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APPLICATION OF SPEED IMPROVEMENT TECHNIQUES
IN COORDINATE TRANSFORMATIONS

FOR THE MULTIPLE PLATFORM SENSOR
INTEGRATION PROBLEM

INTRODUCTION

In multiple platform sensor integration a large number of coordinate

transformations are required . Therefore it is necessary to improve the

cpeed of calculations as much as possible. There are at least two

fundamentally different starting points in which coordinate rotations

can be derived . The first is the use of direction cosine matrices which

are well known , published , and used repeatedly in the literature. The

second means is to derive the coordinate rotations by using quaternions.

Thib method may not be as well known . Rather than develop the quater-

nioIlC ; an example is first shown using the direction cosine and then the

~hitI.rni (l ( ipj roach. Since both methods yield the same results for the

saiflo initial conditions they are equivalent. In fact identities relate

L} i~ two methods. It is the purpose of this report to describe to those

mcmbe F~ of th sensor integration community (who may not be aware of it)

how thl s& Jden t it iv5 can be used to improve the computation time ~n

: ) (  r ( h  i nj  t rotat ions .

EXAMP LE

A simple rotation of the X,Y coordinates into the X Y coordinate’s

by the angle is shown in Ng. 1.

Not*’: Manuscript suhmittm~d Mas 10 , 1977 .
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Fig. 1 — Demonstration of coordinate rotation
using direction cosines

The equations are well known and are as follows :

X~’ = X cos a + Y sin a (1)

Y ° o  —X s i n c t +  Y cosct . (2 )

The same transformation in quaternions is

= 2 ( X + Y t a n ct/2) 
- X

1 i~ ian 2 cz/2 (3)

= 
2(X+Y tan ct/2) 

tan a/2 (4)
1 + tan2 Ct/2

We will shown (1) and (2) are equivalent to (3) and (4). Expanding

(3) and (4) one obtains

2 
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(1 — tan2 a/2 ) 
~ + 

2 tan t/2 (5)
(1 + tan 2 a/2) 1 + tan2 cz/2

- 
—2 tan a/2 

~ + 
(1 — tan2 a/2) ,

~
, ( 6 )

1 + tan2 
~/2 

1 + tan2 ct/2

By using the trigometric identities

1 — t a n  /2cos a and (7)
1 + tan2 a/2

2 tan 
1
72 (B)

1+ t an  /2

we find (1) and (2) are equivalent to (3) and (4).

THE METHOD

In the example used the quaternion technique would be faster to

comnute because only one trigometric function need be computed. In

addition , the tangent of the half angle is also an easier computation

as discussed subsequently . The object then is to compute the tangent

of the half angle and through the use of trigometric identities to re-

arrange the direction cosine equations so that the least computation is

obtained.

Consider the following sequence of computations:

b = tan a/2 (9)

D = 27(1 + b
2
) (10)

3
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X = D(X + bY) — x (11)

= Y—bD(X+b’i) (12)

for example. Equation (11) and (12) are equivalent to either (1) and

(.2) L~~l (3) and (4) when (9) and (10) are substituted into (11) and (12).

The calculation r (:iuires the evaluation of one trigometric function ,

5 m ult i p l i e s  or divides , and 4 additions or subtractions . More complex

rot .itton~. cats be improved in the computation time by applying similar

pr~ I~cj~ iI..s. The principal is to modify the sine and cosine functions

Py tiiqometric identities so that they are in terms of the tangent of

the half angle and then rearrange the direction cosine equations for

the le irt computation.

A few comments are made on the evaluation of the tangent . Since

the range of values of a is from —180° to 180° the range of values for
the  half angle a/2 is —90° + 90°. However only the values from 0° to

dI .2° I R &~~I1 be computed because of the odd symmetry . This range of values

~~iri ~~ further reduced by using the trigometric identity.

tan a/2 = 1/Etan (90° — a2)) (13)

‘or valuI~ ; of ~/2 between 45° and 90° Therefore , the only va1u (~ ;

requ i red for ~omputat ion are those of ~s/2 between 0° and 45°. The

computat ion con be made very a curate  with the table lookup and a

l inear  i n t e r p o l a t i o n  between po in t s .
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SUMMARY

Coordinate rotations can be derived in two fundamentally different

ways. The quaternion representation has a speed advantage to the

direction cosine representation . It was the purpose of this report to

point out to those in the sensor integration community this fact. The

basic principle which can be applied is to find the tangent of the half

angle and rearrange the direction cosine equations using trigometric

identities to obtain the higher speed forms. The technique is applica-

ble to either digital computers or high speed dedicated digital hardware

where extremely high speeds are desired.
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