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Subject: Fully “avitating Hydrofoil Response to Streamwise
Sinusoidal and Sharp-Edged Gusts at Zero
Cavitation Number

References: See Page 32

Abstract: A second-order linearized theory of two-dimensional cavity
flows is used to study the nonsteady response of hydrofoil
1lift and moment to sinusoidal and sharp-edged streamwise
gusts. These gust patterns are assumed to be frozen and
to be convected at the steady free-stream velocity. The ]
analysis is restricted to the case of zero cavitation number
corresponding to an infinitely long cavity in an otherwise
unbounded flow. For sinusoidal gusts, 1lift and moment
response functions are presented for the entire range of
reduced frequency. 1In addition, transient lift and moment
responses are tabulated for the reactions which occur after
the foil encounters a sharp-~edged gust. These calculations
are carried out for those terms in the solution which result
from the nonsteady downwash on the wetted surface of the
foil which are due to the direct action of the gust on the
inclined wetted surface., They provide a direct cavity flow
analog of the Horlock function of airfoil theory. The
present study cf a cavity flow has revealed an added non-
steady effect reculting from an interaction between the
gust and the cavity. Theoretical results for this part of
the solution are presented in this report which show a
response at twice the input frequency of a sinuscidal gust.
Numerical evaluation of this part of the theory has not been
carried ovt.
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INTRODUCTION

The present study is motivated by recent demonstrations that accurate
analyses of nonsteady blade forces caused by inflow distortions upstream of
propellers [1,2]*and axial-flow turbomachines [3,4] depend upon the stream~
wise, as well as the transverse, component of gust velocity relative to the
blade. In these experimental and theoretical studies, which involve non-
cavitating flows, the inclusion of the streamwise gust component has been
found essential for prediction of nonsteady force trends with advance ratio.
Another reason for the present analysis is the current interest in high-speed
hydrofoil boats with supercavitating foils. In such craft, the forces on
supercavitating propeller blades or ocean wave effects on the foil loads
might also depend on the streamwise, as well as the transverse, component of
gust velocity. Finally, the possibility that streamwise gusts might also be
generated in the course of nonsteady cavity-flow experiments in water tunnels
is another reason for considering this problem.

The present study is only a start in the analysis of the nonsteady cavity
flow problems noted above. With respect to the first, the effects of
neighboring blades are not considered, with respect to the second, the presence
of the free surface is neglected, and with respect to the third, the effect of
tunnel walls has not been included. The aim here is to obtain the cavity-flow
analog of the Horlock function [5] for nonsteady cavity flows, and from this
new result to derive nonsteady response functions for 1lift and moment to
sharp—-edged gusts. The entire analysis is restricted to two-dimensional flows
at zero cavitation number. In this case, the cavity length is infinite. The
linearized theory of cavity flows is used to obtain the desired results.

As is also true of Horlock's analysis [5], the nonsteady response of
streamwise gusts in cavity flows is a second-order effect. Therefore, the
present analysis centers around the systematic development of first, and then
second, order approximations. As is convenient in linearized analyses of such
nonsteady cavity flows, the acceleration potential is employed. The method of
the present study follows an analogous treatment of nonsteady airfoil theory
[6]. However, the presence of the long cavity in the hydrofoil case brings
certain aspects to the theory which require that we reformulate the analysis
from the beginning.

FLOW GEOMETRY AND BASIC EQUATIONS

We shall consider a two-dimensional flat-plate hydrofoil of chord length s
at an attack angle €a with respect to the free-stream flow directicn. The cavity
springs from the nose and tail of the profile, and it extends to infinity in the
downstream direction. Only the underside of the foil is wetted by the flow, and
this surface lies along the x axis. Figure 1 shows the general features of the
flow geometry with respect to x-y coordinates. The free-stream velocity, Hm 5
in Figure 1 includes the sinusoidal gust, Uw(x,t) , which is superimposed on
the free~stream velocity U. The gust velocity is the only time-dependent input
disturbance to an otherwise steady flow. The attack angle ex is fixed, and the
pressure inside the cavity is constant and equal to the free-stream static
pressure, Py. The quantity € characterizes the magnitude of all disturbances
imposed upon the free-stream flow,

>
The velocity at any point in the flow, q(x,v,t) , has two components

%
Numbers in parenthieses refer tc¢ documents given in the list of references.
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and (1)

q
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Each of these has a steady free-stream part, the periodic gust, and a disturb-

ance component created by the foil and cavity. The disturbances u and v

vanish far from the foil. Moreover, the static pressure at any point in the

flow is P(x,y,t). It can be represented as the sum of the constant free-—stream

pressure Py, and a disturbance pressure p(x,y,t) created by the foil. Thus, ‘

P(x,y,t) = PO + p(x,y,t) . (2)

The disturbance p(x,y,t) also vanishes at points far from the foil and on the
cavity.

For an incompressible fluid having density p, conservation of momentum
requires that

ooy,
na—g.. +. > = - _VE
o ©)

Conservation of mass provides that

divqg=0 . (4)

1f the flow is irrotational,

i
|
|
|
i
|
i
i

curl a'= (0 (5)

In a two-dimensional flow, Equations (4) and (5) imply that a gust in the
x~direction should be associated with one in the y-direction. In nonsteady
airfoil theory, the response to a constant amplitude vertical sinusoidal gust
is given by the well-known Sears' functica {7]. The response to a similar
streamwise gust has been determined by Hlorlock [5], with a further extension
and interpretation given by Morfey [8]. Commerford and Carta [9] have studied
more general two-dimensional sinusoidal transverse and chordwise gusts when
the conditions of irrotationality and continuity are explicitly satisfied.

‘hey find that gusts of constant amplitude, independent of y, are not strictly
permissible. Both components should show transverse amplitude variations
represented by multiplicative factors of the form exp(iuyv/U). They also [ind
that the phase of the horizontal gust leads that of the vertical gust by 90
degrees. The neglect of these conditions in analyses by Sears, Horlock and
others appears to be justified by the fact that small vorticity in the flow
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does not affect the 1lift on a thin airfoil. Evidently, independent analyses i
of constant amplitude vertical and horizontal gust response can provide |
practically meaningful results. Appropriate combinations of such transverse
and horizontal gust response functions can then be used to approximate the
response to practical situations [5].

PERTURBATION EQUATIONS

The effect of the gust will be studied under the assumption that the
hydrofoil and its cavity are equivalent to a slender body so that disturbances
created by the foil will be much smaller than the free-stream velocity U, The
parameter € will be used to characterize the magnitude of all disturbances.

In the case of the gust, the chordwise component which is parallel to the
wetted surface of the flat plate foil is the interesting quantity. We will
specify it by

jule - )

w, = €w; = €ue X (6)

where the constant ugy is the chordwise gust amplitude, w is the circular
frequency, t is the time and j ="/ -1. It follows that

L Ry
wy - Wl taneq £ awl e e ve 0 (7)

It may be remarked that if w, is not at least of first order in €, it follows
from the continuity condition that it must be zero, which is contrary to
hypothesis.,

Now, let disturbances created by the foil be represented as

\

R 2
u—€u1+€U2+o.. £y
o 2
V”€V1+CV2+QQQ Y > (8)
and
i 2
pREp, P EY, F e

/

Expanding the trignometric functions in Equations (1) in powers of € and using
Equations (6), (7) and (8) in Equations (1), one gets the component velocities,

2
U (1 + E:(ul + wl) + 62 (u2 - %—) s N

al
L}

and 9)

s
U [e (o + vy) + €7 (v, +aw)) + vow] e

q =
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Now, let us substitute Equations (9) into the irrotationality condition of
Equation (5). Then, group all terms gccording to the power of € multiplying
the terms of each group. Since curl q = 0 for all admissible values of €,

it follows that

5 O e
dy 9x
and (10)
du
2 10 -
% ae Cphenanl G
Similarly, the continuity equation, Equation (4), becomes
oV W
) 158
E(ul+w1)+ay =0
and $ (11)
.?ig.-}-?—‘i-z—:o
9x dy 5
/
The same process applied to the equations of motion also leads to pairs of
first order and second order equations,
First Order Equations
l.aul 5 duy e 9Py
’
U ot o9x pUZ 9x
(12)
l.avl : vy G 9P
U ot Ix pU2 oy

The gust velocity, because of its form, has zero linearized total derivative,
and it does not appear in Equations (12). Moreover, when the first of

Equations (11) is combined with the sum of Equations (12), after the first is
differentiated with respect to x, and the second with respect to y, one finds

that
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again, because wj = u, er(t 3 X/U). Therefore, we can define a harmonic

function ¢; such that the gradient of this acceleration potential gives the
disturbance acceleration created by the foil:

->
a

l 5 v¢1 .

Since p = p; = 0 at upstream infinity, it also follows that one can put

o= -—~5p, - 13)

pU

Finally, because ¢j(x,y,t) is harmonic at every instant, one can use the
Cauchy-Riemann equations to define a conjugate function Y7 (x,y,t):

\
S B S
9x dy X, 2
k (14)
3¢1 3 Bwl b
B soER gt
/

As a result, a complex acceleration potential can be defined as F1 = ¢1 + iy,
and a complex velocity by Wy = uj - ivj, where i = \le and ij # -1. It
follows that the complex sum of Equations (11) can be written in terms of two
analytic functions of z = x + iy as

+— == (15)

Second Order Equations

Upon scparating the second order terms from the equations of motion and
using the first order irrotationality condition to transform certain convective
terms, one finds that

and
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Again, differentiation of the first member of this pair with respect to x,
and the second with respect to y and use of the second order continuity
equation, leads to

2 2
2Py (wl + ul) + (vl + a) : L
V 2 + 2 & 0 .

As before, we set

p2 (wl + ul)2 + (vl + a)z
V¢2 = -V 5 + 5 .
pU

The integral of this equation is

b, G tupie e, tw)’
¢2 =¥ 3 ' = f(t)
pU

When uy = 0 the flow must become steady and so f(t) is a constant which we
will put equal to zero. At upstream infinity, py = uj = vq = 0, and since

the value of ¢2 is at our disposal there, we will put ¢2(-w) = - (w%haz)/Z. As
will be seen below, this choice of ¢,(-®) insures that pp is zero oii the
trailing edge of the foil, and of greater importance, that ¢, is also zero

at the trailing edge. Had we chosen ¢p(®,t) = 0, the value of g would still
be zero at the trailing edge, but ¢ would have been equal to «Q %2 there. The
present choice is, therefore, the more convenient one. From these consider-
ations it follcws that

P, (v, + “1)2 Hile, 0‘)2
¢ = - o= . (]7)
2 = 2

pU

i 20
In Equation (17) the term wy is bounded but not well behaved at z = -, How-
ever, it leads to no second-order acceleration components anywhere in the
flow., 1Its effect will be treated separately below,

2z ; ;
Clearly, V $o = 0 and the acceleration components can be expressed in
terms of the Cauchy-Riemann equations as




= . June 4, 1974 ;
BRP:1hm

As was the case for the first order system, one can define a complex
acceleration potential

= i,
F2 ¢2 o 15)2 .

In the limit of steady flow, the first of Equations (16) becomes

h:&
9x 9x
and if one integrates from z = -» to z = x, he gets
2
) e e
2 steady 2 2
The second of Equations (16) becomes
l1)2 steady praes -

BOUNDARY CONDITIONS

The solution of the present problem depends upon the determination of
an analytic function 3

F(z,t;e) = €F; + 82F2 . TR (18)

which at each instant is regular outside the foil and the cavity. The complex
potential F will satisfy certain boundary conditions, which in keeping with thin-
body approximations are transferred to a cut along the positive real axis of the
z plane, This mathematical representation of the foil and the cavity is illus-
trated in Figure 2.

As noted previously, the wetted surface of the foil is positioned on the
real axis (0 < x < s, y = 0-). We shall denote the cavity contour by
y = €C, (x), where Cy and C. refer to the upper or the lower contours, respec-
tively. The boundary conditions which apply in the z plane are:

(i) p(x,y,t) = 0 for 0 2 x, y = €C (x); s £ %, ¥ = €C_(x).

(ii) F(z) continuous at x = s, y = 0~ (Kutta Condition).
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(iii) F(z) = - ez(wi + az)/Z at z = -=» [because of Equation (17)]
(iv) qy =0 for DS <9, y=0~

Finally, if vg¢ is the downwash on the wetted surface of the foil, the
vertical acceleration of the fluid there, is

25 3

(8 e T ) Ve, S0Ems By =0,

Vg

These boundary conditions can now be separated into first and second
order systems with the help of Equations (8), (9), (11), (17), and (18). In
order to carry out this separation for (i), the conditions must be transferred
from the cavity contours to the top or bottom of the cut along the real axis.
This step is carried out by using a MacLaurin's series in y = eEC, :

3
P, = P, (x,0%,t) + C, (x) = By (2, 0~3t) + o0s , n=1,2 .,

The first and second order boundary conditions take the following forms.

First Order
1(i) Re {Fl(x,O,t)} =0, 0¢x, y=0+ § 8<%, y=0- ,
D (dit) Fl(z,t) continuous at x = s, y = 0~ (Kutta Condition) .
I(iii) Fl(—m,t) =0 .
I(iv) vl(x,O—,t) =E=OBe RS XE SRS

Evidentally, these conditions indicate a steady flow for the first order
solution, so that Fy = Wy, or ¢; = uy (%,¥)s Yq = =v(x,¥)e It is to be noted
that 1I(iv) guarantees the satisfaction of conditio&'(v) above.

Second Order

11(i) Re Fple,t)) = = 6, o = S ie B § x 2

ET{it) Fz(z,t) continuous at x = s, y = 0~ ,
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IT(iii) Rz ) == ==———— af 'z = = |
o 2
I1(iv) v, = -0 Wy 0s x %8 ¥ 0 ,
dF2
II(v) Im % Oz <8, =0~ s

In the first of these conditions, the first order result Y3 = ~ vy and cavity
pressure, condition uj; = 0 have been used. As a result, II(i) becomes

¢2 = = w7/2 on the lower surface of the cavity at the trailing edge because
vy = - 0 and C_ = 0 there. But, since ¢2 is continuous at the trailing edge,
it follows from Equation (17) that pp = 0 there. The foregoing basic
equations and boundary conditions permit us to attack the first and second
order problems.

FIRST ORDER SOLUTION

Although the first order solution is a well-~known result of linearized
cavity flow theory, it will be reviewed in this section because the second
order solution requires specific first order results and the theoretical
approach to the first order problem is also useful in the second order case.
In the following, a sequence of conformal mappings will be used. The region
outside the wetted surface of the foil and the cavity, represented by the
cut along the positive real axis in the z-plane, Figure 2, is transformed
into the region above the real axis and the unit semicircle about the origin
in the C-plane. This result is achieved by first mapping the region outside
the cut in the z-plane into the upper half of the V-plane by means of a
square-root relationship. Then that part of the real V-axis corresponding
to the wetted surface of the foil is mapped into the upper half of the unit
circle in the Z-plane by means of a Joukowski transformation. Thus, one can
write for both first and second order flows,

The v- and f~planes with corresponding points on the cavity and foil are shown
in Figures 3 and 4., In these mappings the complex acceleration potential
F(z,t;€) is invariant at corresponding points.

As already noted, the first order flow is steady and Fj = W} = uj - ivj.
In the {-plane, an analytic function which satisfies the boundary conditions
I(i) through 1(iv) can be found by inspection  This function is

b

It can be seen that f is purely imaginary when  is any point on the real axis.
Evidentally, f satisfies I(i)., This function has a leading edge singularity
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which provides for the branching of the flow at the nose of the hydrofoil.
At T = 1, changes in velocity must be of the same order as the free-stream
velocity so that the small-disturbance assumptions of the theory break down
in the neighborhood of the nose. On the other hand, it is certainly clear
that the Kutta condition I(ii) is satisfied at the trailing edge, 7 = - 1.
In fact, Re f = 0 there. Moreover, as can be seen from Equation (19), large
values of |C| correspond to large values of Izl. Therefore I(iii) is
certainly satisfied. Finally, at points on the wetted surface of the foil

z = ei® and 2f = coto/2-i. Accordingly, f can also be made to satisfy I(iv)
if we put f equal to

(20)

One can,use Equation (19) for corresponding points on the profile, for
which ¢ = e~ and V/ z/s = = \/x/s, to show that cos® =1 - 27 x/s . It then
follows from Equation (20) that

\
SaoEs
ul = —dwv\ T 1
and > (21)
v, = -a
/
on the wetted surface of the foil. From Equation (13), it follows for steady
flow that uj = - pl/pUz, or that Cp, = - 2u;. One can integrate the pressure

coefficient along the wetted surface of the foil to find expressions for the
section force coefficients. For example, the section lift coefficient, Cgl, is

i
o e il i
Czl = 2cxj \/ \ - ld@) *5a 5 (22)
0

Similarly, the section moment coefficient about the profile nose is,

1
g [}7_f~”“ 51
= PN R B L 2L 9
Cm 20 ! (s) g 1 d(s) 35 O . (23)
S
0
Nose-up moments are positive. Because the wetted surface of the profile is
flat, the cavity drag coefficient for the section is
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One can also write specific expressions for the cavity contours C+(x).
However, these expressions will not be needed for the nonsteady solution,
and we can omit this detail.

DISCUSSION OF SECOND ORDER BOUNDARY CONDITIONS

The boundary conditions for the second order solution as defined by the
five conditions II can be split into uncoupled steady and nonsteady parts.
For the steady part we have:

Steady Boundary Conditions

& ov, (v1+0L)2 o+ 0
@) im, 2 e s 2 R L

(ii) Wz(z) continuous at x = s, y = 0~ .

2
(iid) ¢2 - %— at z = -o (and uy = v, = 0 there).

(iv)

<
1]
o
-
o
A
b
A
n
-
«
]
o
[
.

If allowance is made for the somewhat different notation used here, and the
fact that we consider the special case of the flat plate profile, it can be
seen that these conditions correspond to those given by Chen [10]. In view
of Chen's results, we need not consider the steady problem. We can proceed
directly to the study of nonsteady gusts.

Nonsteady Boundary Conditions

. o e
(i) Re {Fz(z,t)} = - E—-; X s ¥ = .

=
v

(ii) Fz(z,t) continuous at x = s, y = 0~

- (iii) <N ay =0at x = - ,
(iv) Vy = WS Uisx K gy = 0=
sz
(v) Im Tz~~=0;0§x§s,y=0--.

Inspection of the five nonsteady boundary conditions listed above reveals
that (i) and (iv) have different behavior with respect to the gust frequency
as indicated by the power of wy vhich occurs in each one of these expressions.
In particular, (i) shows the doubled frequency dependence of 2w and (iv)
depends on w only. In order to handle this situation we shall let the solution
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be the sum of two parts: Fp(z;w) + Fy(z3;2w). The first part accounts for
the nonsteady downwash generated on the wetted surface of the foil and the
second part concerns the interaction between gust and cavity. Then we can
split the nonsteady boundary conditions by writing the boundary conditions
for Fy(z;w) so that its condition (i) reads

~

0 o+
Re {Fz(z;w)} =043 x2 A= s
s 0-

with all others remaining as written above. For the case of Fp(z;2w) we will
write condition (iv) to read

with all others remaining as written above. In this latter case we note that
if this homogenecous streamline condition is satisfied on the wetted surface,
then the homogeneous condition (v) for the acceleration, Im {dFp(z;2w)/dz} = 0
will be satisfied identically at points on the foil. However if the
acceleration condition is satisfied first, one must still see to it that the
streamline condition on 32 is satisfied explicitly.

We will now turn to the determination of the function Fj(z;w), which
accounts for the nonsteady downwash on the foil and which, as we shall see,

leads to the direct cavity-flow analog of the Horlock function, T(w).

THE ANALOG OF HORILOCK'S FUNCTION

As we have noted above, the boundary conditions for Fp(z;w) are:
0+
(i) Re {Fz(z;w)} =03 x2 $ Sy .
(ii) Fz(z;w) continuous at x = s, y = 0~ .
(iid) Fz(—w;m) =0 C
@Av) Vo ==tw, § 0<XxXS8,y=0- .

(v) Im {dF,(z;w)/dz} =0 ; 0<x<s,y=0- .

: &3 Y
Having "suppressed" the term w] in these conditions, we must also suppress the
corresponding term in Equation (17). Thus, for this part of the nonsteady
solution Equation (17) is replaced by

g Ve
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Thus, ¢o for this case will show no frequency doubling.

Comparison of these nonsteady second order conditions on Fo(z;w) with
the first order conditions considered previously suggests that the function f,
introduced for the first order solution, should be adaptable to the nonsteady
problem. Condition (iv) will lead to some differences in the method of
solution, but it is clear that the present conditions (i), (ii), and (iii) are
satisfied by f. It can also be seen that condition (v) is also satisfied by
f. One can verify this by using the fact that in the {-plane, the real and
imaginary parts of the product eledf/dc give the radial and transverse
components of acceleration. By using this relationship, one can verify that f
produces no radial component of acceleration on the unit circle. Therefore,
this function produces no acceleration component a, on the wetted surface in
the z-plane, except possibly at the leading edge wgere f is singular. 1In order
to adapt f to the present situation, we will introduce a function

age) = a2 (24)

The factor A (w) will be determined by condition (iv). The time dependence is
separated out as indicated in Equation (24) because wj, as defined in Equation
(6), can also be separated in this way. Thus, we shall write the nonsteady
solution as

" jwt
iA er
(o)

Tpe M5

Fz(f,,t) =

In order to determine the quantity A, and, thus, complete the solution of
Equation (25), it is necessary to satisfy nonsteady condition (iv) by integrating
the second of Equations (16)*. Again, we separate the spatial and temporal
factors by writing v, = vo(x,y)err and ¥, = wo(x,y)cJ“L to obtain

5 Dvo Y
=V +— 2 = ‘ 26
J U o ox X (25
This equation can now be integrated from x = -» along the negative real axis

to a point near or on the wetted surface of the foil. Introducing the reduced
frequency,

* 2 TN ; 4
Note that now the term vy is suppressed o indicated in Equation (l7a).
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based on the entire profile chord length, one can write

P2 E
s [ o, 5
G i 2o *a (28)

-=00

for the integral of Equation (26). Assuming that this integral is convergent,
one can consider x to be a point on the wetted surface and he can differentiate
both sides of Equation (28) with respect to x. But on the foil, nonsteady
condition (v) indicates that 3y /04 = O there. Therefore, it also follows that
dvy/dx = - (jk/s)v, on the wetted surface. Moreover condition (iv) indicates
that v, = - auy exp(-jkx/s) when 0 < x < s, y = 0-. Therefore Equation (28) is
identically satisfied at all points on the wetted surface of the profile. This
fact permits us to take x = O+ in Equation (28) without loss of generality.
However, in order to secure convergence in the evaluation of Equation (28), we
integrate by parts. We take the principal value of the integral by indenting
the contour of integration by means of a small semicircle about the nose in

the lower half z-plane. Thus, the path of integration goes from -» to ce™

and then around the semicircle from cel™ to €ei2™, Finally, one takes the
limit € > 0. Thus, Equation (28) becomes

-00

k=
=G =L@ e Sy B Al . £

From Equation (25) one finds that ¢ (0+) = - Ay/2 and that

>

] /’11 + \[f:_fi]
] X

upsE ) Sy
wo(xe ) = R o 1=ty 5

Now, one can put x/s = ~ n and substitute the above relationships into
Equation (29) to obtain

I

; Sl il

! [.».:‘".1'_:::,;;7_ = =
- AT ,- e V1 4+ 1/n+ 1 3 ] -3kn
ou = 7 WIS s \V 5 1le dn

————

-

o

o er———

Solving for Ays one finds that

- 20 u
0

A - JER VSRS - R—"

T + jk 11 (k)
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where the integral I; is of obvious definition. The close resemblence of
Equation (30) to Martin's [11] result for the transverse sinusoidal gust
is noteworthy. In Reference [l11], Martin has put

i 1
L(k) = TR T (31)

and noted that L(k) is the cavity-flow analog of the Sears' function. Numerical
values of L(k) are tabulated in Reference 12, For values of k < 20, the
integral Ij was evaluated by numerical integration [13]. For calculations
involving reduced frequencies exceeding 20, the quantity 1 + jkIj was approx-
imated by an asymptotic expansion [13].

NONSTEADY FORCE AND MOMENT FOR THE FIRST PART OF THE SOLUTION

The nonsteady hydrodynamic force and moment depend on the quantity ¢9
for points on the wetted surface of the hydrofoil. We can separate the time
dependence by writing ¢, = ¢oer as we have done with other second order
quantities. One can use Equations (25), (30) and (31) to express ¢, on the
wetted surface as

AME-1 .

2 TaS
¢o = -au_ L(k) \

From Equation (17a) one can write the pressure coefficient on the foil as

2
!
= o .._+ %
sz 2 ¢2 4 5 ulw1

This expression can be decomposed into a steady part sz and a nonsteady part
Cpo ed®t,  The steady part,

would be used for the steady second-order problem. The nonstecady part,

" —jkz
C =~ 2 ¢o + u; u e ¢

is applicable to the present nonsteady problemn. In particular,
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e Lol I
cC =+ 2auo L(k) + e T 1 .

The unsteady section lift and moment coefficients are obtained by integrating
this pressure over the wetted surface of the profile. These integrations give

c, = % {L (k) + =] et - %omol’(k)eju’t (32)
and
G, = - 2 au, (L) + 21,001 I = - wuad (33)

The bracketed terms represent the ratio of nonsteady to quasi-steady response
and they will be denoted by P(k) for the lift ratio and by Q(k) for the
moment ratio. The integrals I and I3 are defined by

I,(K) '\; e e (34)
and

1,(k) = '\ ‘Jk“ P (35)
'Vn

Although these integrals show some similarities to others of hypergeometric
form, they are not reducible to standard representations. They must be
evaluated numerically.

The integracions for I2 and I3 have been carried out numerically as
indicated in the Appendix. The results of this work are shown in Figure 5
which is a polar plot of P(k) and Q(k) with selected values of k shown on
the curves. Figure 6 compares P(k) with functions of Sears |7] and Horlock
[5], referred to the profile nose and with the reduced frequency based on
the whole chord. The transverse gust function for cavity flow L(k) [11,12]
is also plotted in these graphs. In all of these graphs, it is secen that
the steady state limit of P and Q as k > 0 is 2. As pointed out previously
by Horlock [5], this doubling is caused by the fact that the gust, being in
the direction of flight, affects the dynamic pressure experienced by the
foil. But the dynamic pressure depends upon the square of the velocity and
this fact is resnonsible for the limit noted.

The indicial admittance functions corresponding to an encounter of the
foil with a sharp-edged gust or unit step in chordwise disturbance velocity
can be found by direct superposition [13,16]. For the 1lift response, one
can write
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| sin)k
4,03 == | Re P} =———dk , (36)
o
For the moment response onec has
0
) sinik
B oy == Re {Q(k)} creee i (37)
o

Again, numerical integrations are required. An outline of this work is also
given in the Appendix. The results are shown in Figure 7 which shows the
two admittance functions (36) and (37) plotted against A. The quantity A is
the distance traveled in chord lengths after the profile nose hits the gust.
When these functions are known, the 1lift and moment coefficients are

C,) = 121 au Ay (V) (38)
and
- il
c, () = 35 au A ) . (39)

NONSTEADY CAVITY-GUST INTERACTIONS

It remains to determine the effect of the term w% = ugezju(t-h/U) on the
nonsteady hydrodynamics of the cavity flow. From the previous discussion of
the second-order boundary conditions we have seen that the nonsteady effect
of w% is ascribable to that part of the complex acceleration potential,
?z(z;Zw).

It was noted that the boundary conditions for this function are
7 ~

2 wi Ol 0+
() Re {Py} =~-2=; %32 5 7= .
s} 0-
(idi) F2 continuous at x = s, y = 0- .
(iii) oS ay = 0, at x = =,
(iv) 32 =i 0cxEn, 9= 0= .
sz
(v) Im {5;—] =0, 0<x<s8,y=0- v

We have also observed that conditions (iv) and (v) are somewhat redundant, bat
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if one knows that (v) is satisfied by Fy he must still be certain that (iv)
is explicitly satisfied. Finally it is to be noted that now

$2=-— —-§+—— . (17b)

In the following we will introduce the reduced frequency k of Equation (27)
and factor the term w% into spatial and temporal parts so that

2 2 T
¥ A
2 2 5

The temporal part can then be elliminated from further consideration by writing
Fg = Fe Jwt and so forth for the other quantities defined above. The boundary
values which apply to F = $ + i{) in the V-plane are illustrated in Figure 8.

In the z-plane, the normal acceleration condition on the wetted surface
of the foil is 3y/dx = 0 and this can be integrated along the wetted surface

to give

P=B(k)ony=0-, 0<x<s ., (40)

Therefore the values illustrated in Figure 8 in the v-plane on the real
axis can be replaced by ‘

2
B =2
¢ = =y e on the upper and lower surfaces of cavity
and
P = B(k) on the wetted surface of the profile. ﬂ

The constant of integration B(k) will be determined later by applying the
condition v = 0 on the wetted surface. For the present, one observes that the
boundary values for F are now specified along alternate intervals of the
E-axis in terms of § and $. One can transform this specification into a ¥
boundary value problem on just the real part of an analytic function G(V) by

introducing the transformation, 7
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For then, we have on the £ axis:

for £ < =1 ,G'\/J5-|2-’[—l=?ﬁ+ifp > ReG=33-\/-‘—€+§_l_—i ;

for = 1< E <0, 162345l « 5 + 17 +Rec=fp‘\/1___'_5+

= v el
~JET 1. il S
for £ >0, G E;E——'“ ¢+ il ReG = 6ﬂ¥'g ao

Thus ReG is specified on the entire real axis and ImG can be found on the real
axis by use of the Hilbert Transform [15],

(o0}

ReG(t) e

AR

=00

Substituting appropriate values of ReG into Equation (42) one finds that

2 e
u
__o ~2jkt? -\; TTlel | at _ B ( e dt
s z-npf VTEl =1t-E o PJ.’l—tt—g
-CO

w =1
u? X s

50y -2jkt B de
21 ‘\/ E+ie=¢§

If one substitutes the appropriate signed value of Itl in the above integrands
and also rearranges the limits of integration he finds, after dropping the
absolute value symbol from the dummy of integration, that

= 1
2
% okt [T _dt | B(K) T de
ImG = = == *X - + P e
> i B JET-T tre \/1—tt+g
3 w (o]
2
Yo f —2jkt2__ RS
5 pile) AN G- e g s
2 J '..’ * = E;
o
When £ is on the wetted surface of the foil = 1 < £ < 0, one can put § = = n

in this last equation and find the principal value of the integral involving
B(k) to be

s T
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The remaining integrals are no longer improper for points on the foil and so

© ©
u’ 2 == 2
= _o ~2ikt ~ § £ dt “2fkt’ | £ dt
tG(m) = B) + o5 f £ \/:-H. ey [ 5 \ T-1 t=n : (432
lo 1

From Equation (41) one finds for points on the wetted surface, with 0 < n < 1,
that

-

+iY = - ‘Imc(n))“/—lfl—ﬂ+ i ReG(n)}- ‘

3
|

Therefore, the acceleration potential on the foil is

o (oo}
2 -
= g e e
= [1-n s o | =~2iRe". [ E B -2kt [ t_dt
¢, 0 Vo BEk) = o5 -je \ el & -\ t-1 t-n Al
o L 2 J
Yo -2ik
But the Kutta condition requires that ¢(1,03k) = - =2 e 9% in accordance with

conditions (i) and (ii) above. The addition or subtraction of a constant, such
as this one, to § has no effect on boundary condition (iii) so we can write
Equation (44) as

(e o] oo
u2 f e u2 & Pmes 2 ==
L L9 =2k = =T ) =23kt St ~2jkt = /£ dt
$(n,0) 2 5 f n Bige) 21 = “w/t+1 t+n = \ t=1 t-n
o 1

(45)

Equation (45) can be used to calculate the 1lift and moment on the profile. These
follow from Equation (17b) which is now written as

(e8] (<e) )
Peen u 2 — 2
e 1wl bé e skt e dE ikt . | £ dt |} A
Cp : ‘/ n bl 2 v / t+l t4n ] \_." =1 %=1 f\ i

| " 1 J

; 2 .
In terms of the present notation n° = x/s; and one can write

1!

C£ = 2 | Cp(n,O)ndn y
P
0

S il




- 23 - June 4, 1974

i BRP:1hm
1
and (47)

b el > 3

o

In the second of equations (47) the moment is measured about the nose of the
profile and is taken as positive in the direction of o increasing. The use
of Equation (46) in Equations (47) leads to a number of integrations which
can be obtained in closed form. For example, those involving B(k) are among
these. In other instances one interchanges the order of integration in
Equations (47) and finally obtains

0
3 -2jk\ Lo — e
m 2 l1l-e j -2jkt / 1-/ t
= — —_—— 4 ) = e
CQ, 2 B(k) - uo ij l] ZUO e 4 t(t+l) 2 Yy t+1 dt
[eo] 2 o e
5 e-ijt \',-’r;zt'i'l) - %"15‘_//;::1‘ dt (48)
1
and
s s S 2 [e_zjk—l e
G g M o E, . 3k
L 4k J
oo
. Ty
Ploawlval 3 E 2~r*”ml
+2u0 ie E_‘m+(§—§+t)]t(t+l)'dt
J ; J
o0
o ]
1% P S e e S 3
e 16 IET + (-8— T B RN ) t(t“l)J dt “ . (49)
. ?

/

It now remains to evaluate the coefficient B(k) by applying condition (iv)
above. As a preliminary to this evaluation we note that having obtained
Equation (45) we now know $(n,0) everywhere on the real v-axis. Moreover,
P(n,0) = B(k) on the wetted surface, 0 <n <1, but we have not as yet found
it on other parts of ,the real v-axis, However for our purposes it is
necessary to find ImF(V) on the upper half of the imaginary v-axis. This
determination is facilitated if F(Vv) is treated as the sum of two functions,

FO) = FO) + HQ)

where
ReF(£,0) =0 , E<~1 ,E20 (on the cavity)
ImF($s0) = B(K) 5 =1 £ £ 20 (on the foil) s




= 24 - June 4, 1974

BRP:1lhm
and where
2
u EEsD
ReH(§,0) = - Eg-e_kag & Ei=t E >0 (on the cavity) ,
(50)
ImH(E,0) =0, -1 <EZL 0 (on the foil) .

A
The boundary value problem for F has the same form as the first order steady
flow problem treated previously. Therefore we can write down the analytic
function F(Z) without further ado. Thus in the { and the v-planes we have

Then if one puts v = in for points on the upper half of the imaginary axis of
the v-plane, he can write

P = ~ B(k) 2—1 -”'*/— [ “:+~1—;+ 1] 1 + ImH(O,n) . (51)
'

In order to find the function H we employ the transformation (41) and
the Hilbert transform (42) to determine ImH on the real axis off the foil in
the v-plane. Then ImH is known everywhere on the real axis and its value on
the upper half of the imaginary axis in the v-plane can be obtained with the aid
of the Poisson integral. In particular we find from (41) and (50) that

fias” el =
B f BT e
g e » £ <13
IR (e
ReC =< 0 -1 < EL0 g
%
u s v e
pr=s _’Z__Q'-.‘/.‘.L e ?-Jkg 5 O < {’ :
bty
Then it follows for { = = q < -1 that
& :
2 v asinns 7 7
SRy ROl - =2jkt ) ——— =ikt
ImH = ,.0_ 1 _{L_]_k P I/__.t. P A—— d ’ -“ S = dt } >
n Y g s t-1 q-t J v t+] qtt
1
{ , }
Note that when & = =1 (q=1) Imli = 0., Thus the Kutta condition is satisfied.

For £ > 0 one has

>

e AT (ot
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e —2 kL —2 kt
ImH = °'* €+1 : dt + P :
t— E+t c+1 g

Now that ImH is specified all along the real axis we can use the Poisson
integral,

[os]

ImH(0,in) = 3 rl‘@iﬁ*’—’-l dE

T J 2

3

£+n

=
u | e -
InH(0,in) = -ﬁi ndP | "\ /ﬁ ZJkt - [a-1 1 dth
i (@-t) (@’+n°)

+[~\/:tre‘2jkt2." - fq-1 __ dqdt f_\ L -ZJkt ~ dedt
s ot 2n? J e (t+g><g )

(t+q) (@ +n")

E;+l d&dt
5 =By Eind

Therefore it follows from Equation (51) that the desired result is

$(0,4n) = - B(k) | 1 -‘\/—%( Vs 74 i | s, el
n

One can transform this expression from the upper half of the imaginary v-axis
to the negative recal axis in the z-plane by means of the relation (x/s) = - n%.
The arguments lendlng to Equation (29) apply here too so that condition (iv)

of zero downwash vz on the foil becomes

[ee]

a 2jkt !‘

0 = - B(k) + 2jk B(k) |

(Sa]

(¢]

-

1 ¥
23',1‘-] e—zJL’fn(lz,O)dt .
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As before we have changed the variable of integration from - (x/s) to t and
the limits of integration have also been altered to suit this change. The
function H(t,0) is as defined in Equation (52) with in - (-x/s) - t also.
Evidentially the function B(k) is defined by

[¢5]
-2jk je’katH(t,O)dt '

B(k) = = . (53) r
1+ 3(2K)1, (2k) ,

where the integral I;(2k) has been defined previously by Equation (30) or by
L(2k) in Equation (31). As it stands the integration in the numerator of
Equation (53) involves triple integrals. However if one inverts the order of
integration, the last integration can be written as

(e o]
2 =l
e—ZJkE ndn _ eZJkE
2

[-ci(E™) + 5 Si(KED) - 55 1 .

2D
&
(o]

Therefore Equation (53) can be written as

= 2
2 2jk ) oo - A |
e f /f“{‘ 2jkt2[r et © I¥9 [=ci (2kq )+3151(2kq ¥ - —2-‘;]
. = w2y e i O 208 A/ J
B(k) 2jk = ]L(Zk) Pjn\lt~l e ‘/ \ < Aot dqdt
1 1
(>0} «@
2
[ i v
PR [ee— o2ika [—-Ci(2kq2)+j ;"Si(qu?") - Iy
L SN R T 3
LT j S qtt
Lo 1 %
2
ZIRE™ - SeORRIN SR
o ,—2j1:t2;[.\ rErr €0 (oL (g )+ (84 (2KET) 2] -
B | Y7g e SeE
J >
1 o
o5 ©
2 f/ — 21k 2[—C'(7k&“2)+"s‘i(2k{2) a4
pp fNEE ARE 5D A o B BT (54)
Ve Y e - W
o o

Equation (54) can be used in Equations (48) and (49) to complete the determination
of the nonsteady 1lift and moment resulting from the gust-cavity interaction

for sinusoidal gusts. Once these quantities have been evaluated numerically the
corresponding responses to a sharp-edged streaunwise gust may also be determined
for this part of the solution as was done before for the other part. These
solutions can then be coubined vectorially to give the total nonsteady response

in terms of k and the ratio a/uy for sinusoidal gusts. For sharp-edged gusts,
curves similar to Figure 7 can be obtained for various values of Q/uo.
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CONCLUSIONS AND RECOMMENDATIONS

The present study has shown that there is a cavity flow analog of the
Horlock function of airfoil theory which gives the response of the profile
to streamwise sinusoidal gusts. This nonsteady response function for flows
at zero cavitation number has been evaluated numerically for the entire range
of reduced frequencies for both lift and moment on the profile and these
results have been used to derive the transient 1lift and moment on the profile
after it encounters a sharp edged gust. It is found that the results computed
can be ascribed mainly to the direct action of the streamwise velocity
fluctuations upon the inclined wetted surface of the hydrofoil. This is the
only effect found in airfoil theory.

It has been found theoretically that the cavity flow causes the hydrofoil i
to experience an added nonsteady effect which is not found in airfoil theory. 3
This added reaction occurs at twice the frequency of the input frequency of
the gust. This part of the solution has been determined explicitly in the
present study. It is independent of attack angle whereas the part of the
solution which was determined first depends on both gust amplitude and attack
angle, Thus one can assign the cause of this new nonsteady effect to be
primarily an interaction between the cavity and the gust. To date numerical
analysis of this part of the theory has not been carried out.

The formulae which have been derived for this second part of the solution
indicate that the numerical work for its evaluation will be rather elaborate.
Once this work has been done the total response of the profile can be obtained
as a vectorial combination of the two sets of data for various ratios of steady
attack angle to gust amplitude over the range of reduced frequencies. For the ]
total response to the sharp-edged gust, results for the two parts may be added.

A L e b e L L e g

The ability of an oscillating surface to extract energy from the flow
depends critically upon the phase relationships between the nonsteady reactions ‘
and the oscillatory input. The amplitude of thesc nonsteady reactions need |
not be large because it is the stability of the response which is important. {
Therefore, it is essential to evaluate this second part of the solution in :
order to explore this important aspect of this new theory. It is conceivable ;
that the effects discovered during the course of this study could be important
for analyses of the structural dynamwics of fully cavitating hydrofoils in a i
seaway. For these reasons it is recommended that upon completion of the present
study the theory be extended to include free surface effects.

APPENDIX |

NUMERTCAT, CALCULATIONS

As long as the reduced frequency is not too large, numerical evaluations |
for Iy and 13 as defined by Equations (34) and (35), can proceed by standard ﬁ
methods. Tor the present Simpson's rule integrations, k-values ranged from ‘
zero to twenty-five. This rather large range was selected in order to permit }
the most effective joining with results obtained by means of asymptotic
expansions for reduced frequencies ranging from ten to infinity. It also J
permits a check on the validity of the numerical integrations.

It was found that computer time could be reduced if one uses the fact that
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12(0) = 1/4 and 13(0) = 5m/64, for then one can write
1 1
il - ik . 1
Re I, =~ + ——= -1 (coskn - 1) dn , Im I, = - —~= = 1 sinkndn ,
2 il 2 "
¥n : Vn
o o
and 1 1
L 5T [b 3/2 s i [ 3/2 .
Re I, = <+ + | '\ n 1-yYn) (cosk ~1)dn , ImI, = - n -'\fﬁ)81ukndn .
3 64 i 3 J
J
o o

Moreover, because all four integrands above have branch points at both n = 0

and N = 1, it was found helpful to devise special finite difference integration
formulas for use near these points., All integrations were carried out with
extended precision. They also used an accuracy test to determine an appropriate
interval size for each k-value and for each of the four integrals. In order to
obtain values of P and Q, one must also have values of the function L(k). These
numerical data were taken from the tabulation of Reference 12 and used in the

expressions
P = L(k) + 2 1_(k)
02
and
) 64 .
Q = L(k) + o 13(L) .

For values of k ranging from ten to infinity, the method of steepest
descent [16,17] was used to find asymptotic expansions for 17 and I3. As one
might expect, a contribution to the value of these intr.rals is obtained from
both branch points of the integrand. The path of integration as specified in
terms of the real variable, n , between 0 and 1, corresponds to a level curve.
The results obtained by this procedure are:

Ly ~ LG4 TG | T4y TOM) 5 TA1/4)
2 374 574 6 a0t T 12801014

(k) 2(3k) 8(jk)
: PR
ce st ) orealey 3 Gy . 1 TG

-~ Z = e e
V2 ‘ Gy B (51y32 32 (4712

SN "

| S

and L

AT
714

(/&) 1 TQA1/4) 1 T(13/4)

x. 1
2 9/4

1.(k) ~ 1/4) 1 ‘
. /v
3 1174 " 16 (5, 1374

(k) (jk) (jk)
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—j - .
\/;' (jk)3/2 8 (jk)S/z 128 (jk)S/z

In order to calculate the response function P(k) and Q(k), the preceding
results must be supplemented by asymptotic values of the function L(k) as
indicated in the above Equations for P and Q. These additional values can
be calculated directly from the asymptotic expansion of the quantity

1 + jkI; [13]. 1In order to obtain values which provided adequate accuracy,
it seemed necessary to obtain more terms from the expansion of 1 + jkIj than
is provided in Reference 13. The required extension of the formula is

1+ JKI (k) ~ <2< 4T(3/4) T b 2 ——-—FG{% + g ~—--—r(7gj‘z
V2 (k) (ik)
oA T(9l4y 5 T{11/4)
6 oo oud s 128 o S7h
G’ Gt |
An additional term, %%% £Ll§§%% , was also found in order to determine the

(3%)
best number of terms to retain in the expansion. It was found that this
additional term would have reduced the accuracy of the calculations and that,
for values of reduced frequency exceeding ten, little, if any, difference
is found between L(k) values calculated from the expansion of 1 4 jkIy, as
shown above or with only the first four terms as originally given in
Reference 13, However, it was found helpful to recompute all the coeffi-
cients of k in this formula to more decimal places.

A tabulation of all numerical results for the sinusoidal gust response
is shown in Table 1. These values of the complex functions defined by
Equations for P(k) and Q(k) are shown plotted against reduced frequency in
Figures 8 and 9. It should be recalled in connection with these results that
all moments and forces are referred to the nose of the foil and that the
reduced frequency is based on the profile chord and not uvpon the half chord
as is common in airfoil theory.

The indicial admittance functions corresponding to an encounter of the
foil with a sharp—-edged gust or unit step in chordwise disturbance velocity
can be found by direct superposition [13,14]. TFor the lift response, one can
write

0

. 2 e sind k

AQ(X) ol / Re {P(k)} X dk : (38)
7
(o]

rd
For the moment response one has
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D sind k
Am(A) o Re {Q(k)} S dk . (39)

(o]

In these formulae the quantity A is the distance traveled in chords after the
profile nose hits the gust. We have already noted that Re {P} > 2 and

Re {Q} > 2 as k » 0. Moreover, the behavior of both Re {P} and Re {Q} is
dominated by Re {L(k)} as k » «, It has been found that

1.0662 .1633

Re L ~ = .
k1/4 k3/4

Evidentally, Re {P} and Re {Q} behave well enough at infinity so that the
Fourier transforms for AQ and Am converge and one can write them as:

¢ ] 5
[

Ag !
¢ |
i
!
{

- 2 Re Pi
[ {si Ak
Fg

e

2 - [2 - Re P]

¥ o N—— Y

Z BAOAK g9 -2 | 4% .

T k WJ'
2 - Re Q'

) P J

: This transformation takes care of the integrands at the origin so that asymptotic
representations for these integrals as A > « are easily obtained. 1t is
necessary to approximate the quantities 2 — Re P and 2 = Re Q near k = 0 by
suitable polynomials. From Table 1, it is found that

!
} sin\ k
i

2 - [2 - Re Q]§

RESESISSSRES N

{
4
(:
]
P A
i m’ o

/

- e st A

2 = Re P = ,2050k :

2 - Re Q = .2025k + .1250k> .

These forms appear to be consistent with the accuracy of the tabulated values,
Now, it is known [18] that if F(x) and all of its derivatives exist as ordinary
functions for x > 0, and are well behaved at infinity, then the asymptotic
expansion of the Fourier transform of F is

w

A ; 1 v
f B(x) &dfn 2N %y dx ™ %fgl = L~£Q13'+ E~~£Q% = o
J W (amy)” (2my)”

[¢]

In order to apply this result to the present problem, we put !

= 7 w Ra 0
¥(0) = 2 o = ,2050 or F(0) = .‘.M_'k’ €0 L2025




ol June 4, 1974
BRP;1hm

and A = 2my. Thus, one has

2 1.2050 1
Az(l)“z—;(—x—-)-l-()(';;) "
and E
creay famato b :

These expansions are used to supplement numerical integrations which are based
upon the values of Table I and the asymptotic expansions

1.0662 . 43373 ( 1 )
Re P ~ 92 .0 Lo :
L74 374 74 3
and
1.0662  .16334 1
Re Q ~ = + 0 ————} :
L7 374 Nz

. Results of such calculations for AZ(X) and Am(X) are presented in Table II.
Graphs of Ag and Ay, are shown in Figure 7.
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FIGURE 1 - Flow Geometry and Physical Quantities

z-PLANE "

-

; 48,
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FIGURE 3 - Foil and Cavity in the v-Plane
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