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CIIAPI’ER I

INTRODUCr ION

An autom~ttic method ~or the det~nia.ina L ion o~ the nuimorical ~~ ) H t ~ LOn

ot L0—diftcuL tial—d i ~ Lcn.~flCC equation:; ~I : ’ . 3flted . Ti’~-~ }~~~ i-. ;

4 to  ::; . L  an intcy ro —UiI t  ‘~cnt i L—d iffei : ’nee e i:.~ is ass’c.:’~, i  to

j - L y ( t )  + ;1/.) -
~~ ~

(-
~-x) ~(x ) ;L- ( i - - i )

w i  ~~ L n t l values ~y(c) 
.- , where . ~u~d ~ ~U vecWr

ol L o  h idependent v~iri ~~~L-~, t .  L and ~ arc L ’ ~~iL  ~~~~~~~~~ f unctions of

Lho numerical n~ethod i.; an extension of t~~c ~- - ‘ ~bod of Frobenius ,

Ian  Ldu~ and SienEeld (1971),  hrCySziq ( i 9 U 1 ) . L O  basic theory of e~o

~~~ uniqueness for ULis equation is 1~ ’L’ n , ~iixl soi~~ basic ret cr~ es

arc [Itaker , r.tillcr, (‘w;hLn -~, ar~.1 I/e1lm u~ 1:~J C~’~ ;c1 .

1 ’ )~ L’ I

t&~thomatical nodcls i n  applied i~~~ e a: - used to reprc~ cat. ~nJ

L t y  complex p blc-t~~ . Mathernatica L ~~ ~~~~~~ u~e dctcrrtün i~ Lic e~:

sLcc :.tstic . Dc’ti riii m ist i c i:udelS inc hr Ic L i i  ~
- programs , r~. :

I : - : is , diffcn i i L i _ f l _ L ’ oat ions , and o L1:~~i o specialized tcna , :ch

j ro—difE~’~:cnL 1 — , -cencc t~~r~ i t  i o. - . C . t ’ .II . Baker (107-1 ) ,

‘ : tic r c ftis I~~- ’n  I i ~~L t ~ no i i ;v -. ;t  ‘~~~~. . .  H the p~ihLi s~: d .1 ~~~
- . —-

~ure of L~ c i i  I I L  i~ i :UL : .  ~a t -  ~~~~~~~~~~~~~~~~~~~~~ ~: i - i - o ~~~~
; i c

\‘olterr a i: LI - c— ~ - -r ential - c. -

l ’- - - t u.rtl Icr ~:c. -~~~
-
~~~ - -

~~ . oj L i X ~Lj ,i~ I 
~~~~. c:- .: . for boo~ d~u . ’ v~~1’:o

~~ j~~~i:1s 10 i i i t  ) - — t J l t t . I L L ~il’ _ t t t ~~Lo ’  : c - - L • I ~~
_ . 1

~o Ot_ t . I/is ~a . ’- L  LH- . -si_’

15 the ~)LL L U 1 1 1 f l -  I c2’ L l L y  01 I~~~i~~- : i  - ‘ . - .L t  1( 0  O~ i lli n i l  \ 1

j - : c i L ~~;I s; olid (hit S i t - : : - .; t o  l~~ ’ 1 -a: ;at l  c;: - t o  d~~ )IL l  U ;c i:ure L i ~~t

1 $.. ) l . Uh .L1ry V._t .LUL ’ })l 1) 1) 11

- —-—-~~~~~~~~~ ---~~--— --
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Some inL - - rnl equations and inL:c;co—di f ferential eq~ubions are easily

transformed into d: ifferc ntial ecfJaLi.c:::~. II~~~ver, Uüs i :  .;oa.Liy diff i—

cult for jfltc- tm —difference equatiorn; - :sd integro—dif Lurcn ::a~i~differcnce

equations, or it;pessible.

Tt~~ will P -~-- ’ -~~ ’~ a met1~~d for tJ-.a .~aLn::utic rairerical : r:atoen of

initial valuc :~~~~:- L~a:’s in integ o-di fc~anLia1—dit feroi :cc - - -~ aa-..i .a.s , and

int gro—difierc ;nc ~ juations. This ~~~~~~ can then h.~ ~~~~ . . i - : . codes

of L~airon ( l%7) ,  hunter and Childs (l.Y i ,) ,  and Schuetz (i~J7~ ) : -f.~ve1op

an automatic solution of boundary va1Lu~.i ~~oblems. These codes ~~ based

upon the power series integration im~Lhcxi , as is the code presented here.

Hunter rcjorted success , using Ua~ mr)~er ser ies i::oLhe ~J , in regression

analysis with differential equation rasdols. Dr. Bart Child:; sa:;-.~ested

that power series integration could be an effective tool fo: the solution

of integro—differcnti al—differenco cqnations, arid intct j :o—d! ~arence

equations. A pr Lrlury advantage Of th~ i~ ;~ or series i:eU- : -‘.1 1:; Lna t it

provides a convenient method for inclision of the ~hisL ;~ - ” Cr

in calculations , see Nacblinger ani ~-i’eelcr , 1973.

Integro-d:LEferential-differcnce cquations arise in a r~~r of

applications. The nost f~requent are related to Problons of i k a t

Conduction — Nachlinger and Wheeler (19 3) , Nuclear r
~~~~~fl:;~~~~r :~:id

Transport — Delves arid Walsh (1974), h) )tLLation ~todels — (n : h i :  (1976) ,

~~ncwa1 Thco~~ — Feller , (1941), and V avoelasticity — ~-~~iI-e;.~ (1971) .

- — ~~~~~ ——~~~~~~~~~~~~~~~ - ~~~~~---~~~-~~~~ 
-~~~ - a— —~~~ - ~~~~~~~~~~ -~~~~~~~~~~ -— .~. ~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~ ~~~~~~~~
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cHAPTER II

A POt:d b SId<.IES RFPRI-tSEN~i i-J in. - It: AN
J.~~~-;C1~~~D~~FERabC~ E( bi.~ - -

A L~ ’-~ ’~ 
series is taken te ix~ an infinite 5c~. ~c~; of the form ;

~ c-~~~ (t -a)~ = ::~~~
“ -~ (t ~ a) + (;- : ‘ i ÷ ... (2-1)

WIIeLO e , - 
- - 

arc co::-3L:~ r L: ;  called coeff 1c~~ s ~he series , c is

• a ccas~ a~:t r i  Lod the cen ter o~ C 5 : t r  : J iOn , and ~ ., L: . c ~eL)efldei i t s :Ci~~

able. do:~~cc: indexes are j arcornesized, e:çx:n~zr5~

IL in narticular cz= L , we a p~~er series :

~ c~~~ t~ = ~~~~ + ~ + c~
2
~ t~ + .. (2-2)

ri~~~~ nd~ ic idea of the power s- LO C3 represent:n~in o integro—diffurerine

c\~i i e L u : : 5  is straightfon-aird.

C : ’~~a A scalar in L:.;~~~--di L [QrCe1CC E? j 1 - LI

t
= f g(r -~.) ~~C~~ J dx (2-3)

0

We c Lu r e cesent the result oL ~he integral as a ~e~.cr series in r .

— ‘ ( t-X )  y (? .) — 
~ t.~ = ÷ t + +

S 
( 2 - - ; )

~~i -~~c ~~~~ 
- - • s o  Lj 0 i S  of a - -

~~ oa Len t~~ of th -~~~~:! ; : : .

: so~~i5 ~~; hv: j  and y.  The li::0 :; ~f integration y i- id  ~~~~~~~~ 0. iV Li

t r -  - 
- , .- . 

- - r epresen t ti~ ct - i l  sotiOns ~ , (A :sd - (~ -~ - - )  in ~~~~€~r s 0- . S

3

_ _ _ _ _ _ _ _ _ _  S.  
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(k) (2-5)
k=o

= ~ ~~~~~ 
- 

(2-6)

111=0

Substitut: La- j Li S SO series info t\ 15Jti( S (2—4) yields:

~ . r~ A k) ( .~~~~~~~ (:-iJ dA)  ~ (2-7)

The rena a; oL the i::nitiplicetiau of LI: - .0 power s 5si -s ~ . ~~ be r~~~ itton

as ~\~rcs ;r~ r:s d ie i :~~ coefficien to of ld- e ~~~~ers or

~ 
[
~ 

~~~ (~~) (c. 1~~~) X~ (~~~1. (2-8)

Intcrch:L ~ t :- ~j  t i re  order of Ind~p~ndcnL operators of suseatL-a r and integra-

tion giVt ::n : 
-

- ~~i i— .L - - .  - t .

~ ;~~~~~ t > = 
(j )  ; - -1-~ )  

~ 
~tl ( _ ,l )~~~~~~~ dA (2—9)

i 1  ~‘ L 0

‘I~~ linan ;  of ir teqrat ion yield a particularly cosp s:t rcs5 ;L::

( . A)
k dA 

( T
~~~~~

- I r 
~ (2 10)

Substi t u t i ; - - ; L ’s results (2— 10) info tion (2— 9) di.:1 C L  1ccting coeti ~
—

d ents o I iLe  o .- -crs of ye  LI - ; :

I-

-~ ( t — A )  ~ 
.

~
:; [ ( (s) (~~~~~~~~)  

t~~~ - - 
‘

) ( j
’

) 1~

( 2 — l i )
4

or

— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - -~~~~~~~~~~
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(~ ( i)  
9

(i~ 1- i) ) [ (
1 ) ~~~~~~~~~~ (~i~J~) ...

(2—12)

We re~ri~ c c- 5 I 1~~ ;on (2—12) in it t o ., 0 which the v a t s .; n: are :

t . )  

~~~~~ [ (
~~

1
~] ~ 

I > (2-13)

- ‘5~e that the ~i : a s ;  -of integration give a t .-

~~~~‘ again c aL f  ‘a ~ -.~~I~-:’s attel t inn ~ LL0 use of 1~~~~~c d’a: : .sa

sU ; . :  ;oripLS to L:.;CCto -c~-e :ficient indenes. t h I s  ir~ ex iray apol7 n

cLe~ Licients tha t are ncehar~ , vectors, or satrices.

-~~ ~~-‘•~~••~ ~~~~~~~~~~~~~ ~~~~~~~~~~ 
- - -
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CHAPrER 1 [1

A S~~\t ~
5iI~ I NT I- tt~ DU-’FE1~I~~l ~ d - i ~ I - .1~ -~’ki- I - - -i

a StLIbJ of do sv;;Luli is arbiLLs; i ~~ 1f1i~ I aL I i ;  - -~~

f Ll ; e , 9 1 / ( O) at , ;er iasoluLiOfl cXI- . .~~~~r t > O ~~~~~~: . .

d -~ ernüncd by these L--s:.L LLOU Riciltittyor ~~;i :~~ c~e:’. (1967) . r i ; -  t- .- ~~

o~ the scalar inLeqro~~d L Lereutial 1iL!ieLa;co 
~~

- . - LIou is ~~~~~~~ -~~~ 
-

~ 

~~~~~~~~~~~~ 
i i ( - ~

) ~~ — 1 )

‘5-.i. Lh initial values — ( ~~) .  The functions , :~ rr - .i ar e iej L \sJ.55d 0 

Lions of the indcpende;;L variable , t .

We der~ tc the pso C series for y as

= .,
(i) t_ f U-2)

From term by term dirLercntiati ofl of e~~ation ( f —2 )  it is s- - ~ d~~i~~~ Tho1

Lin t :

~ ( t)  = ~~~~~ 
(i+i )~ i (3 3)

Fur theriroru let f( ; .- ( t ; ) )  and 2 (A )  be represe u5i by the tolled .: - ~~~~~~

) r - : i c s:

:~~ 

~.i~~)
;I 

-

~~~

~ .
~~~~~~~ ( t - X )

~~ 
are ass~~ril nq UiaL qiven ~~ can calculate ar.~i i t i

develop ~rdiiLional osefficientS , WO Can dcvclop additional

6 

‘ikL~
. - - - - - - j iIi ~~- -~~

:5-
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L. 5-  integral in c-quath -. (3— 1) may l~o repr o - ; s~ 1 by a ps~-. r s  : .

If i-i 
- 

-

f (t-A) 
~

(A )  ~;‘~\ ~ ;:~~~~t~ 
- (3—: ;)

Tb-s ; c~:. :L2 ioflts are c 5lau il hai Lv the edir.Lis a (2 - .; or (2—13) .

the li: .:iia ol integration ~; l’:- .: ; “ - -~3.  We c;r: sI ’ .s~~ ; - -eurrence rulih:io .

for the ;sa;ber coefficier;la; iii atio;i (3— 1) . hy .be - - :-‘-~‘ 
power s~ ri- . ;

subn;titu:ions eai.iation (3— 1 ) b- crass:

~ (~ +1) 
(i+1)~~r ~ ( 

+ 
( ) 

( 3-6)

Coeffie l eu t s  of like powers of ~ yields :

(~ + i)  y + 1) ~~f 
= +

or

(-
~+1) 2 , a’s ) -~

S T~T~~ 
S )

with i n i ti a l  values ~‘( o)  = . Through this rsl.s-.- ian , additional e~~ s f : i —

cients of the power series solution can be obta ined .

W-~ ass~nre the f(~j )  in -. -5faat iOfl S (3—1) , (3—4 ) ,  ( 3 — i )  and (3—8) to f-a

of d o  c lasses of pc~ er series operators discussed n :pendix A. ‘h-at

~~~ ~~~~~ ~ (o)  ~ ( i)
, we in calculate f

(O) 
I 

~~~
. in  other wr~ a

- - . - .. 1 ’  -

- as an initial voi ce ~~ can calculate : , -
- n , ;isii-;-

r~~ ra::s-::ce relation (3— 3)  i-a 0 in ca1cu~~ te ~~~~~~ i s : .; I~~~~~~~~~ ;j  we now c r u

ca]c~.) ~te ~ (1)~ This rccurra:oo procedure can the a I- - . ’ continued for as

I ‘c r; as desired .

~ ~ta-:er series solution oL these types of iaxb-i .r ; is usually “ab reJ~ 5 - -rJ y

co;iv~- ; ant ” in the conpiex variables sense . “Nuie~:ic cOnvcrqenCo t’ of u

I~-~~er series with finite arithmetic is not absolute. For thi s reason the

I
-- -— - - -

~

— - - - — - --- - -

~

. - - -- -  5 — -  _ _ _ _ _ _ _
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recurrence relation will be “ nun~er ically good” only within a given r.~dj- :I a

borhood of the center of ~~~~ tnion. A numeric Cs P: ~~ 5 h-foe ~~~~~~~~~~

will be necessa~~ for an accepfLd le n~~~rica1 intc.~~as~c~n r~~t1~ d.

_ _ _ _  - —S - ~~-—
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NUMERIC CONTINUM’Io~i

The power series representation of the solution of the scak: ::~ - --:;ro—

I:  if iurential—difforencc csiuation: 

-

~~(t) = f(;, ( r - ) )  
~
‘- f g(t - X)  ; ‘(X )  PA ( - f - l )

1 

:
ii slx wn to las nL -eiasb f-o to calculation wf Lb reasonable e : !.o-h : .

~~~~~~~ ~~:- -r series bar a fiha~ -~ range or cc :~~rLr~ha~ > -h afout Lia c-asit o of 

d within winch dr -a no h i fi on  val~ss (a; .daarted with P .  -

C- ; : icients) c- tn L~s c~~l-culated with Sul f rL ;  ~.at ac~~ racy.

~~~ s - ; L L  denote he f hr ’ :cnij e of the indep~scc!ant variable If

~- ,-:~~~~ :~ :fis~Lds y ( t )  with .-cLtLr!aLen b accuracy. We ~- :flt  call the process o~ 
-

ubtachrrd n~~ coefficients , ~~~~ut If = T, rsrs -r ’io o - s l i n u c r tf o s .  It is .h fe

simi Lar to anczl y t i - ’e C O - .. ’ 5 C  ~5i2 from c-o;;~f1ex s’arcrblo theory. In tt.i~

pf:000ss, we use the accup arbly accurate values . - - (1) as initial - -

I r a s e r : I f e  the additional pacer series eoeffinh cIa by use of re ’urrenc:c

;L .o:~-a. This is wel L f : :;- acn in orxiii-ury c i  lh -r -  ritial equations , - a-.-, a

r : L a h : :  : roblan must b-s isir . LU for the intccjto—difference term. Th I s

arises from th.s - - : - -- --: r . - 1  or history contr ibutions of the iccaJ ro-

.;aC term.

b ~ntroduce r , a ;.aa :-.~ .L independent vari.:rb l , -t t — T.  b r

-
- 

~) as:

T T+i
( : ‘+T ) ~i i i . I-~~) )  f ~ (T+~ -A )  :~

- - ‘) - - S ~~~(‘:
-
~~~~~-~~~ .~ .

-—-~~~~~~~~~~~~
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t
The htr: :t : integ ral term is rL p asenthd as

5 j (T+t~ A) y (A )  P.’. 
- 

(-Li)

The siven uections ~j ( A )  and j (: ~— A )  are caT rC : on -~J ::.; e power ser.ic.-; :

( - +  :—~*k=o

The5e ar e the sase coefficients as in (3—2) ,  (3—4) an-P H - - c ) .  Substitutin.,

these s-:-ri~ s into equation (4-3)

- ‘ 
( y~~~~ X~~) ( ~‘ ~~(.‘)  

( 1 ~~~) k)~~~ = (4-6)

ar~~ r-.L. .~. r ~anjing: 
-

- 7 -
-
~~~ C~~~~~~~ T ( ~

. ( : )~~ (k)  
~ 

A” ( i - f ; - A ) ~ dA (- ; - - / )

0 ’)  r~~~O 0

Tao I t - :. ~s of integration yield:

5- - - ,  ,.5~r +j +1 k . -, -- -
.

I X c (T+t_A) k dA = :5~~1i + 1 ! 
~~~ 

( - - I  ( -b- i)

( : )  is the usual bino~~al L-rc ~~ r.

~ . f -~ t i . Luting the results (-~— 3) into e~~~atiion (-Pd )

j’ (f+~ -X )  1(X ) P1 -

~° (~~) 2 ( ) 
(

I
) ( ~~ ) T ( -

v ~~~ y 
~~~~~~~~~~~~~ 

“ 
‘

;~ 
~) (4-10)

I
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i~y insoection we f a d  ~~~ values in thin rLj’j~ equation ar e Li . ,. - . -
~~t , and it

is a s~~;~~le procea-; to cal~~1ate encl-t ~

We can also t.sa-assent the second ~:
“ -

~~ :ral ter~n in (4 — 2 ) • i r a  -c jot~er

a r ies:

• T+-u ‘-‘ , -  —

5 .-h - :- --~~) , ‘A )  dX = i ,  (4—11)

Lias ;~ayration a -

~~~~~~~~~~ 
. . ( ; )  PA 

T 

- .~~-h-- . ’ )  : -~ - r )  dA H-12)

1 ‘obscript I It ad sacla s that those fas~-~-co . . - :raass coeffica -ata aro

- r  cente r of -a~~e,a .Lo: . ,  i.—~~. Coi~~arin~ ~ cation (4—12) ~- . i  l b  ~ ‘~.0) ‘- c see

- - a t  the hT~~~ is calcuLated like (2-13)

~~~~~ P -; 9T J (4 13)

a - .j ~~~~~ = 0.  ‘L- . se cce;ficients ear  : Jo shifted in-P - o . r  - . . r variable

The ~xa.-inc 0 : , J ; in  terms of lb ‘ L~ -r - l indeper lent. v c - - t L L -  will

a in bs rc j j ; t - . h r J l  - ‘ ;  P over a C i j i i t r  - . Further c~ t ; : . c t s; ; pro—

- ‘ a’o .-~~n 1~~ - a s.  . - -  . r f - :r f ficant ly  - - r . ~~ - ’ ho ~~~~~~~~ r - :~- :  po~er

os over a f t  ~~ - I S O  .. . - unjes.

i~~ he~’ . - r -o _ a_~~l . h ~x1~ to ~~~ -

T t

I - - ( : - - ~~, ( ‘  - - :, - - h- . P1 5 ~~~ h— ‘ 
- 

t )  5i~

• (4— 1- 1 )

~~~ ( j I  - 
I - ( 2 ~) -

- 

r1 -i i- 
- -

i - -t (- 1—lj )

I 
- — — -  - —-- - -
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-- 

; ~~~~

iso usual form of to -.~a kerne l y (x)  is t-.hr ~~-.;ative e~qxrnentia1, ‘:-)

See N achi i i-..;-a c and Wheeler ( L ~i7 .‘ , r!unziato (1971),

( !97 6 ) .  Assui:dn~j dP LI  OflIi , we rewr i te L -- - irst integral L as; no the

at side of (4 — H)

I , a ( - ~~~~~~- .k ; .\ )~~~-~~~~ f . . ( ) . . ( _ ( z _ A ) ) : .. .’,i~~~~~
‘)

~~.: (-~~ ) J - - -
-
~~~~( - (- t- ?- ) ’ .: -

- )

. r  rote t:- .-~t n~-s ua .- r ~ -e;ti on ~~
,‘ ~~ ( ‘  ~~a .~~:~~~ j U ;  ( 4 — i )

; I PP ‘P ) Is lj kr L~.a ;~~~~)~ i .caiibution ~bu~ Ld - saIl

a to if : i -  -, a L ~~~ of 5- is ;  J~ s - - s  - - ~jh to cais.a s.L s~~f a. ;~t

- : . _ ul g c~~~(—i ’) . Ia  i n H , . ; c~~ ericarr in e :  :~~~~~1-
~ differ ~~~tieh ~~~~ .~~: Jar

- s Lcate that lwoje r- s . :- - -; are pro ~ th!~~, u- ;~ i~~t twelve to i- . L -  t - r m s  of

- :  t ower series R — H o n  C1970) , flunt :~ 
. ?ds (1977) . ~

-
~~~

- c s s L f i  a

-
‘ -er series be an a ; - ;:- r~i:~ate series i .  L . :  s .  o-:t center:

- - iO -
c 1 )  :- (-1 ) —

L ~r - L q2, - ~. 
-
~ 

-i —

i 0  ?! ‘ 
i~~rO n-i-I

-
i -~ -- - . - T ) = T -- ~. , (4— 18)

- s  ‘ . L j fl 15 i l- ;

- - 
: -s , ~~~~ (~~) A 

- 
(4-19)

.5 - c  ii

-s subs~~ Lu~ k - - - - - - n  (4— 2)  h -c- ‘ s . - :

- - ( , / - i ’ ) I - (~ 
- 

(i_ )  - -  -
- t- - - , 

-
~~ 5 

1 = 
~

- -  - / 
• ?- i ,1, - 

- 
1 .

_
~_

-, - :  - / . - -c . I ; - -;

(-l-:’n)

- - - - s i -ch -:~ c1ds th-j -: ;i s~- -nC j  relation : 

-~~~~ - - - -- ---—--~~~ - _  -
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(i+1) (i+i) 
f

(i) ~~ 
+ L

~ 2, 
i~~ i

-

CL S

S -

(i+1) 1 - (i) (i) - (:) --
_ ; _  = 

~~~~~~~~~ 
i - , ,  + _ ~~~~ _ J

- -~~~ c- mputatiorsai stLra ’cLr~. ; . - is:

( I )  . put the .O r L O i ~~5L ~~~~~~ :r
(0)

, a;sj ~~~~~~~~~~~~~ rha q ce - t f . i r:~~~:-;

: - - ) . : r o  ::e : o h r ; f ; -~~~irst c - e x t - : L - - .- .. .Hon is :. .--

now calcufite the r . - coeffic;n:sns .sr .i0 .~. current sinP~r iT

of expansion. If P - current cenlinc o~ asion is I . ,

— - use equatiun ( 1—10) ~o calculate ~f ~ e - L:LL CICfltS. LI Li 

current cantor or -a-:pension is po. - aarc baa T1, then U~~C L.a

C 
shift a1~ocids.~ N-l3) and (4—19 ) sin :- P - r . I : t e  the cj :r J - -

cients aheut the center .

(3) Calculate h~~ L: ffieicnts • . .  I - - ,’ the rec issr-. so s

relation (4-21) .

(4 )  Determine tb. rca-ba of the pcsa- -e-: s~~r i.n -.- T IICh will yiiriJ -

specific c .so-~ a~ ever the intcaaai 5- .~~~s h. Then ~~~~~ ;a ~- - : -

evalua te J:- - ( h  an any point ‘.-n.Jaa d.- range cl- 1 - - ’d~ . 5o P .

( 2  If th.~ L~a - ~~~ - ~~ - -I: extend o.r.SO tho P - 0al dcsJ h , t ‘.~~ 
- a

bocoffes tia s: -H -_ ~~ - rr of e.-~L.~ .ssa~ . - - a t t h e cas- .i ; ; - . - s o

process L- -~~~~-~ . P step H ) .



CJ I.AL >1’FL~ V

‘iL ; bOUNDARY—VALUE P~Js:L J - ~ I~ Ir-~TB1-~O—
Pr :c?ERENTIIth—D1F E E5-22.CP 3~UATIONS

4 A general fone. c 5- l inear integro—difie-:-sit.ictl-diffetenCe

ii = 5-p + -

- 
÷ P ( t — X )  y ( X )  s.\ . i — f )

5- and G are kaa .c ; catrix functions of -- In addi tion

vactor functions of ~ , and j ~ is a known vec bn a Lunct on of i-. r~ ca an-a

-,rde r scalar linear h~~~;r ~~differenti al—difierafl Ce ~~~abion 1h- 5c

t
x ÷ -

~ + - j .- - = ain(t) ÷ 5 exp (~~~_ S , ~- ( X )  dX (5—2)

j 0

well defined :a.solem if x(o) and ~(o) an-a known. We can sa~an : - r t  this

zo ‘he form (5— 1) b . defining

5’ .’

~ 
=[-

~ 
~~~ 

G(~~) = 
~~: 

f (a)

I-i~sL fth~her ia - i- r proble ms in intt -’ ; :  — - 5 - .  berentiàl—cIi . f S O - S - - - - .pse--

- as will likely  H- -~~~~ the sam e type as hi a examnie. That is, SOs equal—

-a in a Sc) a: n~ - inne~~~ differenti al - :s s . ,sHns will have ass i s P  -ho

.:- -ace Ha.; •

‘ nc snl-stie :i of bounda~~ value p;DP . ;,~~ in lntt - .~r~~~ i t t ’.~~-.’;;~~ a1—

~-i5Ve ~~ :caL io ;ss of a qencra l nature ~re possible with ti -a use of

14 
-
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the codes o ~ac.ron (1971) and i :as ;L s: and Clülds (1977) . baSs codes siust

be supplc-s~~nt -c5- with subpro~ramn~ pboentatices of (.;. L:5-J~s : ;  (2— 12) or

(2—13 ) , &s~uaLba ;a (4—9 ) or (4— 10) , ~ s- .tion (4— 13) ,  ~~
j c a  t~o~ 

‘ (4—1 9) .

* t- -

L_ _ _  
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APPENDIX

I~kfi~H SERIL)~ MQORI’ -~5.l

A Sunm~ry - 
-

- -onor series opara t fcass ;  are straighbfor~and with the use of c;s.o- :LLcsry

a; and repetitive , s - ; i f ~ :s, ’:scns of knc~~~ niça c.i J s .-ns for series a : i s  in ,

: 5 ,  - ; . ~~,.i
’ )i~~ mU1t1p1Ic~:5 - . 5 , hfViOiOfl , and 5L ~-~~ssara func tion:;.

- ~ pewer sers~cr~ a1-p~~: ‘ 5 . :  Os (Doiron , 1070) .o i iin~ortanL t o -o . -

- 5 - . s 5.Pio n : f ( t )  = ~, (s) s- 5- (:- )

f
(~) 

( 1 /  ~ 15 ( i)

:t :  0 :  cation: f(t) ‘-‘ ; i - ( ’ ) , i t ( t) )  =

= 
- / r , 

~~ ;1 ( k_ i)  f-\-2)

- t  bivision : f (t) 5 (p ( s) , h ( t) )  = ~~(c t~~; :( f )

f
(O) i ‘)~~ . (o) (\ 3)

- ~ h~~~~ 
~~~~~ 

-

( )  
---- - /: > 2

s inc and cosinc’;

-‘ can ( ( c ) )  
-

J f ~)  ~~- -o ,‘p ’;

- (0) ~‘ )  - -
= C, - - - ,~~~

- )

• 
. (o)~~ (A-6)

- 
5. ( 1)  (k- a - - (~\— 7)

18
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(k+i) 
= -

. 

p ~~ h~~~ ’~ k - - C 

, 

( , -t fl

• ‘isenti al :

I.
= ‘ - S . - - ~ ‘5 t ,~

- -  
‘ - -

- = 
~~~~~~~ 

- 
- -- - . S - 

5-
r. f - - -

0 isO- I - orit is.ssn art .’ ~~~~. - :s- osn:cd he 5. - n i L . - - ; - - --i s L 5.

- 5 : -  - - t a n  L-~fJa tions end li/s i : ’  ao~~L ifforcj sc.: - a c s o i l  . - Lc’Sc’flL~~i in ~h 5. . -

- - ~o.f

‘:( t) = 5  L i , - -5.- ) - 

-

( 1 )

(k )  

~~~~ 

~~~~~~ : ‘ .- i-~~~ 
~~~ ~~~~ -

.

-~~~~ - ‘ ...

- 

1-~~I 
~~~ ~~~~~~~~~~~~~~ -~~~~ P’ - ~~~~~~~~ -s 5- (A—H5 - i ’

i- =,_. ’

c: ~ . ) -., 5 - ‘, I 
- 

- ~~~- -. -

1’

• ~~~~ : f ) ( I  - f - I  
~~~ 1 2

) - . ‘ -
— 

-s —
, — 

.• - - - : ~~~~~ k :~ 
-

5.1 - ’ - ~ 5 - y

‘ 1 ’ - ;h iL ~ iis 5 -  ci ~ - s ; t L : . i  5 . .  ‘ i . i t i o toe ;i  d 5 - ~~ L I t . . . - - ;-J t1 \JO( ‘i n ’  c- -so -

5 . - ’~~t: i H~~’ . - S - - . e t ~ ~~-a .- . - : .  . -:~~~- ; ~~~~ ‘et. Cs’s so inf - - - ’. 1’ , is:

- 
(H  

~~

‘ 

~~~~ (H  .- ,

-

. 
.- - - . . -

~ a

_.-

~ 
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