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CHAPTER I

INTRODUCTiON

1.1 Background

The analysis of most marine structures has been known to be

extremely complicated and difficult. Thus , It becomes essential for

one to idealize marine structures by simple configurations so that

an approximate and yet reasonable estimate of a ship ’s vibration and

acoustic radiation can be made. For instance , the motion of a

ship hull reinforced by the framing elements can be qualitatively

treated as that of a plate or a shell reinforced by beam or r ing

elements. Likewise , a vibrating machine mounted on the beam of a

ship hull can be idealized as a time—harmonic point force excitation

on a beam—reinforced plate .

Vibrating machines have been known to be supported by

foundations attached to the reinforcing beams of a ship h u l l .  This

L 
is obviously d i c t a t ed  by the necessity of providing a good

• structurally strong member to distribute the static load of the

machine . This procedure of attaching machinery to reinforcing

beams has proven to be an effective method for reducing the hull

vibration and th .~ resulting radiated noise. This is due to the

fact that th.~ impedance termination , as seen by the machine , is higher

when ~t is attached to reinforcing beam than when attached to the
‘1

softer ship plati’~g. The reduction in the radiated noise when a

vibrating machine is attached to the reinforcing beam rather than the

_ _ _ _ _ _ _ _ _ _  * 
. -
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plate has not been analytically proven , though it has been intuitively

known and shown in some experimental studies .

In orde r to achieve a reduction in the radiated noise from

reinforced plates and shells , it is proposed to attach suitably

chosen and judiciously located discontinuities in the proximity of

reinforcement , either to effect sources ’ mutual destructive interference

or to change the acoustic character of the sources . This new approach

will  be r e fe r r ed  to as “Acoustic Fairing .” it is anticipated that

the radiated noise from a structure with a structural discontinuity

would be influenced by the application of acoustic fairing.

To effect a reduction of the radiated noise from structures

with structural discontinuities by the application of acoustic

fairing , one must first obtain a better understanding of the role a

structural discontinuity plays in the radiated noise from reinforced

structures. Thus , one must obtain estimates of the radiated noise

from a representative structure with a typical structural discontinuity

such as a plate reinforced by a beam . And then , the method of

“Acoustic Fairing” can be applied to that structure .

1.2 Statement of the Problem

For the exploration of the essential physical features of the

“Acoustic Fairing” studies , two specific , typical problems are

investigated within this thesis .

The first problem is to investigate the radiated noise from an

infinite elastic plate reinforced by an infinite beam excited by a

time—harmonic point force located on the beam . An attached beam can

be considered to act as a structural discontinuity of the

• —---- - . -
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following type :

(1) a mass discontinuity, which will normally act as a line

mass impedance ,

(2) an elastic discontinuity which acts as a path of energy

propagation , and

(3) a beam—like discontinuity which acts as an elastic as well

as mass discontinuity .

The theoretical derivation and numerical computations of this prcblem

provide the background material for the assessment of radia ted  noise

due to a coupled beam—p late system.

The second problem is to devise a simple mathematical model

of acoustic fairing by attaching an additional infinitely long, line

spring—mass system to the left and the right of the beam and to study

their interaction with the existing attached beam . The radiated

sound pressure and power from a beam—reinforced plate are computed

for  various values of the sprung mass , the spring s t i f fness  and the

distance of the systems with respect to the attached beam . The

analytic solution for  this problem together with the numerical

comp utat ions yields an understanding of the role the physical

parameters p lay in a successful application of acoustic I a i r ing .

1.3 Basic Approach

The de rivation of a single governing d i f fe ren t i a l  equation for

S the basic beam—reinforced plate is par t ia l ly  based on the works of

C. Lamb, Jr. Eli and E. E. Ungar (2]. it begins ith wr i t ing ,

separately ,  the equations representing the flexural disp lacements of a

beam and a thin plate from their equilibrium positions . The f l u id

_____ ____________________  — -~~~~~~~~~ --- — — -  .
• ~~~— -
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p ressure acting on the beam—reinforced  plate is exp ressed in terms

of a velocity potential . By employ ing Fourier transform techniques ,

taking advantage of the symmetry property and by maki ng the reasonable

assumption of a narrow attached beam , a single coup led governing

differential equation is finally obtained . The integral representations

of the sound pressure and power are set up by substituting the

continuity equation at the interface of fluid and plate into the

governing differential equation . Again , integral transform techniques

are employed on the governing differential equation . The far—field

acoustic pressure is obtained with the help of asymptotic techniques.

Numerical solutions for the radiated pressure and power are made with

the aid of digital computer IBM 370.

1.4 Review of Previous Investigations

The studies of vibration and acoustic radiation properties

of isotropic , homogeneous structures such as membranes, plates , and

shells have been extensively carried out in the field of structural

acoustics. Many publications , related to this area of structural

acoustics , can be easily found in the literature . Thus , the review

of  this section is confined only to those papers dealing with the

effects of discontinuities or non—uniformities on the vibration of and

acoustic radiation from structures .

C. L. Lamb, Jr. (1] has analyzed the vibration of an infinite

elastic beam attached to an acoustically unloaded infinite elastic

p late which is exc i ted by an hatmonic point force . He expressed the
a

input impedance of the beam reinforced plate in terms of degree of

_ _ _ _ _ _ _ _ _ _ _ _  
- 
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coupling of the beam to the plate and the ra tio o f wavelength in the

plate to the wavelength in the bar .

E. E . Ungar (2 ]  has studied the transmission of p late flexural

waves across reinforcing beams . He developed the equations for  the

beam—plate interact ion in vacuo and expressed the plate motion in

terms of reflection , transmission , and near—field coefficients.

In R. Lyon ’s work [31 on the sound radiation from a beam—

reinforced infinite , thin plate , he computed the acoustic radiation

resistance caused by an incident flexural wave in the plate . He

used Ungar ’s results [2] for the reflected and transmitted amplitude

for a plate in vacuo. Thus , the influence of the near—field

acoustic pressure on the reflectivity and transmissibility of the

attached beam was totally neglected.

E. L. Shenderov (4] has obtained the transmission coefficient

of sound through a thin p late with in te r j ace n t supports. He found

that , for certain angles of incidence of a sound wave on the plate,

a substantial decrease of the transmission coefficient will result

and that the acoustic transmissibility of structures is smaller at

low frequencies than at hi gh , which is valid because the supports are

rig id. D. D. Plakhov (5] has considered a similar problem; namely ,

the transmission of a plane sound wave through an infinite laminated

ribbed p late . He claimed that when the mass of the ribs is increased

to in f in i ty , the results of calculating the transmission coefficient

agree with  the results published by E. L. Shenderov .

I. I. Klyukin and Y. D. Sergeev [6) have studied the problem of

a flexural wave in a plate without fluid loading scattered by point

antivibration systems. They showed that the radius of influence of

- .-~~~~~~~~~~ ~~
—

~~~~~
— -
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the antivibrator , inside which the attenuation is greater than 3 dB ,

is abo ut 0.3 to 0. 4 times the flexural wavelength in the p late for

antivibrators .

V. T. Lyapunov (7 1 has discussed the wave propagation in a

liquid— loaded plate with an obstruction . He has shown in this work

that the energy transfer through the l iqu id depe nds on the ang le

of incidence of the wave and the ratio of its frequency to the

coincidence frequency .

I. P. Konoval guk [81 has investigated the reflection of a plane

sound wave from an elastic plate reinforced with many infinitely long

stiffness members . He mentioned that the dependence of the potential

on the impedances of  each r ib , in transverse and rotational

vibr ation mode , has a distinct resonance character ; the sharpness

of the resonance depends on the thickness of the p late . Also , the

flexural impedance of each member p lays an Important part  in the total

reflection of sound from the plate , especially for  large angles of

incidence on the plate .

V. N.  Romanov [9] has analyzed the influence of reinforcing

beams on the radiation of sound by an infinite plate driven by a

field of random line forces between the beams. He showed that the

pressure of the beams yields a considerable increase in the

radiation at low frequencies .

C. Maldanik and E. M. Kerwin, Jr .  [10] have considered the

acoustic radiation f rom an infini te  orthotropic p late and from the

mult ipanel—structure , including fluid—loading ef fects  and structural

damping. The-j pointed out that heavy fluid loading reduces the

acoustic radiation from a point— or line—driven orthotropic plate.

— —----- — — --.-—,. -— -—- -.___ - .
‘ 
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It also sh i f t s  the resonance frequencies of the panels in the

multipanel s t ructures  downward . Structural  damping , if it exceeds

radiation damping , can reduce acoustic radiation from free—wave and

panel—resonance responses . In their considerations , they dealt with

average values only , fo r  instance , under the assumption that when a

typical spacing of the ribs is smaller than the flexural wavelength

in the plate , the ribbed plate is considered as a homogeneous ,

or thot rop ic p late . And when they discussed the radiation e ff i c i ency

of the panels , a statistical approach was adopted . Therefore , the

speci f i c  effects  of the individual ribs on the sound radiat ion was

not fully understood.

E. S. Jarmu l [11] has studied the sound radiation from simple

and ribbed plates. He experimentally verified that a structural

discontinu i ty ,  such as a s t i f f en ing  rib in a f in i te  plate , increases

the sound radiation from such a plate when excited by a randomly time

varying poin t force . He also indicated that one component of the sound

radiation of a finite plate can be attributed to a Helmholtz resonator

effect. This component , as D. S. Pallett [12] put it , may arise under

certain circumstances because of the interaction of the force

component and the edge component.

( 4 N . S. Howe and N . Heckl [13] have examined the sound radiation

from inf in i te  plates due to the interaction of bending waves with

density and s t i f fness  fluctuations in the material of the plate.  They

regarded the variation In density and bending s t i f fness  as random

functions of position on the p late. They also assumed that for  low

frequency exci tation , i.e. , below the coincidence frequency , the

random density and bending stiffness constitute a stationary random

—‘r~~ _ 
~~ 

-.—— . 
_
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4 process . They concluded that the radiation losses brought about by

the phenomenon of scattering due to density and bending—stiffness

r fluctuations are relatively very small at low frequencies , but are

comparable to loss factors caused by other mechanisms such as

internal d amp ing and energy transfer  into supporting s t ructures  at

hi gh f requencies .

,

~~~~— .

- -
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CHAPTER II

MATHEMATICAL MODEL OF ACOUSTIC FAIRING

2.1 Assumptions

The basic , specific structure considered in this thesis is

an inf ini te f l u i d  loaded p late rei nforced with an i n f in i t e  beam

excited by .~ point force . Of course , it is known that infinite

plate—beam systems do not exist in reality . However , the justification

for considering the plate and the beam to be of infinite extent

lies in the assumption that the structural damping of the beam—

reinforced plate is sufficient to render boundary—reflected waves

negligible compared to the waves propagating from the point of

excitation .

Throughout this study , It will be assumed that the plate and

the beam are thin , homogeneous and isotropic, and obey linear

constitutive equations [14]. For the structure (plate and beam),

stress is a linear function of the strain , which will be considered

much less than unity, and for the fluid , pressure deviations from

the hydrostatic pressure are a linear function of the density

change , and thu s acoustic pressure is just  a small var ia t ion f rom

the hydrostatic pressure .

Since acoustic motions in the inviscid fluid are always

i r rota t ional , e”en if viscosity effects are considered (15], the

problem of wave mo~ ior’ in the f luid  thus can be solved by a velocity

potentia l.

At the interface of the structure and fluid , the fundamental

boundary condition is given b y equating the norma l velocity of the

-
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plate to that of the fluid. No conditions are enforced on the

tangential veloci ty component in f ron t  of the thin viscous layer at

t n  b un . iries for  the case of smal l—ampli tude periodic motion , this

t~ ri ~ye r acts like an ideal lubricant [16) .

In most physical problems posed properl y by a set of given

boundary conditions , there would exist  onl y one ph y sical solut ion.

Howeve r , in some cases , so—called “paradoxes ” occur ; i . e . ,  it may

appear that there exists more than one solution . For instance , the

path of Integration in the integral representation of a solution

may pass throug h a po le of the integrand on the real axis, resulting

in an unbounded value for the integral in the s t r ic t  Riemanian

sense . Although the integ ral may exist in Cauch y—Princ i p le—value

sense , it does not necessarily represent the solution of a physical

p roblem. This s i tuat ion is of ten  a consequence of unreal is t ic

assumptions , usually made when the complete equations have been found

too difficult to solve , and an approximate ,oversimplified set of

uquations has been substituted. In dealing with such difficulties ,

the physical system is often assumed to be damped , and then the

solution is obtained by taking a limiting value of zero damping.

In this thesis, the classical plate equation will be used to

develop the gove rning di f f e r ential equatio ns of the poin t force

excited be am—p late sy stem. As Is well known , th e classical plate

equation does not account for  shear and ro tary  iner t ia  ef fects .

Though it may not be accurate for  the high frequencies , it nevertheless

will adequately illustrate the analytical formulation and the physical

phenomena [17]. The width of the attached beam and/ or dis t r ibuted

masses will be assumed smaller than the F lexural wave leng th so that 

--  -—
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they can be considered as mathemat ical ly concentrated stiffness and

masses.  Th e f o r m u l a t e d  gove rning d i f f e r e n t i a l  equat ions  f o r  the

vibration of and acoustic radiation from a beam—reinforced p la te

excited by a point force are those involving the singularity functions .

The desired generalized solutions will be obtained by the use of

integral transform techniques . These solutions are valid for

distributed masses and stiffnesses , distributed over a vanishingly

small width , but can be considered as good approximate solutions to a

thin beam attached to a plate.

2.2 Classical and Generalized Solutions

The solutions of boundary value problems which are assumed to

be sufficiently smooth and to satisfy the equation at each point inside

the region of definitions of these problems are termed as “classical

solutions” [181. Physical phenomena involving discontinuities which

characterize the intensity of the external perturbation can be

treated conveniently and directly by the use of the singularity

functions . In order to formulate these problems , one must not always

insist on the s’noothness of the solution inside the region. Thus ,

it is necessary to Introduce the “generalized functions” to generalize

the idea of a derivative and idea of a function. The solutions of

the physical problems involving singularity functions obtained

by the use of generalized functions (or distributions ) are called

generalized solutions.”

The foundations of the mathematical theory of generalized

functions were laid by Dirac [191 and developed by Laurent Schwartz

120]. Viewing the narrow application for the class of analytic

- ~~~~~~~~~~~~ - S — 
—
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functions , Schwartz has extended the concept of classical functions

and proposed a method called the “Theory of Distributions ” which

justifies not only the use of the ó—function , Out also the use of all

derivatives of the ~—function [21]. He considered a generalized

func t ion  (or a d i s t r ibu t ion)  as a continuous linear f u n c t i o n a l  on th e

space of testing functions which are continuous , have cont inuous

de rivatives of all orders , and vanish identically outside some finite

interval . In order to c l a r i f y  this  thought , one needs to de f ine

the following:

(I)  F(~ ) is said to be a linear funct ional  on the space of

testing functions if , to every testing func t ion  xx) , a real or

complex number F(~ ) is assi gned such that

+ 
~~~ 

= F(4 1
) + F(~~7 )

and

F(A4) = 
~F(~)

where A is any comp lex number.

(ii) A functional F(~~) is said to be continuous if the sequence

of numbers F(~~ ) conve rges to zero , whenever the sequence of testing

funct ions q (x) converges to zero .

The following are some important  properties of a specific

fami ly  of singularity funct~.ons [22] whIch are conventionally

expressed as:

(o , f o r x < 0
H (x )  ~‘‘~

, for x > 0 , (2.1)

_ _ _ _ _ _ _ _ _  
-



1:

Ih~~
1
(x) = t5~~(x) = 0 if x ~ 0 (2 . 2 )

and

Jo°(x ) f (x ) dx (~ l) ° f~~~~(O) , n=O ,l ,2,..., (2.3)

where f(x) is a function possessing the requisite number of

derivatives .

Some useful properties of 6— function :

(1) A delta (6) function acts as a derivative of a unit step function

6(x) = 4~— {H (x ) }  (2.4)

(2) Sifting property

ff(x) 6(x-x ) dx f(x ) (2.5)

This is the most important property of the 6—function . Note that

this p roperty is sat isf ied fo r  all f ( x )  independent of the fac t  tha t

f(x) has to be a testing function. However , f(x) has to be

differentiable .

(3) Equivalence property

Let ~1
(x) and ~2

(x) be two expressions involving -~-functions

and ordinary space functions ; then by definition ,

= ~~ (x) , (2.6)

if and only if ff(x) ~1
(x) dx - J f ( x )  A 2 (x) dx fo r all space

functions f(x) for which the integrals exist.

(4) Even and odd property

6~
’(x) - (1)n 6n ( X )  . ( 2 . 1)

-
- S~~~

_ _  
~~~~

-

~~~~~
:-

~~~~

--
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(5) Higher order 6—f unction sifting property

f6~~(x )  f ( x )  dx = (-1) ° f
~ ( x ) I 0 (-1)° ~fl (Q) 

* (2.8)

To summarize  th is  sec t ion , genera l ized  f u n c t i o n s  can be handled

al gebraically as i f  t he’ were ordinary  f u n c t i o n s , provided tha t  t h e i r

use can be justified b y recourse  to their  functic-nal  r epresen ta t ion.

Also , i t  is to be understood tha t  if an equa t ion  invo lv ing  general ized

functions is multip lied by an a r b i t r a r y  cont inuous  f u n c t i o n  f ( x ) ,

which has a s uf f i c i e n t  number of der iva t ives , and then in tegra ted

from —
~~~ to ~~~, with  the funct ional  pr oper ty of the general ized func tions

used to evaluate the integrals , the result will be a correct equation

involving ordinary functions . -

2.3 Deriv ation of Governing Differential Equation for a Beam—Plate
System

Consider ~n infinite thin elastic plate , Figur e (2 . l) , wi th a

thickness h and density p lying in the p lane z”O . The top half—space

of the plate z < 0 is a vacuum , whf l e  the bot tom ha l f—sp a ce  of the

plate z 0 is occupied by an acoustic fluid of densi ty p ,  sound

velocity c. An infinitely long beam is attached on ti a top of the

— iwt
plate at x=0. A time—harmonic point forct~ F e  ó(y) is excited

on the top of the beam , where F J~s the amp l i tude  of the force , 6(y)

is the Dirac del ta  f u n c t i o n , and w is the circular frequency of the

ha rmonic exci ta t ion .

Starting with the wave equation for the fluid velocity potential ,

(2.9)
c 3t

_ _ _ _ _ _ _ _ _ _ _ _—

~~~~~~~~ 

- - - - -.- - -

-
~~~~~~~

- - - 
_ _ _ _ _
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letting ; — ;c 
t t , .t l I d  u s ing  the  r e Ct a n g u l a r  coo rd ina t e  (x , y ,  z ) ,

Equation (2 Y) in be written as follows :

2~ , 2~ 2
+ —

~~
- + —

~
---

~~ + k ~ — 0 , (2  J ) )
~X ~iy dz

where k = w/c (acoustic wave number ) .

The pressure can be obtained from the fluid velocity poten~ iaI

p(x, y, z, t) = p — — iwçi e ’
~
1 
~ . (2.11)

Denoting the transverse displacements of the reinforcing beam

and the plate by tJ(y, t) and W (x, y, t ) ,  the coupled d i f f e r e n t i a l

equation of motion for the beam becomes [1]:

EI
b 

+ H.0 
-
~~
---

~~ 
- D {f- V2 

x=0~ 
~~ ~

2 

~~x=O~]~ 

F e~~~
t E (y ) - bp ,

(2 .12)

where 1b = moment of inertia of the beam = 1/12 bh
b
3
, see Figure 2.i ,

Mb total mass of the beam = Pbhb

D, E, F and p were given earlier. The bracketed terms in Equation

* (2.12) represent the shear force applied by the plate on the beam.

The equation of motion of a plate coupled to an acoustic

medium can be written as follows :

/ / / -, ( x (2.13a)
_ _ _ _ _  

a 2
~ 

2
D — j + 2 -  

2 2 + —.--
~- I + m _—-

~~~~
_ p  , for

ax aX 
~3.’ a) ’ J at 

— ~~- — 
~~

- . (2.13b)

Let us define the Fourier cosine transform pairs in one dimension x by

—I — --- - - — - -— —  

~~~~~~~~~~~~~~~~~~~~ 
-___ _ _ _ _-
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- f  f ( x )  cos k ’ x dx

f(x) — 
~ r ~ (k’ cos k’x dk’ , (2. 14)
I TJ  C X X X

0

and the Fourier transform pairs for one and two dimensions by

-ik x

~(k ) ~~ I f(x) e X dx
~ ~~~

ikx
f ( x )  — —i-— J f(k ) e X dk , (2 .15 )

,,
~
— j  X x

and
- —ik x -ik y

~~~~~ — 
~

) e x 
e dx dy

i k x  ik y
~~x, y) 

~ I 
ff( 1t~ 1~ ,) e X e ~

‘ dk dk . (2 . 1 6 )

D i f f e r e n t ia t i n g  Equa t ions  (2 . 1 2 ) , (2 . l 3 a )  and (2 .l3b ) w i th

respect to t ime t and removing the time f.ctor e~~~
t
, one obtains the

flexural velocities of the beam and the plate as follows :

* 

Et
h 

- - - D[~~ V2 v~ + 
- V

2 
vi i~~ F ó(y)

ay x— O x— 0

• + b 2 
~~ z=0) ( 2 . 1 7 )

and

+ 2 rv 2 + -
~

-
~) - w2mv ~

, q ( z 0)
ax ax ay a y

~ x < (2.l8a)
for

— < x < — ~~
- . (2.18b )

~~~~~-
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The continuity equations be tween beam and pla te along the

line of their juncture are :

u (y) = v(x=0 , y) (2.19)
and

~~~~ y)
= 0 . ( 2 . 2 0 )ax

1x 0

Equation (2.20) is a consequence of the symmetrical property

of the beam—plate configuration and the drive force .

Applying Fourier cosine transform for Equation (2.l8a) on x

b
for the range ~~~~

< x < 
~~~, one obtains:

DIk’~ v (k’, y) + k’ 2 av(x , y)~ - 
a
3v(x, y)I

L x C 
l x=0~ 

ax~ jx=0~
d2 Vc

(k’
~ ~ 33v(x, )J d4 v (k ’ , 

y)]+ 2 1_ k, 2
2 1dy~ 

— 

ax ay + 
)+ C

dy
4

- I x=0

- m v (k’ , ~) = 
~ 

~2 ~ (k’, y, z = 0) . (2.21)c x 0 C X

Rea rr anging Equation (2.21) and noting that a 3v ( x, y)I = 0 ,2a x a y x=0
which can be deduced from the Equation (2.20), one obtains

D 1a v(x~ y)) + a
3v(x , y) J 

= D1av (x~ ~L ax I ax ay 2 L ax I
I x o ~ I x_0

+

— D 1k’~ ~ 

d2 v (k’, y) d4 v (k’ y)
(k’ , y)  — 2 k ’2

I X  C dy~ 
+ 

d 4 11
S

2 2
— w m v (k’ , y ) — p w ~ (k ’ , y ,  z — 0) (2.22)

C o c
.. 

I

• 1  

—

___________ _ _ _ _ _ _ _  
__ 

_ _ _ _ _ _
- 

-
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or

3 2 ) i  
+ 

- D{k’~ 
f 

v(x, y )  cos k’ x dxD — V v (x , y
I x-o 1~~ 0~ 

x

— 2k’2 ~ 32v(x . y )  __________con k’x dx + I 34v(x, ~~ con k’ x dx]4 xJ .~ ay 2

2 (x , y )  cos k’ x dx— w  m v

4 2
— p w I ~~x , y ,  z = 0) cos k’x dx . ( 2 . 2 3 )

0+ x

Similarly ,

0~
- D -

~~
— V

2 v(x , 
~ 

= Dfk ’~ f v(x, y) cos k’ x dx
L J

0~ 1
- 2 k ’ 2 r 3 v (x~~i) cos k ’ x dx + f 3

4
v(x, 

~~ cos k’x dx~2 x 4  xX J av 
— 

3y
—~~~

0

- w m2 f v (x , y) cos k’x dx
-0~

0
_

2
— w I 4 (x, y, z = 0) cos k’x dx . (2.24)o x

Subst i t u t ing Equations (2 .23 )  and (2 .24 )  into Equat ion (2 . 1 7) ,  one

obtains a universal beam—p late coupled differential equation :

D[k
1
4{(f 

+ f )  v ( x , y) con k ’ x dx1 - 2k , 2h
f+

~~~3
2
v~~~ ~~ cos k ’x

~~ 
~ ay ~ f

0 O x
( i a~v x .  ~~ cos k’x dx] _w

2
m(f+J)v(x, y) cos k’x dx+

~ .~+) ay 4

i 
- - S
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0
_

— p w2 + J)~~x. y, z = 0) con k ’ x dx - - EIb 
3”v ( x

+ w 2 
N.m, v (x  - 0 , y )  - iw F ó ( y )  + b p ~(x , y ,  z 0) -

(2 25)
Because the structure , f luid pressure , and excited force are

symmetrical about x=O , Equation (2.25) can be expressed in terms of

the Fourier transform by multiplying both sides by —i--- . Moreover ,

due to the fact  that the dimension b is a comparatively small

quantity and that there is no torsion existing along the beam , one

can simplify Equation (2.25) as follows

- d
2 

~ (k 
~~Y) d4 ~ (k , y)

• D [k
4 

~(k , y ) - 2k
~
2 

dy 2 
+ 

dy
4 

- 

~~

r 4
— ~ 2 

~~~~~~~~~ ~~~, 
= 0) — •~~!._• j

~
— El 3 v ( x  = 0, ‘) + w2

Hv (x  = 0 , y )

- i~ F 6(Y)] , ( 2 . 2 6 )

• where El = EI
b 

— bD , M = H,,, — bm , and k ’ is replaced b y k .

It can be easily verified that Equation (2.26) is the Fourier

t ransform of the following equation :

+ 2 3
4
1x, ~~ + 

~~~~~~ Y)] + 6(x)  El 34v (x ~~ y)

3x 3y 3y

- w 2 [m + M 6(x)1 v(x, y ) = - iw F ó (x )  6 ( y )
0

H 2+ p0 w ~ (x , y ,  z — 0) . (2.27)

d ~~~ ~
•
~~~~~~~~ • 

- 

.
~~~~- - i -~~
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Equation ( 2 . 2 7 )  represents the coup led beam—plate differen tial equation

wh ich will be used to develop the governing differential equat i~~n

for the acoustic fairing problem in subsequent sections .

2.4 Far—Field Pressure of the Beam—Plate System with Two
Add itional Spr ing—Mass Systems

2. .-~.l S ta tement  of the Problem. By p rov id ing  two addi t ional

spring—mass systems symmetrically about x 0  as shown in Figure 2.2 , the

governing differential equation for the whole system will be , of

course , d i f f e rent f r om that derived in Section 2.3. However , the

desired differential equation for this simp le idealized model can be

obtained b y modi f y ing the previous equation without resorting to the

rederivation of the new coupled plate—beam—sprung masses system .

This can be done because the chosen simple model for the sprung

masses does not involve complicated couplings with the p late.

The following dif ferent ial  equations represent the coup led

motion for this problem:

(beam—plate): ~~~ ~~~ ~~~
2ax 3x 3y 3y ay

+ E m + M 6 (x ) ) ~~~~~~~~ - F e~~~
t 6(x) ä(y)

+ k
1
(~1-~) ~(x+d) + k1

(~1-~) 6(x-d) 
- p(x, y ,  z = 0) .

(2.28)

S (spring—mass):

m 1 
14
1

+ k1(W
1

— W) = 0 , (2.29)

where %4~ represents the motion of the mass H1, see Figure 2.2 , k1 
is
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the spring constant and d is half the separation distance between the

masses.

Combining Equa tions (2 .28 )  and ( 2 . 2 9 ) ,  and d if f e r e n tiat ing

the result  with respect to time t , one obtains the fo l lowing

d i f f e r e ntial equa tion:

r 4  4 -4  4
+ 2 

2 + + ~(x) El ~~
—

~~
- - w

2
(m + M ó(x)J v

3x ~y ~iy

2
2 k1 w

—i~ F 6(x) 6(y) + p
0 w 4 (x, y ,  z = 0) + 2 2 V 6(x+d)

-w-

2k w
+ 2 2 V 6(x—d) . (2 .30)

-w

2 . 4 . 2  General Solutions. Apply ing the Fourier transform on

variables x and y of Equation (2.30), one can get

D[(—ik )4 ~ + 2(—ik )2 (—ik )2 ~ + (—1k )4 ~] + -
~~
-

~
--- (— 1k ) 4 v ( x = O , kx x y y 

~~~~~~~ 
y y

2 i~~~F —

2 - u M - . o 2 ,4
+~~~~ 

-
~~ *y 2rr o

k w2 ikd1 1 — x-4 - —  ,~~- v (x = —d , k ) e

2k w %  —ik d
+ ~L 

1 
~ (x d , k ) e . (2.31)

,/~ w
1~

—w~~

In order to solve the complete problem , the velocity potential

wil l  prove to be a convenient tool. Starting with the wave equation

on the velocity potential for the acoustic medium , given in Equation

(2.10),

*1_i__ — ___ __. 
— .  - - — — .-——--—-.---- 

- -
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(2 .10)

and applying the double Four ier  t r a n s f or m  on the independen t

var iab les  x and y of Eq u a t i o n  (2.10), one obtains :

+ (k 2 
- k 2 

- k 2)~ = 0 . (2 . 3 2 )

The solution of the differential Equation (2.32) for outgoing waves

can be written as:

izX 
2 

- k 
2 
- k  

2

~~k , k , z) = A(k , k) e X y (2.33)

- For the determination of the coefficient A , one must solve for
dq~(k , k , z = 0)

~(k , k , z = 0), ~(x=0 , k ) , and ~(x = ±“ , ky)

and then substitute these into Equation (2.31). Thus , the

transformed potential at the surface of the plate is given by:

k , z = 0) A(k , k ) . (2.34)x y x y

Using the continuity condition of the normal velocity at the

plate—fluid interface ,

v(x , y ,  z = Q) - 
3~~(x )y, z) , (2.35)

Z 
z=O

the following transforme d equations results :

dq (k , k , z)

x y dz
z—0

- _Ai
~~~

2 k
~
2 k

~
2 
e
iz
~~~

2
kX
2_k

~~~
z0 ~~~~~~~~~~~~~~

_________________________________________ - - 

(2.36) 

*_______- - --—- - 

-
~~~~~~ 

- - -- -
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ik x

~ (x , k . z 0) - - ---~-- 

f
Ai/k 2-k 2 -k 2 e 

S 
dk , ( 2 . 3 7 )

0 S y 5

= 0 , k . z 0) = - ~~-~~- f A( s , k~ ) /k
0

2 _ s 2 _ k~~~ds (2 .38)
y V27

and

= ± d , k
y~ z = 0) = T~~~ J A 5. k)/k 

2-k 2 2 +isd ds . ( 2 . 3 9)— s e—
0 y

-~~

Substituting Equations (2.35) and (2.39) into Equation (2.31), one

obtains :

ir l k
-DAiv~ 

2
k 
2
-k 

2(k 
4÷2k 2k 

2#k 4) - Y 
f
~~s. k )/k0

2_s 2_k~
2 ds

o x y x x y  y 2u

+ 
2 ~~~~~~ 2 —k 2 —k 2 

+ 
~ 2 Mi 

fA( s~ k~ )/k
0

2 _ s 2 _k~
2 ds

o x y 2n
-~~

2 
_ _ _ _-iw F k w ikdo 2 1 1= 

~~~ o 2~~( 2 2 )
e X 

JA(s~ k~~ e S
~~~~~

2 s2 k 2 ds+ p  L A — —
1w
1 

—w

2 
_ _ _ _ _

1sd/T
~~
2
k 

2 ds . (2 .~+O a)
L~ 

_ ik
~

d 
JA(s . k) e 

~~~~j 2 2 ) e
-~~~

Rear r ang ing Equation (2.40), an integral equation on the coefficient

“A ” r e s u l t s :

1iu~F 2

x y 2~ 2u J A(s, k) /k
2_52_k 2 dsA(k , k )  +o w Mi

4 
_ _ _ _I El k

— f A s , k~) /k0
2_52_k

y
2

in j
_____  

— i s d U 2  2 2
+
~~~~~~‘~~ 

ikd
— 

2 )  
e 

X 
fA (s~ k ) e /k —s —k

y ‘ j o  y
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2 CD

• k w — i k d ,
+ ~~— —

~
--—— e ~ I A(s k ) rsdfk 2_s2_k 2 ds

w - w  .J1 -CD{ 
iD~~o

2_k
x
2_k

y
2 
[(k

2 
+ k~

2)2 - 

~~~~~~

]+  
p w2 

} 
- (2.40b)

Before solving this integral equation , one can adapt the

fol lowing notations to expedite the manipulat ion ; namel y ,

i w F  2 1 k w 2
o iw H 1 iE I

2ii ‘ 
g2 = 2 2 

S = —~~~— ,

2ir(w
1 

—w )

Q(k , k ) = iD~~ 
2 k 2-k 2 [(k 2 

+ k 2)
2 

- 1 + p w2 . (2 .41)
X y 0 X )‘ L X  y D j  o

Now , Equation (2.40b) can be rewritten in the following brief form :
ikd — ikd

f + g1
G
1
- s k 4

G1 + g2e 
X G + g e  X C

A’k k ) -  242y 
— 

Q(k , k) ‘ -

x y

whe re

G
1
(k) = J A(s, k ) e

_15
~~k1

2_s2_k~
2 ds

G (k ) I A ( s , k ) e lad/k 2-s
2
-k 

2 ds
2 y j y v o

and

G
3
(k) J A(s , k~) e

18
~~I~~~_s

2_k~
2 ds . (2.43)

It  is expected that  C2 is equal to C3, but for the time being ,

G2 and C3 are to be considered as two unrelated unknowns .

Substituting the expression for A in Equation (2.42) into t l i c  integrals

in Equation (2.43), three independent equations can be set up to

solve for G1, G~ , and C3 
as follows:

-
~~~~~~~~ ~~~~~~~ ~~~
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- 
/ 

-~ 2 - - isd 1 2 2 2k — S -k k — s -k
C1 — (i  + g1C1 

- ds + g)(f ~~~~~~~~~~~~~ ~~ ~~~
— ds

+ g~ (
3 

~~~~ 
- da = U + g1

G
1 

- s k
4
G
1
)1
1 

+ g 2 G2
I

2

+ g2C..3l~ , (2.~+-.)

~- — i s d  2 2 2

C2 = (I  + g
1G 1 

- s k ~~ G1
) k ) ~~~ 

da

— i s d  isd [ 2  2 2e e k —s —k
+ g2 G2 

~ 
Q(s , k )  ~“ ds

~ —~~,d —~~ d /  2 2 2

+ g2C3 J Q (s, 
~~~~O ~~~~~~~~~~~~~ ds = ( t  + g 1G 1 

- 5
y
k
y~

G j )1~

+ g,G 2 I1 + g2 G 3~~ (2 . ~5)

and 
-isd -~ - .

C
3 

(f + g1G1 
- Sy

k
y

4C1
) 

~~~~~ ds
isd isdT 2 2 ~~ isd — isd •~ 2 2

+ g2G2 J Q(s ,~~~~~) 
-k~ 

d~ + g2G
3J 

~~~~~~~~~~~~~~~~~ I!~~~~ ~ ..

= ~~~ + - s k 4
G1

) 1
2 + g2 G 2

I
3 

+ g2
G
3
I
1 , (2.-~6)

where -.- i 2 2 2
-s-k

1 J Q(s , k) ~

“
~ isd t 2 2 2 CD isd 1 2 2 2e —s —k e k —s —k

1
2 J Q(8~~ky

) 
y 

ds ; I~ -f  Q( s , k )  ~ ds

— 

. 

— - - 

- 

-

- . - ,  s--
- ~~~~~~~~~~

. 
* — -
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2isd 2 2 ~~ _21s~~~~
2_s2_k 2

1
3 

= f ~~~~~~~~~ 
ds ; 1 f Q(s , k )  d s .

Since ~k — s — k 
-- and Q(s , k ) ur’- even tunct ions wtth r~ : -  t0

to s, one can prove th e following relationship :

1
2 

=

1
3 

= 1 . (2 .-.8)

Substituting the above ru1ati n~ into Equat i n—~ (2-~~
’.), (2.45),

(2.4b), one forms  the fo l l owing  t i r e e  independen t  s~~: i 1 t a n e o u s

equations :

(1 — g1
I
1 

+ 5
y
k
y 

1
1

)G
1 

- (g
2
1
2

)G
2 

— (g
2
12)G3 = f 1

1 , (2 . u9a)

(-g
1
l
2 

+ a k  12
)C

1 
+ (l - 52 1

1
)c

2 
— (g

2
I
3

)G
3 

f 1
2 

( 2 . 49b)

and

+ s k
6
12

)G
1 

- (g2 1
3

)C
2 

+ (1 - g 2 1
1

)G
3 

= f1 2 . (2 .~~9c)

By ii ,  p ec l i n g  Equa t ion  (2 . 49b ) and E q u a t i o n  (2 i .9 c) , one can

• eas i ly  conclude t ha t

C 7 C3 . (2.50)

• The d et o r r i n a t i on  of the coefficient “A” in Equation (2.42) cin be

accomp l i shed  r e a d i l y if  one takes advantage  of the  pr opL rtv of

-~u a 1 I t y  in h qii ition ( 2 . 5 0 ) .  Thus , when Equation (2.50) is

oubstituted hack to i~t t1 ti (2 . 4 2 ) ,  the following simpler relatioi,

r’ ~— d  i-~

f -4- g G — s k
4
G -$- 2g G c o s k d

A(k , k )  = - - -  ~ 1 Y Y  2 3  X 
, (2.51)

y

-~~~~~~~ T~ -T~~~~ T-~~ - . - ‘ -~~~~-
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where
i k d  —ik d

2g,G 3 
cos k d  

~‘2~’2 e X + g2C3 ~ 
X

Fol lowing the same procedure stated above , a new set of

al gebraiL equation on and C
3 
are obtained:

/~T 2 2

C 1 = (f  + g1G 1 - s
y ky~

(;
i

) 
~~~~~~~~~ 

ds

cos k d~/ 
—~~ —k -

+ 2~2G3J
- -~~~~ ~~~~~~~~~~~ = (f + g1C~ - s k ~~~G 1

) l
1

+ 2g 2 C 3
I2 (2 .52a)

and

~~1sd rTh -~ 2
C 3 = (f + - S

y
k
y
4
Gj) ~~~~ 

ds

‘ 
eiSd cos sd/ k~~~

+ 2g2
G
3 J —

~~~ Q( s~~~~i~~~~~~~~~~~ 
= (f + — S k 4

C
1

) 1 2

+ 2g2 G3I4 - (2.52b.)

whe re

“ isd 2 -~e cos ~ d # k  --s — k
I~ f Q(s, k~~~~~~~~~~~ 

ds • (2.53a)

and 

* 2 2 

1
1 =1  :::~ :i~,

cos s4jk —s —k e -
~~

~2 
f Q(s, k )  ~ ds ~ ds . (2.53c)

~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~ 
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If one st~-ts

- 2isd /~~2 2 2

1
3 

= 1e k )  
ds (2 53d)

one can express the integral I, in terms of 11 
and 1

3 
as follows:

14 = 
~~

(I
i 

+ 1
3

) . (2 . 5 3 e )

Rear ranging  E qua t ions  ( 2 .5 2 a)  and (2.52b), one ge ts

- g1
l
1 

+ s k 4 11
)G

1 
- 2 g2 12 G

3 
= f1

1 
(2.53 a)

and

(- g1l~ + Syk 12
)G

1 + (1 - 2g214)G3 1 1~ - (2 .5 4b )

The two unknow n func tions C
1 

and C
3 

in the above two sImultaneous

equat ions  can be easily solved b y using Crame r ’ s rule .

The de te rminan t  of the coefficients is

(1 — g
1
I
1 

+ s k 4
1
1

) ( l  - 2g2
14
) + 2g212(- g1I~ + S

y k
y

l 7 )

( 2 . 5 5)

Solving Eq u a t i o n  ( 2 . 5 4 )  f o r  the two unknown f u n c t i o n s  C1 and C3,

the following expressions are obtained:

C1 
= -~- (1~ 

— 2g1
1
1
1
4 

+ 2g2
1
2
2) (2 . 5 6 a)

and

C3 
— 

~~
( 1

2 
- g1

I
112 

+ s k
4
11

1
2 

+ g1I1I2 
- s k 41

1
1 ))= ~~~ (2.56b )

F i n a l l y , the coeft i~~tcnt “A” is obtained in the f o l l o w i ng :

A ( k , k )  — ~-[1 + t g 1
( 1

1— 2 g2 l114+2 g2 1
2

2 ) — s
y k y

4 (I
1~ 2 g 2 1 1

1
4

1•2 g ) I 2
2 )

+ 2g2 ~2 cos kd }/~ ]’~ ~~(l-g 2
I
1-g2

I
3
+2g2

I
2 

cis kd) .

__________________________ - -•——— .—~~~~~~~ — --  -——--— — —-- —-- —, - -  - -
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The radiated acoustic pressure can be obtiL ned from the fluid

velocity potential by the relationship in Equation (2.11), ne gets

an integral expression as follows :

p(x, y, z, t )  = — in p~~ e
_ 1
~
t

iz/k 2 k 
2
-k 

2 i(k x +k v )
iwp f • ,re ° ~ ~

‘ e X 
~
‘ C dk dko — i W t

1 J m s x  y
271 I J  2

~~~~CDj D/k 2 k 2 —k 2 [ (k  2 +k 2 ) 2 _ 
~~

} 2
o x y x y D o

iz~~ 
2~~ 2—k 

2 i(k x+k y)
0 X X ye C k d k

—( -i-—) ‘F lW t ms x y
- 

2~ 
p w  e 

—CD _CDiD~~ O
2_k~

2 k
Y

2 [(k ~
2÷k 2 ) — 

w~m 1
2

( 2 . 5 8)

where

C 5 = — 

~2I1 
- g21

3 + 2g
2
1
2 ~

os k d )

2.4.3 Evaluation of Far—Field Pressure by AsymptotJ~ Methods.

In order to ~arry out the integration in Equation (2.58), the  fo l lowing

independent variable transformations are made ( 2 3 ] :

k = k sin ~ cos b , k = k sin a sin ~ , k = /k 2 —k 2
—k 

2 
= k cos a

x 0 y 0 Z 0 X y 0

x = R sin ~ cos 0, y = R s in ~ sin 0, z = R cos ~~ . (2 . 5 9 )

The Jacobian of such a t r ans fo rma t ion  becomes

~k ~kx x
2

J I = = k sin cos ~x . (2 60)

~k ~k 
0

• —~~~ 
_z
~I3

_ _ _  _ _ _  _  -. 
-~ _ .
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ThereL~ri ,

dk dk = ~ 2 
sin a cos a d L  d~ . (2.61)x y  0

The i n t e g r a t i o n  with respect to ~ will be pertormed between

0 and 271, while the integration with respect to j cannot be restricted

to real values of this angle. The i n t eg ra t i on  l imi t s  f o r  the argument

~ can be determined as follows :

( i)  when k = k  = 0 :  k = k  ,
X y z 0

( i i )  when k -* + ~ and /o r  k -‘- + ~ : k -t ~~ * (2.62)
x — y — z

since cos ~ = k 1k = i -~ , one has ~~ = -
~~ 

—

z o  2

As a result , the integral in Equation (2.58) transforms to the

fo l l owing  i n t e g r a l :

71

2 ’ 271
— 1 2 2 2 f i k R  cos cos a 

~ 
lk 0R s in ~ sin ~~ :cs ( b — ~~~~)

= (-
~-—~

) ~0
w k~, F e {j e

0 0

V(~~, ~) d~ } sir ~u d~ , (2 63)

where
c o sa C  (a, ~)V(a , ~) = Q(a,~~) 

. ( 2 . 6 4)

Since  the exact solution for  the radiated pressure integral

representation in Equation (2.63) cannot be ob tained , an approximate

s o l u t i o n  is desirable. F r  the solution of the tar—field pressure

when k R ) 1 and k z ~ 1, a useful mathematical tool called the
0 0

me thod of steepest descent will be used here [24, 25 , 26). The

fundamental concept of this asymptotic method is to distort the

__________________ - - ~~~~~~~~~ -~~~
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orig inal integration path into the comp lex path of steepest descent

(PSD) so that the complex line integral can be reduced to evaluating

a s ing le—valued  f u n c t i o n  at the saddle point  where  i t  receives the

major contribution in the whole distorted path [27]. I t should be

noted that any s ingula r i t i es  crossed in the deformation of the

or i ginal  i n t eg ra t ion  path into the path PSD should be included as

discrete pole contributions according to the residue theorem [28).

However , these discrete residue terms , in general , represent the

near—f ield pressure .

To obtain an asymptot ic  solution by this method , one can let

g(~~) represent the part of the power of the exponential term in

Eq u a t i o n  (2 .6 3 ) ;  i.e.,

g(B ) = ijsi n ~ sin a cos (B—0)) . (2.65)

The saddle point 
~~ 

is the root of the following equation:

g ’ft ) = — 1 sin ~ sin a sin (~ — 0 )  = 0 , or = ~ , ~-s- ° *0 0 0

(2.66 )

If  one puts  = + i~~
-
~~
2 

, then ,

gC~
) = sin 4 sin c~t[si~ (

~~~
e) sinh + 1 cos 

1
0) ~osh 02)

The regions of convergence of the integral in Equation (2.63)

are determined by real part of function gth); namely ,

4 
Re{g(0)} = sin ~ sin a sin (0

1~~
3) sinh 

~2 
• (2.67)

In the upper ha l f—plane  (0 2 - 0) , the regions of convergence

a re :

- J.
~ 

— _______- — - -- ‘
~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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sin (0
1
—0 ) 0

or

_ 7 T+ 0 <0
l

< 0
~~~~ 

7 1+ 8 <0 < 2 1 1+ 6 .

And in the lower half—plane (02 
C 0) ,  the regions of convergence

are

sin (0
l~

0) ? 0

or

6 < C IT + 0 

The steepest descent paths , which are found from

- 
• Im{g(0)} ~ constant  (2 .68 )

pass through the two saddle points within the region be tween

= — 
~~

- and 0 = -

~~~~~ 

are then defined by the following equations

(see Fi gure 2 . 3 ) :

(i) For saddle poin t at (0, 0) : cos(0
1 

— 0) cosh 02 = 1

(ii) For saddle point at (0+71 , 0) : cos(6
1
—8) cosh 02 

= — 1

The asymptotes of steepest descent paths are determined from

¶ cos(0
1
—0) -t 0 , or 01 

= — + 6 , — ~~- + 0 , + 6 , -
~~

-
~~ + 0 -

Thus, it can be seen that the suitable steepest descent paths
- • 

for the present case can be taken from (—  ~~
- + 0 + iCD) to ( 0 ) ,  then to

(
~ + U — i’°), and then from (-

~~ + 0 — iCD) to (71+0 ) and then to

(-
~~

-
~~ 

+ 0 + i~ ) .  In other words , these steepest descent paths can

be shown to be equivalent to the inner integral in Equation (2.63),

provided that there are no singularities within the complete close

contour described by (—  .
~~ + 0) -

~ 
(0) -‘- (71+0) -‘ (-p- + 6) + ~~ + 8 + lCD)

- -1— -__ --- _
_ _ 

~~~~~

- -—------

~~~~~~

-—
~~~

‘ - -

~~~~~~~~~~~~
- 

-
~~

- -- * 

~~~~

— - .  ——



35

p

4
- — - ~- +9+i~~

• _ _  _ _ _ _  
0 ~~~~+9 w + 8  / / /~~~~~~~~~~~~~~~~~~$

— v + 0 

~~~~~~

/~~~~~~~~~~~~~~~~~~~~~~~~~~~

/

-~~+9-j~

Figure 2.3 Steepest Descent Paths for the Far—Field Pressure Integral

-Sd

—I-— - - ~~~~~ —- - -______
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* (— C 2 ) ( — C1
) -r (—  

~J- 
+ 0 + lCD) - • 

(_ j- + 6) .

The proof of this statement is simp le , since the periodici ty of

the integrand is 2 ;  thus ,

[

~~~~~~~~~~
= j + J - J [) d

~~=J [ ] d 0

- .
~~~~ + 0  -

~~~j
+ O  -~~~~~~~+ 0

and 3ir
r - + e

(ii) 
j

2 
[ )d O =

J

or 
~~~~~~~~~~~~~~~~

j

2 
+

2

j 
J~~~~ = 0 -

-~~~~~~~+ Q + i ~~~ ~~— + 0

From the residue theory ,

.~L ÷ 0  *}~~+ 0 + iCD

fl ]dO = f +f -f~-J+ ~
( [ ] d d = 0 .

_
~~~ + e  L ÷~~ 

C
2 

C
1 _

~~~ ÷ 8 + i C D

Therefore , 3-ri
— + 0

- ~ J [ ]d O =J  [ )dO = J+J [ ] dB ,

—~~~~ - + 0  1 2

where [ ) denotes theintegrand in Equation (2.63).

* Letting
u gU30) —g (0 )

or

1) u 1 i sin ~ sin aLl — cos(0—0)1 , on path C1 
(2.69a)

= I sin ~ sin a[— 1 — cos(0—6)) , on path C2. (2.69b)

— 
—-

~~~~ 
- 

~TETI ~~~~ 
-TT~~ -
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then , the inner integral in Equati on ( 2 . 6 ~ ) can be w r i t t e n  as f o l l o w s :
IT - 17

— + 0 —  i. — — + 6 +  i~”_

[2
j 

- j e~~~
R 1 I sin ~ sin ‘i - u

l
}
V ( 0) ~~~ du 1

on C

{ 

2~~~~~~ 

- J + ] 

e o
R{_i sin ~ sin 

~ 
u
2
} 

0)

o n C 2
(2 .  10)

where C
1 

and C
2 are two paths of integration as shown in Figure  2 . 3 .

Before the integral in Equation (2 . 7 0 )  can be s i m p l i f i e d  any

fur ther , the terms ~~
-
~~

— and ~~
-
~~

-— have to be expressed in terms of u anddu
1 

du
2 1

u2, respec tively .  If Equation (2.69a) is differentiated with

respect to u1, one ob tains

d~~ 1 
±1

• 

- 

du 1 i sin ~ sin a s in(0— ~~) )~~t sin ~ sin a u1 
— u 1

2

Since k R  is assumed to be large , only small values of u 1 wi l l

con tribu te sign if ican tly to the integral . Thus , the above expression

f or can be expanded into a Taylor ’s series in u
1 

and b y retaining

the leading term in the series , an approximate expression for the

deriva tive results:

dO - 
[ 1 — 1/ 2  — i / 4  [~~~~~ 

1 — 1 / 2  e3fh~
/4

sin 4 sin (~t 
e ~~~~~ sin ~ ~th ~ u 1

For unlqueness , one requires that the above expression with

the factor e~~
1
~
4 

is used for  the path from 0 0  to B — ~~ - + 6 — i~

while that with the factor e
3
~
1”4 used for the path f rom 0=0 to

B — — 
~~

- + 0 + I ’ .

— _-__J — --—- - - -—— - --  

- - - .~~~~~~~
— 

- ~~~~~~~~~~ 
— --
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S i m i l a r ly ,

dO ~/ 
1 —1 / 2  111/4

du
2 

2 s in~~~ sin a U2 e

3iishould be used for the integration path from ii+6 to + 0 + fCD and

- U
dO ,/ 1 —1/2 511i/4
du

2 
2 sin ~ sin a

used for  the path from B = 71+0 to B = ~~
- + 0 — iCD -

Thus,
217

0e
ik R sin 4 sin a cos(0—6) V(a , 13) dO

CD

i k R sin~~~sin a  k R u1 — i n / 4 ( —
o 1 —1 / 20 

_____________= 2V(a, 0) e e 

0
J 

e u
1 du

1

CD

k Ru—1k R sin 4i sin

..JI

_- 1 -rri/4 1.’ — 

~~ 2 — 1/ 2
+ 2V( a , rr-1-0) e e e u

2 du
2na

271 ik R sin~~~~sin a= 

Jk R si 
V(a, 0) e ..

~
i i:—: e~~~°

”4
0

— ik R sin ~ sin ~~~~~~~ 771/4
____________ 

0~ ~Jk R 271 
V ( cz, 11+0) e sin a e . ( 2 . 7 1 )

in ~0

Substituting Equation (2.71) into Equation (2.63), an integral

representation for the far—field
71
tluid press ure p is obtained:

1 
2 

2 ‘~ 
271 

k 2 
2( 1k R cos ~ cos a___________ 0

[V(a ~ 6)ep —  (—) ~) n F  
~

/ k R s i n
~~ 

o J217 0 0 0 
0

1k Rsinqsina ik Rsin~sina ITj /410 1 11e , j e  ~~~ + V(a , 11+0) e ° 

./ a
e j

sin a da . (2. 12)

_____________________________________ — —
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~o t in g  that V (~~, 6) = V ( i , Tr +0)  and
— -j CD
2 

ik Rcos~ cos~x ik Rsit4stn’~ 
— 

-
0 o I f l j / 4

j  e V ( ~~, + i )  e — -—  s in  a d~
0

1k R L o s ;L o s  1k RSin~ sin 1
= 
j 

e V( ~~~~, 
0) e 

0 
~~~~~~~~~e

_ 1 / 4  s in  ~ d~
— -

~~ + J_~-

the expression in Equation (2.Z2) can be rewritten ~

= 
( i )

~ 2 2 ~~~~~~~~~~~~~~~~~~
J 

e °~~~~~~~~ V (  C , 0)

1k Rs in~ sin~ -

e o 
e

_
~~

T
~~~~~

4 

~/~Ti~~ d~~
17

I l  ~2 2 2 -ui/4 
_______ 

— 

lk R c os(~ —~~) -

= F c ~~ k e 
~~~k Rsin~ J e V (~~,J)~~sin~ d~~~ .

- + i~~

(2. 73)

The integral in Equatior (2.73) can be obtained by foil-owing

t i l e  same procedure and method outlined above . Let

5 (~) = 1 Cos (~i—~~)

then , the saddle po in t  a0 is defined by

s ’ (ct ) = — i s i n ( x  —4 1) = 0 , or C) =
0 0

l e t t i ng

u = $( ) — s(a) = i — i cos(L— • )
3 0

Then

da 1 —1 /2 —ii i~ 4 1 — 1 / 2  3n i / -~
d 

-
~~ u

3 e , or -~~u 3 e

and

— -- 
. -

~~~ 
T~~~.

- - - - - - - - -.



2 C ) - i ( k  R—u/4) 
-

p = (
~~

) I ) k~~~~F~~~~~~~~~~~~~~~~~41 e V ( 4 1 1 0 e 1/4 2

, —k Ru

J o 3 —1/2e u
3 

du
3

0

- ikRi k F  o
0 0  e cos 

_ _ _ _  C (‘~ 0) 2 7211R 1k mcos ;  2 ms
1 — °

~ 
[1 — 

2

where

C ( ~~,~~) + P l( )( r 4{2
12 cos(k dcos0sin~-) - 1

1

0
_ 1

3

0

}],

/

[1 
— 

~1h
10{~~~ 1 + I X~~~~~~)}~ 

L1
l

I 3 ( _
_

~ )(_
_
~~~~2

+ u
1
2~___~~

)(_ 2)(__
_. ±_

2)(
~~0

2 
+ ~~~~~~ — 21~ °)

+ ~J 3 
U
y 

sin
4
~ sin

4 
— l

~l(~~~~i4( - 
2 2 )

(11

0
2 

+ 11
°13

° — 2I
2

0
~~~}j~~ 

0 1

= ~j )  j )  
2
(C )

2 
l2(:_*~

2
) , c ~~~~~~~~~~~~~~

.13 
= ~~~~~~~~~~ (l—v

2
) 

~~

U a q 3
{( 1-’~

2 ) ( q
2

3 + 3q 2
2 + 3q 2

) - v 2 }/ 12 ( l -~
4 )

f 0 ~
. 

~~~~T ~ 2 
d’ 

_____I
l — J 2 

- , q — sin 0 sin ~/ I I
— - Ia ~C i— q ’--- ~ {b(~~ + q~

- )  — 1) -‘- 1

b — -
~~
-- —

_ _ _  

‘ _
~~~ii~~~~

. 
~~~~~~~~~~~~~~~~~~~~ - 

- -
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a = 
(~~~~

)(
~~~~

) 

c \/l2~~
1
E

_ 
C

ik d n
o r e O / l _ q2 

- dr~ -

2 J / 
~~~~~~ 2 2 

2

--  - — q — 
~b (n  + q ) — 1) + 1

and 
CD 2ik ~~~ 

-- 
-- j / 2 2

0 = - 
e ‘ 1 -  q — I i dr l

2 2
— - i 1 C 1 (I {~~~ ‘ t q )  — l r + l

2 . 4 . 4 D i ~~~~~s s i u I i o~~~t I o Po s s ib 1  lity of Replacing the Orig inal

Integration Patiio ~y 1’~~it~~i~~ u l  ~~t t ~~~~~ st  Des ent . To deform

the original integration paths into paths LI steelIest descent

continuously , certa in singularities may be encountered in the comp lex

~ and complex B planes , which are enumerated below :

(1)  v’~~in t has a branch point at a = 0. }1 w ev er . t h i s  poin t is

of no gre at significance s i n c e  the steepest descent path sh~ 11 not

pass through it.

( i i )  In til e Crc-Sent Ld~~c , t h e  onl y singui tri t ies J )LtSCIII would

be poles f the function V (Ia , i~) in t he c—plane ~nd these ot  t l i ~~

f u n c t i o n  V (  1 , ~) in t h e  ~—p lani- * It s uch  a pole is c r o s s e d  in the

d e f o r t . i t i u n  of r i g inal  i n t e g r a t i C l i  pA ths into steepest descent

paths , t h e a  the r e s i du e  at t i le pole must be added. Th~ contribution

Ot ~ULO poles  c - i l l  be shown to give an e x p on en t i a l l  v decay tng SO Lut L o u

in  ‘io- distance R or z and hence they contribute significantly

to t i e  nC . i r  - field pr c s~~ure , but their contribution to the far—

~~~~~
-

f i e l d  p r e -~sure  can be neg lected .

I t  

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _
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2 . 4 .5 Evaluation of Non—Dimens i onal I n t eg ra l s  C o n t a in e d  in th e

Fat  1- i c l d  Pressu re  So luLi on .  To evaluate the non—dimensional

lnLe t~r i i s  1 ~ (~ =i ,2 ,3) ,  one can extend the  independent var iabl e fl
J

to the complex p lane and use the method of Cauch y cont uur int egr -itlon .

The choice of tho branch cuts , contour integr iL l ii paths , etc . , are

eniu-s- rated below .

2 . ’. . 5a Choice of Branch  C u t s .  The ~ x 1 s t e f l c e  ~ f br anch cuts

requires thit the integrand be made a single—val ued function bet ; €

L~ uc1~v ’S theorem is applied [29]. This requirement can be t1H till ed

by i n t r o b u c i n g  cuts in t he comp lex plane . Letting ~~ = C - -

~hi~~re ~1 is .~ comp lex var iable , then the sign of t h e radical

I l

= - - q~ — i~ will be determined by the radiation condition

in > 0 which guaran tees  the convergence C f the i n t e g r a l  a lon g  the

entir. comp lex path. The branch points are def~ ned b y ~ 0, which

yields the fix ed values = + — q
2 
on the real axis. To uilom

an effective appli.ation of t he methods of  operational analys is ,

the complex v i lu e  of (I + ic/2)/l— q
2 

has to be used instead of

/1 — q
2 

in order to avoid difficulties with the path of 1ntegrac1~ i i.

In ti word , at leas t an infinitesimal amount of material damping

should be a s su m ed  [ 2 7 ] .  T h i e r e i o r c , b r a n c h  points vii h be located  at

‘b 
= ± (1 + ~~- /1 — q

2 
, w h e r e  t is the e las t i c  loss f a c t o r .

C 
Af ter th e br- ito it cuts have -eon determined , the undamp ed response

can then be obta ined  by s e t t in g  £ 0.

For t h e  determination of Sommerfeld branch cutS , one can start

with the equat i on

~—‘----- __i. . 
- ~~~

- 
~~~~~~~~~~ 

—
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2 2= (1 + •i—

~ 
(1 — q ) — I I

= + 1~~~ C 1) = 1 1 +
then

2 ic 2 .,

~~~~~ 
j r

2
) = ( 1 + - ~-—) ( 1 — q )  — ( j + 1 2

)

= (1 - 
~~) (I 

- q2) - (
1

2 
- n2 ) + 2i{-~ (i - q2) - r

1

C I
2
}

To ~-at is t~ - the condition , Im ~ = 0, two condit ions result: namely ,

fl
1

1
2 

= ~~(l  — q 2 ) ( 2 .  7 5a)

and

2 
- < (1 - ~~~) ( l  - q

2
) - ( 2 . 75 b )

These I c e  equa t ions  r e s t r i c t  the  choice f a branch cut as shown in

Figure 2.4.

At this point , ‘tic- must c o n s i d e r  t h e  changes of t .hi  b r a n c h

cuts necess i ta ted  by the l imi t  £ 0 and choose t h e  cu n t u r  of

in t o g r a t i n  in the upper—half of the complex n plane eith e r b r  the

top Riemann sheet (T) or bottom Riemanri sheet (B). The sign ot Re~~,

in the f i r s t  and second q u a d r a n t s  of the top and bottom Rieniann

sheets , can be o b t ain e d  b y the following procedure.

i.e t

~~= /i _ q 2 _ r i 2 a ( / l _ q
2

÷ r
~~C~2

(/ I T

_

q
2 _ ) l / 2

+ i-i ± 11

= ( r  r~~)~~~
2 ex p t i (  = e~ p {i:} , (2.76)

~ 1/2 
0 + 6 ~~ + 7r

where  r = ( r )  and ~ — 2 a r e  the  amp l.i t ud o  and

p hase ang le  of t,, respect ively ;  ( r , 0 ) and (t
+ , 

0+
) the a m p l i t u d e

and phase angle p a i r  f o r  V e c t o r s  (n 4- A - 1
2 ) and (n — /

~ —

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _- -------- — - . --— 
.
— 

- —
~~~~~~ 

—U——-:- - - — --- 
- 

. 
-
~ - --- ---——-- -
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Fi gu re 2 .4  Sommerfeld Branch Cuts
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respectivel y. Titus . t h e  m u l t i ” a i u e d  ang le f u n c t i o n  -~~ can be defined

a-,
0 + 0 + it

top Riemann sheet: ~ = 
— 

2

1- 0
÷ 

-

bottom Riemann sheet: 
~ 2

vii ere tii~ positive directi on of 0 and 0
÷ is measured  f r o m  the p o s i t i v e

real a x i s  of t he complex p lane L: in the counterclockwise sense is

shown in Figure  2 . 5 .  The variations of  the p hase angle -; are

tabulated below :

Table 2.1

Ph ase of Comp lex Variable r i

Top Bottom
Riemann Sheet Riemann ~h i e e t

it ii

• 
o < ~-

AF + =~~~~~
-

= 0 = — 11

— 
- 

IT iiDB ~~=~~-

- 

liie above table can be briefly descr ibed by

— ~~it c ; C IT — • n = 0, 1

where n — 0 and n 1 refer to the t o j~ and bottom Riemann sheets ,

C 

respectively.

_ _ _ _ _ _ _  
- . — -  - —  - :i~

— 
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t
BRANCH CUT

( / E~~~~~~~~~~~~~~~~ Q 

BRA~~~~~
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L~!~~L y~ -~ P0 NT 

B —
~~~

e_ J r’4 +

• Figure 2.5 Complete Contour of the Pressure Integral

~ I:1 J  
____



47

* 
Examining the integr -ind in l~° (j=l ,2 , 3) together with the

radiat i on condition in ~ 0, which arises from the p hys ica l

r e q u i r e m e n t  cont tine d in t he orig inal pressure integral—representation ,

it - an be shown that the int egrand  of 1 ° w i l l  converge on the t~ p

Riemann sheet along t h e entire closed path in the upper complex

half—p lane .

2. -. 5b Eval uation of Branch Cut Integrals B. Ii what t:ilcc’s ,

t he  p r o c e d u r e s  fo l lowed  f o r  the eva lua t ion  or branch cut integrals

will be shown for the case of the i n t e g r a l  12
° only . The b ranch

cut i n t e g r a l s  of 11
0 and 13

° r e q u i r e  s im i l a r  procedures  w i t h  onl y

slight modifications .

- .lii. ’ br anch cut integral B of 1 2 may be written as

o /~ — q
2 0 i~ ’ ik dr -)

B = 
f * f + r ____

+ r I e ° 
~1-g - d~ ____

* 

~~i~- ~~ ~/ 1 - q
2 

~0 1 iatb (n
2
+q

2
) — l~ / i_ q~~_r # 

+ 1

l~ ~~~~ (F
4
) 

~~~
The si gns of the radical in the integrand can be properl y

chosen by the evaluation of phase angle ~ .- at the co r responding

locati on on the top Riemann sheet:

* 

/ 2 2 / 2 2 / 2 2— e  = — v l i - - q — n ~~~= — v l — q  i - r

r 3
:/ i_ q2 _ n 2 = _ 4 i _ q 2 _ n 2

~ _ / i _ q2 _ r 2

r 4 :/ ~ - q 2 
- , 2 - q

2 
- = /1 - q

2 
- r

2 
, ( 2 . 7 ? )

j 
where  r is a positive real variable representing the r ad iu s  o h  t h e

c o r r e s p o n d i n g  v e c t o r .

~~~~~~~~~~~~~~~~~~~~~~~~~~~ Th.~~~~~ ~~~~~~~~~~~~~ -~~~~~~~~~-~~~~~~
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Using Equation (2 77), the fo l lowing  simp l i f i ca t i o n s  ~~~ be

made :

0 -k dr ~ -k dr  / 2 2

- 
e {_/1_g2

+r
2 1 ( i d r)  r e o V - +’ ( i d r )

F ~- f  1 2 2 
-

~~1 2 
~ 

_ ia/1_q2+r
2
{b(q

2_r 2) —i} + i ‘o ia~~~~q 2+r 2
~ b ( q 2 _ r 2 ) -1~-+i

— k d r ,
= 2i f —~~~~ e ~ Vl— g 2+r dr

J . 2  2
0 1 + a2 {b(q 2-r 2 ) - l} (l-q 2

+r 2 )

A - q
2 

/
—:3—---T ik dr

+ F , = f {— 1—g~ -r ’ e ° dr  
--

_ ia/l_q2_ r~ b(q 2
+r

2
) -l} + 1

A _ q 2 
— ik dr

I. 
/ 2 2  o

— 
l—g —r e dr

0 ia/1_q2_r2~b (q
2+r 2)

2 
- i }  ÷ 1

1 — q  i k r
1 2 2

= - 2 J C 1-g -r dr 
, ( 2 . 78)

0 1 + a {b(q 2+r ) — i} ( l— q 2— r 2 )

Thus , the total i n t e g r a l  becomes :

B 2i1J 
e~
’
~
0
~~ /i_g

2+r 2 dr

Lo 1+a
2tb q

2_ r 2
2
_l~~ l_q 2+r 2)

1 —k d/r 7
e 

2 

di j
0 r 1 +a~ {b ( q  r 2 -1) -r } 4 l + ( l _ q 2 ) r L }

- ‘ i / i_ q2 ik dt , -
I l  o / 2 2

— 21J 
e ~‘1— ci — r 

2 -j , (2 .78)
I 2 2 2  2 2l+a ~b ( q  +r ) —ii (1—q -t )

where the integral of 
~

j ’

~~ 
+ F

2
) i s  f i r s t  d iv ided  in to  two s u b in t e g r a l s

( f r o m  0 to 1 and from 1 to ‘-) , and then the  s u b i n t e g r a l  t rom 1 to

____________________________ ______________________________
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is a g i in  r e t r a n s fo r me d  to an integral from 0 t o  1 f o r  n u m e r i c a l

eva lua t ion .

2.4.5c Lvaluation of tha Pole Contributions. The positions

of the  poles are de te rmined  b y the zeros  of the denomlnat2r of the

integrand in the integral 1 ° (jl ,2,3), i.e.,

2
ia{b(r

2 
+ q

2
) - i} /1 - q 2 

- fl
2 

+ 1 0 - (2 .?9a)

If one lets

/ 2 2Y l — q  — n  = i s

Equation ( 2 . 7 9 a )  becomes

+ 2s~ + s(l  - - = 0 , (2.79b)

where 
5

s 2 3 E.2 \j1~
2P ( 1

~~~~~~
V )

2 ~~~ p
.5 

0

Once the roots of Equation (2.79b) are found for different

frequencies , the var iable will be obtained in terms of the variable

s b y the  fo l l owing  r e l a tio n s h i p :

/ 2 2r, /1 — q + S • ( 2. 8 0 )

From Equat ions  (2 .80 ) and ( 2 . 79a ) ,  it becomes obvious that.

there exists ten poles in the integrands of 1
3

0 (j — l , 2 , 3 ) .  However ,

onl y th se roots  on the top Riemano shee t  are needed f o r  the  use in

the R e s i d u e  theo rem.  The r)ots that f a l l  in the  top Ri emann  sheet

can be f o u n d  from the mappings between variable s and ~ imposed

by the radiation condition In E~ -~ 0. Sin .e

— - q 2 
- - is

-,

~~~~ ~~~~~~~
—

~~~~~~~~~~~~~~~~~~

--- 

~~~
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or

+ 
~~ 2 = i ( S

R 
+ i~~~) = — +

the condition Im ~ ‘ 0 is seen to cor recp ’ nd to the ond t t ion P -  s 0.
4

~ urier C - i i  c o m p u t a t i o n  shows  t h a t  the t y p ica l  f i v e  r o u t  of Eq u a t i o n

(2. 79b) ar t .’

1. pos i t ive  real  roo t :  (s Rl)

4 complex r o o t s :  
~~R2 + IS 12

) 
‘ 

— is 12
)

~~~R3 ÷ 15 13
) , (_ s

R3 
— is 13

)

where S
RJ 

(~ =l , 2 , 3) and s
13 

(j 2 , 3) are positive real numbers .

Thus , the  desired roots in n can be found f i r s t  b y emp loying

the condit ion Re s > 0 to pick out the three roots in s which c~ nsisc

of one positive real root and two complex roots (+sR2 + is 12 ) ,

(+ 5R2 — i s 12
) and then substituting these into Equation (2.80) to

ob ta in  s ix roots in n on the top Riemann sheet. Out of these six

r o ot s , only the three  roots which  include one pos i t ive  real r o o t  and

the two complex roots lying in the upper half  plane of the  complex

var iab le  n are the desired ones . The reason f o r  exc luding  the nega t ive

real pole is t ha t  If a s l igh t  amount of damping is assumed , t h i s

negative real root will be shifted off the real axis In to  the lowe r

halt complex p lane n and outs ide the domain of the closed contour

Integ ra t ion .

2 .4 . 5 d  Computa t ion  of Residues R~~. In genera l , the res idue

‘1 
~ of A ( n ) / B ( o )  at a simp le pole r ri~ can be found  by the f o r m u l a :

A(n) IR
~ 

- 

~~~ B (f l)~ 
= n~ 

-

- -~~~~~~~~~~~~ - -- - - -~~~~ - - - 
- 

- -  

~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
.
~~~~~~

- 

. 
-
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I f  t h e  i xp r es si  ans A ’  ) and B (~ i con t a t  n mu 1 t. i — o i l  uecl I unc t i ~ns , such

as a square  r i c t , t h e  s i g n s  ) t  t h e  r a d i c a l  have o be -.;ire l  o i l y

evaluated. Thus , i f one t a k e s  t h ~ i n te g r a l  12
0

, f r  example , the

residues c f  this i n t e g r a l  - i r e :
i k d

/ 2 2
R = -—--—-______ -—- I

4 2
-~ 2 2 2 2~~-~ -- i a  i—q —

. 
[ b ( ’  +q ) — 1 1  + U =

-I
ik dT 

/ 2 2
= 

e ‘- 1— g — r i 
-

~~~~~~~~~~~~~~~~~~~ - n [b(n
2
+q 2)

2
_ lJ 1_q 2_o 2~~

”2
} 

r i =  ~

ik d f l . - ,0 3  2
= 

e (l—g —r~~ ) 
1 2 3

ia - ib (~ 
2~ q

2)(_5~ 2
-5q

2
+4) + i}

J I I

It  is noted tha t  the numera to r  and d e n o m i n a t o r  ~i the  r e s i d u e

expression is simp lified by multip lying both by th e -, n . e  b r a n c h  u l

/ 2 2  - -v l  — — , resulting in a final residue expression which is f r e e

f r o m  tile mu l tiva lued  radicals . 
C

2 4 .5e  Final S o lu t i o n s  of the  I n t eg r a l s  1 ° (j= l , 2 , 3 ) .  U s ing

t u e  me thods of evaluating branch cut integrals and r e s i d u e s  developed

in p rev ious  sect ions , the i n t eg ra l s  1
3
0 (j 1 , 2 , 3) can be eva iua ted

acco rd ing  to  the t heo ry  of contour i n t e g r a t i o n  as f o l l o w s :

= - J +f +f ÷1 [Integrand ) + 2n~

{

~~~Resid ue~

r~ r 6 1
3 

F
4

.3

1
1
0 

- -2~~ 
JI-~~~+r ~~~dr  

~2f 

q 

~~~~~~~~~~~~ C 
-

0 l+~l ?
~ b ( q

2 _ r 2 ) _ l h  ( 1_ q 2
+r

2
) 0 i + i 2

~ b ( q 2 +z ~~) _ 1 } ( l_ q 2 _ r 2 )

— _ .  -
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3 (l-q
2
-’ 11

2
)

n = l  2 2  ~~ 2 2
i afl~~~b ( r ~~ +q ) ( _ ) r ~~_ 5q + 4 ) — U

- - - 
-k  d r  ,— .

~ 
/i_q2 ik di /( o - ‘ 2 a / 2 2

1 ° - 2 
e v I — q  ~ r _ dr 

~~~
., I e ~l—g —r dr

2 
1 , 2 

- 

2 2-J 2 2  2 2  .) 2 2 ‘ 2 20 l+ a {b ( q  — r  ) —1) (1—q ÷r ) 0 1-s- a {b ( q  +r~~) — l }  ( l— q —
~~ )

ik dfl 2o n 2
3 e (.L—q — n a

+ 2~~i

~~1 ian~ {b(r~~
2
+q

2)(_5r~~
2_5q

2
+4)_l~

I o 
~~~~~~ 

e
_ 2k

o
d(

v4_ q 2+r 2 dr  ± 2  ~~±e
21k

0
d1
~~~~~~~t

2 
di 
—

2 2 , 2 2 2 2  J 2 2 2 2 2 2 20 li- a {b(q  — r )  — i }  ( l— q +r ) 0 l+a {b ( q  +r  ) —l } (l—q — r)

21k d T : 2 2e ( l— q 
~~~ 

)

-s- 2~ i 2 2 2 2
-

‘ 

n = l  i a ~~~{b ( r ~~~+q ) ( — S o ~~~—5 q + 4 ) — l }

2 . 4 .6 A p p r o x i m a t e  Express ions  f o r  the  I n t e g r a l s  1 0 (j 1, 2 , 3) .

Alth ough a d i git a l  c o m p u t e r  can be used for the numerical computation

or t he  i n t e g r a l s  I~
0 

(j=l ,2 ,3) , w h i c h  consist of branch c u t  integrals

and residue terms , the resulting numerical values , when substituted

back in to  t h e  radiated press ure in Equation (2 74), do not ~omp let eir

allow one to Interpret t h e trend in the variation t i  r ad ia t ed  f a r —

f ie ld  pressure. Thus, in  o rder  to ga in  more ins i ght  i n to  the behav i r

of the integrals , i t  seems p lausible to obtain the approximate

exp ression to’ the integrals 1~
0
. These asymptotic expressions allow

a be tter understanding of the fundamental characteristics which govern

the physical phenomena of the radiated far—field pressure distribution.

_____________________________________ ——-— — - - .- .—~~~~~~~~~~~~ .•—--.———--- .-- -
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2.4.ba ,tp pr ‘i ~ u- i t e  Expre~ -~~utio of th e  I n t e g r a l  1
1
0 . To

beg in  w i t h , one can  ~p r e s s  1
1
0 

in terms of bran ch c - t i  intcg r0ls

and residue r u n t r i b u t i o n  as developed in p r e v i o us  sections , i.e

o = ~~~~~~~~~~~~~~~~~~~ = A - i ( B - s - C )1 
‘ 2 ’  -‘ 2—u i at l— q ~~~~~~~ b(r +q ) — 1 +  1

2 23 l—q ri

~~ l ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

where

q = sin ü sin ~~~, a = 
~~~~~~~~~~~~ = a~~~, b ~~~ I

2 
=

2 2
A =  2/l-~~

_r dr

1+a2 b 1
2+q 2)

2
_l}

2
(l_q 2_r 2)

2 2
B = I 2/-~~+r d r

J 2 2 2 2 2 ., - )
0 1+a {b ( q — r  ) — l }  (l—q ~ + r )

and /~~~~ ________livl -q 
7~~ 2 2

c [ 2r v’l+(l—g )r dr

r
lO
+a

2
{b(q

2
r
2_l)2_ r 4} i1+(l_q

2
)r#}

1 7 I~~~~2 ( r Il+r L 
dr 

_____________________2 ( 1 — q  ) , —

~~~~~~

- 

. 2 2.J 10 2 2 2 2  2 20 r +a (l—q ){b[q r —(I—q ) ] — r  ) ( 1- ’- r )

(1) Low f requency approximati on (-a <-~~ 1) :

A 2 
2J 

/i_q2_ r 2 dr = (l—q
2
) j

n 0

/ 2
- I 

~~~~ __________

B 2j t~~_ q 2 +r 2 dr  - (l-q 2 ) { V ~ + log~~(l + ~~~~~~) }

- _ T T~~~i~~
---

~~ -~~~~~~~~~~ 
_ _ _ _
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and

C = (1 q
2 ) J 5 2 2 

r 3 
~~~~ 

2 2
0 ~ +

~~~ (l—q ){b[q r—(l—q )] — r  ( l - s - r )

(l-q
2)Q . 1

(l_ ~
2

){J r
5
+a

2
b
2
(1-q

2
)5 ~~~_q 2)~ r }

U ( l — q  )~
= (1~ q

2

){[ r + ~~~~J~/5 

L~L }÷
!

1/5
r 4  9 14

= (1-q
2
) 

L2~
T _ L.7

T9~~ 1u~.

2 (l-q 2 )~l

÷ [
~~~~~

+
~~~~ 

U
11~~

6r il t

p1/5

(a — 2 / 5 ) ( ~ ) — 6 / 5 ) = l . 135(a — 2 / 5
) ( ~~) — 6 / 5

27 ’2 o 0

2[Note that u = a2b (l—q 2)

— 1 , 5  —3 ~~5P o l e s: n a
1 o

— 1 / 5  — 3 / 5  2 T r i / 5n - a  ~ e2 o
— u s  — 1, 5  3 r i j 52 1 C3

Summing up the  v a r i o u s  contribut ions evaluated above , one obtains :

1
1
0 (l—q 2) ~ - i{(l-q~ )[~’7 log (i+~1)I + i . i~~~~~~~,~~~~~

_ 2 / 5  
Q

~~~ 6/ 5 ~~~~~~~~~~~~~ Res ,

( 2 )  Hi gh t requenc-y a p pr o x i m a t i o n  ( > 1) :

(i) When q
2 c -~ =

- —  - — — — ._ _ _;._

_
_i

. __T. —
~~~
:i-- -- - 

~ -
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I

A =  2(1_q 2
)J 

~i r d i

0 l+a
2
b
2 (1_q 2

) (l-r~~ ( {  (l-q~~) r + q }- o
2

J
2

= (1-q 2) f ~~~~ 2 2 2 
-~~~~~~ r 

2 2 2
0 1+a b ( l — q  ) ( l — r ) [ { ( l — q  ) r-4-q I — ;  ]

1j~~ /1 
~-~

__ ---_______________
2 V . _ q 2 J 2 2  2 2 3 2

— ‘  l+a P (l—o )[((l—q )r) —
~~~

b 2

— 
~~~ 2 

~~~~~~ ~~ 

‘
~ Ia  

~~~~ 2~— 
2 2 J 2

4(l—q )(l—’o ) to / a  1 + ’

2 —2
________ __________ - 1

= = 
/ 

, (i’.ote th.jt ‘ = — _______

/ 2 2 a t I —
2a °— q  2a s’ l / .o- q o
0 0

0 — B+C = 2 ( I -q
2
) 
J 

/i+r2 d r 
~~~~ 2

0 1+a
2
b
2 l_q 2 l+r

2
[ u_q 2 r

2_q 2~~ _ ; 2 J

= (l_q 2
)J\~

f
~~~~ dr

l+a
2
b
2
(l— q2)(l+r)[(l-q

2
) r ~~-:’

2
]
2

i

2a

~~~~P ol e s :  1— q

2 ~~~~~~~~ ,i—~-

2 ~~ ~~~~~~~~~~~ + l t : + q  i/a+q

Aa ~~~~

________ 

/ J  ~~~~2 + i~ ‘+q — i~ ~+(i

4a /i~~ 
, + 2

3 

-

--

- . TT~~~ - - ~



56

Summing the var ious coii t.~~ LuLiuri s o b t ain e d  above , 1 ° becomes:

2 20 -

= - - -—~~~ -— + -- - -

/~~~2-i 
~

— t
~ 

2a
0 0

i )  g~~ t C f l  
~ 

= ~ ‘~~ 0

1 —

2 1 
____ 

/ i_ r2 
drA = 2’l—q )j — - _______

) 2 2  2 2 2 2 2 L 
20 l~~~~, i  b (L_ q )(l-r )[{(l—q )r +q ~ _ 0

2 2( 1_ 1 2)f dr 

2~~~ 40 1~ 4,t h q (l—q )

( l_ q 2
) f _  

2 2 4  
di 

2
—

~~~ l+4 a b q ( l— q  ) r

= 

~~(~~~~~l /4 

{l

- 

2a ’’
~ 

~l 
4ab” (l_ 3) 3/2

~

1 4  3~ 2
= ~~~~~~~~~~~ ~. + + 

_~~~~C~~__

2tab (1-3 )~~ J 
2~~~ a

Note t h a t  t e n  a r e  two crlti c si points (r i 
~~~~ 

~~
existing in the integral 0.

3 - 3 ,2

Res . ~~~
-
~
----- -

~2 a 3

Summing up. the integral 1
1
0 becom es:

.
~~5 ( i _ ; ) 1 

I - r ) (1_ :) 1 4
— 

2 

1 
- 

4abO (1_a )3UJ 
- ~ 

2a
1 

~~ 

+ 
4 a b o ( 1 -g )

3/2ni

2~~~~~~~~~ a 

-

a

_______________ — _

1i _________— 

~~~~~~~~~~~~ — ‘-5 ~~~ 
_____ _______________
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‘ i i i )  O i t u t t  q 2 I = 0:

1

A 
~~~~~~~~~~~~~~~~~~~~ 

~~~~~ 

.47 di

2a (q —0 )

2 2
0D 2 —

2a 
,

—

~~ 
~~~~~~~~~~~

i +q ‘q —‘3

2

L ~~~~~~~~

n l

Ther ef o r e ,

6 2 2
0 . . 0 i ii ‘3 0

1 2 2a ,—2 2 o ~~22. 1 (q —o ) vq —o ~~

2 . 4.6b A p p r o x i m a t e  Expressions I L  the Integral 1
2
0 

Intt.,~~ai

1
2 can be e4~pressed in r u e  following to rn :

~‘ ik dr,- o / 2 2
= I -. ~~~~~~~~~ l~~~~— n dr 

= A - 102 / 2 2 2 2
2 

2
i ab/l—q — Un +q ) — o ] + I

ik 1’o n  2 2
.3 e (l—q — r -~ )

~-. n
+ \

ia ’ b ( r - : ~2~~~2 ) (_ 5 r  
2 — 5 q

2
~~

- .) + 1 1

(1) Low f r e q u e n c y  a p p r o x i m a t i o n  (~~~ ~( 1) :

(ii When 1/2 k d 1:

ik dr
1 2 2

A -  — 
2e l-Q --r dr

I - - ~ 2 ~ 
2

0’ l+ahb~ (l_q~_ r~ )t (r~ 4q
L
) —o’)

~~~o_ . 2  r~~~~~~~~~ 
- —. 

- 

— —. 
- ~~~~~~~~
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= 2] e~~~~~ 
~~~~~~ Jr 2 

2f  ~~ — 

fk
a
dr )2 

ik
dr}

/ 2 2— r di

2 2 1k ‘Ii 3/2
= 

(l-~ ~~~~ - ( k d )
2

( l-q
2

) ~~~~~~ ~ — -
~~
-— (1-q~~)

—k dvl—q r

O 2(1—q ’) j — 
C ___ _ _~~_~~~~ 

o 1+a2b 2(1- 2)(l+~
2)[{(l_~

2 ) r 2_q~~~_ • 2~

- 2 ( l~ q 2 )~~
f 

e~~~~0
d 

~~~ (1+~~ )d~ i-f ~~~~~~~~~~~ r dr}

-k d/l—q -k ~~
~~~ 2 2— e ° 2 1-cI q k d ~~~~ 

+ 

~~~

-1,5 -3/5Poles : n - ,~

—1 /5 —3,5 2 i/5
fl ~~ a e2 0

— 1 - 5  —I ’ S 3 i15
fl 2 a e3

Thus , t h t .  integral ‘2
° h as  the  fo l lowing  a p p r o x i m a t i o n :

.1 , 2
2 ~ ‘k d ) 2 (l-q 2 ) 2 

2k di (1-q 2)o ( l — g  )i~ — + 
o

2 2 16 3

-k dVl-q
2 

-k d~~i-q
— [ 4~~ 

(

2_ c 
k:d ) + -

~ [

_
~7 

~~~~~~~~~~ 
)j ~~~~~Res .

(i i )  When k d ~‘ 1:
0

,
—

~~i/1-q
ik ,dr -

A 1—q —r ~ dr

0
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/ 2
2 

i k dr l—q
2 ( l— q  ) f  e t ’— ~

— di

0 — ---
,
- 

/—i

ik d r C 1 _ q ~~ 
2 

ik dr ~~i -~~ i k drVl— q
2 e r e

= 2( 1-q ) — -— - —----- +
I ~~~~~~~~~~ ‘

I

— 1 k d~~i-— q 2t k d~~i—q (ik d~ i—q

~~ik d r A q
2 

~~~~

i n

= 

2i~ 
2
d 2T~

2
.~ii~Y + 2e

dC d 

~ d/ ~_ q 2 _ i _  
ik

2
d
2
(1-q 2)

k 3
d 3/~_q

2 
k 

3d
3

- ’l -q ’ 
~ 

2

0 0 )

/ —~~

.

D ~~
-
~~

-
~~~~~~~~

- [obtained from case (i)).

Poles: ’ 1 ’ ~~~~~~ ~~~ ( d o m i n a t e )

— 1/5 —3 /5 2irii5e

- — 1 / 5 —3/ 5 l i i ,  5
e -3 ü

It is not di ti it u l ‘ i t t  u n d e r s i  in t l  that the branch t n t

integr al-, “A” and “D” may be negligible compared with the r.~~idue

c o n t r i b u t i o n  doe to t h e  real p ’I°; thus ,

I) ~~I

- - ( 2 ) Hi gh I i e q t l e [ l o V  a p p r o x i m a t i o n  (~ 1) :

2
( i . ~ When q ‘~ 1,~l = a :

ik di
~~ 

)‘
~ — 

2e ______

A — I  2 2  2 2 -, 2 2l-~-i b ( 1— q  — r  ) [ ( r ’
~+~~) —0

1 i k  t h i  ~ i-~~
2 

-~~~~~~~~

2 ( 0 /~-r
’ di

— 2 (1—q ) I - 

2 2
~ O l+a~ it 2 (1- ~ ( 1-r 2 ) [ { ( 1- q 2 ) r 2 +q ’} _~ 2

i

2 ~~~ e
0
d
~~~~~

/—
~2 i  o—q

—p-
.

’ 
~~~~~~~ 

- - - 
1’
~ - 

-
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and —k dr/i~~~ —

0 = 2(l-q2) 1 2 2  2 
/~±

2 dr 
2 

2 
2

0 I+a b (1—q ~ )(1+r )[~~(1—q )r~ — q }  — °

/ 2
2 —k dt- ’3+tliTO 0

2 

2a /+q~ 

e

The express ion f o r  ‘
~~~~

“ is expected to be a goud approximation under the

condi tions of hi gh frequency (~ — -> 1) and not very 1-irge k d .  In

another word , th e approximate result is good for - - ‘h en

—k d r v ’l— q
e 

0 is a slow ly vary ing function .

3 - 2 —k: i7T0 o
Res. e

n=l - / 22a :+q
0

Th us , the approximate expression for 12
0 

can be ob tained as folios’s:

‘2 = ~ e~~ 0~~~
_ (12 

+ —_~~~~~~~~ _ e °’
~~~

i-
~~

2a ~- o— q 2a 0+q
0 0

2
(ii) When q 1/.~ = ci:

t a )  k dA_ q 2 
< it0

• 1 
2 ik dr/l-q~

2 
((1— -;-— ) e 

C 
di

A~~~2 (l—q~~~J 3J - t ‘ :, 2 40 l+4a ’b q (l—q ) r

Since
-

~~ ik d r /l_ q2 
k 
2
d
2
(l- j

2
)r
2

e 2 1 — —° + ik dr !l—q2

S 3 2 2  2iio k , d 
+A - 

3 1/2 
— 

4abo (1—o)
312 

— 

8a
t 2 (1~ ) U +  -Ca

Similarly , since

—k dr l (I
e ° l—k dr l—q

2

- - 
- - -  

.
~~ 

- 

-~
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— k ‘1r~
’1— q ~

2 r 
______ 

e v~ -s- r 2 dr _____1) = 2 ( 1 — q  ) J  ——— — -——-- -------—- —-__________ _____

I - 2 2  2 2 2 2 2 2O 1+a b (1—q ) (l~ r ) ~i. (1—q )r ~~ 
} —a

(I—k ‘Jr~~l—q ) dr
2 (l-q~ ) 

f I+~ .i 2b
2
q
4(1_ q

2
~~~~

- 1/ 4 ok do
2 2,2 -k dv~~T

__________ 
o to

1/ ~’ 4a2a 2t 2 a0

3 3 2  — k d C ~~T~
{ 

i~~aRes. — — ----- e
n l  ~2 a0

Thus, tile integral 17 ° can be represented  b y :

1 4 ( iTo 3k d 2
o~~~~:(l— ; 1 o

2 
- 

2a ’
~~~~ ~ 

- 

4.~ - ~(l_a )~~
/
~f 

- 

8a 3’2 (l--~)
1
~~

1 1/4 o
2k d 3 2  -k

(~~~~ 1 — ’  0 
___  

0
— i \ ~~~~~~~~~~~ 

— — — CI i~~‘, 2a 2a 2 t 2 a
o o

(b ) k d vl— q ’ .- 1:
- 

2 ik dr/1_q2
1 r 0

2 ~ 
( l — - ~---) e di

A 2 ( l — q  ) I - _ _ _ _ _ _  ___________________

J 2 2 4 2~~~ 40 1 + 4 i b q  (l—q ) r

C - - /~~~ I / 2
2 r cas(k drvi— q ) di 

~
. sin’~ic- d rvl— q ) di

(l—q ) 
I 

° + 2(!—q ) 
/ 

° 
3

-‘ 2 2 4  2 4 J 2 2 4  2 4
—

~~ 1+ - i  b q (l—q ) r 0 l-s-4a b q (l—q ) r

5 -

~k d/40
-sin  —

~~~~~~- 
- - - ( I -  ) 1/4 /~ 1)~~~~~ 

iTak d/4
— 2 - — -- - - - - - -  e sin cos + —1j  I 2- 1 / 2  /

~a~~
2
U-~J)

1
~
4 

4/

I 
______________________________________________________ ___________________________________________ ______________________________—.5- — - — - .—5——--,=-~-- - .— —5- 5-- - --——.5—- - C’
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r~ k d (2 1 ,2
—1 n a(l—o1- -- --- tan

and

- ________- k d
0

3 - 3 / 2  — k  d~~~~
T’3

~~~ 

-- 1710 0Res . - e
n=l

(3 
iT~ i

0-sin —
1/4 

~~a 
i/ 2 (l_’3)

1/4 
~Gk d ,’4

12 
~~~~~~~~~~ )

3
_ e sin(co~~~~~~~/2 l 4

+ 
~~~0d 

tan_ lf i_ ~~~~
/2  

- 
2i (l-o)1’2 

+ 
~~, 3/2

(~
2(k d-o ) 0 i/2 a

2( i i i )  When q 2 11~ , = 0:

(a)  k d/1_q2
< 1:

1 .
2(1-g

2
) 

~ 
ik dr l-q

A — e v l — r  dr
l+a 2b2(1-c~ )(q

4
-o
2
) ~O

6 (2k d/i_q2 (0 6 )
iTo . 0

- 

2a 2 (q 4-ci2 ) 

+ 

~~~~ 2 4 2

- - I ~2 —k dvu+ q 
~
2 -k ,,dkq — o

e +~~~~~~~~e

The expression for “D” is expected to be a good approximation ta r

hi gh f r eq u e n c y  (~~ 
>> 1) and not very large values of k d .

3 
~~~ 

-k d/ + q~
• Res - 2 

~~~~~~~~~~~~~~~~~ 

e

—5—- --- —5- 
- T 5-  - 

~~~~~ - - 
- 

-~ —-
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Thus, an appr oxi ins : ~tn 1 ‘r 1 0 aIt  be wr i  t t  i -n  as:
-. 

1/2
O k d  ~~ ( l — q 2 )

‘ 2 
— -

~~~~~~~ , 2 
+ 

2 +
- - 4 - - 2 4 2
~a (q - ) Ia (q —a )

2 — k ~v -4-q~ 2 —k d i q  —aC ~ - - 0— to — —---— -  e
‘
C -

C +C
~ il l _‘3

(b) k d l-,~
2 — 1:

- 1 ~~~~~~~~~2 ,— ik d r v l — q
~- ( i — o  ) oA 2 - . - --_ _  

~~~~~~~~~ to i I - r dr
2 2  2 414-a P (l— q )(q —o ) 0

22 t t ’ C  d~ J-q-- - -_ --- -_ -‘-~~~L~~~~~ I i{k 
2
d
2(l_q 2)_l} + e

C l i ~ I 0
a (l-q~~) (q 4 -a)  (k d) 3 L

- - 
ik 2

d
2

l_~~2

)}]

and { I )  
/ 02 -k dt ’ +q 2 —k d~ h~~~~1ii 3 0 ci1) 2 

+
-5

vq  — o

• The e xp r e s s ion t C C r  “0” is v a l i d  tar hi gh f r c q uen c v  (~~ 
- - 1)

and not v er y  large values of k d .

1~ 73 2 —k l~ -f qilTa oL Res. 2— -------— e
n=1 / ‘7

and

1
2 

2 

2 2 4 2 2 ~ 
[i
~ko

2d2(1_q 2)_4 + e
1k
0~~~~~

(1
’

a (l—q ) (q —0 ) (k d) )

- -
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k d/l—q~ 
- 

ik
2
d
2(i_n 2

)I~

,j 
+

{ 

- c ’
~~~~~ 2

- 
_ + ‘h i -q  —o

2 - ~. P .  Appr~’sit: .;tLe [spreast-tns tot Lhe Integral 13 • T h e

‘f t i e  integr al 1
3
0 can 1)0 o b t i t  ~ ed by rep lac i n g  (k d)

- 0by (2k ~1) in t h e  s c lu t i t n s  I
- 0 5-

2.5 [valuation of the Radiated Acoustic Power

2,5.1 A t o on st i ~ Power Generated by Far—Field Pressure (Nf f ).

I n to  radiated d ecu s ti t  p ower  can be evaluated  b y integrating tP~

s t l u a t t -  f iste radiated tar—field pressure  over  a la rge  sph e r ical

sui ts_ c . as followst

f f  
= 

~ 

pvR
2 

sin ~ d do

= 2k c  
~~~ Lo 

p (R , 0)1
2 sin ~ d :  d .

= 

~~~~~~~ ~~~~~: ~~~~~~: 

p (R , ~~~, 0)1 2 d~ - d-J

p . whe r-
i k R

(I
— 1 k  F e c t s

p ( R , -~~~. ~‘) — 
i
~~0~~ 

- - 

2 4 
C ( ° , ~

1 — — cos - I — sin -2
0

0

and

________________________________________________- 

~~~~~~~~~~~~~~~~~ ~~~~~~~
- -- 

- 
~~~~~~~~~~~~~~~~~~~~~~~ -~

5-

~~~~~~~ 

-
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= [l+ . 1(  

~)( 
;

1
2

)

~~~
i

O 
cos(k d cos 0 cos ;)  - 

:1

0 
- I

3~~~~~

- 

~~l
’
l~~~~~~~~~~~ / 

+ (~~1L1~~f 
L l I

3 ( E ~~L )

+ - 
2
L~L)( H( 1

)(1

o 
+ 1

J
°1

3
° 5- 21~~° )ii ~ Ii - - —

0 1

2
+ 3 U sin 4 

~ s i n 4 
—

(i~
o
2 

+ 1
1

013
0 2I 2 0 ) ~

]
For ti l e complete defjnj.tiori of “ C , ” one can r e f e r  to Equation

(2.74). Since

F k ios
- - 0 0p ( R . ~

- , u) I = — - - - —
~~~~ - --———--—---—-----— ms

-

. 

~~~~~
h

l +(
~~~~
1

2 

cos
’
:(l - 

2 
sin

4

the radiated - i~~~us tic power c m  be w r i t t e n  in chi t tailowing integral

I o r r ~.:

2 2 ’7/2 r1/2 2 - 2 
-F k i - s ~ sin ~ C I d , dOo 0 ms• 

~
‘ff 

= 
2 

— 
( 2 . 81 >2 k m  2 22” c - c  0 0 o 2 --o 1 + cos 1 — --—-i sin

0

r 2 . 5 . 2  Acoustic Power Generated at the Surface

of the P l a t e  (N ) .  The Fourier transform of the veloC ityso
distribu tion -ovl - r t h e  ~~‘ I r t , i c e  of the  i n f i n it e  p l a t e  u n d er  discussion

can easil y be obtained by substitutin g Equat ion ( 2 . 5 7 )  Into Equation

_ _ _ _ _  - - ‘ ,- - —~~~~~~~-
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( 2 . Ib ) ,  i .e . .

/ 3
( i - F  / 2 ’ ) v k  ~-k 5- -- k - 

(-i) C-- 0 0 x - - -vU - , k , z= O) = — ——— —--_ _-- -_~~x 
~
‘ -“ 2 ‘7 2 2

iD~~ — k 5- - k 2 { (k 4-~~ ) — :_~~~~, + C ’0 x v x ‘, 1)

(- i~~l- /2~ D) U - ,

2 
~~ iC .  C

~(k 
2+k 2) - k + -

X fl /
DC - ( C - 

- 
* -

x ~ 
- o

( — i - i ~ / 2~~u C
— ‘7 Ins

2 2 /

~ (k +k 2) - k :- - iT
x ‘ -  B

where

/
_ 

-) -) 
‘7 / -

~ 
- ) ‘7vl- (k ~+k ~)/k ~ni- i-~ k +k )kx ‘.- o x v a

Using the  F o u r i e r  t r ans i rr n ot t he  v ei o c i c~ distrib uti~’n

given above , the atous ti power can be expressed in term .-, of t b-i s

transformed velo city . Starting with the d L f inl tiT-Il for a oustlc

power ,

= 
~ 

Re~~
f J~ v~ d~i d~

}
where “~~ is the comp lex conjugm te vmlu e -t v , one can expres s t I i~

pressure and tim e velo0ity by the Fourier trans fo r m  Inversion at  t he i r

Fourier t i - inSt ~rm s , 1. 1 - . ,

- - — - TII TIT ~~
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= Re J J PL
x 

+ k~~~) 
dk

~ 
dk

yj

[L j  j  ~~ 

— i ( k ’ x + k ’ y) 
dk ’ dk tj~~ dx dv

= -
~~ Re~~

J J j  [ 1  J j ~ 

i x ( k  - k ’ )  

e

1
~~~

l
~, 

- k ’ )

dx d
Yj 

~ v~ dk dk~ dk
~~

’ dk

The bracketed inner integrals have t he proper ties of a t w o— d i m cn s i o n ~d

)lt j~~’~ delta tun :tion ~ (k — k ‘ ) ó ( k  — k ‘)  wh ich  c iii be derivedx x y y

r n  t h e  following Fauri( r tr i n - b  r i n  p a i r :

- — i ( k x i - k y )
cS(x , y) = 

~~

- J ’ ~ 
cS(k ) (C 

X 
~
‘ dk dl-

and

- ~(k xi- k y )
6(k , k )  = —~~( k )  ~~( k )  = ~—J J

~~(x ~ y ) e x 
dx dy

(

~~~)2 ~~ 
fe~~~~~ 

+ k~~ ) 
dx dy -

1 h u s , the e x p r e s s i o n  for the radiated power c in ~
1 so be

wr itten as:

-~ - . 2
4 c p p ‘ v (k  , k , z=0 )

N = —A-- Re J J ~~~~~~~

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ dk dk , (2.82)sp 2 
—

~~ 
-

~~~ 

/1 — (k 2
+k

2
)~ k

2 x v

-
-
~~~~~~~~~

--
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p c k  ~ (k , k , z~ O)
where the r~ lation ~ (k 

- ‘ 
k , z0) = —

~~
- —-

~
-- -- - -

~ - 
- - has b e e n

— u bsti tu ta d to arrive at the ,iboct result.

l I m e  e x p r e s sl a l l  f o r  t h e  r - t d i , i t e - 2  p ow e r , given in Eq u a ti  -~~

(2.82) - - in be sin ip t ir ted under the transformations of independent

rd m ates

k k cos O’ , k = k sin O’ , dk d k = k d k dY
X i y r x y r

P e a c e , Equ ation (2.82) becomes
-‘ -

~ k 2p c~~~F 5- 
,- o k I c 1 k , 5 ’ )  dk d C ’

N = _ 2 .  
~ r 

_~~~as~ r r
sp 2 2  j

~ ~ O {(k  4
—k ~ ~~~~ - k 

2
~ k 

2
r B r o

tIm e 111- - i t  at  integration on k is e x t e n d e d  only to k k ,r r 0

b r  k > k , the re-i l part .- l the iimce grand vm n iske-s .

One can turth ier slmpl if\ the expression i - - r ac t i s t i  powe r
k

b y sub~~t i t u t i ng  s in  ; ‘ = 
~~~~~~ 

dk = k cos ‘~~~
‘ -~~: ‘ and n o t c n ~ 1 m m t  chi c

response of the en t i re  stroec uro is svmm e-tr i s l  :h,ut the x anu ‘C

axes , I . e  , time integrand will remain unchanged when (0’) is r plac.ed

by (—0’) -i by (T ’ . O ’ ) .

Hus , Equation (2.82) becomes

1 2  2 rr ,- 2  ‘7/2 , , , , - 2
m~ F ,- k sin; (k cos : d~ ) d c  I C

N = 2)  c P~ / 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ms 

—
sp 

D j
0 0 {(k

~~
n m n

4

~~
’_k

B~
) +

2 - 2 ir,2 Tn/2 2 , - 2

~ F k sine d’, do
= 24

c
c 

~~~~~~ ~ L ~~~~~~

—

.5 - -  

1T1T ’ 
~~~~~~ 

—



2 ,  ck 2 
w 2 F 2 5- n/2 ~‘2 cos 2

~- ’ sin- - ’IC 
2 

d : ’ d - ’
0 0 0 a 

[ f ms
2 1  ~

- .- I -

K
13 

- .
~~~ 0 - o 

- 
I m 

, 

C 
8 + 4

~ + 

~~ 
- — -

~
-

~+,, ( 1— >- s i n
-D k

2 . 2 n 12 11/2 2 , , - 2 -F C. 
- cos ~ s 1n r ~ C I  d , dO

c k i n  - ‘  2 , 20 0 (1 o
1 + cos -

~ I — —
~~

- sin ~

It should be noted that t h ito expression fo r the r- -liat ed

-iL oustiL p tw ( -r  given in Eq u a t i o n  ( 2 . 8 3 )  is e:-amct ly equal to t h a t .

given in Equation (2.81). This equivalence pm ‘ides an analytic

ver ificarj,’ii for the asymptotic solutions obtained f r  the far— i ield

acous tic pressure .

________________________________ —.5—-——.- - i,=_ _ —.
~~
——------——-—-.—---- — —
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CHAPTER I l l

NUMERICAL RESULTS

3.1 ~~m~or i-c al Results t -r a lleam—keinf tjr ced P1 i tO

3.1,1 Input Data. For an a l 4 t n i n u - ]  i n f i ni c e  p lac e in

water , numerical result s were obtained ~~~ ti. - tollow ong phy si—_ d

Constants:

E = 10 x 106 psi ‘
~ = 0 .33 ,

p ( d e n s i ty  -i  p la - e)  = 2 56 x l0~~ ib-sec /tn~~,

C 0 (density or fluid medium) 0.948 x 1O
4 

lb—se~
2
~ in

and

c = 5 tt4 x 10 in ; s cc  ; R = 1 v d .  36 i n .

3 . L 2  Far—Field Pressure Sp e c t r u m  and D 1 re ct iv it v Fon ~~t c n .

The s o l ut i o n  f o r  the  m a r — f i e l d  p r e s s u m e  for the point ex,cited beam—

remnt o rced p l a t e , is shown in 1 - igu r e  2 - l , can be d e r i v e d  d i r e c i j y  f r o m

E q u a t i o n  (2. 7 4 )  by 1~~tting m1 0 and k
1 

0 (or 0) The

reduced expres sion be com es:

ik R

~ [~~~
o:~~

’ - - 

2 
> 

~ms~~~’ ~~I — — - - -
~~
-------— (1 — m~ sin -~~~)

° (3 1)

where

C ~~~~ 0~~ 
—

I + I~~~~(C 3 
U s in 4 - Si~~~O -

: o =

-

~~~~ 0

____ - 

TT~~~~~~~~~ 
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N
= — - ---

~~
- ; m = p h  (mass of pl it e per u n i t  surface area);

p H

: 

~~~~~~~~~~~~~~~~~~ 

;

;

= q
3~~
(1- -~

2
)(q

2
3 + 3q 2~ + 3q

2
) - )2}/12 (1 1

2
)

Cr _______

- - 2 2
0 C/ 1— q d’Ii = - —--- —— --- - ; q = s i r i 6 s m n ;;

/ -‘ 2 2
1 0  l-t; - , {b (n +q ) —1) + ~

~~~~~~~~~~~~~~~~~~~~~~~~~ ; b = t ~

‘h it express ion  w i t h in  the  bracke t in E q u a t i o n  (3.1) repr o~ ent.s

the radiated far—field acoustic pressure of an lnrinite ls- ’rr op ic

p 1-ate due to a pt - m i  t o t cc excitation. The n o d  i ‘ et m, ,ional. cm e t f  icient

C stands b r  - i  pressure iinj ;litude modification factor whien ti~ms

p 1-ito i s  r e i n t o r c e d  b y a l i ne  mass , a s t i f f n e s s  memb er  or bc.v — l i k e

d i s o u i m t : i i u i t y  The excita tion is delivered b y a p o i n t  f o r c e  located

at t i m - d i s con t i nu i ty . This c o e f f i c i e n t  i s  i function om the mass and/or

tht stiffness ot the  a t  t ac h i ed  r e i n f o r c e m e n t  , the c x c i  t a t  ion

f r e q u e n c y ,  the p late material p r o p e r t i e s , t i l e  sound ‘v e l t O  ty  as wel l

-is t i l e  lo. i c i on  - ‘ t an observation point . The dimensionIes~ var iables

a i d  b o t h  depend on th e  C X C I I O t i C  a t r e q u e n L -~’ and t I m - m a t e r i a l

c o n s t a i m t s  of fluid and p 1 - i t - . I i  is w t r t h i  ‘l iii t o n i n g  tha t  p
1 is a

t t i n e t i c m l  if the ex ci~ m t i Ofl frequency to t i m e  second power and is related

to t i e  i - m - ~~ e~ fect of the a t t ij i e d  i i - i n f o m  - erI Cm’nt , wh ile p
,3 

is a

functi on of ex- it at l on frequeii ~y to the f o u r t h  pOS’ i r and is issociated

- _

~~~~~~~~~~~~~~~~~~~~~

_

~~~~~~~~~~~~~~~~~~
‘ —_ -
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s’i t im this stif f ness of Lime att oic hn-d r eimi f u r o em e n t . f i m e

di mm ’’is ;!lless i ’i rj ab l e  when ti ul tiplied by ti~~ t ‘u r t h i  p wi - c - - i  the

thickness of timc plate r e p r e s e n t s  L i m e  effect ive moment It ! t o r t  i-i ~t

the attachment. The nondineimsional integral 1
1
0 

m d i  a L e s  the strong

coup l ing between a heat - -reinforced p Iit ~ and an ad j a c e n t  f luid. The

i n te gr a l  I~ St  r an g ly d ep a n d s  on the  excitation I r~ q ue n c y  as well

is the location at -in obl e rv mt ion p o i n t .  The co inc idence  lr e q u e n c n

is the frequency mt which the flexural wavelength in tim e l- ~~u ,

-i -- pr edicted by t i l e  c l -~-’si~~:ml plate , equals time a - ouso e waveleng th .

It should be noted coat thm ~ thickness u t  the  p late h appears

~xplic itly in the coincidence fri -q tmerm c y in w only; hence , the

following computations were made such that ii does not  appear  exp l i - 1 c l y

in th e- expression for th~ fa r—field pressure.

h’ito Equation (3.1) in hand , the following rm~imer ic-m 1

c on m p u t a t l o n s wt- rio node:

(i) Computations were perf ormed for time prediction C f tl~

far— field s p e c t r u m  at  zero i~~im u rhm a 1  ang le (-; = O~~ ) per i pound ion-c e

~ t 1 yard in dO relati’- ’- t I  1 -b ,- m m— ini versus normalized frequencies

(,~~) at f i v e  d i f f t ’re in t mass r a t i o s , I . e . ,  ‘y = 0 , 1, 2 . 7 , 5 , 10.

20

~~ 6.89 x l0~ ~I ( 8 , ~= o )
= 20 log I~~~~~~~~~ 

- - 
- (3.2)10 

~~~~ 
+ 

2
L~~~~ 

2 )

E

I h e  pressure spectra -ir e plotted f a r  t h i o  caseo  u f  y=0 , 1 , lO

shown in Fi gure 3.1. The c !t r V e S  f o r  ~ = 2 . 7  and 5.0 are not shown ,

-.5 — --.—- -— -- — ~~
-

- -— -- - — = _j-i 
.—.—-—---

- -‘
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alth ough they i - ill between the ci r c e -  y 1 and y = 10. I t  sh ou ld be

noted t ha t  the  s t i r  f n e s  of t im e -i tta chmment d u t r - t -  no t  m a t — i -  any i n f l  ‘m e n o c

on th e pr essur e sprctrum at th is p a r  ticular point i ob st- rva t imun .

(ii) The dire ctiv ity i m m n o t  ion for thi ~ radiated f— m r—f ieid

p ru ssur m -- from a point—ex ited beam—reinforced plate was c o m p u t u - u

relative to the j a r — f t c - I d  p r e s s u r e  at z e r o — a z i m u t h a l  ang le f u r  a point—

excited isot r ’p io plate versus the azimuthal angle ~ - at dif ferent

rotati onai ang le s (8 = 0 , 90~ and/or 45W ) and dir b rent cx’ itaLian

frequencies . f 2 2 , ~ 12 ‘ —
~~~~~

- - ~ 
(i  - )

y 
1 + - 

2 x cos

RT =~ L~~~ ~~~ = ---— -- - ----~~~~~~~~~~- - -~~~~~~~~- -- - 
~~

0 ~~~~~~ l2(l_V2) 
~sin

4
~ - 

m

(3. 3)

U i r t - c t i v i t v  computations were made at the t r e q u e n c l e t  ii = 0 .01.

0.1 , 0.5 . 1.0 , 1.,’,~~2 .0 , 2 .5 for the following three types of the

r io 1 nf  t u  r c em e n t  name ly

(1) Mass reinforcement: y = 0, 1.0 , 2 . 7 , 5.0, 10 .0
I-

(2 )  Stiffness r e i n f o r c e m e n t :  Since the stiffness ‘1 t h e

r e in f o r c e m e n t  cart be c h a r a c t e r  i z cd by the ratio of toe

depth ‘f ti0 attached rectangular beam (q2 h) to that of

the p late ( H )  whi le  assuming time w i d t h  of the  be mm i s

equal to tile dep th of the plate , five different

‘‘ i J j t- S  o f  s t i f f n e s s  ar e  considered , i .e. ,

0(i_ __ 0 ),  0.37( O .OS) , l . o (
_ = 0.89)

3 . 7  —k—- = • where I bE) = l iD
I p

p

.5 — — — -- 

~~~~~ 
—- -- 

—
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3 3 ‘
~b ( q

2
h )  q

2 
im

l b
’ = 

12 12 
(~- h ’ m e i m t  of  inertia of t o o

ac ta cii td beam about i t s  own n e u t r a l  a x i s) .

( 3 )  1-f~~,~n - - J j j.i-~ reinforcement: { = 0, q2 
=

= 1.0, q 2 = 0 . 3 7 r , {y = 2.7 , q
2 

= l.0} ,

= 5.0 , q
2 

l.85} ~y = 10.0 , q
2 

= 3.7}.

Plots of time directivit’, function were made t ar ii 0.5, 1.5 ,

and 2 .5 o t o l y .  Th e LOse of S~ = 0.5 has been chosen for a representative

excitation frequency whic h ’ is below time coincidence i-equency , since

time results for Very low frequencies such as f’
~ = 0.01 and 0.1 do not ,

in general , show pronounced variation for moderately sized

roinforcements. Time case of d L5 shows the results sL i g ht 1~

above the coincidence frequency , which not only repres e nts L i 0

phenomenon around the coincidence frequency but also shows more

definite and noticeable variation timan the case or = 1.0. The

fr equ m --tmc v at ii = 2 .5 is r e p r e sen t a t i v e  of f r e q u e n c y  ‘f ex c i t a t i o n

tnu cim higher titan too coincidence frequency.

I t  was timo ted ear l i-cr that the pressure  s p e ct r u m  c o m p u t a t i o n

at  -~ - O~ was not iou b e m u s e d  b y the stif iou ss ‘1 t h e  a t  tachment

Sim i  1 ir l y ,  the  p r e~ sure  s p e c t r u m  at the p a r t i c u l a r  r o t , m t  i t  nal ang le

= 0° i s  una ffected b y t i le  s t i f f n e s s ;  h e n c e , a r e i n f o r c i n g  beam

ac ts j u s t  l ike that of its mass only for ihe di te ct ivity p lot at

= 0’.

‘Ih oo re are scv~~n f i g u r e s  p lot ted  I t t  Sec t ion  ( i i) :

( 1) Below time coincidence fre qu ency at l~ — 0 . 5 :  Fi g u r e

3.2 w~~ made at two f i x e d  r o t a t i o n a l  ang les (u 00 and

90°) f o r  ‘v a r i o u s  types  of r e i n f o r c e m e n t s .

— - ‘ -- ‘ ‘  — ‘~~~~~~~~~~ ‘. “_ _‘ ‘  - - - - —‘---——-- -~~~~~~~~~~~~ _~~~~ -
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( 2 )  Above the  c o l n c i d ej i c e  f r e q u e n c y  - i ’  1- : l i i i - -

~ig’i-es w€~~e pL ’t~ d ~ co-Lng to three -~~p cs  o~

- i-rot o:-c~-m~-1 m t - F t ~~ u r m - 3 3 was made a .  t h r e e  i i  < o d

~ ‘Y. m t i o n a 1  ang l e s (h  0~ , ~ ‘ t °, 91) ) r o r  the  d i t r e r e n t

- It t - i  lied mas s m m ’  u as y = 0 , 1 , 5 , 10 , t show t h u

ef t e ’ or  m i s s  r e i nt  ) r , ten t on t h c  -i~ ustic pi s o r e ;

F r g u r e 3. o was ma -i c at  wo ro  i t i o n a ~ -an g les

( B  • S~~~~
, 9 0-  r o r  v s r i ~ cs d e p t h s  of t ime at t a c h m e nt

( q
2 = 0 , 0 . 3~~ , 1-85 , 3.7) to show cbs S t L f tn C S S  ctr ect

on the  O c O u s t i c  p r e s s u r e , and Fi~~u !-o 3 . 5  v u — , made at

three fixed r -~tat1:na1 ifl~ L s (0 = 0~~, 45~~, 90~~) ro r

v-s r r-a u -~ beam sizes to  show both ‘:i’e influence of the mass

and time S t~~ r r 1 m c — S  ‘n the radratod a usti pressur e.

(3) Abc - c t i e  coincidence frequen 0v a: = 2 5: T h r e e

f i gures , i . e  , Figu - e 3.6 , 3. 7, -~ n-i 3.8 were pr c’ved

in the same manner as Figur es 3.3 , 3 a , and 3.5 ,

respec t ively.

3.1.3 P ower  S p e c t r u m . The radiated ao i- ,t i: power (N)

• 
‘
- a point—excited beam— -~ i - u i - r  ed pl- ~ u was - - m p u t e~ r e l a t i v e  t o

t i l e  d r i v i n g  powe r ( N )  u t  ‘in c r n f i n : t e  i s o u r  p u_  i l~~- c e  e x c i t e d  b y -a

p o i n t  f - r s e  at  the  o r i g i n , versus  the  n on d im e n s i  atm i t re -h uL -nu Les

-
~~ ( n ) .  The d r i v i n g  powe r (N ~~ can be shown t 0  be

l6~~~.‘$

and theref ore ,

—‘-.1~~ 
- _ 

-

~~~~~
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MASS ONLY ~~~ 2 5
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Fi gur e 3.6 D ire c tivi tv Function of Far—Field Pressure of Beam—Reinforced

~iate (Mass Only, ~2 — 2.5)

- - . - - -

-.5. - - - 
.

- —.~ -.5-- - —



82

0 0

- - 0 ~~0 aman an

~ I
~
:___—

~~
/ I

\~~~~~~~ \ 1 1  &—
~..\ I

I ~r’ 
~~~~~~~~~ / ~~~~~~~~~ -i~~~~ :-

~ ~ i-H \ J-~~0 
\~~~~~~/ ~~~ \ J  15

-7 \\/ I / i(I) 
I oc_/) ‘oLiJ 

- 

~~~~~~~~~~~ ~~~~~~~~Z N- 
/  

0 0
U. NO
U.. I I _ _ ,

CT :~—. ~~~I—Ci)

I J ~~~~~ _ I~~~~~ _ _ _  I ~0 0 0 0 0 0  0 0  Ci 0 0 0
U-) 

~
3. N) (‘-SI — in ‘r m~ t (‘4 —f IsO

IL5

(0)°d / ( 4 ) d  3~~1!~~~3~~d Q13Ll -~~Vd a ~Z1V~N~~ON



83

2 ~

BEAM (Y I°~~i~~O3

5 0 -
4 0 —  x~~~0.q;

07/
~~~~~~ y =50 ,~~~~; I  °4 -~

~~~~~~~~~~~~~~
1
~~~~~~~y rI0 0,q;37 

o~
00

2 
~~~~~~~~~~~~~~~

0 - - - IEt —=~~~ —

-8-
ci

-

4. 
~~ 5 0 -  

p~y ’~O ,q ’ - O

y:)O0,q :37~ ~~~~~~~~~~~y r I 0 ,q ~~~037

z 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

~~~~~~~~~~~~~~ :°°
0° 10° 20°  30° 4Q0 5Q0 EC) 7130 80° 900

AZIMUTHAL ANGLE -t

Figure 3.8 Directivity Function ef  Far—Field Pressure of Beam—Reinforced
Plate (Beam , ~2 2.5)

S

- 4 - - -- - - - - - - - - ----- - - - 
_ - 

~~~~~~~~~~~~~~~~~~~~~~~~~~~ -

-

~~~~ -.5-—----. 

- - - -

~~~~~~ 
_ _ _



8u

• 1  2 — 2

-4 N 
- - - 

u s  ~- sin~- C  d -- 3-;

- 2~~~~~~ -a , 
2

g

Figure 3 9 pr e s e n t s  the powe r s p c : L r i m  or a p lam . s with -an

- i t t - t o n e d  l i n n  mass f or  f i v e  ma ss  r - s t o o s  ~ = 0 , 1 - 0 , 2 - 7 , 5 0, 13.0

Fi gur ~ - 3 10  p r e s e nt s  the power sp e c t r u m  ot ~i plate u-i th in ~t t a c I i e d

line stiftn ess (Ci- five v,rious depths of attachment q
2 

= 0 . 0 37 ,

1.0, 1.85 , 3.7. l~i~ ure 3.11 presents tim e power spectrum - t  a bc -sm—

re infe— ced p late for -- -a m ions bean, sizes.

3 . 2  ~umerical R e s u l t s  f o r  Be an-C — R e In f or c e d  P la te  w i t h  Twa
Ad~~~~~ nal~~pring_Mass__Syst e - c

3.2. 1 1~ij~u t D m t u .  For an -sI - :clnuur. intinite plate in

c-~nt - i - t wi th water , numerical results ire pre semu ted i~ using time 5 5cm

p i v - ~ical c- n stants given in Section 3 1  1-

3 . 2  2 ~a r — F i e 1 d  P ressure  cj e t r u m  md D1:ecti vitv F u n c t u c m

l Ie f - m r—f i c ld  pr e ssurm - i i i  the present problem (see Figure 3 . 3 )  i s

shown in Equat~~an ( 2 . 7i ~ ) , m mc

F - - i k Ri — i kI - - i-’ € LOS . C -p = I — - c ~~~ — - ~~~~~ —— —-- - 
~~

— -  C ( - ,m , t~ )

L 
2 - I ~ 1 k m  Los I -) ms

I -- — ——— —--— ( 1  — sin
‘ 0 -

where

S
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Similar to the expression for the radiated pressure in

• Equation (3.1), the bracketed expression in Equation (2.74) is

seen to be the radiated far—field pressure from a point—excited

isotropic plate. The nondimensional coefficient C
5 
is a pressure

amplitude correction factor for a point—excited beam—reinforcement

plate with two additional spring—mass systems equally located from

4 the attached beam. This coefficient Cms is much more complicated

than ~ in Equation (3.1) due to the couplings of some additional

relevant factors such a~ sprung mass (m1
) ,  spring stiffness (k

1
) and

• location of the spring—mass systems.

4 If the excitation frequency of the point force approaches

the natural frequency of the spring—mass system, the radiated

pressure approached the following limit

O 
ikR1— ikF o

— I 0 0  e cos~~ I —
‘C (

~ 8 ) ,
t 2 1~

1
~ 

ik m c o s~ as
1—  (1— sin ~

0

_ _ _ _ _ _ _ _ _ _ _ _ _— -  - —~~~ -~~~—~~~_r-
,~ - — -
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where

• — [21
2
0cos(k d cosO sin4) — t

~ ~
•~I3 

]/ [~ I1 —I3 +{P]~
Y_ 

~i3U sin~Osin
4q}

() 2 2
(h o +h

1
°I
3
°_21

2
° 

~

It should be noted that as ~ • w1, each spring—mass acts like a

simple support; in other words, the transverse displacement under the

spring is zero, but rotation of the plate is not zero. Thus, the

radiated pressure is due to a point excited beam—reinforced plate,

simply supported at x — ±d.

By using the radiated far—field pressure expression in

Equation (2.74), the pressure spectrum , directivity function , and

power spectrum were computed in a similar way as was discussed in

Section 3.1. It should be noted that all, the following numerical

computations done for this particular problem were based on the

fixed dimension of the attached beam , i.e., (y — 2.7, q2 
— 1).

(i) The far—field pressure spectra at zero azimuthal angle

(~p — Q0) per 1 pound force at 1 yard in dB relative to 1 ~ bar— in

were computed versus normalized frequencies (~
) for several different

• conditions:

20 lOg10[P
(
~ e
,~

P 4~iu~
O)}

IF a 6.89 x io4Ic (8 , ,—O) L
— 20 log1c~ [~i ~~ + 

a’; 
. (3.6)

~, 1
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Figures 3.12, 3.13, and 3.14 show the pressure spectra

S of fixed sp’rung mass (m
1
/ p h2 — 5.0) and spring characteristic

(

~~~~~ frequency (
~ /w~ — 0.1, or l.O,or 2.5) with the variables k0

d —

it , 37T , to i1~ustrate the influence of the location of the spring—mass

systems on the radiated pressure. Figures 3.15, 3.1.6 and 3.17

show the pressure spectra of a fixed spring mass (m
1
/p
0
h2 — 5.0)

and its distance (kd — ir/S , or it , or 3rr) with variables spring

stiffness, represented by w
1
/w 0.1, 1.0, 2.5, to illustrate the

influence of the spring stiffness k1 on the radiated pressure.

Figures 3.18, 3.19, and 3.20 show the press~~e spectra of a fixed

spring characteristic frequency 
~~~~~ 

— 1.0) and the distance of the

spring—ma8s system (kd — ir/5, or it , or 3ir) with variables m
1
/p
0h
2 

— 1.0,

2.7, 5.0, to illustrate the effect of spring mass on the radiated

pressure .

(ii) The directivity function for the radiated far—field

pressure from a point—excited beam—reinforced plate with two additional

spring—mass systems were calculated relative to the far—field pressure

at zero—azimuthal angle for a point—excited isotropic plate, versus

the azimuthal angle ~ at three rotational angles (0 — 0°, 45C ,

90°) and different excitation frequencies (~l — 0.01, 0.1, 0.5,

1.0, 1.5, 2.0, 2.5): 
__________________

• 
1/’]. + a2c2p3 l2(1—V~) 

cos

p(R, 0, $) p0 —

~~ 
~jp (R , 0, •“O) 

• 

6 2  3 2 2 
I C ms I •

+ 
a c~~ 12(1—V ) (i 4

4i — .L)

(3.7)

_ _ _ _ _ _ _ _ _ _  - — - - -
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Plots of the dt r ec t iv i t~ fu nct ion we r e made f or ~1 0.5 , 1.5 and 2 .5

on ly and ar e presented in nineteen figures.

( 
The most interesting directivity plots are those for which

the excitation frequency (w) ~o1ncides with the characteristic

frequency (rh,) of the spring—mass system. Three figures ;f this

case , i.e., Figures 3.21, 3 .22 , and 3 .23  are p lotted at f requency

(w f~ ~~~ - 0.5, or 1-5 or 2.5) to show the 13cat~on effectl o  o

of the spring—mass system on the resulting pressure .

Five figures of the directivity function were plotted for a

frequency be low the coincidence . frequency , i.e . ,  at ~ = 0 .5 , which

are shown in Figures 3.24 to 3.28. Figure 3.24 shows the directivity

function at fixed sprung mass and character istic frequency

(in1/øh
2 

— 2 . 7 , ~~~~~
/ ‘

~~ = 1) for different locations of the spring—

mass system (kd = 0 , 11/5 , ii) . Fi gure 3 .25 and 3.26 show the

directivity functton at fixed spring mass (m
1/ p h 2 2. 7) and its

location ( k d  11/5 or 3ir) for  d i f fe ren t  spring characterist ic

frequencies (
~~, /w — 0 , 0.1, 1.0 , 2 . 5 ) .  Figure 3.27 and 3.28

show the directivity function at the fixed spr ing—maws location

( k d  = 11/5 or 3’r) and i ts  characterist ic frequency (w 1/w 1.0)

at d i f fe ren t  sprung masses (m1/p 0h2 
— 0 , 2 . 7 , 5.0) .

Six f igures  of d irect ivity functions were plotted for  a

frequency above the coincidence frequency , i . e . ,  at ~2 1.5.

Figures 3.29 and 3.30 show the directivity function at fixed sprung

mass (m 1/p 0h2 
— 2 .7 )  and its characteristic frequency (w1/w — 1.0

or 2 . 5 )  fo r  d i f f e ren t  lor - ’t ions ( k d  = 0 , u / 5 , TI , or 3cr ) .  Figures

-
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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‘
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3.31 and 3.33 show the di~ &-r ~.~ iv itv function at fixed sprung mass

(m / p  ~.,2 
— 2.7) and ic~, loca~~~ ii (k d = 71/5 , or i~ ) f o r  d i t r  ~~ -n ~1 0  0

spr ing char~ cteristic frequencies (w
1/w = 0 , 0 . 1 , 1.0 , 2 . 5 ) .

Fi gures 3.32 and 3,34 show t i r e  directivity function i~ the fixed

spr ing characteristic f r e r 1 u~~n cy  ( .
1

f r w 1,0) and i t s  1~~:~it i on

(kd i r/ 5 , )r  3 ) I : r  different sprung masses (m
1/ r ~0h 2 0 , 2 . 7 ,

5. 0) .

Five figures of directivity functi:n were similarl y p lotted

fur a frequency above the coincidence frequency , i e - , ~it ~ = 2 ,5 ,

similar to those plotted for Q 1.5. Figure 3.35 was p lo t ted

fo r a f ixed  sprung mass and i ts c h a r a c t e r i s t i c  f requency  f o r  d i f f e r e n t

locations ; Figures 3.36 and 3.38 were p lo t ted  for  a fixed sprung

mass and i t s  l3cation for different spring characteristic frequencies;

Figure 3,37 and ‘
~.39 were plotted for a fixed spring characteristic

frequency and its location for different sprung masses .

3.2.3 Power Spectrum. The radiated acoustic power (N) ft ..m

a point—excited beam—reinforced plate with  two additional spring—

mass systems was coniputed relative to the driving power (N) of

an infinite isotropic pla te exc ited by a point force at the ori gin ,

ver sus the nondimensional frequencies (~ ) at different conditiens .

2 - 2
- :  N 2 r r cos 4 sin4 C d dp

— = g ~~~~~~~~~~~~~~~~ , (3. 8)
o 

~ 
_‘
1f + 

6 : 3  12 1_\ 2 
cos 2q {sin 4 q - 

1

(T) where 
__________

— ~f~c~~~f12p(1—v
2)g 2 ET I P

0
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Eight figures were plotted for the power spectrum . Figure

3. 40 was made at fixed spr Ing char acter istic f r equency o1/w 0, 1

and sprung mass m1
/ p h 2 2.7 for different locations k d  = ir/5 , TI , 37r .

Figure 3.40 is also valid for the case of fixed spring characteristic

frequency o~ i~ — 1 and location k d  = IT for different sprung

mass ratios zn
1
/ph 2 

= LO , 2 . 7 , 5.0. Figure 3.41 and 3.42 were made

at fixed spring characteristic frequency (w 1/~ 
= 1.0 or 2.5) and

sprung mass (ni
1

/ p h 2 
2.7) for different locations (kd = ir/S , 3rr) ;

Figure 3.43, 3.44, and 3.45 were made at fixed sprung mass (m 1/p
0
h
2 

—

2 . 7 )  and its location ( k d  = 71/5 or 71 , or 3ir) for different spring

characteristic frequencies 
~~1~~o 

= 0.1, 1.0, 2.5); Figure 3.46 and

3.47 were made at fixed spring characteristic frequency (w 1
/~0 1.0

or 2.5) for different sprung masses (m1
/p h  — 1.0, 2 . 7 , 5 .0) .

0 
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CHAPTER IV

DISCUSSIONS OF THE RESULTS AND C0~..~ LUSIONS

4.1 Introduction

The initial task in the analysis of a vibrating marine

structure is to initially make some simplifying assumptions about

its motion and then idealize the structure so that the analysis of its

motion can be made feasible . In this thesis , an idealized beam—

reinforced plate will be conceived as a ship ’s hull reinforced by

a framing element (beam) , and -
~ time—harmonic point force represents

the action of a vibrating machine .

Vibrating machinery is usually supported by frames of a

ship ’s hull due to structural design considerations , Since the

reduction in the radiated noise , when a vibrating machine is

attached to a reinforcing beam of a hull—plating has not been

analytically proven , the first major task in this thesis was to study

the acoustic fields produced by a point force excitation of an

infinite beam which is welded to an infinite plate . The attached

beam is considered to act as a structural discontinuity of one of the

following three types: (1) a mass discontinuity which will normally

act as a line mass impedance , (2) an elastic discontinuity which acts

as a path of energy propagation , and (3) a beam—like discontinuity

which acts as an elastic as well as mass discontinuity . This problen

constitutes an initial step leading to a better understanding of the

role a structural discontinuity plays in an Infinite reinforced

plate. Besides, a mathematical procedure for solving the sound

- 
—
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radiation of an infinite , reinforced plate developed for this

problem can be utilized to obtain the sound radiation from other

plates with more complex structural discontinuities. Numericai

results of this problem were plotted and shown from Figures 3.1 to

Figure 3.11. These will be subsequently discussed in detail In

Section 4.2. A second major task of this thesis was to devise a

simple mathematical model of acoustic fairing , i.e., by attaching two

line spring—mass systems to the plate as shown In Figure 2.2, and

to study their interaction with the existing attached beam . The

sound radiation from an acoustically f aired plate was investigated

by varying the various parameters that influence it , such as the

mass and the spring stiffness as well as the location of the systems

with respect to the reinforcing beam. This mathematical model,

though simple , yields a better understanding of the influence of the

physical parameters on the application of acoustic fairing. The

numerical results obtained for this second problem were plotted

from Figures 3.12 to 3.47. The detailed discussions of this problem

• are given in Section 4.3.

4.2 Far—Field Acoustic Radiation from Point Excited Beam—Reinforced
Pla te

The influence of structural discontinuities on the radiated

sound from plates attached to such discontinuities was assessed

mathematically in Section 2.3 and many numerical examples were

o 
presented in Section 3.1-

The inf luence of a mass , a stiffness , or a beam on the

radiated sound can be best discussed in the two frequency ranges:

below and above the coincidence frequency.

C

— ___J - - --- — - 

~~-~- - -~~~~~~~- 

- 
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4.2.1 Excitation Frequency Below the Coincidence Frequency

(~~ < 1). Since the frequency of excitation is below the coincidence

frequency , one does not expect a peak in the radiated far—field

pressure. Thus, maximum pressure is observed at points directly

across the point of excitation , i.e., ~ — 00 .

(i) Influence of Mass: The influence of an inf1nite~ly long

uniformly distributed mass on the radiated acoustic pressure is

exhibited by the factor C 5 of Equation (3.1). If one sets U 0

in this expression in Equation (3.1) and obtains an approximate value

for ~~~ 11
0 for low frequencies , it was shown that this product

increases with the frequency as (1ç~
0
~
8) This indicates that the

factor C will decrease in value if the frequency ratio ~ or the

mass ratio y increases. The reduction of the radiated pressure due

to the addition of an infinite line mass is clearly shown in Figure 3.1.

- 
- A mass ratio of y — 10, which is equivalent to a mass whose cross—

sectional area is equal to 3.7h 2 , reduces the radiated pressure by

5 dB at best , for frequencies ~ < 1.

The influence of the distributed mass on the directivity

function at frequencies below the coincidence frequency can be

expected to be minimaL This is shown clearly by the directivity

H plots at 8 Q0 and 90° in Figure 3.2.

The influence of the mass on the radiated power is shown in

Figure 3.9. It is apparent that one can attain a reduction in the

C 
radiated power equivalent to that of the radiated pressure , because of

the omnidirectionality of the directivity function. For a mass ratio

— 1.0 , the radiated pc~er was reduced by as much as 4.5 dE for

frequencies ~2 < 1. The reason for reduction in the radiated power can

.—.--——- e - — - - .I,-~~ 5- _ _
~~~~~~~ 

—- - —_ —_ - -_
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be a .tributed to the fact that the mass requires additional power t:-

~ celerate ; hence , a smaller portion of the input power is pumped to

the acoustic medium .

(ii) Influence of Stiffness: The influence ci an infinitel y

long line stiffness on the radiated pressure is exhibited by the

factor C 5 in Equation (3.1). If one sets ‘y = C~ in Equat io n (3  1) and

obtains an approximate expression for the products U~, 11
0 

ii  for low

frequencies , it was shown that the product increases with the frequency

as ( L~~~~
2 8

) This indicates that the factor C will decrease as

follows:

1
ms 2.8 4 41 + (...)i U ~ sin e sin ~y

At the angle of observation ~ = 0°, the factor C 5 
is not influenced

by the stiffness paramr_ter U~, and is equal to unity. Thus , the

pressure spe trum in Figure 3.1 does not exhibit the influence or the

stiffness.

The influence of the line stiffness on the directivity

function is minimal b r  frequencies below the coincidence trequenc~.- ,

as shown by the directivity plots at 0 = 00 and 900 in Figure 3.2.

The influence of the line stiffness on the radiated power

is shown in Figure 3.10. It is apparent that a reduction of radiated

power by 2.5 dB was attained when a line stii fness having a depth rati.

of q2 • 3.7 (or a moment of inertia ratio of 45) is attached to the-

C 

plate . The reduction in the acoustic radiated power can be attributed

0 to the additional power required by the elastic (mechanical) power

of the infinite elastic stiffener and hence less of the input power

is available for the acoustic medium.

- 

- -
- 

— - —  
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(iii) Influence of a Beam: The influence of an elastic

beam welded to an infinite plate on the radiated pressure is exhibited

in Equation (3.1). The complicated interaction of the mass of the beam

and its stiffness is shown primarily by the factor C 5 of Equation

(3.1). However , below the coincidence frequency (2 < 1), the

influence of the mass is proportional to p0.8 while that of the

stiffness is proportional to ç~
2 8

, which indicates that the stiffness

of a reinforcing beam of reasonable dimensions is overshadowed by

the influence of its mass.

Since the stiffness of a beam has no influence on the radiated

sound spectrum at ~ — 0°, the pnly factor that dominates the sound

radiation at this observation point is due to its mass , as is clearly

shown in Figure 3.1- Thus , the mass of the reinforcing beam does

reduce the radiated pressure by 5 dB for a mass ratio y — 10.

The influence of the beam on the directivity function can be

expected to be minimal below the coincidence frequency as exhibited

by the directivity plots at 0 — 00 and 0 — 9Q0 in Figure 3.2.

The influence of the reinforcing beam on the radiated power

is shown in Figure 3.11. The reduction of radiated sound power can

reach as much as 5 dB for a beam of reasonable dimensions . Below

the coincidence frequency , the radiated power reduction attained by

the attachment of a beam seems to be dominated by i ts  mass rather than

by its stiffness , as indicated by the dependence Ct the former ~~ the

(‘
~ 

frequency as ~O.8 and the latter as f r  ~I - 1. It is interest ing

to note that Howe and Heckl [Reference 13 , EquatIon (38)) make the

same point  when they discuss the influence of random fluctuations of

plate mass and on the radiated sound from the plate when excited by a

______________________________________________________________ 
_______________________________________ -— — - - — -
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point force. Thus , the major par t of the 5 dB noise power reduction

due to the attachment of a beam can be attributed to its mass

(4.5 dB) than its stiffness (2.5 dB).

An estimate of the radiated power from an excited beam—

reinforced plate can be obtained by assuming that the beam is welded

to the plate at only one point , the point of cAcitation . This

obviously neglects the complex interaction of the impedance of the

beam along its length with that of the plate along an infinite line .

it should be expected that the coupling of the beam to the plate is

minimal for shallow and strong for deep beams . Denoting the

characteristic impedance of an unloaded plate and beam by Z~ and Zb,

then the portion of the force available for the excitation of the plate

is given by Z / ( Z  + Zb). Using this force as an excitation force on

an acoustically loaded isotropic plate, the ratio of the power

radiated from the beam—plate to that radiated b y an isotropic plate

below the coincidence frequency can be expressed by the square of

this ratio , see Skudryzk [15, Eq. (12.209)). Thus,

N z 2
plate—beam - p 

— /4
N Z + Z
plate p b

Expressions for the driving point impedance of an infinite plate and

an infinite beam are given in Skudryzk [15, Equations (6.90) and

(9.45)) as follows :

z~, - 81~~ (4.2)

fE ~ 
1/4

- 2( 1+i) M/~ [TW’J 
. ( 4 .3)

- - ,, ‘,-!. ~~~~ ————— - —.-- 
_
i__ - 

-
—-

~~~ ~~~~~~ 
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The estimated power ratio as expressed in Equation (4.1) is expressed

Power Ratio = v’~ ~— q~
3’1
~ (~~

) I t .  ~4.4)

The expression for the power ratio in Equation (4.4) is proportional

to the beam—plate depth ratio (q
2) and the beam breadth—p late depth

ratio (b/h) as well as the frequency ratio cl(— cS/u). The estlmate

of power ratio given in Equation (4.4) can be compared to the exact

ratio taken from Figure 3.11 as follows for the case of b = h .

Table 4.1

Power Ratios of Beam—Reinforced Plate
(Below Coincidence Frequency)

Sti ffness Power Ratio dB
Depth Ratio Ratio E~xact , Estimate , Exact , Estimate ,

— h
b

/h I
b
/bi — 0.5 ~ — 0.5 = 1.0 ~ = 1.0

1 1 0.6 1.4 1.0 3.0

1.8 ‘5.6 1.0 3.3 2 . 2  4 . 4

3.7 45 2 .0  6 .6  5.0 8.6

Thc es t imate  of radiated power for  beams which are shallow is within

2 dB of the exact solut ion . The plate impedance did not accoun t for

() the f lu id  mass loading on the p late .

4 . 2 .2  Excitation Frequency Above the Coincidence Freq~ency

(~ > 1). The radiated acoustic pressure above the coincidence

frequency nas a peak at a spec i f i c  az imutha l  ang le. The peak in the

~~~~~~~—- -.-- - - .- -- - - 
- - —— - ----- ---—--—-- . -

‘ 
- _______
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radiated pressure from a point excited infinite isotropic plate

occurs at the angle ~~ :

1
sin ~ = — for ~1 > 1 . (4.5)

C

The maximum pressure at the coincidence angle 
~ 

for an isotropic

plate can be obtained by substituting Equation (4.5) into Equation

(3.1) and setting = 1, resulting in the following expression :

-i k  F 1/2 ikR
a o 1 o

~max 
— 

2TrR 
(1 — e . ( 4 . 6 )

When the plate is reinforced by an attached mass , stiffness or beam ,

the peak in the radiated pressure shifts in azimuthal angle and the

maximum pressure changes in magnitude . There seems to be no closed

form formulas for the prediction of the peaks or the azimuthal

coincidence angles for reinforced ~1ates.

(i) Influence of Mass: The influence of an infinite line

mass on the radiated pressure is exhibited by the factor C 8 in

Equation (3.1). If one sets U — 0 and obtains an approximate

expression for the factor J
1
0 

~~~~~~ an approximate expression for C s

valid for ~ > 1 and ~ — 0°, can be obtained as follows:

1 1 
. (4.7)

— P ] 
1
1
y (1 + 0.091c~°

’2) — i(0.09y~2
1
~
2)

Examination of the factor C , given in Equation (4.7), indicates tht

it . decreases monotonically with mass ratio and excitation frequency .

This is clearly shown by the numerical results presented for the

radiated pressure spectrum at c~ 0° , shown in Figure 3.1. To obtain

a crude estimate of the reduction in the radiated pressure at ~ - 00 .

_ _ _ _ _ _ _  
- ~~~~~~~~~ ~~~~~~~~~ 

-
~~~~~~~~ -‘



138

one can resort to physical arguments. if thu attached mass is spread

over a wavelength A and a new plate—mass surface density is computed

and used in the expression for the radiation from an infinite

isotrop ic plate , one may get a crude estimate for the pressure . Thus ,

the new surface mass density ~ becomes:

2
N 

pq
2
h q

2
h

m m + ~~- ph ± ~~
— = m (l+—~.--)

where A is the bending wavelength in the plate given by

27r 1 4 h
2
E

— ~~
‘ ~ — 

2
v’~~~ ,4’~ 12p(l—v )

= c~~1~~ 
“

~~~ ~~ 

and c 2 
= -

~ . (3 .8)

Thus , the new mass density i~i becomes :

= m(l + -
~~~~~ 

-
~~

— q~ ~~~ ) . (4.9)

The radiated pressure from an isotropic plate p can be written as

f o llows :
ikR

—ik F o
- 

o a e Cos~~p — — —-—— . (4.10 )
a 2~TR ik mcosc~o ~.2 4

1— — (l— ~~ sin ~~
)

I_
o

Thug, the ratio of the radiated pressure of a plate with an attached

mass to that of an isotrop ic plate , p ,  computed at ~ — 00 can

be written as:

2 2  2 2 1 / 2

- 
ft1 

+ + _2_.~ _)} . (4.11) 



* The t s t L t~~-i t t- given in Equation (4.11) can be compared to the exact

solution showa in Figure 3.1 in the following table.

Table 4 .2

Pressure Rati~-s of Mass—Reinforced Plate

~ 
/p  in dB

_ _ _  
0 0

Mass Ratio Exact , Estimate , Exact , Estimate ,
= 1.5 — 1.5 — 2.5 = 2.5

1 0.8 0.6 1.0 0.8

10 6.5 4.6 8.2 5.8

Table .2 shows that the reduction of the radiated pressure spectrum

— 0° can r&-3ch 8 dB for a mas s  ratio of y 10. The table a1s~

shows that the crude estimate given by Equation (4.11) does not

e X L C e d  2 . 5  dB at the upper limi t of mass and frequency ratios .

The dire-c t 1v~ ty function for the radiated pressure has a peak

at t I i ~ - same azimuthal ang le. Since there i-s no way one can predict

this angle analyticall y, a crude estimate of the coincidence angle

~~ be made . I~ is clear that the mass would not alter the coincidence

angle at the plane 0 0~ ; hence , the coincidence angle ~~ at 0 — 00

p lane is given by Equation (4.5). The directivity function will be

most affected near or at the plane 0 — 90°. This is exhibited by

Figures 3.3 and 3.6. If the attached mass is spread over a wavelength

and the resulting mass density added to that of the plate , one can

_______________ —.---. —
— 

— — 
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obtain a new coincidence frequency 
~ 

as f ollows:

— c
2 \jj= w J ~~ . (4.12)

Using the new coincidence frequency 
~~ 

in the expression for the

critical angle q in Equa t ion  (4.5) results in

= -

~~~~

- [1 + ~~~~ ~~ q2 
~~~ ~1/4 (4 .13)

p

Equation (4.13) can be used to estimate the new coincidence

angle 
~~~~~

‘ 
which is then compared to the exa:t solution as exhibited

in Figures 3.4 and 3.6. The comparison is shown in Table 4.3.

Table 4.3

~ew Coincidence Angles for Mass—Reinforced Plate

~ for ~ 1.5 ~ for ~ = 2 .5Mass Ratio 
— 

c 
______________  

c

Exact Estimate Exact Estimate

0 55’~ 55° 390 39°

1 55 ° 56° 40° 400

5 600 62° 45° 440

10 66° 70° 52° 48°

Comparison of the exact and estimated coincidence angles show a good

agreement even at the high frequency and mass ratios . In general , an

- - at tached mass increases the magnitude of the coincidence angle 1~~~
.

‘ _ _ _ _ _ _ _ _ _ _ _ _  
- - ——-— —------ — -.-~~~~~~~———— ---— ——-—‘-— -—- — --.—--

“ 
- — - -

=~:-‘ -__---_~---
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The magnitude of the pressure peak at the new coincidence

angles decreases as y increases at the plane 8 = 0°. This is due to

the fact that at 8 = 0°, the expression for the ratio of the

directivit y functions of a plate with an attached mass to that of an

isotropic plate is the same as that for 4 = 0~ given in Equation (4.7).

n fact , comparison of these ratios at peak pressures gave the same

dB levels as presented in Table 4.2. The magnitude of the pressure

peak at b = 90~ cannot be predicted as easily as that at 0 = 0°.

It can be seen from Figures 3.3 and 3.6 that the pressure peak for

-o plate with an attached mass can be higher or lower than that of an

isotropic plate. It is apparent. that the coefficient C~~ becomes

very large when ~ approaches 
~~~~

.

The radiated power from a plate with an attached mass is

shown in Figure 3.9. The radiated power decreases with increasing

attached—mass ratio y, the reduction of the radiated power can be as

high as 5 dB at ~7 = 1.5 and 3 dB at ~ — 2.5 and y 10.

( i i )  Influence of Stiffness: The influence of an infinite

line stiffncss on the radiated pressure is exhibited by the factor

C in Equation (3.1). If one sets y = 0, and ~ = 0~ , then C — 1.0 ,

which indicates that the pressure spectrum at ~ — 0° for a plate

with an attached line stiffness , is the same as that for an isotropic

p late .

$ 
The directivity function for the radiated pressure of a plate

with an attached infinite line stiffness has a peak at some azimuthal

angle. Since there is no way to predict this angle analytically, a

crude estimate of the coincidence angle can be made . It is obvious

that the line stiffness does not alter the coincidence angle at the

_______ - 
- 

--~~~~~~~~~~~~~ -- -
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plane 0 = 0°, because the directivity function at 8 — 0° is the same

as that for an isotropic plate. The directivity function will be

changed considerably near the plane 0 900 . This effect is exhibited

in Figures 3.4 and 3.7. If the attached stiffness is spread over a

wavelength I and a new plate with a new stiffness is computed , the

ratio of the stiffness of the reinforced plate D to that of an

isotropic plate D becomes :

D 2 3~ (l+q. 
2)

= 1 + ~ + - 

~~~~~

- -----— , (4.14)

where

q~

Using the ratio of the new stiffness D to the isotropic stiffness D,

a new coincidence frequency can be computed as follows :

= ~2 = / ~ ~~~~~ . (4.15)
VD ° VD

Using the new expression for , a crude estimate of the coincidence

• - ang le ~ is obtained as follows :c 
2 —1 / 4

1 2 3~~(l + q
2 

)

sin~~ = —  (1+q ~~+ r I . (4.16 )
c 2 l+ç.

Equation (4.16) was used to compute an estimate for the coincidence

t angles which are then compared with the exact values as presented

S in Figures 3.4 and 3. 7 . The comparison of the exact to the estimated

1 value is presented in Table 4.4.

.4

- -—  ~~~--=~~~~ — - 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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V Table 4.4

New Co uiLidence Angles for Stiffness—Reinforced Plate

~t for ~~ 1.5 i - u i  = 2 .5Stiffness Ratio c C

q
2 Exact Estimate Exact Estimate

0 55° 550 390 39°

0.37 50° 50° 38° 36°

1.85 25° 32° 19° 23~

3.7 17° 20° 12° 15 °

Table 4.4 shows a good agreement between the estimated coincidence

angles and those obtained by exact methods . It can be seen that an

attached stiffness decreases the magnitude of the coincidence angle 
~~~~

.

The peak pressure in the directivity function generally

decreases with increasing stiffness. This can be seen from Figures 3.4

• and 3.7. The reduction in the peak pressure reaches 6 dE at ~2 = 1.5

and 11 dB at ~ = 2.5 for q2 
= 3.7.

The radiated power from a plate with an attached infinite

line stiffness was computed and shown in Figure 3.10. It can be
!~~ ~

seen that the radiated power decreases with increasing stiffness of

the attached line stiffness. The reduction in radiated power

• reaches 4 dB at ~2 — 1.5 and 2 .5  and q2 — 3.7.

L i v  
_ _ _ _ _

(iii) Influence of a Beam : The influence of an attached

infinite beam on the radiated pressure is exhibited by the factor C

— of Equa t ion  (3.1). Since the pressure spectrum at ~ = 00 is only

[
~ 

-

~~~

_ _ _ _ _  _ _ _ _ _

~~~~

- -

~~ ~~~~~~~~~~~

- - - - -

~~~~~~

— - -

~~~~~~~

-
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influenced by the mass of the beam , nothing new can be added to the

discussion already presented under Item (i) above, as can be seen in

ç Figure 3.1.

The directivity function at the plane 0 — 900 of the pressure

has a peak at some azimuthal angle which cannot be predicted by

analytical means . To obtain a crude estimate for the new coincidence

angle , both the increased stiffness and mass can be distributed

over a wavelength A . The new coincidence frequency becomes

- c~~ \JI=  

~~~ 
. (4.17)

Thus, the new coincidence ang le 
~~ 

can be estimated by the equation

1 1 l+u~ 
11/4

sin ~ = 
2 I (a .l8)

c 
~ 

3~~(1+q
2 

)

l + q  E +2 l+f

where ~ was defined in Equation (4.14) .

- 
-
~ 

The expression in Equation (4.18) predicts an estimate of the

new coincidence angles 4i , which is tabulated in Table 4.5. These

• estimates are compared to the exact values of obtained from

Figures 3.5 and 3.8. A good agreement between estimated and exact

values of is shown in Table 4 . 5 .  I t can be seen from the

results presented iiL Table 4.5 as well, as the expression for in

Equation (4.18) that the stiffness is more dominant than the mass of

the beam . The dominance of the stiffness over the mass may be

better understood in the light of Equations (4.17) and (4.18),

since the mass increases linearly with the depth ratio q2 but the

stiffness increases with the third power of q2.

- 
_ _ _  

- 
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Tab le 4 .5

New Coincidence Angles for Beam—Reinforced Plate

~ for ~ = 1.5 -~ for ci = 2 . 5

Beam Exact Estimate Exact 
— 

Estimate

0, q2 = 0 55 0 55~ 39~ 
390

— 2 7 , q2 
= 1 0 40 0 45 ° 30° 32°

~~, q2 = 1 85 32° 350 23° 25°

= 10 , q
2 

= 3.7 25° 240 18° 18°

The peak pressure at the coincidence angle 
~c 

cannot be

predicted easily . One can observe that the peak pressura , in general ,

decreases with increasing mass and stiffness. The reduction in peak

pressure at 
~ 

for the plane 0 = 0° reaches 6.5 dB at ~ = 1.5 ,

8 dB at ci — 2.5 for q
2 

= 3.7. Similar reductions in the peak

pressure at 
~ 

for the plane 0 — 90° reaches 6 dE at ci — 1.5 and 12 dB

at ci — 2.5 for a 3~ 7~

The radiated power from a plate with an attached beam was

computed and shown in Figure 3.11. In general , the radiated power

decreases with increasing stiffness and mass ot a beam. Using the

expression for the estimated radiated power given in Equation (4.4),

(3 the following results were obtained:

____________ ____________________________________ _____________________________________
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Table 4.6

Power Ratio of B- :am—Reinforced Plate
-t (Above Coincidence Frequency)

Power Ratio (dB)

ci = 1.5 — 2.5

Beam Exact Estimate Exact Estimate

a 2.7, q2 
— 1.0 2.0 2.3 2.7 5.0

= 5.0 q2 ‘* 85 3.7 5.3 4 .6 6 .5

= 10.0, q2 3.7 6.6 9.7 7.6 13.6

The agreement between estimated and exact computation of the radiated

power is within 3 dB for all beams at ci — 1.5 and within 6 dB for all

beams at ~ = 2 . 5 .  The deeper the beam , the worse the estimate

became. However, the reduction in radiated power was shown to exceed

6 dB at ci — 1.5 and 8 dU at ci 2.5 for the deep beam q
2 = 3.7.

4.2.3 Summary. In this section , a summary of the discussion

in Section 4.2 is presented .

(1) Influence of an Attached Mass: In general , the

attached mass reduces the radiated pressure spe.crum at ~ — 0°

above and below the coincidence frequency by as much as 8 dB for a

moderately heavy mass for ci

The directivity function is slightly influenced by an

attached mass below the coincidence frequency . The directivity
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function is highly influenced by the attached mass only near 0 = 90° ,

where the coincidence angle increased by as much as 13° at the upper

t l imi t of ~ 2.5. The peak of pressure could increase up to 2 dB.

The radiated power decreases with increasing mass of the

attached line mass , reaching as high as 5 dB for a moderately heavy

mass for ci 2.5

(ii) influence of an Attached Stiffness: The attached

stiffness has no influence on the radiated pressure spec t rum at

= 0° above and below the coincidence frequency .

The directivity function is slightly influenced by an

attached stiffness below the coincidence frequency . The directivity

function is high ly influenced by the additional line stiffness above

the coincidence frequency only near 8 900 , where the coincidence

angle decreased by as much as 38° at ~ = 1.5 and by 27°

at .~~
= 2.5. The peak pressure can be reduced by as much as 6 dB at

ci — 1.5 and ii dB at ci — 2.5.
The radiated power from a plate with an attached line

sti f fness  reduces by only 2 .5  dB below coincidence and b y 4 dB above

coincidence .

(iii) Influence of an Attached Beam: In general , the attached

beam influences the radiated pressure spectrum at -~~ 
— 0° only through

its mass , as was discussed in Item (ii) above .

The directivity function is slig htly influenced by the

() attached beam below the coincidence frequcr~cy. The directivity

function is highly influenced by the attached beam above the coincidence

frequency , where the coincidence angle could decrease by as much as

ii
- — - -..

. 
— -;

•_ ____  
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300 at ci — 1.5 and 2l~ at ci = 2.5. it should be noted that the

reason tor the slutt is primarily due to the stiffness of the beam

(decreasing the angle) than to the mass of the beam (increasing the

angle). The peak pressure can be reduced by as much as 6 dB at

-~ = 1.5 and 12 dB at ci = 2.5.

The radiated power from a plate with an attached beam

generally decreases with increasing mass and stiffness of the beam .

The reduction in radiated power reaches 5 dB below coincidence , which

is primarily influenced by the mass of the beam rather than its

stiffness. The radiated power reduction reaches 8 dB above

coincidence which is primarily influenced by the stiffness of the

beam rather than its mass.

4.2.4 Conclusion. The problem of reduction of the radiated

noise from p lates by attaching vibrating machinery to the beam was

shown to be successful. This study was concerned with investigating

the influence of the mass and/or stiffness of a beam on the radiated

Bound . Significant conclusions can be drawn from this study,

especially in regard to the noise reduction problem. The main

conclusions are:

~i) For excitation frequencies below the coincidence

frequency , the peak pressure occurs at ~- = 0°, which ~~n be reduced

significantly (approximately 8 dB) by using a massive beam with just

the necessary stiffness dictated by structural design considerations .

The radiated power was similarly reduced by this mechanism .

( ii)  For excitation frequencies above the coincidence

frequency , the peak pressure occurs at a new coincidence angle ~~~~.

The peak pressure can be reduced significantly (approximately 12 dB) 

—•-——---—-— -------- - - ---- ----—•--—- —-—-- —~~~~~~--— ---.——--— - . ‘I
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by increasing the stiffness ot the beam . The angle shift is not

important , _onsidering the large decrease in the peak pressure

accompanYing this shift. The reduction in radiated p - w ~-r can be

r educe d by as much as 8 dB by the use oi a moderately stiff beam .

3 Far -F ie ld  Acoust ic  Rad i a tion  I r o m  Ac o~ist La 1 — ~ a1red
Beam—Reinforced I’late

The beam—re inf~ r~ ed plate discussed in Section -..2 i s  now

being acoustic -~ilv faired to ruruier reduce the radiated sound .

The par ti -~ular m e t o- - d of tairing err~ 1oyed in this ~~~~~ is d t ie  by

attaching an intinL te line sprung mass to each si lt ~f the reinforcing

beam . La~ sprung mass consists - t  a uniforml y distributed mass per

linear 1engt~ m1 and sprin~’ constant per unit length k
1 

and i~~cated

at a distance d from tne beam . Thus , a parametric study of the

radiated sound ‘ron an ac iustically faired beam—reinforced plate can

be made with t ie parameters defined by m1
/ph 2 

representing the

non—d imensiona~ s p r u ng mass , ~~~~~~~ ~~~~~~~~ = k
1
/m~ ) the nondimens ional

natural frequency of the spring—mass system and k d  the nondimensional

di st an - e t c  the beam.

The expre-~ s i n  for the radiated sound from an acoustically

faired beam— ret nf ji-c~ d plate is given in Equation (2.74). The

expression contains a factor C which takes into account the beam
— ins

as well as the spring—mass systems . Since the sprung masses are

symmetrically located with respect to the beam , they vibrate in

phase with each ether and give off a sound pressure similar to two

line monopoles separated by distance 2d. The directivity of such a

source term is exhibited by the term cos (kd ~ —s S sin ;) .

_____________________ -- -
~~~~~

-
~~~~~~~~~~ 
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If the forcing frequency w is n t  clc~~e to the natural

frequency 
~~~~

, and if the separation distance is small compared to a

wavelength , the two monopole line sources merge i n t o  -n e and th~

cosi ne ter:~- ~ an be approximated by unity. The integrals 1
3

0 
and

J 
0 

are approximatel y equal to if k d  < 1. Thus , the

e f f e L t  of the sprung masses on the directivity function is very

minimal when k d  - 1. Ii the distance between th e sprung masses is

—~u~~i larger  than a wavelength , i.e., l d  )> 1, the integrals 1
2
°

and 1
3

0 become negligible and the cosine function oscillates

rapidl y .  Thus , the effect o~ the sprung masses on the directivity

tunct ior~ s again t ni~-~ai . It is expected that , it  k d  - 1, the

sprung -a- ~~- - are too far to influence the near—fi eld of the force

and , hence , t h e radiated pressure field must be that of a vibrating

team--reinforced plate. This can be shown analyt:~~i1 l- ’ i t  one neglec ts

1
2
0 and 1

3
° with respect to 1

1

0 in Equation (2.76), where the

expre-~ s x ~~n for C becomes C of Equation (3.1).ins ms

I t  the excitati ~ n f requency  cu is close to t : e  tuning frequency

~~~~
, the expression for the radiated sound is given by Equation (3.5).

At such a frequency , t ue line sprung masses become simple supports

for the plate , allowing comp let e freedom of rotation but no transverse

motion . Thiu - , the influence o~. sprung masses is very strong . If

k d  “ 1, then the sprung masses , acting as simple supports , approach

the excitation point and , consequently , the radiated sound becomes

neglig ible . If k u  ‘‘ 1, the supports are too far from the

4 excitation point to influence the radiated field . The expression for

C in Equation (3.5) reduces to E for an excited beam—reinforced
ins ins

- — ,~ 
-: -

~~ 
- 

~~~~~~~~

- 
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p l ate given tn - i~~1tion (3.1) If one lets 1
2 

and 1
3 

vanish . It is

.x~-e~ ted that when k d  ~ 0(1) the radiated power will Increase

°‘ La u s e ~t the sLattering of e l a s t ic  waves at the -ou pp o rt o .

U u . - to comp lexity of the acoustic fairing problem , and the

large number of independent parameters that need varying, the geometry

- f the beam—reinforced p late was made constant The beam parameters

used in the numerical computations are q
2 

= 1 and y 2.7 .

In the subsequent discussions , numerical results f o r  the

acoustically fa ired beam-p late were compared to those tot the beam—

plate only.

The influence of the three parameters can be best discussed

in toe two frequency ranges : below and above the coincidence frequency .

4.3.1 Excitation Frequency Below the Coincidence Frequency

(~ < 1). The influence of the parameters 1w , in ip h2 and k dl o  l o  o

on the radiated sound will be discussed in relation to c~ / 1, where

is the tuning frequency of the spring—mass syster- . In the

frequency range below ci 1.0, the sprung mass located at k d  =

is always within , those at k d  Tt and hr are always outside a half-

structural wavelength from the point of exclt u t i- -n .

(i) ci 
~l’Wo < 

1: in this frequency range , the excitation

frequency is below the tuning frequency c1, where the action of the

sprung mass is mass controlled and the force transmitted to the plate

is proportional to m
1

cu
2
.

The influence of the separation distance k0d on the radiated

pressure spectrum at ~ — 00 Is exhibited in Figures 3.13 and 3.14.

It can be seen that a modest reduction is attainable when k d  — i T/ S .

but actually increases when k d — It or 311 . The influence of the
0

- - -  - --~~~ - 
_ _ _ _

~r— - .- ~~~~~~
- - -
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sepa rai i ‘n diut-ance k d  on the directiv ity function , shown in Figure

3. 2-. , is pr ediocab ~ v very marg inal. The influence of the separation

distance k
0d on the radiated power is shown in Figures 3.’-4l and

3.42 . ‘Ihe radiated power is somewhat reduced (1 to 2 dB) when k
0
d =

but raised even by a smaller amount when k d = ~ or itt .

The in f luence  of the sprung mass rn
1

/ p h 2 
on the radiated

pressu re  spectrum at -~- 00 is shown in Fi gures  3.18 and 3 . 2 0 .

2Increasing the sprung mass (m
1 l p h  = I to 5) general ly decreases  the

p re s su re  when k d  = n/5 (Figure 3.18), the reduction reaches 3 dB when

the sprung masses are close to the beam . The sprung masses have

l i t t l e  in f luence  on the pressure  when their distance is far from the

beam , as is shown in Figures 3.19 an~ 3.20. The influence  of the sp r u n g

mass on the directlvit-y function is minimal , as is shown in Figures

3.27 and 3.28. The influence ot the sprung mass on the r ad ia t ed

power is shown in Figures 3.46 and 3.47. The radiated powe r dec re a~ ts

with increasing s p r u n g  mass (Fi gure 3. 46 1  b y as much as 4 dB when

the sprung mass is close to the beam (k~ d = 11/5). No nc’ticable

change in the radiated power is observed when the sp rong  masses are

increased and their distance fr- - n the beam is far (k d 3r) as shown
0

in Figure 3.47.

The influence of the stl.tfness k
1 

is Indicated by the value

of the  t u n i n g  f re ~~u eu i c v ~~~1. The influence of the stiffness on the

pressure spectrum at ~ — 00 is shown in Fi gures 3.15 and 3.17 . The

r 
pr essu r L- decreases by 3 dB with increasing stiffness for k

0d 11/5 ,

while it Increases by 3 dB for k d — it or 3i~. The influence of the
0

spring ~,tiIfness on the directivity function is minimal  a~ shown in

Figures 3.25 and 3.2b . The influence of the spring stiffness on the 

~~~~
- -  — -
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radiated p- we t ~s so wn tn Fl guro s 3.43 to 3.~. 5 . In general ,

in c r e a s i n g  —~ti fmne ~,- de~ re -isos the radiated p wer by 2 dB fur k d  =

while no noticable reduct ion was observed when k d iror 3~ , as
0

anticipated earlier in Section 4.3

(ii) ~ ‘c. /~~ < 1: When the excitation freq ieoo-- ~ is
1 o —  -

close to the natural fr u -1 u ~ou cv 
~l’ 

the expre~ -~ion for rad~ at~ d

sound is given by Equation (3.5). The discussion in Section 4.3

concluded t :uat if k d  “ <  1, the radiated sound is negligible and

if k d > 1, the rad iated sound is independent of the sprung mass

S V SL L  

T~ e influence of the separation dis ’ cmce k d on the radiated
0

So-aid spec tru --- . at ~ = 0
0 when cu ‘

~

- ‘
~l 

is shown in Fig ure 3.13. i t  can

be been that the reduction of pressure for k d = 1 1 / 5  reaches 15
0

dE at ~ = ~~/ c.j
1 

1.0. The pressure reduction is broadband , wher e -it

least a 6 dB reduction Is achieved for frequencies 0.5 < ~2 < 1.2.

The radiated pressure actually increases when k d  — Thr itT , wh~-re a

6 dB Incr ea se  is noticable . The influence of k d on the dir ect i~ ’j tv
0

function is shown in Figure 3.21. While the directivil\ function is

not affected at k d  11/5, except for a reduction in amp l:tude , the

directiv ity functions for k d  It or 3n have new peaks . These peaks

in the azimuth-i l p lane of the dire cti \itv function can be traced to

the mino r lobes of the directivity function of the cosine term .

The i n f l u e n c e  of the s e p a r a t i o n  d i s t a n c e  k d on the radiated power
C

near ~ ‘~ is exhui ~~tt c-d in Figure 3.41. The radiated power w i~

reduced by as much as 20 dB when k
0
d — ir/5 , and ~ — ~- ! 1.0.

The reduction is broadband , where 3 dB reduction in power can be

- — _____J__ - --.. ---- -.- - - - ---—- -- — 
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achieved for frequencies , 0.5 < ci ~ 1.2. The radiated powe r actually

increases (1 .~B) when  k d  = or 371.

Since the s p r in g — m a s s systems act  as r ig id  s i p p -  - r t -  when

W u 1, they do not i nf luence  the radiated sound at a l l .

(iii) ~1
/w < ci < 1: In th i s  frequency range , t i e  excitation

frequency w is above the tuning fr equency w1, where the action of the

sprung mass is stiffness controlled , and the for ce transmitted to the

p late is proportional to displacement at x = ± d.

The influence of the separation distance k d on the radiated
0

pressure spectrum at ~ = 0
0 is shown in Figure 3.12. In this case ,

the radiated sound is reduced appreciab ly by as much as 10 dB when

k d  = ~~ , but the rad iated sound spectrum increased by as mu ch as 10 dB

when k d 71/5 or 3t~~ The influence of k d on the radiated power is
0 0

minimal in this frequency range , as is shown in Figure 3.40.

The influence of the sprung mass on the radiated pressure in

this frequency range should be minimal , since the action of the sprung

mass is stiffness controlled. This was borne out by the numer ic-il

computations for w
1
/w = 0.1 and m

1
/p h

2 = 1 to 5 at k d  = it/S . Ii and

311. These results are not presented in this thesis for lack of

interesting phenomena and brevlty ,and similar calculations on the

radiated power were computed and found not to vary when m1 was

Increased fivefold.

The Influence of the stiffness k on the radiated sound

spectrum at ~ 0° is exhibited in Figures 3.15 to 3.17. For

to increase from 0.1 to 1.0, the stiffness increased by a factor 100.

The pressure spectrum increased by au much as 10 dB when k d  — it , but

decreased by as much as 8 dB when k d — it/ S or 3it . The Influence
0

- —‘I — -. - — —- ---- — — -—— -- --  -=
~
—=.--,-.. -__
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e;f the stiffness k
1 
on the radiated power is shown in Figures 3.43 to

3. 45 , t a r  L~~
1

1
~~ - 0.1. In the frequency range 0.1 ci < 1, the

stiffness seems to have little influence on t he  radia ted  power.

.3.2 Excitation Frequency Above the Coincidence Frequency

(~ > 1) : The inf luence  of the three parameters of the sprung—mass

on the radiated sound will be discussed in relation to ~~~ again

(i) ~~~~~~~~ > ~2 > 1: In th is frequency range , the sprung

mass action is mass controlled and the transmitted force is

proportional to the inertia of the sprung mass.

The influence of the separation distance k d on the radiated
0

pressure spectrum at ~ = 0° is shown in Figure 3.14. For ci 2 . 5 , the

separation distance k d  = rr /5 is within a half structural wavelength

from the point of excitation it-i the p late . Thus , the radiated

pressure spectrum is reduced by as much as 10 dB for k d  = r/5. The

influence of the separation distance on the directivity function is

exti ibited in Figure 3.30. The coincidence angle did not change in the

p lane 1i — 0° as expected , and there is a reduction in the peak

• pressure by 4 dB when k d  ir/S , bu t no major change when k d  = 11 or

3it. A major change in the coincidence angle and the peak pressure

occurred at the plane 0 — 90°. The coincidence angle shifted up by

10° for k0d = iT/5 and by 14° for  k d  ii , both of which are within

half a structural waveleç gth from the beam . The cause of the increase

is the same as that of an attached mass , as discussed in Section 4.2.2.

When the mass is outside a wavelength , as Is the case for k d  3ir , one

expects no change in the coincidence angle , as Is shown in Figure 3.30.

The influence of k d  on the radiated power is exhibited in Figure

3.42. The radiated power decreased when k d  — it/S by as much as 4 dB

— — — ——  —--- - - -~~~~~~~~~~ — - - 
_ •_______
w-~

_
~
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for iTi < 2. The radiated power for k d = i~ and 3it at ii = 1.5 does not
— 0

change noticeably.

The influence of the mass in the radiated pressure spectrum

at -~~ 00 is similar to the case when ci < 1. Similar reductions were

at tained (approximatel y 4 dB) when the sprung mass increased five

times at ci = 1.5 , u /ui = 2.5 and k d = it/S. The influence of thel o  o

sprung mass on the directivity function is minimal as to the shift

in the angle of coincidence as well as the peak pressure . These

numerical results were computed , but are not presented in the thesis.

Increasing the sprung mass reduces radiated power at ci = 1.5 ,

= 2.5 and k d  = it/5 by as much as 4 dB , while no such reduction

is attained when k d r or 3ir. These numerical results are not
0

presented in the thesis .

The influence of the stiffness k1 on the radiated pressure

spectrum at ~ = 00 is shown in Figures 3.15 to 3.17.  The radia ted

pressure reduced by 14 dE at ci = 1.5 and 2.0 when k d  = it/S and

the stiffness increased six fold. The pressur e decreased by only 2

dB when k d — and 3it for the same increase in the stiffness. The
0

influence of the stiffness is exhibited in Figures 3.31 and 3.33.

in both figures , one can see that the coincidence angle d id no t

shift at 0 — 0°. The coincidence angle did increase at 0 — 90°,

due to the additional mass carried by the plate , especially when the

sprung mass fell within a structural wavelength-i (kd =

Figure 3.31) while it did not change much when k d  = in , see Figure

3 . 3 3 .  The influence of the stiffness k1 on the radiated power is

shown in Figures 3.43 to 3.45. The radiated power decreased by as

_____________________ ~~~~~~- .—-
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much as 4 dB at ci 1.5 when k
0
d = n/S but changed very little when

k d = ~ or 3’ .
0

(ii ) 
~~~~~~~~~ 

ii > 1: When the excitation frequency approaches

the tuning frequency c~~, each sprung mass becomes a simp le line

suppor t for the plate. The discussion follows the same lines as the

one given in Section 4.3.1. The radiated pressure is then

independent of the mass or stiffness of the system but is dependent

on the value of k d. If k d << 1, the radiated sound becomes
0 0

neg ligible , and if k d  >> 1, even the distance k0d does not influence

the radiated sound .

The influence of k d  on the radiated pressure spectrum at

= 0° when ci is exhibited in Figures 3.13 and 3.14. In each

case , the radiated pressure was reduced considerably when k d  =

by as much as 15 and 22 dB at w
1/w ci = 1.0 and 2.5, respectively.

The radiated pressure increased when k d  = 3ir , where the system is

located well outside a structural wavelength for all frequencies

up to ~ 2.5 , by as much as 8 dB.

The influence of the separation distance k d on the directiv itv

function is exhibited in Figures 3.22 and 3.23. Th: coincidence

angle and peak in the pressure is completely absent from the case

k d - it/5 at 0 0° and 0 — 90° and the frequencies ci — 1.5 and
0

2.5. The influence of larger values of k d  is negligible when 0 — 0°

but can ;‘ ~ft up or down depending on the value of k d. One should
0

note that , unlike the disc ussion in Item (i) above , the sp rung

mass no longer contributes to the surface mass density of the plate

and , hence , a physical reasoning canno t be made to account. for the

shift in the angle of coincidence . The peak pressure reduced by as

- ‘— - - 
. .,. - -
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P much as 18 dB tor 0 — 0° and 25 dB for  0 = 90° when k d  =

and ci — 1.5 or 2.5 , while It increased by 1 dB at ci = 1.5 and 7

dB at l~ = 1.5 fo r  k d  = 37t . The influence of k d  on the radiated

power is shown in Figures 3.41 and 3.42. The radiated power generally

decreased by 16 dB at ci = 1 and 23 dB at ci = 2.5 when k d  = it/ S.

The radiated power actually increased when k d  It or 3it by as much

as 3 dB at ci = 1.5 and 2.5.

(iii) c > w
1

/co -~ 1: In this frequency range, the sprung

masses are stiffness controlled. As w/w
1 
increases without limit ,

it can be seen from Equation (2.74) that the effect of the sprung

masses will be negligible and the acoustically faired reinforced

plate will behave as if the sprung masses are absent.

The influence of the separation distance k d on the radiated
0

spectrum at ~ = 0° is illustrated in Figure 3.13. Comparison of the

spectra when w1/w 0 — 1.0 shows that regardless of the distance k d ,

they all approach the spectrum for beam—reinforced plates from above

as i~ increases . The influence of k d  on the directivity function is

• shown in Figure 3.35 . In this case , when ci = 2.5 and ci
1/w — 1.0 , the

distance k d  has negligible effect on the angle of coincidence as

well as the peak pressure . The influence of the distance k d  on

the radiated power is shown in Figure 3.41. Again , the radiated

power Is not altered significantly for all values of k
0
d.

The influence of the sprung mass m
1 
on the radiated pressure

h ,~~~~~~ spectrum at ~ — 0° becomes minimal as ci >> w1/w0, as can be seen in

Figures 3.18 through 3.20, where the spectra for m1 approach the

beam—plate spectrum from above. The influence of the mass m1 on

the directivity function is exhibited in Figures 3.37 and 3.39.

__________ 
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In each case , the mass has no influence on the angle of coincidence

or on the peak pressure . The Influence of the sprung mass on the

radiated power also diminishes as ci increases , as is shown in Figure

3.46 , where the power spectrum for tie sprung mass approaches t h e

power spectrum for the beam—plate from above .

The influence of the stiffness on the radiated pressure

spectrum at ~ = 0° also becomes negligible as ci becomes larger then

as is shown In Figures 3.16 and 3.17. The influence of the

stiffness k1 on the directivity function is exhibited by Figures

3.36 and 3.38. The directivity function for u
1/w~ = 1.0 is very

close to that  for  = 0 (no sprung mass), where the ang le of

coincidence and the peak pressure changed very little . The influence

of the stiffness on the radiated power is shown in Figures 3.44 and

3.4j where the comparison is to be made on the power spectrum tar

1’~ o 
= 1.9. In each case , the power spectrum approaches that of a

beam-reinforced plate from above as ci increases .

4.3.3 Summary. In this section , a summary of the discussions

carried out in Section 4.3 is presented . The summary will be present

in the three frequency ranges ci~ / c i  < 1, ~ 1, and > 1.

(i) ciu/Wo > 
ci: In this frequency range , the sprung mass ’s

action is mass like.

- - Below the coincidence frequency , the most importan t

parameter that influences the radiated sound is the separation

distance k d. If k d it/S is well within half a structural
0 0

wavelength for ci > 0.1 , the radiated pressure and power spectrum

decreases with increasing mass m1 or stiffness k1 
If k d — 371 ,

well outside a structural wavelength for ci ( 2.5, the radiated sound

- - - - — ~~~ 
-—
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usual 1~- increases with increasing sprung mass m
1 
or stiffness k1.

The influence of all the parameters on the directivity function is

minimal .

Above the coincidence frequency , the same can be said for the

radiated sound pressure and power spectrum . The only change that is

different is the influence of the sprung mass on the angle of

coincidence . The angle usually increases if k d  is within a

structural wavelength from the beam, primarily due to the added mass

effect , and is negligible if k d  is outside a s t ructural  wavelength .

(ii) ~u a: If the excitation frequency w is close

to the natural frequency of the sprung mass the sprung masses

become simple supports . Hen.ce , the mass m1 and stiffness k1 has

no influence on the radiated pressure . Thus, if the distance k0d is

small compared to structural wavelength , then the radiated pressure

spectrum can dec rease by as much as 15 dB below coincidence and by

22 dB above coincidence . The reduction is broadband about the

frequency w — ci1,  extending to over an octave for a 6 dB reduction .

• The radiated pressure actually increases by as much as 6 dB If k d

represents a distance outside a half structural wavelength. The

redu’~t ion in the pressure is achieved over the whole azimuthal

p lane , so that the radiated power does reduce b y as much as 20 dB below

coincidence and 16 dB above coincidence .

(iii) W1/W < ci: In this frequency range, the sprung mass’s

action is stiffness controlled. As the frequency of excitation ci
- - 

increases over the tuning frequency w1/ w , the influence of the

sprung mass diminishes , as was expected when the analytical solution

was examined. Thus, the radiated pressure and power spectra for  an

— 
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acoustically fam ed beam—reinforced plate approach-i thcse for a

beam—reinforced plate from above as ci > > ~1/w . The directivity

function is also unaffected when ci >- ‘ ci /wl o

4.3.4 Conclusion. The problem of reduction of the radiated

noise from reinforced structures was attempted by employing a method

of acoustic fairing where an infinite line sprung mass is added to each

side of the reirtforcement. After an exhaustive number of parametric

numerical results were computed , only a small portion of which were

presented in this thesis , the main conclusions are presented below :

( i )  To achieve a reduction in the radiated pressure and

power spectra , it Is recommended that the acoustic fairing is applied

to within half a structural wavelength from the reinforcing beam .

(ii) To achieve a broadband noise reduction , the sprung—mass

system employed in the acoustic fairing must be tuned , such that  its

natural frequency is close to the frequency around which a reduction

is desired. This tuning provides as much as 25 dB noise reduction

at the desired frequency . The tuning normally provides for almost

an octave , (centered) at the desired frequency , where at least

6 dB noise reduction is achieved.

(iii) Structural ciscontinuities of any kind usually increase

the radiated pressure and po~er in the frequency range below ci = 2.5

if they are located outside a structural half wavelength. Thus,

such discontinuities are to be avoided if at all possible , If one

desires to reduce the radiated noise below ci 2.5.

— - — —  ~~~~~~~~ —-- 
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13. ABSTRACT (continued) :

results , p r i m a r i ly th rough scatt+ .- r inc ~ of elastic waves at the sprung
mass junctions. The effe cti vc nes~ of the sprung r - ~€-’~, regardless
of their loL- .~lt ion with rt -- ;p )-(- t to the beam , is vas tly r educed whe n
the excitation frequency is much higher than the tumm y frequency.
The effectiveness of the sprung masses also diminishes ~~~I e F L  they
are loca ted too many wavelengths away fr~~ the heam
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