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DYNAMIC MEMORY ALLOCATION FOR A VIRTUAL MEMORY COMPUTER

Robert Lucius Budzinski, Ph.D.
Coordinated Science Laboratory and
Department of Electrical Engineering
University of Illinois at Urbana-Champaign, 1977

An algorithm, DMIN, for computing an optimal dynamic allocation
which minimizes the space-time cost in a demand paging virtual memory is
presented. The problem is represented by a graph. We present an algorithm

which reduces the size of the graph. Its worst case complexity is O(DP*Ni) 4

where DP is the number of distinct pages referenced in the trace. N is the
number of references in a processed trace, and i is the number of nodes in
the largest subgraph to be removed at any one time.

After the reduction, the optimal allocation is found by determining

the maximum flow in the remaining graph. For the class of graphs considered,
the worst case complexity for finding the maximum flow is O(N'3) where N' is
the number of nodes in the graph after reduction. We describe an imple-
mentation of the DMIN allocation.

The memory allocation resulting from DMIN is compared with that
from MIN, an optimal static allocation algorithm. The DMIN allocation is
also compared with two dynamic heuristic algorithms: the Page Fault

Frequency algorithm and the Damped Working Set algorithm.
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CHAPTER 1

\ INTRODUCTION

\
L.t. \Optimum Paging for Dynamic Memory Allocation

A virtual memorznzs a hierarchial or multi-level memory with an
address mapping mechanism and an allocation algorithm. The first level of

the hierarchy is the primary memory. The primary memory has the highest
|85

speed and smallest capacity in the hierarchy. Subsequent levels have
decreasing speed and increasing storage capacity. &£3£~33f_33isgses’ we
call all subsequent levels, collectively, the secondary memory.J The

addressing mechanism gaps a program's address space into the physical

memory space. The address space of the program can be much larger than

the available capacity of the primary memory. For this thesis, we—consider
ks £ " @ loyed,

a page-oriented addressing mechanism.” A page is a fixed size block of

computer words associated with contiguous memory addresses. The allocation\iL/

algorithm manages the flow of pages to and from the primary memory. For

this paper we assume the allocation algorithm employs only demand paging,

i.e., a page is transferred into the primary memory only as the result of
a page fault. A page fault occurs when the program references a page not
resident in the primary memory. When a page fault occurs, the execution
of the program is suspended until the needed page is transferred in. The
allocation algorithm attempts to manage page flow so that the average access
time for a memory reference is close to the access time of the fast primary
memory.

There are two basic strategies for allocating space in primary

memory to a program: static allocation and dynamic allocation. With a




static allocation, a fixed number of memory pages is allocated to the

program. With a dynamic allocation, the size of the allocation is allowed

to vary according to the current needs of the program. The goal of both

strategies is to maximize the utilization of the primary memory, i.e.,
to maximize the number of memory references in any time interval. This
objective is roughly equivalent to maximizing the job throughput.

One measure of memory utilization is the space-time product [1]

or space-time cost of memory used during a program's run. The space-time

cost for a program's run is defined as the average amount of memory allocated
to the program multiplied by the run time of the program. For this thesis,

the unit of space-time cost is defined as one page of memory space multiplied

by the average time per primary memory reference when no page faults occur.
We use the average time per reference to account for the possibility of

primary memory reference interference and uneven request rate by a program.

Minimizing the space-time cost for a program's run is related to
increasing the job throughput for the computer system, as illustrated in
Figure 1. We assume that the primary memory is "multiprogrammed," i.e., the
primary memory may be shared by two or more programs. Figure 1 shows a
program's dynamic allocation during a run. The area under the allocation
profile is the space-time cost for a program's run. Other programs
concurrently scheduled can share the remaining space with the maximum
allocated space being M pages (physical primary memory available in the
system). By minimizing the space-time cost for each program separately,
the maximum number of programs that can be scheduled in a time interval is

increased under ideal scheduling, i.e., jobs are scheduled so that the
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A typical memory space profile.




allocated space is exactly equal to M pages at all times. Since the system
provides M units of space-time in each inter-reference time, if the average
program takes k units of space-~time, then the number of programs that can
be run in T inter-reference times is MT/k under ideal scheduling. System
throughput is therefore inversely proportional to k with ideal scheduling.
Realistically, individually minimizing each program's space-time
area (cost) implies that more programs' profiles might be packed (scheduled)
into the M x T space-time plane which in turn implies increased job through-
put. Maximum throughput occurs when jobs with allocations that minimize
space-time cost are ideally scheduled (assuming that the available jobs
can be ideally scheduled). The goal of maximizing job throughput thus
separates into a problem of job space allocation and a scheduling problem.
In this thesis we attack the allocation problem. We present and evaluate
a dynamic allocation algorithm which minimizes the space-time cost for a

program's run.

1.2. Previous Work

There has been much work in the area of allocation algorithms
using demand paging. Many heuristic (implementable on line), static
allocation algorithms have been studied. Among them are Last-In-First-
Out, and Least Recently Used (LRU) [2]. The performance of these heuristic
algorithms has been bounded by Belady's MIN algorithm [3]. MIN requires
prior knowledge of the page reference trace to determine the allocation,
and thus is not implementable on line. However, by using MIN to bound the

heuristic algorithms, it has been found that the number of page faults




occurring when using the LRU algorithm is generally close to the minimum !
possible number of page faults (found by the MIN algorithm). Thus, the

MIN algorithm made further work on static allocation algorithms unnecessary

for present day technology.

Also, several heuristic dynamic allocation algorithms have been
studied. Among them are the Working Set algorithm [4,5] and the Page Fault
Frequency algorithm [6]. 1In this thesis, we develop a bound on the perfor-
mance of these algorithms with DMIN, an optimal dynamic allocation algorithm.
Given a program's page reference trace from a run, DMIN determines an
allocation which minimizes the space-time cost for the primary memory used
during the run. We assume that there is always sufficient primary memory
available to contain the optimal allocation for each active program. We
also assume that the primary memory is multiprogrammed to make a dynamic
allocation sensible. A single program running alone would obviously be
given a static allocation equal to the available memory. The DMIN algorithm
is applicable to computer systems with any number of processors. DMIN is

also applicable to any hierarchical memory system.

1.3. Objectives of this Work

The DMIN algorithm can be used to settle some of the questions
concerning allocation algorithms. The performance gap between dynamic
heuristic algorithms and the optimum can now be evaluated. The magnitude
of this performance gap will determine the usefulness of developing other
dynamic heuristic algorithms.

Another issue is the comparison of a static strategy versus a




dynamic strategy. In a real system, a dynamic strategy requires a more
complex job scheduling algorithm compared to one for a static allocation,
Thus, a dynamic allocation must improve performance sufficiently to justify
its use over static allocation. There are two performance measures for
judging both strategies: space-time cost accumulated for a run and the
number of page faults occurring in a run. The MIN algorithm minimizes the
space-time cost for a run given the size of its fixed allocation because

it minimizes run time. Run time is composed of execution time and wait
time for page fault service. MIN minimizes the number of page faults, and
thus minimizes the run time. Thus since the allocation size is fixed, MIN
minimizes space-time cost by minimizing run time. For the same trace, the
space-time cost from applying DMIN will never be greater than the space-~time
cost from applying MIN. It is not known how the number of page faults from
applying DMIN will compare with the number of page faults from applying MIN.
The results of comparing DMIN with MIN are strongly dependent on the page
reference traces used, but there are additional variables which will affect
the comparison results. The number of page faults and the space-time cost
resulting from applying MIN to a trace are functions of the size of the
static allocation. Also, the space-time cost increases linearly as the
reactivation time, i.e., the length of time from the occurrence of a page
fault until the program is reactivated (resumes execution), is increased.
Both the number of page faults and the épace-time cost resulting from the
application of DMIN are dependent on the reactivation time. The size of

the static allocation and the length of the reactivation time are dependent

upon aspects of the system architecture. Thus the comparison of DMIN's




performance with MIN's performance will reveal how architecture affects

the performance of each strategy.

1.4, Summary of the Research

In Chapter 2 the DMIN algorithm is developed. The nonreference
interval model and the space-time cost model are defined. We represent
these models with a graph. The graph is used to define a flow-graph.

The flow-graph is then used to determine the dynamic allocation which
minimizes space-time cost. The set of page faults for one reactivation
time is proven to be a subset of the page faults for a smaller reactivation
time.

In Chapter 3, we develop a subgraph reduction technique applicable
to the graph of Chapter 2. A related graph is developed from the methods
of Chapter 2 using a dual starting allocation. The general reduction
technique is then applied to both graphs concurrently. Disjoint subgraphs
of the reduced graph are treated separately without loss of generality.

The savings in worst case complexity to the flow-graph method of Chapter 2
is evaluated. Some faster techniques for evaluating the space-time cost
bound are developed for suboptimal allocations. An implementation of the
reduction technique is applied to the two coupled graphs concurrently.

In Chapter 4, experimentation with computer program traces under
a variety of allocation strategies is performed. Allocations resulting

E from DMIN are compared to those from the MIN algorithm, the Page Fault
Frequency algorithm, and also from the Damped Working Set algorithm. 1

In Chapter 5, conclusions and suggestions for future work are

t presented.




CHAPTER 2

THE DMIN ALGORITHM

In this chapter we develop DMIN, an optimal dynamic allocation

algorithm which minimizes space-time cost. First, a nonreference interval

model is developed to describe a program running on a virtual memory computer

he 4 Al e il aond

system. We develop the relevant properties of nonreference intervals.
Second, we form the space-time cost model. We present a method for computing
the space-time cost of an allocation in terms of the properties of non-
reference intervals. Third, the nonreference interval model and the space-
time cost model are represented with a flow-graph. The optimal allocation is

found by computing the maximum flow in the flow-graph representation.

2.1. Development of the Model

A program's page reference trace is a list of page numbers
consecutively referenced by the program. Each element in the list
represents a page that must either be in the primary memory or brought in.
The problem of the DMIN algorithm is to decide whether each referenced page

is left in the memory until its next reference or will be brought in via a

page fault at its next reference. Since we assume demand paging, there is

always a page fault associated with the first reference to each page in the
program's address space. Furthermore, the allocation decision associated
with the last reference to a page is degenerate since there is no next
reference to that page. After its last reference, a page is deallocated
immediately so as not to incur unnecessary space-time cost.

Immediately after each reference to a page (except for the last




9

reference to a page) the DMIN algorithm must decide whether to deallocate
the page or leave the page in the primary memory until the next reference.
1f the optimal decision is to deallocate the page, the decision must be
executed immediately after the reference in order to minimize space-time
cost. If the next reference occurs without a page fault, the page must
have been resident in memory since its previous reference. Otherwise the
page would have been deallocated and brought back in before its next
reference. Such a procedure would be contrary to a demand paging policy.
Thus, (excluding the first and last reference to each page in the program's
address space) an allocation or deallocation decision must be made for each
page during every interval between consecutive references. Consider the

following definitions:

Definition 2.1.1 The Nonreference Interval of the ith page reference is

: ; : . th : 2
the period of time starting just after the i reference and ending just
3 R : th
prior to the next reference to the page associated with the i reference.

The nonreference interval before the first reference to a page starts at

-o, The nonreference interval after the last reference to a page ends at =,

In Figure 2, we have illustrated a typical page reference trace.
The page trace starts at the beginning of the program's execution and ends

when execution is over. Nonreference interval A1 is spanned by the line

segment labeled Al in the figure, Nonreference interval A1 starts just

after the last reference to page A and includes all references to pages B

and C which occur before the next reference to page A, Also interval A1

includes any page faults which occur during this interval. Nonreference

!

———————————
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Figure 2. Properties of nonreference intervals
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interval A, ends at the next reference to page A. This next reference is

1

labeled A4 in Figure 2.

Definition 2.1.2 An Occupied nonreference interval is a nonreference

interval whose associated page remains in the primary memory during the
interval.
1 be occupied. Then, A1 is resident

in the memory during all page faults and references to other pages in the

Let nonreference interval A

address space of the program during this interval. The next reference to

page A does not cause a page fault.

Definition 2.1.3 A Vacated nonreference interval is a nonreference interval

whose associated page is deallocated at the start of the interval.
Consider the nonreference interval which ends at the first

reference to page B, labeled B, in Figure 2. From Definition 2.1, we see

2
that this nonreference interval starts at -«, This nonreference interval
must be vacated since we assume demand paging, i.e., this page must not be
allocated space in the memory at time -, Otherwise we would be
implementing a prepaging strategy. The first reference after a vacated
nonreference interval causes a page fault.

The optimal dynamic allocation problem can now be restated as:
assign each nonreference interval of a given trace to the occupied or
vacated state so as to minimize the space-time cost for that program run.

The states of some nonreference intervals are obvious. Zero-

length nonreference intervals (i.e., consecutive references to the same

page) will always be assigned to the occupied state. For convenience of
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computation, we lump zero-length nonreference intervals into a single page
trace element. With this action we form a reduced page trace. For the
remainder of this thesis, it is assumed that we are using a 'reduced page
trace."

For the purpose of developing DMIN, we assume a program with
allocated primary memory space is in one of three states: executing, blocked
while a page fault is being processed, or blocked while waiting for an
available processor. For developing DMIN, there are two parameters of
interest. One parameter is entirely dependent on the system. This parameter
is the length of time from leaving the execution state to returning to the
execution state, i.e., the reactivation of the program. Thus we make the

following definition:

Definition 2.1.4 The Reactivation Time, R, of a program is the length of

time from the occurrence of a page fault until the program is reactivated.

The reactivation time interval typically includes the following
activities: call to the operating system for virtual memory overhead, a
wait for secondary memory service, a transfer of the needed page into the
primary memory, a wait for an available processor, and a call to the
operating system to initialize the CPU and restart execution.

With the parameter, R, we can characterize a broad range of systems.
The memory architecture of the system is reflected in the page retrieval
component. The levels of multiprogramming and multiprocessing are reflected
in the processor wait time. For our present purposes, we choose to use an
average value of R in order to simplify the model. However, in more complex

sophisticated models, R could be modeled as a random variable selected as a
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function of other system parameters and present levels of activity, queuing,
allocation, etc.

The other parameter is dependent on system properties and program
behavior. This parameter is the length of time required to deallocate a
page. A page which has not been modified during execution requires very
little system overhead to complete deallocation. 1In such a circumstance, the
space that the page occupies can be written over because we assume an identical
copy is available in the secondary memory. On the other hand, a page which has
been modified during execution must be transferred out of the primary memory.

Deallocation begins with a call to the operating system for page
transfer overhead. Next, there is wait time for the secondary memory to
become available. Finally, there is the transfer time. Thus we make this

definition:

Definition 2.1.5 The Deallocation Time, D, is either the time required to

transfer a page out of the primary memory or the system overhead time for
deallocating a page if it is unnecessary to perform a page transfer.

For the purposes of this thesis, we use an average value of D.
The deallocation time, D, can be modeled as a random variable dependent on
the state of the system and the system configuration. In this thesis, we
assume that whenever a page transfer involving the primary memory occurs, the
space in the primary memory involved in the transfer is occupied during the
transfer process. In the examples, D is set equal to R for simplicity.

Now we can begin to characterize the useful properties associated
with nonreference intervals (or "intervals" for short). Consider the

following definitions:
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Definition 2.1.6 Fi is the set of nonreference intervals that result in
page faults duriné—:he ith nonreference interval, including the page faults
that occur due to the first reference to a particular page. ‘

In Figure 2, we have placed an "FT" above each element in the page
trace. A subscripted FT, FTj’ has value 1 if the jth interval is vacated.
FTj has value O if the jth interval is occupied. An FT without a subscript
has value 1 since a fault must occur before the first reference to the page
at the end of the interval. 1In the column labeled |Fi|, we have computed
the cardinality of each interval's F set. Consider interval B,'s F set, F

2

IFZI contains a 1 because the first reference to page C occurs within B

2°
2

since intervals 1, 3, 4, and 5 end

|F2| has the terms 10 FT3, FT, 5

within interval BZ' i

, and FT

Definition 2.1.7 T is the number of memory references (execution time)

) SIS ; .th
occurring within the 1th interval. If the page associated with the i

interval is not referenced again, i is set equal to infinity. For an
interval that ends at the first reference to a page, T, is set equal to
infinity.

In Figure 2, the + 's are calculated as sums of USE times in the
corresponding interval, For example, T is 2.1R because the B2 entry is

used for 2R memory references and the C_, entry is used for .1R memory

3
references.
In Definition 2.1.7, an interval that begins immediately after

the last reference to its associated page has its corresponding T set

equal to infinity. This is consistent with the fact that such intervals do
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not end. Also, by setting such T4 to infinity, we mark such intervals for
being vacated. For an interval that ends at the first reference to a page,
we also set its Ty to infinity. This is consistent with the fact that the
interval starts at -«, Also, since we use demand paging, this interval

must be vacated.

Definition 2.1.8 Pi is the set of occupied nonreference intervals with two

: : JEh
properties: these intervals start before the end of the i interval, and

end after the end of the ith interval, i.e., they overlap the end of the ith

interval.

In Figure 2, we have listed each interval's Pi set under the
assumption that all intervals are occupied except infinite length intervals.
Thus P, is {BZ,Cs} because intervals B, and C, are occupied and overlap the
end of interval Al. The elements of Pl can be readily seen in the figure by
noting that the B2 interval segment and the Cq interval segment would be
crossed by a line drawn perpendicular to the end of the A, interval.

1

2,2, The Space-Time Cost Model

Our approach to attacking the optimal dynamic allocation problem
is to begin with an allocation which could be the optimai one. If this
starting allocation is not optimal, we modify the allocation to reach the

optimal allocation. Our starting allocation is:

Definition 2.2.1 The Starting Allocation is formed by setting all non-

reference intervals to the occupied state, except for those intervals whose
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corresponding T's are infinite. Those intervals with infinite 7T's are set
to the vacated state.

The space-time cost of the starting allocation is related to the
space-time cost for each occupied nonreference interval. The space-time
cost for an occupied nonreference interval is one page times the real time

length of the interval. Thus, consider the following:

Definition 2.2.2 The space-time cost for occupying the ith nonreference

interval, CINi, is: Ty F |Fi|*R.

This cost is equal to the execution time within the interval plus

the time spent on page faults.

Definition 2.2.3 The space-time cost for the starting allocation, Cs’ is:

CS = % CINi + DP*(R+D) + MR ,

Vi|i occupied

where DP is the number of distinct pages referenced in the trace and MR is
the number of memory references made in the run.

The starting allocation cost is composed of two types of components.
One type of component, the sum of the CIN's, can be altered by changing the
allocation. The other type of component, the remaining two terms, arises
because of computer system constraints. The DP*(R+D) term is the space-time
cost assumed for page traffic for the first and last references to each
distinct page. For the first reference to a page, we assume that the space
for that page is occupied as the page is brought in. After the last

reference to a page, we assume the space is occupied during the deallocation

e e e T g A1 YT 4 T AT et > T Y O A Y T T S S e g
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process. The MR term arises because in defining a nonreference interval,
the memory references to the page preceding the interval is excluded.
Suppose we decide to modify the initial allocation by vacating
the ith interval, Then, how is Cs changed? First, since this interval is
no longer occupied, CINi is subtracted from Cs' Secondly, some of the
remaining CIN's that form CS have been modified. Every interval overlapping
the end of the ith interval has had its real time length increased by R.
Thus, for each interval in Pi’ the corresponding CIN must be increased.
Finally, we must add the cost for deallocating the page and bringing it

back in. Combining terms we have that the change in cost is:
((+R) + |2, |*R) - cIN, .

This leads us to the following definition:

Definition 2.2.4 The Differential Cost for the ith interval, Ai’ is:

((DR) + [, |*R) - CIN, = D+ R+ [P, [*R = 7, - [F [*R .

In Figure 2, we have computed each interval's A with the assumption

that D has a value of R. Consider 4. lP1| is 23 T is 2.1R; ‘F1| g 2,
Thus A) = R+ R+ 2R - 2.IR - 2R = -.1R. Similarly for 4,, [B,|is 25 r,
is 1.9R; and |F2| is 1 in the starting allocation (all subscripted FT's
have value 0). Thus A2 = 1.1R.

From the above discussion we see that the value of A influences
whether a page should be vacated or occupied. If A is less than zero,

then it is less costly to vacate the interval.
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When vacating several intervals, the change in cost from the
starting allocation is related to the sum of the corresponding A's. However,
a complication arises. The A's are computed with the starting allocation
made. When vacating several intervals, some of the corresponding A's may
have to be modified. Consider a vacated interval i. The Pi set was formed
with the starting allocation. But if an interval in the Pi set is vacated,
the Pi set must be modified. Thus, consider a set of intervals that are to

be vacated, and call this an OUT set. We have the following:

Theorem 2.2.1 The change in space-time cost for vacating the intervals in

Proof: Consider interval ke OUT. By changing its state from occupied to

an OUT set is

IR W vt 6

= - *
c,(out) = T 4, z| P;noOUT [*R
ie OUT i ¢ OUT

vacated, we need to replace its cost for occupying the memory to its cost

for vacating the memory. Thus we must subtract CINk. The cost for vacating

the kth interval must include the page traffic cost, (D+R), plus the space
occupied by the pages which are in the memory during the page service time
at the end of the interval. The number of pages in the memory at the end
of the N interval is ‘ 2% | = l Pkﬂ OuT I. Thus the change in cost for

changing the state of the KR interval is

(D+R) + | B, |*R - | PN OUT |*R - CIN, ,

but this is Ak - | PkrNOUT I*R. Thus the change in cost for vacating the

intervals in an OUT set is:
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7 P £ | Bynout |#r = c,(oUT)
i€ OUT i e OUT

The problem that remains is to find the OUT set that causes the
greatest decrease in cost when vacating the intervals in the set. This is
an integer programming problem. However, by transforming the problem, we
can reduce the problem to a special class of integer programming problems,

namely finding the maximum flow in a graph.

2.3. The Graph Representation

The optimal allocation problem maps very nicely into a graph
representation. The graph representation provides physical insight into
the interaction among nonreference intervals which become vacated. We
first define some properties of graphs, and secondly we develop the graph

representation.

Definition 2.3.1 An undirected graph, G, with weighted nodes and edges is

defined by an ordered pair: [NG,EG], where N, is the set of nodes of G,

G
and EG is the set of edges of G. Each edge is an unordered pair of nodes
in NG. For each node, i € Nb, the corresponding node weight is NW(i).

For each edge, e € E_, the corresponding edge weight is EW(e).

G
The properties of the nonreference interval model and the space-

time cost model can be included in a graph representation.

Definition 2.3.2 A G-graph is a graph G = [NG,EG]. The nodes of N,

correspond one-to-one with the finite length nonreference intervals of a

- - b i i o . - JER s i s’ ik 6 i s S ..:'.‘,-. s .._J
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given trace (the last reference to each page has an infinite nonreference
interval). The weight of each node is the A for the corresponding
nonreference interval. Each node has the same name as its corresponding

nonreference interval. An edge is connected between node A, and node Bj

i
if and only if Ai € Pj or Bj € Pi’ i.e., one nonreference interval overlaps
the end of the other nonreference interval. Every edge has weight R.

In Figure 3, we have constructed a G-graph from the example of
Figure 2, Each node is labeled by its corresponding nonreference interval.
Each edge has weight R. There is an edge between each pair of nodes whose
associated intervals overlap. This condition is equivalent to one interval
overlapping the end of the other. For example, A1 and C3 are connected

because 03 € Pl' B2 and A6 are connected because A6 € P2.

For our purposes, a subgraph is defined by its nodes only.

Definition 2.3.3 A subgraph U of G = [NG,EG] is the graph U = [NU,EU] where

U G U G

e are in NU.

E , N C N, and e ¢ E. if e ¢ E, and both nodes in the unordered pair defining

1 Definition 2.3.4 The weight of a graph G, WI(G), is

5 NW(i) - T EW() .
! Vi e NG Ve € EG

The weight of the graph in Figure 3 is 16.7R - 13R = 3.7R. The
weight of the subgraph, U, with N, = {Al, A,s Co» A6} is 9.6R - 2R = 7.6R
Let GOUT be the subgraph formed from nodes corresponding to

intervals in an OUT set. We assert the following:

N e At R - A~ 367 K78 e VLS e S
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Theorem 2.3.1 WT(GOUT) = CA(OUT).

Proof: The weight of the Cout subgraph is:

U
T WAE) - |EG [*R .
Vie N, ouT
ouT
By construction we have that ;
T NW({E) = Z Ai A
Vi € NG Yi € oUT
OouT

Consider a node y ¢ N . The edges in G incident on y are connected to

Cout out

nodes in either the set Pyﬂ OUT or in a set of the form Pjﬂ OUT where
y < P, and j € NG . Every edge in EG is an unordered pair of the form
3 oUT OUT
(a,b) where a, b e NC and a ¢ Pbﬂ OUT. There is exactly one unordered
ouT
pair for each edge in EG . Thus
ouT
|EGOUT| = z|epnour| = % pnour|.
ie Nb ie OUT
ouT
= - E =
Thus WI(Gyyp) = T 8 £ | B;noUT [*R c, (0UT).

i e OUT i e OUT o

The G-graph is formed from occupied intervals in the starting
allocation. In order to find the optimal allocation, it is necessary to
determine which of the occupied intervals from the starting allocation are

vacated in the optimal allocation. 1In the graph domain, this operation is

equivalent to finding the subgraph of nodes corresponding to intervals that
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are vacated in the optimal allocation. Call this subgraph GOUT*’ The GOUT*

subgraph has the following property:

Theorem 2.3.2 The GOUT* subgraph is a minimum weight subgraph of G.

Proof: Let C* be the space-time cost of the optimal allocation. Then

e =

Form a subgraph A which is different from GOUT*' Then the allocation

resulting from vacating the intervals in the NA set has weight:

Cy + WI(A) > Ok = C_ + WI(Gy). Thus WI(A) > WI (G ).

A minimum weight subgraph of G is not unique in general. A
minimum subgraph is not unique if there is a zero weight subgraph (ZWS)
either wholly within the minimum subgraph or wholly outside of it. Such a
ZWS can be placed either wholly within the minimum subgraph or wholly outside
of it without affecting the space-time cost of the optimal allocation. Thus,

we can reduce space in exchange for increased run time by vacating the

’ intervals in a ZWS, or we can reduce run time in exchange for increased space

usage by occupying the intervals in a ZWS. This implies that by vacating
l the intervals in a negative weight subgraph of G, the space used is decreased

by a factor greater than the accompanying increase in run time.

2.4. The Network Flow Graph

The problem is now reduced to finding a minimum weight subgraph.

We can solve this problem in a systematic method by transforming the graph
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developed in Section 2.3, after reductions, into a flow graph. A similar
transformation is found in [15] for a processor scheduling problem. In
this section we construct a commodity flow graph with a source and a sink
such that the maximum flow from source to sink in this graph has a value
equal to the minimum weight subgraph plus a known additive constant. Since
there are efficient ways of finding maximum flows, and in so doing, the
flow identifies which nodes are in the OUT* set, we can solve the problem
of minimizing the page seconds of occupancy that we originally set out to

solve.

In constructing a graph for which the maximal flow will give us
the desired answer, we remind the reader that the maximal flow is equal to
the weight of the minimal cut set of edges that separates the source from
the sink. It is this cut set that distinguishes the OUT* set from the
remaining nodes by separating the graph into two disjoint subgraphs, one
for the OUT* set and the other for nodes not in the OUT* set. The graph
described in the previous section has some of the properties that we desire
in commodity flow graphs in that some but not all cuts have weights that are
in agreement with the cost of the corresponding assignment of intervals to
the OUT* set. In order to create a graph whose cut sets are in one-to-one
correspondence with the costs of intervals in the OUT* set, we construct a
graph derived from a G-graph according to the construction procedure given
below. Following the statement of the construction procedure we give an
intuitive description of why this construction is appropriate, then we prove
that a maximal flow and corresponding minimal cut in the graph produced below
does indeed indicate the OUT* set producing minimal page seconds of residency.

Consider the following transformation:
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Definition 2.4.1 The FG Transform, FG(G), transforms a G-graph, [NG,EG],

into a flow graph FG(G), by the following procedure:

1. Add two zero weight nodes, a source node, S, and a terminal node, T.

2. Add a zero weight node, called a link node, for each edge in EG. Cut
each edge in EG into two edges each of weight R. Connect the cut ends
to its corresponding link node. These edges are then called link edges.

3. Connect a directed edge with weight R from the source node to each link
node having direction from the source to the link node.

4. Connect a directed edge from each node in NC to the T node having
direction from the node to T. Set the weight of the edge equal to the
weight of the node in NG.

Intuitively speaking, Step 1 creates the source and terminal nodes
needed to initiate and terminate a flow. The unusual aspect of the
construction pertains to the insertion of the link nodes. That these are
required are indicated in Figure 4(a), (b), and (c). In Figure 4, we see
three possible cuts that respectively assign nodes X and Yy to T, split
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