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CHAPTER 1 i

INTRODUCTION |

»
An automatic method for the determination of the numerical solution |
of intcgro-differential—difference equations is presented. The basic
form of an integro-differential-difference ecuation is assumed to be;
yle) = Lyle) + fCE) + | G(e-2) y(x) di : (1-1) |

: 2l (o) o - :
with inttial values y(o) y'7", where y and f are real vector functions

of the independent variable, ¢. L and ¢ are real watrix functions of ¢.

The numerical method is an extension of the wethod of Frobenius,

Lapidus and Sienfeld (1971), Kreyszig (1967). ‘ite basic theory of exis-
tence and uniqueness for this equation is knowny, and some basic relerences

are [Baker, Miller, Cushing, and Bellman and Cookel.

Background
Mathematical models in applied science aro used to represent and
sinplify complex problems. Mathematical rodels are deterministic or
stochastic. Deterministic models include lincar programs, non-1inear
programs, differential copuations, and other moce specialized foms, such

as intogro-differential-diiicrence equations. C.T.H. Baker (1974), states

“There has been little or no investigation in the published litera-
ture of the efficicnt automatic ingpl nitition of nethods for
Volterra inteyro=diffcrential equations.”

Baher further describax] thoe potential that exists for boudary value
probloems in integro-ditforential=differcice cpuations.  His appacent Lhame
is the programming difticulty of nunerical intogration of initial valua

problems; and that seans to be reason enough to avoid the nore diflficult

bounde value problan,
p
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Some inteqral equations and integro—differential equations are easily
transformed into differential equations. However, this is usually diffi-
cult for inteqro-difference equations and integro-dif ferential-difference
equations, or inpossible.

We will present a method for the automatic mumerical integration of
initial value problems in integro-differential-differerce ecuutions, amd
integro-differcnce cquations. This meihod can then be used wigh the cédes
of Doiron (1967), Hunter and Childs (1377), and Schuetz (1976) to develop
an automatic solution of boundary value problems. These codes are based
upon the power series integration method, as is the code presented here.

Hunter reported success, using the power series method, in regression
analysis with differential equation mcdéels. Dr. Bart Childs suggested
that power series integration could be an effective tool for the solution
of integro-differential-difference ccquations, and integro—diifterence
equations. A primary advantage of the power series method is that o
provides a convenient method for inclusion of the "history" or "memory"

in calculations, see Nachlinger and Woeeler, 1973.
Integro—differential-difference ecuations arise in & munber of
applications. The nost frequent are rclated to Problems of Heat
Conduction - Nachlinger and Wheeler (1973), Nuclear Transicr and
Transport - Delves and Walsh (1974), Iopulation Model‘s - Cushing (1976),

Renewal Theory - Feller, (1941), and Viscoelasticity - Malone (1971).

1
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CHAPTER II

R b

A POWER SERIES REPRESENIATION O AN
INTEGRO-DIFFERENCE EQUATLTON

’

A power series is taken to be an infinite scrics of the form;

<

o) y 2 a i
(:( R c.-('l)(t-a) -+ @ )("——",) F= asis (Z"‘l) ]
|

3 & o)t -

vhere e _,¢,,¢., ... are constants called coefficients ot the serics, « 1is
a constant called the center of expansion, and ¢ is the independent vari-
able. Notice: indexes are parenthesized, expornents awe not.

If in particular =0, we obtain a power series:

vl LR (2-2)

=0

The basic idea of the power sories representation Of integro-difference

equations is straightforward.

Given: A scalar integro-difference eguation: 1
)

t
y(e) = [ gt=)) y(x) da (2-3)
o
We can reoresent the result of the integral as a power series I .

[ gters gtar ax = 5 a™ - AL LS L e

fome
(2-4)

(o) h(l) -

where the n &

o functions of the ccelficients of the original

series for 7 and y. 'The limits ,f integration yield ' 77z 0. To illus-

trate, represent the given functions y(A) and ¢(i-1) in power series:




t,,_.‘..ﬁ.,.

(k) |k o

N~ ———

g(m) (et - (2-6) 1

} m=0

Substituting these series into equation (2-4) yields:

¢ w w0
i L ] Glahivele 5 () m o (1) 4
. R B i L e G ey (BNl dhlo= R (2-7) _
o k=0 =0 7=0 . |
i
i The results of the multiplication of the two power serics inuy be rewritten ;
' . - . . . - 5 5
i as expressions giving coefficients of like powers of ©: 5
i H
i s 2
{ Sl ® t 1-~1 z X 5 : g i
s (1) 2 - fad (-1 7 b=l
t e oy B SR e ] e i
i =0 1=0 =0 = J=o0
i
} Intercharying the order of independent operators of sumration and integra- ; 1

tion gives:
o J

L3 T R S Enp
} i;({')é?/ = X z ”(J) ‘(L—l i) f AJ (“.‘_I{}A» =d n (2-9) ‘
5 = .- 5

The limits of integration yield a particularly compaect resuli:

T —————e St el iy bt At ple s

L S QMR kegHl e
! OJ A Ct=A) ax = (['f'/"j'/-.l )'.,' t (2 10)
i
Substituting the results (2-10) into ejuation (2-9) and collecting coeffi-
g cients of like powers of t yields:

PR L apes

j (N} a(t=A) aX

B T i = ot SE T

RO e G kS RO N R O R T I
= (—> (y“" g P s i "-,‘/<’i-2))] )

~,
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L) (i-2~g) Iyl g aded g ) et
' g ) [ & &5 i) |

(2-12)

. : : ! : g
We rewrite equation (2-12) in a form, in which the values of h( ) are:

(2-13)

R Y ek i

totice that the limits of integration give a nuii A 7.

s B s B A

We again call the reader's attention to ile use of parenthesized

superscripts to denote coefficient indexes. This index may apply Lo

coefficients that are scalars, vectors, or natrices.
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determined by these couations Richtmyer and Mocton (1967).

of the scalar integro-differential-difference couation is assumel to

CHAPTER IT1

A SCALAR INTHGRO-DIFFERENTIAL~D1FFIRENCE POUATTON

When a state of the system is arbitrarily specified at the Initial
time, y = y(o) at ¢ = 0, then a solution exists for ¢ > 0 and is i nicuely

The basic form

t
G(t) = fly(t)) + [ g(t=x) y(x) dx

o

(3-1)

with initial values y(c). The functions y, [, and y are real valued iunc-

tions of the independent variable, t.

We denote the power series for y as

yet) = 1y (3-2)
=0

From term by term differentiation of equation (3-2) it is easily determined

that:
T I L (3-3)
1.=0

NCCD

Furthermore let f(y(t)) and g(\) be representad by the following power

series:

f(}/(t)) = S‘ .:.(.':)t"I:

, b (A) o
glt=x) = ¥ g™ (t=a)’

't

(3-4)

. . o) ~(0)
We are assuming that given y we can calculate 77 and as we

develop additional y coefficients, we can develop additional f coefficients.

N ——————
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The integral in equation (3-1) may be represcnted by a power so:

t _' £ : ‘ . o
[ ogtt=x) y() dr = )k Uﬁ? (3=5)
The h coefficients are calculated by the equation (2-12) or (2-13). Agsin,

iy

the limits of integration give I’ ""=0. We can obtain a recurrence relation

for the higher coefficients in equation (3-1). By thie proper power series
b - 2 4 s

substitutions equation (3-1) becomes:

}. (1+1) y(’l:+1)t'1: - } J,.('Z:)t‘l: + } ,,1(7',):’. (3—6)
=0 =0 =

Coefficients of like powers cf ¢ yields:

(i41) y(i+1)ti i f(i)ti - h(i)ti (3-7)

or

y('L-FZ/‘ - 2;7(__7 (j.(;) 5 ;:(’L)) 3-8)

with initial values y(o) = ;/(O) . Through this relation, additional coeffi-

cients of the power series solution can be obtainad.
Vo assume the f(y) in ecuations (3-1), (3-4), (3-7) and (3-8) to Le

of tha classes of power serios operators discussed in Appendix A. That

3 . o % o) e -
is, given y( ) y( ), we can calculate f( A . In other words,

- (2) 7 ey @) ) .
given | as an initial valuc we can calculate , then, using th

; f - PRL
recurrence relation (3-8) we can calculate y( / , from which we now can

f(l)

{

calcauliite . This recurroence procedure can then be continued for as
many torms as desired.
A power series solution of these types of nodels is usually "absolutely

convergent" in the complex variables sense. "Numeric convergence" of a

power series with finite arithmetic is not absolute. For this reason the
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recurrence relation will be "nurerically good" only within a given reich-
borhood of the center of expansion. A numerie contimiabion procedisu

will be necessary for an acceptable numerical integration method.

. m———




NUMERIC CONTINUATTON

PE—

he power series representation of the solution of the scalar integro-

differential-difference cquation:

- -

t
yt) = Flyt)) + [ gle=2) y(r) dx (4-1) g |

0

B R BT O B At B N

; Loon shown to be amenable to calculation with a reasonable effort.

v
=y
v

% The mower series has a finite range or neighborhox! about the centor of 1

g
]

VALt et

expansion, within which the solution values (as contrasted with the power

series coefficients) can be calculated with sufficient accuracy.

1 V2 will denote by 7 the range of the independent variable ¢ e{o, ]

“ which vields y(¢) with sufficient accuracy. We will call the process of-
obtaining new coefficients, about t = T, mumeric continuation. It is cuite
similar to analytic continuution from complex variable theory. In this
process, we use the acceptably accurate values 1/(7) as initial valies and

generate the additional power series coefficicnts by use of recurronce

=

et

relations. This is well kncwn in ordinary differential equations, but, a
siight problem must be handled for the integro-difference term. This
problem arises from the memory or history contributions of the integro-
differcnce term,

o introduce ©, a shifted independent variable, t =t - I'. We re-

write (4-1) as: R

i T+
Tet) = fly(Tee)) + [ glPrr-a) y(d) éx + | glTre-2) y(A) d
o

P

T 0

R
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The first integral term is represented as
i o ( .) .

) [ad Z 2 o

[ g(P+r=X) y(X) dx = } q "'« ' : (4-3)

o L=0

The given functions y(A) and y(7+i-2) are expressed as the power series:

) = § il (4-4)
=0
 (T+1-2) = 2 g(k) (T+r-2)" (<+--5)
i

These are the same coefficients as in (3-2), (3-4) and (3-8). Substituting

these scries into equation (4-3)

I ( z y(J)AJ) ( >‘ g(;‘:) (T‘f"l'—)\)k) ax = Z k:'( & t - (1"‘6)
-y J':O k—'-'\) i:{)
and rea:rangings
2 C‘(i)'l"l’ = i 2 y (,;-") Z g(k) I )\“} (.'f'f'[-—?x)'\‘ i (4-_7)
7', =0 _'j =0 ;.: =) o

limits of integration yield:

-1
=
Q

Ly s Irrk+j+1 K JHk+1, 1,1
j A (T+T—A)k dx = "’”:("i:;_—‘};;z—)?— .}: ( i ) l’.:-‘) (‘.,-8)
5 1=0
o (: )

N
ihe

15 the usual binomial factor.

Substituting the results (4-8) into equation (4-€)

~

{

J g(T+t=x) y(X) dxr

§ p 5 il & Cklk G FURE L R ot
Ll et Lo Eny Ui R o

o ol AR S, P /i
‘{l‘) ) y(.J)I.J f g(A)T. (i) S B (4-10)

J=0 K=1
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By inspection we find all values in the above equation are known, and it

(i)

is a simple process to calculate each ¢ 7.

We can also represent the second integral tem in (4-2) as a power
series:
T+t w /oy
7z =0

Shifting the limits of integration gives:

11

H(rerx) yla) dx = T (%" (4-11)

T+ i
[ gtia) ghdan e [ g teaig ) & (4-12)

Ti2 subscript T indicates that those power series coefficients are about

the center of expansion, ¢=I'. Comparing cguation (4-12) with (2-4) we see

that the PzT('L) is calculated like (2-13)

. -] . I - 7 L ‘
() ¥ (j) y (1=1=7) [ Ci=1) (g=21)! ) (4-13)

(i+5-1)!

(o X s
and h ) = 0. These ccefficients are {ov

& A D
= e

The power scries in terms of the shifted independent variable will

o

50 be numerically

ures would change significantly because of the expense of storing

ies over all proviows ranges.

We have prosentod methods 6 caleulate " ‘,.lCt:lY".:

for the shifted independent variable

valid over a finite range, Further continuation pro-

{ power

t=Ad u (X)) dX

(4-14)

(4-15)
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The usual form of the kernel g(x) is the nogative exponential, ¢lz) =

12

cxp(-x). See Nachlinger and Wheeler (1973), Nunziato (1971), Cushing

(1976). Assuning this form, we rewrite tiw first integral term on the

right side of (4-14):

' % . . {
We note that the contribution of ¢
'

"darpe The

.

{

(4-10)) is like a
(Z)

oupared to h’j‘ if the value of T is

damping exp(-T).

’ )

(from equations (4-3) through

cupl=(1-2)) 3())

exp(=(t=2)) y(r) & (4-16)

contribution should ke small

large

nough to cause significant

2o U R

Previous experience in ocdinary differential ecuntio

indicate that large ranges are probable, using say twelve to twenty terms of

rower series to an approximate series

w (=]
(i) z (@)
L ag L ap
1=0 7 1=0 n+l
re
P - ( I = ”m o -
Sl ‘7 S n) T
2 () = ¥ a. (k) (!:) A
i g ) (2 n
ritl k n

* the proper power serics substitutions ecun

walch yields the roecurrence relation:

3}

at the
4 a i
il
- “‘
& v1
4 JI

“

» power series Doiron (1970), Hunter and Childs (1977). We can shilt a

next center:

)
[

w

A

{(4-17)

(4-18)

(4-19)

tion (4-2) bocomes:

q‘ "

% ST SR A ¢
e
}

y ]
. . .

R

R

———
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computational strategy is:

e o
Input the initial value :4( ), and iniki

J

to zero. Note that the first center of erxgansion is

v now calculate the ¢ coefficients about the current center

of expansicn. If the current center of «pansion is
use equation (4-10) to calculate the ;7 cocificients.
current center of expansion is greater than Tl' then
shift algoritia (4-13) and (4-19) to calculate the g
cients about the center.

= (1) )
Calculate the coefficients y cee

relation (4-21;}.

Determine the range of the power series which will yield o

2]

specific accuracy over the interval dosired. Then we may

evaluate the (<) at any point witl

If the range does 10t extend over the interval desired, then

evaluate the Dunction y at the extreme

becomes the next centor of expansizn. R at the conputati

process beginning with step (2).

.

m
.Lj'

use

by the recurrence

the range calculat

int of the range whic

v

e e

AR T

"
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CIIAPTER V

Tt DOUNDARY~VALUE PROBIIT IN INTEGE
DIFFERENTIAL-DIFFERENCE ZQUATIONS

wtions

A general form of linear integro-differuntial-difference <o

could be
y =Ly + ]+ [ G(t=2) y(A) dx e

whare L and G are known matrix functions of :. In addition ; ard y awe

voctor functicns of ¢, and f is a known vector function of .

order scalar linear integro-differential-diZference equation like

t

.:x; + U x + te = sin(t) + f exp (t-x; ={A) di (5-2)

o
i5 a well defined problem if x(o) and w(o0) are known. We can convert this

to the form (5-1) by defining

y(l)

=z
(2 .
] =z

Il

& =i

3 !- 8 4i v 7 T _ )
7 =l' } G(a) SRR fe) = Gt

Yost higher oucer problems in integyro—cifferential-dificrence oqua-
tions will lixely Le of the same type as this exarple. That is, on: equa-
“ on in a set of ordinary differential ecuacions will have an integro
iifference temm.

The solution of boundary value problas in integro-differential-

diffcrence eguations of a general nature are possible with the use of

14
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the codes of Doiron (1971) and hunter and Childs (1977). ‘The codes must

be supplerented with subprograms inplonentations of cuuations (2-12) or
P oy £ :

(2-13), ecuations (4-9) or (4-10), equation (4-13), and ecuation "(4-19).
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APPENDIX

POWER SERIES ALCORIL M8

A Summary

Pover series operaticns are straightforward with the use of aw:iliary

%
¥
¢
‘g"
€
3
3 Sk
follows
¢
52
v st
b
\: - . .
&% Addition:
-
[
: ‘mltipiication:
i

Divisions:

A T S NN PN

Sine and

nie)
ﬁi((,)

, (0)

I

i

ries and repetitive applications of known algorithms for series addition,

my

biraction, multiplication, division, and elenentary functions. Tho

ny power series algoritiws (Doiron, 1970) are important to this

f(t} = gt} + h(t)

J

f‘([:) = J(I-) 1 li(l:) ; (\.‘J)

f(t) = flg(ti, h(t)) = glt)*ult)
(k) _ ;

1:;:‘)

f :;(‘5) h(k»i)

Fee) = Flqlit), REI) = git)l/kit)

f(O) e ;;(U)/il(O) (A-3)

{(A-4)

(A=5)
(A-6)

} gyt ki L, (2=7)

=0
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These algorithms are

dittference equations and

h(t)

;'(0)

(k) ki‘ o

Qr

pS1

een tedl by eie anteg

integro-difference equatio
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>
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.\\) - ;‘ o La=a= .
& T b . 4
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m
A

VA ) & y te )
J=o

e
~
=
™
N
-
* -

him to transform a power :

(A~-8)

co=differential-

15 presented in this

(A=11)

ins about one cont

series about the next center 7 ., is:
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