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CHAPTER I

INTRODUCTION

1, 1 Statement of the Problem

Axial- f low-propel ler  pumps , inducers , or blowers cons is t of a few

blades of hi gh solidity (chord length -to-spacing ratio). The chord

length of these blades is comparable to the hub diameter , and the blades

usually overlap . As a result of these characteristics and the low hub~

to-t ip ratio usually encountered in practice , the flow field through

such an impeller is three -dimensional. In order to solve this kind of

flow f ie ld , two -dimensional unrolled potential flow theory (which is

two-dimensional potential  f low theory adapted to a cy l ind r i ca l

coordinate system ) or s t reaml ine  curvature methods are ava i lab le.  The

two-dimensional  unrol led  solution gives tangential and axial Velocity

components on ly ,  Fur thermore , there is no interference effect between

each radius , espec ially hub and tip, since the two-dimensional unrolled

solut ion is  applied to each radius independently . Alternatively , the

stream l ine curvature method , which is the most powerfu l method in the

ana lys is  of turb~ nachinery, is essen t i a l ly  the theory for axisymmetr ic

f low , Thus , it is not suitable for evaluating the local three-

dimens iona l  f low f i e ld  because of the few number of blades . The strF’am

line curvature method is very powerfu l for obtaining the correlation of

inlet and exit flow when the flow field is axisynunetric. To sohe the

three-dimensional direct problem in turbomachinery ( that  is , to  deter-

mine the flow f ie ld  around a g iven blade p ro f i l e )  by the relaxation

method will be extremely time consuming since the boundary shape is

- . - - - - ,- - -~~~~~~~~~~~~~~~~~
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complicated . Therefore, no proper method exists for the design or

analysis of the three -dimensional flow through such an impeller .

1,2 Review of Previous Investigation

The basic analysis of the three-dimensional potential flow field

• in axial flow turbomachinery carried out by Meyer (I) was an extension

of Ackeret’s idea for two-dimensional potential flow around a cascade -

The theoretical model was made up of ring and line vortices to replace

the blades and boundary wall.

Tyson (2) showed that the discrepancy between the three-dimensional

and the two-dimensional unrolled solutions is large for a radial vortex

line spanning an annulus , A single radial vortex line of constant

st rength spans an annulus bounded by a hub and outer casing wall The

whole flow field except the radial vortex line is irrotational- The

bas ic equation reduces to Laplace ’s equation and solved with the

fo l lowin g boundary conditions (see Figures 1 and 2);

(a) Radial velocity at hub and outer casing wall must vanish .

(b) Axial and radial velocity must vanish at C = ~

(c) Tangent ia l  velocity at c = ± must be ±r/ 4~r~ to sa t i s fy

i r ro ta t iona l i ty.

(d) Boundary conditions were specified by

r+~~~~~~~ ~~~~~~
. 

~~~~~~~~~~~~~~~~~2 2
= 

~~l4.__ o , 
~ 

< O < 2 l T y 

~~~~~~~~~~~~~~~~~~~~~ :: _
~~~~_~~~~~~~~~~~~~~
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The numerical results obtained by Tyson showed 100% difference between

the three-dimensional and two-dimensional unrolled solutions in both

tangential and axial velocity components at hub and outer casing wal1

for hub-to-tip ratio V = 0.6, but they coincided with the two-

dimensional solution at mid-radius . However, Etter, Van Dyke and the

present author obtained different results , The same calculations showed

that the discrepancy between two-dimensional unrolled solution and the

three-dimensional solution is less than those calculated by Tyson.

Rossow (3) developed the three-dimensional potential theory for a

single radial vortex line of constant strength and a single radial

source line of constant strength spanning an annulus . The analysis for

the radial vortex line was essentially the same as that of Tyson ’s, but

the results were given in terms of Lommel’s function . A solution for a

radial source line of constant strength was developed similar to that of

the radial vortex .

Etter and Van Dyke (4) calculated the three-dimensional flow field

due to a radial vortex line in a cylindrical annulus based on Tyson ’s

analysis. Eigen values and related functions for hub -to-tip ratios

0.6, 0-7 and 0.8 were obtained for Bessel functions of orders m

to 40, the number of eigen values fox- each fixed value of in is n 1 to

6. The velocity distribution due to a sing le radial vortex line of

constant strength was different from Tyson ’s (2), but coincident with

the author ’s results. Example calculations were made for a four-bladed

cascade using 6 vortex lines per blade for hub -to-tip ratio V = O . ’.

The discrepancies between the two-dimensional solution and three-

drmension al solution were quite small for the mean tangential velocity

distribution . •1

• .

~

• .  - - - --~~~~~~~~~~~~
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1,3 Method and Means of Investigation

The problem is to develop a theory for predicting the three -

dimensional potential flow in axial flow turbomachinery . The general

objective of the investigation will be to obtain a reliable understanding

of the three-dimensional potential flow through axial flow turbomachinery

The calculation of the three-dimensional potential flow through an

impeller is based on the method of distributed singularities . The

blades are replaced by a series of line vortices and line sources which

have their axes along the radial direction and are arranged along the

blade camber surface. The basic perturbed velocity fields due to a

single radial vortex line of constant strength and a single radial

source line of variable strength along the radial direction were

— computed from a modified theory based on Tyson ’s and Rossow ’s formula-

tions. Since the resultant perturbed flow fields are solutions of the

linear Laplace equation and the boundary conditions are homogeneous ,

these solutions may be superimposed for a series of radial vortex lines

and source lines located at arbitrary points . The perturbed flow field

due to a single radial vortex line of cons tant s trength was compar ed

with Tyson ’s and Etter ’s results for hub -to-tip ratio V = 0-6, The

results are coincident wi th Etter ’s but different from Tyson ’s. The

perturbed flow field due to a single radial source line of cons tant

strength shows good agreement with the two -dimensional solution at the

mid radius. Eigen values and related functions were calculated for

Bessel functions of orders from 0 to 100, the number of eigen values for

each order of Bessel function n = 20, hub-to-tip ratio V = 0.3, 0- 6-

The number of eigen values and the order of the Bessel functions required

to obtain enough accuracy increase greatly in the vicinity of the

_ _  _ _ _ _ _ _ _ _ _ _ _ _ _  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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singular points. Also, for smaller hub -to-tip ratios, more eigen values

are required. A computer program to obtain the three-dimensional flow

field for an arbitrary number of blades , number of singular points per

blade, and singular point locations was developed , Examples exhibiting

the interference effects due to hub-to-tip ratio, stagger angle, and

number of the blades were carried out. The effects of the radial

variation of the strength of the radial source line were also examined .

____
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CHAPTER II

ThE BASIC THEORY

2.1 The Three-Dimensional Flow Field Due to
a Single Radial Vortex Line of Constant
Strength Spanning an Annulus

In order to carry out a potential flow analysis, the following

basic assumptions were made : the flow is inviscid, incompressible and

has no heat transfer. A single radial vortex line of constant strength

I’ spans the annulus region between the hub and outer casing wall (see

Figure 1). The theoretical work reported in this section is due to

Tyson (2), The whole flow field is irrotational except for the vortex

line , The irrotational and continuity conditions are reduced to a

Laplace equation in terms of the velocity potential 
~~ 

and 0 , 1, C (See

Figure 1),

[ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ . (1)

The boundary conditions are:

a) The axial velocity should vanish at c = ± ~~

• ~~~~ = 0 (2)
C

b) The radial velocity should vanish at hub and outer casing wall.

(~~!) = 0  (3)

f l v ,l

c) The radial velocity should vanish at C =

( !.) = 0  (4)

_  -



-. -.- -_ —_-  

II,

d) At plus and minus infinity, the distribution of the tangential

velocity must be irrotational . Furthermore , the total magnitude of the

circulation must be equal to the strength of the radial vortex line .

For convenience, let the magnitude of the circulation around the hub on

either side of the vortex line be F/2. These boundary conditions are

the same as those of Tyson (Reference 2) but the definition of the

positive direction of rotation of the vortex is based on the right-hand

screw rule. The corresponding boundary condition of Reference (3)

appears different from the above expression, but both are quite true -

The only difference is that the initial value of the circulation

upstream due to the vortex line is taken to be 472 here and zero in

Reference 3. The present objective is to determine the perturbed flow

field, The above difference of initial circulation may easily be taken

into consideration by adjusting the mean flow condition which will be

superposed on the above perturbed flow , Circulation about the C axis

is -~/2 at C = + and T/2 at C = - 

~
; then, the tangential velocity at

C = ±~~~ is given by the following equations :

= - (5)

and

l~~~~v — 
r

11 
C~ -’~ 

- , (6)

e) The boundary conditions must be specified in the vicinity of

the vortex line , The behavior of the tangential velocity close to the

singular point (C = 0-plane) is represented by the following expression ; 

• •~~~ . --- - -- --
~=~::.- ~~~~~~~~~~~~~~~~~~~~ ~

—•  — -.
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~1

( ; .2.. , - L < 0 < ~~2~ 2
1 v 

-

C~±O
0 

,

Detailed derivation of the specification of the boundary conditions is

given in Appendix A. The solution of the Laplace equation is given by

the following express ion:

= 

~~~ 

(A~ cos mO + B sin mO) 
n=l 

( C e ~~~ + D e ~~) (aJ (K~) + b Y (Kr)),

(8)

where a,b, A , B
~
, C, D, K are cons tants which must be determined , m , n

are integer numbers and J , Y are the first and second kind of m-thm m
order Bessel functions . From boundary condition (a), D = 0 when C > 0,

and C = 0 when C < 0. Without loss of generality, C and D can be taken

as unity. Using boundary condition (b) , subs titution of Equation (8)

into Equation (3) gives the following conditions:

a 
~~~~~ 

(Ky) + b 
~m 

(KV) = 0 (9)

and

a 
~m

’ (K) + b 
~m

’ (K) = 0 (10)

where
~J (KTi) ~Y (Kr)

~~~~ 
(Kr~) = 

~ 
‘
~~~

‘ (Kr~) = ______

Combining Equations (9) and (10),

J ’ ( K  ) J ’ ( K  v)
in mn 

= 
m mm ( 11)

Y ’ ( K  ) Y ’(K V)
m inn in mn

‘I 
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Equation (11) is a relationship between the hub-to-tip ratio ~ and the

eigen value K n~ 
where the subscript in refers to the m-th order Bessel

function and n is the n-th eigen value for each in, (in = 1,2,3,..., n = 1,

2,3 ). Introducing a new express ion Z
m

(Kmnr1)~ the last term of

Equation (8) is given by the equation,

a 
~~~~~~~ 

+ b Y ( K r~) = 

Y ’(K ) 
Z 

~~~~~ 
, (12)

where

Z (K ri) = J (K n) • Y ‘ (K ) - J ‘ (K )•  Y (K ri) .m mm in mn in mn in mn m inn

(13)

Therefore, Equation (8) is reduced to the following express ion:

0 

= E (A cos m 0 + B sin m0) E exp (K__;) 
a Z (K r) .

V 
~~~~~ 

P1 in n=l ‘~~~‘ Y ‘(K ~
) ~m mn

(14)

The relation A , B
~. 

and a are determined by the orthogonal charac-

teristics of the trigonometric functions and Bessel function , In order

to apply the boundary condition Ce), differentiate with respect to

O and equate it with Equation (7) ,

E m (_A
m 

sin mO + B
~ 

(cos mO) E 
~~
, ,

a
K Zm

(Kmmfl)]Ti rn=o n=l in inn C~±o

j~~~_ I 6 6

) 
+

~~~~~

- ,

o ‘ ~~< 0 < 2 r -~~ (15) 

—- • -~~~
_ - _______
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Multiply both sides by (cos m 0 + I sin in 0) Ti2Zm (K
n Ti), then

integrate from - ii to ii, and from V to 1 for ~:

m~ (B - iA )  Y ’(K ) 1 iZ
2 (K~~~) dTi = Sin 

~~ 
f TiZm (Kmmfl) dn,

(16)

Taking the limit 6 -+ 0, and holding 6y = r constant, then,

m~(B - IA) Y ’ ~ K~~~ 
f nZ 2 (K n) d~ = ; 

~~f
’
flZm (Kmmfl) dn

(17)

From the imag inary part ,

A = O  . (18)

From the real part,

1

r a f ~ flZ (K Ti)dfl
B = -

~~--~~
- and Y ’ ( K ) = 

j
’ flZ 

2
(K Ti) dTi 

(19)

where in = 1, 2, 3, . . , ,

Taking into consideration the boundary condition (b) , the solution of

Laplace Equation (1) is given by Equation (20):

= 

~-4~- 
(0 + 2 

m~l 
Sill mO 

n=l 
exp (;KmmC) F

~
(K
~~~

V) Z(K ii)),

( 2 0 )

where 1

I n Z ( K r~) d~
F ( K ,V) = 

~ 2 . (21)
f T i  Z~ (K u) d~

______________ -~
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Therefore, the tangential , rad ial , and axial velocity components are

given by the following expressions:

u = -!— (1 + 2 E cos mO ~ exp (K C) • F (K ,v) • Z (K n)),
vO 4irri m=l n=l Pill V inn in inn

(22)

~Z ( K  Ti)
U

~~1 
= 

~~~m=l 

sin m O  

n=l 
exp ( K

~~
C) • F

v
(Kmm~V) • (23)

and

u = ± 
sin mO E K exp (-K C) F (K ,v) Z (K n)

vC 2ii 
- 

m 
- 

mn inn v inn in inn
m— l n—l (24)

where the upper and lower signs refer to ~C and -C 
directions

respectively.

2.2 The Three-Dimensional Flow Field Due
to a Single Radial Source Line of Variable
Strength Spanning an Annulus

The basic assumptions regarding the flow field (irrotational ,

invisc id, no heat transfer, and incompressible) are the same as those

listed in Lhe previous section . This section is based on Rossow ’s

analysis (Reference 3). The mathematical model of a single radial

source line is similar to that of a single radial vortex line except

that the radial source line may have a variable strength along the

radial direction . In the case of a single radial vortex line , if the

strength of the vortex varies in the radial direction , there will be

vor tices shed according to Helmholtz ’s law . The flow field is no

longer irrotational, but the flow field due to a variable strength

radial source line is still irrotational . A single radial source line

of variable strength Q(r~) spans the annulus region between the hub and

---- -
- __ -

~

-

~ 

~~~~~~•- _ • - - ~~
--.--

~~~~ 
_ _ _
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outer cas ing wall (see Figure 1). As in the previous section , the

whole flow field is irrotational , and the velocity potential exists ,

satisfying the Laplace equation . Let the velocity potential due to a

single radial source line be 7?~ . Therefore,

l~~ s 1 s s
~~

- 
~~

-
~~

- (Ti + 
~~~ 

~o
2 + 

aC
2 = 0 . (25)

The boundary conditions are :

a) One-half of the mass flow due to a single radial source line

goes to C = +~ ° and the other half  goes to C = -~~~~, Therefore , from the

continuity relationship,

1
± J Q(n) dn/2 = (

~
-
~~

-) • ~r (1 -~~
2 ) (26)

- 
- 

_ 
V

b) The radial velocity should vanish at hub and outer casing wall ;

(v!) = 0  . (27)

c) The radial velocity should vanish at C = ±0:. ,

(
~—~

-) = 0  . (28)

C~±~

d) The tangential velocity should vanish at C =

1
= 0  . (29) 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~-
_ •- ~~

_—
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e) The specification of the condition at points close to the

single radial source line (C = 0-p l ane) is given by Equation (30). The

detailed derivation is given in Appendix A.

(~) = f  
‘ ~~~~ <~~~~~~~< 2~~ -~~

— ; 
,- ~~- < 0 < ~~

- , (30) 
- 

-

where the upper and lower signs refer to C > 0 and C < 0 respectively -

The solution of the Laplace equation under the given boundary conditions

is given by the following equation , which is similar to those given in

the previous section :

1 F ( K  ,v)
• 

= 
~~~~

- (± 
~~~ 

f Q(rj) dr~ - n~2 
exp (;K0~c) 

~ 
K 

• Z
0
(~~~r) • -

00 F ( K  ,v) -
~~~

-2 ~ cos mO E exp (
~
Kmn C) • 

S mn 
• Z

m
(K
mnfl))

m=1 n=l inn

(31

wher e f Q( fl)Z (K TI) d~
F (K ,v) = . (32)
s inn f Ti Z 

2
(K ii) dl

The tangential , radial and ax ial veloc ity components due to a s ingle

radial source line are given by the fo l lowing  expressions ,

00 00 F ( K  , v)
u~0 

= in sin mO E exp (•
~
KmnC) S ~~ • Z

m
(KmnT•1) , (33)

m=l n=l mn 

~ •• ~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~
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00 F(K ,v)
u = — i— ( 1 exp (; K C )  ~~~~~~~~~ ~~- Z (K n) +

n=2 inn

00 CO F (K ,v)
+ 2 

m
E
i 
cos mO 

n~ l 
exp (K C )  ~ 

K ~~ Z(K ri)) (34)

• 

- 
and

U
SC 

= 
~~~~ (~~ 

i-va 
f Q(~~

) d~ ± 

n=2 
exp (;K~~C) F5

(K
0~ ,

V). Z(K n) -

I
± 2 

m~ 1 
cos mO 

n~ l 
exp (;K C) F (K

~~
,v). Z(K n)) - (35)

F

______
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CHAPTER I I I

APPLICATION OF ThE BASIC THEORY

3,1 Superposed Flow Field Due to a Series
of Rad ial Vortex and Source Lines Replac ing
the Blade Row in Axial Turbomachinery

In the preced ing paragraph, the three-dimensional perturbed flow

field due to a single radial vortex and Source line were discussed .

These basic solutions will be used to construct a three-dimensional

theory to evaluate the potential flow field in a turbomachinery blad e

row , In general , the three-dimensional flow field around a blade row

can be calculated by means of superposition of the three-dimens onal

cascade mean f low and perturbed flow field. The three-dimensional

perturbed flow field is constructed by the superpos ition of the f low

fields due to a series of radial vortex lines of constant strength and

source lines of variable strength by which the blades are replaced .

This is valid for a free vortex type blade row with any arbitrary blade

thickness- The three-dimensional cascade mean flow is similar to the

two-dimensional flow , but varying along the radia ’ direction - Also ,

stri ctly speaking, the distribution of the cascade mean velocities must

+
be irrotational . Let W be a three-dimensional cascade mean velocity

observed from the coordinate system fixed to the blade and W
0~ 

W~ and

are the components in the 0 , Ti, C directions respectively. Then,

for  a f ree vortex blade row ,

n • = constant , (3 6)

W~ = 0  (37)

and
W
C 

= constant . (38)
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However , if the three-dimensional perturbed flow field is small compared

to the three-dimensional cascade mean velocity, it seems that the

restriction on the cascade mean velocity given by Equation (36) to (38)

is not compulsarily needed . All the solutions for the three-

dimensional perturbed flow field are solutions of the linear Laplace

equation and the boundary conditions are homogeneous . Therefore,

mathematically, the method of superposition is valid. Hence, the

resul tan t three-dimensional fl ow field around a blade row wil l  be

determined by the superposition of the three-dimensional cascade mean

flow and the perturbed flow due to both radial vortex lines and source

l ines of known magnitude. Let 
~v 

be the superposed three-dimensional

perturbed velocity potential due to a series of radial vortex lines

(of constant strength) replacing a row of equally spaced blades (F igure 3)

JVS - NB 00 sin m (0 - 0. - )
‘1) Li. ~ (0 — 0.. + 2  ~ -

v j=l ~1-r i=1 m=l

n~ 1 
exp ( K n (C - C

i
)) • F

v
(Kmm~V)• Zm

(KmmTi)) (39)

where NB is the number of blades , is the angular coordinate for

j-th radial vortex line of the i-th blade , C
3 

is the axial coordinate

of the j-th radial vortex line for any blade , and F
3 

is the strength of

the j -th vortex line for any blade . Since the blades are equally spac ed

and have the profile , the distribution of the vortex lines is the same

for each blade . Then, the ,angular coordinate correspond ing to i-th

vortex line of i-th blade 0 ,. is periodic. Hence ,

0ij = 0lj  + ~j . (i - 1 ) . (401

_ _ _ _ _ _  
~~~~~~~~~~~~

- _ _

~~~~~~ :— -~~~~~~~~~~
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Using Equation (40), the summation with respect to i will be eliminated

mathematically, and also the summation with respect to m remains only

when in is a multiple of the number of the blade NB. Detailed derivation

is given in Appendix B, Therefore, Equation (39) is rewritten as

follows , neglecting constant terms. For simplicity, let

k = ~~~~~NB . (41)

Then,

NB JVS sin k (0 - 0
1 ~

= ± E F .  (0  + 2 E
v 4-it . 33=1 =1

00

• E exp (; K
kfl (C - C~ )) F

v
(Kkn~V) Zk (Kknfl)) (42)

n= 1

A closed form of the series expression for the other summation has not

been found so far , but characteristics of the series expression with

respect to the Bessel function is given in Appendix C, The corresponding

three-dimensional perturbed flow field due to a series of radial vortex

lines of constant strength replacing an equally spaced blade row of NB-

blades is given by the follow ing expressions ,

JVS 00

u
0~~~~~~

— E F. (l + 2  E cos k (0- 0 1 )v =1 2,=1

00

E exp (
~
Kkn(C - C

i
)) • F

v
(Kkn~V) Zk (KknTl)) (43)

n=l

• • -==~~~~~~~~~~~~~ _-~~~~~~ _ - --•- ~~~~~~~~~_=--—--~~~~~~~~~ -;
•=• • --- ,• • • —- •_ • • -• • - • • • • • - •
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JVS 00 sin k (0 - 0. .) 00

U
v1 

= 

~~~j=l ~ 2=1 
k 

13 

n=l 
exp (.Kkn (C - C

3
)).

3Zk (K
k TI)

• F ( K k , V) (44)

and

NB JVS °° sin k (0 - 01 .) 00

uvC = 

~~~~~ ~~~~~ i 

F~~ 

2=1  
k 

~~~ 

~E
1

. Kkn exP (±K kn ( C - c 3 fl

• F (Kk , V) • Z
k 

(K
k n) , (45)

where u 0, U
1
, U

C 
are velocity components in the directions 0, n , and

C respectively, and the upper and lower signs refer to C - C~ 
> 0 and

C - <- 0. These expressions are similar to Equations (33) to (35)

valid for a single element, excep t for the fact that one of the

summations is over k, which is always a multiple of NB in each of m-

I t is clear tha t the analysis given in Appendix B greatly reduces

computation time.

Similarly,  the superposed three-dimensional perturbed velocity

potential due to a series of radial source lines of variable strength

replacing the equally spaced blade row of NB-blades is given by

Equation (46) : 

_ • - - —__  • • _ _
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1 
JVS NB 2(C - C.) 1

F F (± 
~ 

f  Q.(Ti) di-~ -
j = l  j = l  1 — V  v

00 F (K ,v ,j)
- 

n=2 
exp ( K

0~ (C - C
i
)) ~ Z0 (K~~n)

00 00 F (K ,v,j)
- 2 F cos m(0 - 0..) F exp (K mm (C - C

i
)) ~ -

~~~~~ 
Z
m

(KmnP)) -m=l n=l mn

(4o~

Taking advantage of the characteristics of the equally spaced blade row ,

as shown in Appendix B, the summation with respect to i is eliminated-

Also , the summation with respect to in remains only when in is a multiple

of the blade number NB , then,

NB JVS 2CC—C.) 1
F (± 

~ 
f Q~(n) dii 

-

j 1  1 - V V

F (K ,V ,j)
- 

n=2 
exp ( K

0~
(C - C

i
)) ~ 

K 
Z0 (K~~n)

00 00 F (K ,v , j )
- 2 F cos k (0 - 01.) F exp( Kk (C 

- C.)) k 
- Z

k
O K

k 
~~~~~~~~~

2 l  3 n l  n kn n

4 7

Again , a closed form of the series expression for the other summation

has not been found so far. The corresponding three-dimensional perturbed

• f l ow f i e ld  due to a series of radial source lines of variable strength

replac ing the equally spaced blade row of NB-blades is given by the

follow ing Equations. The upper and lower signs refer to C - C
3 

> 0 and

C - C
3 

0 respec tive ly .

~~~lL ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ • _ . .—. __ -.-_-~ --,-— -•-_ - - -- •~~~~~~~~ ._ -_ _ ~~ — - — - - - -  —
~~~~~~~~ _• • - - - —-- - — ~~~~ ------——-— ‘

~~
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JVS CO

u = - ~~~~ — F F k s in k (0 -
sO 2ir~ =l 2=1 3

00 F (K ,~ ,j)
F exp (;Kkn(C - C

i
)) 5 kn Zk (Kk n) (48)

n 1 kn

~~~ 
00 F (K ,v ,j) ~Z (K n)NB - s on o on

- F ( F exP(+Kon (C_C
j
)) K an +

j 1 n=2 on

00 00 Fs
(Kkn,v ,j )  

~
Z.
~

(K
k n)

+ 2 F cos k (O-0~ . )  F exp ( K 1, (C-C.)) ~ 
- )

2-1 n=]. n 
~ kn— (49)

and L
JVS 1

-

, 

‘ U
SC 

= 
4-ri 

j~ l ~ 1-u
2 1~ Q~(n) dii ±

• 

n=2 
exp (;K0~

(C-C
3
)) F

s
(Koni V

~
j) Zo

(Konfl)

00 00

2 F cos k(0_01~) F exp ( K kn (C_C
j

)) Fs (Kkfl,v
,j) Zk (Kknn)),

2=1 n=l

(SO

where u~0, u51, u C 
are velocity components in the directions 0, 11 , and

C respectively, and k 2 NB,

• 3,2 Direct Problem in Axial Turbomachin~~y

The direct problem in turbomachinery is to determine the flow

field around a given blade profile. The objective of this section is

• to provide a theoretical formula for the solution of the three-

dimensional direct problem in axial turbomachinery . In the distributed

• - _ - -~~——_ ~~~ — •- —  ~~~~~~~~~~~~~~~~ -• • • - _ • • —~~~~~~~ • ~~~~~~~ —~~~~~
-
~~~ J
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singularity method, the strength of the distributed vortices and sources ,

and the cascade mean velocity are not known, but the configuration of

the blad e, inle t flow angle , stagger angle and spacing are given

Therefore, the strength of the singularities must be determined for the

given blade geometry, spacing, s tagger angle and inlet flow angle The

present method is valid only for a free vortex type blade row with

approximately radial elements . Such a blade row will be replaced by a

series of radial vortex lines of constant strength and a series of

radial source lines of variable strength . Furthermore, the resultant

flow field should be irrotational with respect to the coordinate system

in which the blade row is fixed. All the flow quanti t ies  are measured

with reference to this coordinate system . The velocities are normal ized

by the axial component of the three-dimensional cascade mean v e l o c i t y

(W
C~ 

at mid radius between hub and outer casing wall.

The blade system can be represented by:

a) The blade sys tem has NB blades and each blade is replaced by

JVS radial vortex lines and source lines respectively.

b) Each vortex line is radial and of constant strength along the

radial direction , and the strength of the j-th vortex line for each

blad e is given by

c) Each source line is radial and of variable strength along the - •

radial direction , The strength of the j-th source line for each blade

is represented by a p-th order polynomial given,

Q . (Ti) = A. 0 
+ A . 1 ~ 

+ + A .  T)~3 3,  3,  3 .,p

(51)

d) For convenience , the j-th vortex line and j-th source line are

placed at the same location .

~

--

~ 

----  —•• ••~~~~~~~“•~~~~~~~~~ • - • - - -~~~~~~~~~~~~~~~~~~~~~ • -
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Similar to the two -dimensional solution of the direct prob lem by

the distributed singularity method, the flow field due to a ser ies of

vortex and source lines must satisfy the kinematic condition, the

closure condition for the source distribution, and the Kutta condition -

First, a detailed discuss ion of the resultant veloc ity and the cascade

mean velocity in the three-dimensional flow is made - Let be a

nondimensional resultant velocity vector; then,

+ 9. + +
V =  u + u  + W  , (52)v s

where 
~~~~~

‘ 
~~ 

are the perturbed velocities due to a series of rad ial

vortex lines and a ser ies of radial source lines respec tively, and

is the cascade mean velocity . Let i , j ,  k be unit vec tors in the

0, ii, C directions respectively. Then,

9- -
~~ t +u = i • u + • u + k • u , (53tv vO v~ vC -

9 -t +
U = 1 U

50 
+ 3 . u5~1 

+ k • UsC ( 5 4)

and

~ = 1 . w 0 + 3 . w + ~~ • w  ~ (55)

where Uv0~ 
U~~~, UVC 

are the 0, n ,  C components of uv . Similarly,  u~ 0,

U
n
, USC 

are the 0, ~, C components of ~~
, and W 0, W~, ~~ 

are the 0,

Ti, C c omponents of ~~~, As described in Section (3.1), the cascade mean

veloc ity in the three-dimensional case has only tangential and axial

components , and must satisfy the relation given by Equation (36), (37),

and (38) in Section (3.1). Therefore, the tangential component of the

cascade mean velocity at radius nj is given by the following equation :

TI
= 
~~ 

W~ ~ (56) 

-~~~~~~-• _ •-~~~~ •- • - . •- --- ~~~~ _ _ _ __ _
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where r~ = l+v/2 , and is the tan gF .it ial component of the cascade

mean velocity at mid radius between hub and outer casing wall. The I:

axial component of the cascade mean velocity must be constant every-

where , and the radial component ~s must be zero everywhere. Then,

W
C

= W =  1 (57)

and

(58)

where is the ax ial componen t of the cascade mean veloc ity at mid

radius. On each cylindrical surface of radius 
~, we can define the

cascade mean flow angle as similar to the cascade mean velocity . Let

~~~~~~~~~ 

(MI
0

) and 
~~m~m 

be respectively the cascade inle t flow angle at

mid rad ius , the tangential velocity change at the exit at the mid

radius and the cascade mean flow angle at the mid radius . Similar to

the two-dimensional cascade theory,

W + (~\/ )Urn 0 mtan (cs.) = __________

i n  WCm

(MI
0)

= tan (ci ) + (59
Cm

and also

(60)

where s is the spacing and Ft is the circulation along a circuit on the

cylindrical surface at mid radius = l+v/2 (see Figure 2 and Figure 4),

s = 2irri / NB (61)

and
JVS

= F F .  . (62)

• _~~~~~~~ • ---  • • _ • • •- • —• • • • - - “ -• • • •• - -  • — —~~ — -
~~~~ 

Th • _ • ~~~_ _ _~~_•_
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Therefore , substituting Equation (60) into (59), we get

- .  tan (ci ) = tan (ci.) + Ft/2•5.W . (63)

In Equation (63), (ct
~
)
~ 

is given and W Cm= 1 since all the veloci t ies  are

normalized by this velocity component . Then,’~tan (Gim)m 
is simply the

linear equation of Ft . -From the velocity triangle (see Figure 4), we

get

W = W  • tan (ci )
0m Cm m m

= tan (ci ) . (64)
m m

Then, Equation (56) is rewritten as

= l+u/2r~ • tan (ci) (65)

arid also from the definition,

(66)

and

W
C 

= W
C 

= 1 . (67)

Then, the components of the cascade mean velocity at any radius are

represented in terms of the cascade mean flow angle at mid radius

(Equations (65), (66), and (67)). Therefore, the components of the

9.
resultant veloci ty vec tor V given in Equation (52) are rewritten as

V
0 

‘= u
0 

+ u
0 

+ l+v/2~ tan (ci ) , (68)

V = u  + u  (69)
Ti vfl Sfl

and

V
C 

= u
C 

+ U + 1 . (70)

_ _  _ _  • • • • ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ •~~~~~~~~~~~~~~~~~~~~~~~~ • • • • ••~~~~~~~~~~ • ••
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For representing the blade surface , it is convenient to define two

planes such that one is flat and perpendicular to the axial axis C and

the other is a cylindrical plane of radius 
~~~

. These are designated as

the C-constant-plane and the fl-constant-plane respectively, As shown

in Figure 5a and Sb, let ci be the angle between the C-direction and the

line ~~ tangential to the blade surface at point P on the ii constant

plane, and B be the angle between the radial line and the tangential

• line CD at a point P on the C- constant plane . The components of the

unit normal vec tor at a point P on the blade surface are n0, n~ and

in 0, ii and C directions respectively. Then,

9- 9. ÷ 9-
n = i n

0 
+ j n~ + k . n

C 
, (71)

where

no = cos B cos ci , (7 2)

n = sin B cos ci , (73)

and

n
C 

= cos B sin ci . (74)

Kinematic Condition :

The kinematic condition is that the resultant velocity vector must

4-
be perpendicular to the vector n. Then,

+ +
n V = 0 . (75)

Substituting Equations (68) to (74) into (75), the kinematic condition

is then given by Equation :
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cos B cos ci (u 0 
+ u

0 
+ l+V/2fl tan (ci))

sin B cos ci •(u + u
5~
) + cos B sin o. •(UvC + U

C 
+ 1) = 0,

(76)

• where ci, B are given by the blade geometry, and u~,0, Uvfl I and UvC
include r1 to FJVS as unknown linear constants to be determined , Also ,

u 0, u~~, and U
s~ 

inclu le A1,1, A12 , A1 3
. . . . ,  A

1~~~ 
A2 1 , A22 ,

Ajvs i~ 
Ajvs 2 , . . . .

~~ 
Aj~sp  as

linear constants to be determined . The term tan (ci ) includes r , rm m  1 2

- , as linear cons tants given in Equation (63) .

Closure Condition :

The total source strength replacing the blade row must be zero ,

i.e.,

1 JvS 1 p

F f Q . ( f l )  dn = F f ( F A .  2n2) d~ = 0 (77)
3 = 1  V j = l  ~~ 2=0

wh ich can be simpl ified to

JVS p 2+1
F F A  1 — u  = 0  ‘8

j=l 2=0 ~~ ‘

Kutta Condition :

In potential flow theory, the circulation around a given blade

profile is not unique without the Kutta condition even if the kinematic

condition is satisfied , Therefore, to apply potential flow theory to

the actual flow around a blade profile , a restriction on the distribution

of the vortices is required based on the Kutta-Joukowski hypothesis.
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The Kutta-Joukowski hypothesis states that the velocity must be finite

at the trailing edge . In the distributed singularity method , the

strength of the vortices at the trailing edge must vanish to satisfy

the Kutta-Joukowski condition . In the three -dimensional direct problem ,

the intersections of the blade and Ti-constant plane gives a three-

dimensional contour , However , the radial component of the resultan t

velocity is always normal to the plane of this contour , Then, this

contour is specified by only the axial and tangential components of the

resultant velocity and the vortex lines are all radial; then the

circulation around these contours at any radius is always equal to

and the three-dimensional Kutta-Joukowski condition is reduced to that

for each contour at each radius , In Figure 6, let points A and B be

very close to the trailing edge T on the ~-con:tant plane ~~
axe the projections of the resultant velocity V on the n-constant

plane at points A and B respectively. VAC and V A are ax iil and

tangential components of V
A
. Similarly, VBC and ~r~’ axial and

tangential components of V
B. Then, the Kutta-Jouk owski condition i~~

that V
A and VB should be of the same magnitude and go towards T for a

sharp trailing edge . Then ,

VAC cos c + VAU sin C = V
BC 

cos w + VBO sin w , (~ 9)

where c and ~ are given from the blade geometry . Equation (79) includes

F
3 

and A
3 2 (3= 1 to JVS~ and 2=0 to p) as linear constants, Now , the

kinematic condition , closure condition , and the Kutta-Joukowski

condition are linear first order equations concerned with the unknown

constants and A J Z  (j=1 to JVS, and 2=0 to p). The number of

unknowns is JVS (p + 2). Therefore, if JVS (p 2) - p b lade
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points are given for the kinematic condition , together with one closure

condition and the (p + 1) Kutta-Joukowski condition for (p ~ 1) 
~~~

_

constant -plane, the equations become simultaneous first order equations

with JVS • (p + 2)-unknowns. Hence, the strength of the vortex lines

j  and source lines can be determined by solving the simultaneous equations-

The velocity components are determined by Equations (52) to (55) Using

Equations (43) to (45) and (48) to (50). Also , the pressure coefficients

are given by the following expressions :

( C ) w 
= 1 - (80)

W I

and

( C )
w = l ~~~’1-~’-y , (81)

in W I

where (C
p
)W 

and (C
p
)w 

are the pressure coefficients with respect to

the cascade mean velocity at radius r~ and the cascade mean velocity at

mid radius respectively.
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CHAPTER IV

NUMERICAL TECHNIQUE AND SOLUTIONS

4,1 Determining of Eigen Valu es and Rela ted Func tions

The three-dimensional flow field due to radial vortex lines and

source lines given in Equations (22) to (24), (33) to (35), (43) to (45)

and (48) to (50) includes an infinite number of eigen values Km n  and

related functions Fv (K m n ~
V)

~ 
F
s (Knn~V ij)~ Zm (Km n fl) and ~/~ fl Z

m
(Km n fl)

~

These eigen values are determined by Equation (11), and are the same

both in the rad ial vortex system and radial source line system since

the boundary condition with respect to the radial velocity at the hub

and the outer casing wall is the same . However, the eigen values

related to the O-th order Bessel function has meaning only for the

source system . The first three eigen values for each order of Bessel

function were found step by step and other approximate eigen values were

found by extrapolation . All eigen values are improved to obtain higher

accuracy by successive iteration up to l0~~~~~~, The eigen values were

F obtained for Bessel functions of order in = 0 to 100, and the number of

ei gen values n = 1 to 20 for each order m for hub-to-tip ratios u = 0 .3

and 0-6 (see Figure 7, 8)•• The eigen values in Reference (4) are

combined with  the present Km n  by the follow ing express ion:

r,.t = u • K
m ,n m,n

Now , the relat ed functions Fv (K m n ~
V) and F5(K~~~,

u ,i) are again given
1by f r~Z(K fl) dT)

F ( K ,V) = 

- in inn 
(82)

f ‘iF (K n) diim inn
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1

I Q~(n) Z
m

(K
m ,nfl) 

dii

F (K ,u , j )  = 
2 

, (83)
fl•Z~ (K~~~~) dn

• where Q~(n) is the p-th order polynomial given in Equation (51). Then,

the numerators of Equations (82) and (83) were resolved into
~l 

flPZm
(K
m ,nfl) 

dn (p = 0 to 3) and calculated by the Gaussion quadra-

ture formula to order 29 for each eigen value (Reference 5), which is a

more accurate numerical integral formula than the trapezoidal or

Simpson ’s formula for the same number of points . The denominators of

Equations (82) and (83) were calculated by integral formula for Bessel

function for each eigen value, Calculation of Z
m

(Km n fl) and 3/sn

Z
m

(Km n fl) is very time consuming. Therefore , nine radial coordinates

are selected from the values calculated by the Gaussian quadrature

absc issae and r~ = u, 1, The radial coordinates for which all related

fun ctions and necessary Bessel func tions are prepared are given in

Tables 1, 2, and 3.

Table 1. Radial Coordinates Used for Computation .

k 1 2 3 4 5 6 7 8 9

~~k 

u f(x 7
) f (x

10
) f(x

13) (l+v) /2 f(x17
) f(x

20) f(x 23) 1.0

where

f ( x.)  = ((l+v+(l-v) . x
~
)/2.O (84)

and

• - -  _ _______  _- —_ - —-—-- —
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x
7 

= - x23 
= -0,7524629

x10 
= - x

20 
= -0.5075930 (85)

x13 
= - x17 

= -0,2113523

These correspond to the i-th Gaussion abscissa of order 29. The values

for u = 0,6 and 0,3 are tabulated in Table 2 and 3 respectively .

Table 2. Radial Coordinates Used for Computation (V = 0.6).

k 1 2 3 4 5 6 7 8 9

0,60000 0,64951 0.69848 0.75773 0,80000 0,84227 0,90152 0.95049 1.00000

Table 3. Radial Coordinates Used for Computation (V = 0.3).

k 1 2 3 4 5 6 7 8 9

0-30000 0.38664 0.47234 0.57603 0.65000 0,72397 0,82766 0.91336 1,00000

The va lues F (K fl) for the above mentioned radial coordinates are
in m ,n

already calculated in the process of evaluating the numerical integral
1

J r~ Z (K ri) d~ and also the values of 3/sn Z (K ii) were calculated
in m ,n

by known values using the recurrence formula for the Bessel function .

To avoid duplicate calculation of the Bessel function in the main program ,

all eigen values and related functions were stored on a magnetic tape

for in = 0 to 100, n = 1 to 20, v = 0,3 and 0.6 for the radial

coordinates given in Tables 2 and 3. Then, the computer program for

the three-dimensional potential flow field due to an arbitrary

series of radial vortex lines of constant strength and a series of
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radial source lines of variable strength can be used for hub -to-tip

ratios v = 0,3 and O~6 (see Reference 6). Furthermore, if the eigen

values and related functions are obtained in a similar manner for any

other hub-to-tip ratio, the above computer program is valid fir~t1~at

hub-to-tip ratio as well, The computer programs for the determination

of the eigen values and related Bessel functions are given in Reference

6.

4 ,2  Numerical Calculation of the Three-
Dimensional Perturbed Flow Field

4,2,1 Convergency of the Solution of
the Three-Dimensional Perturbed
Flow Field

The three-dimensional perturbed flow field due to a series of

radial vortex lines of constant strength and a series of radial source

lines of variable strength given by Equations (43) to (45) and (48) to

(50) include an infinite number of summations with respect to in and n-

In order to examine the convergency of the series expressions, a single

radial vortex line of strength unity located at C = 0, 0 = 00 and a

single radial source line of strength unity located at the same point

were examined for u = 0.6 separately. The contributions of in and n to

the convergency of the tangential velocity at C = 0.05, 0,1, O~2 and

o 300 for ii = 0,8 due to a single radial vortex line are shown in

Figure 9. The corresponding graphs for a single radial source line

are plotted in Fi gure 10. It is clear that the convergency of the

series expression strongly depends on in, not on n. For hub-to-tip

ratio v = 0.6, the required order of Bessel function in is approximately

m > 60 for CI < 0.1 , rn > 20 for CI > 0.2 and n = 6 is enough in any

case . Therefore, these results suggest that the summation based on

- - 
~~~~~~~~~~~~~~~~~~~~~~~ 
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only n = 1 for each m will give a good result for large C I if in is

taken large enough - However , the convergency becomes poor at points

close to the s ingular point IC I< O~O5 for u = 0,6 even if in is taken up

to 100- This situation is more severe in the case of smaller hub -to-

tip ratio. It seems the smaller the hub -to-tip ratio is, the more the

eigen values are required . Mathematically, the three-dimensional

tangential velocity components due to a vortex line and the axial

velocity component due to a source line located at C = 0 and 0 = 0
0

must vanish at C = 0 for any U except 0 = 00 for any hub -to-tip ratio-

Therefore, taking advantage of these characteristics of the series

express ion, some improvement to avoid the above difficulties can be

made by further analytical considerations described in Appendix D.

This approach will be pursued later -

4- 2-2 Three Dimensional Perturbed Flow
Field Due to a Single Radial Vortex
Line of Strength Unity and I ts
Comparison with the Two-Dimensional
Solution

The three-dimensional perturbed velocity components due to a single

radial vortex line of strength unity located at C = 0 and 0 = 00
1 1,1

were calculated by Equations (43) to (45) for hub-to-tip ratios V = 0-6

and 0-3 . The tangential velocity component at the hub due to a single

radial vortex line is compared with the two-dimensional values in

Fi gure 11 for u = 0-6 and Figure 25 for v = 0.3. The values in the poor

conve rgency region have been excluded . The discrepancy between the

three-dimensional and two-dimensional solutions is large for small U

and the maximum difference is about 25% of two-dimensional values for

= 0 6- The qua l i t a t i ve  character is t ics  of the three-dimensional

IIIIIII _____~ 
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tangential veloci ty  component are very similar  to those of two-

• dimensional values , and at C = 0, C + 
~ ~ , the velocities have the

same limiting values mathematically (see Appendix D) , The effects of

the hub -to-tip ratio u on the tangential velocity component is

significant and the maximum difference from the two-dimensional solution

is about 30% in the small 0 region for u = 0 .3 (see Fi gure 25). However ,

accurate three-dimensional values at points close to the singular points

could not be obtained due to the poor convergency of the series

expression as mentioned in Section 4,2.1,

The tangential velocity components at the mid radius and tip due

to a single radial vortex line of strength unity are shown in Figures

12 and 13 for hub -to-tip ratio V = 0.6, and corresponding graphs for

u = 0 - 3  are shown in Figures 26 and 27. At mid radius (Figure 12),

the discrepancies between the three-dimensional and two-dimensional

solutions vanish when the hub-to-tip ratio V = 0.6, but very small

differences were found for u = O~3 (see Figure 26). For both V = 0-6

and 0.3, the three-dimensional tangential velocity components at the

hub for small U are greater than the two-dimensional values , while those

at the tip for small 0 are smaller than the two-dimensional values (in

absolute values) , These three -dimensional inviscid effects may

partially account for the higher (than the two -dimensional values) lift

coeff icients measured at the root and lower lift coefficients measured

at the tip of a pump rotor by Oshirna et al. (Reference 7),

The axial velocity components at the hub , mid radius and tip due to

a single radial vortex line of unit strength are shown in Figures 14,

15 , and 16 respectively, for hub -to-tip ratio v = 0 6. Corresponding

graphs for u = 0.3 are shown in Figures 28, 29, and 30 respectively.

~~~ — • A __________ __.._______ ___ ___ __ _ —- -
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Similar to the tangential velocity components , the discrepancy between

the three-dimensional and two -dimensional axial velocity components

vanish at mid radius for V = 0.6 (see Figure 15), and very !mall

differences were found at mid radius for V = 0 - 3  (see Figure 29). Also ,

the three-dimensional axial velocity components at the hub for small C

(< 0,2) are sinaller than two -dimensional values (see Figures 14 and 28)

for both hub -to-tip ratio u = 0.6 and 0.3. The magnitude of the

discrepancy between the three-dimensional and two -dimensional axial

veloci ty  components for small C reg ion are 10 to 15% for u = 0,6,

However-, for u = 0.3, for the small C region, the numerical resul ts of

the three-dimensional axial velocity components are poor . Thus, the

discrepancy is not clear , but a larger discrepancy than that for V = 0,6

may be expected .

The rad ial veloc ity components at the mid rad ius due to a single

radial vortex line of strength unity are shown in Figure 17 for V = 0,6

in Figure 31 for ‘~ = 0.3. The radial velocity components vanish at the

hub and the outer casing wall - The typical radial veloci ty distributions

are shown at the mid radius . However, the mid radius is not necessar i ly

the point of maximum radial velocity . The maximum radial velocity

usual ly occurs at a smaller radial coordinate than mid radius . From the

comparison of the radial velocity components at mid radius for V = O~6

and ~ = 0,3, the value for V = 0.3 is about 3 or 4 times larger than

that for V = 0.6. From analytical considerations , it can be shown that

the radial velocity components must vanish at C = 0 for all 0 except

0 = 00. The graphs do not show the small C region due to the lack of

convergency of the series expression .

_—-- ----- • • - ;  - • . .  ________________________
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It is clear from the plots shown in Figures 11 to 17 and Figures

25 to 31 that the effects of the three-dimensionality are amplified at

small hub -to-tip ratio (V). The order of the magnitude of the radial

velocity components is almost 10% of the tangential  and axial velocity

components for hub -to-tip ratio V = 0.6, but for V = 0.3, it is more

than 15%. With regard to tangential and axial velocity components, the

discrepancy between two-dimensional and three-dimensional solutions is

opposite in relative magnitude at the hub and tip locations for any hub - -
•

to-t ip ratio. This discrepancy increases with decrease in hub-to-tip

ra t io,  F ina l ly ,  the three-dimensional numerical results were compared

with  References (2) and (4). The present numerical results for v = 0-6

are coincident with the results of Reference (4), but different from the

results of Reference (2) . However , no other numerical results are

available for a small hub-to-tip ratio such as u = 0.3 for comparison .

4- 2,3 Three-Dimensional Perturbed Flow Field
Due to a Single Radial Source Line of
Strength Unity and Its Comparison with
the Two-Dimensional Solution

Numerical calculation of the three-dimensional flow field due to a

rad ial sour ce line has not been repor ted earl ier.  Even though the f low

field around the blades depends mainly on the vortex distribution , the

three-dimensional effects due to a source line (representing the thick-

ness) can be of the same order as the three-dimensional effects due to

a vortex line - This is especially true when there is appreciable

radial variation in blade thickness - The three-dimensional perturbed

‘V elocity components due to a single radial source line of strength

un it y 1oc~ ted at = 0 and 01 ,1 
= 00 wer e calculated from Equations

(48), (4~fl and - SO) for the hub-to-tip ratios ‘~ 0~6 and 0,3, The

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
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computer program can be used for the determination of the three-

dimens ional flow field due to a ser ies of radial source lines of

variable strength represented by the third-order polynomials , but only

the case of constant strength (= 1.0) is shown in Figures 18 to 24 and

Figures 32 to 38 together with two-dimensional solutions . The effects

of the variable strength of the radial source lines will be shown in

Section (4.3.4).

The tangential velocity components at the hub , mid radius and tip

due to a single radial source line of strength unity are shown in

Figures 18, 19, and 20 for a hub -to-tip ratio V = 0-6 , and Figures 32,

33, and 34 for v = 0-3 . Consider the two-dimensional flow field due to

a vortex of strength unity and a source of strength unity. The magni-

tude of the two—dimensional tangential velocity components due to a

vortex is the same as the two-dimensional axial velocity components due

to a source except for the difference of sign. Similarly, the two-

dimensional axial velocity components due to a vortex are the same

magnitude as the two-dimensional tangential  velocity components due to

a source . The relative characteristics of the three-dimensional

perturbed flow fields due to a sing le radial vortex line of strength

unity and those due to a single radial source line of strength unity are

very similar to the relative characteristics of the two-dimensional case

as mentioned above. Hence , the three-dimensional tangential velocity

components at the hub due to a sing le radial source line (see Figure

18) are quite similar to the axial velocity components at the hub due

to a s i n g l e  radia l vor tex line (see Figure 14)- However , the discrepancy

between two-dimensional and three-dimensional solutions are opposite in

relative magnitude . The tangential velocity at the hub due to a source
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line is larger than the two-dimensional value (see Figure 18), but the

axial velocity at the hub due to a vortex line is smaller than the two-

dimensional va lue (see Figure 14). Similarly, the tangential velocity

components at the mid radius (see Figure 19) and the tip (see Figure 20)

due to a source line are very similar to the axial velocity components H
at mid radius (see Figure 15) and the tip (s ee Figure 16) due to a

vortex line . It is clear from Figure 19 that the tangential velocity

components at the mid radius due to a source line are the same as the

two-dimensional values as in the case of a vortex (see Figure 15) . The

tangential velocity components at the tip due to a source line shown in

Figure 20 are smaller than the two-dimensional values; however , in the

corresponding graph of Figure 16, the axial velocity due to a vortex

1 ine is larger than that of the two-dimensional value. Comparing the

tangential velocity components at the hub and at  the tip due to a source

line we find that at the hub the three-dimensional values are larger

than the corresponding two-dimensional v~ lut.s while at the tip they are

smaller than the two-dimensional values . The above discussion for the

three-dimensional tangential velocity components due to a source line for

the hub-to-t ip ratio u = 0-6 is qualitatively valid for the case of the

hub-to-tip ratio V = 0-3. Specifically, Figures 32 , 33, and 34 are

similar to Figures 28, 29, and 30 respectively, and the characteristics

of the three-dimensional tangential velocity components relative to the

two-dimensional values for v = 0.3 due to a source line are the same

as those for hub -to-tip ratio u = 0.6. The relative behavior of the

tangential velocity for ‘~ = 0.3 due to a source line at the hub and tip

is also quite similar to that for V = 0.6. However , the magnitude of

th e discrepancy between the three-dimensional tangential velocity
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components due to a source line and those for the two-dimensional case

rs amplified at small hub -to-tip ratio (V). At mid radius , the

tangential  veloci ty  components for V = 0.3 due to a source line are

slightly differ-ent from the two-dimensional values.

The axial ve loci ty  components at the hub , mid radius and tip due to

a single radial source line of strength unity are shown in Figures 21 ,

22, and 23 for hub -to-tip ratio V = 0 .6, and in Figures 35, 36, and 37

for V = 0.3 respectively. The axial velocity at the ,hub due to a source

line for V = 0,6 shown in Figure 21 is similar to the tangential velocity

at the hub due to a vor tex line except for the difference of sign. In

the same way , Figures 22 and 23 are similar to Figures 12 and 13

respectively. The axial velocity at mid radius due to a source line

shown. in Figure 22 is the same as the tangential velocity due to a vortex

line, and the discrepancies between the three-dimensional and two-

dimensional values vanish , The relative behavior of the axial velocity

due to a source line at the hub and tip is such that , in the small C

region , the three-dimensional axial velocity components at the hub are

smaller than those for the two-dimensional case , but at the tip the three —

dimensionai values are larger than the two-dimensional values (see Figures

21 and 23) For the case of the small hub-to-tip ratio V = 0.3, the

earlier comments are still valid , but the discrepancies between the three-

dimensrcpa 1 ax~ al veloc ity components due to a source line and the corres-

pondirg two-dimensional values are amplified by the small hub -to-tip

ratio (see F:gures 35 , 36, and 37). Then, axial velocity at the mid

rad~us for ~ = 0.3 due to a source line is sligh t ly di f f eren t from the

~~o-J ’~n-~ r siona1 axial velocity component This may be partly due to poor

convergency of series expressions , but the remaining part of the

~

- 
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disrrepanc~ es may be due to essential characteristics of small hub-to-

tip ratio since mid radius is not necessarily the point of the same

~eto : ty as two -dimensional theory. The closed form of the tangential

and r adial  veloci ty  component due to a single radial source line of

streng th unity is not known so far, but the axial velocity component due

to a source line vanishes at C = 0 for any 0 except B = 00, similar to

the two-dimensional analysis . However, the limiting value at C+±~ is

different from the two-dimensional solution since at C±±~ , (u C
)3d

±l/

2~ (l.’)) ~n the three-dimensional case and (u c
)2d ±l/(4rnn) in two-

dzmensional flow, Therefore, these limiting values are identical only

for the mid radius (n (1+V) /2), as shown in Figures 35, 36, and 37

The radial velocity components at the typical radial coordinate

r ()-‘~)/2 due to a single radial source line of strength unity are

shown in Figure 24 for V = 0.6 and in Figure 38 for V = 0.3, respectively -

The order of magnitude of the radial velocity components is about 10% to

15% cf the corresponding three-dimensional tangential and axial velocity

components for V = 0,6 and 0.3, respectively- The behavior of the radial

~eJocity components due to a source line are completely different from

those due to a vortex line .

4 3 Numen.cal Solut:on of Turbomachinery Flow

4 3.1 L i f t i n g  Line Model

The purpose of this section is to merely point out the extent of

thx ”e-d i n-ensional effects due to hub-to-tip ratio and the number of the

bl ades NB.

NB radial vortex lines of strength unity are located at C = 0-plane
sp -2ced equally along the circumference - The coordinate of the i-th

_ _  ~~~~~~~~~~---- - -- -~~~~~~ ---~~~~~~
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radial vc’tex line is given by C 0, 0 = 360°/NB (i-l) . The calculated

tangential velocity distributions are given in Figures 39 and 40, for

B = 2
0 and ~~0 representing regions very close to and far away from the

vortex lines . These two angular locations are smaller than the angle of

the one spacing for any NB , but in the case of NB = 20, 0 = 9
0 represents

th~
. mid passage . The tangential velocity u has the maximum absolute

V03d

~alue with the maximum difference from two-dimensional solution at U = 00.
In Figure 39. the ratio (u

~ü 
/u 

~ 
) is plotted along axial axis-C It

2d 3d
is evident that the three-dimensional effects are larger for a smaller

number of blades and the ratios of the two solutions are -~1most unity

for NB = 20. In other words , the value of (u 
~ 

) will be cioser to the
V 3d

tw:-dimensional solution for a larger number of the blades , The ratio

(u
0 

/u
0 

) wil l approach unity far downstream and far upstream from
- 

2d 3d
the vortex lines. The effects of the small hub-to-tip ratio (V 0,3)

cn• (u 0 ‘u ) is large compared with those for the large hub-to-tip
2d ~3d

ratio (v = 0,6). The two-dimensional solution gives an underestimated

absolute value of the tangential velocity at the hub and an overestimated

value at the t:p than the three-dimensional solution , and this is true

for any number of the blades NB and for all hub —to-tip ratios . However ,

.~t mid radius (n = l-.v/2) , the ratio (u ® /u 
~ 

) is very close to unity
2d ~ 3d

for all the :ases, The maximum discrepancy between the two solutions

is as much as 20% to 30%, especially for low hub-to-tip ratio and large

blade spacing. It is evident that two-dimensional theories are inac-

curate for low solidity and low hub-to-ti p ratio blading used in certain

applica tions. In Figure 41, the behavior of the ratio (u 0 /u 0 
) for

2d 3d
NB 3 at 1/2 , 1/4 , 1/8 , and 1/16 of the blade spacirkg, which corresponds

to ~ = 600, 30
0
, ~~~ and 7,50 respectively, is shown, The largest

depart .re of the ratio (u
0 /u 0 

) from unity is at mid passage
2d 3d

~
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= 60°). On the other hand , the largest difference of u 0 
- U

02d 3d

~- s 1/16 spacing point because of the short distance from the vortex lines-

It should be pointed out that the distribution of the axial

velocity component due to equally spaced vortex lines on the C = 0-plane

decreases rapidly to ~.eru for both two- and three-dimensional solutions ,

with respect to the increase in C. This is especially true for NB = 20,

Als o, the order of magnitude of the induced axial velocity due to

vortex lines is usually smaller than the corresponding tangential

velocity, especia l ly  for NB = 20. The axial velocity is almost zero at

the hub for small hub -to-tip ratios everywhere . The simple comparison

of the ratio (u /u
~ 

) when the absolute value of the axial velocityvC 2d C3d
is small leads to misleading conclusions on the effects of NB. The

comparison of the effects of NB were made at the ooint C = 0.1 , whe re

the absciute value of axial velocity is relatively large. The calcula-

ted axial velocity ratios (u /u ) on the plane of C = 0,1 are
C2d vC3d

shown ~n F~ gures 42a, 42b , and 42c for V = 0,6 and V = 0,3 at the hub ,

mid radius and tip, respectively, where s is the spac ing angle and is

equal to 360°/NB, The discrepancy between the two solutions is larger

for small number of the blades at the hub for both V = 0,6 and 0,3.

The behavior of the ratio (u
v 

/u ) at the tip seems to be different
C2d vC3d

from that at the hub ; however , the order of magnitude of the axial

velocity at the tip for NB = 20 is about 1/10 of the corresponding

tangential velocity component. On the other hand , the order of the

magnitude of the axial velocity at the tip for NB = 1 is almost the

same as that of the corresponding tangential velocity . Therefore,

three-dimensional effects are large for small hub-to-ti p ratios with

fever blades . The two-d imensional solution gives overestimated absolute

rn--- ---

~
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values at the hub and underestimated values at the ti p for small  number

of the blades . The ratio (u /u ) at the mid radius is close tovC 2d vC3d
unity and the effects of NB and hub -to-tip ratio V are relatively

smaller at the hub and tip.

The radial velocity distributions are shown in Fi gure 43 for 0 = 2
0

and in Fi gure 44 for 0 = 9~ at mid radius . The radial velocity is

normaliz J with respect to the two-dimensional axial velocity at corres-

ponding points since there is no radial velocity component in a two-

dimensional flow . Comparing Figures 43 and 44, we find the magnitude

of the radial velocity ratio at two different  angular locations very

close. The hub-to-tip ratio has a dominant effect compared with the

number of the blades . Furthermore the radial velocities are about 10%

to 40% of the two-dimensional axial velocity indicating the extent of

three-dimensionality in the flow ,

4.3 2  Source Line Model

The induced velocity due to NB radial source lines of unit

s t rength spaced equally at C 0-plan e is to be reported. The objective

of this investigation is to examine the effects of the number of the

blades NB and the hub -to-tip ratio V on the flow field induced by

equally spaced NB-radial source lines simulating the blade thickness .

Generally, the flow field induced by source lines are orthogonal

r e l at ive  to those induced by vortex lines of the same magnitude .

Namely, the distribution of the tangential velocity u 
0 

and axial
3d

i i e lo c ity  u due to source lines are s imi la r  to the dis tr ibut ion of

the axial velocity u and tangential  ve loc i ty  u due to vortexvC3d V 3d
lines respectively.

_ _  ____ -- - - -
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The effects of the NB on the tangential velocity ratio (u
0 /u

2d 3d
— are plotted for NB = 1, 3, 5 and 20 at C = (~.l in Figures 45a, 45b , and

45c . The order of the magnitude of the tangential velocity due to

source lines u50 is usually smaller than the corresponding axial
3d

velocity due to source lines . This is especially true for NB = 20,

where tangential velocity u is almost zero . Therefore, from
5
3d

Figures 45a, 45b, and 45c , the effec ts of the NB on the ratio (u
0 /
2d

u ) must be carefully considered s ince for extremely large NB , the
3d

absolute value of the tangential velocity is very small while the ratio

difference is quite large . Alternatively, for smaller NB , the absolute

value is relatively larger and the ratio difference is relatively smaller-

It is clear that the effects of the hub -to-tip ratio are dominant,

unlike the effect of NB , on the three-dimensionality of the flow field.

As ment ioned in the discussion of axial velocity induced by a

sing le radial source line (Figure 35) spanning an annulus, the three -

dimensional solution is very different from the two -dimensional solution

at far up and down stream . The two-dimensional solution is the solution

expressed in a cylindrical coordinate system . The two-dimensional

unrolled solution has no interference effects due to the flow field at

other radii (r), At far up and down stream (C -
~~ ± 00), the ratio

u /u i s  independent of NB. In the case of the tangential
5 2d sC3d

~elocity u and axial velocity u induced by vortex lines , andV 3d C3d
the tangential velocity u induced by source lines , the ratio of

3d
these va lues to the two-dimensional solution is unity at far up and

down stream (; -
~ 

r 00) s ince u and u
0 

vanish at C = ± 00 as thevC3d 3d
two -dimensional solution does. By the irrotationality condition , fluid

layer at any radius n has the same amount of circulation given by 
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NB•r,2 at C = ± 00 , However , in the case of the axial velocity u
5C3d

induced by source lines , the fluid layer at any radius i~ has an identi-

cal magnitude given by

‘86
sC3d

’ — 2rr(l+v)

But the two-dimensional value u is a function of the radius r~ evensC 2d
at ~ = ±°° since ,

(u
C
) = 

NB 
. (87)

Hence , the ratio (u5 /u5 ) has the value
C2d C3d

(u /u ) = 
1
2
+ V 

(88)sC 2d sC3d

The effects of the NB on the axial velocity ratio (u /u ) aresC 2d 5C3d
shown in Figure 46 along the C axis for several NB at 0 = 20, a region

relatively near the singular points. The effect of the number of the

blades is large for large NB near the radial source lines , but at the

far down stream , the ratio is independent of NB and has the value l+V/

in as mentioned above, The order of the magnitude of the axial velocity

u5 
induced by source lines is usually larger than that of the corres-

C3d
ponding tangential  ve loc i ty  u

50 
which goes to zero rapidly, and this

3d
is also true for the two-dimensional case. The difference between the

two solutions is great for small hub -to-tip ratio (u = 0.3), espec ia l ly

at the hub . However , at mid radius , the di fference between two

solutions is very small compared with the differences at the hub and

tip-

_
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Finally, the radial velocity distribution at the mid radius induced

by NB radial source line of unit strength located at the plane C = 0 is

‘ alculated for V = 0.6 and 0.3 at 0 = 2° and is shown in Figure 47. The

radial velocity distributions are plotted in terms of the ratio radial

veloc ity to two-dimensional axial velocity component (u
5 /u ) .  As

TI sC 2d
indicated earlier , the radial velocity due to vortex lines does not

change its sign with respect to ~ or U . On the other hand , the radial

— 
velocity due to source lines changes its sign with respect to C or 0-

The plot shown in Figure 47 shows the effects of the hub-to-tip ratio and

the number of the blades on the radial velocity induced in three-

dimensional flow .

4 3,3 Lifting Surface Mode l Including
Thickness Effe cts

I’m order to examine the effects of the stagger ang le , number of the

b lades , thickness and hub-to-tip ratio , a system of NB series of radial

v crtex and source lines are considered for several simple models - The

mode l consists of NB-equally spaced blades and each blade is represented

by e’g ht vortex and source lines arranged equidistant along the camber

J~ re of the blades (see Figures 48 and 49). In the present calcula~~on ,

the camber is assumed to be zero and the calculations are carried out

- 0 0 0 0f c x  st agg r angles (at mid radius) of 0 , 18 , 36 , and 54 . The nondi-

mention3l chord length of the blades C is equal to 2.0 (twice the outer

ca5:ng radius) on the cylindrical plane of radius l~u/2 (see Figure .29)

The distribution of the strength of series vortex and source lines

Q ,  j = , 2, - - - - - , 8 representing the blades are assumed to be the

~arre at all stagger angles A , number of the blades NB and hub-to-tip

rat io ~ . -  Even though this is not true for a practical blade

___________________ -- — ---- ----—-—--—-—- — - -~~~~~ 
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configurat ion , the main objective of this investi gation is to understan d

1-he extent  of three-dimensional ef fects  and , fr om this point of view ,

these calculations are very useful. The values of F, and Q. used in this
.1

calculation are given in Table 4, where ~ is equal to - 1,0 according to
JVS j=l

our definition and.E
1 
is zero, satisfying the closure condition .

Tab le 4 . S t reng th  of Vortex and Source Configuration Used .

j=1 ;=2 j=3 j=4 j=5 j=6 j=7 j 8

-0.44000 -0,16843 -0,11862 -0,09069 -0,07053 -0 05360 -0.03824 -0.0l98

Q 0,44559 0.05441 -0,03425 -0,08085 -0,10545 -0.11279 -0,10301 -0,06366

The location of the vortex and source lines are specified only by the

tangentiai and axial coordinate (0, C) since the vortex and source lines

~re assumed to be radial- The stagger angle X, the coordinate of the

~ortex and source lines and the calculation points in (C’ :flmid O)
_pl ane

and those in (C’ ,O)-plane are shown in Figure 49 and in Figure 50, where

is the line para l le l  to C-axis at mid radius , The calculation points

a r c  located midway between the singular points- The induced velocities

~re c a 1~ u T h t e d  at points very near the blade at ~U = 20 and 1/ 2, 1/4,

1 8 , 1 /16-spac ing points  (See Fi gure 50) .

:t  shou ld be pointed out that in the present model every blade has

the same distribution of F
3 
and Q . without regard to the effects of

d~ fferer~ stagger angles (A) and the number of the blades (NB), which is

thr ect~ y re lated to solidity. To avoid a misleading conclusion , the

velocity components due to vortex and source will be shown separately c

j - ~~~n cut the effects of NB , A and V.
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The typical tangential velocity distribution at the hub induced by

NB -radial vortex lines is shown in Figures 51 and 52 for the same hub -

to-tip ratio v r 0.3 and number of the blades NB = 1 but at different

stagger ang les (A = 00 and A = 540) to show the ef fec t  of stagger angle

on the three -dimensional solution . The abscissa represents tangential

direction and s is equal to one spacing angle (s = 360°/NB). Figure 53

shows the ratio u /u in the chordwise direction for A 0~ ,VU2d V63d
AU 2° at the hub , mid - radius and tip. The angular location AU = 2°

~s chosen since the max imum discrepancy in the tangential velocity

occurs near this location . As mentioned in Section 4.3.1, the effec ts

of the number of the blades on the tangential velocity are quite

similar to those of the lifting line model , Namely, for large NB, the

ratio u
0 

,‘u 
~ 

goes to un i ty .  The maximum d i f ference  between the
~~2d 

V 3d
two solutions (about 30%) occurs when NB = 1, V = 0.3, The ratio

U
6 

iu in the vicinity of a leading edge is sometime very large ,
2d V 3d

but the absolute value of u at this point is usually small  due to
V 3d

cancellation of the induced flow due to F and F . Hence, thei ,l i ,2

ratio u 
U 

/u at these points should not be emphasized . In Figures
v 2d V 4d

~~~ and 55, the tangential velocities at two radial locations n = V (hub)

and n 1.0 (tip) for NB = 3, A = 180 and ~ = 0-3 are shown , The

diffe rence between two-dimensional and three-dimensional solutions are

i arge v at the hub than at the tip. The absolute values are generally

la rger at the hub . Generally, the difference between the two solutions

.~~t the mid radius are neglig ibly small. The two-dimensional values are

more u n i f o r m  acros s the passage than the three—dimensional values at the

hub and this trend is reversed at the tip. Two-dimensiona l solutions

underes tima te the max i mum tangential velocity u at the hub and
~ 2d

~

—— -
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overestimated the value at the tip . The effects of the hub-to-tip

ratio V and the number of the blades (NB) on the difference between two

sclu~ions are more dominan t than those due to stagger angle A.

The effects of the number of the blades on the induced axial

velocity u due to the NB-series of radial vortex lines show the same

trend as the behavior of the axial velocity in the “Li f t ing  Line Model ”

mentioned in section 4 .3-1 . Namely, for large NB , the axial velocity

goes to zero quite rapidl y, especially at the hub , Therefore, the case

of NB=l is selected to discuss the effects of stagger angle A. In

Figures 56 and 57, the behavior of the axial velocity 
~

-‘

~~ 

and u
C2d

are shown for widely varying stagger angle A = 0
0 and 540 for NI’=l ,

0.3 at the hub , The trend is almost s imilar  fc.r both cases; but the

dit c~eparicy at large stagger angles is sli ghtly larger than that at

sma ll s’-agger angles- To show these effects clearly, the axial velocity

ratio u /u for NB=1 at ~.1c cos A = 0.0 and n = V (hub) are shown
~
C2d vC3d

~n Figur e 58. The axial location C/c cos 1k 0,0 is selected since

max imum difference between two solutions occurs near this location . The

axial velocity ratio is larger for larger stagger angles at both hub and

tip , and is  also amplified by small hub-to-tip ratio. Incidental ly , the

rat:c at large a~ ia 1. locations should not be emphasized due to small

absolute a 1 ue s The depar ture at the hub is larger than those at the

tip and at mid radius

The radial velocities induced by the NB-series of radial vortex

l ines are discussed below . The radial velocity distributions u~~/~
/
~j T

3
i s  plo tted a~ org the tangential direction in Figure 59 at the mid radius

and at c/c cos 0-0 for A = 180, V = 0,6 and 0.3 for various values

of NB ‘ m t  i s  clear that the small hub-to-tip ratio causes larger radial

_ _ _ _  —~~~ -- - - - - - -
~~~~~~
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-
~~e . oL i t y  t ha r  ~~~~~~ large hub-to-tip ratio , and the larger number of the

b1 ades makes the radial velocity distribution uniform along the

t~rgent1ai direction - The effect of the stagger angle A is relatively

smaller than that of hub -to-tip ratio and number of blades (NB).

Generally, the order of magnitude of the radial velocity induced by

NB-s~ rzes of radial vortex lines is approximately 15% of the maximum

tangential and axial velocity components for V = 0,6 and 30% for V = 0-3 .

Unlike the ~crtex system , the tangential velocity due to the NB

series of radial source lines u~0 
decreases re la tively sl ow ly along

3d
the axial direction , In order to examine the effects of the stagger

angle  ,~ , two chordwise planes . such as C/c cos A = 0 and 1.0, are

selected . The ratio u /u is plotted along 0 axis for V = 0,3 and
S 2d 5 3d

NB i at the hub in Figures 60 and 61. Also , the effects of hub-to-

- ‘ tip ratio (v cn the ratio u
50 

/u for V = 0,6, NB = 1 at the hub
2d 3d

are p J o t t e d  ~~r the same figure only for A = 0
0 and 54 0, The effect of

the hub~ to_tip ratio ~ is more dominant than that of A.

The ax±al ~eloczty due to the NB-series of radial source lines

U r and -u~~ is usually larger than the corresponding tangential
‘
~~2d ~~3d

~eJocity u .  and U
U , and different from the induced velocity due
‘3d

to a ~-oxtex system - The axial velocity u due to the NB-series of
3d

r a d i a l  source and sin k lines causes quite a large discrepancy from the

‘~~o-dimersiona) solution for large NB , espec ia l ly  at the hub for  s~ a1l

hub -to-ti p ratio as mentioned in the “Source Line Model” . The effects

of the NB on the ratio (u5 /u ) for zero stagger angle (A = 0) are

~2d 
5 3d

shown in Fi gure 62 , (NB = 1 , 3 , 5 , 20 for V = 0,3 and NB = 1 , 20 for ~ =

0 - f ’~ - F o~ reference , the limiting values of (u /u ) at tar down-5 2d sC 3d
st r e a m  ~ ~ ~re  a l so  shown in the graph - They are ( l - ’~i~~~) = 2 - l ’  at
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‘he hub and 0 €~ at the r :.p for V = 0,6- At the point close to the

leading edge and tta il zng edge , the ratio has no meaning, since the

axial ~e~ ocit y is very small , The ratio (u
5 

/u ) at the mid

~~3d 2d 3d
radius ~s —e~ y close to unity except near the ~eading edge and the

r ra :ling edge . The effects of stagger angle on the ratio (u Lu )
sC2d sC 3d

at th e  hub for NB = 20 are shown In Figure 63 in the region very clos e

to the singular point (AU = 2
0

), The effects of stagger are negligible

for large hub - ’o-tip ratio (V = 0.6), and the effec ts of NB and V are

mor e dominant than those of stagger .

The radial velocity distribution u r/’7 induced by NB series of‘cj
radial sour-ce lines are shown in Figure 64 along the tangential direction

for A = 180 at c c  cos I = 0 at mid radius for several NB and ~~~,

Simi l ar to The -1orte~ system , the radial velcoities due to the NB series

of r ad~a’ sc’-i ce lines for small hub-to-tip ratio (~
. = 0,3) are larger

th an those of ~axge hub -to-ti p ratio- The larger number of the blades

NB mak es ~I’e distxibuticn of the radial velocity uniform along the

I 
- 

1-angent i~~ d~tectzon . However , the radial veloc i ty induced by the NB

se~~ es cf radial source lines for large NB is larger than that for small

NB, Therefore, for the case of large NB and small hub -to-tip ratio , the

rad:al ~elocity due ~o source lines is not necessarily small compared

with o’her eloc~ t~ components. The effect of the stagger angle k is

Tei a’lJely sma~ 1er than those due to NB and V .

1 3 i Effects of the Radial Source Lines

~f Var iab ie Strength

- ‘11 ~~~~~~ exampJ e ca1cu1 -~tions given in the preceding section were

cl! -rl ed ci; ’ fc’ r a ser~ e~ of radial vor tex and source lines of constant

s t r e r g ~ h Howe €~~~~ , ~ t .s not necessary for a radi-i l source line to be

_ _
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of constant strength as mentioned in Section 2.2, It is expected that

a series of source lines of variable strength can have three-dimensional

effects directly. In order to examine the effects of the radial source

line of variable strength alon g the radial direction , a three-bladed

system of symmetric profiles an.i of zero stagger ang le was considered

for hub-to-tip ratio V 0.6. Each blade is replaced only by a pa ir of

rad ial sourc e lines 
~~~ 

and Q~~2 . The locations of Q~~1 and 
~~~ 

are

shown in Figure 65, and the values of them are given by

= - 0.5~ + 0,9 (89)

and

= 0~5n - 0,9, (90)

where i = 1, 2 and 3. For the sake of convenience , the inlet flow

veloc ity or which the three-dimensional perturbed velocities are super-

imposed is tcken to be unity . For several angular locations the

numeri zal results of the pressure distribution based on the inlet flow

veloc ity are si-own in Figures 66 and 67 at C = 0 and C = 0,5,

respeot~ ve ly, The point C = 0 is near the leading edge and C = l~0 is

near the trailing edge . The flow field corresponding to C = 1- 0 is the

same as that at C = 0, and the values for negative U are the same as

those for posit :ve U by symmetry. At C 0, the discrepanc ies between

the t w o - and three-dimensional analyses are quite small for any 0, and

th e ‘~a1ues based on the analyses are coincident at mid radius n = 0,8

(see Figure 66), However , in the region near the suction surface

of the blade at ~ = 0.5, the pressure coefficients based on the three-

dim ~n s i o n a l  ana lys i s  are d i f f e r e n t  near the hub and t ip  (see Fi gure 67) -

At mid radius , the difference between the two-dimensional and three-

dimens ional pressure coefficients vanish . For comparison , the same blade 

--~~~~ —--- ~~~~~-- - — .~~~~~~~~ — —- -- —~~~~~~~ - ‘ _ - - ~~~~~~~~~~
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system with constant strength of the radial source lines , Q . 1  = 0.2

and 
~~~ 

= - 0.2, is shown in Figures 68 and 69, The strength of the

source lines is taken to be the integrated mean value of the preceding

model. Comparing the two cases, the discrepancies between the two- —

dimensional unrolled solutions and the three -dimensional solutions are

relatively smaller than those of variable strength source lines. Thus,

the effect of a source line of variable strength upon the three-

dimensional flow field is large and the discrepancies between the two-

and three-dimensional analyses are amplified by the variation of the

strength of the source line along the radial direction , Furthermore ,

the differences between the pressure coefficients of the two analyses

vanish at mid radius for the hub-to-tip ratio V = 0,6 for both constant

and variable strength source lines.
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CHAPTE R V

CON CLUSIONS

The flow field in the axial flow turbomachinery encountered in

px act:ce is three-dimensional and is affected by viscosity and

compressibility. Therefore, the three-dimensional potential flow

theory can be used only for restricted three-dimensional flow prob lems

because of the assumed incompressible , irrotational , and inviscid flow

condit ions, The three-dimensional potential flow theory can play an

important part in the clarification of the three-dimensional effects on

the flow fce~ d of an incompressible perfect fluid - The three-

dimensional potential flow theory based on the analysis of Rossow (3)

-;r- J fyscn 2 was modified in order to predict the three-dimensional

flow ef f -~ts ,  ~~ blade row is replaced by a series of radial vortex

lines of constant strength along the radial d~recti cn and a series of

radial source- lines of variable strength alon g the radial direction.

The perturb ed ~eloci~ y field due ~: a sing le radial vortex and source

line of constant strength was calculated for hub~ To - t ip ratios u = 0,6

and 0.3 The perturbed ~elocity field due to a radial vortex line of

ccnstan t strength f o r  ‘ 0,6 was coincident with the results of

Refe’er := ia :- - For the perturbed flow field due to a radial source

line , there is no other numerical result available for comparison . The

qualitative behavi or , however , is very similar to that of the two-

d~n—cr s~ c-nal un r- ~2 ’ ed solutions except for the radial velocity components.

The charact erzs ’;c behavior of the three—dimensional perturbed ±low

field due t o a sing le radial ~or~ ex and source line of strength unity

discussed ~ n Sections ~1 ,2,2 and 4.2,3 are summarized below ’

__________________________ _ _ _ _ _ _ _ _  ____
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a) The qua1itati~ e beha~ iuz ut the tangential and axial velocity

components is similar to that for two-dimensioral unrolled solutions -

The maximum discrepancies between both analyses are 25% for = 0.6 and

30% for V = 0 3 ,

o) The tangential and axial velocity cuiliponents due t~~~ a sin gle

radial vortex line of constant strength are very similar to the axial

and tangential velocity components due to a single radial source line of

strength unity as in the two-dimensional unrolled solution . Also , the

behavior of the velocity components due to a source line relative to

the two-dimensional values is always opposite to that due a vortex line -

c) The beh avior of the radial velocity components due to a single
4

r~dia1 vortex and a source line of constant strength are very different -

d) ~t mid radius (n = 1-4-v/2), the tan gential and axial velocity

componer~ts of the three-dimensional flow field are very close to those

for two -dimensional theory for hub -to-tip ratio V = 0-6 , but small

discrepancies between the two analyses were found for U = 0 - 3 -

e) The three-dimensional effec ts are anplified by a small hub-to-

tip ra tio-

f) The discrepancy- between t ’,so-dimensional and three-dimensional

solution a t t h e  hub (‘
-

~ 
= v) are opposite to those at the tip (n = 1 0)

and these a!e aip lified by a small hub-to—tip ratio for both a vortex

J ;n e and a source line -

The three-dimensional potential flow theory was modified to solve

the three -dimensional flow field around a blade row of NB blades , where

each biade is replaced by a series of radial vortex lines of constant

strength and a series of radial source lines of variable strength

~ 

-j ---
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Example calculations were carried out for the “Lifting Line Model” ,

“Source Line Model”~ “Lifting Sur face Model Including Thickness Effects ”

and “Effects of the Radial Source Line of Variable Strength” . In the

fi rst and second example calcu ions , each blade is represented by a
/

sing le radial vertex line (F - 1.0) or a source line (Q = 1,0), and

the effects of the nun-bet of the blades NB and hub-to-tip ratios are

examined , The effects of the stagger angle -k together with NB and V

are examined in the third example calculation in which each blade is

replaced by a series of radial ‘vortex lines and source lines of

constant strength. The calculations are carried out for stagger ang les

0 , 18 , 36 50 , number of the blades NB 1 , 3, 5, 20 and hub -to-tip

ratlo V = 0- 6 and 0,3. Finally, the effects of the radial source line

of var iab le st rength are investigated for simple models - The

characteristic features of the three-d imensional flow field are

summarized below :

a) The effects of the small hub -tc- tip ratio on the discrepancy :3

between the t wO . and thr-ee -d:mensiona l solutions are greater than those

of the number of the blades NB and the stagger angle 
~~~

-

b) Effects of the stagger angle A on the discrepancies between two ‘1
solutions is usually smaller than those due to NB and V.

c) Small number of blades (NB) cause larger discrepancies between

two SO 1 U t1 Ofl 5~ esp ecially at the hub , excep t for the axial and radial

‘~eloci~ y components due to NB series of radial source lines - Altern a-

tively, the axial and radial velocity components due to source lines

axe amp lified by large number of the blades ( N B ’) together with small v~~.

___________  _____  ____________________________________ 

I 

- - -~~~~~~~- ~~~~~~ - - ~~~~~~~~~~~~~~--- --~~~- --- —---~~~~-
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d) The radial source l ine of variable strength causes large

discrepancy between two solutions even for relatively large hub-to-tip

ratio , but at the mid radius , the discrepancies vanish for V = 0.6.

~~~~~
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APPENDIX A

~pe rf:ca ion of the Boundary Conditron for

Radr-i l Vortex Line and Source 1~’ne

~pe i ± i c a t i o n of the Boundary Condit ions foraRadial Vortex Line

The s ngle radial ‘~-ort e~ l:ne of constant strength r located at

o, e 0
0 is sp l it into yd~v ~see Figure 70) and distributed over

- 6 / 2  < 0 < ~ /2  as given by

6,2
J ‘~d: — F - (Al)

The induced ve)o~~:~~ y ~~q at (i ’ , 0 , 6~ 2) due to ‘yd~- is given by

Aq ,d:i~ 4~ h ( c os 0
1 

- ~~~~~~ 

~~ 
(A 2)

where

AD n cos ( B — w l  - m  -
C05 0

~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~- 

DP V
r~~~~m~~~~~A~~2y ~~2mn cos ’B~~~~

AL ~~‘m - n c o s (O - w )  
_ _ _ _ _COs 0 —— - — — - -

~~
--‘ - - —- -

- 

~~~~& -m j ’.(~ C,2)
2 -2(k’m)rcos(O -

~~)

and

F l ’  Ac /2
sin ~ ~— 

____________________ 
. l A S )

~~ sin Z (0 - w) ‘

Therefore, the tangential veloci ty c omponent of the induced veloci ty due

to ~he 
t ota l of the ~p ii t radial ~or~ ex lines is given by

~

--  - -  - - -
~~~~~~~~ ~~--—--~~~~~ ~~~~~~~~~~~~~~~~~~~ —-,, - --- 
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6/2
Aq sir a cos (0 - Lu) dw

0 -6/ 2

- 
~ ~6/2 Lg/2 cos (0-w) ~ cos (0-w) - m

2 . 2  , 2 - -

-6 ,.2 n sin (O-~)+( ~/2) /
n 2 m~~+ (A c 2 ) 2 - 2mn cos(0-~)

i l .  m - r~ cos (0 - dw , (A6)
(
~ 

~~~
)

2 
+ (Aç/2) 2 -2 (

~ ~~m)

Integrate with respect to w and take the limit as A~ 
-* 0; then ,

2’m v0 = y/2n , for  - 6’2 < 0 < 6/2 (A71

Oc -’ 0

~~~~~if~~cat ion of the Boundary Conditions for a Radial Source Line

In the same way as for the vortex ine , a radial source line of

variable strength Q (n) located at ~~= 0, 0= 0
0 i - s  split into L (n)dw

(see Figure  7~) and distributed over - 6/ 2  < 0 6/2 as given by

6,’ 2f ~ (r~) du. = t~(f l ) 5  = Q(n.) . (A8)
-6/2

The induced velocity due to a split source ~~1r) is represented by

i(n) dw r A Y )

2r V~~~~~ ? (0 - w) (A~/2)
2

The axial component of the induced velocity due to the total of the

sp l i t r ad x -~l source lines is gi- en by

-— --~~~ - - -~~~~~- - - ----~~~~~~~ ~~- - ~~~~~~~~ -- - -~~~- - - ~~-- - - -~~~~~~~~~~ --~~~~-
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- 
6/2

v = j  Aq cosc~ dLu
-6/2

~~ 6/2 

2 2 dw . (A l O)
-6/2 ~sin (0 - w) + (A~/2)

Integrate and take a limit as A~ ÷ 0; then ,

9~.im v~ j~(~ ) / 2~~, for - 6/2 < 0 < 6/2 , (All)

A
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APPENDIX B

Elimination of the Summation M out i in the Series Summation

Usually the blade row in turbomachinery is constructed by

equally spaced blades of the same profile. Therefore, the distribution

of the series of vortex and source lines is the same for any blade ,

Now , 0 is the angular coordinate of the location of the j-th vortex

or source line for the i-th blade . From the periodic characteristics ,

we get

~~~ 
= 01 ,) ÷ (2~ --NB)( i - 1) - (Al2)

Using Equation (Al2), we can eliminate the summation with respect to i

ir Equation (39) in Section 3.1, Thus,

sin m(0-0 )= sin m(0-01 
.)cos 2miT (i-l)/NB-cos m(0-0. )sin 2m~ (i-J);NB

1 ,3 ‘3 1 , 3

(~\l3)

Let

S(j,m) = 

n~ i 
exp (;K ( ~ -c )) F~ (K~~~~)• m~~mn~~ 

- (A14)

Then

JVS NB - -
= - ~~~~- Z (0-0 - i-l )+2 E p— [sin m(0-0 )cos 

2m1T~~i~~l)
V - 4 ’rr Ii NB m lj NBj=1 in  m= l

- cos m 
~
0 0 lj~ 

sin ~.!!~~ i-ii. 
) S(j,m))

L. -~~~~~~~~~~~~~- - - - - - - - - -~~~~~~~~~~~~~~~~~ 
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~ ~NB(0-e 1 .)- (NB-l)~-+2 

~~~~~~~~ 

m(0-0
1
) E  cos

- 

~~ m 
~
0
~
0
lj~ i~ l 

~~ 
2m~~~-lj j S(j,m)) (Als )

and

cos 2~i(i:jj_ : cos Jl-i/NB) • mu ) ‘sin mit/sln (mux/NB) ,

where m ~ 9. • NB. when in is a multiple cf NB (m = 9. . NB), we get

NB NB
E ~~ 

2m~~i-l) =~~ cos ~i- 1) 2Zn) NB.
:=l i=l

Sim1L ~ rly,

. 2mu (i-l) 
= sm ((l-l/NB)m~)•sin m n/sin (m~/NB)

0 .

where ir • NB , and when m = NB .,

NB - NB— 

~ sip 2m~’ , i — l i  
~~ sin (i - 1) 29.7T l 0

i~~~~l i~ l

Therefore . the ~eiocity po’ential reduces to

JVS ~
- sin k (0-0. - ): NB 

~~ ~
0-0i -(l - l i N B ) ~~n 2  

k • S ( j , k ) ) ,
2=1

( - \  16)

where k • NB = 1 , 2, 3, - . - In the same way , the summation with

.espe :t to i n  equ a t i o n  (46) can be eliminated 

—-- —-- ---~~~~-,—-- -----~~~~~ - - --— --~~~~~~ - _
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APPENDIX C

Re l~~? ed Bessel ~unction and Chara~ tenstu.s of the Series Expression

a’) F~n~ t~ on Z (K n’)r n - mn

~Y (K n) 3J (K n)
Z k r J (K n) 

~ 
m mn — ~~~~~~~~~~ 

~~~~ I I (K n)
in mm - 

in inn ~n r- in mfl.
~=l

(Al’)

FL: t- -~~~ion iAJ’ )
)\ (

~~ 
aJ (~~)

(x)} ,

u.here y = K i ’ ~ Then by Lommel ’s formula tor Bessel Function ,

[2 (K r ’]  K [a—] - (Al 8)
m mn , inn °k

~nd ai~~ frcm thE bc- :”d-31y condition gi .en by Equation (11) in Section

2 ‘‘K .- )  J ‘ K
rn inn 

= (Al 9 i
Y 

‘ (K -:) -
! 

‘ ( K  )m inn rn inn

the n
~ 

‘(K )
Z 1 K  r ’- • 

m ‘
~~~
‘— K - (A20~m ~‘n 

Y ‘ (K V )  
rn mn

rp mJl

~her e

Z K Sn ] (K n l  ~ 
‘ 1K  v)  - 3 ‘ 

~K ~ ) ‘s (K n u -
m ir ’ r n m n  in inn m inn m inn ’

The~~~t - o r e  B~~~(X ) aJ (x)

m m n ~~~ 
I Z (~ ) 

- 
~~~~~~~~~~

-— ~~x) I
X=KmnV 

X V K
~P

________  - - — -~~~~~~~ --- ---
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h~~ Lornme 1 ‘ s formula

[Z ( K ’ ~~J K [?/ii x] 2/vrr -

r :-  mm

Ilenc e ,
~ ‘ ( K  )

IZ .~~~~ r ) 1  — 2 m inn- (A21)
m inn - 

~ ‘ ( K  v)
m mn

b~ Integral and Deri~ atives of Z (K i-)
- in mn

From bcundary condition (A20),

SZ (K r~
_______ = 0 (A22)

0 l ,v

2: 
~~ r -  ~ (m

2
-K 

2
) when n 1

m ’ n-n 
— 

- mm
— I -, ‘ ~_ ; — ‘- -

32 rn2 2 ni ~~nrn— (—-- - K  ) — when i = v
\~~ 2 mm 

~m
’
~~n-n~~

‘
, K r~ dr — L mm 

~~~ 
2
~s1dS = [~~~~ ( ( 1  - ~~~~ 

2
(S) z 

2
(S))  I

n- mm K 2 in - 2 
S
2 m m

inn K ‘~mn
(A2 4)

tnh € tP  1: ‘ S)) 0.
rr S K  ,K ‘~inn inn

c) Closed Form for Series Express~ on

By Dini s expansion ,
1

x r Z  (1< n ) d r
~ 

—
~~~-——~~~~~

—
~~~~

--- ——-— Z (K ri) = 1 , (~ 25)
n i  

~ 
nZ 2(K rid fl 

------ - - - -- --~~~~~~~~~~---~~~~~~~
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uss~ g Equ 3t :or (A 18) , we obtain

1

• 
- 

r~Z (K ~)d~-
~~~~ in mn 

~~~~~ (A20I1 2
n=l riz 

2 (K ~)dn‘

V 
~~ 

-

‘he tangen~ sa l and rad ial ve locity componen ts due to a single radial

vortex l ine and also the axial velocity component due to a single radi~~

source line are zero at ç = 0,

1

~~ I r Z (K ~)d~
(u

9
) = : (li- 2 E cos in 

‘V in 11111 
Zm

(K
innfl)) = 0

nir l n=l  
j ~~ Z

2
(K ri)dn (A27)

1

- x ~ r~Z (K ~ )d~ az (K r~)

-:u r~ 
= :~~~-~-~~~~ ~~~~~~~ m r n n  in

an
fllfl =0 (A28)

m=i n=1 
j r~Z 2 ( K r ) d r

and

1

1 2 ~ I Q r ) Z  (K 
~~~~

~~~~~ 
2 

Q (r ~~d r r  L ~ — Z (K fl)

n=2 
~ flZ

2(K fl)dfl

~ 2 ~- -:s in e 
f Q(n)Z (K fl)dfl 

Z ( K )) 0 (A29
mn n=l 

~Z
2 (K n)dn —

The t~ ng eP ’ ’Jl and radial velocity components due to a sing le radial

~~~~~~~~~~ line of cns -~r-t strength should have an inflection point at

0, ‘h’~n,
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~
2
u 2 ~~v0~ = : —  ~ cos m O ~ K Z(K f l ) 0

2~~~~~ m=l n=l ~~ 
j
’ 

flZ 2 (K~~~ )d~ 
in mn 

(A30)

and

- 
fn Z (K n)dn Dz (K ) 

S

vn
1 ~~ 1 s i n m O  

~ K 2 u 
• 

in inn
2r 

m=l n=l mm 

f
’
flZm

2 (Kmnfl)dfl (A31)

Also , the axial velocity component due to a single radial vortex line

of constant strength has a maximum value at ~~ = 0; then ,

1

- 
/ flZ (K~~~~) dri

[ V 

~1 = L Sifl in 0 E K 2 v 
•Z (K ) = 0 -

2~~ m=l m n=l inn 
/
‘
flZin

2 (K
mnfl)dfl 

in mn 

(A32)

~~mi lari y, for the three-dimensional flow field due to a sing le radial

source line of variable strength , the tangential and radial velocity

components have a maximum value at ~~ = 0; then ,

~ f
1
Q(n)Z (K n)dn

=; E in sin m 0 ~ V 
‘1 (K r i) d~ = 0 (A33)2-n o ,) m mn

- 

c=O m=1 n=l 
f~nz ‘(K ~)dr

in mm
V

and 
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~ ~Z (K n)
F —~~~~~ ‘ - —

~
--- ( -  E 

V 0 On

- 

~ ~~o 
~ n=2 

1
1
flz

2(K fl)dfl
V

1

~~ 3 Q(n)Z (K n)dn az (K
mn

n)

± 2 Z cos m 0 E —~~
---— — ) = 0 - (A34)

m-l n=l 
~ ~

Z 2(K n)dr~

The axial velocity component has an inflection point at ~~ = 0; then ,

1

- 
-
, Q(n )Z (K ri ) dn

F—~-~-1 —
~

-- ( E K 
V Z (K r)

2 4~ on 1 o o n

~ n 0  
p = 2  

~~nZ 2 (K~~~)d~

I Q(n) Z (K r)dfl

2 l~ cos in 0 ~ K —
~~
--—— — Z (K nfl Sn 0 (A35)

inn 1 in inn
in r=l 

! nZ 2(K fl)dfl 
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APPENDIX D

Approximate Formula for the Solution of the

Three-Dimensional Flow Field

The solutions of the three-dimensional flow field due to a sing le

radial vortex line and source line include series summations of Bessel

functions and trigonometric functions and are quite complicated . A

modification of the three-dimensional :olutions will be attempted here,

The qualitative behavior of the three-dimensional flow field is similar

to the two-dimensional unrolled solution . The perturbed velocities are

approximately identical for both two-dimensional and three-dimensional

—,ases ~ii mid radius for any hub-to-tip ratio- Rossow (3) suggested the

use of Taylor expansion for the exact solution of the three-

d:,irenston.al flow field due to a single radial vortex line as an approxi-

mate formula valid for hub-to-ti p ratios close to unity . However , this

approximate formula may not be valid for small hub-to-tip ratios

b~ ~use of the assumption made in the process of the Taylor expansion

J r  the process of calculating the three-dimensional flow field , dupli-

cate calculations are ~-equired in order to superimpose the effects of

the vortex 5 n’I snurce lines . Once the basic solutions are obtained , the

superposition of the flow field for several vortex and source lines

invclv es only simple al gebraic equations . Therefore, if the basic

solutions are r epresented by simple approximat e formula based on

numerical results of the basic solutions , these approximate formula

are ‘~a)id for any calculatton for the same hub-to-tip ratio. Several

apprc~imate for~nu 1 :it ions are suggested below :
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-
~~

) Approxiina~e velocity potential and velocity comp onents due to

a sing le radial vortex line of constant strength

= - tan tan 0/2 
(A36)

ap tanh B~

- F sinh 2B~U
A ) 

= - 

~~~~ 
cosh 2Bt - cos e (A37)

ap

F B ’ ç s in e(u )  = - — (A38)
- vn 2~ cosh 2B~ - cos 0

ap

and

- r B sin O
( U )  

~~ ~~sh 2Bç - cos ~~ 

(A39) 
- 

-

ap

where B B i r ~) ,  B’ = SB (n)JBn. These are similar to the two-

dimensional unrolled solutions except for the radial velocity (see

Appendix E) - The functional behavior of the approximate formula are

t c - n d  to be quite sImilar to the three-dimensional exact solutions . The

approximate tan gential and radial velocity components have the same

limiting ~-a1ues -a t. ç * .t 0 and ~~ 
-+ ± as the three-dimensional exact

s:i’~tion s Al so , the approximate tangential and radial velocity

components hav e infi e-~tion points at ~ = 0 and the axial velocity

c oinpcment nas a maximum at ç = 0. However , the functions B(~) and B ’ ( n ,)

~re unknown But , fiom numerical results of the exact solution at the

pax~~ cu1~~ and 0, the — alues B(ri) and B’(~) in Equations (A37), (A38)

a”d (\~9) c~ n he determined , The development of these approximate

ts  planned Icr the future.
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b’) Approximate velocity potential and velocity components due to

a s r n g ie radial scurce line of constant strength :

The approximate formula for the three-dimensional flow field due

‘-o a single radial source line of variable strength can be written as

= 4
~ (l+V)C 

9.n (2(cosh 2C~~ - cos 0)) , (A40)

— 
Q sin O

~use ) 
4ff (l+V)Cfl cosh 2Cc - cos 0 ‘ (A4l)

fu ) - 
Q C ’ 

(1 + !. 9.n(2(cosh 2Cc - cos 0))- ~~ sinh 2Cc
- Sr~ 4-rr (ltv)C C cosh 2Cc - cosOap (A42)

and

- - 
Q sin 2C~ A43iu~~~) - 

2ir (l-i-V) cosh 2Cc - cos0 ‘

where C = C (n), C’ = aC (n)/an , and C = l/2n correspond to the two-

dimensional unrolled solutions (see Appendix E), Again , the functions

- - (r~ and C’ (n) are unknown , similar to the vortex system. These

quantities will be determined for fixed n and 0. The values C(n ) and

Ir) so derived are valid for the estimation of the velocity

components along the ç axis for particular n , 0, V.  Values of B , B’ ,

and C ’ of the present formula , whose functional behavior are quite

similar to the corresponding exact solutions , will be determined by

using the exac t numerical results at a few points for particular r~, 0

and c Then, the approximate velocity components at any c coordinate
can be easmly determined .
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APPENDIX E

Two-Dimensional Unrolled Solution

The velocity potential due to a vortex of strength F and a source

of strength Q located at c = 0 and 0 = 0 are given by ,

I’ — 1 tan 0/2
= - — tan (A44)v 21T tanh ç/2~

and

= 
~~~~

- 9.n (2(cosh c/n - cosO)) . (A45)

The corresponding velocity components are:

= - 
F sinh c/n (A46)vO 4urrl cosh c/n - cos 0’

F sin O (A47)
vc 4uin cosh c/n - cos 0

u 
sin O  (A48)SO 4Trr~ cosh c/n - cosO

and

= 
sinh c/n (A49)sc 4rfl cosh c/n - cosO

where the positive direction of F is based on the right-hand screw rule ,

~rud the positive and negative values of Q correspond to a source and

sink , respectively• The tangential and axial velocity components due

a series of radial vortex lines of constant strength and due to a

series of radial source lines of variable strength replacing the equally

spaced blade rows of NB blades are given by ,

_ _ _ _ _ _ _ _ _ _ _ _
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(c-~ -)~ NB
NB JVS sinh ( ~ )

VO 
- 

i=l j= l 4111-1 NB (c-c-) ‘NB 
(ASO)

cosh( 
~ 

)_cos ((O_O
~~~
).NB)

NB JVS sin 
~~~~~~ 

NB)

i=l j~ l 4~~~NB (c-c-) NB 
(ASl)

cosh( ‘~ ) -  cos((0-0. )‘NB)
n 1 ,3

NB JVS 
Q- (n) sin ((0 - 0. .) NB)

~: _ _ _ _  
1 ,3

SO 411”’NBm l  j=l ‘ (c—c.) NB
cosh ( ~ ) — cos ((0-0. ).NB)

1 ,3

aP d

(~~
-
~~- ) ‘  NB

NB JVS - sinh ( ~ - )
Q- (n) n

=~~~ ~Sr 4-rr~~NBi=l j=l ( c —c . ) NB
cosh ( ) - cos ( ( 0 _ O ~~~ ) .NB)



—-— - - ----S-,---,-----,-- —--——-,,—-,—”-— ---.--,—- ,—-————--—-- —--- ---,---—---.- ,_____•—,-—--—-----_* ,-~~
____• _ __‘•“_ __ _ ___ _ _ ____ _ S__ __* _ _ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

_  _  - - 

~
T 1

~~1

Figure 1 : Sin~ 1e Radia l Vortex and So~ rco L i n e

r ’~

3

‘2
Figure 2: Coo rdtn — ii e --s~~~~~

~~~~~~~~~~~ 
~

j
f 

~~~~~~~~~~~~~~

1 ; 1
-

~~~~~~~~~~ 2’ 
_

\ A -
~~ 

;
- -

Figure 3: BlR~1e F i , o 1  by ~a~i-ü Vcr~ex ar~d 2-a -jr ,e L~ r~~

~

- - —
~~~~~~~~ ----‘,--—--——----~~~~ - - ~~~~~~~~~~~~~ - - - —--



_ - 

~~~~~~~~~~~~~~ ~~~~~~

- ‘

~~~~~

‘

~~~~~~~:

9. 
‘2

Figure 4: Veloci ty Triang le at Mi d Radius

/ 

j_~~~~~J_ F t~

Figure 5a ‘2 -Constant Plane Figure ~b J-Con stan t Plan e

I~I

- - - - - - a 
\JJ~~~~\~~~

f

‘7- - p I-..i~
‘29.

Figure 6: Velocity at t’~e Trail1~ g Edge to Satisty

Kutt a—.Joukovsk i’s Condition

------ --

~

- ---— - ---- ----

~

—  —--- - - —  



_ _  —-~~~~~~~~~~~~~~ —- -—~~~~~~~~~~ -~~~~~~~~~~~~~~~~~ - 

76

‘2

I,

It

100 — - -

0-  • I I • I

e 20 40 ~0 80 #00

Figure 7 : Ei~ .n Values ror ~J — 0.6

- --- - ---—--- - - -  - -  - - -- - - - ~~~~~~~~~~ -~~~~~~~~~--- 



_______________ - 
—- -—- - --— -- .,- ——-- ----~---- -‘

~ -- -- --

~~~~~~~~
-----;u--- - -- - 

~ - - — —- —--
~~
-- -

~~~~
—-- -

~~ 
-- --- - — — - - -  -----,--------

- - 
77

—7-’;

7/ ’,
‘7

7/7/ I’

ISO ////~;/ 7/ ~/ 7/~
-
~

/ 1  
/

FIgure 8 E i j~~- r ~ ‘.~alues ~or ~) 0.3

- - k—— --- - A



- - - 
_________

78

U
,,

a,
7vs •

Na

5 . 0

0I

.0_ I 
c. 21

-02

Fig~ro 9: For . r ,~-e: cy o~’ u
~~ 

a~~ 9=  
~
° ,2 ’  ~~ .S f o r )=  . -2

Us~~ 
~~~~~ /

O f

C

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

03 
1” 

2

I f

00

Figure SO : C o ’ cr~ -~- cy c~ at ~~= 30°, ~~ 0.8  ~~ r L - ’ 0 . 6  

~~~~~~~- -  - - — - -~~~~~~~--- -------



-~~~~~ -~~~~ ~~~~~~~~~~~~~ - -.-—-~-—-—- - -- - ——- -- .. . - -~.—-~
-----—- ~. - —-7-’ ‘~~~~ -‘— 

~~~~~~~~~~~~~~~~~~~~~~ -

- 
-

a
(0

-4

Lt
a ( I

~ .-l V-d 0 ~ —
- .
- 

~~ 0
~ -‘-4 —4
() ~ C’)

I —I V
~~~ E

~~~~~

- dI~II 1
~~~~~

g t
o

d~~~ff~/
UI

I I ~~ 1
00_a- 0~~0- 0~~O— 09 0— 08 0- 00 10-

- ~~~~~. - - -



- -— — -- ~~- ----------- -~ —-.- — -~~~ --~~~~~~~~-~
—
~ 

- - -

- 
3-

_
i

a
(0 —4
—I

V

‘-4

—‘ -1 0
4,

I (II —4 ~~
I a~ o

m
42 —a)
.-4 VC’1 . L  c~ a

I ~i 0

C)

—4

ao
*I -.4

I)

4 ,0

o

~~~~~~~~~~~~~~~~~~~~ 

- I, —

~a ~~ J
p

I~~I I
4) 4)

F ‘
~~ ~~~~4-)

I I I
Oo a— o~~a- o~~o- cg o— c~~o— oo~to-

~ 

—~~~-- -- -_ -~~~~~~~ ----- --~~~- 
_



_-_~ . ~~~~~~~~~~~~~~~~~~~~~~ r—.-—-...--—- -- - —- - - —-  - - -Th -- - —

- 81

a

-I

• —4
-4 ,;;l

r-l —4
0 ~~ U)

_
-

-~ —4
. 11 C) 0

1 ~~ -‘-4-
~-~t-~

V ç~I l  V

o f ¶
*

I/ ~~~ \

~~~~ 
\~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

0 ’

0 0 _ U -  O?~ U- 09 0- C9~~ - 00 10-



- ----- - -‘ -
~~~~~~~~ -—— -- — ~~~~~~~~~ ~~~~~~~~~ - 

~~~~~~~~~~~~~ — - —

a
(.0

,- ‘-
~

‘4
- V4,

11 0
It

- ~~
. 

~~
-‘-4

- _— ‘ ‘0

- 
C)

I i _ i  -
~~

r

j 7~~~~~~~~~~~~~ ; !L

00~~ 0~~0 0 2 0  0~~0
I—,



/SAO4O 672 PEI*ISYLVANIA STATE UNIV UNIVERSITY PARK APPLIED RESt—ETC F/S 13/7THREE DIIENSIONAL INVISCID EFFECTS AND LIMITATIONS OF CASCADE 1—ETCh)APR 74 A TAMLMA N00017.73—C—1415UNCLASSIFIED TN—74—7e p4_

2~~2

END
DATE

FILMED

7— 17

_ _ _ _ _  S _ _ _



4)

‘~ 
4)

0

~~-

•1
C!)•1

~7 0
~ —4 4-’4) ~ 4)

~~~ -~~ 
• —

~~~: -~
4) ~~

‘I
0 ~~

* 

~ !L.If I!l i v  0
I l l  i~~ 0 1..

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

o
- 4 4,

0

- o
0 4 ’
- I C!)
4)

0

• 0
_ C~ ,

~~~~~~~• 0

\ S

~~~~~~~~

0 0 1  0 9 0  0 9 0  0 h 0  O~~U 0 0 0



r
84

o p-u

14
I)
4.,
I.
0

—

~ I-io ~— ~C) 0
~

r
‘-I C)
~~ E
C, ~ C)
~4 0

o 0
D

* II

4~)-d

/ .
/
/ v,t

~
I I ~~

0 0 1  0 9 0  0 9 0  D!~ O O~~O 0 0 0



~~~~~~~~~~~ ‘
~~~~~—‘~~~~ ~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

85

I0

CI

-.4
—I

- Co
d

o 0
~ 3

C) C)
C) -.

o
a,
c(I

I 14
1 II

C)
‘—I (

~~ I
cS

—

1 1
0 +‘O
a, 4~~ II

H

H
— 1 4
p4 . 3

U)

o

C)
0 0 )ci
C ) —

I I I 1 I
0 0 0  h0 0- 0 1 0-



_____________  _______________________ • ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

Vci
CO S.

-4

ci
~~
. C,

-
-‘ ~~~

—4
C ‘-1 U)o ai

as
C) 0
C 0
4) 0, 4’
0 t 0

-.4 4) / CN 4)c~ E • .

‘-I -.
C, ~~C, —~14 0 ‘0

c

r~ i --i ii• -~~~~~I 4,
1~~’ 11 0 !  -~~U t
i! II  0 L Q
I ’?~ I w ~.-‘~~

-.--

— . ‘•lJ-7~l / o —
I I ;?! !j~ I I

/ ‘•
~~J J

1 / i

IL]
0

4i~
0 0 E-~ -)

I I I I I
I

~~~~1d ~
00 ’t O~~O 0 9 0  0 h 0  O~~O 0 0 0



~~~~~:~~~~~~~~~~~~~~~~
—-

~~~~
-—

~~~~~~~~~~~~~~~~~
-

87

‘-4as
-‘

as

I)
H

—4
U)

- - as
0
4)

C 4)o ~— ~C) 0
~ -‘-4 —4) 0~ 0 c~0

C, ~~~— •

-4
C, ~~4)
1. 0

0,E~ t 4

I -

~~~~

I~ -d ~~IIV
J~-r
j

-d 
~~~~,ii

11 0
ii
“ I  •,-

~ 
.‘

o ~;)0
— ~~

-d >
~~~

4,- C C )
v u

S.

• — .
0

0~•—0

I I
0 0 1  0 9 0  0 9 0  0 h 0  O~~O 0 0 0

- — — - - —  
_ - —__ _____ _______ _ ______________; _ _ •____ —~~ -an~~ - - -~-—r-~--- ±~~~tr_ .u~~~t_~ ; 



-~ “ - — 

~~~~~~~ 
~~~~w

_
~~~~ - ~~~~~

ci
tO 1..

- •
— 0

C’,

as
1-s0

~~
• 

~)

—
C
-.4

C
.4 ~ 

as
C) 0
C -4 0
4) v~ 4,

C 0
4) r’.s 

~0 0 . -
-

~ -d
4 ) 0 I -

~~~
-4

U

1~
ii) :1:;;

f l~~ d ~~I I I J  —4 >.

I.1 I _  —5
( J , ~~

f i r
I 0 4-’I .  • 0 .-~~~~~~

~
/
7V// 

j 0 4,

I~r. 1 .
-d

,k~ 

•

~ 

•

~~ ~.

•
~o

• 
~

_ _ _ _  ___ _ _ _ _ _ _ _ _ _  _ _  

2
0 9 0  0 9 0  0 b 0  O~~O 0 0 a

~ 

.•__ .~~~ - -



~~~— - — — --~ —-- —~~-—- - -- -— -—,-~ - -~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

______

0 4)
CD C

4)
_ I l  C)

14
0

F - C’)

0 ‘-4
- as

• -4
..-.

I ’ , as

P C ~- Vo H
-4 Cr C) 0 C
C ,-4 - - -.4
C, 0, 4 -
0 C ~L--~~x’~ 

. as
- 04) 0 4,

C, -
1-. “ 4)
~C -, i f

1-4 ( i-

I! I H
7 ii

• -! 
L

~~—~
—
~~~~~~~~~~~

J 

1/ ~ - • -5-’ II
J I l l  0 i

/ 1  II -DI I  II —4 1-.
Ii fl 1-. 0
I F  II

~~ I *~ 0,

-3 I i i  I t  - —~~~~>i

ii I I  —4
I I I I  0 >~~~/ 1  F t
I ~~ 

- — • ---4
0 u .~//

/ I 

(

~~~ 0 4)

• (\1
‘

~~~~~ 
X. 4)

\~~~~~4~ 14-‘---•--.-:~ •--~
~~~~~~~~~~~ 

\~ 0
I I 1 ~~td0 0 I  Cr0 oro 0 h 0  0~~O 0 0 0

F

_ _ _ _ _  - -_~~~~~~~~~~ -—-~~~~ - ------_~~~--~~~ -~~~~- -



_________________________________________________________ T~~~~ ’ ‘~~~~
---—i -- - -~.— rr

9U

r ~ 
C)

~~~~~~~~~~

11/ 4
0

t .—4 4-~14 --i
- I
— I

1 1
- ~~) 

- - •
.~~ 

0 
~~~~~~

- I 0 4 ’

- ~~~~~~~~~~~~~~~~~~~~~~ 
I!

—-4 U)

I I ~ I0 0 1  oro o g o  o~~o o~~o o~ -o

______ --— --- -~~-- - - — - - -•-—~~ -~ - -~~~-



r -’,- —- -~~~~ W —.,~--r~ -~~ .~~ --~.-- ----- .. fl ~~r-~~ -

91

0 0
CD C

•~~~-‘ -4
-‘ 5-,

4)
C,
1-.
0
Cl,

.1 0 H
-

~ 
as

C C,
0

C
C) 0 C
C -4 ...s
4) 0) 0 U)

C
as

‘-4 0
41 0 4.~41
Ii 0 4)

1-4

- •

I • .~~~14
I I - s O

0,

~1’ 
- ••~4 > ~- 0- 4,

7
, U

1!

1
00 t 0 9 0  09 0  0 h 0  0 0 0

- -_ -~~~~~~~~~~- - - ---~~~~~~~~~~ -~~~~--~~~~~~—-~~~~~~~~ _



I-..
0
ID

as

0 4)

~ O~~ 4

I I ‘~II I I
I l l  ‘t \ 0,
II 1 1 4)

—

~

—

~

—

~

--/

~~~~~~~~ iIt -.4 0.
0 - 4 )

I Cl)

N
It *.~ o
I -

~~ 0 4 )
I- ~~It

/ N.

a I I I
9 0 0  hO’O ~O O  00 0- CO O- h0 0- 90 0-

I.



____ 
- - -

0 14

I
~ -2 as
C, 0, 0o I 0 C -4’lii -.4 4)
O 0 0

-~

g

H
)~ 

j !~\\ .20
4-’ ,’

U
0 1~ ! 

~
\

~~~~~~~~
\

~~~~~~~
‘\

~~~ 
‘

~~~~~~~~

00~0- O~~O — OI- 0- 09 0- 09 0- oO~~O-

~

---

~

-

~

-
- 

_ _  -~~~~~~~~~~~~ -~~~~- - — ~~~--_4-~~



_ _ _ _  - 

_
~~~~

__
~~~~~

_
~

- - 94

0

-3; -

as

C,
-4

{

- 
a

a-)
~ 

Iè 4 ) 1 4
I ‘-4 4’

~~ a! II
\ 0 l  II 0

C I 11
0 ) 0

1 

c0

00~0- a~~O- o~•o- 09 • 0-  ca - a -  oo~~o-



r 
_

93

14
0 0
ID 4)

• 14
— •1 0

H
as

o
I C,

H

:
4•.’. . .~ ~
— 0

~~r t  C, 0-
41 0
1-i 0

H
-
~ 

I
oo I

~~ 4 1 * Ci
I -4

* I

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

4-,

o

o 
1 \\

~ I! , \ \ \
~ \

C
a \ 0+)

°~~i I \ -

‘ LI #‘~~~ —‘-4
fT
I! 0+’(I

0 O C

~~ ~~~~~~~~ ~~~ 

_•————

~~

—-----.------------—-----• 

~~~~~~~~

1 

0

1 1

oo o- o~ -o- o a o  o~~o 00 - ia -

4 - - - -~~-~~~~~~~~~~~—-- —~-----_-_—-- -- -~~~~~ - ~~~- - ~~~~~~~~~_ - - -~~~ - -~~~~~~~~~~



~~~~~~~ ~~~~~~~ ~~~~~~~~ 

-

~~ ~~~~~~~ ~

—“-,,_‘--_- - — 
- - - - - 

~~~~~~~~~~~~~~ 
— - —------ --.•

~~~~
---—‘-— 

-- - —--‘
I,

~j~)

C

Ii as
-.4 Ii 0

0 0-4) [I
14 0 4)

I
-D

a
J~~~~~ . -~

ta —4

a

; / I f

~ Ii
H

0 / / t
0 X ’.-.- N ~~~0

1 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

_ ;  
~Do - i  arc ore o~~o cue co -a

t..

-~~ - -~~ -_  ~ -~~~~ --- --~~-- ---- -- - -~~~~- - - - - - ---— -- -S - - — —~~~~ a ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ s~~~a_ ~~S-rfl~~



r 
- - 

_
~ ----_-—fl-- --— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _ - - - 

_
~ - -

97

14
V

0
- 0-

— ~
.

Iii I I’

I/i l 0
H I !  ID O S-.

- 4 0

~‘77 a
I I I  -II ii — 4 4 ’
II 11 1-. —

/~~~~
X7

~~
t

.4

o 4’
_
0 ~~~~~~~

0 4 )
.-4 (/)
C,

0

o .4 C
N

\ ;
\ 0

0 O~ ~O 0 ~~ 0ir~ a ii- 0 0 0/
H ‘-0 l O ~ 0

1 ~1 ~~~I 1 d
0 0 • 1  ore ore o~~o cue 0 0 0

0



~

98

C V

w - _, .-!

4)
44

- 0

~~~~0 ‘~~

- 
-~

- V
H H

0 d
-.4 ~1 C
C) 0 .4a C’)

as
— 0

4)

- 4)
14

I I
* 

I 
— ii

Ci
-I
C--s

1 a a-’
a
0

+’
- ‘ p~ 

as
IIit a.

I l l  C
ii! ~ 0 0
U I !!  ID 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

_
a

1 - s O
4’ ’-.

/ - C)
_ .4 )-,

0 - 4 )
—4

‘
p

0

F 1 

~~ ~ 

~~~~~~
on a a o  ore O b O  ouo arc

I- ’

0



- - 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

-

99

C
ID—
~1

\ \~~~~ 0 +’0 V \ V 0 . 4
ID V . 4 0
0 “

~~ .0 .0
.4
1-.
4,

- - C ) 0 )
- - 4 1 - 4

o
iI .4 0

0 
7

H O

I

:i~ 
/~~

J 

~~ 

1 1 1 ~~~ 

F
0 0 0  W 0-  ~O O-— 90 0- W 0-  0I . 0 -

0

_ _ _ _ _ _  
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —— --~~ 



— __ —_fl- 
~~~~ _ ! .

~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - —• , __ , _ _ __ fl~~~~~~~~~~ ’~~~V - - — -~~ - — - - - . 7  -

C
ID

‘ - -4

Cl)

Ii
iii -

~C, 0- 1

1 0 ”

* I 
—

~~~~~~

4’as
: / - ~~~~~ ~-3
Ii

in
C .

1 ’  0 0
/ 1  -~I ,  4) 4 4

I 0
1/ :9

3 / 1  0
--4 )-)

/ 1 0 +’
I d F

31 4
-~

—I

a 0 + ’
- ~~- -4~~~- -

/
C CI)
.4
4) 4.4
C O4),

a C C
( a s — i

- -a

T
C,

~
I 0 4/ 0 0

ItS 0 0 0 0
H in ‘0 0 ~~0

I I I I I —d
on 0 9 0  ore ot~ o cue ooo

*0

~

- -----

~ 

~~~-~~~~~~~~~-- - -



-
-

53 5—’as

as

V
H

I

- ‘ S I 

H
Jp~~~

i f
01 •

~~ ~- 
.‘-

~~ 0 /0(5 Q 4(5 0 0 0
H in —
‘I ci

0

I I Ic o - i ore ore 0~~Q Duo o 0 0

0

~~IiiIlrir.. ~ L __-_-__-_ —



- 

~
— . —-——-— - - - - - - — —-- - — -‘------ — — - — -

~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

102 -

V

0CI)

II
I I  I
* I - . —

)

—4

4,
.0
4-’

4,
a asa

- 
a

3 ‘
~~ C

oo
-44) 41

A V
0
tO 1 4 0  - -- , 4) 4.-i
0 0~I —~~~~II 0 4)

Ii
I 

-~

I
U
~~~~ ~‘o ,

It’ 0 or~~~0 00
in .~~~~‘0 

~
‘

a
I I I

0 0 1  OFO 09-c 0h 0  cue one
i~
I

~

— ~~~~~--- --- - -~~~~- -- ~~~~~~~~--~~~ 



~ - - -

103

040 4)
- • C

—

C,
a.’
0

-~~~ 
.
~—
as

C H 4)
0 as H
— C0) 0
C ci
4) 0) I N U)
0 0 - -
H C) I — as
0- 0

‘-4 0
41 0- 4)
V
14 0 4)

0~~~~~~ —
0 efl

* ~~—. 0
0

Ca
-
~~~~~~~~~

I 4,
I as

0
in

° 0 0  F- - 4) 4 4
0 0

-5-4 14
1 - s O
4-, ’-.- C) F

I
1 4 1 0

I

0 ~ -
~~~ ~

0 0 L~~S 0 4)

1
co - i  ore ore o~o ouc 0 0 0

F

A - - ~
-- -

~
----—

~~~
-- 

~~~~~
-- —----—-- - - - --



- - - -- -- - -

104

a
ID

~~~~~~~~ N
4) _

_5 —

o ci ‘--0
41 -
I-i 0 0

II

a -~~o
* I I  ~~~ -~

I I
lkl as
Ri
11(1j ul

liii CIl/ Il a 
~- d  
~~~~~~~

1/l i) 4.,
- 5 f l / l U  a s s .

INI A 0

ir ’:r ri
ii

-4
1 . 0

~~~~
‘/

02 4.
-.4 4-’
0 - U )

I, l ) -~~~~-.
~~

• 4 ) 0

~0 0 1  0 9 0  0 9 0  O~~ O Q U O  0 0 0

-- - --- - -- -- - - - -- -.-- - - - 



~~~~
-

~ -— :~~~~~~~~~~~~~~~ ‘~~~~ ~~~ r ~
— --------— —‘5--- — 

~~~~~~~~~~~~ ~~~~~~~~ - - ~

— 105

a
ID

V

ii -: L
as

-‘4 0V 0- 43

C,
0

I 

~
* ~~~ —
I CI 0 $ .
I .4 0

5$ - - 4) 4.4
0 0I 0

— 4 )

II 4 , 0
WI

—4
0 0 . 0

~~~~~ 
‘s

- ! 
~1

F 1 1
ore o r e  c i a  cue one

_ _ _ _ _



---- ---- - - - -
~~~~~~~-—-- ~~~~~~~~~~~~~~~~~~~~~ 

106

a

l~I
C~ \\\
C:~ (U -4
— ‘ I ~~

-~ as
I C 0

111 0 4-’
I 11%Ill m

C

j

~~~~~ I
I,~ I \ \

4)0
10  1

¶
5

— \ \
7 / 1  It

~~~
- /  ~/ i

0 \ 
_
\

I -‘5- 14~~~0I
I _5_%_ 0 ) 4 )

- . 4 0 .
1’ 1 0 - 4’

I’ IA~ 1~ ) -.
O -4 1 I 4-’ ’--~0 — . 0

-~ a a7
“ -.4

1~
-
p .1*’S c )

g 
_ _ _ _ _ _ _ _ _ _ _

F I I I I
9 0 0  t O •O ~o o  one- ~O- O- - hO ’O-

F

A -
~

--— -— — —
~~ 

- -
~

--—
~

--—- — --— -

-~~~ — — rs- mw#.~— _________



- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- - -

~~

-- - — — _ — -

~~~~~

-- - - -

~~~~~~~~ ~~~~~~~~~~~~ 

_ 5- _._ , _~~
_
~~

__ _ _ __ _5 _
~~

_ _ _ _
~~ 5-

107

(u__ ,~~
—-

- — .

I., 
—

- ——- N,-,

£2 -
~~~~~~~~~~~~~~~~~~~~~~~~~~~

U ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

~ 
—‘4’_~~~ — .  _______ _ _ _ _ _ _ _

o oz a. ø-~

14))
____ 

______

U.. lad

- 
/

IS L).(
~ ’” 

ja (.‘.*J)

/0 — .— ..--—-I -—
~~

__ 
~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

—

o 42 ... ~ ., —

49

o aa /0

U - 
~~~ 

_ _ _ _ _

_ _ _  ~fe~
)

O-’7 - - -~~~~
• 01.0.4

a—--—

P1g 39: Ratio of the Tiongentiel Velocities induced by the Rad1~1 Vort ex I.ines
of JVS—l at 9.2°

-— -- -- - - - -- —
--

~~~~~~~ -- - - -~~~~~~~~~~~~~~~~ - - - - - -—-----—- — ~~~~~ — -



- - 
~~~~~~ ~~~~~~~~~~~~ 

-
-‘-

~~~~~~~~~~~~

- ‘ 
~~~~~ 

—

- - 
108

__ a_— - _ 
~~_

U ,
~~ _ - —-- ‘5,1*.!

‘1.1.0(U, )411
ii —
.—

/2 

/
_ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

- — -

/~ •~~~~~~~~~~ ‘—- — - —- __

_ 
~~~~ 3

0 0.6 06 

—- -

11

______

(Uwo )~~

1-0 ~~~~~~~~~~~~~~~~~ 
s~4 —)— - —-

0 - 02 0.4 
~~~~ -S

e_q -

• 14.20
o ~~~~~~~~~ O2 

- — - — -_ _

06 01!
—

i— .—~~~~ .—-  — - — -

I

2- i) •__ _
__

_lI . - —
07 .~~~~~

. -—

Fig.IiO: Ratio of the Tengentia] Velocities induced by the Radi al Vortex
Lines of JVS=l at 9=9°

- -—— — . — — —- — — - --- ~~~- - — -—- - --—~~~ ~~~~- --- ---- - - --- ~~ -



I

- 109

- — ‘ - — - — -

to 
0-* O,~~~~~- / e i0

I 
~~~~~~~~~~~~~~~~~

5 
-

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

&~~~~ 

~
7 .1o

— a—

0_a

(U,~~~
(U..),4

0 / 0-e 0-6 0-8 / 0

~~~~~~~~ - 
_ _ _ _  

- _ _ _ _ _  ~~~~~~~~~~ 
- — - — - — - — - — -

~~
-

oq

‘-3

CU,, ),j

•-.
~

-__• \

12

I, 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
I -

~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -:
~~~~~~

0_

_

c 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~I — - —

Fig.Iol: Ratio of the Tangential Velocities induced by the Radial Vortex
Lines of JVS=]. at =1/2,1/14, 1/8 , lu G—Spacing Points for NB=3

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 



~,-~~~--_-,-_ ___ __ _ ___~~ - - -_—--- -~~ --- - -—- --- —— -_---_ .——--__ -5- - --

— -— —
~~

-- - —---5- —5-

110

(~~~~~~‘)

£1 .a6 1 : ~/ • /

/
/

/
I

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ :

(a) 7 - ~~,~~=ei

4,

. f 3 3 S + 
£

_~~~~~~~~~~ -“ ,~ ______________- 
~~~
— ———

_ .. ————— 

~~~~~~~~~~~~~ - a 
- — - -

~V 

I ‘~~~ — ‘

(j~ ~~~~~~~~~~~
— I ’

x-—-

Tigure 42 :  Ratio of the Axial Velocities induced by the Radial Vortex
Lines of JVS ]. at~~z0.1, s)sM .~j.~

-

~ 

--
~~ 

- - - -



r ~~

5-

~~~~~~~~~~~~~~~~~~~~~~~~~

5- . _

~~~~~~~~~~~~~~~~

5-

‘U

(~~L~
~

4h1.4

~~~~~~~ —~~~

S..
1O

*3

\
£3

\
‘I

\-

~~ •ZD — _
~~~~~~~~~~~~~~~~~~~~ I \- ‘5’s

~~~ _~~~~~ _ -

- s _ m o7as
(C) 

~~~~
_ I D

~~ I.U 
&‘ ~~

1—--

Tig.1e2c : Ratio of th e Ax ial Velocities induced by the Radial
Vortex Lines of JVS 1 at ~ = O l  and ~~ l.O

_ _ _  5-—- _ 5 - _~__ 5-~~~~~~ _~ 5- —--- - - - -—- -- -.~__5-_ - —----~~~~~_



- _ f - - - -~~~~~~~~~~ - 
-
~~~~.---—--5-5-- - _ ~-——

112

0.~

Tig.143: Ratio of the Radial Velocities induced by- the Radial Vortex Lines of
JVS 1 at$=2° and~~~~-~j -~

4-p -

-(‘6,1
Wq ~‘4 - _ __ a

i- - -
-- 

—
-

— - --
- —

.

4 3 -  ~~~~
.- “6.5

I~~~~~~ ~~~~~

“‘.3

02 -

II ,4 1 -  • 0.4

I—
a—,.- 

• .  •

0
0 o

IL
, 

I

Ftg~~h: Ratio of the Radial Velocit ies induced by- the Radi al Vortex tines of
JV S—l ~t 4—9° and ~~~~

_



5-
~

5 - 5 -
~ 

~~~~~~~~~~~~~~~~~~~~~~ 
—-- -------—- -

~~~~~~~~~~~~~~~~~~~~~~~

---——---- -‘
~~ 

-_-

(

113

(

U~~~~~~

‘I

— — I_p .43

0

3 

~~~~~~~~~~~~~ 
‘—

a 

~~ 

• I

f -s1, f — oF

- I
4,

- 
~~~ ~•~p’,s=o ’ .~ s -

-—
~~~~~~~~~~~

LI

\

— - — - ~
_
~_\ssi;.._ - —. 1* •

- a

- 
- 

- -

: “
~- >- ‘._ _ 5— - --

- 5.

I _ _
S 4 £

r r T 4

(C) f — I - i , c — s i

figure 45 : Ratio of the Tangential Velocities induce~t by the Radi al
Source Lines of JVZ.l a t f O l , ? ‘,-~j~-and 

1.0

— - --———-——- - —-—--- —— _______a_ _ - _______ __ _ ____ _ _____ ,______ —_ &—&—--—-—-- _- ——— -————-—-- ——--——- -—- ——---———-—————-——— -—-



- ~~

5-

~~~
’ _-

~~~~~~~~~
-;

~~~~~~~~~
-
~~~

-------,-,-- ‘,-—---—---—- - - - —‘---‘-- ‘—
~ 

- - - -- —~~~~--~--—--- 
~~~~~~~~~~~~~~~~~~~~~~~~~~~ - — -5- -5---—

- - - 
114

10
0 0.2 0-6 40 ‘-9 ~~

‘

• —. S •—
~
-
~~

———-—-—.——..—_.____._• 
‘5_~

\ -—eq 

~~~~~ 
~~~~~~~~~~~~~~~

\ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~ :\

48 .
‘-.-

~~~~~ 
\\21V.3

•5 5,.
. 

I... D, A
• .5—.-- S.-— - (SI_ u

- - ___5 __ 
‘29

S.-. - -S
__5_ - 

_
__

_ .__ __. 
____ _5__•

47 
5— • .—_ • _. ._. — - — - —. -— .

(ugi)ad
(‘ai )ad

46

£1

(us$1.4 
I,- ’(II U)I4 0 44 — 

0 4  — . — - _s8 
- — - —

-I— - — - ‘ 
— I ________ ______________ ______________

i.0 ~~~~~~~~~~~~~~~~~~~~~ __
~~~ 

- - 

~~~~~~~~~~~~~~~ 
4 —

~ 

a —
— 

06.3, 1 06
- 113 48. 20 11.~~4 l )

a,

wa .i

/ /
! !/ / 

_ _ _ _ _ _ _ _ _  
_—*e

I ~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -5
£3 / •~~~~~~~~~~~~~~~~~~~~~~~J~~~~~~~~~~~~~~~~~~~~~

• I, ~~~~ 
•_—

_ 

_ _ _ _

4 2 -  /

/ 1  ‘~
‘

~
“

~~~~ —-‘

- / 

~~ 
—

~~~~~~~ 
. 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ Is. !

• iI • S. 6

I — - —  01.6.3

£0
• *5 0-4 0.6 48 .-0

Pi~~ 6: Ratio of the Ax ial Velocities induced by the Radial Source Lines of
JVS 1 1t9’2° , f 0 1,.ZjL and 1.0

- - -- -



115

I

-n

- 
-

, 

L 7 7/ 1’
lii i’

~11/ i
I/I

LII
• ‘ 0 1—I

~~~~ f l

00



- - -5-  — - — - 5- --•_ __.-,,,p--,-,-- -- j -- ~~~~~~~ —_---- -—----—-_—- --- 5 - -  _—_----—_;
----___------- -••w--_-_-- —5------- -‘-5---—-—-—_------

116

r ~:. 6~

I

-

~

_

~

_ _ _

~ 

- -5-  - --— — — -  
~~~~~~



__
_______ —5----- —--- ----_------- ---- —-— _-_--~--—-—------— ---- --5---5---- —,---------,--5- -5-_—- ----_---—-5--- ----,- _--—-—-—- -~- —-- -- ------- 5- — - ----_------ --- - — - --— - 

~~~1~~~

- - 
117

- ! 1// /  I

‘
h
l
~~~~~~ / /

‘4 / .‘S- / -—- -—1 — p 1
U

‘I ~ •

\\y~/~/ ~
;/  /11/1

_ I. q
~t/~/]5- / h

1/ 7/ I /

_ _ _ _ _ _ _ _ _ _  

1:
-Ps

- - - ~~~~~~~~~~~~~~~~~~~~ - A



r~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

- - 118

0•

~
Iy• ‘

~~~~~~~~~~~~~ P\

S4~p1 49.2 £..~
_____S______ 

~~~~~~~~~~~ ;,; 

~~~~~~~~~ ~~~ 
,

~J ‘o~j
1W 

- -

6 (4ICI~III ) 
(~~~~

— radial vortex and source line

— calculation point

~~g-5O: Singular points and calculation points on (r ’,~ )—plane

—5------- —5--- 5----- — _--~~~~ -
-_-- _ --5- - - - 5--—--- - - —5- —5- - -—- ~~~~~ — -

~~ ~~~~



r”’
~ ~~~~~~~~~~~~~~~~~ 

- - -- $~ ]
5-

~~~~~~
5- - - r~~~~~ -5- - -__ -- ,5- - - _ ,5-—5--

- - 
119

_ _  It
;~ /\ ~ ~~~/ • :~ - \ i l  I .5 o

~——— {----~-k~’-i--r-’t ~‘S. •~~~ I \ -I - 0I.

4X
‘5

_ _ _ _ _  

-

-

5 - 5 -  5-

0 -.’1-.
••1’

Ic

-1’ IY
Ii



-- --- - --— -------_ -_- —-- -  —5-— —--5-- -—-—-5----- —-—-—-—------- - -“--‘5-—- - -—‘5- ~~~~~~~~~~~~

120

I;
~
_ I \ 

i
~~~~~ 

. _ 4 _ 1 . I
%
l

t r



_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  ——-—5-—-—5- — - 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

- ——-----“ -‘ -
- .-~

------ --~--—‘---,- --- - -5- - ‘---‘-5---- ——5- - -

121

(U....J 
)

‘493J
S.,

_4.20

f ar f~P 5.
~ / 

_4_____ - --l_-— ‘- +

/ ~~~~~~ - — -.— -~~~~
- —

~~~~~~a?- 
I

i

•6 —./

U

~~~ 4. / l iz .  (il ..d ) 

L’ ‘oto L:~~ ~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~ 
- —_:__-r_ - —T~:r--- 

- 

~1 -,

1,

— - - - -
~~

_---. — -

- a-.—
—
-

‘
I

*6 5 
‘

8I

Fig.53: Ratio of the Tangential Velocities induced by NB RadialVort ex Lines of JVSxS torag =2° at7= s),—~~
.and 1.0

4 - ---5- - - - - — -~~ ----- - - - 5--— - - --~~~--a——-— —- - - -  - 5- - -—- -- ------- 5-



-“ -------- - --——---—-- ---- ----- ,- — —---—-,-- - -——- —
~,I5-_,5--—- - - —5--—— ,—-----5—,--_- - - — 5 - ’  ——5-—.—--- -‘------------~~~~~~~~- 

,—--  — -5- -.---- ,— — -~~~~~~~ 
—

122

. i T  I
• - - I ~~~~~~~~~~~~ - -u

:~i .~~i TITJ. .T7
”

~
~1~~

~~~~~~~~~ ! ! /
—

5-- - 

I ~~~~~~~~ -

- 
-
~~~~~~~ 

~~~~~~ I ~~~~~~~~~~~ 

~~~~~~~~~~- - ~~ —~~~~~~~ -7
~~~~~7’ - 

- 
-: - - 7, £ 0

5-

~~~~~~

-

~~~~~~~~~~~~~~~~~~~~~~~~~~ 

~~~~~~

Fig .51i : Distribution of the Tangential Velocities at the Hub induced
by NB Series of Radial Vortex Lines of JVS 8 fort’ =18°, NB— 3
andp 0.3

hp— 
- - -

~~~ 

—  

—- --~~~~~~~~~~~~~~~~~~~~~ -- —



4 ~ r: :\~~\ ~\ - -~ -~

~‘ J 
~~-h -

-‘ \ - I I • ~r ( k~~- ’ T:~~~ , 
I C- -, -21?2 J I-4 ’~-i-\ I - 

-
~ -45 

- I I-) -~~ 
-
~

‘—_-—-—---4-I _--~~
___ L _~~~~~ ~.

~~~-q 
~ 

\_
I ’ -\~ J ~~~ 

- 
~~~~~~~ ‘ 4.-”

1 - 4  • -~~ - - - 
_ \  

~~ I1•-~~~~- I—4 a— ~~~ - — _ i- —~~ - S

I -  -a - q ~~I \
4 -~~~ I •~ - ~ ‘— ‘-I-. .—— , .~_:
\ 

-
~~~ J

_ _ 1 - 
5~0 0  

~,jc__ -‘ ‘ .4
I 

~~~~~~~ ~~
- - 

- 
- ‘-4

5 1~~~~- ’~~~~~,

I 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~ i

-
~ \ >

~~~-
~~~ 

.
~~~~

‘-.

- - I - ~~~~~ - - .~~ —.4 w -~
~~ 

- - - .—~~~~ 

\ 
—.4 

1 
-1

I ~~ 
-

-II

I IA -~

—I -~~

- -- - - —



F-

- -  
5-

124

0
S: 0 _

~ -~~ ~~ 
-4 -•

• k~ ;\ -‘N ~ ~- ~-‘
~~~~~~~ z

I 

________

4 ±_~-~~*~J_ _ _ _ _ _ _ _  ~1(T\’- 

~P ~ 
-

~~~~~~~

-h 
.21:

~~~~~ ~J
\

~~~~~ 
—I, s-I

- I-
‘I -i -  U)
‘ 5 %_ S - —

A



__________ - - - - - - - - - -5 --5----— -- —-— ‘r -‘------—‘-—-_--—-5-5--_ - —-----—-— - - -

123

‘a

-_ _ _ _ _

.
~~ ~~~~~ -

~- 

- t ~~~~~ I 
-

~~
\

I 

~~~~~~~~~~~~

- 

I— 
- ~~~-- - ~ -

- 
- 

- -

- - 5
- ____- 1(

~~

’ ’ -

~~

-:

~

.
• 1  -

~

‘ 
- ~ -~~~ \ -

‘ 
‘
‘

S 4) 11

~ H
I4~~~ 

5-5- —
~~~~~~~~~~ --— - - - —-- - - - - -- -~~~5 - - -  



5- 5 - - - - - ~~~~~~~~~~ ‘ 5 -~~~~~~~~~

- - 
126

~

/ \

/
_
f •

\ \
/ \ \

..ar ”\ 
-

, 
-.5% •/ • a

/ ~.\, ‘, \ ‘-
~~ /

5-

/ ,
_ ‘ \~\ \ \ / (~~~~\

/

5- \\ -
~ 

/ 4 ’ \~\\ \
- 

i
f ~~~~

~~~~~~~~~~~~~~~ ~~~~
-

~~~
- •1- -

~~~~ ~~ -
~~

\~ I’
I .—

tj  a—-—as-
o_ 0C c,~ ~

?ig 58: Ratio of the Axial Velocities at the Hub in~uced by
NB Series of Radial Vortex Lines of Jv s 8  for ~B=1
St ~~~~~~ =0.0

—-----rn-—

~

- -

~

=- -_ - - — -_  - - -5-- - -



~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _ - , - 5 - ---- --. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - - - - ___ . ----5-- - -,

127

/

5
- —

~~~~~~~~~~~
- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ r 

~~~~ ~~~~~~~~~~~~~~~~~~~~~~ :~~~~~~~~~~
- — 

~~~~~~

- ; - 
-T ~~~~

\}\ \~~~~~Y
’

- ,~ ,~~~~ -o~
S LC

Fig.59: Distribution of the Radial Velocities at the ~-~id ~a~ iu~
induced by ~B Series of Radial Vortex Lines of JVS 3 for

~~18° at 5/cza.A 0•0 

----—~~ -- - ~~~ - - -- ---- —-~~- -~~~~~~~~~~~~
- - - -  ~~~~~~

=_-_
~~~~~~~~~~ — -



—-‘—- -—5-— _ ‘ _ “ - _ . _ — . - — - ,  —— _ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —.-----— -‘--5 ,— —,--,-_—-_-_, — --—--- -,-—-— _ —--- --—---- --- -r--_5-—,---5-5-_—_,---. -

128

(UIJJ)

J 
]
,
/
/

~;;,~ c::: 

A 

:.‘ } • as

~‘\~\Y¼~ -

SI--

\_ ~~~~ ~~~~~~~~

~ •

~~

. 

I” ~ ‘
-~

Tig.60: Ratio of the Tangent ia l  Velocities at the Hub Ln du ced bj
NB Series of Radial Source Lines of JVS 8 for ~A 31

-I- --~~~ 4 I ~~~ 4

- 

\%S\4\~
AJ
~E~ 

~
J
~

5-
;7(

j j  \~~~/ 
-
\

- .

~ I ~ __-a— .-K~ 
a— - —

‘. / j  ~~~~. 
-
~ ._ 

- -
5--

- , .— ~~=0~-~ :: ~~~~~~~~~~~~~~~~~~~~~~~~

51S5- I 5-
~~~ f ~

Ia,
T1g 61: Ratio of the Tangential Veloci t ies  at the Hub ~n~ uced by

3B Ser ies of Radi al Source Lines of j V3.3 for  ~~~~ &t , c.— S.=1. Q 



~ . _— ——----5 ---—— —- —-— 
‘-——

129 -

(!~i~~) — -  - — - - —. . — - .  ___- - ~~~~
__

~ ,F4~~ - (f~) -
“-a’

_
__

~~ _~~~~ .— A  ~~~~

• a~~~Z~-5-5- a ’ ”— /
——5-- 

~~1
5-

~ 
‘-

,

__ 

—
5—

- 

~~~~~~~~~~ 
N, .~~ _, -

,

. 

,
- a 

\\.._ 
~ 

/

/ 5-
,
.-- “,—J .—‘

- / *  z~,__~ ----a--

— .5 - 
~~~~~~~~~~~~~~~~ 

- 
____ - - — - .— 2)

- 
- 

- 

\~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ——

•

f ’s  1.~

(~~ 1
- 5

S ,1,I,J

a 5--t - - 
~~~~~~~~

0.71
C ‘SI )~

Is -

(~~‘us:”

*0 ________ 
- 

~~~~~~~~~~~ 

Al.! 

-

_ _ _ _ _ _ _  _ _ _  - ~~~~~~~~~~
___ .L—,-.~ _ _ __ .  - ----— ._-.~~ . . ~~~~

---- - &. - - — - -  

~~ 
(_~±kL) •- £ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ‘ - ~~~~~~~ ~~~~~~~~ J7 a :3

a— - —
= O S

Tig.62: Ratio of the Ax ial Velocities induced by ~B Series of Radial
Source Lines of JVS~B ~~~~~~~~~~~~~~ at 46=2°, ~~~~~~~ and 1.0

— — - — -5- -  --5--- ——— - -~~~~ 5 - - - - - - - --
-

~~ 
— — - —

~~~
_
~~~~

- - - - -_ - — — - -~~~~~~~~~ - -— _—-~~~~~~~~~5-——- -- -~~~~~~



130

- i-’ . o _ 6

- 

a~~~ --~~~~~ d3 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~aO.£ 
- 

- ~_/—- 5-a

4

i~~~~~~~~~
L ~~~~~~1/~~~~~ -~~~~~~~~~

0 0_S a,;

F1g 63: Ratio of the AX I S-i Velocities at the Hub induced by NB Series
of Radial Source Lines of JVS=8 for ~3=20 at ~~ =2°

X

745. 
~~

S .
47

S

Ftg.6k- Distribution of the Radial Velocities at the ~-‘id Radiusinduced by !~B Series of Radial Source Lines of ~v S 8  for
,~ai8°

---5-- - - -- __—
~~~~~~~~

5--
~~~

-—-
~~~~~~ 

_ -~~~~~~~~~~ -— -5 - ---——— —~~~~ —-—-~~~~ 
-



T 5 -  —-5--- - - 
-— — --- - -------— -------- 

~~~~~~~~~~~~ - -- - — — -  -

- 131

0._ I

8_ ia• . -

•

JO• - - - i -

- - - - — - - - - - a Source Points

• Calcul ation Points 

08

p ,~~ .7’

-0.8

Figure 65 Distribution of the Source of Variable Strength and
Coordinate of the Singular Points ar.i Calculation
Points

_ _ _ _ _ _ _ _ _  - ---5- -—=5. ---~~ ---- ~~~~~~~~~~ -~~ - -



-
~ -5 — - 5- — —

132

C,
at V . 6

J v S . 2
NO.1

a .i, • 5’ . .~ ~4

0.0 - - — ~~~~~~~~~~~~~~~~~~~~~~~ • o‘1 
~~~~~~

fr
1

S F - S

+ a,
os~ 

- ‘ Three Di~ ensionai 

Two Di~~nsional

Figure66 : Pressure Distribution due to Source Lines of Variable Strength
at5”sO for NB.3 and £)=0.6

C,
00

03 0.? 0.8 # 9  II

6•~ 0 5 Th•
,— i- 

- - -~
-- -- ‘- - -- -:- : : 

~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~ j rs • -z
—~~ wa j

- .-:- - 
~ - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - - f .esr

9~ 
.0 5-

5- -
-.

/ ,—‘-
_

~~~

_

~~~~~~~~ 

x —Three Dimensional

-at / a Two D imensional

Q~, ~ — 4S f — 0.9

- .O -- a Q Sf — C?

Figure67 : Pressure Distribution due to Source Lines of Variable Strer.gth
at 5’s0.5 for NB=3 and~~ =0.6

- - - -5— ~~~~~~~— - - - -——--5-  — - 5-
~~~~

-—
~~~ - -— - - 5 — - - —

~~~~~
- . - - -——- - - — —  -~~~~~ - -~~~



~
5-

~~~~~~ f l - ; : -
~~ 

-- 
~~~ ‘ - - - -  —- -fl - — --

133

4
•2 _ •s_ 0

/y5.1

9 -S

a,
Se,. 0 ’
Sea 5-

WI., ..
- — ‘  — • -  - u•-_•-••_~. r..

0.7 0.9 ‘-0 ‘1
r—v.-s $ .-.-. .._, — 

~~~~~~~~~~~~~~~~~~~~~ 30$ • . - -—  ~~~~~~~~~~ —.- -- -..1 --........... ............. % •g ‘—Three Di~ienstonaj. 

Two Dimensional

Fig.68: Pressure Distribution due to Source Line of Constant Strenp~th
Qj,1=0.2, Qj,2 _0.2

~~~~ 

~~

‘PS- -,.
NO . )  

~~~~~~~~~~~~ ‘‘ j  •,~r
-a! 

— — 
,, , . 

5-
_.._ _ — , •. ~~

~~. 

‘ :
~~~~~~~~~~~~~~~~~~~~~~~

-4.3 _._—‘--—-——
—:. - -

.

•“ 
-- - 5- -

.-
.

— I_ I~~~~~~~~~
•

a— Three Dimensional
- 

Two Dimer.sinal

Figure~9 Pressure ~istrtbutton due to Source Line of Constant Strength
• 0. 2 , Qj ,2 — — 0.2 at ~~ 0.5 for ~5 • ~~~~ 0.6

- - - --- -- - 5--- -- - — -—-  - . - ~~~~~~ -- - -  - - - ---~~~~~-- -5— - - --~~---~~~ -5---- -—-~~~~— -5-  _



_ _  

- - 5 - -  5-,,

- 
134 - - :

‘I

—.1/ ‘N -

H 

I

//~\
\~

\~~~~\

I _ ”_ 
- _~~~~~~

_---—- 
~~ 

4)



- - - -5 - -— ——- ---‘--—-~~~~ - --—~~-~~~~~~~——— _ _—--— _

UNCLASSIFIED
Secuntv CI as s : ( l c a ’  ion

DOCUMENT C O N T R O L  DAT- A - R & D

S e c u rit y  c ta ssi (, ca t .on at ut t e  he 1 - 1  ~n h — u a c F  arid -- - g i n  annotd!::,n n i , — ,  be —n EAred -- he-, the uv e r aT f  rrp,,rt is c lass , Vu- i

I O P , C I N A T ’ 0  A C T  ~~I T V  (Corpnra e u ser -  25. R E~~~O h T  S E C i ~~’ ’  C L A S ~ C A IC . .

Applied Research Laboratory Unclassified
University Park , Pennsylvania Sb G R O U P

S R E P O R T  T I T L E

Three Dimensional Iriviscid Effects and Limitations of Cascade Theory
in Axial Flow Turbomachinery

1- PE SC R IP  TI s E  N O T E S  (7)’pe of report and incji~~ ,s- e ije~~r s .

M.S. Thesis, Aerospace Engineering, June 1974
5 AU T H O R I S I  (First name , middle initIal, last name)

A. Tamura

R E P O R T  D A T E  75. T O T A L  NO O C  0 4 0 V j 5  b ‘.3 OE B E E S

April 18, 1974 
— 

148 pages 
- 9

‘.0  -a. O P G ’ . 5 0 N 5  N E~~ 0O _ s~~~E.P S I

— N00017—73—C—1418 TM 74—78
b. P R O JE C T  NO.

C. 95.  O T H E R  PE P OP  N O - S I  (any oilier rru -r,bers ma r -na, be
this report)

d.
IS  D I S T R I B U T I ON S T A T E M E N T

Approved for Public Release. Distribution unlimited.
Per NAVORD — January 30 , 1974

S U P P L E S . E N r A R V  N O T E S  t2  S P O N S O P~ ’ .G ~ - : L - a u y  A C ’ .’ - r ~-

Naval Ordnance Systems Command
Department of the Navy —

3 A B S T R A C r The general objective of the investigation reported in this thesis is tc
obtain a reliable understanding of the three dimensional potent ia l  f low through axial
flow turbomachinery . The calculation of the three dimensional potential f l o w  through
an impeller is based on the method of distributed singularities . The blades are
replaced by a series of line vortices and line sources which have their axes a1or~o the
radial direction and are arranged along the blade canber surface . The basic perturbed
velocity fields due to a single radial vortex line of constant strength and a single
radial source line of variable strength along the radial direction are computed from a
modified theory based on Tyson ’s and Rossow ’s formulation. Since the resultant pcr—
turbed flow fields are solutions of the linear Laplace equation and the boundary
conditions are homogeneous , these soluticas may be superimposed for a series cf radial
vortex lines and source lines located at arbitrary points. Eigen values and related
functions are calculated for Bessel function of order in = 0 to loll, number of eioen
values for each order of Bessel function n — 20 , hub—to—ti p ra t io ~ = 0 .3 , 0.6. .\
computer program to ob tain the three dimensioj al flow field in a turbomachinerv with
arbitrary number of blades , number of singular poin ts per blade , and s i n c u 1 ~,r points
locations was deveioped . Examp les illustrating the interference effects due t o  h u b — t o -
ti p r a t io , s t a g g e r  ln g i e , numbers of the blades were carried out. The effects of the
radial vari ;itlo n ot the strti n~ th of the radial source line were exar-~ined The th ree  —

dimensional ef fo ctu are found to be appreciable for low hub tip configuration w i t h
fewer number of b lades .  -

D D ,~~~,1473 - 
- 

PLATE .0. 2 1856 UN CLASSIFIED

S/li OIO2 ol4.4~ca S s - i u r s t s  ( a h S i E t s . iEI  lfl

- -- - - 5 - - -  - Au



F’~~~~ 
-—~-—~ _ w 

~ A~~~~~~~~~ A 

~~~~~UNCLASSIFIED -

S i ,  u.i~, C

1 4  - L IN K  A L I N K  B LI N r  C
~~E Y W O R D S  ______ ______ ______ ______ ______ ______

R O L E  W T  R O L E  W T  R O L E  , S T

AXIAL FLOW 8

CASCADE THEORY 8

EIGENVALUES 8

INTERFERENCE EFFECTS 8

INVI SCID EFFECTS 8

POTENTIAL FLOW 8

TURBOMACHINERY 8

D D 

FORM 
1 4 7’

~~ ~~~~~~I N O V S S  -

(PAGE 2) Security C Ias s i ( ica ~io n 

--5 -- -~~~~~~~~~~ -5- - 
- - - — - -5-— 

~~~~~~~~
- -
~~~~ ~~~~~~~~~~

- —- - — - - - -~~~~~~~~~~~~ - ~~~~~~~~~
—-—---5-

~~~
-

~~~~~
--

~~~~~
— - -

~~~~~~~~~



-- ---
~

--5- —
~ 

-- -5--5~~~~~
-

~~ 
--- -5 --~~~~~~~~~~~~~ —~~~ -~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -

DISTRIBUTION LIST

Commander (ORD 632)
Naval Ordnance Systems Conmand
Department of the Navy
Washington , D.C. 20360 Copies 1 and 2

Commander CORD 34B)
Naval Ordnance Syst~~s Com~and
Depar tment  of the Navy
Washington , D.c. 20360 Copies 3 and 4

Defense Documentation Center
5010 Duke Street
Cameron Station
Alexandria , Virginia 22314 Copies 5 through 16

Via: Commander (ORD 632)
Naval Ordnance Systems Command
Department of the Navy
Washington , D.C. 20360

A -5~~~~~ -5~~~~~~~~ —~~~~~~~~ 


