~~~~ { ~ [1 � - Li) [in (n) = l]1 } L~ IW 1 n = 0)1

r

n~
( ) [nI [~ [~ ~n) - - 1)1 L~ [mn~ (fl)  

= 0)1
r

- 

r~ () [1
~n] L~ 

[~ (n) I 

~i L~ ~ (n) = 0)1

= i — i — > i) 
~

(in)

= - 
[1 

-

nh id-i tends to :ero .

Before develop ing tine fu rt her needed nota t ion and proving time

tbc orc-n , we :-~t : m t c  several  more usefu l lemma s which  enable us to  extend

our cons ide m t i t  i orn from event s of tine form t ip i) e i r ing in tine condi t ion

( 2 . 2 . 5 ) , tha t is , of the form ~~~~~~ n some set of integers I ) , to

other )5 V c ~ t l t  r e levant  to  the exceedance prob l em nnider our present

- - .  - ~~~~~~- V .  ~~~~ - - - -- - -  V~~~-_~~~~--- -- V —
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procedure.

Lemma 2.2.9. Given an integer r � 1, let B1 ~ A1, ,B~. E Ar be

events. Then

P[(A1\B1)n.. ~
fl(Ar\Br)] = 

~ 

(-i)~ ~ fl A 
~ 

n .=0 i. ~~~ ~
-i -

—5 
‘ C!

where for f ixed s , 0 � s � r , the inner sum is taken over all dis-

tinct subsets i of s integers chosen from among {1, .. .  ,r }. (We
-S

define = 
~ 

.)

Proof: It is trivial that for r = 1 or 2 we have respective ly,

P(A 1\B 1) = P( A1) - P (B
1
)

and

P [(A1\B1) r (A 2 \B 2 )] P(A 1A2 ) - P (A1B2) - P(A
2
B
1

) + P(B
1
B
2

) .

Then assuming that the result holds for a given r we have , induc-

tively,

P[(A 1\B ) n . . .  n (A \ B ) n (A 1\B~~1)]
1 r r r~

= P[(A1A~~1\B1A~~1) n . . .  n (AA~~1\BA~~1
)]

- P[(A A 1\B 1A i~ 
mm . . .  n (A Al r +  r r +

= ~ (- l)~ 
~ 

il A.A
II 

mm [ 0 B
1’ (ls O  i~i

- ~ (-l)~ ~ ~ 
A .B +lI n ~ Bi t Br+il}

~~~~~s=0 i U i

______________  V ~~~~
__

~~~~ V -- -_-_ . - _ - _ _ -
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i+ 1 (r— ~~ 1 ~~ 1

~ ~-1)~ 
~ ~~ 

A.] ~~ r ~I Ui ~~~j ’ C 1
-S ~ S -

~~

where in th i s  last line the inner sum is taken ove r subsets i of
-5

[1 , . . .  , r -+- 1} . This establishes the lemma .

Len~nma 2.2 .10. l e t  A 1, B 1 , . . .  ~Ar~
Br he eve nts as in Len~mna 2 . 2 . 9 .

Then

= ~ ( - l )~ 
~ 

H P(A~)~~ [ ~ - 

P(B ~

s 0  i i~~~-
~~~ 

—5 -5

Pm - oo f :  This is easily obtained 1w elementary calculation
s, which n~il1

he ,‘c ’n i t ted .

Len~m u 2 ,~~Jl. 
F i x  n (large) and let ~ 1EI~~

1) , ~~~~~~~ . . .  ,

- 
, where the odd-indexed intervals 1

(n) 
,

is def i ned in ,
~cctioo 2.1. ~on~ define 

events D
~ 

by

= U~~ u , for all ~ ~~i 
},

for I = 1,3, . . .  ,2
~~~~

-l .  Then (2.2.5 ) implies

7 9 .  -l 2~ -1

(2. 2 .13) ~P[ n D~~
] 

- H P( D~ )~ < Q~~ g~~~

I odd I odd

P roof : Fo r odd i n tegers i~~, i 2 ,  1 ~ i 1 < i 2 � 29.~-l we ha n e

P ( I ) - D 1 ) — P ( I ’i - )P( D . I g~ ~1 1 2 
1

1 12
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by ( 2 . 2 . 5 ) .  Now let 1 � i
1 

< < ~~~ � 29~~ - 1 be odd integers .

If for r � 2  we have

r r
( 2 . 2 . 1 4 )  IP( n D. ) - IT P(D~ )f s (r-1)g~ ~s=1 1s s=1 S

r
then since for any r the event fl D . is also of the form suitable

s=l ‘S
for applying (2.2.5) we have

r+l r+l r+l r
O D ) - 1’! P (D~ )J � P( 0 D1 ) - P( n D. )P(D1 ) I

s=l s s=l s s=l s s=1 s r+1

r r
+ P(D1 ) P( fl D~ ) - Ti P(D . ) I

r+l s= 1 s s=l S

< 
~~~ + (r - l ) g~~

= r

Thus by induction (2.2.14) holds for 2 � n � 9~ and in particular for

r = , which gives (2.2.13) .

Combining the previous three lemmas and using the elementary facts
r

that 
~ 

= 2r and the absolute value of a sum does not exceed the
s 0  -

sum of the absolute values, we obtain the following result.

Lerna 2.2.12. Fix n (large) and an odd integer r such that

1 -
~ r < 29.~~ - 1. Suppose that events A

~
, 
~ 

with B~ ~ A~
= 1, 3, . . .  , r , and C1 , I = r+2 , r+4 , . ..  - 1 , are a l l  of the

same form as the events I)~ described in Lemma 2.2.1 1 , that is , of the

form s u
11
, for j  belonging to some E 1 çn)~ Then

- - V _ _
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-1
n . . . (A \B l ~ 0 C1 ]i= r+2

i odd

- P(A
1
\B

1) . . . P(A )P(C 
2~ 

P(C 2 9 . 1) I

r- 2 9. ga

IVe now establish some further notation needed in the proo f of the

t i~eoremn . Fix n (large) and for each odd in teger i , 1 i ~~ 
- 1 ,

define events as follows :

= ~~~~~~ ~k~~’n ’ k~j ,  k 1I~~’~ } , ~ 
~ ~~n)

F
’ = {~~.c u , for all J 1 1 (n) } = [1V (fl) 

= o]

and

= 

{~k
-u ,~ 

for all k € J c ~) \ {J }}
That is , Ii ~ is the event tha t there is an exceedance of u~ at

“t ime” j  in the interval 1 (n) and there are no other exceedances

~ ~~~ F ’ is the event that there are no exceedances in

and F~ is the en V en t  that tinere are no exceedances in i I~”~ except
_1 1

possibly i t  t ime j .  ) lVe have deleted dependence upon n . )  I t  i s

clear that the following ix-lat ionships hold:

u F ’ =

\ F
1 

=
J J

and
.i _ i1- c j - .

3

for ea ch 
~ ~ 

1
(n) and each i = 1 , 3 , . .  , 29.

~ 
- 1. W ith  t h i s  aota-

t ion and the preceding lemma s we now prove the tineorem .

-- - - V~~~~~~~V - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ V - ’ _ - - V ’ - ’ -  

-

_ _ _
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Proof of Theorem 2.2.5: Fix n large. We note that for each

i = 1, 3, ...  , 29.,~ 
- 1 ,

{w = 1) = U E~ = U (F~\F’)~(n) . (n) 3 
. (n) ~1 JCI j JE T.

so tha t the event fw C~~ 
= ~ is a disjoint m~mion of 

~ 
subevents

I i
each of which is a proper difference of two events , both of the form

~~ 
g iven in Len~na 2.2.1 1.

Now , fo r 0 ~ r s 9. let = {i 1, . . .  , i }  be a choice of r

odd integers from (1 , 3 , ... ‘2~n 
- 1) .  Then

~~~ . 

= 
i)~~~ ~ [W ( )  = o)1}

P odd

= P~ U E.1 o . . .  U EJ n 0 F1’

J~ 
~
1r 1r 

‘r 
j :~~~d

= . . .  ~ P{{F .’ - F l] ~ {1.
1r 

~ 
i. rJ

~ ~ 
~~(n)

I
I 1

1 ‘r 1r

n J  0 F
~ i—r

i ’ odd

Also , by stat ionar ity it may be easily seen that

[Pfw (fl) 
= 
}1r[1 

=

= L& P{W (n) = i)lL n P{W (~) 
= 0)1

i ’ odd

- V~~~~~~~~~~~~~~~~~~~ _V ~~~~~ •V ~~~~~~~~~~~~ V ~~~~~~~~~~~~~~~~~~~~ —- - - -
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= . . .  ~ {p [p ~i \ I . l] P F ’ \ } r .
j
~ 

c J ~~~ 1
(n) 3 i 1 ‘U

1 1 r r 1 ’ Odd

N ot lag that we now have events of the form sui table  for app ly ing tine

development in  Lenuinas 2.  2 .  8-2. 2.  12 we see that

~ r ~ = I ~ 0 W = 0
i~ n) J Li 

~~~~~~~ 
I~~~~

i ’  odd

[1)
1~ n) = JIrL I = I

S (2a ~ ) ’ 
~

by Lemmuna 2.2. 12. Ihen , siBnm i ng over all possible  dist inct  combinations

i l l  r , 0 -
~ r k,1 - s~ , and rcctm ll ing tine definit join of tim e

event ~\ . we have
ii

F s ~~~ 
- -

~ ~— 9. -r
- 

m~ Li) 
I (i n )  = 

r 
L 1 [bc (n) 

= o] I
k - s
U fl ( -

~ ~~n g
r=0 ~ Ii fl ,

k
-, m m a

< _ (2a ) ~ g - ‘n ii n , v

n-
< (4ct ) ga n

(2. 2 .15 ) = 
~~~~ exp {log 

~n + Q~ (log 4 + log ,)}

K

- - 
~~~~~~ 

C 

V
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for all K
1 

> 1 - A > 0, when n is sufficiently large . Taking

K
1 

> K WC have this last expression tending to zero, by (2.2.6).

Comb ining this with Lemmas 2.2.6 and 2 .2 .8 ( a )  we see that P(A
11
) -‘- ~(u)

as n -
~ ‘~~~, that is , (2.2.7) holds .

To show (2 .2 .8 )  we first observe that

29. -lI n

29. -l I i=1 
{ 

~(n)
~ (n) I ti odd 1

P ( B ) = P L

~

k
fl

- s
fl

< W < k i n I ~ W

ii I.

i=I I

i odd

k -1n

n-k -s +1 i {r~€~ 
[ 

1(n)= 

- 
~ p 

~~ 
w = 

1)1 
n r ~~ [W ( )  

= o]I}.
I i’4in n —r ‘- i— —r i —r P

i’ odd

and so , repeating the same steps above, we obtain

k -l
~~

1 
r [1  =P(B ) - I n i t  P 1W (n) = 

1)1~ r=k -s +l IriLl ~n f l

k -ln
= 14r~ = l)~~ n r n = o)1}r=k -s +1 1 I i i€i I 1(n)

~ ~
(n)

1 LL ’
~!rn n —r ‘-‘— —r

i ’ odd

k -ln

r=k -s +1 i
H P[W ( )  = 

1)1 • r ~ =
i i ’~~~ I 1~n)

n n —n ‘- i— —r i L. —r
i ’  odd

k -ln (9. r
~ I r ] (2cz~) ~i~i ~~~~~~~~

r=k -s +1 ~
-

n f l

K
1n

< 
~~~~~~~ ~

for all ~ > -~ I - A. This along with Lemmas 2.2.7 arid 2 .2 . 8 ( h )

V V V ~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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g ives (2 .2. 8) , wi nic in COfl,I)letes the proof of the theorem .

Remark 1. In tine above development we did not use fully the ,-cstric-

t ion ~~k = 0(n) made in ( 2 . 2 . 2 )  , but onl y that  Lt mn kn = o(n)  . W i t h

jus t  t h i s  lat te r  i t  turns out that  we c alm extend considera t ion to imnter-

mediate  rank sequeaces k for which P . However , for indepen-a k
den t sequences 

~ 
i t  is eas i ly  seen from tine relation P(~1 > u,,)

that  tine st i - ongel -  restriction a
11
k~ = 0(n) is necessary for (2.2.4) ,

so that fot- an extension our conditions would actually require some

Lk i-ce of departure froni independence . Moreover , in the importan t

norma l case to he dealt  ei th  in Section 2 .4 , it is appropriate to con-

sider  sequences wh i ch are at l east  “approximately independernt ,” and we

w i l l  find i t  convenient t inere to use the stronger restriction .

Remark 2 .  In the particular case where 0 = 0 it is possible to weaken

some~-.’L :m t  t ime expomnent ia 1 ‘‘mi ~x i ny rate required in (2.  2.6 ) , prov i dcci
A

tha t  ( 2 . 2 .  1) holds for sonic a for which fl— 0 for e v e m v  1 ‘
- In -

(or more s ni mp l v , i f  ( 2 . 2 . 4 )  holds w i t h  a
im 

replaced by n as t ime

uppe m- I in i t  of sinmnna t ion , a cond it i omn which would necessaril y exclude

independent sequences I i - mum corns idm rat loin ) . To indicate th i s  for a

g iven  ~t ;it i on i rv sequence an and in term edia te  rank sequence k in for

nhmic h 0 = 0 , choose 0 < and ~: 7 > 1 and let

s ~~kn a

n 
~ 1+ L ,

( 2 . 2 . 1~~)

and

n

k i- I

- ---  ~~~~~~ - ------- - - - -
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so that the relationships (2 .2 .2 )  are satisfied. Also , suppose that

( 2 . 2 . 4 )  is satisfied with this choice of . Then , if (2.2.5) holds

wi th

l+c +c
~ 2 log n

= 0 e

l+c~ +e
-k ~

(2.2.17) = 0 n

then we cart see from (2.2.15) that the conclusion of our theorem re-

mains valid.

As an immediate corollary of the theorem we can obtain a result

giving the asymptotic distribution of the k~-th largest order statistic

the stationary sequence ~

Theorem 2.2.13. Suppose the marginal d.f. of 
~ 

belongs to the

domain of attraction of the limit law G for the intermediate rank

sequence k~ ; that is, for some constants a~ > 0 , b~ we have

~(n) 
- bk ”  a

a~ ~ x -*- G(x) = ~(u (x))

as n ~ ~~~~, for all real x , where is the independent sequence

associated with ~ . If A is satisfied for u = a x + b with
n 1 n n a

u = u(x) for all real x for which u(x) is finite , or equivalentl y,

for which 0 < G (x) < 1, then also

~(n) 
- bk ’  a

(2.2.18) P ~ 
a ~ x -

~ G(x )

for all rea l x. 

V_ V_ _~~~~_~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ VV ~~~~~~~~~~~ - ----
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Pr oo f :  For x such that 0 < ( ( x )  < I we have the fundamental rela-

t i o m n
(n)

ba
P ~~ - - -r = I’ ( W < k I ,a a n

n
w ! m e m e  l~ ~~ I . - and u a x + h . ym n ce

i= 1 
[g.  u rn ] U

k u(x )b kn mm Ii
1 - I V (u ) = — - -—---_ _ - + ~fl n a

by (1 . 3. -I) , the conclus ion (2.2. 18) for such x fol low s fI V O m I  Ilneoreni

2 . 2 . 5 .  Now suppose x is suc h t h a t  G(x)  0. Since G is continu-

ous , g iven an a r b i t r a r y  L 0 , we can f in c i  an x > x Such that

0 < G (X ç ) < L .  ThUS

j n)
- — 1 )  - — 1 )

k a k n
1 liii P —

~~~
-----——— -—---— � x < lint P ~-~

‘------—---—---—— � x
a an a n n

= G(x )

- -

so that
(n)

- - 
— b

(F n
u r n  I - n— - x = 0 =

in ~

i ui I ;trly we mmma y consider .~ such that G(x) = 1, and tine proo f i s

complete.

l~e c mc lude tin is sect ion by res ta t ing ti -ic asslmlp t ion A 1 and

il-meorem 2 .2 . 1 3  for cons idera t ion  of sequences of smallest  rank te rms

— ( m m

rn

Aj  : For t im e  g iven sequence u~ satis fying
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F(u ) = _1! + __-_~~~ +n n n

for some real ntmiber u , there is a system of sequences

{a~~ ~n’ 
5n n�l} subject to (2.1.5) , (2 .2 .1 ) , and ( 2 . 2 . 2 ) ,  and such

that the following are satisfied :

an -1

a ~ P(~ i�u1 , 
~ l+j

51Vm
n

) -
~ 0 as n -~

j 1

and

For each large n , for integers p,q � a
n 

and integers

1 s i 1 < . . .  < i~ < < .. < J q s n such that - i~ � 9.~ we have

‘~i~
>
~’n ’ 

F~~>u~, .. .  t~ j q
>Un)

- P(F~~>u~ , . . .  
~~ip

>Un) P ( ~j 1
>Un t • . .  ~~~~~~~~ I

< C T-

where

= o(e~~~~~~) as a ~~

for some ~: > 1 - A > 0 , where a~ nA and 0 is defined by (2.1.3).

Theorem 2 .2 .14 .  Suppose tine marg inal d. f .  of the stationary sequence

~ 
belongs to the domain of attraction of the limit law G for the

given intermediate rank sequence k~ , for smallest terms; that is , for

some a~ > 0 , b~ we have

‘(n)
~k - b ~

_ _ _ _  < + G(x ) = ~(u (x J)

as n ~~~ , for a l l  real x.  I f A~ is satisfied for un a x  + hn

L ~~~~~ V_____ 
_ _- ---- ----



w i t h  u = u(  x l  fo r a l l  lea I x for which  u(  x)  is f i n i t e , or equi

va l e n t  lv , for which 0 — G ( x )  < I , ther m also

r (a) - 1)-k a
P -----

~~
-----—— - x -

~~ G( x )

(or a 2 1  rca I ~x

2 .3 .  A Secon d Proc e dure U s i n ~ Cen tral L i m i~~~heor .

In tin i ~ sect ion we present an al terna t ive method for e s t a b l i s h i n g

(2 .  1 . 2 )  us i m m y  t ine framework in Section 2. 1, and in which there I V ’; an

general r e s t r i c t ion  as to m o w  r ap id ly  the in termedia te  rank sequence

k tends to  i n f i n i  t v .  The asswnpt i on we w i l l  make is of a s i m i l a rn -

\
V~~~~ s t i l l  somewhat cli i feremi t  from , tine assumption A 1 of t ime

la s t  sect ion . with one uhiportailt di f ference being that the re m t  ion-

ships ( 2  . 2 . 2 )  , which res t r i c ted  what jmnteninediate rank scqu cnccc could

he cons idem e d , w i l l  be replaced . As we inave previously merit io r me d , time

essence of the procedure w i l l  be to es t ab l i sh  time asymptotic  norma l i t  r

of a standard i :ed form of the r. v . in such a way as to i c — m i  iirum ne -

ml

ci i :mt e l y  to the des  i red comic [us ion ( 2 .  1 . 2 )

As in  ycc t ion 2.  1 mm: cont inue  to suppose that  is a g iven

s t a t i o n a r y  se qmmen cL w i t h  marg ina l d . f .  F , k~ is a sequence of i n t e r -

-mci m i t e  ranks , tine l evel u~ is chosen t o s a t i s fy  ( 2 . 1 . 1)  for some

m c m l  number u , and = ~ {~
. >u] The fol  lowing is the ass~~m1p -

t ion to he mcci in  ti m is s -ct ion .

There i s  a svs te rn 
~ ~~~~ 

n - 1 1  subject to (2. 1.  5) and such

that
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= o(/kT~i

(2.3.1)  and

= o(n),

and for which ti-me following hold :

k
(2 .3 .2)  a~

1 

~ 
(a~ - j ) { P (~ 1>u~ , ~l+j >un ) - 

(1 
- F (u

~))
2} = o(~~J

as a -
~ ~= , and

(2 .3 .3 )  a— g~ -
~ 0 as n -~

where

= sup sup P (AB) - P ( A ) P ( R )  I ,
lsm n<2 Q - -l Ac~~n n ,mn

Bc
~~~~~111+2

~~~~ 
being the a-field generated by W (n) ‘

~~~~~ 

(n) ‘ ~Thd 

~~n ,m+2
I m

tine n-field generated by W (n)~ ‘~~(n)m+2 29.

We note that tine intervals ~~mt) and I~~~ are “sepa rated ” 1w at

least ~ . It  i s  then evident tinat a condi t ion sufficient for 12.3.3)

which is stronger in that miore events must he cons i dered , is

( 2 . 3 .4) 
~~ h ( i ~~) 0 m ’s n

where

Ii~(5l ) = sup sup I I’ (A B)  — P ( A ) P ( I f l  I ,
I - nv n- 9 .  A r !

Bc~~~1 ,m -4-9.+ 1

- -



( 1 7

, m m m be lug time a - f i e ld  gene rated I)> ’ 1 [. - u ]~ 
[r >u ] ~md

- - 1 ii iii a
+ ~ 

the c — f ie ld  gemnerat.ed by l
[ 

- 
~~~~~ ] , . . . I 

~ 
•

V mll + ~ + 1 in mm m m
for fixed a, iii le t  i he a subset of tine f i r s t iii i m n t c y t -r s  m ind j

.i subset of tine integers f
V

m Vofl in + + 1 to n. Define events

= - , i - i F ‘ < ‘tm~~’ i ’ ( 1 , . .  . , m l } \ i}

(2 . 3.5) and

B . = -u
fl

. •i ;  
~ 
n

11~ 
‘
~~ (ui~~:+ l , . . . , m n )

[Iw - ~m we cain ccc t m a t  each \ u 
in 

can be wi i t t e m n  mis some disjoint

tuuon of ~t mos t 2 1m cvent c  e m m c h  of the loan - \ -  , and s irni l an e each
n - n m - v

cve ;~t B 
~~~~~~~~ 

- - ÷ ~ 
is cone d i s j o i n t  union of al most 2

event s  of the t o m ~m n H - . Hence m s u f f i c i e n t  c of ldl i t  ion lot- ( 2 .3. 4 )  mm ;

( 2 . 3 . 6 )  2 n ii

a mmn

w i n e  m e

ln 1~ = i i ) )  
~
;mi I ) P ( V \ B )  - P t A .  ) P (  H . )

- m u - n - . 
~ ~ 

—

One can rThOl , as Sd d i d  for t ine cond i t  A
1 

in ti -me last see

c m , ( l i m i t  (2 .3.o) i_ s s at i s f i e d  by s t l V o m m g I v  m i x i n g  sequences in which

g t. 1 (1 m i t  sonic p ar t  i i  :1 C~ i ( l i l O i l t  ia I n ite  , h u t  that ( 2 .3 .  (~) is

pot em i t  jai l v -much ; u c - m m F e i - . How eve r , the condi t ion ( 2 .  3. ~ ) is substain -

t m u  y wt-m ikc r vet , ( item - c- b eing  ( e w e  r even t s  t o be co ins i Jei-ed . and

ip~u~m - i t  lv mmii exponent m l  m i t e  of convergence in ( 2 .  3 .3)  is not iT—

in red . (in fo r t  tu n a tel v , in SOilid ’ i instances (2. 3. 3) univ he hard t o cc r l v

dim e - the na t  m i r e  of time t. ~eni  s i nvolved , and mis  an e\ mn1 m p l ’:, we 1 - n o m -

found t h i s  to be the case i c r  s t m m  t ni n a i- v norma l sequences cons i k- m e l  in

— - - -- .4
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the next section , where with the presently known results dealing with

normal sequences we will necessarily be content to work with (2.3.6).

In this section on general stationary sequences we will use assu2mup - -

tion A2 as stated , however , and we now suppose , for the g iven se-

quence 
~n 

that sequences of integers w~ and have been chosen

for which all of the restrictions and conditions are satisfied. Having

this , we then define a triangular array of r.v.’s ~~~~~ n large

and 1 � i 29.~~ , by

W - Ii IV
~(n) ~(n)

x - I

n ,i
_

a n
wine re

= \ mm - W -a 
~
(n)

j  I

= a 
~~

‘n1 (i - F(u ))

(2.3.7) a -1

+ 2 

j~ i ~ n
j){1~~ i >~

mn~ ~l+j
>”n~ 

- (i - F(u~))4 }.

The key to our approach is tine following result of Dvoretzky ( 11)72,

Theorem 5 .1) ,  a central li m it theorem for triangular arrays with depen-

dent r.v. ‘s in each row, an~ which extends the classical theorem for

arrays with independence wi thin  rows (see , for examp le , Loève (1963 , p.

295) ) . Ice state this  result as a l eunima and in ori g inal form , which is

more genera l than what we require .

!~ema 2. 3 .1 .  Let {X ~~~ 1
}~~~~1 ~~ 

he an array of r . v .  ‘s with

P X - = 0 for a l l  a , i , and letn , I

L - - - V - - - -  ~~~~~~~~~~~~~~~~~~~~~~~~~ --
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_

- -~~~~~~~~~~~-
_--V ~~~~~~~~~~~~~~~~~~~~~~~~~ - -- - - V

g1~(k) -~ sup sup ~P(A.B I - P ( A ) P ( B J  I
1 - n i - N  V k ALmm n , mii

13L
~~1 m+k +1

where  is tine n — f i e l d  generated by X~ 
, 

, . . . , X
11 

and

is tine n - f i e l d  generated by Xfl i m m +k+ i •

t I ld id i I d  i r i t d y c I s

< 
~~~~~~ 

< • < 
~a~~ m n~

m cii that  , d c  1 i in ing

I i-

‘1
’ - N - , m 1  . . .  , r
n , m j ( r l ) + l  n , i a

we l n m v C

l i m m u  ~ - = i
- 0 , 1a 1 odd

I j u l  ~ p ‘I - = 0in , iin I eve mm

and
r

u r n  ~ i I~~~~~ 
= 1) for nfl  c ~

- 0.
it m m ,

Phe im h u m  r~~’ ( k )  = 0 , w l s m ’  k~ i m m in  (j ( i ) - j n h h 1 ~~ . imp l i e s
n I - m ~~i

n
t h at

N n

~ 
X n > NtH ),i ) .

i=1

( 
- - dcii i  I e c nv crycm nc ( :  in  cli  st r i l imit  j o in . )

2 - - 2c

L 

~~~~~ 
= , n i-mci ~~ ti~ - l o I 1 o n ~iuig l cmm ~na shows , 

•

~~~ 

X~~~~-~

t ime appr opr  l i t  c’ standard i - i t  lOfl  ol 1
~n mu id er  the assumption -\ ,

V f l j  result w i l l  tine rc fore -on st  i t u t e  the major  portion of sh ow in g  that

-V -. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ V~~~ V - V - ~~~~~~~~~
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A , implies (2 .1 .2 ) .
29.

Lemma 2 .3 .2 .  Under A2 
~ 

X1~~ is asymptotically normal (0,1).

Proof: Clearly Ii X~~~ = 0 for all n , i . If we can establish that

( 2.3.8) lim ~ E X 2 
. = 1,

n i odd “

(2 .3 .9 )  liimm ~ U X~ 
~ 

= 0 ,
n i even

and
22.

(2.3. 10) lim 
~~ 

E [X~~j  I [~~n > c] J  
= 0 for every i > 0 ,

then along with (2.3.3)  we will have fulfi l led the conditions of Lemma

2.3.1, and the conclusion will follow. Here we are taking N
a 

= r~ =

and j~ (r) = r , 0 ~ - r � 22.
~, 

, for each n , and as well we are

tacitly using the trivial facts that 
~~~ m 

is also the a-field gener-

ated by {Xn i ~ lsi �m } and 
~~~ ,m+2 the a-field generated by

m+2 � I � 22. }.

We proceed to verify tha t ( 2 . 3 . 8 ) - ( 2 .3 . l 0 )  hold . First we have

that
Ic
~(n)

~ E . = ________ = 1, for all n ,
i odd ~~ i odd 2. aa n

by stationarity , so that (2.  3 .8) obviously holds.

Next, using stat ionarity and for convenience writing p1

I - F(u~), we have , asstmning 2~ > 1,
13n 2

Var 
~ 1 (n) = l~~~~~ ( I [: .~u i J  -

2
= ~~~~~~~~~ + 2 

j~ l 
(~ 1 j ) {P (~1>u~~ ~1+j

>
~
’n~ 

- p~~
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+ 2 
j~ l ~ 

I )V l~~
U u n~ f i+~~~ j >hm n)

= 

~um 1 n(’ 1
~n
) + 2

.~~~~~~~~~~~
l ~~~~~~~~ 

i ‘ 1>
~1~ ~~~-~ + 1 >u~)

m~~p~ ( l -p~ ) + -—----s— 

~ 
( j  )P(~~

1 
- -a 1 , ~1÷ . >un)

in a j = l

-
~~, -~~ - 1

= 
~~~~~~~ 

-
~~~~) + ~ (~t

11
-j )  ~P ( - ~i , - 

P
2

~n j = l

2
+ -—-~~~~~~~ ~ I~c - l )pa - n m m nin a

+ 2 V ~ 
~ 
H11~~~~ 

{~~~(~.1 m u , 
~~~~ 

u t  - 
i~~~

}

ii n m m J = l

~2 a - I

~~~ + 

I~~~

’

~~~ 

~~~~~~ + 

~~~~~~~~~~~~~~~~ 

(an~
j) C 

~~~~~~ ~i+ . >u~
) V

From ( 2 . 3 .2)  and time rel m t i o n  p 
~~~~~ 

we h ave

( 2 . 3 . 1 1 )  

~~ 

I 
~~~~~~( !~~~~~~) + o~~~~°]

so that  1

Kn n n  i n n
13 , a

(1 -

which tends to zero b~- (2.3.1), and m I s c

2 13~
2 — ~~ (a j~~j )~~l’(~~1 >u~~, > u )  - p~ }

anan (an~
(3n ) j=1

- -- ~~~~~~~~~~~- -- -~~~~~~~~~ 
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2
- o - - -7

an
fr om which we obtain

22 . -2 (2. -l)Var W (n) Var IV (n)
(2 .3 .12)  

~~ 
E X  • = - 

2 

2 < 
2

2 -~ o.
i=2 9. a a

i even n n a

a
Also , clearly E X~~29. 

= k~ 
‘~~~ which tends to zero since

= o(k~) .  This combined with 1V 2 .3 .12) g ives (2.3.9) .

Finally,  for each 1 s i s 29 . the r.v. IV 
~ -~ is bounded aboven

by an + 2~~ so that I X ~ ,~~I is hounded by 
1

a +213 a

which tends to zero . Thus for each c > 0 we have that

1

~~ 
E [X~~~ ‘ [ IX ~~~,~~~I>~~~]] 

= 0

for all sufficient ly large n , depending on E , so that (2.3.10) holds ,

and hence the proof of the lemma is complete .

The main result is now immediate .

Theorem 2.3.3. Let F~n be a stationary sequence of r.v. ’s with mar-

g inal d.f. 1 and ka an intermediate rank sequence . Suppose the

leve l u~ s a t i s f i e s  ( 2 . 1 . 1 )  for some real u and let Wn be the

number of cxceedanccs of u
11 

by ~. 1,  . i f  A2 holds , then

< k~) 1 ( u ) as n

V -- -~~~~~~~~~~~ -~~~~~~~~ 
- - - - -  - -V- ~~~~~~~



—
~~~

. 3

Pm -oo f: he have

2- K - un it
P { i’~ < K ) [) V x - < VJ~~~VV._ -~~~

in I-n L
I 

in , 1 ~
a a

winei - e = 1 - F (u 1 ) and Ic g ice r i by  12 . 3. 7 ) .  u s i n g  ( 2 . 1 . 1 ) ,

(2.1. 7), and (2. 5 .11) we have

K -an
a - u -i

- U as it -

- m m a

m in d the result lol l om- ; s he ) euiml i m m 2 . 3 . 2 .

(c UiIV also St m ite  the correspond lag t ineo r esm g i v i n g  s u f f i c  i ermt

CoI~i ( i ion s unde r which f
(~~~ has an as\ -~pi 1 ic d i s t r i b u t i o n .

l ’ l i e c m e m u 2 . 3 .  1 . Fineom ~cni 2 . 2 . 1 3  r e m : u m i m l - - v a l i d  ii  in p in e d - of A 1

loi n \ , holds for  u = a ~ + h wit h ii = u i ( x )  for m i l l  x
— a m U

such t - : t  0 < C i x )  ~ I

F m i n i  I I ; , we t est m i t e  0111 ~( m md i t  j o ins ami d rcsul for  m m s idera t i i  of

1 1  c-~- t m m m mk i L l  
- 

-

.- \ ‘ , : For t he m i Cci SCi j l  SStce ii - - t i s le  oti
— 

- in - -

K ~4 ~~~
F (mm ) = —

~~ ~
- ci _

~J1 + 0 1 _ V  -i

it n i n in

m c i  some m c m l  I m nwm h e m U , t (met e 1re scqiic-nc es 1 ,  ~~~; 
it -I) suh j t o

(2.1.5 1 such that 
~-i 

= o(~-1~~t and - m k  = 0 1 m m ) ,  f o r  w i n i ch

- ( — l

~~ i ~~~~~~ H + j ~
h m n

) - l - ( u
11

) }  =

mis fl - °‘ , m i n d (2.5. 5) m o l d s  , m is dl ef iunedi  in the  a s c i m i t  ion
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be t m en have

Tlneoreium 2.3.5. Theorem 2.2.14 reimmains val id if in placi of A1

assumption A holds for u~ = a
n
x + h~ w i t h  u = u (x )  t o m  each x

such that I) < G~x) < I .

2.4. The Normal Case.

As we u-noted in Section 1.3 the standard norma l law ~(x) belongs

to its own domain of attrmmctio n for any intermediate sequence of r ight ,

on - left , ranks , and there fore tine theorems we have presented in t h i s

chapter mit - c appl icable to stationary normal sequences. Since for a

g iven value  of tine mimean of a stationary nonmna l sequence 
~ 

i _s

V spec i f ied  by i t s  set of covari arnces , one would hope , jus t as in the

f i x e d  r anks i - m i s c , to f ind sim ple  covariance condi t ions  imp ly ing our

m i s su immp t i omis for general stationary sequences. As rmm igi n t be expected , in

order to m t i s ly  the general conditions , which involve tine cons idera-

t i o n  of more events than j us t those relevan t to ex t reme order s ta t is-

t i c s , we w i  I I  1-equire rates in wh ic in the covariances tend to zero that

arc subs tan t i a l l y mastei than ( 1 . 2 . 1 7 ) ,  ( 1 . 2 . 1 8 ) , or (1. 2.19) . For

convenience we will deal exclusively with standard (that is , zero m ean ,

u n i t  v m i r i a n c e )  normal sequences , sl ince results obtained for th i s  case

can be ens i ly trans formed to other normal sequences.

I lmu i s  suppose that  is a standard stat ionary normal sequence ,

that  is , -

~~~ 

has margina l d .f .  ~(x) , and let r~ = P 

~l~ n+1 ~ U

denote tine ecu-responding sequence of covariances . Let he an

intermediate rank sequence mmd for m m g ive n  rea l nuither X , 5U~~0SC the

level U smut  i s f u c s  (2 .1 .1 )  wi th u = u t x )  = x , that is ,
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5

k ~~~~~~
(2.-LI ) 1 - ~- ( m m  = V ~~~~~~~~~~ + 0mi fl a a

mis n ~~~. c)ne such u i s  o f  c o u r s e  u = m m x + h where a andn n a n in
h m m m e  p 1 c- c m  b~- ( 1.3 .  19) , wit in  F = ~~ . Comntinu ing to let (V

0 Jets 4

the am u Ncr of exceedances of u 1w ~~ , . . . , we l m m m v m s  as o u ra - 1

object ic  e to  o bt m m in ci ut L il ti Olt S Ott the co vm ii  m m i nce s  r under whichn
i -U m o  Ictm . I t  w i l l  therm lol l ow by o m i r  previous  t iteot -ems tha t

- - iJi ) -
-
~ K ) - ( x I . andi m ci-nec a iso t ha t  t Ine order s tat  1st mc - is

a n a
a t m \ . p t  1t m c mi i lv l t c i i - iml m i l

h -  cc i  i i  he mmssi _un ing that  t i m e  covmi rimunces r ~- m m 1  to :cm - s i-cin
a = , a comndit  ion m mppa i - em nt  I y essent - m l  in  order to L i c e  the icpii m ed

‘m m p n m x m m : m m t e  rm d e pecdcn ce ’ l e t m ~~ - mi r.~ . ‘ s m m m i -  . q - m t  in t m x - , and i~

w i l l  he ca a n ’- -ma m er - it to def ine tine c~uant i t  ies

(2.-L2 ) = sup i-In I

amid

2.1 .3) = supa iii
mu fl

As i n m m s  h - v r m  m d  i c i ’e i  Lv hc - m rn i m tm m (1H I) , tine assumption rn 0 m . . ~m l ies

that S 1; t l n i s  mmm v he seen from the mi ~~t tin at j l  a = 1, tlmec

r~~i = 1 t a r  m i n e  a - I , mmm i hence r i  = I i n f i n i t e l y  o l t e n .

A l s o , it is  c i e m i  t h  1 t m  u m m c i n  a i- I t h e r e  is  m i t t  in teger  ~ > a

e lm t ha t  ~ = r thus I I t is a sequence of pos i t  ice  nmnth ersin iii aa
ci i i i to um m cm ii Iv i ite m - ins i up to i n f i n i t e  , and if  m t remai ns bocunded as

a ~ , c hd S um S i mtce t ~ F t for eacin un -m 1 , the  sequence
ii n m m flu m m  m m

it In
i s  m u l s d )  hounded.

he N d - g i n  the dcve l op um me nt Lv m l i v i  ng sommi e mis c  fm ml  p r e l iminary tech-

m ni ca l r e s u l t s  pi t -t m l i n i n g  t o  norma l - p i r - m we- ~ . First , us ing  he
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fmurm i I in i i-elation

1 - ~(y) as

we inave , for u~ defined by (2 . 4 .1) ,

kn 1 n— - - I  - ~ (u ) ~~~~~
—

~~~
- en n v .u ua

so that

K

(2.4.4) 
n u -

~~~~a n

By t ml Ku  tnp 1 ogm m r i thins it follows that

or 

u~ - 2 log ~~
-_ + 2 log u~ + log 2~ 0 ,

= 2 log ~~~~ + O ( u m ~ )

so that

1~~ 
-Th--(_ .4.5) u~ - log ~~

--

Hence also , from (2 . -L4 and (2 . 4 .5 )  we 1-nave

(2 .4.6) ~~~~ 4n 
~~~

j

2 
log ~~

he ~ i l l  m m l sn require  the f o i l  ow i ng result , various forms of win i cit have

been used m - x t m m u m - i v e l y  in conside rat ion of extreme orde r s t a t i s t i c s  for

norma l sequences Lv a numbet- of miut inors , inc l ud ing Bennan (1964) and

Leadbetter I l P 7 - I b , 1977 ) . The jn rec ise statement of th i s  resul t , winic i -m

wi p icc ’ in a I n n sui t a b ! e C r  ou r purposes , is imp I id t in the proof

of Lemma b. ~ of Lea dhet t ir  (1 P7- (mi ) ; itowcver for cia  r i ty we umroc ide here

mu sketch of most of the- Jc- tm i i Is of proof .



- -  ~~~~~~~~~~~~

I L :m u mimu 2 . 4 . 1  . i e t  
m~ 

be a s tandard  t I  ama m - aorm uua I sequence mmd

suppüse that  r Ii 
~~ 

- I) mis n - - . For p ,q  1 let 

, i , j  , j  he dist m m nL ~t in t eger s .  Then for s -much m c m i i

ntum uher mm ,

j ) (
~ 

- ii u , ~ - m m , . . . , - - i~)
I P 

.1
1

- - ii , . ..  ,c~ t i ; l ~~(-~ - u - - m u )
I p Vl

q

- 
- u / t 1 4 1  - I )

( 2 . 1 .7) x K 
~ i c 1 ~ i 

1 , I

1 ,1

for some I lin i te coast t n t  K denen ding m n i ~ omn ‘- , d e f i ned Nv ( . (.2)

wine r e = I 

~~~ 
= ~~~~~ for i I = {i 1~ . . .  

~~~~ ~ 
= 

~~~ 
, oil C- c  sm u ni i m mt  ion is tm ike mi over all  possible p a il - S i

-~ 
- J .

Proo t : he wr itc-

P (
~ 

- - m m - m u , - - m m  - - It )

I ly ‘ p~~(~~~~l 

= 
I j

~ 
f
~ 

(~~~(i y

where f
_ 

m a  t ine j o i n t  l i - a s i t c  of -~~ ,~~~,1 - - i 1 1
1 1) - l  - q

is hmmss-J m u p o m m  t h e  c o vm m r  j u I c e  m s u t m c x , sa y ,  wh ich  uni v he

p m m r t t t i o a e d  i n t o  m m 2 2 bl oc -I. i t  t - i x  wine-se p r i l n c i lnmi i diagonal blocks

coa tm i  in  lid e o vmm m ’i  minces hc-tmo ’ Ii t I m  - - and between tine
~1 I

1 p

~~~. and who se -  ot I t e m  blo cks conta il -n t i n t ’  eec  m u m  m ances  between

mind r, . for m i ll pairs i , i  . Now I c - t A
0 he the matri x of the

- - - V 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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sammie d iimu en sion mis A
1 and havi ing tine sasune cl emeu n t s in the respect ive

pr inc ipal diagonal blocks and zeroes elsewiner e . For 0 -
~ In I d ef i n e

time mna t r Lx  A
h 

= hA
1 

+ (1 - h ) A 0 , arid let f
1 

he the (zero -mile -mm ) norma l
demis i t~ based! am Ah - ~ A1 is c-m i s I I~ seen to be a covmlri ance m a t r i x . )
Let

F ( i n )  = J . . .  J 1h~Y~~’Y

so that

et i , - ii , . ..  , & .  - - m m ) =
I P - l

anti

- mu ,..~~~~~ -:u)P(m - - u , . ..  - ~ =
I p -

~l -q

Tl ncn the i t - I t  s ide  of (2 .4 . 7 )  is  F ( I )  - F(0 )  J , and we have

p1
( 2 . 4 . 8 )  F l )  - lm (O) mm J I F ’  (i n ) 1dm ,

0

winer i ’

u i f  ( i C
F ’ (h i  = J ~~~~~~~~~~~~~~ 

dv

\ow if we were to cc i- it c  clown explicitl y ti-me unult id iniensiona l  n o nnm ;u l  -

dd’as i t ’-  f~ (~~~) , we moa t m l  dl see t h a t  i t  depends on h through the compo —
mie nts  A.  - , of ~

- , so that
1 , 1 in

- 

1

~~h~~~~ 
i i 

,V — 
- - , i - 

- -

~1 , i ( i L ~J m , t

min d tin cref ore

p cm ~~f (y)I T  ( h I  = -~ 

~ 1 j I -— --a-
15 E , i - I  ‘ — i - i  I ,)
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s i m n c s  
~~~~~~~~~~~ 

= i f  i and i ’ mi t - c both in  1 or hot In in -I ,

min d \ . ., = i n c .  . , i i  i c I mind i’ J ot- i € J and i ’  I .

l in e - m n , using the  fact  that  the d e r i v m m t  ive of mm t imu l t id imens  iona l u nor nn m tl

d em n mc i t  v -ic I t in m 5 -spee t t m m Cot m i r  i m uics  e l emmment  i s  equal to the second

m mmix e d dcc i v . m  t i ye mci  t in  m e speC t to the cor re spomtdi  ng v a r im i h  1cm ; (see

I r m u - e l - and e m m L i i w - t  t er (1 1n7 , !id lu m i t ion 2 .  10.3) ) , we obta in

u p ~~~f (y)
I m T ( h )  

- ~ l o ~~, 1 l I~ . . .  J ~~- :
I L I .J ’J  — - -

~~ - m

m m m d i n t s - pI - m i t i n g  c-~ amn d v . l eads to

P (In ) mm 
~~- 

l
~~i , I J ~ -n —~

’ j = = u)d v ’
I L  I .j ~.J - - 

~~
‘ -

Th erm ’ 11 (y 1 
= Y .  = m m )  is tine m mmm L t ion of p * ci - 2 y m u r i m i b i e s  oh-

t :i l ined Nv p u t  ing y -
~ 

= v~ = a into , mint! t ine integrat  ion I S over

th e rem namfl irm ~ n m i r m a h l e s . I c c  eacin pmn m i .n ice ea m n d o n m i n u t e  t h i s  l a st

i m n t  op r. i t  ion Nv

I I v - = v - = m m dv ’j 
~~~~ 

j it - 1 -

which is m is t  t h e  i ) i \ - m I r i ; i t e  n u n m i u l  I c - m i s i t e , e c m i l l m m i t c ; L I at  (u ,m m ) , mm; t x

s t m u m d m m r d  norma l r . v .  ‘ s w ith c o \ - m u r m ; m m m e e  ~~~~~~ Hence a I m t t  Ic oh-

V i - i  1- C~ I c i t  I ut p ices

11
2 1( 1+ p

(2. 1 .91 F’ (h
~~~ ~~~~~~~~~ ~ I~~~

-
~~~~~~~

- (1 -  .
~~~ 

- )  ~ e
- i i  i _ I j - 1  ,j

for 0 - it I . Now run 0 imp l i e s  t ln at  r~ i s  hounded macn y fm -on

~~I , t h mmt  i s , ~ < 1 , Lv our e mm m -Her r emmm m um k s , so t in mm t (i 
- e~ •)~~ 

is

hounded ab et—c. Tine Con e h u m s  h tmm u-now fol l ace ft-am ( 2 .  . 8) mmci (2. -1 .9

_ _  
-- -~~~~~~~~~~~~~~~~ --- --- - V 

~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~



HO

By merely making appl -c 1)r i a te  changes in tine l imi ts  of integrmit ion

apj t cmiu - ing  in tine previous Itroo l we can y en fv tine following result.

Lemimmuna 2.-I. 2. Let 7 be a standard statiotnary norma l sequence mc i t i m

covmiriajnces r - 0. Pot - P 1 , ~~~~ , q1 , andi q 1 let

jI ,~p 1
, ~~ .J j~ - ~J q 1~~J j ~ d q

be d i s t i n c t  in tegers .  Thetn 10 r each i-ca l u ,

ii , i = i 1 ,. ..  ,i ; 
~~

. , >u , i ‘= i 1 , .  . .

~~~

. mm , J = i 1 , . . . , j  : ,>u , j ’ =j
~~ 

- ~~~~~~~ i=i 1, .  . . , i ;  ~~~~~ , -m u , i ’ = i 1, . ..

- ~~~~ ii , t= j . ‘~ q 1 
~-u , j  ‘=~j 

~

- I )
- - K 

~~
- - e I ,)

- - 1 , 1
1 ,J -

f e - i -  some K clepcndiag cm lv on 3 , winci -e 
~ 

= F 
~~~ 

1
~1j 

-

- = N 1 i~~~. ~~~~~ ‘i
’m~~ 

and = I i 
~~~~ ‘—

~q~ 
‘ 

~~
“ ‘  2

mind t In e su mi m is tm ik en  eve - i -  m m l i  pa i l-s of such i J

As spec in 1 c ;ms t -s  of t!m e above u - esnml I ice have t lm m m t for i j  nimd

any u -emi l mm .

ui 2/( 1÷ 1 r - 
-

. H
( 2 . 4 .10) 

~~
1 -
~~

• m m , ~~ . - i i )  - ~~( u I l  K I r . . I  e •~

m mmd

r - -

1 2 . 1 . 1 1)  lC~~~. -m m , ~~ ‘ m m )  - (i - H u l ) h  - N u~ ~ j e

for  - c om mit - K i s i  m ound ing on 1 out

~ 

---- ~~~- - -  --~~~~~ 
-
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SI

~e m m c i -  m o w  read y to cons i cier tine mm iain problem of obta m u - mg c o e mm ci - -

amnc e coindit  ions for no m - m u u m m i sequences under which o u r  general dependence

eermd it m in is i i i  t h i s  c l t m ip te r  arc sm m t i s  l i ed ,  in doing th i s  it  is utmost

ce-nc-cit i em it me clcm m I w i tin t in e  m i s s i  rapt  lot i s  A
1 

anti A~ sepa u - at e ly  , al —

t i  mgi ;  for c’aclm we enmp loy tin e ne-sn i ts just pce- emnted lit som ume ic i m i t  s inn —

Ian x m m v s  . Li n a t  we coins idcr co vm mn i mi f l cc  conch t i e - ins  sufficient fom A~

I i  t in t ’ p i c e - i n  s t mmmcdmim - d  s tat  o m m m m m  nonm im ul ‘;e~jmiemne -c’ 
~~ 

mci tin co—

c m i r mulces 1 n let mia 51 m; m J x se tinmmt

(2 . - i .  12)  r = Lmn )

fo r  - - xm m e - ~. > 0. Nc - is m i s sn: me t ha t  t~ in t i -me in termediate  ra mnk sequent-c

wi th (m def ined by ( 2 .  1 . 3) , we hat -c a n t i c  lied tine relat i ons

- 1~-u5
L. 1 . Ln) 6

mdmt m s 3 = sup r , m um - id mu I so
IL- i a

( 2 . 4 .  1 i)  -

l i ne c-o \m i nimu nce coa l it join I 2.-i . 12 )  is of course s ; m h a t  an t ia l  lv st ; n - n

Cu min those- coal i t  I ons  used t o n  tIne f i x e d  r u i N s  pnohlerm , but it is

as-ye-i-t he - less  r - u a u m m u l l c  irn v i e w  of  t i s  fairl y st rong ‘ m ix in g ’ co mn d i t i o m n

(2. 2.o) - 01- t h e  g iv e - mm n o n m u m m I se ijuem ce ~ t lie - m i - I m m t  i n -  2 . 1. 1 3 ) mind

(2 . - I .  1 4 )  of cou rse imp ose ; w l d i t i o n m u l  r e s t r i c t  ions uip u m what  i v t t - r n m c - d i

I t s  -ma N - ; e m ) m i e n c e s  K mmmi v be consi~l e m i -i , l a - v o m u l ‘ - ‘ c l i i  re-meat t i m m m t
it

i i  t ine - r_
n 

imm mc - e h i g h  degrees ~l c u m - l a t m en , ‘ i t u s , m a

“close ” t i  one , or i t  t ine -  ape-c t m c  exponent m m i i  r ; u t v  > 0 m t u d i e - m t  m u g

how rap id ly  i-~~ tends t i  : e r im  i s  s m a l l  - i t  1 1 a m - - -cet- m mm s u ppm ~~~u - : -  i t O

_
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tlnm t we provide am-n intuitive explanation mis to why these restrictions

mi ght he needed . L i  rat , ccc u -mote that (2 .  2. 4) implies ti -mat the proba -

bility of occuni - ence of unu ore than one exceedance of u~ in any one of

the odd— litt le-xe -cl i intervals I~ , 1 . . 2 
~ 

- 
constructed in Sect ion

2.1 tends to :em - cm mis n - ~~
- (Lcmmmmmna 2.2.3). This suggests that we

cannot i nm m v e s immnu lt an eou slv  t - ine level u~ increasing too slowly as

a —* and mm 1-u g h degree of co u -rcl at ion between any two r .v.  ‘ s arid

-

~~

. ; for i I t i - m is  m e-re the case- we would expect to have at least one and

a c t u a l ly  m ic r o t h a n  orne exceedance in pen -naps sevem-al of ti-ne odd - indexed

im -n t e rva l s .  New i t  is e mms i  lv seen that titc rate at win ich u increases

is inver se-Ic - rela ted to that  of k~ . Hernce , for a g iven normal se-

quence w i t in  h i gh degrees of c e -n m - e la t ion , -ice should not expect our

c O n s t m-u c t  1) 1; to he app i icable to consideration of intermediate rank

sequences kn for whiclt 0 is “large. ’ Secondly , when 0 is large

our ce-na t nc m c t iom -i req ui res  that  3 and p be cinosen small

ml , — n ) , accord i ng to ( 2 . 2 . 3 ) , mmd from ( 2 . 2 . 5 ) - ( 2 . 2 . h )

t h i s  makes meL s c - ~m u cv m m more rap id exponent ia l  rate of d i s t r i b u t i o n a l

m u i x ing . i l  i-n , in i mumi k ing cisc of Lcm uumu m i 2 - - I  - I tin is corresponds na t a l -a l ly

to a t ; m s t e r  e - cp e t i en t  i m u  I c e n ver g s - n c o  of tine covmmriances , whicin , mis i t

ti lt -as out for  c o p m m t  u t  iona l purposes . leads to  tine res t r ic t ion  ( 2 . 4 . 1 - i )

Now , mi s -ice i mm i -e 1 1 i em ud~ n ot i-i , p i vt -n tine intermediate r ank se- —

quienc e- k-
-n sucit t i na t  I - c t i m e - r e  m l lw m u vs  emm a he fo~~td a m v s  tern

~~~~ ~~ ‘ 
a 1} s i t  is I v i n  (2 .  1. 1)  , 12 . 2. 1 ) , mmd i2.2.2) , and u n

m u c t  t h e - u - c i s  such a : Y e t s - m ; m  in cch ici n 
~ -n 

a for se-mi me \ ,

(I A < I - 2 , mn mt d :- ~- - 0 < < ~~~. That ( 2 .  2.  4 holds cc i t  in

t in it ’ I c m n m ae A m m t i at v m ng 0 - - A < 1 - 20 , is e m m s i l y o h t m u i n e d

from t h i  - te ll ow m rug i er u ;mmm -

~ 

_ _ _  . . - -- ~~~V V~~~



- S_3

Lemmmmuumm 2.4.3. If the covmiriances sat isf y ( 2 . 4 .  12 )  for som e > 0 , and
- - 1-30 < ---

~
--- - 

, ti-men

V U 2! (1+) r - I )
( 2 . 4 . 1 5 )  n ~ n . I  e V t 

-
~ 0 as a

j  =1

Proof: Choose ~ sucin ti -mat 0 -: y < ~~~~~~~~~~~~~~~~ - We split the sumimnation

( 2 .  1 .15) into two pints , tine Ii na t  Ir e-u i = 1 to [n t ] mint! the second

i -em [n i] + 1 to m m .  I [.] denotes t I ne g r e - m u t e s t  integer funct ion . I

1 hem u h ( I - 4 . 6) ice have

[ n j  - u m 7 ( l + ( r .  ~ 1+ 
-u~/ ( l + o )

a 
- J r - I  -c n C’

i-r i J

- - 1 ~ - n T~~ f k -
‘

K
1 

in ( log  k~
1 

~n
--~~

l o g  a) n 
~~~~~~~~~~~~~~~ 

- - -

C r  50c c cemm- ~tants K 1 anti K 2 , m mm d t h i s  1 m m - c t  q m m m m u i t i t v  t i - m u d s  to :~cno ,

he the- cho ice - of y ,  and s i n c e  k = o~ m u ~ ) for ec-erv > 0. 31cc

Wi: hay s-

m ’ ( i + m )
F 

n - m m  / (  I + r - I ) , a
n r - t- ~ n 3 e

r YLit

l / ( l ~~ 1 
~ k 

2/ (14 - -

K Cit ( log P~ ) {n 3 ] ~~ En 1]
[ n j  n

- :  K , n k  (log n) 6
11

mind iace = ~ [e-
tt ~ , the l a s t  expres s  j olt tends to - s-no . Corn-

E n ]

bin ing i t  h s i n u s  g ive-s t i u e  L e n  i m m s  n e - m i .
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Lemma 2.4.4. Under the conditions of tine previous l enumna ,

a -l
n 

~ 
(
~ i >u1-m , ~i+~

>u
1-n
) - - C) as n

win e-re . n A 
, for m m mi v choice of A sucin ti-mat 0 < 3 1 - Ic .

Proof: ti s hip (2 . - I .11) we h m uc ’e - for som e f i n i t e  K ,

in P(
~ 1~~

tl ln~ ~I+j 
-u

fl
) in 

~(1 
- (u~fl + 1< n ~ J r ~ e

j=1 J= l -

-. n - i C / ( l + ) r .  I )
� a a. (i (un ) )  + K n 

~ =1 
r .  e

for all h i m - ge n. The f i r s t  t enmi  otn tine ri ght tends to zero , since
N.

1 - - (u ) — ~~ and k~ = o)n) and tine r e su l t  follows from ti -meu mm i n n  -

pre\  iOU s l emtmna -

The next r esu l t  p m - ov m~les a sufficient condition for ( 2 . 2 . 5 )  - ( 2 . 2 . 6 )

to hold , for p icon sequences of integers - mind V uVm -

Lemma 2 .1.5 . ( 2 . 2 . 5 ) - ( 2 . I . 6 )  is satisfied if 
~~~~ 

is such titat 6~. =

O[e~~~~j 
for se-tue > 1 - A , where 

~ 
, 0 < A < 1.

Proof: For integci-s I i1 . . .  < i~ i~ 
- - . ..  < � a we have 1w

Lemma 2. 1 . 1 ,

P (
~

. - s u m  - -~ci , F - ~u , . . ,~~~~~. -:u )1 rn i ma n aI p - l  -c i

- P (r - - u i  . . .  , 
- - a )P (m , - su ~~~~~~~~~ - m m  )

in it j n it

- I )
- - 

~~~ 
n i ,j

for Susie- L u r — t u m m t  K , m i m e - us - 
_
~~- F for i = 1 and 

~~~~~ -
~~~~~~~~~
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j  = j 1, . . .  , j~1 
- But for - i > 

~ 
we see tha t this quanti ty

doe-s u o t  exceed
) )II1+ i

-W/(l+~~, ) l/(I+1 -
~ 

) i -

K n o ~-n - 
K
1 
~a
2 

~~n 
(log ~—J 

m-~ a

~ K2 (log n) 1 a 
nk~

for somui e co i ns tm umnts  K 1 mind K , , and for a l l  large n. Thus i f
1)

-t = O(e ” ) for sommue > 1 - A , tine -n tine im ist expression above

m m m v  be written mis o(e t1 ) for some ~: , K
0 

~ V 
1 - 3 .

It  only reman ins  Ion us to indicate , under our conditions m ind

res t r i c t i o n s , how tine s c s t e u u m  of i n t eg e r  sequences {a~~ ~ i1’ s~~; u vc l }

m a y  be- chose-n in such a mmm v thm u t  ti-ne hypotitesis of che  previous l emma

is s m u t  i sf ied . Ice do tin is mind scnumma ri :e our discussion of ohtzm in ing

covmir i~mincc c o i n d i t m o m i s  s u f f i c i e n t  for -\~ in the following theorem .

li m e - on e :  .4 ~0. I ct be- m u s t ;mnLl ar d s t a t  one nc norma I seq~eace mci th

c o v m i n i a n c ~-~ r I -
~ F umcl l  I L - m t  r ( ) i e ~~ ) for som e ~ ~ 0.

Let k he . u : m  i u m t - :- - - t m n t e  r n k  - -~ m m em u e e ~- m i c ! m  that  0 = 0( {k n }) <

mc i md ’ m - c- ~ = ~i m p  i~~ , oil u s e  - 

- 

- 
- a m ipp oss-  for mm g i c c u u  rea l

m mm n :mh e n x - I me I cv - i - I a 
- 

— a t i f it -s

k x~1\
1 -  : I u ) =  ~ fl~~~~~~~~fl

u n n n n

lint -n u s s i n : p t  ion h e l l s  - so t i s u t  Lv I heo m - emm u 2 . 2 . 5  we have

-m N ) - 1(x) as a -

a ii

where - W is t i m e  mnuunb er  0 t xce eih:u n c em-m of mu ~ by 
~ 

- ‘~ n -

- - - -~~~~~~~-- -- ~~~~~ ~~~~~~~~~~~~~~~~ -
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Proof (0 5 0): Take a1~~~ n
3 and 1~n~~~tt~ where 0 < p < A  < 1  are

cinos e-un such t i -nat up > I - A m- 0 , and let this -’ sequence Sn 
= o ( v ’k~ ) i)e

chosen am -bi t r e -r i  Is - . Then by Len~na 2.4.1 , (2. 2.4) holds, and si nce

= o[e- 
it J w ine - u - c  pp > 1 - A , (2. . 5 ) - ( 2 .2 . 6 )  is sa t is f ied , by

le srue 2.4. 5.

( 0 >  (1 ) : Let U < c < m ni n ~ l - 
~~~~~ , ~~~~

(
~~

- - Q)} aind choose

p = I - ~~~~~-~~ mmd A = 1 - _ - -~~ - . — Ni so , let s
~~~~ n , where

= - > 0 . l iten the rel at iom -mshi ps ( 2 . 2 . 2 )  are satisfied for

n 3 and n~ and by Le umimn a 2. -) .4, (2.2.4) holds. Morciuver ,

- -n 10 )  U
3 , = C) e win e -re p � f,

—- -- —- 
, and inence

a ~~
- - U

5 0me (~ I 
- -~U - c) -

~~
---—-—-—-

- U

U
= —11 - _ _ _ _ _

U

> 2~ + e

> 1 -

h u m s  w i t h  
~e- 

= ~ use ac e  t l nm i t  ( 2 . 2 . 5 )  — ( 2 .  2 . U ) m o l d s  by Leuami a 2.1.5.

fbi a coumm p I t s-s the pu-oo I .

I t  i s  c i  c m l m  t i tm m t  t ine - sys t em- u - -
in
, s

~~
; i n — i )  as chosen does n ot

depemnd on x - The fo lie -w i rug re-salt gic - i  u-np ti -n e asymuptot ic di st i i but ion

ot t ime k -t i i  1mm n - s - s t  order St i t i at m c ~ (in) i -c t i n u m s an iimm e~I i ;mt en -

ce - r i 11 m m  m v .

Theorem 2 - . ‘ 
- Under the sm mm mie c o c m u  m i min c e -  ce-nd it ’ en and cs -st  m m I i  oct -c on

kn mis in t t u e  p re y l o u i s  t ime - o re - m um , fe - i- s - much i -emil x we have

V - - ~~~~~~~~~~~~~~~~~~~~~~~ - V - —  V -- ~~~~~~
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(in)
F — i - i

knP — ml — x - —l j ( x I

me— n - -  - , uchc- i - s- e-mn aun ci b~ mire g i ven by ( 1 . 3 . 19) , with F = -1 , that

is ,
N.

(i ) = V
n in

amid

mu = -

Remark:  I t  m a  d e mur  t h at  fe - i- cons i d e - i a t  io in of intermediate raunk se-

~jms-ncc s k fe -n - winich a = 0, i i  ( 2 . 4 . 1 2 )  m olds , t ine - tn ( 2 . 4 . 1 3 )  m u m - mc i

~2.- l - 1 - )  l i t  auia i u r ~m t tic ally s a t i s f i e d . In fe-ct , i t  i s  possible in  t i m i s

c . m s e  t o  wem mkcn  -~om:ucwh m mu t t ine  requui ne - m i m e - at  of mum - n exp onemnt im i l  r a t e , in

m c c o m t ) u m m c e  w i t  l c u : m m u  i -k 2 in t~es t i e - t n  2. 2. Puppose for tine c y st - m m

- c- , - — m u d } s~i s u m  Lv 2 .  2 .11-) we have  t h m m t
i~ 1 ii - -

l~
- N. ~~~ + 1+2e

(~~ l ( n ( ]  ( a)  N.
= O J V _ _ V V . _ V _V V _ -n -1leg p ) n )

wine - i-c 1 ( )  i s  i: i n t -~~- r such t hmmt  3 
1 

= ~~ I t  fo l lows t inat
p (m )

- (~ 
i 2  

+ i] 142 7
in ~ k

-~ 
11

n 
iog it 

-

am i~l imb u e - i en we ccc - i t - m id i i  r t l imi t

mn 
1 

m-n~ ]k
l
~~~

i 
21

-~ = U

[ ~ i j  m h in

— — - -. - 
- -
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for each-i U < y < 1. 3cm inspect ion of t lms- proo fs of Lemma s 2 . 4 .3 -2 .4 , 5

m - c ’v e-mu ls that we can now c-eu - i fy ( 2 . 2 . - I )  mind (2 . 2 .5 )  , with the rate

( 2 . 2 . 17 ) .

Le- now turin to tine task OI
V s1e-velop ing ce-var i mmn ce condi t ions under

wh ich  the as scnmnp t ion A 2 l ie -Ida . In doing t h i s  we w i l l  employ methods

si mmni I m m r  to tine -se we ine-~’e see-n for ob ta in  u - n p  conditions suff icien t fo r

m u s i n g  our e s t m m b l  isiiecl t e - c hrm icm ml  resul ts  apply ing to non mua l as’-

qtue-nce s - h u e  exltomm e-nt i m m i  i - mut t - in win 1d m tine - covai-iances tend to sore-

w i l l  mu ga in  he- appi-opl - I m u t t ’ , t in  i s  i n  the - fi ra t  p lace result  j ag frommu tine

- ‘ s l ow ’’ rm u te - i n  win ic in I t ue 1 eve - i u~ increases , mind secondly owing to

tine I:nct t i u m u t  we w i l l  t le mi 1 m c i  th t ime  condi t i out (2. 3.6) , rather  tinm in

( 2 . 3 . 5 )  cl i ne-ct lv . Ice w i l l  m u l so  immipe - se c e r t a i n  r es t r i c t ioit s  U~Ofl u cina t

imnte-rimied in  t ~
- i ; m n k  scmqtiertces k~ cm i n be- cons ide -red , fom - a sped f i  ed

e-xp omu emnt lm. 1 1 ra te , hu t  t hess’ w i l l  be subs tm unt  ial Iv  di ffei-ent from

(2 . .13) mmcl ( 2 . -I - 14 ( 
, in tha t ucs- m u chmi i t  sequences kn for which 0 is

‘‘lange. ’’

Thus ; m g m m i u l  I et F he m m stancL-u rd s t m u t  i omnu r  ne-r itual s e m h c ’ T m t e . Its-

suppose i ue - m~ t in mmt  tine cecmi r i m i t - i ces  b _
u-n 

sm - mt  is f y

(2.- i . ha) ~
- = O(e -’

~ ) for  some 
~ - 3.

1~e-t be mm i nte -nimec i i i i  e ran k seqtmemnce , subj ec t m i t  i m m l i  v to  on iv

tIme u~s’stj~ le t loin tinm u t a < I , mint1 fe -u - a p i c e - u n  re -mu x choose l i t -  ia~vel

t o  smut islv (2. L I ) .  -\s the  fe -I lowing  i u ’ sm m lt sinews , t ins- c- u a n d i t i o m t

(2. 3. 2 1 h e - i  Is for any ss- j u i e m m c ’ - m • smut is i i  ng ( I - 3. 1)

Lemruitmu l. -L - - - I I  t ine c o v m m n i m m n c e~ ~~t i s v  (2 .1 .10) mmci i f  Ic-ni- th e -  i u m t t i -

sue~i m t t c -  rank cep~u cm m c c k~ such t h a t  0 ‘ 1 , time sequences ‘
~~~ 

mmcl

-_--- -— - - --~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -V —~~~~~~ - - - - -
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arc clnosc-n simhjec t to (2.3.1) , tin e -mn (2 .3 . 2 1  hold s for u~ g i v e - m u  i y

(2 .  - 1) , fe -c any cc -mi 1 x ; in t mm ct - for eacit sucln 0n we i nm m v e

[v1~;-n ]

~ ~~ 

l ’ ( f 1~~u , 
~~~~~~~~

. - m m ) - 
(1 

- - (u i ) ) j - 0, as in -

cool : S j m i ce r - 1) we have- t < 1 m u mmd a ince U < I - tine quaint  i 1 -
- -- in

I - - ~ + U t  = ( l ~~~) ( I V 0 (  is p o s i t i c e .  Titus w d -  uuu m i y choose- ~
- st uc h

1-0- ’ - Fe3 - -  -
t I o nt  I) -

‘ 
< - ~~~~- ~~ - - ~-;~ i i t  t m ap ti-je- g ive - ui - cmimmm:m m i t ion into two sarI-c ,

m c in the j m o o î of I eu:nc mn 2 - -I - 5 . we hmm ve first t ( n mut

~ PIT 1
--u , 

~~~~~~~~ 

ui ~~) - ( i  -

[n il ~u
2I l # ~ r ))

- - n - it
S -

In _i = l

i n some c i s m u s t m u n t  K , by (2.-). 11 ) - mmml Lv (2. 1 . 6 )  t h e  q u a n t i t Y  i i i  t h e

n m - .~l m t ai sle det ”~ not e.~ce etl

- 

1 + - - tm ~ / (  1~ - - ~~~~~
‘ 

~ ii ~~ 
(k ) 2 / ( l~~~)

x k 1 
~~~~~~~~~~ 

~ °g

- 
- fl+i+ -:/(i+n 1k 2/ (l~ - ( - 1

< “2 
I Imu ~ in ) a

- ( 1k  ) - 1~~~ - - -0ó
- - - - k 1+ -

= K , ( l o ~. u - i ) n 4

n

or souime c i  m u st  - tint s K 1 
mmm i K 2 - ‘ line -un Lv (2. 1 - -1 ) arid the cho ~~ o I

~~~~ 
t~n L S  c -xpn d - ss  ion t ends to se -co.  line - p i -co f  is couunp l i ’t e  i f  it is

poss ib le  H choose such thmi t ~k1 n tm f e - u  m i l l  imurge n. qheu--

u~ I cs- fot mm sum h I, mt u~ we m ac-c
~1

-V - - V 
-- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ V 



-
~~~~~
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l(3 ~ >tm , r,1 . >51 ) - (i -

t

a r Y
K - —--—- P e L a

~~~~ [in ’
~
’]

< K 1 v1~~ (log n) 6 -

[nt’]

wiu ich c i  ear l  c- ten ths to :et-o , s i m mc e -  6 = 0 e 1 -

~ - The re-sn it tine -n
- 

[nt] J
f o l l ow s upon combining tine two sum u mmuou t ions -

Ite ~now show t l n m u t ( 2 . 3 . 0 )  ho lds  for t i m e -  lec-el u g i v e - t m  by 1 2.4. 1 )

if tht ’ ccc mi r u~mc es i ‘-sit i s  Ic- ( 2 . -I - 10) - To do th i s  we m nm mk e then

uddit i onmm I restrict iomn import K t i nm i ta

-~~ C ~) -c p- l 
-

Not e - 3.) ‘lime-n we- mm m lv cl-noose seque-mtces of i integers 
~~ 

A Lund

in tl 
, uduc -c i ’a

(2. - ) .F( (1 - 
~~

- ( I  A

and

p + U < 1.

I t is c l - ;m r t m m m l  t I m e m e  hm i t i onsh i ins ( 2_ S . I) m ine c u t  i su ed - mmd r~ -

m m cv i t - m i - c  i s - i rm a - (2. 5. 2) holds . Nest , u. s f i x  in I h arp s ’ ) m m : m d

mit ~ - n — - m u mt d let -\ m u nch B - be- even t - - n I — in c -
mm u

- I- .- —c

th at is -

= ~~~. - m i  , i i - - - uu - m - - I - - - -_i
~
_
~

— ~ 
m m m — i —

— —
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and

B~~ = ~~~~~~~~ j cj~ , ~j~�u~ jt c~m~B#l ,.

where O � r � n i , O~~~s � n - m + ~~ is a subset of r of the

first m positive integers, and is a subset of s of the inte-

gers from m + + 1 to n. Then by Le~mna 2.4.2 we have

-u2/ (1+jp . .H
~P(A~~BJ~,

) - I)(A ir
)1)(Bj~s

)I < K 
~~ 

e 1,3

where P1~~ 
= E and the si~miiation is taken over all pairs i , j

such that 1 i � m and m + + 1 � j � n. The right side above

not exceed

)
K n2 e < K~ (log n)n kri 

~
p p

But = o(e~~ ), and by (2 .4 . 17) , pp > 1. Then taking the supre-

mum over all choices of indices i , j~ , and all m , 1 ~ rn < n -

we see that (2.3.6) holds, which implies (2.3.3). S~mui~arizing, we have

proven the lollowing result .

Theorem_2.4.9. Suppose 
~ 

is a standard stationary normal sequence

wit h covariances r = , n ~ I , satisfying

r~ = O(e ’~)

b r  some p > 3. Let k~ be an intermediate rank sequence for which

< 0p p

where 0 is defined by (2.1.5) , and suppose the level u~ satisfies
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k x4~ vk

1 - ~(u ) = - + o f__nJn n n n

for some real x. Then A2 holds, so that by Theorem 2.3.3 ,

P(W~ < k~) ~(x)

as n -
~ ~, where W~ is the number of exceedances of u~ by

• Moreover, it follows that

r(n) bk~’ n
P ~ � x  -~~ (x)an

for all real x, where the normalizing constants ~~ b~ are given by

k
~(b)=1 -~~_n

n n
and

a~ = ______

Finally we mention that results corresponding to the last state-

ment of the previous theorem as well as to Theorem 2.4.7 can be ob-

tained for consideration of smallest rank terms, and we state these

formally.

Theorem 2.4.10. For the standard stationary normal sequence 
~n ‘

the covariance conditions of either Theorem 2.4.6 or Theorem 2.4.9 arc

satisfied, along with the respective restrictions on , then

(n) 
- bn

~ ~a 
< x ~(x) as n

for all real x , where a~ and h
11 

are given by

k
~(b )n n
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and

an 
= 
n
~

’(bn)



CHAPTER III

JOINT DISTRIBUTIONS AND THE MULTI-LEVEL EXCEEDANCE PROBLEM

We now examine the problem of obtaining the asymptotic joint

distribution of two or more order statistics from the same se-

quence, as well as the related problem involving the limiting joint

distribution of the numbers of exceedances by 
~~ 

of two or more

appropriately determined levels . We first deal with the i.i.d. se-

quence case, where several results are already known, and then we

turn to the case in which the 
~n 

are identically distributed hut

exhibit dependence of the type we have previously considered.

3.1. The I.i.d. Case.

In Section 1.2 we discussed the asymptotic distribution of two or

more fixed largest or fixed smallest rank order statistics from i.i.d.

sequences. Other results giving the asymptotic distribution of two or

more central rank terms, as well as the limiting distribution of sever-

al fixed rank terms and centra l rank terms considered jointly, have

also been obtained by Loève (1956) . In each of these instances it is

assumed that the corresponding marginal or one-dimensional limiting

distributions exist. Moreover, as is easily seen from Loève’s results ,

the expressions obtained for the limi ting joint distributions of sever-

al fixed smallest and largest rank terms and central rank terms m a y  he

factored into the corresponding distr~but ions for these three classes
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of rank sequences ; that is , the largest rank terms , smallest rank

terms , and central rank terms are asymptotically mutually independent ,

when the l imiting distributions exist individually .

We have been able to extend these results to include intermediate

order statistics, and for smallest and largest rank intermediate terms

simultaneously. Our conditions also include the existence of the

corresponding one-dimensional limit laws, as well as a restriction upon

the several intermediate rank sequences being considered. As is clear

from the first and our main new result below, intermediate terms and

central terms are asymptotically mutually independent.

Theorem 3.1.1. Let in
1 

, m2 , and m3 he nonnegative integers and

in = m1 + m 2 + in
3 

. Let ~~~~ ... ,k~~ be m increasing rank Se-

quences (k n 
-

~ ~, n - k~ -~~ c~ ) such that , for sonic integer N � 1,

s ~~~ for all n ~ N , and suppose

k~~l ini —s--— = j~
i = 1, ... ,m1

(in1 +ji )
k 1

lim = xm +~ 
, = 1, . . . ,m~

n 1

where

0 < x  � . . . �) ~ < I ,m1+l m1~m2
and

(m 1+!n~+ji)k
lim - n = 1 , U ’ ~~~ ” ~fli3 •
n

Assume also that

A = l im
~1,V n k V



~

96

exists for each 1 � 
~i � v � m1 (0 � ~~~ � 1), and that

(m1+m2+v)

Am + m + p m + m +v = 
~~~~ 

~~~exists for each 1 � ~.i � v � in
3 

(0 � Am + m 2+p m +m +v � 1). Now let

be an i.i.d. sequence with marginal d.f. F and suppose that P

belongs to the domain of attraction for k~-th smallest terms of the law

G~~~(x) =

for each p = 1, ... ,m. That is, there are sequences a~ ’~ > 0, h~
’
~

such that

C
(n) 

-b~~

(3.1.1) ~[ ~~~~ 
- 
~ x] G~~~(x)

as n + ~, for all continuity points x of , p = 1, ... ,m.

(Recall that the continuity set of for p = 1, ... ,m1, m1+m2~l ,

,m is the entire real line.) Then for all real x1, ... ,x for
(m +p) m

which X
m + 

is a continuity point of G = ] , •~~~~~ ,m2l p

~(n) 
-b~

1
~ ~(n) _ b (m)

n k(m) n

) X
1

~~ ‘ 

~~~ 
� x~

J

(3.1 .2) ~ (u~~ (x1), . .. ,u (m) 
~~~~

where is the rn-dimensional normal law which has mean the rn-dimen-

sional zero vector , and whose covariance is the mxm-dimensional block

diagonal matrix E given by

0 0

E —  0 
~2 

0

0 0
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where 
~l 

is the symmetric in
1 

x in
1 

matrix whose (p ,v) -th component is

1 ii ~ m1 E2 is the s i’mmetric in
2 

x m2 matrix whose

(p,v)-th component is

A (l X ) ½
ml+p m1+v

A (1-A )m1+v m1-4- p

1 < p � v � m~ , and is the symmetric in
3 

x in
3 

matrix whose

(p , v ) - t h component is A~~+m +p ni +m 2+v 1 � i m~

It is clear that we may alternatively write the limiting distribu-

tion (3.1.2) as

1) (m1) (m n1+l)

~E1~
’ (x1), ... ,u (x~~)) ~~~(u (xm + l ) ,

(ni 1
4-m~,) (m1

÷m
2
+l) (m)

u ‘ (x
~~+~~)) 

. 
~~~(u (Xm +m +l)~ 

... ,u

where is the zero-mean multinormal law with covariance matrix ~~~.

J 
3

j = 1, 2 ,3.

Proof: Let x1, ... ,x~ be real numbers for which u~~~(x~) is

fini te for each p = 1, ... ,in and for which x 
+ 

is a continuity
(m1+p) 

1111 1-1

point of C , p = 1 , ... ,m 2 . For each p = 1, ... ,m let

a~~’~ > 0 , ~~~ be such that (3.1.1) holds for all continuity points

x of . We may write

r (n) ~h
tI) ~(n) 

~~~~
~~~ 

‘~ ~~~ ~

~ a1~~ 

—— ~~ X
1

~~ S X

(3.1.3) = P(X~~~(x1) � v~~~(x1) ,  ... ,X~~~(~~) � v
~
’)(xm))~

where

L _ _ _  _
~~~~~~~~~~~~~~~~ .
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i (i i) ,
( ,

~ r .. 
~~ 

t X

n [~ .�a’-~~x +b~~] 
n

~ ~‘ p ~
j= 1 

~~~~~~~~~~~~~~~

= F(a~~~x + b~’~ ),

q (U) (xv
) = 1 - ~~ (x~)~

and
np~~~(x ) - k~~n p n

n 
~~~~~~~~~~~~~~~~

p = 1, ... ,m. Since we will assume throughout the proof that x1, ...,

are fixed real numbers , for notational simplicity we write

q~~) , and for X~’~~(x~)~ ~~~~~~~~ q~~~(x~) ,

and v~
’4(x~) respectively.

From ( 1.3.lb) we have the relation

/ k~~
= ~~~~~ 

u~~~tx~ /k~
’
~(

1--*__ ) 
(1 +

for each p = 1, • ..  ,m , so that

np~~ k~~

and moreover, (
k ’~

1
~~(u) ,~1 ~~~~~~~~~~~~~~

~
ln n

since
(ui)

k~~ u~~~(x )
p 11 fl i(l+o(l))

1-
~~~) 

_ _

= i - u~~~(x)j~~~~~( )  (1 + o(l)) -‘ 1
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as n ~ ~~~ . Thus for each p = 1, ... ,in we have that

(3.1. 4) v~~ u~~~~x~

Now according to the well-known Cramér-Wold theorem for conver-

gence in distribution of random vectors, the relation

,X~
m)

) ((x W , ... , X~~~~~~~)

holds if and only if

+ ... + c~X~~ ) ~~~(c1X
W + + c~X~~~)

for all real c , ... ,c1 m
Thus let c1, ... ,c

~ 
be given. We may write

c + ... + c .i n  i n n  j=l n,j
say, where

(i~i)I
in [~ç.�u~

Ti
~] 

n
X • = -

~~~~~ c j  n
n , j  P

j = 1, . . . ,n , and where

= ) = a~’~ x + ~~~ ,ii n p n p n

p = 1 , . . . ,m .

Consider the array 
~~~~ n�l ,l�j�n 

. Clearly the r.v .’s Xn 1~

~
Xn n  are independent , since the are independent, and also

1~X~~ = 0 for all n ,j. Additionally,

hi- _ _ ~~- - -~~~~~~~ - .—- _ _ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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n Var X • = c 2 + 
~~~~n ,j 1 in

IE I
~
‘ [~1�min{u~~~,u~~~}] 

n J

+ 2  ~ c c —  
_ _ _ _ _ _ _ _ _ _p v  . S

l�p< v�m /~(~) (ii) (v)

k~~ 
~~ ~n ~~v)

Since ~1ç1~
) 

= F(u~~~) we may suppose for all sufficientlyn n
(p) (v)large n that u � u for p � v , and thusn n

£ i . Therefore
[~ 1�min(u ~~~ ,u1~~ j~~ (p) (v)pn Pnn V arX . = c 2 + ... + c 2 + 2  S c cfl , j  I m 1�p<v�m ~ v 4(p) (ii) (\)) (v)

n q~ ~~

(3.1. 5) -
~~ c

2 
+ ... + c2 + 2 ~ c c o1 in l�p<v�m P V p , V

as n -
~ 

= , where

I (p) (v)
c~ - liJfl I~~ 

%

n )q(P)p(~
))

n n
1 � p < v ~ m . Also, since

~~~ (n-k)~~~
~~~~~~~ 

n
n n n

it is clear that the r.v.’s Xn 1~ ~
Xn,n are uniformly bounded in

j = 1 , ... ,n by a numerical quantity tending to zero as n -
~ ~~~, so

that the array {X .} satisfies the Lindeberg condition
fl ,3

urn  ~ E IX2 i 
>E]J  

= 0 for every c > 0.
n j=l ~ ‘~ i [Ix~~

Thus by the usual central limit theorem for row sums from triangular
(U + + c X ~

’
~ =arrays (Loève (1963, p. 295) ), we have that c1X~ m nn

~ X is asymptotically norma l with mean zero and variance the
j= l ~~
limiting quantity (3.1.5) . That is, equivalently,
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+ ... + c~x~~
)
) ~~~(c1X

rn + ... + c~X~~~),

where the ~~~ are standard normal r.v. ‘s with correlations

E ~~~~~~ p, v

1 p < v � in. h ence by the Cramér-Wold device ,

(3.1.6) ~[( ~~~~~~~~~~ ... ,x~~ )) ÷~~[(x (1) , ...

where the random vector (XW , ... X (m)) has the zero-mean in-dimen-

sional normal distribution ~ having as covariance the m x in sym-

metric matrix ~ whose (p , v) - th component is ~~~~ 1 � ~i < V ~ in .

and which has units on its principal diagonal . Thus combining (3.1 .3) ,

(3.1.4), and (3.l.b) we obtain
( in) (n) b~

0I k~~ k(m) 
-

( )  � x~ ~~~~~ (x1) , . . . ,u~~ (x i ) .

Finally let us evaluate the components

i()
~ 

(~T
~ ____op~~ 

= 

J~~~~ (v)

(p) (v)

(i) I f —
~~~

--- - 0 and --
~~~

-_-- -
~ 0 , that is , I s p < v � m1 , then

= Iii~i~~~~~ , which we assume to exis t .

~~~( i i )  If —s-- — -*- 0 and —
~~

---— -
~ A , 0 < A � 1, then clearly o

~~ 
= 0,

(T i )  (u)since p .~ 
-
~ 0 and p~ + A.

~~~( i i i )  I f  —-fl--— A and —n--— A , 0 < A � A < 1, thenn p n v p u
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- _______°p , v ~ A~ (l-A ~)

~~~ k~~(iv) If -- ~~
--—— A~ 0 < A~ < 1, arid —~~--— -

~ 1, then 0p v  = 0,

(v)since q ± 0.

k~~ k(u)
(v) If —s-— -~ 1 and —~~— 1, p < v, then 

~~~ 
= lim

j~!~j  =

v ~ q

u r n  I , assumed to exist.
n

h ence from (i)- (v) the components of the covariance matrix E are as

claim ed in the statement of the theorem. It is worth noting that the

components do not depend upon x 1, ...

For a particular type of the intermediate rank sequences consid-

ered , we have the following rcsult as a special case of the previous

theorem .

Theorem 3 .1 .2 .  Suppose k~ is a given intermediate rank sequence and

is i .i .d .  wit h marg inal d. f .  F belong ing to the domain of attrac-

tion for smallest terms of the law G(t)(x) = 4(u
(t) (x)) for each of

• (t)the intermediate rank sequences k~ defi ned by

k~
t) 

= max {l , [tk~J},

for 0 < t ~ 1; tha t is , there are real sequences a~t) 
> o ,

such that (in) (t)
(

k~tj  fl

- 
U 

1t ~ x -* G (t) (x)
a~

for all rea l x , for each 0 < t 1. Then for each choice of

0 < t u < ... < t m~
- l ,

_ _ _ _ _ _  _ _ _ _ _ _ _ _ _
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C t ) (t )
( n ) 1 (n ) ,.~. 

in

~ ( t ) ~~~n ~ ( t ) ~~~n
k m

p � N
p ... ~

( t )  ( t )
-
~ 

0E (u 1 (x 1) ,  . ..  ,u ~ (x~1))

fo r all rea l x 1, .. .  ~x1~ , where is the zero-me an rn-dimensional

norma l law w i th  covariance matrix E whose (p , v) -th component is
ff ~j~

-
~
- , I s p � v ~

- in . Thus if a sequence of stochastic processes

n ( t)~ 0~t~ l} is defined by

ç(n) 
- 

(t)

k (t) n
I/f: 

~~~~~~~~

—-— , 0 < t < 1

V (t) =n 
, t = 0

then for any (1 5 t < ... s t s 1 ,
- 1 in

where &., is the zero-mean rn-dimensional norma l law with covariance

matrix ~‘ whose (p ,v) -th component is t~1 , 1 � p 5 v s in; that is ,

the finite-dimensional distributions of Y~ converge to those of the

(standard) ~teiner process on the ~mit interval. (See Section 5.2.)

It is evident that the method used in the proof of Theorem 3.1.1

does not specifically require the attraction of the marg ina l d . f .  F

to the one-dimens ional limit law for each of the increasing rank se-

quences being considered , but only that appropriate u~ levels can be

chosen , that is , to satisfy (1.3.5) , (1.3.10), and (1.3.11). Thus upon

rephrasing the proof of Theorem 3.1.1 we can show the following result , 
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which includes as a particular case the formulation and solution of the
multi-level exceedance problem relevant to intermediate and central
rank sequences.

Theorem 3. 1.3. Let m1 , m
2 

, and in
3 

be nonnegative integers and
111 m1 

+ in-, + 1113 . Let ~~~~ .. .  ,k 0
~ be m increasing rank se-n 

~~ 
(m1+m2 )quences such that for some integer N � 1, k~ ~ • . .  � and(1n 1+m ,+1) ( )]c

fl 
- . . .  � k~

111 , for all n � N, and suppose

lim —~~——- 0 , p = 1 , .. .  ,m1
(m

1
+p)

u r n  
~~~~~

- — = A
~~+ 

, p = 1, .. .  ,m2
where

0 < A  � . . .~~~A < 1 ,

and
(ni 1 +rn

2+p)

l iiii ~ = 0, p = I. ,  . ..  ,rn 3

Suppose also that

liin

exists for each 1 � p � u � in
1 

, and that

(in 1 
+ni ,+v)

k
in
1 

+rn
2

+p ,rn
1 

+m
2

+v 1i~n 
7~ii 1

+m
2

+ p)

exists for each 1 � p s v m 3 . Let 
~ 

be i . i .d .  w i t h  ma rg i na l
d . 1. F. I e t  ~ 

1) 
, • ,~~ 

(i n) he rca 1 i i e rs , and suppose t 1)1’

p = 1 , . . . , w~ , the level is such t hat
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k’:u) ~
(
~

) / G IT
1 -  F(u(~~J ~~~~~~~~~~~~~~~~~~~~~~~~~~n n n n

(m1+p)suppose for p = 1, .. .  ,m2 , the level u is such that

(in +i4 
_______

u u 
~~~~~ i-A 11 ~~1 - 

~~~~~ 
fl 

- 
1 

+n n fl

(m1+m2+p)also suppose for p = 1, ... ,in . , u~ is such that

= 

(m 1+m 7 + p )  

+ 

(in
1 2~ p)

j
m1~ m2~~T 

+

Now let  = i be the number of exceedances ofi r  > (T i)1
~~ L(~1 

un ~ (m1+m 2+p)by 
~

, . ..  , S~ , for p = 1, . ..  ,m1+m 7 , and let =

(in
1 ~

1Il ,
~~
,) he the ntunher of ~~, . . . , which do not exceedi=1 [~~~ u — I n

(nh
1
+m )-+-p)

- 
, for p = 1 , . . .  ~lTl

3 . Then

p 
{~~

(P) 
< ~~~~ TI = 1, . . .  ,nm 1;

(mil l +p) (in
1 

+p)
< k~ , p = 1 , . . . ,rn~ ;

(m 1+ m + T 1) (m1+m~ +~ )
— k , p = I, . . . ,rn~

(11 (in 1) (m1
+l) (m1+m,)-~ (u - . . . ,u 

) 
. q~ (u , . • • ,~~j  )

2
1 +111

2 + 1) 
(in)• ~‘ ( n  , . . .  ,u )

as n 
~~~, where for j = 1 , 2 , 3 , ~~~. is the zero-mean m .-dirnensional

Jnormal law with (symmetric) covariance m atrix , respectively given
by

— = 
~~~ I ~

-
~1 P,u~ 1 ; ’ ~ ‘ in 1
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A (1-A )
½

ln l+P ml+v
A tl-X jm +v m +p1 1 l�p�v�m

and

E = 

~ m +m + p m + mn +v~

We conclud e thi s section by stating , in our notation , the follow-

ing result of Chen (1966 , Lemma 9), which gives the limiting joint

distribution of fixed rank and increasing rank order statistics, when

the one-dimensional limiting distributions exist. As is evident these

are asymptotically mutually independent, and combining this result with

Theorem 3.1.1 we have the asymptotic mutual independence of order

statistics of the five rank classes fixed largest, largest intermediate,

central , smallest intermediate, and fixed smallest. Moreover, we have

the asymptotic mutual independence o the numbers of exceedances of the

levels ~~ defined by (1.2.10) , (1 .3.5) , and (1.3.11) , when the margin-

al d. f .  F of the ~~ sequence is such that these levels can be so

chosen .

Theorem 3 . 1 .4 .  Let m1 , in2 , and m3 be nonnegative integers and

ill = in
1 

+ m2 + in
3 

. For each p 1, . .. ,ni and each n � 1 let

be a sum of n i.i.d. indicator r.v.’s such that

1 (m1+m2) (m1+m2+l)

n n n n

Suppose , as n -÷

(in
1

) -
~

P W~ -‘ = k , . . . ,W = k J -~~ P 1 k , . . . ,l = kn I n in 1 1 1 in
1 

m 1

for any nonnegative integers k 1, • . .  ,k
~ 

, where (1 k ,  •

~~~~

• ,I
1n ) ~~~~

1 1
an independent increment Poisson vector; suppose 
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(m1
+1) (m1

+1) (m 1+m2) (m1+rn2)W -EW (ln
~
+l) Wn 

_EW
n (m1+m2)p 

(in1 +1) 
U • ,

~~~~~~~ 
(in +m1) ~ U

Var 2W ‘ Var~W 
1

n n

~ 
(m1+1) (m1+m2)-~ ~~[u , . . .  ,u

(lll i
+l) (m1

-i-m
2 )

for all real u , .. .  ,u , where is an m2-dimensional

normal law; also suppose that

(In 1~-m 2 ÷1) )
piwn = 

~ii1+m 7+l’ ~~~ =

~ ~~ m1+m2+i ~~~~~~~ ‘~m 
= k

~~)

for any mu 3 nonnegative integers (k111÷~~+1, 
. ..  ,k1~), where

~~~~ 

. . .  ,J~) is a reverse independent increment Poisson vector.
1 2

Then

p fw (l) = k , ... ~~~~ k
( fl 1 fl m l

(m1+1) (m1
+1) (m1+m2) (m 1+m2)TV -EW (in +1) W -EW (in +m )n n 1 n n 

~~~~~~ 
1 2

(m~+l) ‘ . . ‘ (m1+m2) 
--

Var 2W~ Var 2W

(m 1+m ,-f 1)
W = k  W tm) = kn m1+rn2+1’ 

•
~~~~

• , n in

(m + 1 )  (m +m )
-* P(11=k1, . . .  ,l = k ) ~.(u 

~ , .. .  ,u 1 2

• P (J =k J — km 1 +m2+i m1+in7+l’ 
‘ m 111

as n -* = , for all nonnegative integers k1, . . .  
~
km km +m2+l’ 

•
~~

(mn i+l) (m 1+m2 ) 1 1
km , and for all real u , . . .  ,u
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3.2. The Stationary Case.

In this section we give one set of conditions ~uider which “esults

of the prev ious section are valid for stationary, dependent sequences

• These conditions are similar to those used in Section 2.3 for the

one-dimensional limiting distribution and single-level exceedance

problems , though somewhat more complicated due to the consideration of

several rank sequences simultaneously, and therefore we deal exclusive-

ly with intermediate order statistics.

To briefly describe the results to be obtained , we will give

conditions under which the random vector 
~~~~ 

.. . nor-
‘~ k~ 

-~ k~m’)

malized , has the same asymptotic distribution as it would if the sta-

tionary sequence E~ were actually independent, where we assume the

random vector ~~~~ . ..  ~~~ indeed has an asymptotic distribu-
k~ ‘ k~

mj)
n n

don, 
~n 

being the independent sequence associated with . In

fact , we wil l  find it convenient to work directly with the more general

multi-level exceedance problem developed for i .i .d .  sequences in

Theorem 3.1.3, where we restrict consideration to u~ levels deter-

mined by intermediate rank sequences .

Throughout this section we assume tha t is stationary wi th

marginal d.f. F . Let in
1 

and in
2 

be nonnegative integers and

m = m1 + m2 . Suppose that ~~~~ . . .  ~~~~ are in given intermedi-

ate rank sequences such that

I (in
1

) (m 1+1) ( )( 3.2 .1) k 1 ~ . ..  k~ and k~ . . .  k~~

for all sufficien tly large n. For our purposes we define

= rnax{k~~~, 1�p�imi }
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and

= inin {k~~~ , l�p �m }.

As in the one-dimensional problem considered in Chapter lE , we

construct the following partition of the first n positive integers,

for each large n: Two g iven sequences of integers a~ -* and

-
~ such that a = 0(n) and Bn 

= o(a ) determine intervals

1(n) • • •  ,l~~ of respective lengths ctn ,13n, ,an,’~
’n , where

n = (an 
+ 

~
3n~~ n 

+ y and 0 � 
~n 

< a
n 

+ 2
~n 

and moreover ,

2. -
~ na . Now let u . .. ,u be m real sequences ,n n n ‘ n

W~~~) 
= 

.~~~n) ~~~~~~~~ 
; 1 ~ i � 22.~ 1 � ~ s m1

and

1 ) = 

~~1~n) [~~~u ]  
~ ~ 

22.n m1
+l s p ~ mu .

Also define

Var W~~~) I � p � mu
1

=

Var I ( )  , m1+l � p ~ in

We consider the following assumption:

J: There is a sequence of integers a~ 
-
~ and = o(Iç)

such that 

~~~~~~~~~ - - - - ---—- - -
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a -l

(3.2.2) 

~ j~l 
(a~ - J){P(~1 

> u~~~, ~l+j 
> u~~~

+ P(~1 > % ‘  ~l+j 
> U

fl ) - 2[l - F(u~
”)
)){l - F(u~~~))=4)~

for each 1 p � V �

a -l

(3.2.3) ~ (ct~ - J){P(~1 ~ ~~~ � u~~~)

+ p(~1 ~~ ‘-‘~~~~~~ ~~~~~~~~~~~ 
- 2F(u~~~)F(u~~ )}

[

k~~

for each mll i+l S p � v � m , and

a -l

(3.2.4) a~
1 

j~l ~~ 
- j){P(~1 > u~~~, c1+j � u~~~)

+ s u~~~, ~l+j 
> u~~

1) - 2[l - F(u~~ ))F(u~~~)}

n

for each 1 � p � ml v < m; and ,

For some a for which (3.2.2)-(3.2.4) hold , there is a sequence
V

of integers 
~~~ 

-~ ~~~ 
~n 

= o(ct~), and 
~n
kn 

= o (n) , such that

(3. 2.5)
n

where

g = sup sup IP(AB) - P(A)P(B) ~,
~ 1�s<22. - 1 AE~~

~

~~~~ being the a- field generated by the r .v . ‘s

- - — - -

~

- -  - - - ~~~~ . ~~~ - -



------ ~~~~~~~~~~~- - -- --~~~~~~~~~ -

ill

ill
(~) 

+ 
pj

l+l 
i = 1 , . . .

and the a-field generated by the r.v. ’s

111

U’ 
~~~~ 

+ 

~=~~1
÷~ ~~~(fl ) 

= s+2 , . . .  , 2Z n}.

Corresponding to (2.3.1) in the one-dimensional problem, a condi-

tion stronger than (3.2.5) in that more events must be considered , is

(3.2.6) ~~
— h(s ) 0,

where

h ( ; )  = sup sup IP(AB) - P(A)P(B)
1’~s<n-2.

~~~~ 
being the o-field generated by the collectic~n

I , p = 1, . . . ,mn , i = 1, . . .
m~ [~~. >u~~~~] 

I
1 n

I , ~i = m~+1, . . . ,m , i = 1, . . . ,s
[r. ~u~~~J‘ I fl

and 
~
4n s+-~+l 

the a-field generated by

p = 1 , .. .  ,m , i = s+ 2 + l , . ..
I - (p) 1[~ . -m ~ ]

p = m +1 , . . ,m , I = s+2.+l, . . . ,~}.
~i n

Suppose that ior large n we have u~~ ~~~~ if 1 � p ‘- v in .

I)efine intervals on the real line by

= (ti
( l )  

~~~) ,n ,o n
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= (u~”~~ ~~~~~ 1 � p < m ,

and

Gn m  (-co ,

Then , equivalently, ~~~ is venerated by the r.v.’s

~~~~~~~~~~~~ ] p = 0, 1, . . .  ,m , i = 1 , • . .  ,s}
I fl ,mi

and ~~~~~~~~ by’

~
‘[
~i

tGn p ] 
= 0~ l~ • ..  ,lfl, I = S+~~~+l~ . . .  ,n}.

Now for f ixed n , s let p ’ = {p1, . ..  be a finite sequence of

length s and pt’ = ~~~~~~~ .. .  ,p~} a sequence of length

- 

~n 
- s - I , both of whose components are the integers 0, 1, . ..  ,m .

Define events

A 
~ k c G , k = 1 , . ..  ,s}p n,pk

and

B 
~~k c G , k = s+13 +1 , . . .  ,n}.

It is not difficult to see that each A c is some disjoint union

of at most (in + l)~ events each of the form A , , and similarly each
n-s-13

R ~~~~~~~~~~~~~~~~~~~~~~~~~ is a disjoint union of at most (in + 1) events of

the form B ,, . Hence a sufficient condition for (3.2.6) is

(3.2.7) sup sup IP(A ,B , ,)  
- P(A ,)P (B ,,) J 

= of~~ (m + l)flJ .
lSs<n-~~ p ’ ,T~i” p 

~ 
p p

However we will work directly with the assumption J as stated in

deriving our main result below.

Theorem 3.2.1. Let 
~n 

be a stationary sequence with marginal d.f.
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F. Let k~~
’1 , ... ~~~ he in = in

1 
+ in

2 
intermediate rank sequences

k
sat isf ying (3 . 2 . 1)  and assume that = lint exists for each

k~~ 
n

I o � v � mmi i . and that A
0~~ 

= 11am 
~~~~~~~~~~ 

exists for each

m1
+1 Li S s in. Given real numbers ~~~ • •~~ ,u(~ , SU) )~ OSC for

p 1 , . . . ,mn~ , the level is such that

= ~2- - _ _ _ _ _ _  + o[ 
~~~~ 

.

and for p = m 1-~1 , • . .  , mn , the level ~~~~ is such that

k
L I )  0 (p) / ~CiiY

= + _____ JL_ + ~

Let = ~ I be the nimiber of exceedances of
fl 1~~1 [- . >u~~~ ]- I  fl 

n,:, , for I s p � in and let T(Li) = ~ I - be the
‘1’ a 1 i~ l [~ .�u~~~]

m uimber of 
~~~~~

, . . .  ,
~~~ 

which do not exceed ~~~ , for m1+1 ~ p in .

Then if the assumpt ion J ho l ds for the set of sequences ~~~~~~~ .

, ~~~~
- 1iave

< k~~ , = 1 , . . .  ,1n~ ; ~~~ � k~~ 
, p = m1+1 , . . .  ,m)

(~
(1) ... ,U

(huh l )
) . 

(m 1~ l) 
• . .  ~~~

as n -~ = , where for = 1 ,2 , I~ is the zero-mean m~ -dimensional
_1

norma l law w ith covariance m atrix 
~ 

given by, respectively ,

( 3.2.8)  
~l ~~~ 

~~~~~~ I
~

1
1

and 
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(3.2.9) = (A ½
~~~~~~~)1

Proof: Let an and 
~n be g iven sequences for which the requirements

of assumption J are satisfied. We have

< ~~~~ p = 1, ... ,m
1 

; ~~~ � ~~~~ p = m1+l, ... ,m)
= p (X (11) 

< ~~~~ p = 1, ... ,m
1 

; � ~~~~ p = m1~l, ... ,m)

where

~~~ -np~
’
~ 

= 1,

v’ç G
n

(P)

=

~~~ -np~~n , p m 1+l, ...
~r0 (Ti) 

I

- f i n

k~~ 
- np~~

~~~~ = , p = 1, ... ,m ,
v’~~~ a~~(~~)

and

1 - F(u1~
’
~) , p = 1, ...

—

F(u~
’
~) , p = m1+l , ...

For each p = 1, ... ,m we have p
~~ 

-
~ 0 and

(3.2. 10) np~~ k1c1~

Hence by stationarity and (3.2.2) , for p = 1, ... ,m1
= a~p~~ (1 

- ~(P) ) + 2~~~~ {I~~~ > ~(u) , ~~ > ~~~J)
)

- [1 -

_ _  -~~~~ -— - - -~~~ -- - —- - - A
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= ct1~p1~~~(1 - p (P)
J + 2~~~ (a~ - 

J ) {1) (
~~~

1 
> ~~~~~~ 

~i+~

- 

[1
an a

n

and similarly also by (3 .2 .3)  ~ce in fact have

(3 .2 . 11) ~~~p) -=

for each p = 1, . . . ,~ . There fore , from (3.2.10) and (3.2. 11) it

fo l lows  that

- i 11
(~~) 

, p = 1, .. . ,m1(5. .1 )
1 (~)
I — a  , p 1fl T~’+~l~ . . . ,ni

Let c 1 , . . . ,c
1~ he real numbers and write

c 1 ~
( 1) 

+ + cm~m .~
m
~ =

whc’ re

- F

= c 
~~

n) H(n )

a -i 
~i - - - -

a

- i~ T~~
1

(n) -

1+ L

If we can show that

nm
( 3 .2 . 1 3 )  l i n t  ~ + 2 c c

- n , I . p - I I V ~_i , Vmm i odd =1 1- Li <~~’ nm~

c c
Ti V ~,V 

~~~~~~~ - - ~~~~~-~~~~~~~~ - - -
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(3.2.14) u r n  ~ E X 2 
= 0,

n i even n,i

and
29.n -~~~

(3.2.15) lim ~ E(X’ I
~ i=l n,i [

~x~~I>c] ) = 0 for all c > 0,

then since the a-fields 
~~ 

and o~L clearly are also generated by

the r.v.’s X 
~~~

, and Xn s+2~ • . .  ~~~~~~~~ , respectively, itn,
29.n

will follow from Lemma 2.3.1 that ~ X . is asymptotically normaln , 1i=l
with mean zero and variance the limiting quantity in (3.2.13). Then by

the Crarn~r-Wold device and (3.2.12), the statement of the theorem will

he immediate.

We first have

-‘ ni ~~EX 2
fl ,l 1 a

cc U
+ 2 9. ~ 

V 

~ 
Ej~W~~ - ~~~~ “W~~ - E W ~~ fllS~~vsm1 ~ ~ 

i’)o~ (v 1(n) 1(n)) 1 (n) 1 (n)JJ1 1 1 1

( IV  
-~+ 2

C C 

~~~~~ 
- ~~~~ JfT~~~) 

- ET ~~ ~~mn1+l�~<v�m 
9.n0n(Ti)0n~~ 

E~ 1 1 (n) 1 (n) 
i n1 1 1 1(3.2.16)

c c 1 ( )  
- EW ~~ l1T~~ - 

U+ 2  
i o  

-

n n~~~ n~~ 
L{[ 1(n) 1(n)J~ 1(n) 

‘‘
1 (n)J~1 1 1 1

= ~~~~~ + ~(n) 
+ ~~~ +

(p) (v)say. ~ow for large n , u~ � u~ if p s v , so that for f ixed

~ 5 p < ~ ‘ mm i
i

E{ IW
~ 

- 
~~~~ 1 IW~’~ - ETc~~~ ]}1 1n) 1 (n)J I 1 (n)1 1 1

a
1” ~ I fl ( \) U

= 
F1 ! ~ I a p(P)1

[ ~~ (U ) 
- a p I~1j =1 [~ ~~~~~ 

- 

n j  k=~ ~ k
>un ~ 

n
j n

____



F, 
~~~~~~

- 

~~~~~~~

- - -

~~~

---, —--

~~~~~~~~
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= + 

~~~~ 
I~~~~~~~~~~~ () 

- a~P~~~p ( ’
~~}

j ~k
= ~~~~ (~ 

-

( -
~ -1

+ - j ) {P {~ 1 >u~~~ , 
~~+~

>°
~~~

) + P(~ 1
>u~~~ , ~1÷

~ >11
1
~U))

- 
(p )  (v)

~n ~n

~ a n
n

by stationaritv , (3.2.2) , and (3.2.10) . Hence b y (3 .2 .1 1) ,

(3.2 .17) ~(n) 2 c c
— l- -~V - ;

~~ 
~ p ,V

~-‘1n11 1 ; 1 I l v , us ing (3.2 .3) , (3 .2 . 1T i )  , and ( 3 .2 . 1 1 ) ,  wc obtain

( 3 .2 . 1~~~ ~(n) 2 c c
mn ~+ 1 ; <vSn I 1 \~ ~

i ,V

.\ lso , for 1 mu 1 < V < in and for large n ,

- 1: 1~ ( L 1) T 1
~~~ - - -1-(v ) ~~

~ I~° 1 ( n )  
~~~1 1 1 1

= 
h{ [

~ 
~~ 1 

~1~~P)] 

- 

~~ ] [
~ ~~~~~~~ 

- ~
1
~~~ v) )  }

= 

- - - 
(Ti )  

- 
2~(~)~ (~ )}

- a ,j i i  ‘1-~ n
j ~k

= 

j~~1 ~~~ 
- 

J ) {P {

~~~~

1
11

HJ
,

+ ~ 
- ~( ‘~~ ,~ - -

~~~~ 
~~ - 

, (p)~,(v) ~ + ~ ~~ )~ (v)1 a ‘ 14- j ml n n j  a n n 

---~~ -~~~~~~~~~~~ - -~~~~ -~~~~~~~~~-- -~~ — — -~~~~~~~ ---
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a ~~~ 
- - ~a

= - ‘- +~~jJ~~~’~ 
ii

n~n ~n n 
j

by (3.2 .4) , and thus fron t (3.2. 10) and (3.2.11),

(3.2.19) 2. A (n) o.f l 4

Upon combining (3.2.16) - (3.2.19) and using stationarity we obtain
(3.2.13).

Next we have , assuming 9. > 1,n

111
1 

Var Var(n) 
~(n)

2 2 
+ ~ 2 2

2
= 

t i l  ~ 9. a (p) p m 1~1 
C
(1

a n n n

C c
+ 2 p V I~[{IV o1

~ - 1~~ (p) )1) 0  J~~l p<v�m 1 ~ n n 1, ~(n) 1(n)I

• 1~~V) 
— ~~~~~~ 1~~~

1(n)2 2
c c

+ 2 p V 
EI IT~~~

’
~~~ 

- 
~~~~ 1(p)o (p) 

~j  ~(n)m1+l�p<V sm n n 2 2

. - F T (
~~~]}I’ 1 (fl)

2
c c

+ 2 
lSp~~fl1<V~n1 2 0 ( P ) O  ( U)  EHW~~ - 

~~~~ 1
I I  ~(n)

w 2

• -

~ ~(n) 1(n)jJ2 2
(3.2.20) = Bin) + B~

n) + Bin) + ~~~ +

say. We may show that

Var W~~
1)

j n)

2 + 0 , ~~~ 1 , . ..,iii~
(3 (II)n
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and

V- i  -

~ 1(n)
I,)

-
~ 0, p = m1+1 , ... ,in ,

(y
~~ ( T i )

using t he same calculations as in the proof of Lemma 2 .3 .1 , and ~c omit

the d e t a i l s .  Hence

H a)  
= and = o

~e have for 1 p < V in
1 , and a large ,

- F ~~~ 1 (V)  
- r ( V)  

1-lj ~(n )  i (
~~

))  1 (n) 
--

= ~>u~~~ >u 1 - 

~1 -

i~~ ‘~~~ m i ~ ‘k n n n a

(3 . 2 . 2 1)  = 
(p ) ( v )  + - i 1 

{~f~1>u~~
), 

~i ÷ m

+ ~~ - 
. ( ~ifl

( I m~ ‘ ~1+’j a j n a

l)V s tat  aria i i  ty . (lien ,

( - --
fl 

- ){Pf~1 ~Y ’  - 

~~~~~ 

.~(~)] + 

~(~ i ~~~

- 2p~~ ~~~ }
V J {l 1[~.1 .u~~

) , 
~:~~j+I u~~~J 

+ , 11 ( V )

= 

j~ ~~~~~~~~~~~~~~ . 

~ 
~~~~~~

+ l~ : -~~~
-
~ ‘ E -( 1 i i i  ii 

----—---
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(an - j){P
1~l

>u
~~~

, 
~i+j >

~~~ )

a -l 

+ P[~1>u~~~, ~1+~>u~~~J}
(a~ - J) {P [~1>u~~~ , 

~l÷j > % ]

+ P1~i
>u
~~~

, ~1+~>u~~~) 
- 2 p~~~p (v) J

+ 
2(a -~~) 

a (a -

+ 2{~~~ - ~nJ 
a~~l 

(a~ - j){P{~1
>u~~~, ~l+j>u1YjJ

+ P[~1
>u~~~, ~j +~>u~~~) 

- 2

(3.2.22) = C~~~ + C~~ ~(n)

say. By (3.2.4) we have that

k~~(3.2.23) C~
n) 

= o{ “ 

~ 
J .

Also, it is easily seen that

k~~(3.2.24) C~
n) 

= o[~~ 
~

Moreover ,

a ~~. ~~. (aI~(3 2 25 ’ ~ (n) n n n n - I n n
I- - J 

~‘2 • 
~~~~~~~~~~~~~~~~~~~ 

- 0 
~ 

n ‘

a

since 
~n~n 

= o(n). Thus fr omm i ( 3 .2 .20)  - (3 .2 .25)  it follows that

B(n) - (1

3 _ °

I~- n
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I~e m a y  also show that 1~(n) and ~~~ = 
ft—J in virtually the

same manner , and we omit these details. Therefore by s ta t ionar i ty ,

(3.2.26) 
~ LX 2 = 1’

~n 
- 1) ~~~~ -

~~ 0.i even
2 q

a

We now Separately consider Ii Xn~22.n 
. l~e have

h = ~~n) + 13~n) + 1~~
n) 

+ B~’~
) 

+

a~ defi ned by ( 3 .2 .2o) , now replacing the interval ii”) by I~~~
It is cleax that

Var I i)
) 

- ( .~ + 2f)~~ft) (i - ~~~~~~~‘) ) ,  p = 1 , ... ,m 1

;IOI.t

- r I (~~ + 2 - ’ ~( -~
) ( i  - 

~ 

) j ,  = + 1, ... ,mn ,

H i— v (3 .2. Ii m ; arid (3 .2 .11)  and -

ii ) (a)h 1 
. and 2

~1so , l~~i’ I -
~ s 1

, . ( ~ ) ~~~ I
~ H 

~~~~ 
- 

~ 
In ) H 

- - 

~~~— a - 
I I  a

~
~~~~~~~~~~~~~~~~~ ~~~~~ k a

~ 
+ 2 3 )

and since -
~~~~ 

= o(~~ ) and ~ = o( /~~~J , which i mplies ~ = o(n) , it

_ _  
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follows from (3.2.11) that B~~ -* 0. Similarly ~~~ -
~~ 0 and

0. Therefore EX~~22. 
-

~~ 0, which along with (3.2.26) gives

(3.2.14).

Final 1~’, jX~ ~ J is hounded by a ntnmierica l quantity Kn where

a
Kn /c

whi ch tends to zero , so that (3.2.15) holds. This completes the proof.

As an inunediate corollary of this result we may in the obvious way

obtain tile following theorem giving the asymptotic joint distribution

of several intermediate order statistics from the stationary sequence

Theorem 3.2.2. Let be stationary with marginal d.f. F and

(1) (a1)associated independent sequence 
~~ 

, and let k~ , •~~~
.

(ni 1+l) ,- -~

kn ... ,k~
m1 ’ be in intermediate rank sequences satisfying

~~~(3.2.1) and such that X = lim ~ exists for 1 p �  V ~ mn~ and
n k

n

= limn —
~
3
~-y 

exists for m1+l ~ p 5 V S in . Suppose there are

constants ~~~ > 0 , ~~~ such that , as n ~

~(n) 
-

n

‘ ,{

~~

-

~~~~

_-__- s 
xJ ~ 

G~~~(x) =

for all rea l x , for each p = I , . . . ,mmm
1 , and



12 3

~(n) 1 (p)

________ - s 
xJ 

-
~ G~~~(x) =

for a l l  rea l x , for each p = m1+l , . . . ,m . Then if 3 holds for the

set of sequences 
~ J , • , ~ 

(im i) , wilere a (T i) 
= a x + 

( Ti )

a ll real x~ , . . .  ,x for which each u~~~(x) is finite , or equiva-

lent ly, for which (1 < ( x )  < 1 , then

~~~~ - b ~~n
P ~~~~ ~~~-~~-~~~~—- ~~~~~~~~ � x , p = I , . . . , mn 1

r(n) 
-

n
n 

, p = rn~+1 , . . .

(in

~ 
[u~~ (x 1 ) , . . .  ,u ~ (xv ) J
~ 

(ni 1+1) (in)

~~ 
{u (x~~~) 

, . . . ,u

as n -
~ ~= , where -

~~ .. and ~~~ , are the zero-mean multinanima I I :tws
‘ 1  ‘ 2

wi th  respect ive co~ ;ir ia nce ma t ~ Ices g iven 1w (3 . 2.8) and (3 . 2.9) . That

i s , the random vector 
1 1 )

~~~ 

... 
~~(ni )~~~~~ ~~0 +l) ’ ,

~~~Ofl) ]

ha:; tile same I i  a i t  i d st r ibut ion , and mrnder the same normal i zat ion ,

as the i~ UkiOf l  vector 1)~~~~ ’ (in 
~(n) 

‘~~ (nm )
k I 

~~~~~

(For ch component of these randormi vectors, the appropriate norma l i :a-

tion is that for the corresponding one-dimensional limiting distr ih im -

tion.)
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For stationary normal sequences we have fommd it possible to

formulate conditions on the covariances r = sufficient for

the assumption J to hold. This may be done by first establishing a

more general form of Lemmas 2.4.1 and 2 . 4 . 2  involving different “u”

levels, and working directly with the mixing condition (3.2.7), the

mit-dimensional analogue of (2.3.6) used in the one-dimensional case.

This latter of course would lead to our again assuming the covariance

sequence r tends to zero exponentially. However, the calculations

are rather complicated and moreover, unfortunately involve making

further restrictions upon the several intermediate rank sequences

considered , as well as upon 6 = sup ~~~ Because of this som ewhat
n� 1

unappealing situation we will not present this development here. 

~~—~~- 
- — - --- - - ----- --



CHAPTER IV

REPRESENTATIONS OF INTERMEDIATE ORDER STATISTICS

4.1. Introduction: The Bahadur Representation of Sample Quantiles.

For a fixed number A in the unit interval (0 ,1) let F be a

distribution having a unique A-quantile x
~ 

such that F(x A ) = A. In

fact suppose that in some neighborhood (x~
-
~ , x~

+6) ,  F has a contin-

uous derivative F’ such that F’(xA) > 0. Then, as we have noted in

Section 1.3, F belongs to the domain of attraction of the standard
k

normal law for any sequence kn of smallest ranks for which -
~~ A ,

or equivalently, for any sequence k of largest ranks for which
n-k +ln

n

Suppose that is an i.i.d. sequence with marginal d .f. F.

i n
Let F (x ,w) = n ~ 1

~F~ <~~
(o) denote the empirical distribution ofn i=l i — a

the sample 
~~~~~~

, ... . Under the additional assumptions that F

has a bounded second derivative F” in the neighborhood (x
A -6 , xA

+ó)

and that the central rank sequence kn satisfies

(4. 1.1) k~ = nA + o(n1 log n) as ~ 
00,

Bahadur (1966) proved the following representation of the kn~th small-

est order statistic:

k -nF (x ,w)
= X

~~ 
+ ~ nF ’ (x

~
) 

+ O(n 3
~
’4 log n)

_ _ _ _ _ _  - - -~~~ - -~~~~~~ -~~~~-,-~~~
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with probability one (w.p.l). Then defining the sample A-quantile Y~
of 

~~~~~~

, ... ,
~~~~~~ 

as an average of the two order statistics and

E (2) , where the central rank sequences ~~~ = [nA] and 
n

k~
2
~ = [nA] + 1 each obvi ousl y sat is fy (4 .1 .1) , he obtained

A-F (x ,w)
(4 .1 .2)  Y~ (w) = X

A 
+ + R~ (w)

where Rn(w) = O(n
314 log n) ~~~~~ From the representation (4.1.2)

it follows inunediately by the ordinary central limit theorenm for sums

of i.i.d. variables having a finite second rnommient that the sample

quantile ‘
~n 

is asymptotically normal with mean and var iance

__________ 
-

2 i.Ioreover, it also follows that the law of the iterated
n[F’ (x\

)]
logarithm holds for ; that is ,

n~(Y -x3)F ’ (x A)P I I m m  -i 
n 

______ = 
1 

= 
1.

a (2A(l—A)Io g log n)~ 
)

The representation (4.1.2) has been extended by Sen (1968)

to sample quantiles Y~ fromn ui-dependent sequences not necessarily

identicaHv dist r i )o t~-1 , ui ~k-r ccrta in conditions , and to those from

s ta t ionary ~- r i x i n g  sequences ( —cc  Sen (1972 ) ) .  Prom these

representat i oic~ Sen iso g;ivc further conditions which are s u f f i c i e n t

or obtain ing the asymptotic normality of 1
n 

as well as the coi-res -

ponding iterated logarithm result. Additionally, Ghosh (1971) has

found a representation of from i ndependent or rn-dependent sequences

vi tli a ~ce;ik -r convergence rate for tile rema inder tenn Rn and in fact

an “in probability ’ rather than an a lmost sure convergence. This latter

is va l id , however , under fewer assumptions , includ ing requiring the

existence of only the first derivative F’ in a neighborhood of xA
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and no longer than the sample quantile Y~ be defined in terms of

central order statistics 411) for which kn satisfies (4.1.1).

Moreover, Ghosh’s procedure is substantial ly simpler than that of

Bahadur and Sen (1968), and the representation with the weaker conver-

gence rate is sufficient for many purposes, including obtaining the

asymptotic normality of

Using techniques similar to those of the above authors, we can

obtain analagous representations for intermediate order statistics.

For convenient comparisons of our methods and results with those for

sample A-quantiles, we deal exclusively with kn~th smallest terms

although we could just as well obtain corresponding results for

largest terms . In establishing these results a crucial assumption we

will be making in this chapter is that the marginal d.f. F of

(and each marginal d.f. of a non-identically distributed sequent~ l~ )
has a finite left endpoint x0 , with additiona l assumptions to be made

upon the behavior of F(x) as x approaches x0 , including those

given in the hypothesis of Theorem 1.3.3. These of course will corres-

pond in the intermediate case to the fact in the central case that

A-quantiles x
~ 

are necessarily finite , for 0 < A < 1, and to condi-

tions upon the behavior of the d.f. F in a neighborhood of xA

We begin with the development of a representation for intermediate

order statistics 4n) from independent sequences in the next section,

and in Section 4.3 we consider a weaker representation under fewer

assumptions, which is valid also for the case of rn-dependent and not

necessarily identically distributed sequences. Also in this chapter we

provide , as corollaries to our representation theorems, additional

results dealing with the asymptotic behavior of intermediate order
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st~mtL stics; specifically, we give a law of the iterated logarithm in

the i . i .d. sequence case , and for rn-dependent sequences we indicate the

asymptotic d is t r ibut ion of , which is already established for

i . i . d .  sequences (Theorem 1.3.3) .

1cc conjecture that our results can he extended to intenmuediate

order statisti cs frommi ~-mn i x i n g  sequences , usi ng imuethods s inu i l a r  to

those of Sen (1972) in es tab l i sh ing  an almost sure representation b r

s i m p le A-quantiles f rom suc h dependent sequences. However we will not

consider this problem here .

4.2. ~~~~~~~~~~~~~~

Let F he u d. f .  w i th  a f i n i t e  left endpoint  x0 such tha t

F(x0) 
= 0. and suppose that ins i- ic  an interval (x0, x0

+~), F ~

t c  i~~ ~1 i f f c m e n t  i ah lc  ~. i th F,, hounded and such that lim F’ (x ) exists
x

and is ~os i t  ivc . -~I uppnsc that is an i . i .d. sequence of r. v . ‘s wi tim

marginal d. f. F, and let be an intermediate rank sequence subjec t

to the restr iction

1~
(-1.2.1) — -

~
-
~ 

-
~~ as n1o~ n

[)efimme a sequence of positivc numbers

= n~
1 k~ ( l+ ~~~~) 2  log 2 n,

where L > 0, and a sequence of integers h~ satisfying

k
1) —p— as

a log n
k

Let x~ he such that F(x ) = ~~~~~ ( Xn exists and is imiciuie for

_ _ _ _ _ _ _ _ _ _ _ _ _  — -  - - -
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large n, by the assumed differentiability conditions on F.) Let

F
11

(x ,~) fl~~ 
i~1 

1 [E <x]~~

be the empirical d.f. of the sample 
~~~~~~

, , and write

k
Gn(X~

W) = F~ (x ,w) - F (x) - F~(x~~m~) +

and

Ii~(w) = sup
x -a ~x sx ~an n n n

Most of our development is then given in the following two lemmas.

Lemma 4.2.1. With probability one,

Hn(w) 
= O(n4 k~~

4 log314 n) as n

Proof: Let N1 be an integer such that x~ is uniquely defined fo r

n N1 . For n N1 and for any integer r, let = x1~ 
+ a~5~~r.

By the monotonicity of F and Fn we have for X 
~~r n ’ r4~l ,n

]

Fn(Tlr n ~ 
w) - F(Tlr+i mi ) S F~(x~w) - F(x) ~ Fn(flr+l ,n~ ~) - i:(

~ r n ).

Thus

Il~(~) - h ’r ~b ~
1
~~~~i ,n’ ~ 

- F(fl ) - Fn (xn~ 
w) +

+ max (F(ri +1 ~ 
- F(n ) }

-h < rsb - l r ,n r ,n
n n

(4 .2 .2 )  = K11(~~
) + 

~~

say. Since 0r~1 ,n 
- T1 r ,n 

= a 1b
1 

~
hn ,n 

= x
~1 

+ a~ 
-
~ x 0 and h~- the

assumed conditions upon F in the fixed interval (x0, x0 +~~) , we have

that
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.2.3) = O(n 1 k~
’
~ iog~

’4 a).

w i l l  use the following inequality- of Bernstein (Sec hah;uclul

( 19b6 i ) : Let B (n ,p ) he a b i nom uu ia l  r .v .  w i t h  parameters ii and p,

!or som e integer n 1 and for 0 -; p I . Then for  every t 0 ,

(4.2.4) P(~B(n,p) - ap i  � t) 2 exp(-h) .

~h t . - m c

_______ 
t

—

ii = ht ri , n , t ) -- -* - ~~~~~~ — - -~ — —

~‘~ np ( 1  — p1 + ~uia~~{p, I j )

H.-t C 1 u r n  i ’ \ )  0. ice niav choose N , -

~ 

s mcli  tha t
X ,X () 

-

FL\ a )  - F(.x )  C1
a and 1:(x ) — F (x  — a )  < C1a , for  :u ll

a N , . N~~ for  any n N 1 and any integer r

( i n
I - p  . i f  r : 0
[x~~-~~- sn ] i - n

i= 1 a m r ,n
‘1~1

— m m ~ I - + p , it r S — 1
i~~l H .n ~~ 

r .mi

Ft .-
k

I -  fl~p - 
= i - ( r  

- 
) -

u , n i • 1.  Il

~~ 
(~~~ a ’ k4 Io~~ a for sony H > 0, we theref or e  have

by (1 .2.4),

P (iG n~~r n  I - . 
t~~~) s 2 exP (

~~
hr n

) ,

wile re

I. ml
, m i m i t

2
~

np r n (l
~
pri1

) + 

~~
I;
~~

) p r n . i-
~~~~ } 

~~~~~~~~ - -~~—- ------ - — —-—--— - - -  --



_

13I

nt 2

~~2p +tr ,n n

Since n � N 2 and ri � b~ imply 
~r ,n 

< C1 an we have

PflGn(flr n ) I  � t
11) 

� 2 exp(-6
11
)

for a � N 2 and r i s b , where

nt~

~n 2C a +tl n  n

which does not depend on r. Therefore

P(Kn � t
11
) � 

r=
~
bn 

P(i G (n ) i  ~ t~ )

< 4 bn exp(-ä~ )

< 4 n exp(-6).

c~An easy calculation shows that ~ log n for n � N..
11 2C1(1+c~~+1

say, so that for given C1 and c , choosing C2 suff icient ly large

such that 2 
~~~~~~~ 

> 2 , we obtain
2C1 (l+c)

2+l

~ P (K ~~~ t ) < - -o .n nn�N

Thus by the Borel-Cantelli lemumma ,

P (K n � tn infinitely often) = 0,

and since t~ = C2 n~~ k~ Iog
3’~ n, the statement of the lemma follows

from (4.2.2) and ( 4 . 2 . 3 ) .

Lemma 4. 2. 2. i~ i th p robab i 1 it v one,



132

x - a  s F ~~~~ ( u i ) � x  ~~ a
ii a k a nn

for a l l  large n (that is , for all n som e N ( u;) ) . Note tha t

< X — a for all 1:u Ii ~C a , by the choice o a , the :mssuuumed

cond it ions on F, and (-1 . 2 . I )

Proo f: Fi us t we have

- - x - 
a )  

~ 
~~~ ~~~~~~~~~~~~~~~~~~~~ 

k )

=~~ (~~ l
[ J

flP~~~~~~ k flP )
- I a 11

a

~ ~~ 
I - - an > C .  na )

i~~l 
[ H  -~x - a ] - a -~ a

w h cu -~ p~ = F i x
11 

— a~ ) , for solute C_ > 0 , and for a l l  large n 
* 

s irice

k
a = 0 p by (4 . 2 . 1) , and si nc.e F ’ ex i s t s  and is hounded awaY I ron

:cro i t i sonic fixed in te rva l .  Then by (-1 . 2 . 4 )

CTh2 a 2
j n )  ~ nX n 

- a~ ) � exp -- 

~~~~~~~~~~~~~~~~~~~~~ 

H

ri ii ~ I i J

I C nTh~~4 mm

n

for some C :- 0 1 not depending on r ) and f m c Ia rge a , s ince

k P - -,

J2- and a = o (-fl . Rut k~
1n~ a = (1+6) log n, so tha t  i f  r (1

is  chosen suf I ic i e n t ly  large , we obtain

(1 . 2 . 5 )  
n~N 1 

~(4~ < x~ 
- a )  < ~~~.

In a s i m m m i I a r wa v we have

> X mm 
+ i ( ~~ I [r.-x + a ]  k )

- — - . - -- - - — -  - — -  - - -  —- ---- -- - -- - - - - - - --~~~~~ .~~~~~~~--



- -- -- - - —  ~~~~~
-- -

~~~~~

133

= P(~~~ ‘[~ .>x~+ a ]  - ‘
~ n 

> + n( i - p
11

))

S 
~ i>xn+an] 

- np~ > C~ na
11

)

for large a, where now p
11 

= 1 - F(Xn 
+ an). Then the relations

k k
+ a

11
) < 

~~~~~ 
+ C1 an and a~ = o(~~) along with (4.2.4) lead to

C n a
> x~ + an) 

< 2 exp (- k
11 

11)

for some C5 > 0 and for large n, so if r > 0 is suff icient l y

large,

(4 .2 .6 )  ~ p (~ (11) 
> x~ + a ) < ~~~.

n~N1 a

Combining ( 4 . 2 . 5)  and (4 .2 .6)  and applying the Borel-Cantelli l emma

completes the proof.

Our mm ma in result is now easily obta ined.

Theorem 4.2.3. Let be an i .i.d. sequence of r.v.’s with marginal

d.f .  F having a f i n i t e  left  endpoint x 0 such that F(x 0) = 0, and

such that in an interval (x 0, x0+ó) , F has a bounded second deriva-

tive, and u r n  F’(x) > 0. Let k~ he an intermediate rank sequence
X -)-X

0 k
such that -

~~ ~~~ , and for sufficiently large n define

k
by F(x ) = . Then

k -nF (x ,~)
(4.2.7) 

~ I~~~~
(UuJ ) = Xn 

+ ~l 
nF’ ( x~) 

4

where

(4 .2 .8)  R 1 (mu) = O(n k1” I ng~~ a) w I tim prohal) i I i  ty one .
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Proof: Fromm i Lemmina s 4.2.1 and 1.2 .2  it follows that w.p. 1 ,

(~
) ,  

~~
-)  - 

F ( ~~~~~~~~ (ui) ) - F1) (X
fl * w) + _P~ = O(n~ ~~ 1 i t m t .~~

h 1  
ii)

Sluice F has a bounded second deriva t I ye in N 0, x0+S ) and since

a
11 

o(l) , Lem amma 4 . 2 . 2 gives

it~~ h i m ) )  = + ~u) - x
11) F’ (x 11

) + O(n~~ k~~1og n) 

k m
i .p. I . Ihen since we may assum e ( w . p .  1) tha t ‘-

~
(- k (~ cmi) =

not i ng tha t F ( = 0 , and from the assumpt ion that F’ (x~ ) is hounded

a~eiv from :cI-u for large a, time theorem follows .

1\
I k~ sat  is f ie s  - - —----

~~

---- - -

~~ 
~~‘ , w h i c h  i s sli ghtly immore restrict ive

[og ri

than ( - 1 . 2 . 1 ) , then as is ev i dent the representation (4.2.7)- (.1.2.8)

y en l ies the asymptotic normal i ty  of ~ (n) stated in Theorem 1 .3.3 ,

under st roum . p - r  conditions upon the ummarg ina 1 d. f .  F.  I lowever we n ay

use our repi-esenta t ion to estaI)1 ish as a new resul t a law of time i t  cc

ated logar it hnu for . Ill is has been obtained exp l i c i t l y  for

int enum ed i ate  order s t a t i s t  ics from i . 1 .d. seciuences of r. v. ‘s umm i f onu m lv

1 1st r ibuted on the tu i i t  i ut  cry  I by K i e fcr  (1 )1 72 , Theorem 5) , under the
k

restriction that —-n-————- . - -  . Translat  m i’ his result accord i ng to
log log n

the faini I i i r  r e la t i on

—l a
I t  ‘mm ‘ 

= ~ k (cm )
i=I [F(r ) < J~]

k k
not i ng tha t I ’ ( i -  (~ - or mu I - m i i i  f i c i c ’ m m t  i v  large a 

* 
and

is iag t i m e rejmr esemitat ion (-1 .2.7) - ( - 1 . 2 . 8)  , va lid under our asst~mipt tons

upon t ime m umirg i nr i I d. f .  F , we easil y obtain the fol lowing thc’ozcmn .

- -
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Theorem 4.2.4. Let be an i.i.d. sequence with marginal d.f. F

satisfying the conditions of Theorem 4.2.3. If k
11 

satisfies the

restriction

k~(log log n)2
— —  

3 
- -

~~~~~~~ as n - ~~ ,
log n

then
~~~ 

-,~~~ 
n)nF ~X j  -X

P TThi t m 1 1.
(2k

11 
log log nY~

4.3. Independent or ~~~~p~n~~nt Sequences Under Weaker _ Condi t ions .

Following a procedure used by Ghosh (1971) to extend the Bahadur

representation of sample A-quantiles from independent sequences under

weaker conditions, we will derive in this section a similar result for

intermediate order statistics , which will be valid also in the case

of rn-dependent sequences. Specificai ’y, the assumptions which will no

longer be required include the existence and boundedness of the second

derivative of the marginal d.f .  of in the neighborhood N0~ x0+ó)

adjacent to its left endpoint , as well as the restriction (4.2.1) upon

how slowly the intermediate rank sequence k
11 

tends to infinity . By

removing these conditions we will he left with only those actually

given in the hypothesis of Theorem 1.3.3 , which established the asymp-

totic normality of when the are independent. The resulting

representation however will correspondingly be for the most part weaker,

in that a slower convergence rate for the remainder term , and

moreover , an “in probabili ty” rather than an almost sure conve rgence

statement, will be obtained. But the rate will still be sufficiently

_ _ _ _ _  
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fast to insure the asymptotic normality of ~~n) in the i .i .d. case as

an ium~uediate corollary .

The method we use is somewhat simpler than that followed in Sec-

tion 4.2, and in the present section it is of only slight inconvenience

to in fact consider a more general setting in which the identically

distributed assLmlption is relaxed to some extent . We therefore do

th is , and following our development we indicate the specialization to

i . i .d .  as wel l as to mn-dependent stationary sequences.

Thus let be an rn-dependent sequence (rn 0) wi th m ima rgin a l

d.I.’s Fn(x) 
= P(ç~ � x ) .  Suppose for each a � 1, x0 is the finite

left endpoint of F
11 

such that Fn(x~
) = 0, and in an interval

(x0, x0+6), F
11 

has a continuous derivative F~ such that l im F~(x)
x 4-x

0
exists and is positive . Now define

i n
F ,- 1(x) = n ~ F 1 ( x ) .

in

Given an intermediate rank sequence k
11 , 

for each i = 1, . . .  ,n let

~ 
be such that

k
r (x .) =

1 11,1 11

and let be such that

k
F (fl) (X

11
) = —fl-

(These exist uniquely for all sufficiently large n .) Further asswie

that

(4.3.1) ~~~ 
- Xn 

= o{~P~), uniformly in j = 1 , . . .  ,~~~~,

as n -
~ (which implies tha t -* x0 ) ,  and that

A
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(4. 3.2) u r n  n~~ 
~ 

F~(~~) = lirn 
~~n)~~n~ 

> 0.

(The limit is assumed to exist.) Finally, assume that

(4.3.3) T i -4 + c o,
n

where

= Var(~~ I{~i�xn,i]
)•

Theorem 4.3.1. Under the above conditions,
n

(4. 3.4) ~(n) 
= 

~n 
+ 

kn~~i=l
l[~i�xn,i] + Rkn nF~fl)(x~)

where ~~~~
— R ~~~~~~ 0.

Proof: We first assume that the are independent and later indi-

cate the modifications to be made for the more general rn-dependent

case .

For any real t we have for sufficiently large n,

- 

~~ 
� tj = ~ 

tk½ 
~n [~.�~i +.J!j1 a a

n i  tk½
= P ~ ~F. ~~ ~~~~~~ - I

1 1 fl fl

a I tk½~ k1 
~ ~~~~ + ___!!I fl

m n) Nn) i=l I ‘
~ a n j n

----

~

—---- -- -- -- - - - - — - -

~

-- - -

~ 

- - ---



~~~~~~~~~~~~- - - -- ~~~~~~~~~~~~~- - - ~~~~~~~~~-

138

(4.3. 5) = P(Z
t 1 1  

�

1, 1 .
tk2 k tk2 k2

say. Since F ( ) [ x  + = — +  
~~~~~n)

Nn) 
+ o{~a), we have that.

I-
tk~ k~

II 
= 

k
’2r , ) ~~n)

Nn) 
+

a (n)  n

(-1 . 3.6) t, as n -
~~

Suppose t 0. Let

a k
~fl 

= 

k~~~~~~~(~~11
) i~~l 

-

tk
By (-1.3.1) we have for large n that x

11 ~ ~n 
+ so that

(4.3.7) w - :t fl  
= 

k~~F~ 11)
(~~~) i~~l 

~~~~ n
+~~~~~~

2 
- 

~n ,i}

where
tk2-~ k

p = F - x + —
~~ -l -

n , l I_ uI n j  i-i

Since

E(W~ 
- 2t n )

2 
= 

k [ ~~
’ )~j~

2 i~l 
p11,~

(I -

a (n) n

1
~ 

11n ii=l

and since

~~ ~n ,i 
= 

~(n) 
[X 

+ ~~I~
J 

-

= k + tk2r~n) (~~) + o(k~) - k~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _ _
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it follows that E(W~ 
- Z

t~~~~~~
)

2 
-

~~ 0 as a -
~~ =~ so that

(4.3.8) W~ - Zt n  ~~~~~ 0.

Similarly, (4.3.8) holds for t � 0. Also, by the usual central limit

theorem for row sums from triangular arrays, it is easily seen that

(4 . 3.9) =~> N{0, [ u r n  r~~ ) (x J] )

so that in particular the sequence of distributions ~~(W
11
), n?lli is

tight.

Let

n (-(n)V —~~ 1 t, - x
“ k~~ -~~n 

a

Then by (4.3.5)-(4.3.9) we have that V~ and W
11 

satisfy the condi-

tions of Lemma 1 of Ghosh (1071) , that is, the collection ~~(W~)} is

tight, and for all real t and all E > 0,

lirn P(V~~t, W~:~t+e) = 0

and

u r n  P(Vn~~
t+c

~ 
W s t) = 0

Therefore, V~ 
- W~ ~~~~~ 0. 1-lence for R

11 
defined by (4.3.4),

( k~~- •~~~ 

J~~~<~ - ]n — n ir(n) 
- 

1=1 ‘
~~ n , i

r” 
~~~‘k 

- x  
-. 

—
n k~ ~ 

a nr(fl) (x
fl

)

n In) 1 fl Jk~ iI K 
- - 

Y(n)~~n~ 
i= l  ~ 

-
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We now indicate the modifications to he made in order to establish

the theorem for tim-dependent sequences . We need to show

W satisfies the first condition of Leimma 1

(-1.3.10) of Ghosh ( 1971); that is , the sequence {~ (W
11

) }

is tight ,

and

(4 .3 .1 1)  E ( lV n 
- 

t n ~
2 0 as n

To show (-1.3.11) we use the following result of Rosen (1967): I f

‘m l , . . . , are mn—dependent (a - - mm) and have F i n it e  variances , th erm

a n
(1. 3. 12) Var ( ~

‘ v . )  ( 2un + I ) 
~ 

Var Y
i = I  j = J

Applying this to (-1 .3.7) yields

n
- ) _  

- - -

~~~~~~~~~~
-
~~~~

- - - - ( m u u + l )  ~~ j ) -

~~ ~ k (F ’  ( x  ) ~ i= 1 11,1
II In ) - a

which tends to zero as in the independent case.

In order to show (- 1.3 .  10) we emp loy the fol h)w i ng centra l I in mi t

t imeoreun for rom~ sinus in )ln t r imu n gml Ia r mm n a y s  o I r • v . ‘S ~ i th mmm—dependent

t-o~cs ( iii (I fixed) , due to Rosen ( 1 9 6 7 ) :  Let {X
~~~~~

}
~~~~1 l~ i<n t% I th

1. 1 . ‘s F - ( x l  = P (X . x) be an array of r .v. ‘s with
11 ,1 n ,i

mmm -depend ent for each n in + 1 , and let S = ~ X - .a ,.] n ,n n 1= 1 n ,i

If

F ~~~ = 0 for a l l  n , i

Var Sn = 0 for all n

fl r
lim im 

~ J x~ dF~ 1
( x )  = 0 for all > 0 ,

n i=l )xL-r
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and

n
T3I~ ~ Var X~ ~n i=l

then

Sn ~~ N(0 ,1)

Now, we first note that

k
a

1 n ~~~~~ 
~~~~~~~~~~~~~~

(4.3.13) W = - __________ 
1 fl ,1

n k~F~11) ( x )  ~ i=l 0

If (4.3.2) holds, then it is easily shown that the array {X11 1}, for

a large and 1 < I � n, given by

kn
[~.�x .3 -

Xn i = 1

a

satisfies the assumptions of the above central limit theorem, so that

n
Sn 

= ~ X -
~~> N(0 , l)

i=l ~

Then using (4. 3. 2) again we have

k
kill S (2m+l) ~~~~ - .311) = (2m + l) (1  + o( l ) )

and it is clear from (4.3.13) that (4 . 3.10) holds ; that is , the collec-

tion i~ (W
11
)} is tight (but not necessarily weakly convergent). The

proof of the theorem is now comp lete.

For ident i ca l ly  distributed sequences 
~Tl 

we may replace tile

i = I , ...  ,n , by X
n 

= X
n 

smr> - , and thus disregard (4.3.1);

additionally in this instance the assumption (4.3.2) is redundant . For



142

i.i.d . sequenccs (4.3.3) is t r i v i a l l y s a t i s f i ed  and hence we h ave mm

representat ion generally weaker than that in Theorem 4.2.3, hut us im ig

fewer assmvnpt ions on the m arginal d.f. and having no restrict ion upon

the intermm me dimi te rank sequence ku1 Also , for stationary mum-d ependent

sequences (iii 1) (4. 3.3) beLomnes

~~~ k {k  + 2 
~ 

( n - i ) [ P (~~1~ x 1, ~~~~~~~~ -

which holds if

~ (n-i)[P(~ 1~x , ‘l+i~~n~ 
- 

[
~~]2 ]

n i=l

is bounded away from -1 for all large a.

Finally we note that the asymptotic normality of casfly

follows a~ a corollary to the representation (4. 3 . 4 ) ,  by (4 . 3 . 3 )  and

again upon using the c t - n t r m m l  liunit theorem of Rosen (1967) .  )~e state

this fo rmall y as m m  t IkO me ~i.

Theorem -1.3 .2. t Jnder t im e ‘~:u~mc condi t ions  mi s Theorem -1 .3.1 , and w i t h

the previous n o t a t i o n ,

ni ’ (~ )

~ ~ui] 
> N (O ,l) .



CHAPTER V

FURTHER RESULTS

T\~o miscellaneous results relevant to our study of intermediate

order statistics will be obtained in this chapter. These results may

be regarded as supplementary to our previous work, in that we will not

attempt to develop them to tile fullest potential generality ~md useful-

ness. Instead, we let them serve to indicate directions for further

theoretical investigations.

5.1. The Second Moment of the Remainder Term In the Intermediat e Order

Statistic Representation.

In this section we derive an asymptotic approximation to the

second moment of the remainder term R~ appearing in tile representa-
(a ) .tion of tile intermediate order statistic E
~k 

given in Theorem 4. ~~~. 3.

Such an asymptotic expression has been obtained for the second moment

of the remainder term appearing in the Bahadur representation (4.1.2)

of sample A-quantiles by ftittweiler (1973), who has discussed the par-

ticular application to a problem involving stochastic processes of

interest in engineering, which motivated the consideration of the

approximation.

In our situation we retain all of the assumptions upon tile mar-

ginal d.f. F of made for the result (4.2.7)-(4. . .8), and
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addit iona l lv , as did Dut twe tier , we impose the requirement that

= J \
2 dF(x) < -‘- . l~c also mumake an ass~uumpt ion sli ght iv str onger

than ( - 1. 2~ ~ ) as to Imow rap idly tile intermed - m t c  rank sequence

tends to ill Ii n i t  v;  h ere ~cc suppose that

k
11 cx,
0n

for sonic 0 > 0. tinder these conditions we have found that Duttwe i icr ’s

Procedure can e ssem i t i a l ly  be carried through for the intermediate ranks

~; msc , l e ad i m i g  to an est imu ma te of t ime quan t i t y  E R~ , which is nea r ly  as

pr~-~ ise as the correspond i ng est inmate in tile central  ranks case . Whether

our mi ppro x imu a t ion has a s im m m i lar  usefu l appl ica t ion  remains to he seen .

~w ing to the bas ic  fact  tha t  the expected value of the k -t h  small -

est order s ta t i s t i c  of a sample of a variables distributed un i fo rmly

on the un i t  interval  (0 , 1) is __L rather than ~~
- 

, it turns outn+l n

that a subs tan t ial S imp ! i ficat ion i.n the procedure is  effected h

dea l ing uc i t i m  a 1-epresemltat lon em - si ight ly different from that

I ver m in l ’h c oremu m I .  2 .  5. In fact , let us consider , in place of ( 4 . 2 .  -

the represent at  ion
nk ii

im+1 
- 

•~~~ 
I~~: ~~~~

(5.1.1) (~ ) = 
~~~

‘ + ‘T
~~r4 ) 

_-_  +

whe re x ’ is d e f i n e d  Lw F (x ~ ) = 
~~~~~~~~ 

, for large n , F being the

marg ina l d. f .  of the I . i .d.  sequence 
~~ 

. An inspection of the proo fs

in Sect ion 1 .2  r ev emi i s  t h a t  mis  should he intuitiv e lv  obvious , x can

be rep laced 1w x~ throughout , l eadi ng t o  the  conc lus i on that  for

d l I  mm c d 1w 15. 1 . 1) , we have

R’ (~~1 = ~~~( m u 
- I F” 1 og~~ a )  i th  prohab i i  t v one .
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The following preliminary result, which we state as a lenEna, gives

an exact expression for the second moment of R~ when F is the

un i form (0,1) distribution . The details of its proof may be found

in Duttweiler (1973).

Lemmmma 5.l .l. Let be the k-th smallest order statistic for the

set IJ 1, . . . , 1J~ of n independent r .v . ’s each distributed uni formly on

(0,1). Define

k
.~ i=i

(5.1.2) U dnj = + -_____ i a
k n+l n

and let

R - ~
(n) ~j(n)k k

Chen
k

2 2k 2k(l-—-- --)
ER = f l (f l + l ) { 1 k (k , n + l -k )  - ‘ k (k+l , n+l~k) )  

- _ _ _ _ _ _ _

n+1 n+l

2 k ( l - -1) 2

n~~~~iThi~2

where I~
(a ,b) is the incommiplete Beta function , defined by

(a+h-l)! fx a - I  b-II~ (a ,h) = 
~~~~~~~ ~~~~~~~~~~~~ j 

v ( l — y )  dy.

Using this result we mnay now derive an approxim ation to the second

mn omm ment of R ’ under the assumptions of Section 4.2. As noted earlier

we wi l l  be closely following Duttweiler ’ s proof for the sample A -qu~mn-

tile case ; imowevem’ for c la r i ty  we wi l l  here present mim ost of tile det;i I Is.

Theorem_ 5 . 2 . 2 .  Let F be mm d. f . w i t h  f in i te  le f t  endpoint x0 such

that F(x0) = 0 , and suppose that ins ide an interval (x0, x0~ ’ ) ,
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is tm~ice d i  ffcreimt i able m.- i thu F’’ bounded and sucim that I im um F’ (x)
x 4-x

0
ex i  sts ( f i m m i  te) and is posit 1 vu . Suppose t

11 
is an i . i .d .  sequence

u~ i t h i  imua r~ j n m m i ~l .  i~. F , m ind m m s s u u n c  that  i: t ~.7 x 2W (x ) - -  . Let F
11

be mil l  i m i t  e ll ik~ I i ate rank rcqucncc sat I s I I n i t  —— ~~
- - • -- b r  sonic > 0

mind let x ’ he sucim that F (x ’) = -—

~~~ ( f o r  1 m m  m -~ v U ) . Then f~ r U’

~le f ined  1w ( 5. 1 . I ) , we 1i mm ~v

) ,
mIs a

fl (nF’ x1~ )

‘roo t :  l e t  , I L  - , . . . he i ndupeuhlcmut m - .v. ‘ S uim i I o n u l v  d i s t r m t m m t c j  Oh

(0 , 1) mind le t  bC~ the -  F - t i m  s u m m a l l c s t  of Ii ,. . . , (J . ik’U imm e timeF 11 1 a
m m

c ium mn t i Ic  t uiact 10 m m Q ( ) 1w

Q ( u )  = s m m p {x  : F L x )  - u }

( hen for emicim i I , Q ( 1 ) .  1 has d . f . F , mm imd moreover • as in 1 )m m t t —

m~ci 1er ( l ’:)T3) m\e lumm u e that

rml~. i i
mm - -

u l~~i - ± ~ 
[m~tu .

- 

~~~~ 

-

wlm em -u m m  m i t e s  m I ~ mmm v IcICflt i c m m 1 di ;t u - i hu t  ions.

I romum t hR mm *-o i t  I i m us  on tim e di. f . I we un av as wel l  suppose t It

‘lx is posit i~~- iii time intervmm l -\ = (X 0,  x
0~~- ’ )  . Let

K = {u: 11= 1: 1  x ) , x-  ~\ F .  ‘l l ie mm ~ ru s t  r i c t e d  to B is  tile inverse of F

rest  r i  cteci to -\. Since x
1 

x 0 , t h er o  is an imiteger  N 1 such t h a t
F

- - - - - -If i t  mm - N . h 1 u m m ~ - l~~m m m1 1

f m u —0 - —

l i i  I 11
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(5.1.4) Q’~jj~J exists and equals (F’(ç)4

and

k
(5.1.5) Q(u) s x~ if and only if u �

Also , it is clear that Q” exists and is bounded in B (see Van Zwet

(1964, p. 24) ) .  Moreover , we have the relation

2J Q (u) du 1i~~~ < w .
0

(ro see this, first regard Q as a (Borel-) measurable transformation

from the unit interva l into tile real line, and let ii be Lehesgue

measure. Fhen

11 ~ !
~X~ 2 -1Q(u)du = x d(LJQ )(x),

.10

where the measure is defined by 1JQ 1 (E) ii (Q
4(E) for Borel

sets F. By merely considerimig hounded semiclosed intervals we may

verify that is in fact tile Lebesgue-Stieltjes measure corres-

ponding to F .)

Now , for n � l and u c [0,1], define

h1~ (u) = Q(u) - 

~1~ ] - Q’ [~ ] fu - 

~ J .
Then by ( 5 . 1. 3 )- ( 5 .1 .5 ) , for n � N 1 we have that

R l ~k~-J 
~~~~~~~~~

‘ 

~~~~~~~~~~ 

fU~
n) _

~~1~Jj~] 
+ iI Il ftJk )

n+ 1
- X



-~~~~~~~~~~~~~~

1- 1 8

u k  nn ~‘

iiIf L 1  k

= i l
l
(I1
~~~~) 

+ ~i- ’ (x ’)) - i {~~ ni - - 

K
~ k 

- 
‘~ ~

F i= 1 Eu -~ J!]
I~~( 1J~~~) + (I : ’ 

~
‘uY~ 

~l{ti
(n) 

- - ~~~~~n+l

(S . l . ( )  = hl 1 tJ ~~~~ ) + (F’ (x’)) -I f 11 (fl) - 
11) }

where [J~~ is m~ ve1m by 5.1.2). Now Lw Lem~ m m m m 5 . 1 . 1 ,

I ( b J ~~~ - ~~~ 1)
) 

2 
= 

a u~~1~ 
~ 1 (k 1 , ll~ 1-k ) - ~ F (k

~
+ l , n+ 1-k

11)J + of ) .

n+ 1 n~I
F m om \h m mmitim ~ it: m iu m ci ~t ugm mm m 110 I , i tciuations 2(~.S. I( and 6.1. 3~) amid

(~i iFs (. 1 m ) c .. , 
~~ 

I I u.c I u t m ~ e t ile m u l a t  ion

I l m i , h )  - i~ (al , ~ = 
(a+h-I ) -

~~ x t m ( l-

for ~05 Lt  ive i i t c~~- m s  m m and h , m ind S t i r l i n g ’s formula

-m m ‘ 1+L -l
a ! = c mm ( 2 1  (1 + O(n ))

lim e mc 1110

- 2k F F n + l -k  n+ l -k
- (  ( m m )  (u m )1 ~. 

— 
mm ml! n mm a ri

- 
~ F 1 

- 

F — num - ’ - I k~~~~ kTf 
___

- F 2  n -k  ‘~ n+l-k fl+l_ k n
— • 

n 
• 

fl ii 111+1 a
~ rm~ mm (mm + I F a ‘-n~ I-’ n

(~ 
+ +

K 2  k 2
= (_ ~) 

-
~~~~ 

+ = (;] 2 -
~~~ (I + oIl)).

~m U
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To complete the proof of the theorem it is clearly sufficient from
(5.1.6) and (5.1.7) and by the Schwarz inequality to show that

1 ½
—EFIn IUk 

) _ O ~~~~ •
n n

Choose S , 0 < 6 < . Let

n
en

and ‘n 
= fmax{x0, 

~~~ 
- 6n}~ ii~i 

+ ca). Denoting the probability

density of U~”~ by g
~ , we have

E ii~(u~~) = J iI~(u) g~ (u)du
n 

= + J H~(u) g (u)du .
uc i u~Ia n

Let

FIn m ~~ 
= sup 13 (u)

ucI
and

= sui

Then

F I~1~ (IJ~
1
~~) 11 n m ax g~ (u) du + 

~~~~~ J }-1~(u)du
n uEI u~I

~~ J I1~(u) du . 

2Al 50 , by the inequality -~-(a÷b+cY s a + b + c for real a, b, and

C ,

f 112(u) du � J Q2(u)du + J Q2[_~Jdu + f [ ( ~1~(
+ Q2{ fl) + 

{Q
~
( nJ

}

Since E~~ < m , by (5.1.3) and ( 5 . 1 . 4 ) ,  and since F ’(x~) tends to a 

.- ---~~--- — - -- - -  - - - -
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non-zero limit , there exists a finite constant C1 such that for

ii N 1 1~~ ,J II’~(u)du � c1
I tence for a

( 5 . 1 .8 )  F I1 2 (U(n)) < + 
~~ g

11 kn n ,mna x 1 n ,max

Since -
~ 0 we may choose \ 7 � N

1 such tilat I~ c B for n -
~ N2

ihm en letting C , = umax Q”(u) I < ~~~ , cc have by Taylor ’s expansion ,
u~ B

Q ( u )  - Q {~ ] + {u - 

k~
] ~~ 

� ~~— {u — 

2

for u c 1 , and there fore
11

C , 2(5.1.°) ii -: - ---
~~ cn ,uimax 2 Il

i f  n N ,

Nec , we observ e that ti m e density

- 

~k 1-1) !(n-k~ 
0
k~- 

( 1- u) 11

has nmode mit = - 
~~

- - and dec r emm sus mum onotoni cal i y Ofl both sides . Since
a n - i  

2k
F F - I  I -

(5 . 1 .10) - f~
-
~
--

~ 
= __4f_~l_ =  o ( L ~ ) ,

it is clear that uIm~ ~ 
‘11 

for a l l  suff ic ient ly  large n. Let

(‘ c have

F 2~ 1 k 2r
- i~ T) = 

‘

~~~

‘I 
~~~~~~~~~~~~~~ k 2 o

- i-~+T
~im i n
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k
+ Ck n÷l n k 2K

� + C~ J Imn 
- 

~ 
du

k 2K+1~k 
£ ~(2K + 1 ~~~~~~ 2K+l I n~) Ic - o n  -g~ [n+

~ 
+ 

nJ n n 
~~

j
k

Since ncr1 
-

~~ ~~‘ whereas m~ 
- = O(n~~), by the first equality in

(5.1.10) , there exists C3 > 0 ,, depending on K , such that

~ 
(n) k~~2K k 

~ 2K+1
�~~~ g L _ i i + c i c

~fU k 
- 

3 n~n+1 n) n‘
~ n ‘

or

(n) n) -l -(2K+1)
—_ ~~� E 1ij 

k 2K

~n tn+~ 
+ EnI I k 

- 

n+lJ 3I C c
n

for suff iciently large n . In a similar manner there exists C4 > 0

such that

k k~~2K
- c~,J � E fU ~

11) 
- nj -l - (2K+1)C en+l 4 j~

if - C~ > 0 infinitely often, and ~~~~~~ 
- c~ 0 if

k -

n
— - c < 0 for all large n. Thus letting C5 = min{C3,C4

} in then+l n

former case and C5 = C
3 

in the latter, we have for n � N 3 � N 2

g � E IU~~ 
- 

k~)2K

n ,max I kn ~~
;i-J 

C~
’ ~

-(2K+l)

Since (see Blom (1958, p. 42) ) there is a constant C6 < indepen-

dent of n, k~ , and K such that

k 2
EIU (n) fli -K

k~ ~~rJ � C 6 n

it follows that

-K -(2K+1)
(5.1.11) 

~n max � C6 C5
1 n

for n > N3 . Combining (5. 1.8) , (5.1.9) , and (5.1.11) then leads to
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2 1 ( n) 2 4 -1 -K - (2K + 1)E ‘1u I 1
~k~ ~ 

C2 C + C 1C6C5 n

for n ~ N 3 . Finally, we may suppose that n~ for some 0 1)

and for al l  large ii , so that

n~~ 
- (2K -fl ) 

fl
K (n 2 O 6

)
2

~~~~ =

and since o is arbi t rary , we may choose it suff iciently large to obtain

E II ~~fU~~~)] = o 1---~-I ,  which completes the proof .

5.2. Weak Convergence of S t o c h a s t i c  Processes.

I n th i s  section we introduce a stochastic process having a m - c l: m -

t ion si l ip  to i ntermediate order stm m t i s t i c s , anala gous to that which  the

cel l -know n “emp i r ical process” has to sanple X-quantiles . There b eing

subs tan t ia l  studies of the emm ipirica l process having been made and

presented in tile literature , wi th  a large number of theoretical and

app l i ed  results  obtai ned , we conj ectu re that a corre sponding ex tens i ve

theory could be developed for the process we define . However , si nce

tile asymptotic d is t r ibut ion theory of intermediate order statistics has

been our primary interest in this investigation , we study only the

corresponding basic concept for stochastic processes , that of weak

convergence, leaving Open other potentially useful considerations.

We begin with a brie -f sketch of the background tools and termi-

nology pertaining to weak convergence of stochastic processes. These

a re m ore ful ly discussed by Bill ingslcy (1968) .

Let (D,F) be the metric space of all functions right-continuous

on the uni t interval  [0 ,1] arid hav i ng left -hand limits , with the o-

f i e ld !  V generated by the Skorohod J 1-topology. i f  P~ , n - 1 , and

P are p robab i l i t y  measures on I) , then P~ converges weakly to P , 

_ ----- -- -~~~~~ - - _
~~
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denoted by P~ ~~> P, if

J h(x)dP (x) + J h(x)dP(x) as n +

xcD XED

for every bounded J1-continuous real-valued function h on D. If

X = {X(t), 0�t�l} is a stochastic process such that each X(t) is

finite-valued, and having sample paths belonging to D, the distribu-

tion of X is the probability measure P~ on V given by

~x (A) = 
- 1(A) A V.

This is properly defined, since the mapping X: (12 ,F) -
~~ (D ,V) which

takes w into the function X(t,w), 0 s t � 1, is measurable if and

only if each X( t) is a r .v . Correspondingly , a sequence

tX~(t), 0�t�l}, n ~ 1, of stochastic processes is said to converge

weakly, or in distribution, to tile process (X(t), 0�t�l}, denoted by

DX —+ X , if P —> Pn X~ X

Now let be an i. i.d. sequence of r.v . ’s with marginal d.f . F

and such tha t 0 s ~1(w) � 1, and let F(.,w) be the empirical d.f.

of F~~,. . . , E~ . The em pirical process 
~n 

= {Y~~(t). 0�t�l} is defined

by

Y~(t,~) = n½ (Fn (t ) mA)) - F ( t ) ) .

If Y = {Y(t) , 0�t�1} is the norma l process, which may be assi~ued to

have sample paths belonging to D, defined by

EY(t)=0

and

I~~(s)Y( t) = F(s)(1 - F(t)), 0 s t ~ 1,

b.
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then Y . (Billingsley, p. 141.) In particular , if the are

distributed uniformly on [0,1], so that F(t) = t , then Y is the

Brownian Brid ge process , whicil we may ass~une to ha ve cont in uous samp le

paths .

Muc im of the j nterest in the emmupirical process is due to i t s  use-

fulness, when appropriate hounded cont inuous functions h on I) are

consid ered , in deriving the asymptotic distributions of the Kolmuiogorov-

Smn ir mu ov s t a t i s t i c s , important in the theory of nonparametric inference ,

for arbitrary continuous marginal d.f. ‘ s F (see , for examp le , Rre~umman

([968, p. 2$-i) and Biliingsley (1968, p. 104) ) .  Al so of interest is

the famil iar  Gl i venko-Cante lli theorem , a strong law of la rge runnhers

analogue for empirical processes , according to which the sample d. f .  ‘ s

almost surely converg e un i fornml y to the population (marg inal) d .f .

( B i l l i m m g s l c v  (1968 , p. 103) ) . Other results includ e the law of the

i terated logar i th m for emmm p irica l processes (see , for example , Cs~irg~-

R~v6sy ( l9 ’-l )  I as w e l l  as extensions of these results to situations

i nvolving dependent sequences 
~~ 

(Bi ll i ngs ley (1968 , p. 197) , Deo

( 1973h) .

Having provided m m few basic facts about tile empirical process , we

now proceed t~~~ define an analagous stochastic process and develop its

wc mm ~ conv c rgemm c e propert ies. Again l et 
~ 

be an i .i .d.  sequence with

marg inal  d . f .  F .  Suppose that F sa tisf ies  one of the following

con d it ions :

m m )  F has l e f t  endpoint x 0 = - ‘  and is cont i nuous in an interva l

(— ~ ,d)

h) F has a f i n i t e  l e f t  endpoint x 0 such that P(x0) = 0 and is 
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continuous in an interval (x0, x0+6) .

k
Let k~ be an intermediate rank sequence. Since —~~ 

-
~ 0 there is an

k n
integer N0 1 such that for n � N0 , —~~ < F(d - 0) if F satis-

k 
1_I

fies a), and < F(x0 
+ 6 - 0) if F satisfies b) .  In either case

(t) (t) tk
there are numbers such that F(X n ) = 

~~~~~~~~ 
, for each t ,

0 < t 1 , and for n � N0 . In general , we may define

= sup{x: P(x) �

for 1) t � 1 and for each n a

For each n � 1 let Fn (
~ ,u) be the empirical d.f .  of

We define stochastic processes X~ = {X~(tL 0�tsl} by

(5.2.1) Xn(t~
w) = ~

ii_{Fn(x~
t), w) -

Since for fixed n , ~~
t) as a function of t is right-continuous

with left-hand limits on [0,1], and actually is continuous if n � N
0

and since F
~
(.,w) is in fact a d.f., it is clear that the sample

paths of Xn are elements of D. Our object in this section is to

show that X IV, where W = {W( t) , 0�t�l} is tile standard Weiner

process , which is characterized as the normal process with

EIV(t) = 0

and

EW( s)W( t) = min(s ,t), 0 s s, t ~ 1.

As is well-known, IV may be assumed to have continuous sample paths,

and of course W(0) = 0 w.p.l.

~

-

~ -
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Lenumma S.~ .I . flme finite dimensional distributions of X~ converge to

those of IV. l’ha t is , for g iven 0 � t
1 

< ... -z tm � 1, the random

vector (X~(t1) \
11
(t~ )) converges weakly to tile random vector

(lc(t 1) ,  ... ,h ( t ) ) .

Proof: Since Xn (0) = 0 for all n , we m a y  as well suppose tha t

0 < t . . .  < t 1. Let c , ... ,c be real numbers. Then forI in 1 ma
each n N0 

m~c imave

+ + C~ X
11

(t~1) = ~~~~~~ 

~~~~~~ 

(t1) 
-

n [c~~x ]

+ . . .  + c ~ 
~~~ ~i~~�x~

tm)
j ~ ]}

j = l  ~~~~

say , where

t k
— 

j i  11

- 
(t 1 ) 11

ma [
~

- -
. x ]

X c
fl , )  

~~~ 
~

n

Consider ti-me array  (X
1 j~n N  l- j -ml Since the sequence 

~~
independent , so arc the r.v. ’s X

11~~ , j = l , . . . , n , f ’r  each n , and

clear l y F = 0. Al so we have

t k  t k
Il Var \ r c 2 tmm ,J 1 1 n m m  n

+ 

c l�~Lsm 
c0c~ t 0k~ {l - nj

so that

mm Var X c4 t + ... + c2t + 2 ~ c c tn , j 1 1 m in l�j~<u�ni ~m v ji 
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say. Since kn 
+ it is clear that satisfies the Lindeberg

condition

u r n  
i~l 

E{X~~ I[ ~~~~ 
= 0 for every L > 0,

and hence ~ X~ . is asymptotically normal with mean zero and vari-
j =1 ‘~ n

ance . That is, 
~ 

Xn, 
==> c

1W (t1) 
+ . ..  + crnW(tm) ,  where for

j=1 —

p = 1, .. .  ,mn , W (t
0) is normally distributed with mean zero and

variance t
0 , and E W( t )W(t ) = t 11 for p < v. Then by the Cran r-

iVold device tile lemma follows.

Following a procedure similar to that used for the empirical

process , we may now obtain the main weak convergence result.

Theorem 5.2.2. Let 
~ 

be i .i.d. with marginal d.f. F satisfying

eitiler condition a) or b) above , and let k~ be an intermediate rank

sequence. Then for the sequence of stochastic processes X~ defined
- Dby (5.~ .l) , we have Xn — +

Proof: According to Theorem 15.6 of Billingsley (1968), in addition to

the convergence of tile finite dimensional distributions, in order that

x~ ~2.÷ IV it is sufficient that there be a nondecreasing continuous

function I on [0 ,1] such that

( 5 . 2 .2) E~X (t)  - X ( t 1) I 2 Ix~(t 2) - X ( t) 2 
~ (f(t2

) - f ( t1))
2

for 0 � t 1 
- t � t2 s 1 and for all (large) n.

Let 0~~~t1 � t 5 t 2 s l  and n � N 0 be given. Define

= ~ 
Ct

1
) 

— p1
[x~ ~~~~~~~~~~~~~~~~~ ~

and

_ _ _ _ _ _ _ _ _ _ _  
—4
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13. 1

[x <r . :x jn ~i I)

( (t1) ( (t ~~ )
where p = Pix s ~~~ and H = P ~ dt ) < -~ x - -I ~ n 1 n — mm 1 n . I l mem m

1~1
X (t) - X (t 1) 

=
11 m m k 2  - = 1 1

I-I

X 1 ( t 7) - X~ ( t )  = -

~~~~ i~ 1 ~

Si rmc e t i m e  are independent , and since F = F 0 , i = 1 , . .

m~c have h y S t i - mm i ~ht fo rward Calculat ions that

i : {~~ 
~~~~~~~ ~~

j 
= n F + n (n  - 1) F - & ~~ F

+ T h ( n  - 1) ( L  1 l~ l
)

Thus since

~ = - p 1 ) p  
~ P2 (~ 

- P2 ) P~ 
+ (1 - p 1 

- p 7 )p~p2

31) 11) 2

= p 1 (1 - 

~ )p 7 (1 - p , )  - p 1p 2

~tlldl

F = -p 1 i i  - P 1JH - p 2  (1 - p 2 )  p 1 + (1 - p 1 
- p2

)p
1 ~~

we have

E { Y  rt~~) { ~~~~
1 

‘
~~
j 

h ~~ P]P2

Rut P1 (t - t )~~~
-m
- and 

~~~2 
= (t - t )~P c ( ~ - 

—_----— —_ -- —_ - - -  
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E {.~ a~] [ ~~ 8j ) � 6 k~ (t - t 1) ( t 2 - t ) .

I fence

E I X n ( t )  - X1 (t 1) l 2 I X ~(t 2) - Xn (t) 1 � 6(~ - t 1) (t 2 - t)

~ 6(t 2 - t1)
2

Therefore (5 .2 .2) holds with f( t )  = ~/~i t , completing the proof.

-

~

---

~

-

~ -
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