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Thc Second Law ~f 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

~iflJ Cyclic ~~

y

~~~. F~. ~r-:c~i~ an~ ~~~. M . Na~~hdi~

Abstract. This papcr is concerned with the implications of an inequaiity
proposed recently by Jreen and Naghdi [3] in regard to th~ classical Et a t e r :~~r.~ :
of the second law of thermodynamics associated with cyclic thermc-mech: rJ c~~1
processes . The results obtained are compared with corresponding previc~ s
developments by Fosdick and Serrin [1] and by Truesdell [2] who employ th~
Clausius-Duhem inequality.
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1. f tt r - t duct ion

Is ~wc recent papers , Fosdick :4n d ~errin [t }  and Truesdell [2]  hav e  con-

s iJered a continuous deformable body in contact wi th  re servoir of F i at  wh o s e

temper atur e is homogeneous but one wh ich  may vary wi th  time ; and a f t ’r ’ st ipu-

lat ing  (i~ hea t t ran sfer  inequalities for heat flow between the body and the

rese rvo ir and ( i i )  certain conditions for cyclic processes , with the use of

the clohal  Clausius-Duhem inequalit y ,  they prove in the words of Truesdell

• “
. . st r ic~ 1y an d tr ivial~~; , the four conanonest t radit ional  statements of the

sec ond law as proclamations of impo ss ib i l i ty . . .” Thes - proofs are independent

• of nor t i cu lar  constit it ive  assumptions so that the r e su l t s  appl y to all si ngle

p h a s - . - cse t~ nua of class ical  type. Klc o , Fosdick and ~‘ -r-rin [1] remark t ha t

. thc  ‘iaus ius-Ouhem inequality turns out to be cons ist ent  with these

classical  statements , . . . ,  and adds further degree of credibility to The

~~~~~~~~~~~~~~ inequality beyond its degree of successful application in
/

ct h - r  di rect ions of continuum mechan ics . ” In his co ncluding conm~ents ,

ruesdell [2] states “ Perhaps the  Clausius-Duhem inequality expresses more

t h at  the second l aw . .  .In time , as r a t iona l  thermodynamics become s more

widely applied and mor’- deeply studied , the  C lnus ius-F t ~h~ :a inequali ty may

be wea~~- : s -d.  But , a f t - r the spec tacu lar  success  gained ~~:i u se of it , I

• doubt it will ever he discarded .”

* Despite the claim s C impressive support for the Cla .sius-Duhem in e qu a l i t y ,

some doubts have been a~r .:ady  expr ’-ssed recard ir .c its v a l i d i t y  for a l l

si ngle phase ma t erials . Even the  c’ ncr l i t y  of the above mentione d prccfs

of the four tradit ional  statements of ~h -  s eco nd law shcul d  g ive r ise  to

some concern. The poss ib i l i ty  tha t the ~‘laas ius -Ths hem ineq uali ty may lead

sometimes to mor e , anti sometimes to less , th an is requir  -d by the second law

ha s been demosst r a t”d  in , Ee c.  7 ] . ~er ’-ov er , in the  pr es :nt  a ut h e r s

n a v e  proposrel : (
~ 

) a rv-w ap p r o a c h  c e n~ nuuin the~ no m : ‘- iani  , w h i ch  is
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independent of any particular mathematical expression of the second law ;

• nd (b~ a new inequality representing the second law, which reflects the

fact that for every process associated with a dissipative material, a part

of the mechanical work is always converted into heat and this cannot be

withdr awn from the medium as mechanical  work .

In view of the work of Fosdick and ~‘ - -rrin [ii arid of Iruesdell [2]

outlined above , it is of interest to see what can be said -about the classical

statements with the use of the inequality proposed in [3] . This is the main

purpose of the present note. To conserve space and for ease of comparison ,

in the next two sections , we adhere to the notations and mode of approach

• to the subject adopted in [1,2].
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2. - ;~~~eral  backgr ound

~.e summarize here some definitions and formulae from the papers of Fosdici’.

and b rris [1] and of i’ruesdell [2]. Consider a body ~ consisting of particles X

and .c d o W ’d w i t h  a continuous m a ss  ra ’c s l ire  m. Let denote the configuration

of ~ a t  time t bounded b y a closed surface 
~~~~~~~ 

whoa- outward unit normal is n.

F u r t h e r , let e ( X , t ) ,  ~~~~~~ v(X ,t), t (x ,t ) ,  b(x ,t ) ,  q(X ,t), r(X,t) denote ,

resn- cti :ely, the internal energy per unit mass , the entropy per unit mass , the

velocity, the traction on the external body force density , the heat flux

vector at any point in -
~~~ , the external rate of supply of heat per unit mass.

l’:ith refar’:nce to the configuration of P~ at time t, we define the internal

- -n-~rgy ~~ , the kinetic energy K , the rate of work W by body force and by surface

tracticns and the total external supply of heat Q by

= $ e diii , K(
~ t
) = 1’ 4 v • v ±i~-~

= j b • v d m + $  t . v da , (1)

= J r dm - $ q • n da
tB
t ~~~~

wh- -re io. is the mass element and da the element of area.

In the discussion that follows, the body ~ is assumed to be immersed in a

hea t reservoir ~ whose absolute temperature T(t) >0 is spatially homogeneous and

depends on time only. We consider piecewise differentiable processes underoor~e

* by ~ during a finite time interval J= [t1,t~ ] and denote by and ~~~~~~~~

those intervals of time ~ during which Q (~~
)>O or r spectively . The

body absorbs heat or emits heat at time t according to Q (
~
B
~
)>O or

• resp-.-ctiv~-ly, and the corresponding total heat absorbed and emitted are l~
+ 

and

1 wi th

p .

3.
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= J ÷  Q(’B~)dt , = - f Q(
~~t

)dt . ( 2 )

The net wor k done by ~ during the t ime  i n t”r v a i  ~9 is oive ni by

= - j w( ’B~)dt . (~~

The f i r s t  law of th ermodynamics for the  body ‘B may  now be s ta ted aS

~~~ AK = 
+ 

- C , 
(
~

)

where  t he  pref ix  A denotes the “di f fe rence ” operat ion or, functions during the

time interval ~9.

The papers by Fosdick and Serrin [ii and by ~‘uesdell [2] express the view

toat “heat . . .never passes out of a body except when it flows by conduction or

by radiation into a colder body” and postulate the in~~ualities

(e - q~ n ~ ~l 
Cr-i

1’4. ,;

(~~~~~
— ¶)r ~ U iii

where  e x , t )  is the absolute temperatur e c-f the body . It should be kept  is mind

tha t whtl.e the absolute temperature of the heat reservoir T(t) is spatially

homogeneous , the absolute temperature of the body 9(X,t) may depend on the

particular particle as well as on time.

In the interior of the body , the direct ion of the heat flow is determined

ry  the hea t  flux vector q alone.  Supplementary to the conditions (5 ) ,  we also

require that  heat never flows across  any sni-face in the body except when it flow s

from a hotter to a colder part and interpret this by the classical inequality

-a~~~° ~ (-A

where ~(x ,t~ is the temperature gradient in the body .

14~
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.~lt hu~~rL for many ran t erials the in4-quality ( ‘ )  follows from the Clausius—

~- -.iFi ’m in - qua l i ty ,  i t does not fellow for all  m a t e r ia l s .  Indeed , i t h a s  c i t - :

i~~- c r i  mpF asized  in the t it r a t i r ’ ti nt  ti: (‘i nusius—I~ i l- rn inequa l it :! may :n rrn i I

Fi a t  te flew from a cold to a hot part  of a body . Fcu u l ick  and b -r r i n  [l ~~, a s

w - ~ l as Tr- ,esdell [2] ,  introduce no r& ’s ’ r ict ion of the form (
~

) in thei r  works .

~~~~ return to this point later .

~~~~~~~~~~~ - 
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~~-dl ic  motions

is n id i ti o n  to the temperatur e e(x,t.) and the temperature ~~adient g X ,t)

in t r o d u ce d  in section 2, let ~ x ,t) be t h e deformation ~-r a di en t  at any point

in ‘B mea sured  re la t ive  to corn - r e f  r e a r - -  conf igura t ion . Also , let D ( X , t )  and

2 - , X , t )  de:ic t~ the r a t . L f  - l ’-format icu  an - i the  Cauchy St r e S s -  t - n s o r , r e s p ’- o t i v e i y .

As in the nap - -r of Gre -n and h -ighdi  [3], we assume tha t  the cons t i tu t ive  resp onse

fu n c t i o n s  for ~~~ m c l i i -  l en I e n c e  on the  set of var iables  F ,8,g  and thei r

h i c h - .-r s-Pa Sc and time - i - ~r iv at i ve s  an d re fe r  to this  s - c t .  col lect ively as U, wher e

i sun ”rpeo ’d dot d~.-nO t e r -  t h -  m a ter i a l  t ime de r i va t i ve .  F’ur ther , lot € ‘ ,~~~
‘ be

tb -s r esp - c t iv e  values of € , l] when the var iab les  U ar c- s~~t equal to- zero ir5 the

re sPons e functions . Thus , for example ,

€ = e(F ,B, ij) , = c ’(F ,e) = € ( F ,e,0) , ~s = (F , e , g , . . . )  ,

where  the dots in (7)3 refer to th- higher space and time derivatives of F,9,g.

Then , from the paper of I;reen and Naghdi [3] ,  we have

pr - div q = p 8~~’ + p(
~ 

- - 9W

pw = - p(
~~
’ - e~

’) +~~~•
. 1)

a n~.nner  s imi lar  to  t r ia t  ob Fo ~ - l i ck  and Ferris [1] and of : roesd ~-ll [2 ]

may is -5- (
~ to r e w r i te  th -  ‘-r e r C :  . -q - i at ion  ( L*A is. t b -  form

= (l-~~
)c - 

~~E + A K - aAii )

~— - —~r djn~ (,— - — )q .ncia ]

~) L)JJ
tq - g  w(-~~~-—~~~+ --) dm dt 3 , (9)

pe
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wL-r c a and b ar’ !:rbitr!r:, - c - .~~t u i i t  s

H (ii,) ‘‘(3
~ 

) € 
~ din it , Ih ’-’B~ $ ~~

‘ ha .

~ 
~~~

i -c i :  I r~ v tn si - U - -r u i s I ~‘xpr -i : ion cC tb - - - a n i  law of t a  rise-i , n- -mi

Pri-p lO c: I sy Green and haCtid i [ k] i - r n - I  a

w ~ (U )

for all thc - rmc-me chanica l  processes.  ln view of tb :  inequal i t ies  (
~ ), (‘e )  ar.-d

(Ii ) , i t  follows from ( .))  that for all posi t ive  constants -  a and b ,

U ~ (i-~~)c~~- (AE + AK - aAH )

~l2)

15 oar t icular , if a = . and b = T , where  -r . and -i- are the infim crn arid
- mm max mm max

s-osr~ muzn of ~(t) over ,~~, then

u ~ (1 - - + L~
( - T . A y ) . (1~~~;

max

This is similar to the inequality obtained by Fosdick and Serriri [1] and by

~ruesd ell [2], except that on the  r igh t -hand  side of their inequality cor-

responding to (13) they hav e

= (lu~

in st ead  cf G defined by (l0)~ .

15 special cases in which tb -’ cons t i tu t ive  response funct ions for e ,~ do

sot depend explicitly on the variables U so that

= € , 
_,_1 , 

=

and

7.
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(i~~)

tb: ir- .-u uality (13) reduces to tb: corresponding inequality in the pap-:rs - -f

i- c~cdick an-I berrin [ii  and 1~ u- -s-dcll [2] but th - r u r i C - - of va l id i ty  of C- ~r

ir:eaunlity (13) under the condltiurii: (in) is l imited to the class of material ::

speci f ied  by (15) .

Fosdick and ~hsrrin [1] and Thuesdeil [2] defir:’- cyclic processes as .

for which

= U , Al- . 1) 
, AU = 0 , (1~

- ,

is 1ruesdc-li [2 J - :rnark: , ‘‘ this is re t a I’- firi l k- un h.t a ‘en: - -q i--SC-

cC n nr t i s ’ ular  const i t u t ie c  r e l at i o n s . .  .so t h at  t h i s  definition to some- ext- -~ t

begs the quest ion . ” In fact , the simultaneous r equirem- nt (17 )
2 ,3 for all

mater ia ls  undergoing a cyclic change of de form ation and temperatur e may sot be-

D O 3 5~~Cl e .  Wi th  t he above con d it ions (17) ,  Fosdick and errin [1], as veil as

h~-oesi--U [2], observe that

- C = C ~ (1 
- ~~~~~ (l~~)

max

and th-:y prove the  following four stat- .-m--nts :

:tJ~ 4SmOrit 1. A cycle cannot -s i - s or b - b - a t unl ess it :- ~sc emits hea t .

that-ament 2 .  A cycle that emits i c  heat  cannot Ic pos i t ive  work.

Statement 3. A cycle that absorbs and emits h~.at criy at a finite

r5uznser of temperatures , such that at all of these except one the heat

emitted equals th~ heat absorbed , cannot do positive work.

Sta tement  L.~ If a cycle absorbs heat only at a t emp~~’ature not Creater

than those at which it emits- ic-at , it cannot do positive work .

lhe proof of tb’- above statements :tilises - tb-s i:,- -p c lities (5), t~o elosal

1a-usius -~ uh em inequality and the conditions (17) arid the st atej aents ~~ e in tended

8.

I: - • —— 
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c c  appl y to- all -s ter ials  r e ’: r - i i - - s  of tb -u - con s t it u t ivt -  response.  —n the

e ther ‘:-c: I , t b- s- ala-.: r- saats follow trus t h e  in -quality (ii) propo sco C:: ar c-a n

a r -I  :l~ -bd i [ 1  and tb-:- c o n d i t i o n s  5) - m i  (6) for the - r’ stricte-d class of

a -  u -ri ds snecified me: (it) p ru v i de d

= 0 , = 0 , = 0 , ~l?)

vr:t-re F ’ u n-I ii ’ are defin--’d by (I’ - ) j  
a~ d ( l U )

2 , resp .-cti-- :--iy . For this

f rn- :t-:-rials , the heat  conduct ion  inequal i ty  ( 6 )  and th -- inequality (ii) m at;:

the local ‘laus ius—Duhe:’: in--quality but not cori ’-:yr s . - l ~ . Th e ine-q ’ia i . i :  y (l:

arises only from consileration of restrictions cit tb :- -aba r~oe- of heat intc wcrk ,

whereas (6 )  deals wi th :  the flow of heat from hot to cd -i. p ar ts  of a bob;, - . The

Claus ius -Thohem inequality appears- to combine these two ideas into one inea .:ality.

In this respect , it represents a weaker physical statement than the separ a te

inc’qusliti- -s (6) and (11) but only for the special class of mater~ais -def~~ -:d

cy ( 15) 1 2 . When (15) does not hold , tb - inequ~~~ities (6) and (ii) Ic nc-t

impl;-’ th~- dausius-Duhern inequali ty . Elsewhere [
~

] the prescnt authors h a v e

I - - r n c r ~s t r a t - d  by spec i f i c  examples sonic shortcomings of the Claus ius-Duhcm

i:. -cjan -Ti t , : in ce r t a in  d i ss i p a t i v e  m at e r i a l s  including t a - a  f ac t  t hat  it ma;,

1 — I  ~c tue nossibi lit : of perpetua l motion of the ceconl kind , wi eress tha

in- -q- :ality (ii) denies such a perp- -tu ai motion .

Still continuing with the clas: of mater ial s  spec i f i ed  by [i~ ), we see

from (II) and (8) that

= $ (e~ ’ -w)dni . ~2i)
-

In a cycle in which 
~)
‘ is periodic and has the same val me at the b e r ir i n i no  and

end of the cycle , ‘t ’ must h av e some n-’pative values over a nonempty part of the

period . hence , usiriC -150 the inequality (ii), we have

L ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~~~~~~ ~~~~~~~ 
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(21)

-~mid v- - a enclud-:- that t i -  bad , :usis i - - lv ::- -mi t b e a t ,  it f - i  ow: I ha ’. th-

~~ a t -  a~’- n t c  1 arid 2 new ~ I wltbc , i : : t --:j i iO is-: C tb: t u y .:t cu r id - i ct jar:

in-:qu ititli- s (5 ) and ( ‘ ) .

I’urning to more general materi al :- fur- which tb r- strictions (i~ ) are

(1-:) ‘Ic- not hold , it was pointed Coil 1bu ~: - - l.h~ t h-os-li :a-. cal ; ‘:-rrin an. I T~u-:sdel1

nut- -a proved the Statements 1_i4 usino U1- - ;J oa-ei Clu.:si:is-lauhom inequality , as

well as the heat transfer inequalities (5) and tb: -cyclic conditions- (17).

This is on: extremely strong result ma inl y because of t l -: ’u:e of the dausi-os-

itihen: i i :  -duality and the cyclic conditions (17)2 5 . A: Truc-odell remarks

[ 2 , p. 257~~, perhaps t h is  inequality -:x~ i~ - : S-o 5 mor e than the second law ,

alohu rob as nc-ted above tb’ Ul-ausius-dil: s: inequality s-sy in some respects be

toe w e - a k .  The possibilit;,’ t ha t t h e  - - i : i n — L t : h -. a: ire -
~~ ii ty exnr - :sses more

t ::un tb :  s-:cond law has ae-:-n i l la i st r at -  I 
~~~~ 

;r- i. - ,n I s hall [5] . by a :n-acific

-:x:~~sl-s , wb , i  ch is concern-:d with a rin d hO it cond ic s i n  a state of ths-rn :-i

.-q’cilibri-s-. and :ubject-:-d to -a spa t ia i lb  Oomc o -:n4 -o ain c - r a p .-r atu r e  d i s t r i b u t i on ,

ah oy  s how (s-ce Exempi’:- 2 in sc-ction 7 of [3 ] )  that  the ‘i su s iu s - l en - .-iu 1n:qualit.

r e qu i r es  t hat  heat add- I to t h e -  ccnductor Civ :- r i~ ‘s to a U : C r e a ’  in t emp a r a t ra .

It als-c I-.-~ ic-s tb’ possibilit y th at hea t , in a tb- -cry wh ich  is lise-ar l:eJ -shout

a constant equilibrium t- ’mper :~t or -c , can propao,a a ’ -  a ’iti : -:1 t’init-: wa’: c- n p -  I.

If CS: ~oniposes the r -:-stricticn ::  t h at  for :i cycle

AK = 0 , Al . = 0 , All = 0 , t22 )

t u~n th: Ftatements 1-U can still h~ pr oved with : the  -u- c of the in l - : - ; Ja i i ty  ( l I)

of lr- - :n and Naghdi , together with tb-2-o conditions ~5) 
--m d  (6~~~ . Uovev’r , i t is

cl - ar that  the conditions (22 ) 12  for cyelic  motion::  ar e  t r y  s - -v - r -  and  we do

not impc:~ these conditions.

1_ i -
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