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ABSTRACT

A genera l model of computation on a p-parallel processor is proposed ,

distinguishing clearly between the logical parallelism (p* processes ’) inherent

i n a computa t i on , and the physical parallelism (p processors ) available in the

computer organization. This shows the dependence of performance bounds on

both the computation being executed and the computer architecture . We formally

derive necessary and sufficient conditions for the maximum attainable speedup

of a p-parallel processor over a uniprocessor to be ~~~~~~~~~~~~~~~~
where in p approximates H , the pth . harmonic number. We also ver ify that

empirically-derived speedups are O(in~~* ). Finally, we d iscuss rela ted per-
formance measures of minimum exeuction time , maximum efficiency and minimum

space-time product.
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I

1. INTRODUCTION

The purpose of this paper is to estimate the maximum attainable speedup
of a computation , executing on a computer organization , within a given technology .
The questions we ask are: What is the minimum execution time , and hence the
maximum speedup, of a given computation , assuming unlimi ted computer resources?
Then , given a particular type of computer organization , we ask what aspects of
a computation affect the raw speed of this computer and to what extent?

The computer organization we wish to consider is one where p identical
processors operate in parallel on different instructions. This belongs to the
general class of MIMD (Multiple Instruction Multiple Data) organizations [1].
We wish to study the speedup attainable by varying the number , p, of processors
used. The basis of comparison Is always that of the uniprocessor where p=1.
Since the parameter of concern is the number of processors , p, we will assume
that there are unlimited supplies of memories and input-output devices so that
the computation is always processor-bound , with no delays due to memory faults
and interference , or device interrupts.

There are many motivations for considering the parallel processor organization.
The first ~s that it has immediate practical appeal . The rapidly decreasing cost
of LSI microprocessors makes it economi cally feasible to consider using a whole
army of processors wi thin the computer architecture to speedup a computation ,
even at reduced efficiency of each component processor. No longer is the processor
the hallowed CPU (Central Processing Unit), or the most valuable resource which
has to be utilized with the greatest efficiency . Of course , an accpetable level
of efficiency has to be obtained , but more importantly, we need to find out what
sort of speedup is in fact possible by increasing the number of processors , even
if we ignore the problems of contro l and comunication which must accompany the
cooperation and competition between these processors. This brings us to our
second basic motivation for studying the parallel processor organization.

Controversial Views

In fact , quite a lot of controversy and “folklore~ has built up around the
issue of speedup bounds for parallel processors. It is clear that the nature
of the computation will limit the maximum performance of the parallel processors ,
but to what extent?

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  —4



Amdah l [8] suggested that the amount of strictly serial operations inherent
in a computation point to a uniprocessor approach to computing, if some
“acceptable ” l evel of efficiency is to be achieved . The model that he used ,

however , was very simple where the number of processors that could be used at
any time was either 1 or p. In this paper , we take the more general approach
where any number of processors between 1 and the maximum number p, may be used

simu l taneously.

Another view , which has come to be known as “Minsky ’s Conjecture ” , suggests
that the speedup is proprotional to log2p in most cases [6,7]. Flynn [1] has
supported this view for SIMD (Single Instruction Multiple Data) organizations ,
and has proposed an explanation for it based on a special kind of nested
bra~ching degradation in the program. It is not clear whether such kind of
branching degradation does in fact occur in programs , and if so, how common this
is. Perhaps what ;s more i mportant is that we must somehow specify , in terms of
the parameters of a general model of computation , the conditions under which
certain speedup bounds are the maximum (or mini mum , or average) attainable. Then ,

by empirical observations of program behavior , we can see if such conditions are

indeed met. This is the approach that we take , in this paper , to the problem of

finding speedup bounds for parallel processors.

If we do find that, “in all but a finite number of exceptions ” , the speedup

is proportional to log2p, then the parallel processor organization is obvious ly
not a very effective speedup mechanism. For example , to achieve an order of

magnitude speed improvement , 3 orders of magnitude more processors have to be

used , with an efficiency of only 1% of the uniprocessor. Fortunately, the rather
extensive empirical experiments of Kuck , et al L3 ,4,5], show that the attainable
speedup is almost always better than log 2p.

Kuck , et al [3,4,5,] have written a fairly sophisticated program analyser

which accepts , as i nput , an ordinary program written for execution on a uniprocessor ,

and turns it into a program suitable for execution on a system wi th p~ parallel

processors , where p* is the maximum number of processors which can be simultaneousl y

used in the converted program. The point , of course,is to minimize the execution
t ime of the converted program , since the maximum speedup is inversely proportional

to the mini m u m execution time . Based on experiments using this analyser , Kuck

has proposed the following observations [3]:

-2-



“For many ordinary Fortran programs (with T1 <l O ,000), we can f i n d
p such that

(1) T~ = cdog2T1 , for 2< cz < l O

and (2) 
~~ •6 log2T1

such that

(3) S > 
__________ 

and E > 3
~ lOl og~T1 

p —

Here T1 is the time taken by the uniprocessor , is the time taken by

p parallel processors , S~, is the speedup and E~ is the efficiency .

We notice three points : he has chosen to express speedup in terms of T1 ,

the time taken by a uni processor , rather than p, the number of processors used.

Th is is because he almost always uses a system with p* parallel processors ,

where p~ is the maximum number of processors that can be simultaneously used ,

accord ing to the result of his program analyser.

The second point of difference is that he considers the lower bound for

speedup , whereas in this paper, we are interested in the upper bound.

The th ird point is that he has not given any theoretical proof of his

emp irically-deri ved formula.

However , his experimental results form the main source of raw data , with

which one may compare any speedup bounds obtained by non-empirical methods ,

l ike the mathematical derivations used in this paper. Also , we have used

essentially the same definitions (see next section ) of the performance measures

of T~ . S~ and E~ . It was indeed gratifying to discover that the upper bound

for speedup, S~ < 
~~~~~~~~~~ 

that we found by mathematical observations agreed very

well wi th Kuck’ s ex perime n tal resul ts .

Footnote : ln is the natural logarithm (base e) function , differing from
the loga ri thm to any other base, by only a constant , s i nce
log x= ( 1 ) . logbxa log 1 a

-3-
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2. PROBLEM DE F IN ITION

The problem is to find the bounds on the performance improvement of

a p-parallel processor over a uniprocessor , for a given computation.

A Model of Computation ona P-Parallel Processor

A computation is a sequence of steps. At each step s, a finite number ,

k , of instructions may be simultaneousl y executed . Step s is then sai d to
conta i n k parallel p~~~~~es. The relevant parameters for any given

computation are :

(1) p* : the maximum number of parallel processes contained in

any step of the computation
(ii) {r1, l<i< p*} : The probab i lit y tha t i parallel processes are

conta ined in a single step, ~ 
r =1

i=l ~
‘iii) T1 : the ti me taken to execut e the whole computa ti on by a

uniprocessor (equivalent to the total number of inst ruct ions
executed ).

A p~p~~’allel processor is a computer organizat ion wi th p identical
processors , each of which is capable of executing one instruction (not

necessari ly the sa.ie type of instruction) per time-unit. A time-unit is
defined to be the amount of time taken by a urtiprocessor (or 1-parallel
processor ) to execute one instruction , and each instruction is assumed to
take the same amount of time for execut ion. Any number of processors , fron 1

ti~ p, may execute simultaneously in ~ time-unit. The relevant parameters for

any given p-parallel processor are :

(i) p : the max imum number of parallel processors in the computer

organization

(ii) {q 1, l< i<p} : the probability that i parallel processors are

simu l taneously used in a time -unit , ~
q. -1.

i=l 1

The execution of a computation on a p-parallel processor consists of a

mapping f r r ’ steps in the computation to time -units in the computer organization ,

-4-



und a correspondi ng sapping of the probabi l i t ies (r~ ,1<i<p *} inherent in

the co m putat ion to {q~~lc kp}  for th~ ; paral le l  processor. If p>p * , the

I appi n i is ci ea~iy

q. ~ ~~ l~~:P *
1 10 p*+1<i .~p

Hence , for p>p *, the nus~b~ r of tiuie-uni ts taken for execution is equal to

the number of steps originally present in the computation , an d the com puta ti on
is said to be executing at r ’ i !x im u m speed.

Jf p<p*, the mapping is not unique , an d we wi ll assume th at the ‘ optima l

mapping ’ has been used , i. e., the resultin g values of 
~ 

correspond to the
m ini m um execution time on the give n p—parallel processor.

Definition of Performance Measures

(1) T~ is the number of time-units taken by a p-parallel processor to

execute a g iven computation.
( 2) S~) is the speedup of the p-para l le l  processor over the uniprocessor ,

for the same computation :

s = 

T1 
= 

execution time on uni prpcessor~~~~~~p I execution time on p-par allel processor

(3)  L is the eff ic iency of the p-paral lel processor

p p

( E compares the actual execu tion bandwidth , S , to the maximum possible
bandwidth , p ).

(4) ST~ is the space-time product for executing a given computation on a

p-para llel processor:
ST p1

p p

(I~e relative space- time product , ST~ , is inversely proportional to
ST1

the efficiency , E~ , an d can be sai d to measure the “cost” of using the

p-parallel processor compared w i th  a uniprocessor .)

155~t- (i a t e  Re ,ul  ts

F~ c~ 2 . 1 :  The execut ion rni~e taken by a p-paral le l  processor , for a given
computation , is  q .

T ’  T 1 
~

-5-



Fact 2.2:  The speedup of a p-parallel processor , for a given computation , is

S
P— P q.

i= l 1

Fact 2.3: For any given computation , the absolute l ower bound on the execution

time is 
*

T~~> T1 
P r.

Fact 2.4: For any given computation , the absolute upper bound on the speedup
attainable is

S~ ,.< 1
r.

i=l 1

Fact 2 . 5 :  l < S ~ <mi n (p,p*)

The above results are stated without proof since they are derived directly
from the def ini t ions.

We note that Facts 2. 1 and 2 .2 are architecture -dependent bounds , whereas
Facts 2.3 and 2.4 are computation-dependent bounds. The inequalit ies in
Facts 2.1 to 2 .4 may be replaced by equalit ies , if we do not insist  that T~
be expressed as an integral number of time-units. Also , in Facts 2.1 and 2.2 ,
we can implicitly take care of the probability that all processors are idle if

we intepret q1 as the probability that 0 or 1 processors are used in a time-unit.

Fact 2.5 illustrates that, i n genera l , the performance is limi ted by both

the architecture and the computation being executed.

-6-
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3. D E R I V A T I O N  OF T IGHTER UPPER BOUND FOR SPEEDUP

Typical Speedup Ratios

It seems clear that the nature of the computation (or “program behavior ”)
will lim it the actua l speedup obtainab le by using a p-pa rallel processor.
It is therefore instructive to review some of the best speedup ratios obtained
in the past , for various specialized types of computations. Such typical speed-

up ratios are on the order of [9-13,3]:

(I) k1 p : ma tr i x com pu ta t ions

(ii) k2 1~ : sort ingog p t r idi agonal l i near systems
l i near recurrence rela ti ons
polynomial evaluation
evaluation of arithmetic expressions without division

(i i i) k 3 log p : searching ordered l ist (actual ly log 2 (p + l ) )

( iv ) k4 : some nonlinear recurrence relations
(independent of ~

) some compiler routines

in each case , the k.  are some constants , and the p often refer to the
maximum number of log ica l  pa ral le l  processes within the computation , rather than

to the maximum number of physical parallel processors actually present in the
computer sys tem. Hopefully, we have eliminated this kind of confusion in our
model , by using p~ for the maximum number of processes , and p for the maximum

number of processors .

We note the fo l lowing points :
(1) The types of comnu tations which have a linear speed’ap , proportional

to k1 p for k.1 < 1 , are rather rare. They tend to have large amounts

of inherent ite r at ive  st ructur e , act ing on d isjoint domains.

(2) Since it is clear from Fact 2.5 that in fact S~~p for all
com puta ti ons , the upper bound of k1 p does no t gi ve us an y more
information .

(3) That the speedup of computations can be independent of p is also
clear from Fact 2.5 (S~ < p *) and Fact 2.2, where

S < —
~
--— , since each term is non -negative .

~~ q1 — q 1

i= l

—7— 
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It is interesting to note that the speedup is limited by the
reciprocal of the proportion of time that at most 1 processor is
used , i.e., by the inherent serial nature of the computation.

This is essentially similar to Amdah l ’s argument in favor of

uniprocessors , and also agrees well wi th empirical data from
various sources . For example Flynn [2] cites statistics that
16.5% of the instructions executed in “Genera l Technical” type
computations are conditional (nonresolvable) branch instructions.

Also , studies on the Atlas machine in England [22] indicate that

conditiona l branch instructions form about 10% of a l l  i ns truc ti ons
executed . Since it is often hypothesized that conditional branches
introduce inherent serialism into computations , we could say that
emp~rica l data suggest that qfo.l , agreeing with Amdahl ’ s
“private stat ist ics ” . Hence , this impl i es that S < l O .  In fact ,
Kuck’ s [3) experimental results for the value of S ,  averaged over
a large c lass of different types of computations is ~~~~~~
Fortunately, however , the variance is large , and many individual
types of computations have speedups greater than this.

This processor -independent upper bound of S < i s even more
sobering when we consider that q1 includes not o ly the probability

that 1 processor is used , but also the probability that all processors

are id le . Hence , i f the system ’s resources are not well-balanced , e.g.,

delays due to memory faults dominate the execution time , then the
probability that all processors will be idle will be very high ,

jacking up the value of q1, i rregard less of the number , p, of physical
parallel p rocessors . Hence S~ ’t0(~- ), for all p, a most gloomy
proposition. Intuitively, this i s 1c l ea r :
Observation 3.1:

(i) S < ~~ for all p. If q1 i s l a r ge , then S J- ‘i.’ 1 , s i ncep— q 1 ~ 
q1

O < q 1 < l , and i ncreas i ng the number of processors wi l l  not
speed up the computation.

(i i )  q 1 will be lar ge if the computation is not processor bound

and/or the computation is highly serial in nature .

(4) On the more optimistic side , we note that many types of computations

can achieve hi gher speedups. Of the two remaining typical speedup

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~ -,~~~~~~~~~~~~~~~~~~ -.—- ----~~~~~~..~~~~~~~~
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ratios , O(lo~
—
~
) is achieved by more types of comput ations t h an the

lowe r value of 0 ( log p) .  This suggests that we examine the ~~und

more closel y.

Intuitive Motivation of the Expression S<~~ ~~~~~~~~~~

It is clear from Fact 2.5 that all computations executing on all p-parallel

processors , have a maximum speedup of 0(p).

It is our intent to try to extab l ish the next tighter bound 0(~-j~--~). and

show the conditions under which this is the maximum at tainable speedup. We w i l l
fi rst try to motivate the discussion by giving the fol lowing graphical or physical
interpretation to the crucial expression , ~ q~ , in both the I~ and S~ bounds

i=l ’
(see Facts 2.1 to 2.4).

Let f ( i ) =  1- , for i=i ,2 , . .. ,p.  Then since are probabi l i t ies which sum to 1.

the expression q . is clearly the weighted average , or mean , of the funct ion.

The graph of f ( i )  versus i is plotted in Figure 1 , for p=6. j
If we give each va lue of f ( i ) equal weight, then q1=q 2= ... = ~~

- and

= 

~ 
( 
~~l 

= , where H is the pth Harmonic number defined as

fo l lows :
~ 1Defini t ion 3 . 1 : H~ ~~ , called the pth harmonic number.

i=i
The expression H~ w i l l  be fundamenta l in establ ishing our speedup bound. It

p
is “well-known ” in ma thematical circles (see e.g., [21]) that
Fact 3.1:  H =ln p + y + 1 - 1 + 1 -p 2 ~~~l2n 120n

where i = 0 .57721 . . . ,  called “Euler ’ s constant ”
0 ’ . - 1

252n6

Hence , H = in p + y + 0( 1)
• ln p

-9-
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f ( i ) =  ~
4 ’

1 . .

~6 4 9 _

0 ~ 
4. ’ ’  I ~

1 2 3 4 5 6

Fi gure 1: GRI\P l OF f ( i ) =  .
~~ VE flS US i

f ( i ) =

1 .

~~~’shift

(~~~~H.)  ~~~~~~~~~~~~~~~~~ - 

~~~~~~ ~~~~~~~~
‘
~~~4 q .

shif t<
(E . L . H . )

bala nce po ic t

Figure 2: G~AP~ OF f ( i  )= VFRSUS j , )1~~~ 1 GPTS

6
r j :  ( 1)  

~~ 

q .

(2) I n  the E q u a l l y — L i k e l y  Hyp n t;ie sis ( E .LJ~. ) .  we h a v o

rq~= , with m’~~ri 
11

6 and “hal •lnce-nai nt ” as shown .
2 6a



Next, we note that f(i) is a strictly decreasing function , so that if
we assign the “wei ghts ” 

~ such that the smalle r values of i get lar ger val ues
of q1, then the “balan ce- po i nt ” of the curve f(i) will shift to the left , and
the mean of f(i), viz , 

~
( q 1.~ , will be greater than the equally -weighted

case , . (The reverse situation causes 

~~ 

). See Figure 2.

In terms of the p-parallel processor , “assigning larger values of to

smaller va l ues of i’  simply means that ‘the probability that a small er number

of processors is used in a time-unit is greater than the probability that a
l a r ger n um ber of processors is used ” . This seei;is to he a very general condition that

is usually satisfied in practice. ~e wifl formalise these ideas in the next section.

Theorectical Deri vation

I~ Lema 3.1 , we c r ’ r S i J e r  the “E qaai l ,-L ike ly Hypothesis ’ to deri ve
The fundamen tal t enrc s (theorem 3.1) then specifies precisely,

• l n p
t he n~cr~ssary and suf ici en t cundi~ ions on ~he computation for the upper bound

S < p to hold.
in p

In corollaries 3.1 and 3.2 , we show seine less general . but sufficient

snd itions for the upper bound tc hol L ~h e s c  sufficient conditions are

:asier to check for in  a gi ven c~ m~utat  ion , an d lend more easily to physical

in Le preta Lion .

In corollar y 3.3, we show that the upper bound for S~ nee d not necessar i ly
decr’e,~se when we use less physical pr oc essors , p, than the maximum number of

logical processes , p~ , present in the computation. This is due to the probability

distribution of the actual number of processors used , as indicated by the

necessary and sufficient conditions given in Theorem 3.1.

Finally, in corollaries 3.4 to 3.6 we summarize our results, and plot them in

Hqures 5 to 7.

Lei~~~~i If q 1 =q 2
= ...=q~ and = 1 , then S~ ~ <

i=l p

— 11—
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Proof: S 1 by Fact 2.2p p

1=1 1

= 1 since q1=q 
= .. .=q and ~ q.=l

1 P 1  
2 p i

1=1
1=1

= H by definition of H~p

< ,~~~~ since H > l n p, by Fact 3.l 0
l n p  p

Theorem 3.1 (Necessary and Sufficient Conditions for S~ < 
~~

S < < ~~~~~~~ iff P 1 p
~ H~ ln p q~ p > 0, ~~

i=l i 1=1

Proof: S~, < .p..... .

~~ 

1 < ~a. =
~~ q >

P p p

i=l 1

p 1
4 

_ _ _

1=1 ~
p p q1 H 

_ _ _ _ _E p > 0 4 > 4 S <
•1=1 ~ 

— 

i=1 1 — p — f — p

i=l ~

That p_ < ~ follows from Fact 3.1 0
l n p

Hence , we have shown that under certain general circumstances , the maximum
speedup for a p-parallel processor is less than p , and we have found

l n p
necessary and sufficient conditions for this to be true .

The condition ~ q.~- 1 > 0, may be interpreted as follows :
p

•1=1 i

Let

Let A = B =

L i >0 i c .< O i

Then A B



In words, this means that for all those i , where the probability of using i

p rocessors is grea ter than ~~~~ then the sum of these diferences ( .), weighted
1 

p 1 1
by ‘~

-, is the term A. B i s the sum of the d i fferences 
~H~~

’ weighted by 
~

where the probability of using i processors is less than ~~~. The condition

requires the positive sum , A , to be greater than the negat ive sun , B.

For example , since the function f(i) , i l ,2,... ,p, is a strict ly

decreas i ng funct i on , then if the q . are also non-increasing , i.e., q
1
> q

2
> ...’q~

,

then clearl y the above condit ion i s sati sfied , an d S~~

This is stated in the following corollary :

Corollary 3.1 If q1
>q

2
> ... >q

~ 
and ~~ q l ’  then S~,< ln p

Proof: If q 1 >q 2 > ... >q
~ 

then :1k such that

for l < i<: k

q1 
<~~ for k+l < i < p

.~lso , since ~~ q,~=l , we have ~~~~~~~~ ~)=—~~~(q~- ~
)>0

i=l 1= 1 i=k+ 1

. p q ~~~~~~~~~~~~~k q ~~~~~~~~~~~~~ p q ~~~~~~

i=l i=l i=k +l

~~~~ 
[
~

-
~1

> 0, since each term is positive. 0

We note tha t Lemma 3.1 , or the equally-likely hypothesis is just the

special case of Corollary 3.1 , when q1 =q 2 = . . .  = q .

From the proof of Corollary 3.1 , it i s c lear  that we do no t need th e
to be decreasing wi th i ncreas i ng i . All that is required is that there is a

k for wh ich the values of q ., for i < k , are greater than or equal to ~~, and

the va l ues of q 1, for i > k , are less than 1. This leads to the
p

-1 3-



following corollary which gives a sufficient condition for S~ < 
~~~ 

that
is more general than that of q1 >q 2 > ...> q .

Corollary 3.2 If 3k such that ~q 1 >-1- ,for l < i < k  , and

~ q~ < 1 ,for k + l < i < p

=1 , then S~ <~~~~

Proof: same as for corollary 3.1

Actually, the tightest upper bound that we have derived in Theorem 3.1
is that S < j~— iff ~~ q 1- 

> 0. Also we know from Fact 2.4 that the

i=l ~
maximum speedup attainable for a given computation (assuming unlimited processors ,

i.e. , p>p *)is ~~~~~~ . For p < p*, we intu itively expect a decrease in
p*

the speedup. However, we can show that , in fact, the upper bound of the speedup
for p < p~ need not necessarily be decreased .

Corollary 3.3 3p < p~ such that S~ > ~~~~ 
when S~ < fi— for p > p *

p p

Proof: Let q. ,~~ < j< p* be such that S < if— < j~~
— for p > p *

1 — —  P ~ *

Let a1 , l < i < p  , be the probabi lity that i processors will be
used when p< p *.

1 p* *_ + 1
Let a1 = q~~ ‘~~~~

- 
, for l < i < p - l , and a~ = q~ = _____

Now , a. = ~~~ I + p*_p+l = (H + +
I— ‘-‘ p. p~ p~ p- 1 p p

i=l i=l i

- 1 1 1 + +— 
p* ‘2 3 

~~~~~ 

)

I-i
p 2  p p p

S = p > _ ~
P__

0
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It should be noted that we have used the expression 
~~~ 

as an approximation
to the (tighter) upper bound of ~ — , because ln p is a more well -tabulated and

easil y-recognized function than H~. In fact, H~-~ ln p as p -+’~ . Bu t for smal l
values of p, especially of p < 8 , we should really use the actual upper bound of

since p shows some anomalous behavior which is not exhibited by ~~~~~
-

e.g. , has a minimum point at p=3 , whereas is a strictly increasin g

funct ion. Also , for p=l , 
~~

-

~~

---

~~ 

is undefined whereas 
~

2— = 1.

The r~su1ts of this chapter are summarized in the following figures and

corollaries :

Fi gure 3 shows the speedup, versus p, for one fixed computation (i.e.,

p* is fixed at 36, p is variable). We note that a maximum speedup of an order

of magn itude (S~ < l 0) is attainable when p~=36, in cases (i) and (ii). In any

case , the speedup cannot be greater than p~. Hence , no improvement in speed can
result from us i ng more physi cal processors , p, than the max i mum number of log i cal
parallel processes , p~ , i n the computation .

Figure 4 shows the speedup, S~, versus p~, for one fixed p-parallel
processor (i.e., p is fixed at 16 processors , p~ is variable). This time , the

speedu p for different computations depends on whether the computat ion has more
inherent parallelism , p~’, than the com pu ter system , wi th a fixe d num ber p of
pa r a l l e l  processors , or not.

Figure 5 considers the maximum attainable speedup, S~~, of eac h com pu tat i on ,
over all possible computations. Hence , in each case, we choose a com pu ter
organ ization with p=p~ processors , we see that 5* is limi ted by either of

or *ln p~ ~

We summarize the attainable speedup regions for one computation :

Corollary 3.4: For any given computation , one of the following is true :

(I ) S <m m (
~~~ 

, p~ iff 1 o
~ln p ln p*/ 1=1 —

(ii) S <mi n (p ~~p* )  if ~ < 0 but

P* r _  1
~~~
i= l i —

(iii ) S~~~min (p,p *) otherwise

-15-
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We have established the fact that the speedup depen ds on both the

architecture and the computation . However, we often wish to express speedup

bounds solely in terms of the architecture in order that we may evaluate

the performance of a particular architectural feature, e.g., the number of
parallel processors available , p. The next corollary gives computation-
independent speedup bounds :

Corollary 3.5

(i) S < 1~
-’p 1ff 

.
~~~~~ ~ 

~~ >0

(ii) S~ <p , otherwise.

Similarl y, we can express the maximum speedup of any gi ven computation ,

in the following purely computation-dependent speedup bounds :

Corollary 3.6

The maximum speedup of a given computation , assuming sufficient physical

parallel processors (p>p *) is:

~i) ~~~~~~~ ~~ 
~~ 

r1- 
~~~~ 

~~

(ii) Sp <P* otherwise.

-1 6-

_  • - -~~~~~~~~ - - ~~~
•
~~~~~~~~~ 

• . • - ‘
~~~~~

~-



Comparison with Empiri cal Results

Kuck , et al [3—5] have written a sophisticated program analyser which
turns ordinary Fortran programs written for uniprocessors into the format of

a “computation ” as defined in our model of computation on a p-parallel processor.

They have then carried out experiments on a wide variety of programs to observe

the speedup attainable by ordinary programs when a finite but unlimited number
of parallel processors are available on which to execute these programs . In

terms of parameters in our model , they have chosen p=p~ p rocessors , where p*

is determined for each program by their program analyser.

The eighty-six programs they have analysed are summari xed into seven
categories , as can be seen in Table 1. The average over these 7 categories is

the entry la belled I
~ALL I! . As this work comprises perhaps the major experimental

effort in the area of determining speedup ratios of programs on parallel processor
systems, we cannot ignore these results . Hence we use these experimental results
as raw data by which we compare our theoretically derived upper bound for speedup
of O(j~~~*). Kuck ’s results are ploted in figure 5, the graph of Sp* versus p~’ ,
and tabulated in Table 1. As can be seen , there is good agreement between Kuck ’ s

experimenta l results and corollary 3.6. Only 2 of the 7 categories exceed the l f l p*
bound , vi z, NUME and EIS. On examining these two types of computations in greater

detail , we find that the two points they share in common are :
(1) they have the two highest average number of nested DOs
(2) they have the two highest average number of Assignment-State ment

Blocks inside DO loops.
NUME conta ins standard numeri cal analysis programs and EIS are eigenva lue

programs . We note that both these are matrix-type computations with a large
amount of inherent parallelism.

They have a large number of iterative loops acting on disjoint elenents in
matrices . In the earl ier section on “Typical Speedup Ratios ” , We have alrea dy
mentioned that such types of computations have maximum speedup ratios of k1

p,

or linear with the number of processors available.
Since NUME and EIS consist of 18 out of a total of 86 programs stud ie d ,

we can say that abo ut 80% of the programs have speedups less than l~~p* 
.

—1 7— 

-~~~~~~~~~~~~ -•. . --
~~~~~~~~~~~~~~~~~~~

-
~~~~~~~~~

- - -
~~~~~ 

- - • • - - - • ~~~~~ - -‘ - -~~~~~ 



- ----~ •
-- ---

~ • -  

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

1 - T~~ _______S S >  1 S < r
* T T p* p lO log 2T1 p—in p*

1 p* empirical Kuck Lee

GPSS 14 30 12 3.2 0.61 5.30

DYS 19 224 146 4.9 2.87 6.45

TIME 23 174 22 7.1 2.34 7.34

MISC 39 274 32 8.4 3.38 10.65

NUME 51 654 77 20.7 6.99 12.97

JAN 62 357 48 12.1 4.21 15.02

EIS 82 896 208 22.6 9.14 18.61

ALL 37 310 63 9.8 3.75 10.25

Table 1: Comparison with Kuck’ s Experimental Results

The fi rst 4 columns ~~~~~~~~~~~~ are taken directly from
[3], and form the “raw data ” .

The 5th column gives Kuck’s hypothesis for the lower bound for S .
* 

p
The 6th column gives my theoretical upper bound of Sp < ln p*
The values in column 4 are plotted in Figure 5.

-18-
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4. RELATED PERFORMANCE MEASURES

Based on the definitions in Chapter 2, we can obtain related performance
bounds corresponding to corollaries 3.4, 3.5. and 3.6 for each of execution
time I~, efficiency ~~ and space-time product ST~ for a p-parallel processor.

We will use the following notation :

Condition A: q~- ~
- > 0

Conditon B: q~- ~
- < 0 but r~- > 0

We will state only those results corresponding to corollary 3.4, where
the dependence of the performance bound on both the architecture and the
computation is shown.

Minimum Execution Time

Theorem 4.1
For any given computation , one of the fol lowin g i s true:

( i ) T~ > T1 • max (~~~P 
l n p ~ ) iff condition A

(ii) T~ > T1 
• max (

~~
- , 

l n p *~ if condition B

(iii) T~ > T1 
• max (~~~

- 1~~~) otherwise

In Figure 6, we p lot T~ versus p for a given computation (p* fixed at 36.).

In Figure 7, we plot ~~ versus p~, for all possible computations.

From both figures , we can see that it is no use increasing the number of

physical processors used beyond p~, since the minimum execution t ime for t he
computation has a lower bound of either (Th~~*)11 or (~-~)T1, depending only on
the probability distribution {r

~
, 1 < i < p*} of the computation , i ndependen t

of the computer system.

- 19-
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Maximum Efficiency

Theorem 4.2 
- ‘

For any gi ven computation , one of the fol lowing is true:

( i ) E~ < min( 1~
1
~ ~p ln

T
~ *) iff condition A

(ii) E~ < niin (1 
~~~ 

) if condition B

(iii) E~ < min( 1 , —
~~

-
~~ 

) otherwi se

In Fi gure 8, we show E~ versus p for one fixed computation (i.e, p~ given).

We note that the efficiency drops rapidly as we increase p. For case (i), with
p*~r36 , we ach ieve an order of magnitude speed improvement with a maximum efficiency

of 0.28. Under any circumstances , there is no value in increasing p beyond p’k,
si nce the maximum efficiency deteriorates at the rate of ~~

-, wh ile the maximum

speedup remai ns constant. (See also Figure 3)

In Fi gure 9, we show ~~ versus p~ for all possible computations. This

is the maximum attainable efficiency when p=p~ processors are used , giving
the maximum speedup, ~~~ (See also Figure 5)

Minimum Space-Time Product

Theorem 4.3
For any given computation , one of the followin g is true :

( i ) ST~ >T 1 max(ln p , ~-~ln p*), iff condit ion A

(ii) ST~ >T 1 • max(l , ~~ln p*), if condition B

(iii) ST >T
1 
. max (l , ~~~~

) otherwise

In Fi gure 10, we plot sT~ ,. versus p~. For case (i), we see that the

performance of the p-parallel processor , measured in terms of the relative

space-time product (normalised by T1 ), increases at least as in p~.

-20- 

--~.—-~~~~~~--~~~~~~~~~~~.•- - -~~~~~~~~~~~~~~~~~~-



5. CONCLUSIONS

We have defined a general model of computation on a p-parallel processor ,

and isolated performance measure s by which we may evaluate the perfo r ance

i mprovements , if any, of p-parallel processor systems over uniprocessor

We have shown how the performance depends on both the computer architec t ure

and the computa tion , and distinguished clearly between the number of

physical parallel processors avai lable (p ) and the maximum number of log ical
parallel processes (p*) inherent in the computation .

We then deri ved necessary and suff i ci ent cond i ti ons , ~ q-~~ ~~
-> 0 and

~ ~~~~ un der whi ch: i= l

i=l

(i) speedup, S~ < min( 1
P
p

(i i) execution time , T T1. max (
~~~~~~~ 

,

(ii i ) efficiency , E~ < min (1-~---~- , .

(iv) space-time product , ST > T
~
. max( ln p , p  . in p*)p

In each case ,  in p is an approximation for the pth. harmonic numb er d .

Despite the many different views that exist on the potential performance

ci provements of parallel processor systems over uniprocessor s1’stems , the

upper speedup bound , S~ < m i n( in~p ‘ l n ; * ). has never been established
before . Furthermore , comparison wi th the extensive experimental resul ts  of

~ ok et al indicate that empirical speedups obtained are indeed O( in~p*)~

Acknowledgement: I would l ike to thank my adviser , Professor Michael Flynn ,
who fi rst introduced me to this subject.

-21-

—‘- — - — --- •~ —- - - - - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ---~~~~~~~~~~~~~~~~~~~~~ --~~~ -~~~~ -- - — - -~~--



- 
~~~~~~

- -
~~--~~~~~~~ ~~~~~~~~ - -~~~---~~~~~

--
~~~~~~~~~~~~--—

——---•-

S1-)

100 
1

//

80 

/
//
//
//
/

//~ ///~~~~~ 
7~7 ~ 

/ 
/
/

/

20

p 
_ _ _ _ _ _ _ _ _ _

0 20 40 60 80 lfl fl

Fi yure 3: S~ Versus p (p * 36)

hr J\ tta i ne le Speedup Pe~i ons , fOe’ a Give n Co~pi~t n ~ j~~i

(I) 
_____  

~~~~

° mm 

~ 
P ) i f f y li p

( i i )  
_________ 

~ 

n u n  (~~ 
, ~ ~~~~ 

if ~~ 
(1~ — p 0 I U ~ V

i=l 1 
in

i l  ) ~~~ S~~ mm (p , fl*) otherwise 

~~~~~~~~-~~~~~~~~~~
—

~~
•-

~~
• - 

~~
—- -• ____



~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - -~~~~~~

Sp

100 

/

:: /
/

/
/

40

p*
ln p*20 

.—-——-—— = 16
- .- - 

~~~~ /T/ ~~~~~~~~~~~~~~~~~ 
p

/1’ 
~~ 

/ 
- 

S . . , .  ~~ $

/ I/~ •I ~~~~~~~~~.•~~~~~~• • •~~ • 4  tln pS~=5.8 ) 
_ _ _ _ _ _ _ _ _ _ _ _  >0 f 20 40 60 80 100

p=i6

Figure 4: S Versus p~ (p=l6)

The Attainabl e Speedup Regions , for a Given p-Paral le l  Processor:

( I )  S~ <m in 
~
-i-

~
---

~ ‘l~~~*)

(11) L I  S~ <min (p , ~~~ *) conditions as in Figure 3

(111) S~
< riin (p , p*)



Sp*

1001 -

8O~ //
/~ / ~/

//

•• 
•/ / 

• 

- 
/‘ 

/

60

401 ~~~~~~~~ / 

/~/
/ 
/~~///

/
, / //~~

20 = 
~~~~~~ *

/~~~~~~~~~ 
\
\ 

••
\ 
\\ 

\

_ _  

*0 20 40 60 80 100 p

average

Figure 5: ~~ Versus p~ (pp *~

The Maximum Attainable Speedup Regions, fo” all Computations:

(j) ~~~~~ 5 *  
~ , i f ~ ~ 0

i= l

(ii) ~1/j2’4. Sp* p* , otherw i se

0 Kuck’ s experimental results 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



Tp

Ti (l 0) /
/ 

/ /
, 

~~~~
/ < 

-

T (0.8) ,/~ // • 

• 

- 
‘ - •~ 

- 
/
/ ~

1 

/// // /
/~~~ 

- • 

/

• - / 
/

,
/ ~~~~~~~~~~~~

,/ / 
/ •/Tl (0.2) 

~~~~~~~~~ ~~~~~~ 1 *T~~-O . 1 ~~ 
/ 

(

O p 

20 140 60 80 100 
p

Figure 6: T~ Versus p (p *~36)

(i) ~~~~~~~~~ > T.~ • max (
LP~ 

l n p *

(ii) I”•~’1 T~ > T1 
• max (1 l n p *

(iii) L~I’\N T~ > T1 
• max (1 

,



I

T~~
A

_ _ _  _ _ _  

T
T~ (l.O) 

~~~~

- • 

/ .~7T7~’ • 
~~~~~~~~~~~~~~~~~

~~~~~~~~~~~~~~/ /
/ 

,
/ 

.•

,
. 

- ~ 

// /

:

~ ~~~~~~~~~~ 
~~1

’ 

/

/ ,  / / 
/‘ / /

/

/ / / 
/ 

/

1 
/

/ / 

/

1 / / /

T
1

(0 4) ‘ / // /
/ /

‘ /

/ 
• 

/ / ~~~ 
- - 

/ 
- . 

- • 
i

— -
’ 

.

/ / •,
/ 

/
• ~/~ ,

, ,• / / /

I
.. 

/ 

- 

- - 

.‘
•

• 

•
. 

-

T1 (o 2: 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

p*
20 40 60 80 100

Figure 7: Tp V P (p=p *)

* 1
(i) /~ T~~ > T

1 
• l np * , if 

~~ 

~ 0

(ii) T 
* 

> T1 • 1 , otherw i~ e
2~~~~~.- P



E~

1 .0
- - / / 4 .,

~~~~~~~ 
/ /i~t

~~~~
• k’ .

~ / 
/
‘ / \

j \// ~ 
/ 

:~
- / //  -

0.4 ::
E~~=0 28 

.
~ / / ,/ /

/ 7

O 2 
/ 

/
7 

/ 

//

O ~~~~~~~~~~~~~~~~~~~~~~~~ 
~~~~~~~~~~~~

20 140 60 80 100

p*=36

Figure 8: E
9 

Versus p ( p*=36)

The Attainable Efficiency Regions for a given computation :

(I) 
~~~~ SJ Ep~ .min( 1n ’ p p l~~ p* )

(11) ~~~ ~ E~ <m in(l 
~~~~~~~~~~~

(lii) ~~
‘
/2~~~ E~~<m in( l  , ~~~~ 

)

_ _ _  -- ~~~~ - - . _ - - -—— -



~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

~~

1.0 ~~~~7 7 / 7  ~~~~~~~~~~~~~~~~ -: —

~~~~ / - 
/ 

- 
/ /~~~~/ 

/ 

.— 
-
I’ 

/ 

/ 

/ -
, -

08 

~//7~ 1/~ >~“ a*7\( / / ~~

/ / / ./ / / ./ /
‘ / /

E V / /  / / /  ‘
/ /

/ / / 
-
,

/
• 

/

/

/
f / 

/ 

/
/ 

-
- - //

0.6 
~~~ - 

- - / / -
, /‘ .7 -‘ 

_ _/ - - V

/ // ,/ .
/ - 

- - 
/ 7 - V

0 4  
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

/

~~~~~~~

J/ 

/ / 

/

0.2 \\  
‘ 

0~~~~~~

\
\ \ \

\ 
\ 

\ 
V

\ 

•
\

\ \ \ \ \ \ ‘
~~. - .• 

. 

. \ 
\

O \\\
~~~~~~\ \ \~~~

\
\ \ ~~~~\ /5\\

Figure 9: E~* Versus p* ~p p *)

The maxim um Attainable Efficiency Regions , for all computations:

- 1 p* 1
(i) r:~5\.:\1 ~~ ~ 

-
~
-
~~

—
~~~~ 

r. -

i=l 1

(ii) E~* < 1 , otherwise

-~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



ST~~

Ti .5 

~~~~~~~~~~~~~~ 

\ 

\ 
V

~~~~~

.V .-

i
~~~~

i -  
In p*

11.4 ~- . - -
‘ 

- 
.~ 

\ . -
‘ 

~~~~~~~~~~~~~~~~~~~~ 
--
~~~~~/ 

- - 
- 

- 
/ /

/
/ 

/

~ 
\\ 

\
\~~~~~~~ /

/
‘ 

/ 

//
/

/
/~~~~ 

/ /
/

~/-. 
</‘/ /.  / /// /~~ /

T~ 2 

/
/ 

~ 
/ 

/ 

/ /
/ / ~: ~ 

/

Ti 1 ~‘ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~ 
~~~~~~~~~~~~~~~~~~ // /

0 ____________________________

~

- - --_________
20 40 60 80 100

Figure 10: ST~* Versus p* (pp *)

(i) ~~~~~ ST~~> 1n p* , if f > 0

- i=l

(ii) 

~~~ 
ST~*>1 otherwise 

—~~~~-- -- --~~~ - -  - - —  ~~~~__~~~~~~14



BIBLIO G RAPHY

1. Flynn , M. “Some Computer Organizations and their Effectiveness ” ,
IEEE IC Sept. 1972.

2. Flynn , M. “Trends and Problems in Computer Jrganizations ” , Information
Processing 1974, North-Holland.

3. Kuck , D., et al , “Measurements of Parallelism in Ordinary Fortran Programs ” ,
1973 Sagamore Computer Conference on Parallel Processing.

4. Kuck , D., Murao ka , Y., an d Chen , S.C., “On the Number of Operations
Simultaneously Executable in Fortran-like Programs and Their Result ing
Speed-up ” , I E EE IC, 1972.

5. Kuck , D., “Parallel Procesing of Ordinary Programs ” , Department of Computer
Science , Univers i ty of Illinois , November 1975.

6. Minsky, M ., and Papert , S., “On Some Associative , Para l la l , and Analog
Computations ” , from “Associative Information Techniques ” , 1971.

7. Minsky , M., “Form and Content in Computer Science ” , JACM 1 7 , April 1970.

8. Amdah l , C. M ., “Validity of the Single Processor Approach to Achieveing
Large Scale Computing Capabilities ” , Proc AFIPS Conf. 1 967.

9. Stone , H., “Pro bl ems of Paral le l  Computati on ” , from “Complexity of Sequential
and Parallel Numeri ca l A lgor ith ms ” , 1973 Academi c Press.

10. Brent , R. P., “The Parallel Evaluation of Arithmetic Expressions Without
Division ” , IEEE TC , May 1973.

11 . Maruyama , K., “On the Pa ra l lel Eva l ua ti on of Poly nomi als ” , IEEE IC , Jan.1973.

12. Ka rp and Miranker , “Para l lel Mi nimax Searc h fo r a Max imum ” , J. of Comb .
Theory 4 , 1968, Pg. 19-35.

13. Kogge , P. and Stone , H., “A Parallel Algorithm for the Efficient Solution
of a Gener al Class of Recurr ence Equa ti ons ” , Stanford Univers ity Tech.
Report 25, March 1972.

14. Ramamoorthy , C.V . and Gonzalez , M. J ., “A Survey of Techniques for Recognizin g
Para l l e l  Processable Streams in Computer Organizations , AFIP S Conf.
Proceedings , FJCC , 1969.

15. Bernstein , A. “Analysis of Programs for Para l l e l  Process i ng” , IEEE IC 1966.

16. Chen , T.C ., “Unconven ti onal Supers peed Computer Systems ” , Proc . AFIPS , SJCC 197 1.

17. Davis , E.W.,Jr ., “Concurrent Processing of Conditional J ump Trees ” ,
COMPCON 72, IEEE Computer Soc i ety Conf. Proc. 1972.

~

V - -

~

-

~ 

~~~~~~~~~~~~~~~~~~~~~~~~ — -~ --- - - - - -
~~~

-V - .
~~~~~- - - - -  - -



_ _

18. Yu , P., “Some Notes on the Log Conjecture for Parallel Processors ”
Stanford Univers i ty, DSL Tech. Note 90, June 76 .

19. Riseman , E. and Caxton , C., “The Inhibition of Potential Parallelism
by Conditional Jumps ” , IEEE IC, December 1972.

20. Caxton , C. and Riseman , E., “Percolat ion of Code to Enhance Parallel
Dispatching and Execution ” , IEEE IC, December 1972.

21. Knuth , D., “The Art of Computer Programming ” , Vo l .1 , Addison Wesley , 1969 .

22. Ibbett, R. N., “The MU-5 Instruction Pipeline ” , The Computer Journal ,
Vol . 15 , No.1, 1971.

- 

~~~~~~~~ ~~~~~~~~~~~~~ ~~~~~~ - -
—

~~~~~~~ -~~~~~~~- - -- -



—- — r -— --—
~~~ 

- .  -

‘1 - 
- , - -

- - —V ~ — .— .— --
______________________________ /

SECURITY CLASSIFICATION OF THIS P~ .GE (1Th.n Des. EnI.r.d)

DED,’D1. F~fl19 I & A E k J T A T I f~IJ p41 E READ iN STRUCT IONS
i~ r iJr~~, I#’JI..~jM n ~~ I ,~.‘r’ ~~~ BEFORE COMPLETING FORM

1~ REPORT NUMBER 2 GOVT ACCESSION NO 3 RECIPIEP4T S C A T A L O G  NUMBER

Technical Report No. 125
4. flTLE (a~d Subtitle) 5 TYPE OF REPORT & PERIOD COv EP~~D 

Performance Bounds for Parallel Processors. - Technical 
6 PERFORMING ORG REPORT NUM B ER

7- AUT HOR(.) B - CONTRACT OR~~~ R~~~~~?1~~~~~4 BE  R(~~

Ruby Bet-Loh /i.ee ‘
~~~~ ~/~

NOOO14_ 75
?O6O l 

~~
9. PERFORMING O RGANIZATIO N NAM E AND ADDRESS 10. PROGRAM ELEMENT , P R Q J E C~ ~~A SP <

A R E A  & WORK UNIT N u M P E R S

Stanford Electronics Laboratories ‘._‘~

Stanford Un jve
Stanford , CA ____________________________

II . CONTROLLJN G OFFICE N~~ME AND ADDRESS 
- 12. RE~o*c—o*-~-

Office of Naval Research / - - Nov. t~76
Department of the Navy i~ . N t W~~~F PAGES - -

Washington , DC 22217 J ~~~~~~ 
- - 

- (
.-‘/

14 MONIT ORING AGENC Y NAME & AODRESS (II dift.r.nI from Controlldnd Office) IS SECURITY Ct*i -ftI~. repo r r)

Unclass i fied

IS.. DECLASSIFICATION D OW N G R A D I N G
SCNEDULE

16 DISTRIBUTION S T A T E M E N T  (o( thi. Report)

Reproduction in whole or in part is permitted for any purpose of the
United States Government.

-::~J: 
ST~~

’ - - • - L

~~~~ ~~~~~~ ‘

Il, DISTRIB UTION STATEMENT (of the .b.t,acl .nt.r.d In Block 20. If dlff.rint ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

IS S UPPL EM ENTARY NOTES

19, KEY WORDS (Contlnu . o.i revsre• .Id. If ,.c..a.,y aid identity by block numb.r)

MIMD PERFORMANCE ESTIMATION , SPEEDUP RATIOS , PARALLEL PROCESSOR
ORGANIZATIONS , LOGICAL PARALLELISM PHYSICAL PARALLELISM , M I N I M U M
EXECUTION TIME , EFFICIENCY , SPACE-TIME PRODUCT

20. AB s rR ACT (Cosittnv. rev•,e• .Id. It n.c..a.ry aid ld.nCl& by block number)

-‘ A general model of computation on a p-para llel processor is proposed ,
distinguishing clearly between the logical parallel ism (p* processes ) inherent
In a computation , and the physical parallelism (p processor) ava ilable in the
computer organization . This shows the dependence of performance bounds on
both the computation being executed and the computer architecture .~ç4Je formall ,~
derive necessary and sufficient condit ions for the maximum atta inabt~ speedup
of a p-parallel processor over a uniprocessor to be S < min (_p_ , p~in p in p~

DD ~~~~~~~~~~ 1473 EDITION OF I NOV 65 IS OBSOLETE

SECu R ITY CLASSIFICA TION OF THIS P A G E  Wl,,n Dale Enl.red )



~~~~~~~ -~~~~~-- -- -~~~~~~~~~~~~~~~
-—--

~~~
—--- - - -

SECURuTY CLASSI FICATION OF THIS PAGE(W1.w D~~a Ent.lWd)

where in p approximates H , the pth. harmonic number. We also veri fy that
empirically-deri ved speedBps are 0~_P~

__ ~ . Finally, we di scuss related
‘in p*/

performance measures of minimum execution time , maximum efficienc y and minimum
space-time product.

SECURITY CLASSI FICATION OF THIS PAGE(Wltai 0.5. Entered)



~~~~~- -~~-~~~~~~~~~~~~~~~ ------- —--— -~~~~~ - - ---~~~~-~~ 

JSEP REPORTS DISTRIBUTION LIST

No. of No. of
Copies Copies

Department of Defense Dr. R. Reynolds 1
Defense Advanced Research

Defense Documentation Center 12 Projects Agency
At tn: DDC—TCA (Mrs . V. Attn : Technica l Library

Caponlo) 1400 Wilson Boulevard
Cameron Station Arlington , Virginia 22209
Alexandria , Virginia 22314

A sst . Dir., Electronics 1 Department of the Air Force
and Computer Sciences

Office of Director of Defense AF/RDPS 1
Research and Engineering The Pentagon

The Pentagon Washington , D .C. 20330
Washington , D.C . 20315

AFS C (U /Mr . IrvingR. M irman) 1
Office of Director ofDefense 1 Andrews Air Force Base

Research and Engineering Washington , D.C . 20334
Information Office Lib . Branch
The Pcntagon Directora te of Electronics 1
Washington , D .C. 20301 and Weapons

HQ AFSC/DLC
ODDR&E Adv iso ry Group on 1 And rews AFB , Maryland 20334

Electron Dev ices
201 Varick Street Directora te of Science 1
New York , New York 10014 HQ AFSC/DL .S

Andrews A ir Force Base
Chief , R&D Division (340) 1 Washington , D.C . 20334
Defense Communications Agency
Wa shington , D .C. 20301 LTC J. W. Gregory 5

AF Member , TAC
D irector , Nat. Security Agency 1 Air Force Office of
Fort George G . Meade Scientific Research
Maryland 20755 Bolling Air Force Base
Attn : Dr. T. J. Beahn Washington , D .C. 20332

Institute for Defense Analysis 1 M r .  Carl Sletten 1
Science and Technology Div . RADC/ETE
400 Army-Navy Drive Hanscom AFB , Maryland 01731
Arlington , Virginia 22202

Dr. Richard Picard 1
Dr. Stickley 1 RADC/ETSL
Defen se Adva nced Resea rch Hansc om AFB , Maryland 01731 - —

Projects Agency
A ttn : Tech nica l Library Mr. Robert Barrett 1
1400 W ilson Boulev a rd RADC/ETS
Arl ington , Virginia 22209 Hanscom APR , Maryland 01731

1 (/7(~ 

——‘,r- -n fl .~~~~~~~ — - 



-~~~~~~~-~~~~~~~~~ ---—  

No. of No. of
Copies Copies

Dr. John N. Howard 1 Mr. John Mottsmith (MCIT) 1
AFGL/CA HQ ESD (AFSc)
Hanscom AFB , Maryland 01731 Hanscom AFB , Maryland 01731

Dr. Richard B. Mack 1 LTC Richard J. Gowen 1
RADC/ETER Professor , Dept . of Elec . Eng .
Hanscom APR, Maryland 01731 USAF Academy , Colorado 80840

Documents Library (TILD) 1 AUU/USE-9663 1
Rome Air Development Center Maxwell APR, Alabama 36112
Griffiss APR, New York 13441

AFETR Technical Library 1
Mr. H. E. Webb , Jr. (IScP) 1 P. 0. Box 4608, MU 5650
Rome Air Development Center Patrick APR , Florida 32542
Griffiss APR, New York 13441

ADTC (DLOSL) 1
Mr. Murray Kesselman (IScA) 1 Eglin APR , Florida 32542
Rome Air Development Center
Griff iss APR, New York 13441 HQ AMD (RDR/Col. Godden) 1

Brooks APR, Texas 78235
Mr. W . Edwards 1
AFAL/TE USAF European Office of 1
Wright—Patterson APR Aerospace Research
Ohio 45433 Technical Information Office

Box 14, FPO , New York 09510
Mr. R. D. Larson 1
AFAL/DHR Dr. Carl E. Baum 1
Wright-Patterson APR AFWL (ES)
Ohio 45433 Kirtland AFB ,New Mexico 87117

Howard H. Steenbergen 1 ASAFSAM/RAL 1
AFA L/DHE Brooks APR, Texas
Wright-Patterson APR
Ohio 45433

Department of the Army
Chief Scientist 1
AFAL/CA HQDA (DAMA -ARZ-A) 1
Wright-Patterson APR Washington , D.C. 20310
Ohio 45433

Commander 1
HQ ESD (DRI/Stop 22) 1 U.S. Army Security Agency
Hansc om APR, Maryland 01731 Attn: IARD—T

Arlington Hall Station
Professor R. E. Fontana 1 Arlington , Virginia 22212
Head , Dept. of Elec . Eng .
AFIT/ENE Commander 1
Wright—Patterson APR U.S. Army Materiel Development
Oh io 45433 and Readiness Command

Attn : Tech . Lib . Rn . 7S 35
5001 Eisenhower Avenue
A lexandri,i , Virginia 22333

6/76 2 

~~---- - -~~~~~~~-~~ ~~~~~~~~
V - -

~~~~~ --- - —~~~-- -~~~~~-~~ - -  ~~~~- -



-~~~~~~~~—~~~~~-~~ -—

No, of No. of
Copies Copic-~

Commander 1 Commander
U.S. Army Ballistics U.S. Army Missile Command

Research Laboratory Attn: DRSMI-RR
Attn : DRXRD—BAD Redstone Arsenal , Al. 35809
Aberdeen Prov ing Ground
Aberdeen , Maryland 21005 Commander

U.S. Army Materials and
Commander 1 Mechanics Research Center
Picatinny Arsenal Attn : Chief , Materials
Attn : SMUPA—TS—T—S Sciences Division
Dover , New Jersey 07801 Watertown , Ma. 02172

U.S. Army Research Office 1 Commander
Attn : Dr. Hermann Robl Harry Diamond Laboratories
p. 0. Box 12211 Attn : Mr. John E.Rosenberg
Research Triangle Park 2800 Po~der Mill Road
North Carolina 27709 Adeiphi , Maryland 20783

U.S. Army Research Office 1 Commandant
Attn : Mr. Richard 0. Ulsh U.S. Army Air Defense School
P. 0. Box 12211 Attn : ATSAD—T-CSM
Research Triangle Park Fort Bliss , Texas 79916
‘:orth Carolina 27709

Commandant
U.S. Army Research Office 1 U.S. Army Command and
Attn : Dr. Jimmie R. Suttle General Staff College
P. 0. Box 12211 Attn : Acquisitions , Lib.Div .
Research Triangle Park Fort Laavenworth , Kansas )~~027
North Carolina 27709

Dr. Hans K. Ziegler
U.S. Army Research Office 1 Army Member , TAC/JSEP
Attn : Dr. Horst Wittmann U.S. Army Electronics Command
P. 0. Box 12211 (DRSEL-TL-D)
Research Triang le Park Fort Monmouth , N.J . 07703
North Carolina 27709

Mr. J. E. Teti 3
Commander 1 Executive Secretary, TAC/JSEP
F’rankford Arsenal U.S. Army Electronics Command
Attn: Mr. G. C. White , Jr. ( D R SEL-TL- -DT )

Deputy Director , Fort Monnotith , N.J. 07703
Pitman—Dunn Laboratory

Philadelphia , Pa. 19137 Director
Night Vision Laboratory, ECOM

Commander 1 Attn : DRSEL-NV-D
[.5. Army Missile Command Fort Belvoir , Virginia 22fl1Th
Attn : chief , Document Sec.
Redstone Arsenal , Al. 35809 Commander/Director

Atmospheric Sciences Lab.(ECOM)
Attn : DRSEL—13L-DD
White sand s Missile Range
New M ex ico  880023



No. of No. of
Copies Copies

Director 1 Commander 1
Electronic Warfare U.S. Army Communication

Laboratory (EcOM ) Command
Attn : DRSEL-WL-MY Attn : CC-OPS-PD
White  Sands Missile Range Fort Huachuca , Az . 85613
New Mexico 88002

COL Robert Noce 1
Commander 1 Senior Standardization
U.S. Army Armament Command Representative
Attn : DRSAR—RD U.S. Army Standardization
Rock Island , Illinois 61201 Group , Canada

Canadian Force Headquarters
Director , Division of 1 Ottawa , Ontar io , CANADA KIA OK2
Neuropsych iatry

Walter Reed Army Institute Commander
of Research U.S. Army Electronics Command

Washington , D.C. 20012 Attn : DRSEL~-RD-O 1
(Dr. W. S. McAfee)

Commander 1 DRSEL— Cr-U 1
USASATCOM (Dr. R. Buser)
Fort Monmouth , N . J .  07703 DRSE U—NL—O 1

(Dr. H. S. Bennett)
Commander 1 DRSEL-NL-T I
U.S. Army R&D Group (Far East) (Mr. II. Kulinyi)
APO San Francisco , Ca. 96343 DRSEL—TL—B 1

DRSEL-VL—D 1
Commander 1 DRSEL-WL—D I
U . S.  Army Communications DRSEL-TL-N’M 1

Command (Mr. N. Uipetz)
\ttn: Director , Advanced DRSEU—NL—H 1

Concepts Off ice  (Dr . F. Schwering)
Fort Huachuca , Az. 85613 DRSEL—TU—E 1

(Dr . S.  Kronenberg)
Project Manager 1 DRSEL—TL—E 1
ARTADS (Dr. J. Kohn)
EAT Building DRSEL—TL— I 1
West Long Branch ,N.J. 07764 (Dr. C. Thornton)

DRSEL-NL-B 1
Commander 1 (Dr. S. Amoroso)
U.S. Army White Sands Fort Monmouth , N.J. 07703

M i s s i l e  Range
.- \t t n :  STE W S— I D— fl Project Manager 1
W h i t e  Sands Miss i l e  Range B a l l i s t i c  Miss i le  Defense
New Mexico 88002 Program Office

Attn : DACS—BMP (Mr . A .  Gold )
Director , TRI—TAC 1 1300 Wilson Boulevard
A ttn: TT—AD (Mrs . Briller) Washington , D.C. 2220~
For t  Monmou th , N.J. 07703

4

4

~~~~~~V - V —~~- - ---— ------~~ _ _ _



~~~~~~ - --—--~~~ 

No. of \ . of
Copies Cup io-

Depar tment of the Navy Dr. A.  Laufer
Chief Scientist

Office of Naval Research 1 Office of Naval Research
Electronic and Solid State Branch Office

Sciences Program (Code 427) 1030 East Green Street
800 N. Quincy Pasadena , California 91101
Arl ington , Virginia 22217

Director
Office of Naval Research 1 Office of Naval Research
Code 200 Branch Office
Asst . Chief for Technology 715 Broadway, 5th Floor
800 N. Quincy New Yor±~, New York 10003
Arl ington , Virginia 22217

New York Area Office 1 —

Office of Naval Research 1 Office of Naval Research
Information Sciences Program 715 Broadway, 5th Floor
(Code 437) New York , New York 10003

800 N. Quincy
Arlington , Virginia 22217 Mr. L. W. Sumney

Naval Electronics Systems
Naval Research Laboratory Command
-1555 Overlook Avenue , S.W. NC ~1
Washington , D.C. 20375 2311 Jefferson Davis Highway
Attn: Code 2627 1 Arlington , Virginia 20360

4000 1
4105 1 Mr . H. Fratila
5000 1 Nava l Electronics Systems
5200 1 Command
5203 1 NC~~ 1
5210 1 2511 Jefferson Davis Highwa y
5270 1 Arlington , Virginia 20360
5300 1
5400 1 Mr. N. Butler
5460 1 Naval Electronics Systems
5464 1 Command
5500 1 NC =1
5510 1 2511 Jefferson Davis Highwa y
6400 1 Arlington , Virginia 20360

Director 1 Dr. H. J. Meuller
Office of Naval Research Naval Air Systems Command

Branch Office jp =1
536 South Clark Street 1411 Jefferson Davis High wa y
Ch icago , Illinois 60605 Arlington , Virginia 20360

San Francisco Area Office 1 Capt. R. B. Meeks
Off ice of Nava l Research Nav al Sea Systems Comman d
760 Market Street , Rm. 447 NC #3
San Francisco , Ca. 94102 2531 Jefferson Davis Highway

Arlington , VIrginia 20362

5



~~~~~~~~~~~~~~~~

—— - 

7~~
- -
~~~~~~~~~~~

-
~~~~~~~~~

No. of N o.  of
Copies Copies

Commander 1 Naval Underwater Sound Center 1
Nava l Surface Weapons Center Technical Library
Attn : Technical Library New London , Cohn. 06320
Silver Spring ,Maryland 29010

U.S. N~va1Oceanographic 0ff. 1
N a v a l  Surface Weapons Center 1 Library — Code 1600
At tn : Code 212 Washington , D . C .  20373
Silver Spring , Maryland 29010

Commandant , Marine Corps 1
Officer—in—Charge 1 Scien t i f i c  Advisor (Code AX)
Naval Surface Weapons Center Washington , D.C. 20380
Dahlgren Laboratory
Dahlgreri , Virginia 22448 Dr. Gernot M. R. Winkler 1

Director , Time Service
Nava l Air Development Center 1 U.S. Naval Observatory
Attn : Technica l Library Massachusetts Avenue at
Johnsville 34th Street N.W.
Warminster , Pa. 18974 Washington , D.C. 20390

Commander 1 Naval Postgraduate School 1
Nav a l  Avionics  Faci l i ty  Technical Library
rncl ianapolis , Indiana 46241 Monterey, California 93940
Attn: D/035 Tech . Library

Naval Electronics Lab. Center 1
Naval Missile Center 1 Technical Library
Technical  Library San Diego , California 92152
Code 5632 .2
Point Mugu , California 93042 Naval Electronics Lab.Center 1

Attn: Code 2600
Nava l Weapons Center 1 San Diego , California 92152
Attm: Tech . Lib., Code 533
China Lake , California 93555 Naval Electronics Lab. Center

San Diego , California 92152
Naval Weapons Center 1 Attn : Code 2000 1
Attn : Code 6010 2200 1
China Lake , California 93555 2300 1

3000 1
Naval Weapons Center 1 3200 1
Mathematics Division 3300 1
China Lake, California 93555 4800 1

5000 1
Nav a l  Training Equ ipment 1 5200 1

Center 5300 1
Technira l Library
Orlando , Florida 32813 Naval Undersea Center 1

Technical Library
Naval Research Laboratory 1 San Diego , California 92152
Underwater Sound Reference Div .
Technica l Library
P. 0. Box 8337
Orland o , Florida 32806

6/76 6

_ _ _ _ _ _ _ _  
- -



~~~~~~~~~~~~~~~~~~~—~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
-——------- —- -

No. of No.  of
copies Copies

Nava l Ship Research and 1 MIT Lincoln Laboratory
Development Center Attn : Library A-082

David W . Taylor P. 0, Box 73
Code 522 .1 Lexington , Ma.  02173
Bethesda , Maryland 20084

Dr .  Jay Harr is
Of f i ce  of Chief of Naval 1 Program Director ,

Operations Devices and Waves Program
NAICOM/MIS Planning Branch Nationa l Science Foundation
NOP—9l6D , Pentagon 1800 G Street
Washington , D.C. 20350 Washington , D.C. 20550

Dr. Howard W . Etzel
Other Government Agencies Deputy Director , Division

of Materials Research
Mr.  F. C. Schwenk , RD—T 1 National Science Foundation
National Aeronautics and 1800 G Street

Space Administration Washington , D.C. 20550
Washington , D.C. 20546

Dr. Dean Mitchell
Los Alamos Scientific Lab. 1 Program Director ,
A+tr : Reports Library Solid-State Physics
P. 0. Box 1663 Div . of Materials Research
Los Alamos , N.M . 87544 National Science Foundation

1800 G Street
M . Zane Thornton 1 Washington , D.C. 20550
Deputy  Director ,

Inst itute for Computer
Sciences and Technology Non—Government Agencies

Nat iona l Bureau of Standa rd s
Wa shington , D.C.  20234 Director

Research Lab, of Electronics
Director , Office of Postal 1 Massachusetts Inst. of Tech .
Technology (R & D) cambridge , Ma. 02139

U.S. Postal Service
11711 Parkiawn Drive Director
Rockv ille , Maryland 20852 Microwave Research Institute

Polytechnic Inst. of New York
NASA Lewis Research Center 1 Long Island Graduate Center
Atta : Library Route 110
21000 Brookpark Road Farningdale , New York 11735
Cleveland , Ohio 44135

Assistant Director
Library — R5l 1 Microwave Research I n s t i t u t e
Bureau of Standards Polytechnic Inst. of New York
Acquisition 333 Jay Street
Boul der , Colorado 80302 Brooklyn , New York 11201

7

_ _ _ _ _ _ _ _ _ _ _  -



No. of
Copies

Director 1
Columbia Rad ia t ion  Laboratory
Department of Physics
Columbia University
538 West 120th Street
New York , New York 10027 - -

Director 1
Coordinated Science Laboratory
University of Illinois
Urbana , Illinois 61801

Director 1
Stanford  Electronics L a b .
S t a n f o r d  U n i v e r s i ty
Stanford , California 94305

Director 1
Microwave Laboratory
Stanford University
Stanford , California 94305

Director 1
Electronics Research Lab.
University of California
Berkeley, California 94721)

Director 1
Electronics Sciences Lab.
University of Southern

California
Los Angeles , California 90007

Director 1
Electronics Research Center
The Univ. of Texas at Austin
Engineering—Science Bldg. 112
Austin , Texas 87812

Director of Laboratories 1
Divis ion of Engineering and

App l ied Ph ysics
T e c h n i c a l  Reports Collection
Harvard University
Pierce Hall
Ca m br idge , Ma. 02138

6/76 8


