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Abstrac t

Two—dimensional inviscid , u ns t t~~iy t r a nso n ic f lows  with shock waves

in asymmetric channels with arb i t ra ry w a l l  shapes are invest igated , using

the method of matc hed asymptotic expansions. With the exception of thin

regions in the neighborhood of the channel throat and the neighborhood of

the shock wave , solutions found using linedrized governing equations are

valid. In the regions enclos iny the shock wave, an inner solution which

satisfies the shoc k jump conditions and matches wi th the outer solutions,

is presented . The shock shape is found as part of the solution , which is

obtained numerically using the method of integra l relations. A composite

solution , uniformly valid throughout the channel , and the relation between

the instantaneous shock wave pos ition and back pressure far downstream

are presen ted.

I



IN T R O DU C T I O N

The analys is  of t w o - d i m e nsi o n a l  t r a n s o n i c  c h a n n e l  f lows  wi th  shock

waves has r ecen t ly been the  s ub j e c t  of s e v e r a l  pa pers , c u l m i n a t i n g  in a

desc r ip t ion  of solut ions found f o r  u n s t ea d y f lows  w i t h  a r b i t r a r y  i n i t i a l  con-

d i t ions  and a r b i t r a r y  wall  sh ap e s .  I lo~ ev e r , t he  s o l u t i o n s  , no m a t t e r

whe the r  the channels  a r e  s y m m e t r i c  or  sv : n r n et r i c , i r e  v a l i d  f o r  s t r e a m -

line c u r v a t u r e s  small  enoug h t N ~~t , t s c a t .  of t he  c n a n n e l  w i d t h , the

shock wave s a re  p la n a r .  In t h i s  ; t ; e  r , n t  t t t i e r  h a n d , i 1 ‘~~ er  o r d e r

( l a rg e r )  cu rva tu r e  is cons ide  red i n n n~~~ r i c  c L . i n n e l , so t h a t  s t r o ng

cross  channe l  g r a d i e n t s  in v e l o c i t y  ~t r o i  p : e s s \  . r~~- I uLO in the  l o w e s t

o r d e r  so lu t ions . As a resu l t , the  s ho c k  ~~i v e  t~~ ~~~ t ph i  r~ i r ;  i t s  shape is

unknown and must  he found as p a r t  i t ri o so lu t ion .

Two approaches  ha ve g en e r a l ly  oef l  u s e d  in ~. ~n s t r u c t i n g  a n a ly t i c a l

solu tions for  t r a n scn i c  ch a n n e l  f l o w s  w i t h  shock  w a v e s .  In one ,  s i m i l a r i t y

solut ions  of the t r a n s o n i c sm a l l - d i s t u r b a nc e  e q u a t i o n  a r e  soug ht t h r o u g h

var ious  t r a n s f o r m a t i o n s , r e su 1 t in~ in s o lu t i o n s  f o r  s t e a d y ’ or u n s t e a dv ~

flo ws . The solut ions  thus  ob t a i n e d , h oweve r , s a t i s f y on ly  v e r y  sp ec ia l

b o u n d a r y  cond i t i ons  which may or n i i v  n ot  c o r r e s p o n d  to the ph y s i c a l  p rob-

lem u n d e r  c o n s i d e r a t i o n , and the  s o l u t i o t s  a r e  valid in a t h i n  ne ig h b o r h o o d

of the sonic l ine .  In the othe r a p p r o a c h , the me thod of m a t c h e d  a s y m p t o t i c

expans ions  is used to de r ive  g o v e r n i n g  equa t ions  f o r  each  or d e r  of approx i -

mat ion  f r o m  the g e n e r a l  i n v i s c i d  f low equa t ions, f o r  va r ious  reg ion s in t h e

channe l .  Adarnson , M e s s i t e r  and R i c h r v  showed tha t  in t he  ma in  p a r t  of

the channe l , t h i s  m e t h o d  gives a s y s t e m a t ic  d e r i v a t i o n  u f  t h e  pc~ ’ er  so r i e s

___________________  — -
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expans ion  so lu t ion  pos tu la ted  by S z a n i a w s k i  and used , f r e x a mp le ,  j o

pape r b y K o p y s t y nsk i  and S z an i a w s k i .  In th i s  m eth od , a r b i t r a ry  wa~~

shape s m a y  be spec i f i ed , and in the ex t ens ion  to u n s t e ad y f lows , 
6 a r h it  r i  ry

in i t i a l  c o nd i t i o n s  m ay  be c o n s i d e r e d .  It is this  ap p r o a c h  w h i c h  is used  i~

the p r e s e n t  pa pe r .

n the  f l 1owip ~ , the flow is t aken  to be t ’~’. — d i m e n s i o n a l , c omp r e s  —

sihie , an d  t r a n s n i . . The gas is assumed f o fo 1~ r n .  he p e r f e c t  gas  law and

to have  c o n i t a n t  sn e c i f i c hea ts . L~pst r eam of t h e  shock  v a ve  the  f low is

c o n s i d e r e d  to he i r r o t a t i o n a l , and the R e y n o l d s  ‘iu m t , , ~ r is  t a k e n  to be l a r c e

enoug h tha t  v i scou s e f f e c t s  a r e  negl i g ible . The uns !e~t d n e s s  in the f low is

a s s u m e d  to a r i s e  as  a r e su l t  of d i s t u r b a n c e s  i mp r e s s e d  upon the flow down-

s t r e a m  of the r eg ion  under  c o n s i d e r a t i o n . A mor e  d e t a i l e d  d e sc r ip t i o ~ of

the ana l ys is  which fol lows , may be found ii .  R e f e r e n c e  7 .

C H A N N E L  FLOW SOLUTIONS

The solut ion is wr i t t en  in t e rms  of t ime d e p e n d e n t  p e r t u r b a t i o n s

f rom a stead y ,  u n i f o r m , i r r o t a t i o n a l , sonic flow . The cm r d i n a t e  s y s t e m

and nota t ion  u s e d  a r e  i l l u s t r a t ed  in f igure  1 . Ve loc i t y c o m p o n e n t s  u and v

and the  sound speed a a r e  made d imens iona le s s  ~~i th  r e s p e c t  to ~~~~~~ , the

sound speed in the undi sturbed flow ( o v e rh a r s  ind ica t e  d imensiona l

q u a n t i t i e s) ,  space va r i ab les  x and y a re  r e f e r r e d  to L , the channe l  half

w i d t h  at the m i n i m u m  area , and the t ime T is made  d i m e n s i o n l e s s  wi th

r e spec t  tu  L ’ a . The p r e s s u r e , d e n s i t y ,  and t e m p e r a t u r e , denoted b y

/‘
P , p ,  and T r e s p e c t i v e ly ,  a r e  made d i m e n s i o n l e s s  v.~~th r e s p e c t  to t h e i r

L.. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



values in the und is tu rbed  flow . The r e g ion b e i n g  c o n s i d e r e d  is tha t  fo r

which x = 0 ( 1)  and y = 0( 11;  that  is , it ex tends  d v . i s t r e . ~ r i of the t h r o a t  fo r

d i s t a n c e s  of the  o r d e r  of  the  c h a n n e l  ha l f  wid th . We i n t ro d u c e  a s m a l l

p a r am e t e r , e << I , w h i c h  is of t h e  ‘to  r of t h c  t y p i c a l  p e r c e n t ag e  d i f f e r e n c e

between the f low ve l o c i t y  an d  i t s  c r i t i c a l  sonic  va lue .  Thus  u - 1 O(E ) fo r

x = 0 ( 1 ).  The flow ente r ing  the  r eg ion u n d e r  c o n s i de r i t i  n is i r r o t a i n n a l

an d  b o u n d a r y  l a y e r  e f f e c t s  a r e  negl i g ible M o r eu ~ er , be . ause  t h e  f low is

t r an s o n i c , shock waves  a r e  we a k  enoug h t h a t  it can be sh o w n
7 tha t  one can

def ine  a v e l o c i t y  potent ia l  to the o r d er  c on s i d e r e d  t o  r e .

U n s t e a d y  f lows  may  he c h a r a c t e r i z e d  h y p r n s c r i h i n ~ ho r e l at i v e

o r d e r s  of the c h a r a c t e r i s t i c  t ime  a s s o c ia t e d  w i t h  t he  imposed  f low d i s t u r -

bance  * 
T b ,  and the  c h ar a c t e r is t i c  f lo - a  t ime , l . 1~~ ’• . In t h i s  p r e s e n t  w o r k ,

the so - c a l l e d  s l o w ly  v a r v t n ~ t i n e  r e g i m e  is  c o n s i d e r e d , v. a cr e  T ch ~~~~

Hence , a pa r ar n e ter  T is in t ro d u c e d  as t ’ 1l ’~ s ,

T T t  T T h I ( L / ~ 
) ( I a , b )

w h e r e  T ~~~
‘> I , and t 0 ( t ) .  The s l o w l y v a r y i n g  t inn r e i~i t e  c o v e r t ’ a r a n g e

of values  for  T ch \ \h i c h  is found  in n my  p hv~~i c i i  p r o b l em s . ~ i h e  r e l a t ion -

shi p het~~een T and  ~ depends  upon t h e  r e l a t i v e  o r d er s  ot  
~~

‘ 

h 
an d  t h e  t i m e

it t akes  a pulse to move  u p s t r e a m  f r o m  the po in t  a t  w in c h  ~ d i s t u r b a n c e

o r i g i n a t e s , to the loca t ion  u n d e r  c o n s i d er a t i o n , e . g .  , the  po in t  a t  w h i c h  a

shock wave  is located.  Thus , a d i s t u r b a n c e  pulse  t r a v e l s  u p s t r e a m  at

son i c  ve loc i ty  r e la t ive  to the flow and , t h e r e f o r e , at an  a b s o l u t e  v e l o c i t y

u~ = 1 — u = O(€ ). Hence , the  t ime  r equ i r ed  for  the  d i s t u r b a n c e  t o  t r a v e l

a d i s t ance  L is 0 ( L/ E  ~~ ) and the d e s i r e d  t ime ra t io  is U h f (  L ’~ ~~~
) = T I (

_________________ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - .~~~~ —— — — - ‘ - - - -— ---- —
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It is seen , t h e r e f o r e , that if the two t imes  a r e  of the  same o rd e r , T r

This  is the case  c o n s i de r e d  in r e f e r e n c e  6. He r e  we c o n s i d e r  the case  w h e r e

T h ~~> L/(f~~*), and in fact define T as ,

T = (k€ 2) ’

w h e r e  k is a c o n s t a n t  of o rde r  un i ty . Ph y s i c a l ly ,  t h i s  m e a n s  tha t  f low

d i s t u r b a n c e s  a r e  c o m m u n i c a t e d  °i n s t a n t a ne o u s l y ’ to the shock  wave .

The gove rn ing  equations a r e  the gas d ynamic equat ion and the

Bernoulli equation:

(a2 - ’~~
2)~~ 4 (a2 - ’~’

2)’~ -Z~~ ~ -‘~ -2’I ~ -2~~ ‘~ ‘ =0 (3a)x xx y yy x y xy TT x xT y yT

+ ~~~~ + ~~
) + a2/ (Y - 1) = (

~ + 1)/2(y - 1) ( 3 b )

whe re  subsc r ip t s  x , y and T indicate  part ial  d i f f e ren t i a t ion ; it can be shown ’

that the constant on the right hand side of equation (3b) is valid to and

including terms of order €~~ , the highest order terms needed here. Since

the solutions are written in terms of perturbations from a uniform flow , i t

is convenient to write ‘~‘ as ,

~~(x,y,T) = x ~ ~~(x,y, T) (4 )

where 4 is the pe rturbation potential . Then , using equa tion (3b) for a2 and

equation (4) for ‘~~~, equat ion (3a)  ma~ be wr i t t en  as fo l lows:

(Y+ 1) [ ( c I ~~ + 4 /2)~~~~+ (~Ii~ /2)cP
yy

I + 2 ( 4 1 x + 
~~~~~~~~~~~

+ 
~~~~~~~~~~~~ ~x~~~~ yy

+ 
~~y I~

2
xx J + 2

~~~~~~ x~~~xT

(V - 1 ) 
~T ~ xx 

+ + 2 i~~~ 

~yT 
+ 
~TT
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The boundary conditions at the walls of the channel are , for stationary

walls 
*

(6)

where y ’ = d y f d x . For the a s y m m e t r i c  channels unde r cons idera t ion,

and with the coordinate sys tem as shown in figure 1 , the wall shape, y is

wri tten as

y = ± 1 + ~ f1(x) ± 
~~2 f2 (x)  (7)

w h e r e  f 1(0)  = f2(0) f11 (0) = f2 ( 0 )  = 0 and where  f 1°(x) and f271 (x ) a re  continuous

and nonzero at x = 0. The uppe r and lower signs refe r to the upper and lo’~er

walls , respect ively. It is seen that  y = € f1(x) is the equation for the channel

centerline and ± (1 + € 2 f 2 ( x ) )  are terms which describe walls symmetr ic  with

respect to the centerline , so that € is a measure of the radius of curvature

of the channel at x = 0 , the channel throat . Thus , the channel curvature  is

an order of magnitude larger than that considered previously, 
6 
and as will

be seen , thi s leads to comple tely d i f f e r e n t  flow s t ruc tu res  and shock shape s .

An asymptotic expansion of 4 is wri t ten as follows:

4 (x ,y , T) = e ~ 1(x , y , t ) ~ € 2
~~2(x , y , t )  + € 3

~~3(x , y , t) + . . . (t4 )

Substi tut ion of equations ( 1 ) ,  (2)  and (8)  into equation (5 )  yields the fo l lowing

equat ions  for  ~~~~ ~~~ 
and ~~~:

= 0 (9a)

~~2yy 
= [(v + 1)4

~~
/2 + 

~~~~~ (9 b )

~ 3YY 
= ~ 1)  

~~1x ~~2X 
+ 2 (~~ y ~~~ 

+ k ~~ ) + (~ 
- f) (~ + 1 )

~~ } - ( y + 1 ) 4 ~~ ~ / 2  ( 9 c )
lx l y x  ly 1~ac
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The boundar~, conditions for equations (9) are found by substituting equations

( 1 ) ,  ( 2 ) ,  (7)  and (8) into equation (6) .  Thus , to f i r s t  o r d e r , i t  is found t h a t

4 ( x , ± 1 , t)  = f 11(x ) ( l O t

where the prime indicates differentiation with respect to x. The solution

to equation (9a) subject to the boundary conditions in equation (10) is

= f 1t ( x ) y  + h 1(x , t) ( I ) )

where h1(x,t) is a function of integration. If the solution for f~ , equation (11 ),

is substituted into equation (9b), the resulting equation may be integrated to

give a solution for b2. Thus ,

~ 2(x , y,  t)  = 
(V 

~~
l )  

~1~
1 f 1~~ y

4 + ~ 1) 
(f 1 ’ h 1~~

) Y
3

( ( f 1’ )
2 

+ 
1)  

(h 1~~
)2 ) y 2 + g2 (x , t )  y + h~(x , t )  ( 1 2 )

where g2 and h2 are functions of integration . If the solutions for 4~ and ~~2

are substituted into the boundary condition , equation (6), where it should be

noted that evalua tion of any function at y implies expans ion  u s ing  equation

( 7 ) ,  then one f i n d s  equations fo r  g2 and h 1~~. Thus ,

g2 (x , t )  = f h 1,~ - ( Y.±i.) ( f ! r  h ix ) ( 13a

h1~ ~(2 f2 - (f 1’ ) 2)/ (V + 1) + p 1( t ) - ( f I l ) 2 / 3 } 1/ 2  (13b)

where  the equation for  h 1~ has been in tegrated once , and p ( t )  is the resulting

function of integration; f1 and f2 are both functions of x and defined in equation

(7). It is seen from equation (12) that in order to complete the solutions to

secon d o r d e r , i t is  nece s sa ry to fi n d h~ (x , t ) .  This is accomp lished b y

substituting the solution s for 4~ and 4’~ 
into equation (9c), integrating once to

ob tain 4’3y t and subst i tut ing the resul t ing  equations in to  the boundary  cond i t i on ,

V



7

equat ion  ( 6 ) .  One finds that

h2~ 
= 7 (V + I) [(f 1”) 2 ]“ / 360 + (f 1’ f t”’ — f~ ’ )/ 6  — (f 1’ )2 / 2  - f f1

l l

+ [ (3 /2  - V )  ~~~ - V (f 1”) 2] 13  + 
2 (Y + 1)  

~111 (f 11’ hix )

- h i t  + ~ 2 ( t ) ~ /h 1~ 
( 1 4 )

w h e r e  ~32 ( t )  is , aga in , the function of integration. Finally,  then , the

so lu t ions  fo r  u and v a re , to second o r d e r ,

u = = 1 + E ff1” y + h 1~~
} + €~ ~(V + 1)  {(f 1” )~ ]” y4 / 2 4  + (V + 1) (f 1” h 1~ ),~ y

3/6

+ ( ( f 1’) 2 + 
( V + l )  

h i~~
)
~ y2 !2 + (f 1 h 1~ - 

( V + l )  
(f 10h 1~~) )  y + h1~ }+

( 15 a )

v = = € f 1’ + ~~ 
{(~ + 1) [( f 1

h T ) 2] ’  y3 / 6  + (V + 1) (f i”h ix )x y
Z
/z

+ ( ( f 1’ ) 2 + ~~~~ h~~~)~~ y + f 1’ h 1~ - 
( y + l )  (f i” h i x ) x

} + ( 1 5 b )

w h e r e  h 1~ and h2~ are given by equations 
(13b) and (14) respectively, and

~~ and ~~ 
a re  to be de termined  f rom the ini t ial  conditions of the problem

u n d e r  c o n s i d e r a t i o n .

Before proceeding to the consideration of flows with shock waves ,

i t  is ~~ interest to establish the range of flow patterns covered by the

solut ions represen ted  b y equations ( 1 5 ) .  F i rs t , it should be noted that  in

h 1~ (equat ion ( l 3 b ) ) ,  the t e rm ~~ - (f 1°) 2/ 3  canno t be negative since the

remaining terms under the square root are zero at x = 0 . If we f i r s t  con-

sider  the case where 
~~~ 

- ( f ” ) 2 / 3  > 0 and also consider the solut ion fo r  u

(equation ( 15 a ) )  onl y up to term s of order  € , then if the uppe r (+) sign is

chosen  for a ll x in equation ( 13b ) ,  the resul t ing flow is supersonic  except

. - ~~~~~~~~~~~~~~~~~ - - -~~ .
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fo r  a possible subsonic  pocket exis t ing  in a reg ion a r o u n d  x = 0 , a s s h own

in fi gure  2a . If , on the o ther  hand , the lower ( - )  si gn is chosen  for  al~

in equation ( 13 b ) ,  one obta ins  a subsonic  f low , excep t  fo r  a poss ib l e

s u p e r s o n i c  pocket  a round  x = 0, shown in f i g u r e  Zh . In

both cases , the pocket enclosed b y the sonic line g r o w s  as - (f1”)2/3

decreases. Unti l 13j - (f 1
l I ) Z

/ 3  = 0 , no s ign change at x = 0 can be t o l e r a t e d

because  the sonic line (u 1) does not pass throug h (0,0). W h e n  f3~ - (f t
h

i
z
/~~~

depending upon whether the si gn in equation (13b changes or remains un-

changed  as x passes through zero , the sonic line either returns to the San ’~

wall , figures 3a and 3b , or crosses the channel to the opposite wall , figur. s

4a and 41 . The i zr ad i e n t s  n ve loc i ty ,  and thus in p r e s s u r e , t e m p e r a t u r e ,

e t c .  , seen in t h e s e  f low pictures i l l u s t r a t e  the v e ry  i n t e r e s t i n g  c h a n g e s

which take place in the flow when a radius of channel  c u r v a t u r e  of o r d e r  ~

is cons idered  as opposed to the radius of c u r v a t u r e  of o r d e r  € ~~ c o n s i d e r e d

in reference 6.

It can be shown
7 

that  for  x = 0 ( € ) ,  the t e r m s  of o r d e r  and ~~2 in

may become of the same o rde r , castin g doubt  upon the  v a l i d i t y  of the

asymptotic expansions in this reg ion . However , as shown j r refe ren ces

4 and 5 , this  poss ib le  lack of uniform validity f o r  the a s y m p t o t i c  expans ions

is not a se r ious  problem , the d i f f i cu l ty  d i sappea r ing ,  fo r  e x a m p le , fo r  w a l l s

which  va ry  as x 2 in the  reg ion where  x O (€ ) .  Hence the throat reg ion wi l l

not  be c o n s i d e r e d  in thi s pape r .

The solutions presented so far were derived for flow s with no shock

waves . It is of i n t e r e s t  now to anal yze cases  w h e r e  s h o c k  waves  ex i s t , to 

~~~~~~~~--—.- .—.-—~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
. :
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a s c e r t a i n  if and at wha t  o rde r  these  solu t ions  b r e a k  down . \\ e I , ~~~~~e for

i l l u s t r a t ive  purposes  those f lows  f o r  w h i c h  p~ 
— ( f ;

I
)
2 / 3  0 shown i i  f~~~~ r i s

3b and 4a . In these cases , in equation (13b), the upper ( )  sign (supersonic

f low)  is used  d o w n s t r e a m  of the  t h r o a t  but ups : r e a m  of t h e  s h o c k , v. i t h

lowe r ( - )  si gn ( subson ic  f l ow s )  h o l d i n g  d o wn s t r e am  of the  s h o c k ;  t he  si~~r

u p s t r e a m  of the t h r o a t  depends upon w h e t h e r  the f low is s u b s o n i c  (acceie r a t i n g ,

fi gu re  4a )  or supersonic  ( d e c e l e r a t i n g ,  f i g u r e  3 b ) .  S i m i l a r  r e su l t s  hold f o r

other  sign combinations .

If the  shock pos i t ion  is , 1. ) lowest order , x 5 = xjt) -4- . . . , t h e n  f r o m

equat ions  ( l a )  and ( 2 ) ,  i t  is seen  tha t  the  shock velu  i t v , dx 4 / d T , is  of

o r d e r  E 2 . H ence , to o r d e r  E , the shock polar equation . \khich reduces to

the P r a n d tl  r e l a t ion , m a y  be wr i t t e n  in t e r m s  Of a b s o l u t e  v e l o c i t i e s  - Thus ,

U = - U  ( l~~

w h e r e  u 1 = 4~~ , and the s u b s c r i p ts  u and  ci d e n o t e  values immediatel y up-

s t r e am  and d o w n s t r e a m  of the shock wave , r e s p e c t i v e ly .  N o w , i f  e q u a t i o n s

( 1 1  I and  (1 3b)  a r e  used to w r i t e  u~~ and  u ld  a t  x 1, w h e re  t h e  u p p e r  s i g n  in

eq ua t ion ( 1 ~b)  is used fo r  u 1~ 
and  t h e  lowe r fo r  u 1 . 1, i t  i s  seen t h a t  t h e  s h o c k

wave j u m p  condi t ion , equat ion ( 1 6 ) ,  is not  sa t i s f i e d .  Thus , even in fi rst

orde r , the shock wave jump conditions are not s a t i s f i e d , as on p o s e d  to the

case for flows with smaller curvature, and an inner region a bou t  t h e  S4UI k

mus t  be c o n s i d e r e d .

S O L U T I O N S  IN THE SHOCK W A V E  R E C I O N

In the  i n n e r  r eg ion c o n t a i n i n g  the  shock wave , t he  s o l u t i o n s  mu s t

sa t i s f y the  j u m p  c o n d i t i o n s  a c r o s s  the shock , and  m a t c h  w i t h  t h e  l I t e r

L. _ _ _ _ _

~~~~~~~~~~~

. -.~~~ _ _ _  ~~~~~~
. 

~~~~~~..
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c h a n n e l  f low so lu t ions  in the  a p p r opr i a t e  l imi t .  Thi s reg ion m a y  be e xo e l  ted

to ex tend  a c r o s s  the channe l , but to be v e r y  thin in the  f low d i re t ion . T h e n ,

in the i nne r  r eg ion , we def ine  the i n d e p e n d e n t  va r i ab les  as f o l l o w s :

x - x 0(t)
= (

~~ l )~7iE~ 
, y~~

= y, T = T = T t ( 1 7 a , b , c )

w h e r e , a g a i n . x 0 ( t )  is the shock location to lowest  o r d e r , and a- is to be

d e t e r m i n e d .  The inne r  r eg ion  ve loc i ty  p o t e n t i a l  is  def ined  as ,

~~ (x 1
, y~~, T°) = ~~(x , v , T ) / ( V + 1) 1 12

1
ff 

- 

~~ 
x 1 ( l ~

w h e r e  ‘
~~~~ 

dx 0 !dT = kE a dX 0 /dt. That  is ,

u - , v~ 
~~ v I( V 4 l ) ~~~ E a- ( l u a b )

In v i e w  of the  e x p a n s i o n  for ~~~, equat ion ( 4 a ) ,  we w r i t e  the  e x p a n s i o n  f o r  ~

as follows:

~~ (x , y * 
T~ = (1 — ~~) x° + ~~ (x v 

, y’1 
, r

1 t ~~0! (~ + 1) 1 ~

w h e r e  ~~ (x ’, y
’ , T )  is the inner perturbation potential.

The proper form for the expansion of o~ results from the app lication

of t h r e e  cond i t i ons  which  mus t  be f u lf i l l e d .  Since it is expected that the

fluid acceleration in the inner reg ion is of impo rtance and wi ll be found in

the lowes t  o r d e r  g o v e r n i n g  equation for  ~~~~~~, in order that changes intro-

du ced by the shock may be acco m moda t ed , the f i r s t  condi t ion is that

I ~ he of the same order as 4 i. The nex t  condi t ion  is g iven
1X l x x  l y y

by the m a t c h i n g  cond i t ions  which a re  to be met as x ’ -
~ ~~~; they a r e found

by expanding the oute r solutions , equations (15), about x x0 and sub-

s t i t u t ing  the r e s u l t i n g  equat ions w r i t t e n  in t e r m s  of i nne r  va r i ab le s , into

equa t ions  ( 1~~ ) .  The f ina l  condi t ion  is imposed  b y the  b o u n d a r y  cond i t ions

_ _ _ _ _ _ _ _ _ _  ~~~~
--.-

~
---.--. .--_-
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at the wall. Since 
~ 

- = 0 at the walls , then also the Eulerian derivat ive

of this function , .a&’(y -  y~~)/~øT = 0 at  the wall s .  This equation , which may

be used to derive equation (6) ,  is t r ans fo rmed  using equations ( 1 7 ) ,  ( 1 9 ) ,

(2 0 ) ,  an d equation (7 ) ex panded about x 0, such that it is valid in the moving

coordinate system associated with the inner region , and gives th e des i red

bounda ry conditions. The three conditions lead to a- = 1/2 in equation (l7a),

and

~* (x* y* T*) = E 1/2
fi~ y , (V+1)h12 + € ~~~~ (x v , Y~

:
~~~

e
)

+ 
~ 3/2 (x , ~ * t~~) +. . . ( 2 1 )

where f1~ 
= f 11(x 0) .

The governing equation for ~~ in the inne r region may be der ived

from equation (5) by using equations (4a), (18), (20), (21), and (17) with

a- = 1/2 . Thus ,

~ j
’
~~* ~ i~~*x * ~~y*y* = 0 (2 2 )

The matching conditions to be used as - oc , found as described pre-

viously, are

= f
!I
y*±h (x0) ct(

i’1;r*
= f 1~~x * (23a ,b)

where h 1~ 
(x 0 ) is given by equation ( 13b )  with the upper (+ )  sign and where

the upper and lower signs in equation (23 ) correspond to the conditions as

x ’~ — - ~ and x *_ + oo respectivel y. The boundary conditions at the wall ,

again found as described previously, are as follows:

(x * , ± 1 , t *) = f~~ x ’~’ (24)

The final  condition necessa ry  before solutions in the inne r region may be

found are the shock wave jump conditions. Now , the shape of the shock ,

-_ .

~ 

-. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —~~~- .- ---
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x * (y *, t *) ,  is given in the inner region by the equation

ax *
S d u 

2* *ud U~

In view of equation (21) ,  i t is seen that the f i r s t  term in the expansion for

x is of order  unity and the next is of order €h ,’2 
. In the inner and outer

var iable s , then , the expression

x (y, t ) - x
= x * (y *, t *) = x 1 (y*,t*) + € h / 2 x 2 ( y *, t *) + • ( 2 6 )

€ / (y + l ) 1 2 S

where x 1 (y *, t *) = x1 (y, t ) ,  etc . ,  meets the necessary  condit ions and ag ree s

with the relation used previously, that x = x0 + .. . . The func t ion  x 1 is

chosen such that x1 (_ 1 ,t) = 0; that is , x0 gives the position of the inte r-

section of the shock wave and the lower wall , an d x 1 gives the var ia t ion of

the shock shape f rom the normal  (to the x axis)  at that point . In order  to

find the jump conditions across  the shock wave , i t is necessa ry  to wr i te

the shock polar equa tion relat ive to the moving shock . The veloci ty com-

A Aponents relat ive to the shock wave are u u - ush and v = v - Vsh where

and v h are the components of the shock wave velocity.  It can be shown 7

that 
~
2 h = + O(€ ~~~) and V

h 
= O(c 51’

Z ) ,  an d since k0 = € 2 k d x  / d t  = O (E 2 ) ,

it is seen that if u1~ = 
~~~~ 

v1
* = etc . then

= 1 + € u1~ + € 312 u 3
*
~,2 + 

. . . (27a )

= (V + l )~~2 (€ + ~3/2 v 1~ + .. . ) (2 7b )

That is , to the order desired , the shock wave velocity does not appear .

Finally , from the energy equation which holds in a moving coordinate system ,

it can be shown that 7 the dimensionless cri t ical  speed of soun d is , in this 

_—. _ _  ,- -
~~
--.- ,. --.-.- -

~~
---- -
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system , A
avz = 1 - 2 ( V -  l ) * 0 / ( V 4 1) + ... (

~~
)

The jump conditions a r e  found , then , b y expand ing  equat ions (27 ) about  x *,

using equation s ( 2 6 ) ,  and subs t i t u t i ng  these  expansions and equat ion (2~~)

with ~~ = € 2 k d x 0 / d t , into the shock pola r equat ion.  The r e s u l t s  a r e  au

follows:

(v
1~~ 

- v 1~~) 2 
- -~~ (u * - u~~~) 2 (u 1~ + u

1~~ 
) = 0 ( 2 0 4

It may be noted that the f o r m  of e x p a n s io n  der ived  for  u * and v * u s i n g

boundary and matching conditions i s al so consi stent wi th the shock ju m p

conditions.

It is not d i f f i c u l t  to show
7 t h a t  up s t ream of the shock  wave , the

solutions for ~~ a re  simply the c o n t in u a t i o n  of the oute r so lu t ions  e v a l u a t e d

at the shock wave . That is , one o b t a i n s  the phy s i c a l l y c o r r e c t  r e s u l t  t ha t

no distu rbances f rom the shock a f f e c t  the  superson ic  flow u p s tr e a m  of the

shock wave . Downstream of the sh u c k , howeve r , equat ion ( 2 2 )  mus t  he

solved with the boundary  c o n d i t i o n s  g i v e n  by the  c o n d i t i o n  at  the  ~‘a i 1s ,

equation ( 2 4 ) ,  the ma tch ing  c o n d i t i o n  as x~~ —
~~~~~~ , equat ion  ( 2 3 a ) ,  and t h e

condit ion s immedia te ly d o w n s t r e a m  of the shock wave , g iven  by equations

( 2 5 )  and ( 2 9 ) .  Thus , since both u 1~ and v 1~ a r e  found in the f i r s t  o r d e r

jump condi t ion given b y equat ion ( 2 9 ) ,  the shock wave is not  pl a n a r  to t h i s

o rde r , and another  equation , ( 2 5 ) ,  is n e c e s s a r y  to relate the local shock

s lope to v 1~ and u 1~ . It may be noted that  th is  problem is t h e r e f o r e  quite

d i f f e r e n t  f r o m  those solved p r e v i o u s ly fo r  channels  with smal ler  c u r v a t u r e ,

where  the shock is planar to the l o w e s t  o r d e r .  In that case , the b o u n d a r i e s
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and n o r m a l  der iva t ives  of the potential  at the bounda r i e s  were  a l l  g iven , a n d

was calculated , as was the higher order shock shape . In the present

case , howeve r , u 1~ and v1~ a re  related to the shock shape which mus t  be

found as  p a r t  of the f i r s t  o rde r  solut ion .

It is conven ien t  to wr i t e  in t e r m s  of the d i f f e r e n c e  be tween  it a r c 1

i ts  l imi ting  va lue as x * 
. Thus , we def ine  as fo l l ows :

= — {
~ y * _ h

~ 
(x& }x * ( S O t

Then the  g o v e r n i n g  equat ion  and b o u n d a ry  condi t ions  fo r  the p rob lem t o  1 Ie

so lved ar e

(f 1~ v~~ _ h~~ (x 0 ) + ~~~ ~~~~~~~~~~~~~ 

— 

~~~~~~~~~~~~ 
= 0 ( S l a t

= - 2 f 1~ y * + 2 ( 8X l ) Z 
( f l h )

x = x 1 

~~~~~~~~~~ (~~~ )[f u * h ( )  ~~~~~~2 1 (3~~~

x *~~~~~ ~~* = 0
x *

y

where

1 8x 5 ax 1 ’ ax /
— — — — ......j . ~~~ 

l iZ ., ( 5 )— — + ~E / .32 8y ay* 3y

- 

- v 
hay u 1~~~~u1

*

and equat ions ( 1 5 )  evaluate d at the shock wave , and eq ua t ions  ( 1 9 ) ,  have been

used to write u1~ and v1~~. Evidently, thi s problem must be solved flume r i .  a 1lv ;

spec i f i c example  solutions a re  d i s c u s s ed  late r .

A compos i te  solution , uni f o r m l y valid t h roug hout the channel , may he

c o n s t r u c t e d  by adding  the  outer and inner  solution s and s u b t r a c t i ng  those

I



(matching) t e r m s  common to bo th .  In view of the def i ni t ion of ~,
‘I’

, t h e s e

composite solutions a re  thus , to f i r s t  order ,

u = 1 + E (f 1 ’ y j  h 1,~ ~~~ 4 . . . ( 3 3 a )

v = € f~’ + ~~ ~~ 1) 1/2 ~~* 4 . . . (331 ) )

where  h1~ 
is given by equation ( 1 3 b )  wi th  the plus s ign , and r,’~ = 0 u p s t r e a m

of the shock , x < x 5 . Also , for x < x~~, i f  the flow accelerates from sub-

sonic to supersonic  flow (with the  son ic  l ine pass ing  th roug h (0 , 0 ) ) ,  t hen

the uppe r s ign is taken  in equat ion ( 3 3 a ) ;  if the  flow is s up er s o n i c  c lece le  r a t i n g

flow for  x < 0 and a c c e l e r a t e s  fo r  x 0 w i t h  pos s ib l y a subsoni c pocket  in the

reg ion about x = 0 , then the lower  si gn is t a k e n  for  x < 0 and the  upper  f o r

x > 0 . For x > x 5 , only the lowe r si gn in equat ion ( 3 3 a )  is t a k e n .  It shou ld

be noted that  fo r  x * O( e q u a t i o n s  13 )  r educe  to the  i n n e r  s o l u t i o n s  down-

s t r e a m  of the shock , whi le  as x * 
* 

~ * -.0 and the  outer  so lu t ions , to

o r d e r  ~ * 
are  r ecovered .

Solutions for  the p r e s sur e  a n d  d e n s i t y  ar e  w r it t e n  in t e r m s  of t he

solut ions  fo r  the ve loc i ty  c o m p o n e nt s  t h r o u g h equat ions  de r ived  f rom  the

conse rva t ion  equa tions and the  equa t ion  f I r  the j u m p  in e n t r o p y  a c r o s s  the

shock wave . Thus , f r o m  the i n v i s c i d  e n e r g y  equation , i t  can be shown ’ t h a t

the s tagnat ion  or  tota l e n t h al py can be wr i t t en  as ,

h
t ~~~~~~~~ 

~~ (u 2 4 v2 ) = 
Z ( ~~- i )  

4 3 h t1 ~ ... ( 3 4 ~1 t

dx 0 *h tl = k - 2 h 1~ (x 0 ) ) x x ( 3 4 h )

h = 0  x < x  ( 3 4 c )
t i

where  h (x 0 ) is ca lcula ted  f r o m  equat ion  ( 1 3 b )  with the plus s i g n .  The

_ _ _ _ _ _  _——~~~~~~~~~~~~~~~ —- —  —- - -~~~~~~~~~~~~~~ - ~~~~~~~~~~~~~~ - - .. .-—-  ,_
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pressure and densit y are related to the en t ropy  and the t e m p e r a t u r e  as

fo l lo~

= ~~~~~~~~~~~~ P = (3~~a , b )

The en t ropy  c h a n g e  of importance is that across the shock wave , the

gradients downstream of the shock being of hi gh enoug h o r d e r  that  they  a r e

neg l ig ib le . For t r a n s o n i c  flow , a c r o s s  a shock
8

Sd 
- S

u = 3(~~+ 1) 
(M 2 - l~~ - (M~ - l ) ~ ~~ . . .  ( 3 ( I )

w h e r e , since the shock  in this case is in motion , Mu is  the re la t ive  n o r m a l

Mach  n u m b e r  of the  incoming  flow. For a shock d e s c r i b e d  b y equation ( 2 6 ) ,

M~ - I = ~ (y ~ I ) {u 1~ 
- (~~~~ ) 21 

~37

w h e r e , as ment ioned ea r l i e r , oute r solution s a r e  va l id  up s t r e a m  of the  shock

wave . The expans ions  fo r  P and p can then be found f r o m  equat ion s ( 3 4 a )

and ( 3 5 ) ,  where  u and v a r e  foun d f rom equa t ions  ( 4 )  and (8 )  wi th  u1 = and

~~~

. . Thus ,

P 1 - € V u 1 - E 2 V (v~~/ 2 + u2 )  - € 3 y (z  ( y +  1)  [uj u - (8x 1 / a y ) 2 ] 3 / 3

- ht - ( Y +  1) u ? / 6  - u 1 v 1
2 /Z  + v1 v2 + u 3} + - . . ( 3 8a )

p = 1 - Eu 1 - € 2 [ ( V - l ) u 12 /2~ v~~/ 2 + u 2 ] -~~3[2V (y 4 l ) ( u 1 - (ax 1 /8 y ) 2 )3/ 3

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

+ V 1 V2 + U31 + - . . ( 38b )

If the composi te  solutions are  used for u 1 and v 1 ( te rms  of o r d e r  E in equa t ions

(33)  ) ,  then equat ions  (38) give solutions which are uniformly va l id  to o r d e r  € -

A solution fo r  s imi la r to those given for  P and p is eas i l y d e r i v e d  f r o m

equati on (34a ) .
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It should be noted that , if composi te  solutions are considered , then

immedia te ly  u p s t r e a m  of the shock wave , Py 
= - € V f 1~ , while downs t ream

of the wave , P = - € Y (f 1~ + ~ 
*

* ~~ 
+ . - Thus , downs t r eam of the wave ,

x y

if the wave is approached  b y f i r s t  go ing  to y *= ± 1 , and then going to x~~ = x 1 *

then at the wave Py = - € V f ~~~. Howeve r , if the wave is approached by going

to x~~= x 1 f i r s t , a t  any y *~ and then t r a v e ling along the wave t o w ar d  ~~~~ =± 1 ,

Py = € V f 1~ + - . . That is , from equations (31c) and (31e), 8x 1/8 y = 0 at

y = ± 1 ; hence , f r o m  equation ( 3 1b ) ,  ~~
*
* * 

= - 2 f 1~ at y = ± 1 . Thus , there

is a change  of s i g n  in P~ a c r o s s  the shock , and since Py ~ v 1 *, the s t ream-

line cu rva t ure , this  means  that  d o w n s t r e a m  of the shock wave , the l i m i t i n g

value of v ’~~, at the i n t e r s e c t i o n  ( I f  the shock  wave and the wa l l s  depends  c)fl

the path of approach  to the i n t e r s e - t i o n . Th is s ingula r i t y  in the solution is

similar to that analyzed by Messiter and Adamson .

SHOCK WAVE LOCATION

The uns tead y p e r t u r b a t i o n s  in f low ve loc i ty  and t h e r m o d y n a m i

properties in the channel can be caused , for example , by pressure distur-

bances in a plenum downstream of the shock ‘-ave . Here , we c o n s i d e r  t h e

case where the disturbances have a characteristic time (inverse of

cha rac te r i s t i c  f r e q u e n c y)  of order E
2

, and an amp litude of o rde r  ~~. As

wil l be seen , this is su f f i c i en t  to g ive shock motions with  an ampli tude of

o rder  unity .

Since onl y te rms of o r d e r  f Z in  P may  v a r y  w i t h  t i m e ,  it i s  seen

f rom equations (38a ) that u 1 is i n d e p e n d e n t  of time; hence , h 1 = h 1 (x ) .  Jr

L. 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ .~~~~~~~~ . . ~~~~~~~~~~~~~~~~~~~~~~~~~~~
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fac t , (equations (38a ) and (15 ))  the t ime dependence  f i r s t  a p p e a r s  in u2

t h r o u g h h 2 = h2 ( x .  t ) .  As a result , in equat ion ( 13b ) ,  13i is a con stant , and

the time dependence  of h2 and thus u2 and indeed ç 2  is t h r o u g h 
~~ 

( t ) .  Both

~3 1 and  
~ 

may  have di f f e ren t  values u p s t r e a m  and d o w n s t r e a m  of the shock

wave . Since the time enters the so lu t ions  fo r  u onl y t h r o u g h the  i n t eg r a t i on

f u n c t i o n , Pi’ then  to o r d e r  €~ , the uns t ead y mot ion  may be p i c t u r e d  as  a

sequence of stead y state solutions for u , ea ch wi th  d i f f e r e n t  d o w n s t r e a m

c o n d i t i o n s .  The ve loc i ty  componen t  v , to o r d e r  €~~ * 
i s  to ta l l y t i m e  in ene-

dent , (equation ( l s b ) ) .  F rom equations (3 8a) ,  ( 1 5 ) , and ( 1 4 ) , it i s  seen

tha t  specif y ing the  second o r d e r  va r i a t i on  in p r e s s u r e  at a d own s t r e a : a

p lenum locat ion , is equivalent  to s e t t i ng  
~~ 

( t )  d o w n s t r e a m  of the s h o c k ,

say 32d• The f a c t  that time does not appear exp licitl y in the  s o l u t i o n s  va l id

d o w n s t r e a m  of the shock  wave ( e . g .  , see the  c o m p o s i t e  so lu t ions  g iven  in

equa t ions  ( 3 3 ) )  and a p p e a r s  onl y as a p a r a m e te r , i n  
~~ , is due to the  f a c t

tha t  the  d i s t u r b a n c e s  t r ave l  u p s t r e a m  at a speed of o r d e r  € whi le  the shock

moves at a velocity of order E~ * 
and indeed , the o rde r of the uns tead y p a r t

of the fluid velocity is € 2
. Thus , the disturbances trave l upstream

“instantaneously” compared with the characteristic times under stud y.

It should be noted , however , that  as a resul t  of the mot ion  of the shock

( i . e . , s ince  x0 = x 0 (t )  ) the f i r s t  o rde r  p re s su re , ve locity , e t c .  , in the r a n g e

of motion of the shock , do change as the shock moves back and forth; they

j ump  between the stead y state values u p s t r e a m  and downs t r eam of a shock

wave at  t he point in quest ion .

The equation f rom which the in s t an t aneous  shock wave locat ion  can

be ca lcu la ted  is  der ived f rom the p r inc ip le of mass  conse rva t ion  app l ied 
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to a control volume enclosing the shock wave . Thus , one sur face  of the

control  volume , the sides of which a re  the c hannel walls , is located at x = 0 ,

the throat , and the other is at x = X , s o m e w h e r e  downs t r eam of the shock .
c

Then
y~ X -t l  y~~ (X

~~~ {j w  f pdx d
y}  

- f  p u d y + JW  
c 

p udy 0 (39 )

y 0 - l  y ( X )
w w c

where  y f and y denote , r e spec t ive l y ,  the uppe r and lower wal ls. The

in tegra l  in the f i r s t  b r a c k e t , f r o m  z e r o  to X , is eva luated in two par t s ,

one upst r eam of the wave (0 to x 5 ) and one downst ream of the wave (x to X )

with the composite solutions used for u 1 in the f i r s t  o rde r  t e r m s  of equa t ion

(38b ) .  Since d/ d T  = O(E 2 ) and onl y t er m s  up to th i rd  o r d e r  a re  des i red ,

only the first order term in p is necessary. In the r e m a i n i n g  i n t e g r a l s  at

x = 0  and X = X , equat ions ( 1 5 )  and  (3 8b)  are  used.  F i r s t  o r d e r  t e r m s  a r e

identically zero , and f rom the second and third order  t e rms , one f inds that

= 
~ id 

(4 0 a )

(V +l ) dt 
= 
~~2u 

- 

~ zd~~
h lo - 2~~ ( ( f

1
H

) Z + (h 1
1 )2 ) / 3  G (x0 ) (40h)

I 8x 1~~ ax 1 2 1 ax 1 4
G (x e ) = ~~~ J ’ (

~~~~
) {u~~ (xe) 

- u lu (x e ) (-
~
-
~

) + j~ 
(-v ) } dy (4 0 c )

where  h 1~ = dh 1 /dx evaluated at x 0 and 
~zu is a cons tan t ,while 

~ zd is a func t i on

of time for the case under  c o n s i d e r at i o n  w h e r e  d i s t u r b a n c e s  are  imposed

downstream of the shock wave . If the shock wave has a higher order curva-

ture , ax 1 /a y = 0 , and G (x0 ) v a ni s h e s ;  then  equation (40b)  is reduced to a f o r m

equivalent  to that  g iven by Richey  and A d a m s o n . 
6

~
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Equation (40b) may be used in determining the shock location ,

= constant , fo r  a flow which is stead y wi th a s t a t i o n a r y  shock wave . Th us ,

fo r  a given (now c o n s t a n t )  
~ zd which is equivalent  to a given p r e s s u r e  in a

plenum d o w n s t r e a m  of the shock wave , the onl y unknown s in equa t ion  (4~~1 } I  I ,

h c~ 
and G (x 0 ) ,  a re  funct ions  of x 0. Since ax 1 / a y ,  wh ich  depends  on x0 as u o i l

as  y as seen f r o m  equat ions ( 3 1 ) ,  must  be known if  G (x 0 ) is to he c a l c u l a t e d ,

th is  m e a n s  tha t  equa t ions  ( 3 1)  and (40)  mus t  be so lved  s i m u l t a n e o u s ly .  In

p r i n c i p le ,  t h e r e f o r e , x 0 may  be ca lcula ted  fo r  a given  13zd~ 
However , it  is

much  eas ie r  to choose  a given x0 ,  solve equa t ions  ( 3 1 )  and in the p r o c e s s

f ind x 1 , calcula te  G (x 0 ) and h 0, and then use equat ion (40b )  to ca lcu la te  the

‘~ h ich  c o r r e s p o n d s  to the chosen x0 ; a f t e r  a ser ies  of such ca lcu la t ions ,

x m a y  be p lotted as a func t ion  of 
~ zd~ 

If the d o w n s t r e a m  p r e s s u r e  v a r ie s

with t ime  in a pr~~sc  ~ibed manner , then = 
~ zd (t )  is k n o w n  and dx 0 / d t  a n d

thus the shock ve loc i ty  may in p r inc i p le be calcula ted f rom equat ions  ( 3 1 )

and (4 0 b ) ,  with  the shock posi t ion , x 0 ( t ) ,  being found then b y i n t e g r a t i o n  of

dx 0 / d t . The c o m p u t a t i o n s  may be c a r r i e d  out b y f i r s t  so lv ing equat ion s ( 3 1 )

fo r  a sequence of values  fo r  x 0 , so that  ax 1/ a y ,  h 1~ and t h u s  C (x 0 ) a r e

e s sen t i a l ly known as func t ions  of x 0. W i t h  P zd (t )  and the in i t ia l  value of x 0

known , equation (40b )  may then be i n t e g r a t e d  nume rical ly ,  thu s r e l a t ing  x 0

to t; i . e . ,  x 0 ( t )  is ob t a ined .  Finally ,  with x 0 ( t )  known , ~~~~~ and ax 1f a y ,  and

thus  u , P , p ,  x 1 , e t c .  , may be obtained as func t i ons  of t ime at a ny  space point .

N UMERI CAL CAL C ULATIONS

In the  p r e s e n t  work , equa t ions  ( 3 1 )  w e r e  solved us ing  the method  of

i n t e g r a l  r e l a t ions  p roposed  by D o r o d nit s y n .  9 , 10 
Deta i l s  of the compu ta t i on
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a re  avail able in r e fe rence  7 , so on l y a b r i e f  desc r ip t ion  is given h e r e .  The

inner region in which equations (3 1 )  a r e  valid is composed of a reg ion extend-

ing f r o m  y~’ = - 1 to y * = + 1 in the y * d i rec t ion  and f r o m  the curve x * = x ’ to

x~’ -~ oo in the x~ d i r e c t i o n ;  x * = x 3 • .  i s  to be found as pa r t  of the solut ion.

A ~x ’t’
This reg ion is t r a n sf o r m e d  into  a fi ni te  region b y the t r a n s f o r m a t i o n  x = e *

and thi s finite region , between = 0 and = = e
_ x 8 , is divided into  N

s t r i ps .  Calculation s of the shock shape made with N = 2 and compared  wi th

the calculat ion made with N = 3 showed v e r y  l i t t le  d i f f e r e n c e , i nd ica t ing  that

re la t ively accura te  computa t ions  can be made with  two s t r i p s .  Equat ion  ( 3 1a ) ,

wr i t t en  in te rms of veloci ty  componen t s , and the c o r r e s p on d i n g  i r r o t a t i o n al i t y

condit ion , u *
* 

= v ’1’ ,~~, a r e  the gove rn ing  equations i n t e gr a t e d  a c r o s s  each

s t r i p ,  us ing  N th orde r pol ynomia l s  in 
~~‘~~S 

fo r  i n t e r p o l a t i on  e x p r e s s i o n s  f o r

lim *
u l* and v 1~

tC . In the p resen t  case , it  was f ound that if 
~~~~~~~~~~ 

= 0 is u s e d

as a boundary condition and the m e th o d  of i n t e g r a l  re la t ions  app lied , then

is  not  zer o as x * - c e . That is , apparen t ly due to the a p pr o x i m a t i o n s

inhe ren t  in the method and the e f f e ct s  of the  s i n g u la r i t y  at the  s h o c k -w a l l

in t e rac t ion , there  is an e r r o r  in the v ve loc it y as x * — ~ . R a t h e r  than  a~~cept

thi s e r r o r , the condition ~~ -‘~0 as x ’~’ ~~~~~~~ was en f o r c e d  and the i r r o t a t io n a l i tv
y

condition was integrated once across the whole region rather than across

each of the two str ips separa te ly.

Using the two s t r i p  method , one f i n d s  a n o n l i n e a r  d i f f e r e n t i a l

e q u a t i o n  for  the shock  shape ; s i nce  t ime  e nt e r s  onl y as a pa r a m e t e r ,

thi s equation may be t rea ted  as an ordina r y d i f fe ren t ia l  equa t ion .  Thus , i f

z ( y )  ax 1/a y,  one fi nds that

— -. 

-- . — - -.. -  -
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(f 1~~y + h1~., — 3 z 2 ) z O 
— [ 6z z ’ — .~t R z  + f.,~~h1~ (1 -y 2 ) - 2 f 1~ ] z ’

- [2 R 2 ~ ( 3 h ~ 0 1 2 f 1~~y ) R  - Z f 1~~h 1~~y } z

- [f 1~ h;0 1 — y 2) + 3 f ~~ ] R — Z f 1 ’~’ y - f1~’h1
1
0 0 (41a)

R = [(f~~)2 y
2 + f~~h~0y (h 0)

2 f~~h 0 ( 1 - y2 ) z - f1J z

- (f ~~ y + h 1
1
0 - 3 z 2 ) z~ ]h / 2  (4 I b )

whe re h 
~ 

h 1
’ (x 

I I~~~’ 
etc. The boundary conditi I n S  f o r  eq u at i o n s  (4 4 )  a r e

z ( ±  1 )  = 0 (4~

Equa t ion  (4 l a )  as solved numericall y using a f ou r t h  - o r d e r  Ru n g e - K u t t a

me thod , yi e ld ing  z ( y ) .  Then z(y ) ax . , / U y w a s  integrated , using the con-

dit ion tha t  x . , ( -  1 )  = 0, to give the shock shape , x 1 . Sin ce bo th  f1~’ and h~ 0

a r e  t i m e  d ep e n d e n t , b ecause  x0 = x0 ( t ) ,  the  c o e f f i c i e n t s  in equa t ions  ( 4 1 )

have d i f f e r e n t  values  at d i f fe ren t t ime s and it i s seen tha t the  sh ock sh ape

var ies  wi th  t i m e .

The wal l  shapes  chosen  f o r  the  ca lcu la t ions  a r e  as fo l lows :

y = ± I + € x 2 / 2  ± €~ [i + 20 (V + 1 ) 1 9 1  x 2 / Z  ( 4 3 )

where  the wall  shape f u n c t i o n s , f 1 ( x l  a n d  f2 ( x )  a r e  found by c o m p a r i n g

equations ( 7 )  and ( 4 3 ) .  In o r d e r  t I  m a k e  the  c a l cu l a t i ons  as  s imple as

possible , x0 (t )  is p r e s c r i b e d  h e r e  and  t h e  cci r e s p o n d i n g  
~ zd (and thus

p r e s s u r e  in the d o w n s tr e a m  p l e n u m )  is a l iu l a t e d  f r o m  equa t ions  (40b )

and ( 4 0 c ) .  Tha t  is , one can  p r e s c r i b e  
~3 zd

( t )  and f i nd  the  r e su l t i ng  x 0 ( t ) ,

or p r e s c r i b e  x0 ( t )  and  find the n e c e s s a ry  ç3 2d ( t ) .  The la t te r  problem

demands  less  c o m p u t i n g  t ime and is used  he re  fo r  i l l u s t r a t i o n . Thus ,

we set
x (t ) = 1 . 5 ( s i n t ) / 2  ( 4 4 )  

~~~ - 
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and p e r f or m  ca l cu l a t i ons  fo r  V = 1 . 4 , € = 0 . 1 , and = 0. The wall shapes

given by equations (43) with these  values for  € and V, are those seen in

f i g u r e s  2 to 4 .

Ve loc i ty  p r o f i l e s  showing  the f i r s t  o r de r  i n n e r  s o l u t i o n s  d ow n s t r e a m

of the shock wave a r e  shown at  x~~ x 1 in f i gu re  5a , and at x * = x 1 0.69 in

f igure  5b , each at t h r e e  d i f f e r e n t  t imes , t = ~~~, it , and The c o r r e s p o n d i n g

x0 is found f r o m  equation ( 4 4 ) .  These  f i g u r e s  thus i l l u s t r a t e  the t e m p o r a l

va r i a t i ons  in the ve loc i ty  components  at the indicated inner  reg ion s t a t i ons .

The rela tively la rge  spat ia l  v a r i a t i o n s  which  occur in the i n n e r  r e g i o n  at a

given time , a r e  i l lus t ra ted  in fi gure  6 , at  t = 0. The change  in u 1~ f r o m  i t s

value s immediately behind the  shock  to the linear p ro f i l e  a s soc ia t ed  wi th

subsonic flow for  the given wall  shapes , is indicat ive of the  l a r g e  acce le ra -

tiori s and dece le ra t ions  w h i c h  take place in the inner  r eg ion .

The shock shape , x 5 = x 0 + € 1/ ’2 ( V +  1) 1/2 x 1 + . . . , is shown in fi gu re  7 ,

as a func t ion  of t ime .  It is seen that as a r e su l t  of the c u r v a t u r e  of the wal ls

and the  a t t endan t  g r a d i e n t s  in the i n c o m i n g  flow , the shock wave  has  a pro-

nounced curvature; for the direction of curvature chosen for the walls , the

shock s t a r t s  n o r m a l  to the lower wal l , inc l ines  in the f low d i r e c t i o n  and t h e n

tu rns  back toward  the upper wall  so as  to become n o r m a l  to it a l so .  As  the

shock move s c lose r  to the th roa t  of the channel , i t  becomes  weaker  and has

more curvature.

The va lues of x0 , for  each t ime  at which calculation s w e r e  made , the

c o r r e p s o n d i n g  P zd ( t )  ca lcu la ted  f r o m  equation ( 4 0 b) ,  and the equivalent c h a n g e

in back p r e s s u r e  at a d o w n s t r e am  p lenum f r o m  its value at t = 0 , AP
b = P

b
( t )  -

a r e  given in table 1 . F ina l l y ,  t he  p r e s s u r e  on the uppe r a n d  lower

.—-- - — - - - —-- - - -~~~~~ - . .- ~~~~~~ ,- - - - , - -
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walls  at these  s a m e  t imes , to o r d e r  € * a r e  shown in f igu re  8 . In th i s  fi g u re ,

the solid l ines i n d i c a t e  the  ca lcu la ted  p r e s s u r e  d i s t r ibu t ions  up s t r e a m  of the

shock wave , the pressure jump across the shock , and outer pressure distri-

bution s d o w n s t r e a m  of the  shock .  The l a rge  dots  ind ica te  the  p r e s s u r e s

calculated in the  i n n e r  r e g i o n , and the dashed  l ines show a c u r v e  d r a w n

th roug h t h e s e  poin ts  and f a i r e d  into the outer  p r e s s u r e  d i s t r i b u t i o n , to  show

an a p p r o x i m a t e  p r e s s u r e  d i s t r i b u t i o n . Since onl y two s t r i ps w e r e  used  in t ’ie

i n n e r  r eg i on  c ( I m nu t a t i o n s , onl y one data point within the inner region is

available .

CONCLUSIONS

The m e t h od s u s e d  in this s tudy enable  one to s tud y u n s t e a d y f l o w s

with  shock waves  in r e l a t i v e l y hi g hl y . u r ve d  a s y m m e t r i c  c h a n n e l s  w i t h

a r b i t r a r y  wall shapes  and i m p r e s s e d  d i s t u r b a n c e s  of a r b i t r a r y  f o r m . It is

shown that the shock wave is not  p lana r and tha t  i ts  shape mus t  be obta ined

as pa r t  of an i n n e r  solut ion w h i c h  i n vo l v e s  a n u m e r i c a l  solution of the  non-

l inear  smal l  d i s t u r b a n c e  t r an s o n i c  e q u a t io n , the unknown shock shape  form-

ing one of the bounda r i e s  of the r eg ion  in ques t ion . It p r o v e s  to be r e l a t i v e ly

easy  to use the method of i n t e g r a l  r e l a t i o n s  to obtain  app rox ima te  but v e r y

use fu l  so lu t ions .  The so lu t ions  a l low one to calculate  the shock shape and

ve loc i t y ,  as wel l  as f lu id  ve loc i t y and  t h er m o d ynamic  p r o p e r t y d i s t r i b u t i o n s ,

as func t ions  of t i m e .  
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TABLE I

Values  of x 0~ ~ z d ’  ari d ~~P1) for  Va rio
,
us Times

t 
~zd 

APb

0 1 . 5  - 1 2 . 292 0

2 . 0 -2 5 .  708 0 . 187 8

it 1 . 5  - 8.883 -0 .0477

3 i t /~~ 1 . 0  - 3 . 047 -0 . 1294

• ~~~~~~~~~_ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ..~~~~~~~~~ ~~~~~~~~~~~~ _ _ _ _ _ _ _ _ _ _
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Flow direction

x

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

Figure 1 . Sketch of a s y m m e t r i c  channel f low , showing
coord inate  s y s t e m .
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F i g u r e  2 . I so ta  hs c o r r e s p o n d i n g  t o  eq ua t i o n  ( 1  Sal when 
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l.0 /
u = 0.8 0.9 1.0 M >1 1.0 0.9 0.8

I I I
— 2.0 -1.0 0 10 2.0 x

~~~~ 77777 / / f / J/ / ,, ~ 

~~~~ 
,~~~/7~77/~~ ~/77

( a )  + sign for  x < 0 and - si gn for  x > 0 in equa t ion  ( 13b )

y
,1.9 

~~~~~~~~~~~

2~~~~~~~~~
/

~~~~~0~~~~ .1 12

(b)  - sign for  x < 0 and # si gn for x > 0 in equa t ion  ( I 3 h )

Figure 3 . Isotachs c o r r e s p o n d i n g  to equat ion ( i S a ) when
(f 1” )2 / 3 = 1/ 3 , fo r  same wal l  shape s and  €

as in f i gu re  2 .
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(b )  - si gn 1aken for  a l l  x in equat ion ( 1 3 b )

Fi gure  4 . I sot a ch s  c o r r esp o n d i n g  to eq ua t ion  ( I  5a)  w h e n  ~~ = (f 1
” ) 2 / 3  r / 3~f o r  same wa l l  ~hape~-t and € as in f i g u r e  2 .
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Figure 7. Variati on of shock wave shape with time for  channel  walls
g iven  b y equa t ion  ( 4 3 )  ari d shock  loca t ion  as in equation (44).
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Fi g u r e  8 . F i r s t  o r d e r  w a l l  p r e s s u r e  d i s t r i ~ ’ i i t i ’ ’ n s  fo r  v a r i o u s  t i m es f o r  c h a n n e l
walls give n by equati’’n ( 13 ) a n d  s hoc k  l o c a t i o n  as  i n  eq ua t i o n  i - I f l ,
V I . 4, c = 0 . 1 . — o l i -u l a t e d  p r e s  s u r e  d i s t r i b u t i o n  u p s )  r e a n  of t h e
shock wave , j u m p  a c r o s s  shock , and  o u t e r  p r e s s u r e  di s I r  huh  n do’s’. n-
stream of shock. • p r e s s u r e s  ca l c u l a t e d  in inner reg ion . - - - ap p r ~~xi-
mate pressure distribution in ir ler region.
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