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Subject: Fully avitating Hydrofoil Response to Streanwise
Sinusoidal and Sharp—Edged Gusts at Zero
Cavitation Number

References: See Page 32

Abstract : A second—order linearized theory of two—dimensional cavity
flows is used to study the nonsteady response of hydrofoil
lift and moment to sinusoidal and sharp—edged strcamwise
gusts. These gust patterns are assumed to be frozen and
to be convected at the stead y free—stream velocity. The
analysis is restricted to the case of zero cavitation number
corresponding to an infinitely long cavity in an othcrt~’ise
unbounded flow. For sinusoidal gus ts, lif t and n’.omen t
response func tions are presented for the entire range of
reduced frequency, in addition , trans ient lif t and moment
responses arc tabulated for the reactions which occur after
the foil. encouoters a sharp—edged gust. These calculat;ions
are carried out for thos e terms in the soluti on which result
from the nonst eady downwash on the w e t te d  surfa ce of the
fo i l  which are  due to the d i rect  n c t io r t  of the  gust on I lie
inc3ined we tt ed  s ur fa ce . They p rov ide  a d i rec t  cav i ty  f 1o~’
analog of the florlock f u n c t i o n  of a i r f o i  t he o r y .  The
present  s tudy  ci ~ cav~ t y  f low has  revea t e d  an added non—
steady e f f e c t  r e~: ul t in g  f r L ~~ an in l e r , i c t  ion b et~.: .’en the
gust d td ~he c.~ ~ i ty .  I l i c o r e t  tea I rc ’stil  f o r  hi p ar t of
t he  so1~ it rm n r  p r e se n te d  in  th u; r~ p o r (  ~:~~i c li 5 l iO~J a
rc~ ponse at  t~ c~’ the i n p u t  f re q u en c y  of a si’~u~ ~ 5~~i .J g ust .
Na r i i c  i i~~n I ‘~~~~ . 1 n of t h i s  p .~r t  of the  t l i r e i  y 1 iio~ been
caii- i ~
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INTRODUCTION

The present study is motivated by recent demonstrations that accurate
analyses of nonsteady blade forces ca used by in f low distor tions upst r eam of
propellers [l,2]*and axial—flow turbomachines [3,4] depend upon the stream—
wise, as well as the transverse, component of gust velocity relative to the
blade. In these experimental and theoretical studies, which involve non—
cavitating flows, the inclusion of the streamwise gust component has been
found essential for prediction of nonsteady force trends with advance ratio.
Another reason for the present analysis is the current interest in high—speed
hydrofoil boats with supercavitating foils. In such craft, the forces on
supercavitating propeller blades or ocean wave effects on the foil loads
might also depend on the streamwise , as well as the transverse, component of
gust velocity. Finally, the possibility that streanwise gusts might also be
generated in the course of nonsteady cavity—flow experiments in water tunnels
is another reason for considering this problem.

The present study is only a start in the analysis of the noasteady cavity
flow problems noted above . With respect to the f i rs t , the e f fec t s  of

• nei ghboring blades ar e not consider ed , with respect to the second , the p r esence
of the fr ee sur f ace is neglected , and with respect to the third , the ef fec t  of
tunnel walls has not been included. The aim here is to obtain the cavity—flow
analog of the Horlock funct ion [5] for nonsteady cavity flows , and from this
new result to derive nonsteady response functions for l i f t  and moment to
sharp—edged gusts. The entire analysis is restricted to two—dimensional flows

• at zero cavitation number. tn this case, the cavity length is infinite. The
linearized theory of cavity flows is used to obtain the desired results.

As is also true of llorlock’s analysis [5], the nonsteady response of
streamwise gusts in cavity flows is a second—order effect. Therefore, the
present analysis centers around the systematic development of first , and then
second , order approximations . As is convenient in linearized analyses of such
nonsteady cavity flows , the acceleration poten tial is employed . The method of
the present study follows an analogous treatment of nonsteady airfoil theory
[6]. However, the presence of the long cavity in the hydro fo i l, case brings
certain aspects to the theory which require that we reformulate the analysis
from th e beginning.

FLOW GEOMETRY AND BAS~C EQUATIONS

We shall consider a two—dimensional fiat—plate hydrofoil of chord length S
at an attack angle cc~ with respect to the free—stream flow direction. The cavity
springs from ‘.he nose and tail of the profile ., and it extends to infinity in the
downstream direction . Only the underside of the foil. is we t t ed  by the flow , and
this surface lies along the x axis. Figure 1 shows the general features of the
f low geomet ry  w i t h  respect to x—y coordinates. T u e  free—stream velocity , q~
in Figtir~ 1 includes the sinusoidal gust , Uw(x, t )  , which is sup er in i -osed  on
the free—stream ‘~eloci ty U. The gust velocity is the only  time—dependent in p u t
disturbance to an otherwise steady flow . The attack angle cc~ is  f i x e d , and t h e
pressure inside t ie cavity is const an t, and equal t o  the f r e e— s t r e a t a  ~ LT a t:ic
pressure , P0. The cjuaatity c ciiaracccri ~~ Li~.:• r - .hnitude of all disturbances
imposed upon t h e  f rc t— s tr e a m  f low .

The ve loci ty  a t  an y  p o i n t  I n  the flow , ~~(; ; , ~, t) , has t w o  ca; pouan ~ S

*Numbe r ’- n p a r e i i i h e s e a  r e f  t~i Ic -  doc u s’ it  S ~‘ivi-n in lI e li st I r ’ f c r e n c  ~~
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= U(cosca + w~ + 11)

and (1)

= U(sincc* + W
Y 

+ v)

Each of these has a steady free—stream part, the periodic gust, and a disturb—
ance component created by the foil and cavity. The disturbances u and v
vanish far from the foil. Moreover, the static pressure at any point in the
flow is P(x ,y,t). It can be represented as the sum of the constant free—stream
pressure P0, and a disturbance pressure p(x,y,t) created by the foil. Thus,

P(x ,y,t) = P + p(x,y,t) . (2)

The disturbance p(x,y,t) also vanishes at points far from the foil and on the
cavity.

• For an incompressible fluid having density p, conservation of momentum
requires that

~~~
+ (~ •V)~ = - (3)

Conservation of mass provides that
I-

dlv~~~~~O . (4)

If the flow is irrotational,

÷
curlq O . (5)

In a two—dimensional flow, Equations (4) and (5) imply that a gust in the
x—dircction should be associated with one in the y—direction. In nonsteady
airfoil theory , the response to a constant amplitude vertical sinusoidal gust-
is given by the well—known Sears ’ functic~a [7]. The response to a similar
streairwise gust has been determined by llorlock [5], with a further extension
and interpretation given by Morley [8]. Commerford and Carta [9] have studied
more general two—dimensional sinusoidal transverse and ehordwise gusts when
the condi t ions  of i r rotat ional’ ity  and c o n t i nu i t y  arc explicitly satisfied.
They find t h a t  gusts of constant ampl i tude , in d e p e n den t  of y ,  are not strictly
perwissible .  Beth components should show transverse :uu~ litudc variations
represented by mul l  i i l i c a r - i ve fac t o r s  of t he  form exp (i~ v/ U) .  They also f i n d
t h a t  the phase o .  t h e  ho r i zon tal .  gust  1ead.~ tha i: of t he  vertical ~u s t  by 90
dc grees. The nc ’~~1 e~~L of these  c o n d i t i o n s  in  analyses  I - .- Scars , h1o r l O ( ~< and
o the rs  appears to  he j u s L i  f i ed by the f ac t  t l ic t  strd i ye i. ici ty in the flow 
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does not affect the lift on a thin airfoil. Evidently, independent analyses
of constant amplitude vertical and horizontal gust response can provide
practically meaningful results. Appropriate combinations of such transverse
and horizontal gust response functions can then be used to approximate the
response to practical situations [5].

PERTURBATION EQUATIONS

The effect of the gust will be studied under the assumption that the
• hydrofoil and its cavity are equivalent to a slender body so that disturbances

created by the foil will be much smaller than the free—stream velocity U. The
parameter c will be used to characterize the magnitude of all disturbances.

• In the case of the gust, the chordwise component which is parallel to the
wetted surface of the flat plate foil is the interesting quantity. We will
specify it by

j~~( t- ~~~)
w =cw = e u e  , (6)x 1 o

where the constant u0 is the chordwise gust amplitude , w is the circular
frequency, t is the time and j ~~~ It follows that

W
Y 

cw1 tancct = c
2
ctw
1 

+ ... . (7)

It may be remarked tha t if ~~ i.s not at least of first order in c, it follows
from the continuity condition that it must be zero, which is contrary to
hypothesis.

Now, let disturbances created by the foil be represented as

2u = C u
1 + E u 2 + ... ,

v ev1 + C 2v2 + ... , (8)

and
2

P C P 1 + C P ~~ + ...
Expand j r t 5c~ the trignometric functions in Equat ions  (1) in pm- ’ers of c and using
Equations (6), (7) and (8) in Equat ions  ( ! ) ,  one gets the component velocities ,

2 2
U [1 + C(u 1 + w1) + c 

~°2 
— + • •~~~~

and (9)

q U [it (o + v 1) + it
2 (v~ + c1w1) + . . . ]

- . 5 ---—-- ‘ - ‘ —-—-5 -- 5 ~~~~~~~
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Now, let us substitute Equations (9) into the irrotatlonality condition of
Equation (5). Then, group all terms according to the power of c multiplying
the terms of each group. Since curl q = 0 for all admissible values of C,

it follows that

3u
1 

3v
1 

—— a~ 
0

and • (10)

— f (v
2 

+ 
~~~ 

= 0 .

Similarly, the continuity equation, Equation (4), becomes

3v
~~

— (u1 
+ w

1
) + .-1 = 0

and (11)

-~~~~~~~~

The same process applied to the equations of motion also leads to pairs of
• first order and second order equations.

First Order Equations

1
au
1 ~~~ 1 

ap1
u a t pU2

~~
x

(12)

1~~
v
1 av1 1

The gust velocity , because of its form , has zero linearized total derivutive ,
and It does not appear in Equations (12). Moreover , wh~u the first of
Equations (11) is combined wi th  the sum of Equa t ions  (12), after the first is
differentiated w~ th re~;pcct to x, and the necoad with respect to y, one find.~
tha t

i ~ 1 2
iJ~T~~a~ ~~~~~

-

~

--•-.—-

~

—

~

- -. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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again, because w1 = u0 e
i
~~

t — x/U)~ Therefore, we can define a harmonic
function ~~ such that the gradient of this acceleration potential gives the
disturbance acceleration created by the foil:

.

Since p = Pi 0 at upstream infinity, it also follows that one can put

(13)
PU

Finally, because 41(x,y,t) is harmonic at every instant, one can use the
Cauchy—Riemann equations to define a conjugate function i~l(x,y,t):

—— ~~~~~— a3x 
~
y x

1
(14)

a~1 -

As a result, a complex acceleration potential can be defined as Fl = +
• and a complex velocity by W1 = u~ 

— iv1, where i \f-l and ij ~ — 1. It
follows that the complex sum of Equations (11) can be written in terms of two
analytic functions of z = x + iy as

dW dF

~ 
+ . (15)

Second Order Equations

Upon separat:iug the second order terms from the equations of motion and
using the first order Irrotationality condition to transform certain convective
terms, one finds that

1 ~~2 ~~2 ~ 
f ~2 + 

(W
i 
+u ~)

2
+ (v~ + ~ )

2 ~

U~~t 
+ a 3x 1U 2 2 

5and 
2 2 (16)

i + a JP2 (w
1 + u 1

) + (v 1 ± ~ )

u at ax 
~~ l U

2 2

~ 

-~~~~~~~~~~~ — -— - ~~~~~~~~ --- _ _
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Again, differentiation of the first member of this pair with respect to x,
and the second with respect to y and use of the second order continuity
equation, leads to

+ 
~~~ + u1

)~ + (v1 + ~)
2 

} 
= 0

As before, we set

p
2 

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

~~~~~~~~ 2~~ 2PU

The integral of this equation is

2 2
p
2 

(w
1 

+ u1
) + (v, + cI)

~2
+ 2 + 2 

f(t)
PU

When u0 = 0 the flow must become steady and so 1(t) is a constant which we
will put equal to zero. At upstream Infinity , p2 u1 = v1 0, and since
the value of 

~2 
is at our disposal there, we will put 

~~~~~ 
= — (w2

~~~
2 ) / 2 .  As

will be seen below, this choice of 
~
2(—

~
) insures that P2 ~~S zero on the

trailing edge of the foil, and of greater importance , that 
~2 

is also zero
at the trailing edge. Had we chosen 42(~ ,t) = 0, the value of 

~2 
would still

be zero at the trailing edge, but 42 would have been equal to az/2 there. The
present choice is, therefore, the more convenient one. From these consider-
ations it follcws that

r 2 2
Ip  (w + u )  + (v +c~)

~2 ” I 2 ~~ 
~ 

2 
—L . (17)

L

In Equat ion  (17) the  t e r m  w~ is bounded bu t  not well ,  behaved at  z —
~~~~. h ow’-

ever , it leads to no second—order  acceleration components anywhere  in the
flow. Its effect will, be Lrc’ntud separately ht~low.

2
C l e a r l y ,  

~ 2 o and thc acceleration components can he expressed in
terms of the Cau~ hy—Rie~iiann eq uat i on s as

• aq) 7 ~~~2
a~~~~~~— -h-—

a = -
~~
- - - 

d

_ _  ---- — ---~~~~~~ -—~~~~~~~~~~~ - . --~~~~~~~ -—-- —.-- - 5. - —.~~~~~~~~~~ -..,5~~~~-5 _ _
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As was the case for the first order system, one can define a complex
acceleration potential

F
2
= i~2

+j.~)2

In the limit of steady flow, the first of Equations (16) becomes

au2 aq~2
ax ax

and if one integrates from z = —
~~~ to z = x, he gets

2
a

2 steady U
2 2

The second of Equations (16) becomes

~2 steady v2

BOUNDAR Z CONDITIONS

The solution of the present problem depends upon the determinationi of
an analytic function

F(z , t ;c)  = cF1 + c2F2 + ... , (18)

which at each ins t ant -  is regular  outside the foi l  and the cavi t y .  The complex
po ten t i a l F w iL l  satisf y cer tain boundary conditions , which in keeping w i t h  th i n —
body a p p r o x i mat i o n s  arc t r a n s f e r r e d  to a cut along the posi t ive real axis of the
z plane. This mathemat ica l  r ep re sen ta t ion  of the foil  and the cavi ty  is illus-
t r a te d  in Fi gure  2.

As noted p rev ious ly ,  the w e t te d  s u rfa :e of I:! e foil  is po~~i t ioned  on the
real axis  (0 < x s, y 0—). Uc sh ; ’l ,i denote  the  c a v i ty  contour  by
y = CC 4 ( x ),  wh ere  C~ and C_ r e fer  to the  u p p e r  or the l ower contours , rCS j ) 0 c -
t iv e ly  The boundary coed i t’ions t-h Ic h apply in  the z p inne  arc ’ :

( i )  p ( x ,y , t )  0 fo r  0 x , y = Er+(x); s 
< x, y ~ C (x) .

(ii) I ” ( z)  c o n t i I ~~v ’n~ a t  — s, y = 0— (Kut t ’ a C o n d i t i o n ) .

~~~~~~~~~~~~~~~~



— ~~~~~‘~~~~~“ ~~~~~~~~~~~~~ — —--~~~-•- - — ——-—--•- ~~~~~~~~~~~~~~~~~~~~~~~ - • -

— 10 — June 4, 1974
BRP: lhm

(iii) F(z)  = — c2 (w~ + a2)/2 at z = —~~ [because of Equation (17)]

(iv) q~~= O f o r 0 < x < s , y O —

Finally, if Vf is the downwash on the wetted surface of the foil, the
vertical acceleration of the fluid there, is

i a  a
(v) ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

These boundary conditions can now be separated into f i r s t  at’id second
order systems with the help of Equations (8),  (9) ,  (11), (17), and (13). In
order to carry out this separation for ( I) ,  the conditions must be t ransfer red
from the cavity contours to the top or bottom of the cut along the real axis.
This step is carried out by using a MacLaurin’s series in y = £C~ :

~n 
(x,O±,t) + cC~ (x) f— p (x,O— ,t) + ... , n = 1,2

The f i rs t  and second order boundary condit ions take the following forms .

First Order

1(i) Re ~F1(x ,0, t ) }  = 0, 0 ( x, y 0+ ; s < x, y = 0—

1(u ) F
1(z,t) continuous at x 

= s, y 0— (Kutta Co~ d i t i on )

I(iii) F
1
(_co,t) = 0 •

I( iv) v
1(x,O— ,t) 

—
~~ , 0 < x < S

Evident-ally, these conditions ind :ieate a s t e a d y  f l o w  for  the f i r s t  or de t
solut ion , so tha t F1 = ~~~ or u 1(x ,y ) ,  ~~ — v ( x , y ).  i t  is to l~e noted
tha t I (iv) gua r antc ’c ’~ the u~~t i s f n c t i on  of cond~ t ioi?  ( v )  above .

Second Order

av w2 + (v + a) 2 1~~~11(1) Re fF2(z,t)} — c 4 -
~~~~

-
~
_ - 

~~~~~~~~~~
-
~~~~

-
~~~~

- ‘ ; x 
~~ 

{
~ 

~ 
= 

~o-~

11(u ) 
~ 2~~’’

’ ~ c o n t I n t c c e e ;  :It s, y “- 0— 

-- ---•~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -•‘~~5-- •~ .~~ --•-- •- • - ‘ -• -• . - -- • -~ -- -. -~~~‘- ,“-‘,. ,•-~~5’-- . 
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w
1 

+ a
II(iii) F

2
(z,t) = — 

2 
at z = —‘°

II(iv) v
2 

= —a. w
1; 0 

< x < s, y = 0—

f
11(v) Ir ~~

-
~~

---
~~
- = 0, 0 < x < s, y = 0—

In the first of these conditions , the first order resul t  1
~
)l = — V1 and cavity

pressure
2
condi t ion u j, = 0 have been used . As a resul t , 11(1) becomes

= — w1
/2 on the lower surface of the cavity at the trailing edge because

v1 = — a and C_ 0 there. But, since 
~2 

is continuous at the t ra i l ing  edge ,
it follows from Equation (17) that 

~2 
= 0 there. The foregoing basic

equations and boundary conditions permit us to attack the first and second
order problems .

• FIRST ORDER SOLUTION

Although the f i r s t  order solution is a well—known result of l inearized
cavi ty flow theory , it will be reviewed in this section because the second
order solution requires specific f i rs t  order resul ts and the theoretical
approach to the first order problem is also useful in the second order case.
In the following, a sequence of conformal mappings will be used. The region
outside the wetted surface of the foil and the cavity, repr esen ted by the

• cut along the positive real axis in the z—plane , Figure 2, is transformed
in to the region above the real axis and the uni t semicircle abou t the origin
in the c—plane. This result is achieved by first mapping the region outside
the cut in the z—plane into the  upper half of the V—plane by means of a
square—roo t relationship . Then that part of the real V—axis corresponding
to the wet ted  surface of the foil  is mapped in to the  upper half  of the  u n i t
circle in the ~—p ] .ane by means of a Joukowski t r ans fo rma t ion .  Thus , one can
write for both first and second order flows ,

(19)

The v— and ~—p 1an es w i t h  corresponding points  on the cavity and foil are .che\’n
in Fi gures 3 and 4. In these  m a pp i n g s  the  Co~ Ip lcX a ccelerut i on  p o t e n t i a l
F(z, t, ;s) is i n v a rh a t  a t  cor respondiag  p o i n t s ,

As already noted , the first: order fio~,~ is steady and F1 Wj, 01 — lvi.
In the  c—p lane , an anal y t i c  f un c t i o n  ~! (- ii sat  i ~; lies ~1ic ~ bounda ry  cond i t ions
1(1) throug h 1(iv) can be f o u n d  by inspect ion  Thie f u n c t i o n  is

f = ~~~~~~~.

I t e~ni be seen tha t  f is pu el I r.-~~, n ar y  ~-: l1~~- T t  is  a ny  po in t  on t he  r c a  1 ax is .  $
1:v J d ~ u t n i l y ,  I s at i s f ie s  1( i ) .  This m i d  i o n  has a l e n d i n g  l~~c’ s i i g t c l a r i ~~v

- - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
_ _ _ _  _ _ _
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which provides for the branching of the flow at the nose of the hydrofoil.
At C = 1, changes in velocity must  be of the sane order as the free—stream
velocity so that the small—disturbance assumptions of the theory break down
in the neighborhood of the nose. On the other hand , it is certainly clear
that the Kutta condition 1(u ) is satisfied at the trailing edge, C = — 1.
In fact, Re f = 0 there. Moreover, as can be seen from Equation (19), large
values of C~ 

correspond to large values of Izi . Therefore I(iii) is
certainly satisfied. Finally, at points on the wetted surface of the foil
C = e10 and 2f = cot0/2—i. Accordingly , f can also be made to satisfy I(iv)
if we put f equal to

-2iaFl
= W

l
(z)=

C l  
(20)

One can
0
use Equ~~ion (19) for corresponding points on the~~~~~fi1e , for

which C e1 and ‘J z/s = — 

~‘~
f
~TT~ to show that cosO 1—  2~ /x/s . It then

follows from Equation (20) that

u1 
= —a\/\/~~— 1

and (21)

v1 —a
S )

on the wetted surface of the foil. From Equation (13), it follow:; for steady
flow that u1 = — p1/pU2, or that Cp1 = — 2u1. One can integrate the pressure
c o e f f i c i e n t  al ong the wetted su r face  of the ‘fo i l  to f ind  expressions for  the
section force coefficients. For example , the section lift coefficient , C~,1, is

C~ 
- 1 d (-~) 

= a . (22)

Si n l ia r l y , the  s e ct i o n  i;;o:ieiit ’ c o e f fi c i en t  :i n u ,~ the  p r o f i l e nose is ,

1

C = 2a (~P~~ ~ 
- I d ( ~~) (~~3)

1 ‘

0

Nose—up p cmc ’at s arc pos~ t’ i v e .  J t ’ : c ; iu s c~ t h~ ~ c t t  ccl  s ur f a c e  of tJ:r profile is
f l a t , the i ty dra g coe f f ~ c- i e t i t  f or  I. b c : e c t  i on  is

in 2
cc ~~~ ‘- ‘~~ a
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S One can also write specific expressions for the cavity contours C÷(x).
However, these expressions will not be needed for the nonsteady solution,
and we can omit this detail.

DISCUSSION OF SECOND ORDER BOUNDARY CONDITIONS

The boundary conditions for the second order solution as defined by the
five conditions II can be split into uncoupled steady and nonste-ady parts.

• For the steady part we have:

• Steady Boundary Conditions

2 av
1 

(v
1 +a)

2 
0+ 0

(1) u
2 —~~— - — C~~~—--—  2 ‘ ~‘ o— ~ X >  

s

(ii) W2(z) continuous at x 
= s, y = 0—

2
(iii) 

~2 
= — 

~~— at z = —
~~~ (and u2 v2 0 there).

(iv) v2 
= 0, 0 < x < s, y = 0—

If allowance is made for the somewhat different notation used here, and the
fact that we consider the special case of the flat plate profile, it can be
seen that these conditions correspond to those given by Chen [10]. In view
of Chen ’s results, we need not consider the steady problem. We can proceed
directly to the study of nonsteady gusts.

• Nonsteady Boundary Condi tions

2 (
w 0 0+

(i) Re ~F2(z,t)} 
— ; x >~ , y =

S 0—

(ii) F
2 (z , t)  con t inuous  at  x s , y = 0—

(iii) a = a  0 a t x = _ c ~X )‘

(lv) v 7 
= — c c  W~) 

0 < x < S , y = 0-

(dF 
‘

~

(v) Iii 
~

-j -
~

-
~

-
~ 

0; 0 < x < s, y 0--

Inspection of t he  f i\  non st  e ;cdv  hoon :5~
y ccn ~L~ t: i o ns  l i s t e d  above rc’vcal

that (i ) and (iv) have di f f  r en t  h~ li5i ~’inr with respee t 1o t l i e  gcoc t f re q e n ry
as m d i  eat cd by t a p i a s  of w1 i i  cli  cu - cur : - ; in iao ’ t l one of t I s e ~~e c’~~~ r c ’ ; s  I i s i s.

in part i cil a i- , (1) s l iu r - I isa s tc u b l ’d fa j u l - c -  y de~~-adcnc ;c’ of ~ u cinci (iv)
depends ;  on w oil y. in o r der  l u  h: I d  I Si t t in  L l o n  \:e sha l l  I et the  s n i ut  I on 
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be the sum of two parts: F2(z;w) + F2(z;2w). The first part accounts for
the nonsteady downwash genera ted on the we tted surface  of the foil and the
second part concerns the interaction between gust and cavity. Then we can
split the nonsteady boundary conditions by writing the boundary conditions
for F2(z;w) so that its condition (i) reads

0 0+
Re {F2(z;w)} 

= 0 ; x > , y =

S 0_
j

with all others remaining as written above. For the case of F2(z;2t~) we will
write condition (iv) to read

v2 0 , 0 < x < s , y 0

with all others remaining as written above, in this latter case we note that
if this homogeneous streamline condition is satisfied on the vetted surface ,
then the homogeneous condit ion (v) for the acceleration, In {dF2(z;2w)/dz} = 0
will be satisfied identically at points on the foil. However if the
accelera tion condi t ion is sa ti s f ied f i r s t , one must still see to it that the
streamline condi tion on v2 is satisfied explicitly.

We will now turn to the determination of the function F2(z;w), which
accounts for the nonst eady downwash on the foil and which , as we shall see,
leads to the direct cavity—flow analog of the Horlock function , T(w).

THE ANALOG OF HOELOCK’ S FUNCTION

As we have noted above , the bound ary condi t ions  for  F 2 (z ; w)  arc:

0! 0+

F (i) Re {F
2(z;w)} 

= o x 
~ 

=

(ii) F
2(z;w) continuous 

at x s, y = 0—

(iii) F
2(—~ ;w) 

= 0

(iv) v2
- u w

1 ; 
O < x < s  , y 0 —

(v) In fdF2(z;c)/dz} 0 ; 0 x < s , y = 0—

Having “ssu ~ p 1 ’ :’ ::(-I” the I er a w~ in lucae cctndit 1 0 ; - , , t i ’  T’ u u i s ; t  a l u — o sipprt-as the
(- (r tc- u; )clndi ng t i n  in I ~~u it Ic -s i ( 17 ) .  Titus , for  t l H  p a r t  o~ t h e  non~: t c - a lv
sol t u t  f -us  h s j s i a t I tj n (17) is z j l , t c u by

- - -5-— - - -  - -5 - —~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ — .—-— - --- — --~~~~~~~~~- -  ~~~- ‘ — ‘ - - . - -~~~~~~~~~~~~~~~~ -- - --‘-- - -5
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r 2 2
1 p 2 u

1
+ (v1 + c t )

~2 
= + — 

2 
+ U

1
W

1 
. (17a)

Thus , 42 for this case will show no frequency doubling.

Comparison of these nonsteady second order conditions on F2(z;w) with
the f i rst order condi tions considered previously sugges ts that the func tion f ,
introduced for the first order solution, should be adaptable to the nonsteady
problem. Condition (iv) will lead to some differences in the method of
solution , but it is clear that the present conditions (i), (ii), and (iii) are
satisfied by f. It can also be seen that condition (v) is also satisfied by
f. One can verify this by using the fact that in the C—plane , the real and
imaginary parts of the produc t elOdf/dC give the radial and transverse
components of acceleration. By using this relationship, one can verify that f
produces no radial component of acceleration on the unit circle. Therefore,
this fun ction prod uces no accelera tion componen t a on the we tted surface in
the z—plane, except possibly at the leading edge w~ere f is singular. In order
to adapt f to the present situation, we will introduce a function

A(t) = A e ~~~
t (24)

The factor A0(w) will be determined by condition (iv) . The time dependence is
separated out as indicated in Equation (24) because w1, as defined in Equation
(6) , can also be separa ted  in this way. Thus, we shall write the nonsteady
solut ion as

jwtiA e
F
2
(C,t) - 

C —  1 
(25)

In order to determine the quantity A0 and , thus , comp le te the solu tion of
Equation (25), it is necessary to sa t i s f y nonstead y condi tion (iv) by in tegra t ing
the second of Equat ions (16) . 4gain , we separa te  th~ spa tia l and temporal
fac to rs by writ ing v2 = v0(x

,y)e-1~~ and 1
~2 

= c 0
(~~,y) ~~1wt to obtain

• w 
3~o -

~ v + -
~~~~

-- — -s------ • (2o)

-
- This equation can ncr- be inte l-r otc d f rom ~-c = — ‘

~ along the n E - s t i v e  r ea l  axis
to  a poin t near or on the wet Led surface of lie ~~~l. lit tr~~i , u c l  rig t h e  r edu ce d
f r c u qu c - n cy ,

* 2 -N ot c t b - i t  no-, -. t i e  t i - r n  \-~~ Ic ;  ~ p i rc~~s;ed i s - I  I r at  1 in I~~t i t  °n (1 7a)

—- 5- ’- - - - -~~~~~ - S ~~~~~~ S_ -5~~~~ — ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - — -5 - — - ’ -  -5 - - —-~~~-‘-— -
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_ O 3S

based on the entire profile chord length, one can write

—3’~~ r ~~2 ~~~v — e  J 1—e d~ (28)

for the integral of Equation (26). Assuming that this integral is convergent,
one can consider x to be a point on the wetted surface and he can differentiate
both sides of Equation (28) with respect to x. But on the foil, nons teady
condition (v) indicates that ~~~~~~ 

= 0 there. Therefore, it also follows that
— (jk/s)v 0 on the wetted surface . Moreover condition (iv) indicates

that v0 = — c~u0 exp(—jkx/s) when 0 < x < s, y 0—. Therefore Equation (28) is
identically satisfied at all points on the wetted surface of the profile. This

• fact permits us to take x = 0+ in Equation (28) without loss of generality.
However , in order to secure convergence in the evaluation of Equation (28), we
integrate by parts. We take the principal value of the integral by indenting
the contour of integration by means of a small semicircle about the nose in
the lower half z—plane . Thus, the path of inte~ ration goes from —

~~~ to
and then around the semicircle from Ce”~ to E e 1~~~ . Finally, one takes the
limit E —

~ 0. Thus, Equation (28) becomes

p • X

— au0 
— i~0 

(0+) + ~
k) 

e 
~ 

(~
) d (i-) . (2 9)

From Equation (25) one finds that I4i
~~
(O+) — A0/2 and that

A .-~ / 1  +
— 1 ~

Now, one can put x/s = — r~ and suhs t it ut - c- the above relationships into
Equation (29) to obtain

- uu ‘

~~ ~~
:I [ ‘ \ /~~~11 I~1Ii 1] 

-jkq 
d~ 

} 

.

Solving for A0, one fi nds  t h a t

— 2a. u
A — -° - - - - - -‘ -

1 - I jk J
~ 

( k )

—----5— --5- - - —--5 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~ •• , , ,-5 -5 - ’--- --
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!- where the integral I~ is of obvious definition. The close resemblence of
Equation (30) to Martin’s [11) result for the transverse sinusoidal gust
is noteworthy. In Reference [11), Martin has put

L(k) = 
i + jk I

~ 
(31)

and noted that L(k) is the cavity—flow analog of the Sears’ function. Numerical
values of L(k) are tabulated in Reference 12. For values of k < 20, the
integral Ii was evaluated by numerical integration f13J. For calculations
involving reduced frequencies exceeding 20, the quantity 1 + jkI1 was approx-
imated by an asymptotic expansion [13].

NONSTEADY FORCE AND MOMENT FOR THE FIRST PART OF THE SOLUTION -

— The nonsteady hydrodynamic force and moment depend on the quantity 42
for points on the wetted surface of the hydrofoil, We can separate the time
dependen ce by writing 

~2 
~oe

3Wt as we have done with other second order
quantities . One can use Equations (25), (30) and (31) to express ~~~~ on the
wetted surface as

—~u L(k) — 1 .

From Equation (l7a) one can write the pressure coefficient on the foil as

2

C = — 2 

[
~2 

÷ ÷ U
l
w
l~

This expression can be decomposed into a steady part C~2 
and a nonstead y part

C~0 
e3~~~. The steady part ,

2

C
p = _ 2 [u2

_
~~~~~t~~~~

] 

,

would be used for  t h e  s tead y r econ d—ord er  problem . The nonsteady pa r t ,

C — 2  4u + u  u e  •~~~ 
,0 J o

3 8  a pp l i  c a b  e to M;~ p r c a en t  n o n s i c - a dy  problc’r . Iii part:i cu l a r , 

~~-,- — -  - --‘---5 ——~~~~~~~ - -5- - •~~~--~~~~
- - -
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I -jk~~l fl~—C = + 2c~u [L(k) + e — 1

The unsteady section lift and moment coefficients are obtained by integrating
this pressure over the wetted surface of the profile. These integrations give

C~ ~ au {L(k) ÷ ~ I~~(k)} e
JWt 

= ~ au P(k)e~~
t (32)

and

C = — ctu {L(k) + ‘~~~~~ 13
(k)} ~~~ = - ~~ au Q(k)e

3Wt (33)

The bracketed terms represent the ratio of nonsteady to quasi—steady response
and they will be denoted by P(k) for the lift ratio and by Q(k) for the
moment ratio. The integrals 12 and 13 are defined by

1 
_ _

1 (k) =f~’~~— 1 ~~~~~ dfl (34)2 j  ~~
and 

I
3

(k) ~~~~ ~~~ . (35) 

f

Although these integrals show some similarities to others of hypergeometri.c
form, they are not reduc ible to standard representations. They must be
evaluated numerically.

The integraiions for 12 and 13 have beet carried out numerically as
indicated in the Appendix. The results of this work are shown in Figure 5
which is a polar plot of P(k) and Q(k) with selected values of k shown on
the curves. Figure 6 compares P ( k )  wi th  f un c t i o n s  of Sears [7] and Horlock
[5] ,  referred to the profile nose and with th-~ reduced freq uency based on
the whole chord. The transverse gust function for cavity flow L(k) [11,12)
i s also plo tted in these graphs. In all of these graphs , it is seen that
the steady s la te  l imi t  of P and Q as k -

~~ 0 is ;‘. As poi nted out previously
by Horlock [5],  this doubling is caused by thin fac t  that -  the  gust , being in
the direct ion of f l i ght , a f f e c - t s  the d y n am i c  p ressure  exper ienced by t h e
foil. But the dynamic pressure depends upon t 1;e squ are  of t h e  velocity and
this fact is rc-b~)onsible for the i ir ’i t no ted .

The ind ic i al  admi t  Lance f u n c ti o n s  corresponding to an encounter of the
foil ri i it a sha rp—edg e d  gust or unit c t  -p in c ho rd r i  re disturb;uicn velocity
can be found by direct sup e rpos i  L i o n  I ~ 161 . Vrr t h e  l i f t  rec,ponse , one
can wri te

-- 
_~ a c s ~a;~~~~- _ 

- - 5- ”-’ ’-  
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Az (x) = 
~ 
/ 

Re {P(k)} ~~~~~ dk . (36)

For the moment response one has

A ( ~) = Re {Q(k)} ~~~~~ dk . (37)

Again , numerical integrations arc required. An outline of this work is also
given in the Appendix. The results are shown in Figure 7 which shows the
two admittance fun ct ions  (36) and (37) plotted against X. The quantity A i_ s
the distance traveled in chord lengths after the profile nose hits the gust.
When these func tions are known , the l if t and momen t coeff ic ients are -

- 

C~ (A) ~ ccu A~ (A) (38)

and

C (A) = a~~ A (A) . (39)

NONSTFADY CAVITY—GUST INTERACTIONS
2 2 2jt~(t—x/U)It remains to determine  the e f f e c t  of the tern  w1 = u0e on the

nons teady hydr odynamics of the cavi ty flow. From the previous discussion of
the second—order boundary conditions we have seen that the nonsteady effect
of w~~ is ascribable to that  par t  of the complex acceleration po ten t ia l,

It was noted that the boundary conditions for this function are

2

(i) Rc {F
2
} — - ~~~ ; > 

0 0+

l s J 
0—

(ii) F2 continsio ts at x = s, y = 0—

— 
(iii) a a 0, at x =

x y

(iv) “2 = 0 ; 0 < x < s, y 0—

dF
(v) Tm = 0, 0 < x < s , y 0--

We have al so observed t In t, condi tiotis (iv) ;~~d (v) arc- soiiiewha t r c d i ; i d ’a ,  , hnt

________ -5— - 5----—---~~~~~~~~~~~~ • -  - -——-5— ‘-~~=--
~~~~~~~~~~~ - — - - - - 5 - • --~~ —— --~~~~~ --—~~~~~~~~~~~~~~~ - - 5 -  ~~~~~-5 - -- _ -—-

~~~~~
- - - -
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if one knows that (v) is satisfied by F2 he must still be certain that (iv)
• is explicitly satisfied. Finally it is to be noted that now

— 2

~2 
= (l7b )

In the following we will introduce the reduced frequency k of Equation (27)

and factor the term w~ into spatial and 
temporal parts so that

2 2 . x

= 2. e
2

~
’
~~ e

2JWt

The tem~oral part can then be 
elliminated from further consideration by writing

F2 = FeUJWt and so forth for the other quantities defined above. The boundary

values which apply to F = ~ + ii~ in the V—plane are illustrated 
in Figure 8.

In the z—plane , the normal acceleration condition on the wetted surface
• of the foil is ~ ‘/3x 

= 0 and this can be integrated along the wetted surface

to give

~~~~B(k) ony O—, 0 < x < s  . (40)

Therefore the values illustrated in Figure 8 in the V—plane on the real
axis can be replaced by -

2u . 2
= — ~~~~~. c~~

2jk
~ on the upper and lower surfaces of cavity

and

= B(k) on the wetted surface of the profile.

The constant of integration B(k) wi],1 be determined later by a p p l y i n g  the
condi t ion ~ 

= 0 on the  w e t t e d  su r face . For the presen t , one observes th a t the
boundary values ~or F are now specified 

along a l t er n a t e  i ’ t e r v a ] s  of the
c—axis in terms of ~ and ~~. One can transform this specification into a
boundary value problem on just the real part of an analytic function G(V) by
Introducing tu e transformation ,

(4 1)

—

~ 

— ‘~~~~~~~~~-‘ —--5 ‘- -5’-~~~~~~~ —- - - - - - - -— —-- ~~~ -- - - — — -‘ -  -5-—-~~~~— -•~~ -~~~~—~~-—— - — 
~~

-
~~~~~~~

— - - —
~~

-5--’  —
~~~~~~~~~~~~

--- --- - -
~~~~~~~~~
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For then, we have on the ~ axis:

f or ~ < -1 , ~~~~ 
1 

= ~ + i~ ReC = 

~~ f 
~~~~~~~

f o r— l < ~~~< 0  , ~~~~~~~~~~~~~~~~~~~ 
± ReG

~~~~~
t
~~~~~~~T

- for ~ > 0 , ~~ + i~ ~ ReG = .

Thus ReG is specified on the entire real axis and 1mG can be found on the real
axis by use of the Hu bert Transform [15],

1mG = - ~~ dt . (42)

Substituting appropriate values of ReG into Equation (42) one finds that

—l 0

1mG = p 

f 

0 2ikt
2
~~/~~ ft ! 

1 
— 
!(k) pj ’~/’~ I tH dt

+ p 

f 
e
_2
~
kt
2
~~~~~~~1 

dt 

I

:

If one substitutes the appropriate signed value of j t  I in the above in tcgrands -

and also rearranges the limits of in tegra tion he f iods , a f t e r  dropping  the
absolute value symbol from the dunmy of integration , t hat

1mG = - 
~
, ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~ ~

+ ~~
-- ~ e , ~~~

When ~ Ic; on t h e wetted s; i facc of t~ie foil — I < 0, one can pu t  ~ — Ti
in t h i s  1 n y  cqlia t I an and l i d  thu pr iC  i pa I va lao c i  t h e  I i t  c -g r n i  inv~ iv ~ fl~~
B(k)  t O  I C -

_ _  _ _ _ _ _  — ----5- - --- -- -~~~~~~~~~~ -—- - -• - - —- - - -- - - -- --- - -—- - -- --—- -‘- -‘--- - -~~~~— -



—,.-- -,~~ - -,=.—.----- ------ ‘~ i~’~~~~~~~~~~~~~~ ’ C ~~~~
’ 

~~ ~~~~~~~~----~~-~
--- -- - -

~~~~~~~~~~~~~
‘ ‘~~~~~~~~~ 

________

— 22 — June 4, 1974
BRP:lh m

Ti 
= 

~~

The remaining integrals are no longer improper for points on the foil and so

ImG(fl) = B(k) + 

2 

_/e
2
~
kt

2
~V~~~~ 

~~~ } 

(4 3)

From Equation (41) one finds for points on the wetted surface , wi th 0 < r~ < 1,
that

~ + i~ = - 

(
ImG(fl))~~~~~~~~~~~+ I 

(
ReG (fl))~~~~~~~~~~ . 

-

Therefore, the acceleration potential on the foil is

1
~~~~ B(k) - 

u~
2 

1 -2jkt~~. r~ ~~~~~~~~~~~ 

~~~~~~~~~J 

j  
. (44)

But the Kutta condition requires that ~ (l ,O;k) — -
~~~~~ e in accordance with

conditions (i) and (ii) above. The addition or subtraction of a constant , such
as this one, to ~ has no effec t on boundary condition (iii) so we can write
Equation (44) as

= _~~~~~~~~ e
_2
~~ ~~~~ B(k) ±~~~ [f e 2 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

_ fe
2~~kt ~~~~

/
~~~~~~~~~~T.

o 1 
(15) ./

Equation (45) can be used to calculate ftc lift and momen t on the profile. These
follow from i;qua t ion (17b) w h i c h  is now ~-x J L L O i L  as

C = - 2~~~~/ 2~~~~~~~~~ {B ( k )  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

In t erie ; of t h e  p r e sent  not a  t I in 
~~~ 

x/ ;-- ; and cn c  can wri te

_ _ _
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and (47)

C = — 
2/ 

C~(n~0)n
3
dn .

In the second of equations (47) the moment is measured about the nose of the

profile and is taken as positive in the direction of a increasing. The use

of Equation (46) in Equations (47) lead-c to a number of integrations which
can be obtained in closed form. For exampl e, those involving B(k) are among -

•

these. In other instances one interchanges the order of integration in

Equations (47) and finally obtains

B(k) + u
2 
(1.k

J + 2u J
fe

2Jkt

[
~~~~~~~~~l) -

~

f

~ _2jkt
2 

~~ 
- ~~ 1

i~~~~
]

~~t 

} 

- 

(48) -

and
-. r —2jk —2jk5ff 2 i e ,  —l eC — -—-- B(k)—u — —

m 32 O [  4k 2 2jk

+2u~~~~[e
2
3k[~~~~/~~~~~+ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

-

~~
- +

~~~~~+ t~~~ ~s~~(~~~ )jd t ~ . (49)

It now remains to evaluate the coefficient B(k) by appl ying condition (iv)
above. As a preliminary to this evaluation we note that having obtained
Eqnntlon (45) we now know ~ (ii, 0) everywhere on the real V—axis . Moreover ,

B(k)  on th e wetted surface , 0 < < 1, bu t we have not as yet found
it on other parts of thie real V—axis . However for our purposes  it is
necessary to find J;;T- (V) on the upper  half  of the imaginary V—axis. This
determination Is f;u ilitated i,f F(’~) is treated as the sum of two f un c t i o n o ,

A

F(v) = F (\i) + }1(v)

where
A

ReF (C,O) = 0 , ~ . < —1 , ~ 
> 0 (on the cavity)

A

ImF ( i~,O) B(-) , —l < < 0 (on t u e  foil)

- -- - - -5 -- —--- - --~~~~~~~- - — - _~~~~ -—- --—- - -5 _ _ - • - --—’—- --~~--— ---- - -
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and where

2
u . 2

ReH(f ,O) — e”2~~~ , ~~ <— 1  , ~ > 0  (on the cavity)

(50)

ImI{(~ ,0) = 0 , —l < < 0 (on the foil)

A

The boundary value problem for  F has the same f orm as the f irs t order steady
flow problem t reated previously .  Therefore ~- -e can wri te down the a n a l y t i c
func t ion  F(~~) wi thou t  f u r t h e r  ado . Thus in the ~ and the V—planes  we have

_ _  - 
lB 

(1  

-
~~ /1 +

1)

Then if one puts V = ifl for  points on the upper half of the imaginary a xi s  of
the V—plane , he can write

= - B(k) [1 _ /
~ 

(/ i + ~~~~+i )  ] + ImH(0,fl) . (51)

In order to find the function !~ we employ the trniisformntion (41) and 
—

the hh i lbe r t  tr ans fo rm (42)  to de termine  Imil on tie real a-J s off tI;e foil in • -

the V—plane. Then Intl is known everywhere on the real axis and its vali~ on
th e upper half of the imaginary axis in the V—plane can be obtained with the aid
of the Poisson integral. In particular we find from (41) and (50) th—i t

~ 
u~ /k~I —2jk~

2
— 

~~ 
v- - - - -- - e , ~~ < —l

1 - ki
Rec

~~ (: 
0 — 1 <  E~~< 0 ;

2
~

b
o_ _ ~ — 2 j k f ~C -

/-

Then it f o l i o - 1or t~ — < — i thlCi l

i c c

. 22 ; i  t i t
tr ~~L — 

- 

~~~~~~~~~~ P 
- .  

/ ~~ ~~~~~~~ 11 + --~
• /

~~~~~~ - dt
2~ q t-- i (i—t t+l q-t I

1 1 ( -
I. )

N ’i t e  t h a t -  ~- - 1n- -i ~ = —1 (q~’l )  I c I :  0. ‘j j t l : ~ t i n -  d n t t  a ‘d I IC -i l  :N S f 1 1 5 - i  ~ -d.
1-or ~, > 0 one- has

_____  __
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ImH 

2~~~~~~~ 
e~

2jk t
2 

dt + 
e
2jkt

2 

dt 

}
Now that IrnH is specified all along the real axis we can USe the Poisson

integral, -

ImH(0,ifl) = ~~~~~~~~~~~~ d~

to write

~~~~~~ oo cc

Imll(O, ifl) = 

u~ 

Pj
1. r

~~~~e
_ 2 ikt :f~~~~~~~~~~~~ dt

r c 1_ 1 dq~~ft 
— I rJiT~ —2 ~kt 2

-
, 
t+l q 

(t+q)(q
2
+11

2
) ~ 

t-l 
~

+ ~~~~~~~~~~~~~~~

-
‘

~~~~~
_ e

_2jkt2 II~~/~~~~~~~~~~~~~~
_ 

. (52)

The re fo re  it fo l lows  from E du a t i o n  (51) tha t  the des i red  r c-su i t  is

- B(k)  
[ 1 

-
~ \/ 4 ( J i +~~~~~ +

One can t ransf~in a tia~ S c-x : ) r  c- ss-i~on roll; th-2 upper half  of the lmfl~ , ~n ;ir ~ a in

to  th e negat  Sv e cal a : : i a in t i c  s—pl nnc~ by TiICC nS of t lie r e l a t i o n  (x / s)  = — ~i
2.

The ar f , ui-~ ntc ;  1ccd i i i ~ to l~qiia i o n  ( 2 9 )  ;i~~p ly lo re too so h a t  cond i t ion  (iv)
ol zero do;-s;e-’anh ~ on the  foi l .  h e c o n o s

cc

r - I
- — 2 1 t  -

‘ 

- 
- / i

0 = — L ( k )  + 2 1k  b ( e )  C- - 1 — I + -— + 1 dt  —

J 
I ~ 

— -~~~~ 1
1~ 

-

o cc

— 2 1-~~711: ~ 
- -  t i~~i , O ) d t

-I
0

- -5-  - 5 - - -~~~~~~ _ - . - - -~~~~~~~~~ - - -~~~~~~~~~~~~~~~~~~ - - ~~~~~~~~~~~~~~ -—--5——— —- ---~~~~—- —— --— -
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As before we have changed the variable of integration from — (x/s) to t and

the l imi ts  of in tegra tion  have a lso  been al tered  to suit th i s  change . The
function H(t,O) i_ s as defined in Equation (52) with  in -

~ (—xis) -
~~ t also.

Evidential ly the f u n c t i o n  B ( k )  is d e f i n e d  by

—2jk fe
_2ikt

H(t,o)clt

B(k )  = ° — , (53)
1 + j(2k)1

1
(2k)

where the integral 11(2k) has been d e f i n e d  previously  by Equa t ion  (30) or by
L(2k) in Equation (31). As it s tands  the i n t eg ra t i on  in  the numerator of
Equation (53) inv olves t r i p l e  in tegra ls .  However if one i n a or t s  the order of
integration, the last integration can be written as

cc -

C . 2 . 2
2]kfJ e ~~T1dTi = 

~~~~~~~~~~~~~~~ [-Ci (2k~
2
) + j  Si( 2k~~ ) - j  ~ I

Therefore  Equa t ion  (53) can he wr i t t en  as

B (k)  = _ 2 j k (_ ~~~L(2kJP ~~ 
2 jk t 2 , e

2
~~~~~[-C i (2kq

2
)+j~~ i (2k~~ ) - ~~~

’I 
dq dt1 ) -

~ t— l j  - q q—t
1 1

+ [ ~~~~~~~~~~~ 

~~~~~~~ 

~~~
f
e ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

d dt
t+1 J q q+L 

q

o 1

r I-- T - --- -2jkt
2 (

~:~m e 2~~~~
2

[ _ c i (2 k ~
2

) +j  ~Si ( 2 k - ~~ ) - -:
£ - t h d t

I — 
~~~~ -2’k1

2 
~~~~~~~~~~

. ~ 2 ik {-Ci (2k~
2 ) + j ( S i ( 2 k ~~

2 ) -

+ P 1  - -
~~~~~ c- ~ / \ ——

i
n -  

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

- --
~~~~~~~~~~~~~~~~ d~ d t J . (5~)

Equa t j o :  ( Y)  c — n  he c a d  in  1:quat : :i.ons (/ -8) i - n d  (~~~ 9) to - -r: ;lct e t h e  d e t c r s ; i na t ion
of the coos ; t i-ady 1 I ft ~ i i d  n i sne n ri - - u i  t i n~ - fro ;n the. g u s t — c a v i t y  j ut  ec ic t ion

fo r  sin e ii ~ r l m ;t . Q u o  t h ese  ~eant itie ~ have been eu- l ooted nii::a-nie - l in the

correi h ol d i l l ;  c;-;~~c ; c ; -s t o  a s h a r  --eu1~ed nt r e a iwise F a t  -ci also be dc t  c i  in d

for  t h i s  p o r t  a t  ~~u - soi l on u~; \ f ; n do;; - b e f o r e  for i i i -  o~ her part. T iic -~~
.cOl. U t t _ , I u - e s ;  t I u - : i i  i c  c~~~ i l ’ ~ \u c C t l F i i l l K’ to  g i r ;  l i i i -  t u t  - 1  flufl:;t , o u Y  r i- l ouse
I ;  t e r r a of I rin d I c - ( ia n/n0 for s i - u - ;  i dol g I s t 5 . ii ’;: Shilirp-- ed : (-(i g is t - - .
( l i v eS S I M I l S I C  I i  T~~ ’~~~ - 7 i , - t o  c d s t a i ~~- 3 for v a r i o u s  ~~ l kle s of a/u0.
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CONCLU SiON S AND RFCOiIIIE N DA TION S

The present study has shown that there is a cavity flow analog of the
Horlock function of airfoil theory which gives the response of the profile
to streamwise sinusoida l gusts. Th is nonste a dy  response func t ion  for  fir-n ’s
at zero cav i t a t ion  number has been evalua ted numer ica l ly  for  the entire range
of reduc ed frequencies  for  bo th lif t and uo:ri - -nt  on the profile and these
results have been used to derive the t rans ien t  l i f t  and moment on the profile
after it encounters a sharp edged gust. It is found that the results computed
can be ascribed mainly to the  direct action of the streanwise velocity
fluctuations upon the inclined wetted surface of t h e  hy di-o fo i l .  This is t h e
only effect found in airfoil theory .

It has been found theoretically that the cavity f l ow causes the hydr of oil
to experience an added nonsteady effect which is not foun d  in airfoil theory .
This added reaction occurs at twice the f r e q u e n c y  of the i n p u t  f requency  of
the gust. This part of the solution has been determined e x p l i c i t l y  in th e
present study. It is independent of attack ang].e whereas the part of the
solution which was determined first depends on both gust amplitude and attack
angle. Thus one can assign the cause of this new nonsteady effect to be
primarily an interaction between the cavity and the g u s t .  To da te  numer ica l
analysis of this pa r t  of the  theory has not  been carried out.

I The formulae which have been derived for  this second part  of the solut ion
indicate  tha t  the numerical  work for  i ts  evaluat ion will be ra ther  elabor ~ te.
Once this work has been done the total response of the profile can be obtained
as a vectorial combinat ion  of the two sets of data for various ratios of st e a dy
attack angle to gust amplitude over the range of reduced f r equenc ie s .  For the

S total response: to the sharp--ed ged gun  1, re s u l ts  fo r  the  two pa r t s  may be added.

The a b i l i t y  of an oscillating surface to extract energy from the f low
depends c r i t i ca l ly  upon the  phase re ir t i o n sh i ps h e - t e en ; the no~:s-utc-od v r eac t ions
and the  osc i l la t -u ry  i n ; u t .  Tile amp li tude  of thesc n o n s t n  :cdy rc- r- c t:ions need
not be l a rge  bccause it is the s t ab i li  ty of the response t ’ l u i ch  is i m p o r tan t .
Therefore, it is c - a s e n t i a i  to evaluate this second Par t  of t h e  so lu t i on  ill
order to exp lore t h i s  i m p o r t a n t  a spec t  of this new theorn . It  is con c e i v i h l c
t ha t  t ho e f f e c t s  di sc :over eci  d i c i n g  the  course of t h i s s tudy  c o u l d  he i:r~ o ra : ; ;t
for a n aly se s  of the s t r u c t u ra l  d ynai: ;i  cs of f u l l y c~ov t a I  lot ;  hy dro f o :Ll s  i n  a
se-aver . 1- cu these r osa -cpu ,  i I I s recommended t h a t  upon coop ] 011011 of t he- p r e n -n t
s tud y 11cc ; tl;c-i ~ y be rot -n:a :l to  incl ude fco-e i i  cu r  1;;CC’ e f f e c t  a

APP EN!) IX

f~i:L CA I C Q I s T  I ( l / ~

As long ~~;; the red u- - d frc jucn~ y is n ot too m i -ge , i ; cus -e a i c : - 1  ev a ]  s u c t i o n s
for 17 aci d 13 555  (1 - l i n e d  i v  l - ~oat  l O i S (34)  ~~~i i d  ( 3 5 ),  c- in ps -c - c d by s t a u u - oc d
m e t h o d s .  For H e  p r o s - c - n t  ~~~~~~~~~~~~~ c- s i c  l f l t  c p r a ~~j c ; - , 1 : — v a l u s l :~~~~ c d f n -:i
zero to twenia --- fiv c . cli i .  ratI o l ie ; :- r -su ;u ;e ‘~~~~; s e i c - c t - ui  IS ;  OlO Ci to  ~~~~~~~
t iu ~ rse;i of I c - c - I  l v -  j i i i : i p  u l t I c  r e s u l ts -  - l i a i s e d  by in s  et ac-r;npt otic
(- ,~I c i P S i ~~ l l - ~ fo r  r i-disc - i  J r e ’ il s - i c ; ;  l : n o i c u c :  f i ~~~ s i o u  to J u l  i l 1 j t v .  I t  al so
l n - i i i t s  -1 C i c e - a t  oil t h u  V i  I d i  Ly of tIic c e o  u k-ni J 1 t ; i l i c ; ; .

It c-n i 5 I i  i d  t i t  c c ;  ~i ; I  r L ia  c old he c i -  d un  - 1 i i  0; ccs -: ~ I lie f u  c i . l a  L

—- - - -~~~~ —  — —--5—-- - —-5— -
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12(0) Ir/4 and 1
3
(0) = Sir/64, for then one can write

Re 1
2 ~ — 1 (coskri — 1) d~~~ ~~ 

~2 
= 

~~~~~~~~~~~~~ 
si.nkfldri

and

Re 1
3 

~~ +~~ ~~~ ( 1_ T~1) (cosk - 1) d~ , In 1
3 

= 
_ [

l

~~~~ 3/2 — ~~~~)sink~ d~

Moreover , because all  fou r  int e gr a nd s  alcove have br anch po in t s  a t  both  fl 0
and T~ = 1, it was found  h elp ful to devise special finite difference integration
formulas  for  use near  these -  po int s . All in tegra t ions  were  ca r r i ed  out wi th
extended p rec i s ion .  They also used an accuracy test to dctc i l i a c  an a p p r o p r i a t e
interval  s ize for  each k — v a l u e  and for each of the four inte ;r : ciI  s. In order  iso
o b t a i n  value s of P and Q, one must  also have value~; of t ile fu n c t i o n  L ( k ) .  These
numerical  data were taken from the tabulat ion of Refer ence  12 and used in t h e
exp r (‘S Si on S

P = L(k )  + ~ 12(k)

and

Q L(k )  + -
~~

-
~~ I~~(k)

For val ues of k rang ing f rom ten to in f : i n~~t y ,  th ic method of steepest
descent [16, m 7J  was used to f ind a s y m p t o t i c  e :-:pan- :ions f u r  12 and 13. As o n i
mi ght expect , a c o n t r i b u t i o n  to the val tie of t h e - c  int : r 0 ; ; s l n  is ob t a i n e d  f r o m
both branch p01 i i  s of the  i i u t c - g c n i i ; 1 . The p ath  of i n t e p r a  t ion as specified in
terms of the r eal  v a r i a b l e , r~ , b etween 0 and 1., c o r r c - s -p o i u d ; t o  a 1 e v e-I  cu r~ -~ - .
The r e s u l t s  obtained by this proced ure arc- :

1 1- - F ( 3 / 4 )  F ( 5/ / 1) F ( 7 / 4 )  F ( 9 / /4 )  5 F ( l l / 4 )
2~~~ ~~~3T4 - 

~~~~~~ j ;-~ 
- 

~~~~~~~~ 9/4  
-

~
-jk 

-~ 1 (3/ : ) 3 F (5/2 )  7 1 ’( 7/ 2 )
3 

3’ ,  
- 

S ~~~~ 3’ 7/2
\ 2 (jL; - 

(jk) (jk)

and I )

1 (k)  -- I ( i / c )  1 (0/4 )  
— 

I 1 ( 1 1 / t i )  
— 
I F(~~~/ t~

( j k ~ 
‘‘~ (~ k)~~h ~ (jh) 

‘~~~~“ ~~~~ ( j l - ~) 1 ~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - - -
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—jk r(3/2) 
+ ~ 1’(5/2) 17 r(7/2)

— 

Vi (jk)3/’2 8 (jk)5~
’2 128 (jk)5/2

In order to calculate the response function P(k) and Q(k), the preceding
results must be s u p p l e m e n t e d  by asynuptotic values of the function L(k) as
indica ted  in the  above Equat ions  fo r  P and Q. These addi t iona l  values can
be calculated directly f rom the a s y m p tot i c  expansion of the quan t i t y
1 + jk I 1 [13] . in order  to ob t - t i ’; values  which provided adequate accuracy,
it seemed necessary to obtain more terms from the expansion of 1 + j k11 than
is provided in Reference 13. The required extension of the formula is

1 + jkI1(k) 
— —L r(3/4) (~k)~~~ + -} 

F (5~ 4)~ + ~ 
r(7/4)

(jk) ~~~~~~ (jk)

— L _ E (9L~~ — 
5 r (n/4) ~

16 
(~k)~

1
~ 

128 
(~k)~ ”~

107 F ( l3 /4 )An addi tional term, - ,-
~

-
~

- - —----
~
-
~
-
~

- 
, was also found in order to de te rmine  the

~~~ ( jk )
best number of ter;: s to retain in the expansion. It was found that this
additional term would have reduced the accuracy  of the ca lcula t ions  and t ha t ,
for val ues of reduced frequency exceeding ten , little , if any,  d i f f e r e n c e
is found between L (k )  values calculated from the expansion of 1 + j k I 1, as
shown above or wi th  only the f i r s t  fou r  terms as ori ginal ly  given  in
Reference 13. However, it was found help ful to recompute  n i l  l I c e -  c o e f f i —
cient- ; of k in t h i s  f o r m u l a  to more decimal p laces .

A t abu la t ion  of all numerlcal rcnults for the sinun’ji— Isl g u u r t  response
is shown in Table 1. These values of the complex  functions defined Lv
Equat ions  for  P ( k )  r i nd  Q(k )  a re  shown p lo t t ed  a g ain s t  r e , i ueo d  f rectu- ency in
Fi gures 8 and 9. It should be recalled in connection  ;. H ; these resu l t s  (Li i i
all moments ari d f o r ce s  arc referred to t h e  nose of i h e  foil and thi:c t t h e
red uced f req uency is based on the profile cl-cord and not upon the half chord
as is common in airfoil theory.

The indirial nd uci t t an c e  f u n c t i o n s  c o r r e s p o s u d i c u p ,  to rim c n c o u n i  or of thu
fo i l  wi th a stu: i r ; —e d po d gust cc: tuni I step in chc’c del Sc ~d t cirbance v, 1-in t v
can be found  by d i r e c t SUp - ~c - i  tion [13 ,14). For t h e  J i l t  -espon-~e, one can
write

0,

A~, (X) -~~ - / he {P(k ) } ~~ -~~-~~
- —

~~~ c~k . (38)

0

For I he  5~n e O 1  i c - o p o s u n -  onc h : -

-

~

- - -

~

— - - - -

~ 
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A (A ) Re ~Q(k) } sinX k dk . (39)

In these formulae the quantity A is the distance traveled in chords a f t & r the

p ro f i l e  nose hi ts  the gust.  We have a l r eady  noted  t i c - u t  Re (P } -
~ 2 and

Re {Q} -* 2 as k -
~ 0. Moreover, the behavior of boric Re {i’} and Re ~~

Q} is

dominated by Re {L(k)} as k -~~ ~~. It has been found that

1.0662 .1633
ReL - - - ~7~~

Evidentally, Re {P} and Re {Q} behave well enoug h -c at i n f i n i t y  so t h a t  the
Fourier t r ans fo rms for  A and A converge and one can r i t e  ti-cern as: -

m
i i  I 

•1

2 —  [ 2 — R e P] 2 — R e P~

•~ ~~~ 2 /  ~ ~
S1flX k d k _ 2  2 ) c SiflA k dk
k ii , k

~~~~ .~) , 2 — [ 2 — R e Q]~ 
-, 2 — R e Q~

0
I - - )

This transformation takes care of the integrands at tile origin so that asymptot ic

r ep resen ta t ions  f o r  these in tegra ls  as X -~ are e- s i ly o b t a in e d ,  it i s
necessary to approximate  the q u a n t i tie s  2 — Re P and 2 — Re Q near k 0 by
suitable polynomials .  From Table 1, it is f ou n d  t h a t

2 — he P .2050k

2 — Re Q .2 025k + .125Db
2

These forms appear to he con sis ten t w i t h  the a c c u r a c y  of the t a b u l a t e d  v a l ue -c .
Now , IL is known [18J t h a t  i f  1’(x) and a l l  of  i ts d er i v at  iv e - s  c--s 1st as c u d i c l a r y

f u n c t i o n s  f o r  x > 0 , and a re  ~s’u - l l  behaved  at in f i n i t -y ,  thc c-n the  ae -\ ;p t e t i c
c-span’ ion  of the J-our i  cr transform of F is

Co

F(x) sin 2ir xv dx -~~-~~~~~~~- - ~~~~~~~~~~~~~~~ + ~~~~~~~ --

J 
2ly (b y )  (2 - r:v~~

0

In order to appl y ticI resul i to t hR ~ 
c - c-s c - i l l  prohi c-” , ~-e put

2 — I ’ -  1 ’ a -. t’~~ p
F(0)  ~- - - 

- - - -  . d ( ’ 3 ( I  cc  1 (0) 
~~~~~~ 

- - - - . P 02 5 

~~~~~~~- — — - -- - --~~~~~~~~
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and X 2lly. Thus, one has

A~ (X) - 2 - 
2 (.2050) + 

~
( i )

and

A (A) - 2 -  ~ ( -
~1 +

These expansions are used to supplement numerical in tegra t ions  t:hich are based

upon the values of Table I end the asymptotic expansions

1.0662 .43373 1

k~
”4

and

1.0662 .16334 1
Re Q 

- - + 0

Results of such calculations for A~ (X) and A111 (A) are presented in Table II.
Graphs of A~ 

and Am are shown in Figure 7.
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