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P RE FACE

Th is paper rep resents the culmination of one phase of the research

done by Anne Kanle duri ng the twelve years she was on the staff of The

Rand Corporation . During a part of this time she was enrolled in the

doctoral program at UCLA and this paper is her doctora l thesis. During

the period when this work was done there was a close collaboration be-

tween Rand sc ientists and the staff at UCLA .

Although this paper is primarily concerned wi th the solution of a

difficult physica l problem , many of the results were used for the solu-

tion of operational problems presented to Rand . This paper is being

issued in order to make these results more widely available.
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SUMMARY

‘
The problem of radiative transfer in a plane-parallel , perfectly

scatteri ng atmosphere is described . Chandrasekhar ’s solution applicable

to atmospheres of small and moderate optical thickness is outlined . His

solution reduces the problem to that of determining the X- , Y- , K- , and

L-functions , the scattering functions . M ul l ikin has extended this method

of solution to atmospheres of large optical thickness.

Sekera and Kahie have used Mullikin ’s method of solution for calcu-

lating the emergent radiation from plane-parallel Rayleigh-scattering

atmospheres of large optical thickness. Their numeri cal results are

reproduced here in the Appendix , as tables of scattering functions. The

numerical method for determining the intensity and polarization of the

radiation emerging from the top and bottom of atmospheres is g~ven , and

suggestions for additiona l uses of the tables are made. Finally, a few

examples of representative calculations are presented.
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INTRODUCTION

One of the basic problems of radiative transfer in a planetary

atmosphere is that of dete rmining the intensity and polarization of the

radiation emerging from the top and bottom of the atmosphere . The logi-

cal first step in this problem is the study of scattering i n a pure

molecular , or Rayleigh scattering atmosphere . One of the mos t succes s-

ful and wid ely used methods is that of Chandrasekhar. His solution for

plane-parallel atmosphere s involves solutions of nonlinear integral

equations for his X- and V-functi ons by successive iterations , start-

ing with the solutions for small optical thickness. This method was

applied by several workers . However , when they attemp ted to extend the

solutions to atmospheres of lar ge optical thickness (-r > 1) the sol u-

tions failed , due to computa tional instabi l i t ies .

Recognizin g that in dealing with planetary exploration we might

have to deal with atmospheres of large optical thickness , an attempt

was made at the Rand Corporation to extend these calculations to large

opti cal thickness by using the solution for T -
~~ as a start i ng value .

However , the calculations failed to conver ge , and it became evident that

the solu tions were oscillatory . Mul l ikin made an extensive mathernati-

cal study of the nonun iqueness problem and , by going back to the ori gi-

nal radiative transfe r equations , was able to select the correct solu-

tion [Mul likin , 1962a ,b ,c,d; l964a ,b]. He devised a method of solution

which was both uni que and computationally desirable as its rate of con-

vergence increased as one looked at larger optical thickness . Carlstedt



and Mul likin (1966) computed the X- and V-functions for large optical

thickness for isotropic scattering .

By appropriate modification of their method Sekera and Kahie

(1966) were able to use this same method for Rayleigh-scattering at-

mospheres of large optical thickness . The tables of X- and V-functions

and the related K- and L-functions they derived are given here in the

A ppendix. These constitute the complete solution to the problem of

radiative transfe r in a plane -parallel Rayleigh-scattering atmosphere

of any optical thickness , to as great an accuracy as desired. Kahle

then examined some aspects of the intensity of radiation eme rging from

Rayleigh scattering atmospheres of large optical thickness [Kàhle ,

1968a], and also the global radiation fiel ds for the same problem

[Kahie , l968b].

In Chapter I basic definitions are given , and the problem of

radiative transfer in a homogeneou s plane-parallel Rayleigh-scatterin g

atmosphere is posed. The description of the problem follows that of

Chandrasekha r (1950) and is presented here as a review of the concepts

and terms necessary for an understanding of the subsequent chapters .

The solution of this problem by Chandrasekh ar s method employ-

ing X- and V-functions is discussed in Chapter II. In Section A the

solution as developed by Chandrasekha r (1950) is examined . Section B

descr ibes M u lli kin ’ s ex tension of thi s solu ti on to atmos ph e res of

lar ge optical thickness. rn Section C the method used by Sekera and

Kahie (1966) to calc ulate the solution for a Rayleigh -scattering at-

mosphere is describe

d . 2



In Cha pter III, the tables of X- and Y- and K- and L-functions

given in the A ppendix and their use are described. Section A describes

the values available in the tables. The equations required to compute

the Stokes parameters from these tables are given in Section B . Other

uses for the tables and the accuracy of the tables are discussed in the

subsequent sections.

In the final chapter two applications of the tables as solu-

tions to the radiative transfe r problem a r e briefly examined as an

illustration of their use.

In retrospect , one might well ask what use can be iade of these

calcul atiors now. It was recognized at the time the cic p u tat ions were

made that the atm ospheres of Venus and Jup iter were cloudy . How e~’er ,

it was h~lieved at that time that there we ll might be ext ’-nsive n o~ec J—

lar a tm o sLLL r c S above the c loud t~ ; :~: , where tHse cc~ ru ta t  ocs wn ; l d Lo

app l i cab le .  ~ire w ould have to be exerc ised in th is  ap p l i c a t ~on s ince

the ref l : t i o n  fr om thick clouds ,,ould pr o LLl y  not  be ~m~r f e c t l y

Lambert ian. Al though we now know that suc h a tnol ec~l ar ~tmos~ her~ J c e~
not ex is t  above the Venusian cloud tops , these c a l cu~ at io ns cay  still

be appl icable to Jupiter where there appears to be a ppro . i ’ ’ a t e l y  2 bars

of H 2 atmosphere above the cloud tops.

Another reason , at the t i~ e , for making these ca lcu la t ions , was

the concept that non -molecula r e f f ec t s  could be considered as a per-

turbation on molecular  scat ter ing.  Th i s ar gumen t has i ts l i r n i t i t i o n s ,

however , because of pos sible non-linear interactions between t he

molecular compo nen ts of scat ter i ng. Su bse quentl y several authors have

attempted to solve the problem for cloudy atmospheres , for both



homogeneous and non-homogeneous cases. In al l such studies, numerical

methods of solution have been required. There is always a need for

testing such models against a standard calculation , the results of

which can be justified on analytic grounds. It is hoped that the

present tables will provide such a standard , since the results of

these more complicated models should reduce to the results of the

Rayleigh—scattering mode l under the appropriate conditions. This

should provide a necessary but by no means sufficient condition that

such models should satisfy .

4



I. THE PROBLE~! CF RADIATIVE TRANSFER

In th is  chapter the problem of radiat ive transfer in a plane-

parallel SJy lei~ h- s c a t t L H n g  at mosphere is outlined . Section A con —

t a i  ns de f i  ni  ti ons of so me of the pri nci pal quanti t ies used in radi ati on

stud i es . In ~m tion E the Stokes parameters for polar ized light are

define d. In Sect i on C the rad i a ti ve transfer equation , defining the

chan ge in the Stokes parameters on interaction of the radiation field

wi th a Rayleigh-scattering atmosphere , is presente d. Finally, in Sec-

tion D , the scattering and transmission matrices are defined , the quan-

tit ies whose determi nation will constitute the solution of the problem.

A. BASIC D E F I N I T I O N S

• The basic problem of radiative transfer is to determine how a

radiation fiel d is altered on passing through and interacting with a

medium . If we consider a pencil of radiation of intensity I.~, (in a

frequency interval v to v + dv ) propagating through a medium in a

specified direction , then we can consider the various ways this inten-

sity will be alte red in travelling a dist~wce ds.

The radiation can be weakened by two processes , true absorption

by the medium , and scatteri ng of the radiation into another direction.

In practice , both of these processes are combined into a mass attenua-

tion coefficient , defined as K in

dI~ 
= - K

~
PI dS 

( I- i)5



where p is the mass density of the medium . Th i s attenu a t i on co ef fi-

cient can be due to true absorption only, sca ttering only, or a com-

bination of both. The case of scattering only wi l l be considered

fi rst. If diii is the mass of the element of the medium under consid-

eration , then the ra te of sca tterin g of ener gy o ut of the elemen t is

K I  dm dv dw ( 1-2)

where d.~ is the solid angle of the incident pencil of ra diati on. The

rate at whic h energy is scattered into a given solid aoq le d~ can be

found if we s peci fy the phase function for scatter ino , p(cos ~
) where

0 is the angle between the inciden t radiation and d . . This rato

is

K I p (cos 0) ~~
-
~~

--- dm dv d , (1-3)

The total amount scattered will thus be

K vI~ 
diii d

~ df  p(cos 0) 
~~~~~ 

( 1 4)

which sh ows , by comparison with Equation 1—2 , tha t we must normalize

the phase function such that

~fP(cos o) L (1-5)

6 
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To account for absorption we use the same expression (1-4),

only now do not require that the phase f unction be normalized. Instead ,

we have

fP(cos o) a— = w
O 

< 1 (1-6)

This defines •
~~

, the albedo for single scattering . This quantity is

a measur e of how m uch ra di at i on has been scattered , wh ile (1 - w~~ ) is

the amoun t ab sorbe d. When ...

~~ 

1 we have perfect scatterin g .

The phase function p(cos ~i )  cln pends upon the type of scatter-

ing process involved . The simplest , p(cos e) = constant , is for iso-

trop~~~scatterJ~~. The phase function for Rayleigh scattering, of

great interest in atmospheric problems being appropriate for molecular

scattering of visible radiation (or any scattering by dielectric par-

ti d es which are small compared to the wavelength of light both outside

and inside the particle [Van de Hu lst , 1957]), is given by

p(cos o) = -
~~

- (1 + cos 2 ) (1-7)

Ray lei gh scattering is perfect scattering , i.e.,

fP(cos e) (1 + cos2~) — = 
~~ 

= 1 (1-8)

7 
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As wi th the weaken ing of our pencil of radiat ion in

traversin g an element of mass , there are two s i m i lar p rocesses en hanc ing

the radiation : scattering of radiation into the direct ion of the pencil

and emission by the mass element. A gain , the two are treated together ,

this time with a sing le emission coefficient defined such th 3t the

element of mass dm emits into the sol id angle d~ an amount of radia-

tion in the frequency range to v + dv

dm dw dv (1-9)

in unit time.

The contribution to this emission due to scattering from a di-

rection (e ’ ,~’) i nto the direction o ,q will be (cf. Equation 1-3)

dm dv dw p(e,~ :e’~ ’)I (o’ ,~ ’) sin O ’ d O ’  d’~ (1-10)

Integratin g over all incomi ng angles , the emission coefficient due to

scattering only is

= K
~~ 

~~ f p(e ,~ :O ,~ ’ )I (o ’ ,~~
) sin 0’ do ’ d~ ’

(1—11)

8
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In genera l , of course , there will be true emission also , but we will not

concern ourselves wi th that in this paper. The source function is de-

fined as

(1-12)
V

For our case of scattering only

= 

~ f f p(o ,~ :o ’ ,~’)I (o ’ ,4’)sin 6’ dO ’ d~’

(1-13)

The basic equation of radiative transfer sums up the con-

tribution of the various processes which we have just discussed

dl
= - K p I  + j

~
p (1-14)

or

- 
1 V 

= - (1-15)

9
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The source function J is usuall y an integral funct ion of the inten-

sity I~ (see Equation (1-13)) so this equation is usually an integro-

d i ff ere nt ial equa t ion .

- -~~~~~~ = - 

~ f  f  p(~~,~ :~~’ ,;‘) I (~ ’ ,
~
‘) sin - .

‘ d~ ’ d: ’

(1-16)

It is the solut ion of this equat ion , for the geometry of a hc~ ogeneous

p lane — p a r a l l e l  Payle l  t O - s c a t t o r i  co at sp here that is the SL~LjCCt of

this st ui~
A ho on r ron~ o l a r e _ ; ro i l  el at~

J Tphere i s  Jof~ ned t o  L ~:r at-

mosphere whi ch is s t r a t i f ie d  in Hone ~
(
~~a 1le l  layers so t h a t  the Of l i~

va r i a t i on  of at~oc~o ’or ic prop t rties is in the vertical directio n . This

va r i ut io n  can be incor ~or~ ted into toe not~oal opti~ ai th ichmss ,

gene r - o l l y  eo~ ured I n ard from the top of the at! .osohere (
~ os i der ed to

extend to inf in i ty ).

T = f  ~~ dz ( 1 - 17 )

The radiat ive transfer equation t hen becomes

10



dl
~~ ~~~~~~~ 

(
~ ,~~ , ;)  = I ~~~~~~ 

- ~~~~~~~~ (1- 18)

where ~~= cos~ 3

B. STOKES PARAMETERS FOR POLARIZED LIGHT

In order to describe completely the nature of the radiation

field in the atmosphere we must look not only at the intensity of tre

li ght , but also at the state of polarization. The system chosen b .

Chandrasek har (1950) and his many followers to describe the pol a rization

in the radiative transfe r problem is that of using the Stokes ~a ra-;-

eters. These were first introduced by Stokes in 1852 [Shurcliff , 1962].

These parameters are best suited to both the theoreti ca l and experi en-

tal descri pti on of i ncoher ’ant, parti al ly po lar ized light wh ich  is the

natural occurrence when sunl i ght interacts with planetar y et uspheres

{Dei rmen djiari , 1969]. All four parameters have the same physical di-

mensions , the parameters for coincident streams are additiv e , and they

are relatively easi ly measured experi m ental ly. The rad i ye trans ~ -r

solutions of Chandrasekhar for the intensity of the radiation cGn. in

general , be applied to the Stokes parameters by me rely substitutin u t~c

appropriate matrices for the phase functi ons and other quantities.

The polarization of electrom agnetic radiation is tradition all 0

described in terms of the elec tric vector. If a~ an d àr are the

scalor components of the vector electric field in two mutually perpen-

dicular d ire ct ions , perpendicular to the direction of propagation , then

the Stokes parame t ers are def ined as

11

--

~ 
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I = ~a~
2 

+ ar
2
} = I~ +

Q = {a~
2 

- ar
2} = 1

9. 
- 1r

(1-19)
U {2a~a,~ cos -y}

V = {2a~a,, sin ~ }

where ~ is difference of the phases e~ - C r The brackets indi-

cate a time average over an appropriate time length . All these Stokes

parameters have the dimension of intensity . 
-

The electric vector traces an el l ipse , and it can be shown that

the pri ncipal axes of the ell ipse are in directions making angles \

and x + wi th the direction 9. where

tan 2x = 
~~

- (1-20 )

Also , the ratio of the major and mi nor axes of the e l l ipse is tan

with the sign of 8 determining t he direc t ion of rota ti on of the ele c-

tric vector and

sin 28 = 2 2 1 (1-21 )
(Q + U + V ) /

Sometimes 19. and ‘r are used in place of the first two Stokes

parameters , I and Q .

12
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-- - -

2 2 2 2For completely polarized light , I = Q + U + V . For par-

tially polarized light ~2 > + U2 + V~ and the percent of polari-

zation

2 2 2 1/2

= 
lOO(Q ~~~~ + V ) (1-22)

For n a t u r a l , or unpolarized , light Q = U = V = 0 . For linearly

polarize d light , V = 0.

If I = (1 9.. 1r ’ U , V), then a rotation of axes through an

angle ~ will subject f to a linear transforma ti on . 
-

cos2~ sin 2q 1/2 sin 2~ 0

( sin 2~ cos2~ -1/2 sin 2~ 0
L (q) = (1—23)

—sin 2~ sin 2~ cos 2~ 0

0 0 0 1

C . RAYLE I GH SCATTERIN G

3 2The Rayleigh scattering phase function p = -
~~
- (1 + cos o ) ,

which was mentioned in Section A , is appropriate for natural light ,

but when considering polarized light we need a more complete descrip- =

tior m of the scattering process. For polarized light characterized by

t he vec tor

13
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= (Ii, 1r ’ U , V) (1-24)

which is incid ent on a single particle, the scattered light in the di-

rection 0 w ill be given by

( c e— )  R I dw ( 1-25)

I
upon Rayleigh scattering [Chandrasek liar , 1950]. In this expression c

is the scattering coefficient per particle given by

l 28ii~ 2
0=  a (1-26 )

3X

for Raylei gh scattering where ci is the par ticle po la riz abi l it y (to he

defined later) and X is the wavelen g th of the i nci den t l i y lit. Also ,
4
R* in Equation (1—25) is the phase matrix for Raylei gh sc att ci inq

define d as

/cos
2h 0 0 0

f 0 1 0 0
R = 

~~ 
(J-27)

O 0 cos O 0

0 0 0 cos O

For natural incident light, wi th I = (- I , ~- I, 0 , 0) .  P 1

reduces to (1 cos2u ) I , equi valent to the Pa ,‘l ci qh p hone fun t inn

given earl ier.

14 
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So far , looking at a single particle , our coordinate system has

been determined by the angle of incidence and the scattering angle. As

we go to the more general problem wi th many particles , we mus t trans-

form each sca tte ring event to a chosen coor d inate system app li ca b le to

the p ro b lem . T h is can be done by use of the rota ti on transformation

L (
~~~

) given in Section B , Equatior m (1-23). The phase matrix P will

be given by

P (0 , ~; 0 ,  ~
‘) = L (

~~ 
- i 2) R (cos e) L C- i 1 ) (1-28)

where i 2 and i 1 are ang les relating the incident and scattering

dire c tions t o the chos en coor di na te system . It can be shown

[Chandrasekha~ , 1950] that can then be written as the sun of three

(0) -
~~terms , or azi m uth independent terni P ; a term dependent upon

(1) (2)
(~

‘ - ~),F ‘ ; and a term dependent upoti 2(; - 
~~

) ,  P

For inc id en t na tura l li ght , rather than incident arbitraril y

polarized li ght , the problem reduces somewhat. The resulting scattered

radia ti on will be partially plane-polarized. Further scatt rri ng will

change t ie ~ngle of the plane of polarization and the Jegree of pol ar-

i za t ion , but it w i ll remain plane—polarized . M~thom .at i cally, we ~or

say that the wet r i x P is reducible w ith respect to V. Thor~ f re ,

for sunlight (natural light) incident on a Raylei gh-scattering atcos-

phere we need onl y consider the three —d ime nni cnal stokes vector und

thr ee—di m ei si cina l Ra yl n i ~l m phase o tri

15
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The phase matrix for Rayleigh-scatterin g in a plane-parallel

atmosphere with incident natural lig ht is thus given by

~~ (u,~ ; ~~ ,~~
) 

~~ 
[
~ 

(0)~~ , 
~~~~~~

1/2 2 1/2 ~~~~
+ (1 - 

2
) (1 - c ) 1~~ ~~~~~~ ,~ ‘ )  (I~29)

+ 
4
~~~(2)

(
~~~ .;;~

I

where cos &, ~~~
‘ cos o ’

j l  0 0 \

= ( 0 1 0 ) ( I—30 )
\o 0 2!

2(1 - 
2 ) (1 - ~2) + 

2 ,2 2 0

= u ’2 1 0 (1-31 )

0 0 0

16
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4uu ’ cos (~
‘ - 

~~
) 0 2~ sin (~

‘ -

= 0 0 0

- 2w ’ sin (~
‘ - q) 0 cos (~

‘ -

(1-32)

P (U,c~; ~.i
’ ,

~~~
‘ )

/u
2U 12 cos 2 (

~
‘ - - ~2 cos 2 (~

‘ - 

~
) U

2
U ’ sin 2 (

~
‘ - 

~
)
\

= 
- U

’
2 cos 2 (

~
‘ - 

~
) cos 2 (~

‘ - 

~
) - 

~~
‘ sin 2 (~

‘ - ~
)

sin 2 (~
‘ - 

~
) p sin 2 (~

‘ - 

~
) uu ’ cos 2 (~ ‘ - ~)) I

( 1- 3 3 )  J
The mass scattering coefficient K is given by

I
K~~~~~~ N (1-34)

where a is the scattering coefficient per particle given at the begin-

ning of this section , ~ is the mass density , and N is the number of

particles per unit volume . For molecular scattering the pol arizability

is

2
- 1  

(1-35)
4~ N
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where n is the refractive index of the me dium (c f .  Equation ( 1 - 2 6 ) ) .

For Rayleigh scatter ing, the mass scattering coefficient is thus

3 2  2Sii ( n - l )  3
X Np

This is the quant i ty that en ters i nto the ca l cu la t io n of the opti cal

thickness t

Wi th the phase func ti on def i ne d above , and defined (cf.

Equation 1-17 ) in terms of given in Equation (1—36), the equation c

transfer for a plane-parallel Rayleigh—scattering atmosphere is

= I (T myi dt

+1 2~i

1 ~ -*
— 

~~

— 

f J P(o, o ; , 
~~~

‘ ) I (T , ~i ’ , t ’ ) d 0 d~
-l 0

(1 - 37)

U. Ti ll S CATT l P1 PA A PP T RA NSM ISSIO N ~ATR I C E S

When rons ider i r i g tile rad i a ti ve transfer t hro ugh a p lane- para l le l

atmosphere , one of the pri nci pal goals is to deter ini ne the di f f use ra —

di ati on emerging from the top and bottom of the atmosphere. It is con-

venient to exp l i c i t l y  s ep ara te the di ffuse ra d ia t ion from the a t ten-

uated incident solar  rad iat ion.  If we assume a para l le l  beam of

18
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sunlight of net flux i~F = rr (F9., Fr~ 
Fu) inci dent on a p lane parallel

atmosphere in the direct ion (
~ .

~~~~~
, ;~~) ,  then the ra d ia ti ve transfer

equa t ion can be wr i tten

p~~~ - (T , p, ;)  =

- 

~ f ~~ .
~ ; p ’ , 

~
‘) 

~~ 
(i, 

~~~
‘

, ~~
) dp ’ d~ ’

1 T’~JQ
- e P(p, ~; - 00, ~0)F

(1-38)

With the di rect solar radiation thus separated fro~ tue di ffu~e

reflected and transmitted radiation we can dcfi r e a scattcr~ng m at r i x

and a tra Is; . iss i o n ma trix I as fo 11r~s. Lt t  the opt ica l  tb~ c~ uess

be measured f e :  i the  top of the a t mo s p here ; -
~ 

= 0 at the top amid

I t
1 

at the bottom of the atmosphere . Then t he re f lec ted in tens i ty

is given by

I (0; + 
~~

, .~
) = i — S  (T

1
; ~~ ~ 00~ ~0

)F (1-39)
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and the transmitted intensity by

1 ~~ 
-4.

- p, ~
) = T (11

; p, ~
; p0, 40)F (1-40 )

The solution of our radiative transfer problem is then to find
4-4.

S and T for a Rayleigh-scattering atmosphere .

20
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II. SOLUTION OF THE RADIATIVE TRANSFER PROBLEM
BY USE OF X- AND Y- FUNCTIONS

In this chapte r the method of solut ion of the radiat ive trans-

fer prob lem for a plane-paral lel Rayleigh-scatter ing atmosphe re by use

of X- an d Y- functions is presented. Section A descri bes

Chan drasekhar ’s method as he developed it. When various attempts at

computation of the X - and Y- functions for atmospheres of large optical

depth fai led , due to nume rical instabi l i ty , Mul l ik in invest igated the

problem . He found that the usual reduct ion of the ori ginal rad iat ive

transfe r problem to the solut ion of equations for X- and Y- functions

resulted in the loss of info rmation , causing nonunique solut ions.  By

adding constra ints der ived from the original radiat ive transfer p ro b - ‘1

lem , he was ab le to develo p a me tho d to sel ec t the co rrec t solu ti on

from the fa mil y of solutions, and thus extend the X- and Y- function

method of so lut ion to all optica l thicknesses.  This is outl ined in

Section B. In the f inal part of the chapter , Section C , the numerical

method of calculat ion of these X - and Y- functions , as deve loped by

Carlst adt and Mu llikin (1966) and used by Sekera and Kahle (1966) ,  fo r

the Rayleigh -scatter ing problem , is out lined.

A. C HAND RASEK IIAR ’S SOLUTION

Chandrasekhar (1950) has shown that the scattering and trans-

miss ion matrices , S and T can be written in terms of pairs of X-

and Y- functions. This separates the variables in the problem : where
.4 -4

S and T are functions of (i , p, ~, o ’ , t ’) the X- and Y- functions

21
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depend only on (c , p).  Four pairs of X— and Y- functions are re-

quired for the case of Raylei gh scattering. Isotropi c scattering re-

quires only one pair. The X— and Y- functions satisf y a pair of simul-

taneous integral equations

X . ( p ) X . ( ~~’ )  - Y.(p)Y.(~ ’)
X~ (~~) = 1 + 

p f  ~ + 
~~ 

1 ( 1 )
( i )  d~i’

(11- 1)

= exp (- 
~~~ ) 

+ p / - 
,
‘ i 

_ ç (1)
(~~ t )  d~ ’

(11—2)

where , for Rayleigh scattering , i = 1 , 2 , 3 , 4. This notat i on d i f fe r s

slightly from Chan drasekhar , who used the labels i = 1 , 2 , ~, r for

these quanti ti es . The functions ~~~ are the char acterist ic

functions which depend upon the type of sc at ter ing process.  They a’-e

even polynomials in u sat is fy ing the condit ion

f  ~~~
) d , < (11-3)

For Rayleig h scatter ing the four ch a rac t e r i s t i c  f u r u t i o r i n  arc
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~ l ( )  ~ (1 - 
2) (1 + 202)

= ~~- (1 + 2)2

(11-4)

~
3 (p) = 

~~~ (1 -

4 _ 3 ,  2
~) (o) — -

~~ i.l - u )

For Rayle i gh scattering the scat ter i n g an d t r a n s m i s s i o n  mat r i ces

are wr itten in terms of the X- and Y- fun c t ions as fo l lows :

S(p, 
~ ; ~~

) = ~ [ ~ 
(0; ~~

)

2 1/2 2 1/2~~~l \
+ (1 — 

~ ) (1 — 1
0 

) ~~
‘ 

~~~~ ~~ 0’

+ ~~(2) 
~ ~~~; 

,:~~~ ;
ü )]

(11-5)

? :1

~

--

~

- - - -

~

--

~
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T (o, 
~ ; u 0

, 
~& = Q ~~ 

(0)~ ~~ )

2 1/2 2 1/2 ,~ “1’+ ( 1 — 

~
. ) ( 1 — ~~~ ) T ‘ ‘

~~~- ‘  ~~~ ~o’

+ ~~ 
(2)~~ 

~ ; 03,

(11-6 )

w h e r e  Q is as defined in Chapter I (Equation 1-30), and , fOr i = 1 , 2

(
L + ) 

4
~~( i )  

= [X 1 (~ )x 1 (~.0 ) 
~~~~~~~ ~ 

(i) ( ~ 
- 00~ ~~~

(11— 7 )

(L - 1) ~~ = [Y~ ( m ) X 1 (:0 ) X~ ( i ) Y 1 L0 )] ~ 
( i ) ( - 

~~~ 
.
~~~~~

( 11-8 )
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The ~ are the azimuth dependent components for i = 1 , 2 of

the Rayleigh scattering phase matrix given in Chapter I (Equation 1-32

and Equat ion 1-33). The azimuth independent terms are

(
1 + J_)

4-
~

(O)
(1j ; 

~ 
)p0 

p

/ ~~~
) 

~“~~~(~~
) 0 ‘

~‘(U 0
) x(~0

) 0

= ( x(ii) \ “ iç(p) 0 \J7~(~ ) ‘/i
~~~~~(U0

) - 0

a 0 a 0

~~~~) ~~ n ( ~) 0 ~(p0) o (~0) 0

c(p) V ie(p) 0 v’ir~(p 0) V2Th (p0 ) 0

0 0 0 0 0 0

I
(11-9)

and

,l 1 ~~(0)
- 

~~)
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6(o) V’
~ t (u) 0 ~ (i~~~) ~(0~~) 0

= c (o )  
~~~ 

o(~ ) 0 
~~~~; 

~~~ ~~~ A C ;
0

) 0

0 0 0 0 0 0

,
~(;- ) v~ ~~(e )  0 6 (c o ) (p s ) 0

- x (o) V’
~ ~~~~ 0 V~~r. (~~~) V~ o(~~) 0

0 0 0 0 0 0

(11- 10)

wh ere the ~~ , :, ,, , ~, r , ~~ , and 1 are comb inations of the

X
3
- , X

4
— , Y 3— , and Y 4- functions and their moments. One of the

di f ferences bet -~cen Chandrase hhe r s analysis and ~1 ul1 i Lii: ‘ S is  i t~~

exact form of the c oh isatie n of these fur ctions. C ho r i r e s a p io r ’ s

form of these ex; r e s s i o r ; s car 0 found in C h a r e r : s e  i~~r ( 1 0 5 0 )  ari c i t

C ha nd ru se t l~ir and Elbort  (195 :) .  P~l l ik in s . 1 1 1 L’e g iv e ;  l a te r  in

Equation ( 1 1 - 4 0 ).

Given these exp ress i errs for ‘

~~~~ and 1 in te rms of X - and Y-

funct ions , lo u ti i ( 11 - 2 )  for the X - and V - f u n c t i o n s  v ’ i l l  thus consti -

tute the desi red so lu t i on  of the r~di ati ye t rans fe r proble m .

Cha ndr as ehim ar (1950 ) developed an i t e ra t i ve  method for their solution ,

the so lu t ion fo r - st a l l  opt ical  th ickness  as a f i rs t  a ppr o\ i r ro t i  on.
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A problem arises for the case when

f  ~~ (p )  dp = 1/2 (11-11)

When this equal ity holds , Chan dr asekha r  reco gn i ze d that  so lu t i ons of

Equa tions (11—1 and 11-2) for the X- and Y- functions are no longer

unique . For Rayleigh scattering this condition occurs for , 
(3)

(Chandrasekhar ’ s o. ) .  For th i s  “conservative ” case the solution is

given by a two -para m eter family. Chandrasekh a r defined his standard

solutions by including the addit ional const ra in ts

f  X (u ) t( u )  do =

(11— 12)

f  Y (p)~ (
~~

) d~ = 0

which he determi ned by a cons i derati on of the flux equations at the

boundaries of the a tmosphere .

27
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Since Chandr asekhar (1950) first developed his solution to this

problem , there have been several  publ icat ions show ing d i f ferent  as pects

of the solution for small and moderate opt ica l  th ickne ss (- r < 1)

Tables of the X- and Y- fu n c t i o n s  have  been c a l c u l a ted by Se ke ra an d

Blanch (1952) ,  and Seker a and Ashburn (1953).  Cha ndras ekhar and Elbert

(1954) and Couls on et al .  (1960),  carried the so lution one

st ep further and published tables of the Stokes parameters for radia-

ti on emerging from the bottom and top of the atmosphere . Sekera (1957)

has illustrated graphically ma ny of the features of the polarization of

the downward radiation . Coulson (1959) has shown graphs of the upward

intensity and polarizat ion.

B. TIlE SOLUTION FOR LARGE OPTICAL THICKNESS AND UNIQUENESS
C O N S I D E R A T I O N S

Chandrasekhar attemp ted to extend his calculati on of the solu-

tion to larger optical thickness (~ > 1) but was restricted by com-

putational instabilities. A similar attempt by Blanch was restricted

by computer size . This type of extension was later attempted by

Sekera using the soluti on for T -4 as a first approximation rather

than that for small -t . However , some of the functions failed to

converge satisfactorily even after ma ny i terations and it was noted

that the iterated values were of an oscillatory nature. Thus it was

apparent that modifications had to be made to Chandrasekhar ’s method

of solution for the extension of results for larger optical thickn ess.

28
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Mu l likin (l962a , b , c, d; 1964a , b; 1965) undertook an exten-

sive study of the uniqueness proble mn . He determi ned that the diffi-

culty arose in the usual heu ristic reduction from the transfe r equa-

tions to the equations for X- and Y- functions. This process ignore d

some equations and this loss of info -iia tion introduced extraneous solu-

t ions .  This had been recognized in the case of 3)(~~) by

Chandrasekhar , but Mullikin realized it also extended to and

Mull i kin developed additional equations in the form of linear

constraints which , along wi th Chandrasekhar ’s X- and Y- equations , do

select unique S and T matrices. He dete rmi ned these , as discussed

below , by relating the integra l equations back to the ori ginal radiative

transfer equation. These constraints contain i nformation that is lost

in going from the integro -differential equations to the coupled non-

linear equations.

Mullikin fi rst considered the work of Busbrid ge (1960) who

demonstra ted the existence of solutions to the X- and Y- equations

(Equations (11-1) and (11—2)). Busbr id ge investigated the auxiliary

integra l equation

= exp + f  ~V)J exp (-~~~~)J(y ,p)dydv

(11— 13)

where , for isotrop ic scattering, J is the source function . She

showed that a solution to Equations 11 - 1 and 11-2 is given by

29
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x0(p) = J(O,0)

(11-14)
= J ( T , L )

and that X0 and Y0 are defined for all complex ~,Iu~>O , to be

real and non .negative for o � 0 and to be analytic in the extended

complex ~-plane except near o = 0.

Mu ll ik in (1962a , b , c , d), following her proof of existence of

solutions , turned to the question o f un iq ueness , since he rea lized

that there appeared to be a multiplicity of solutions. He returned

to the transport equations ( e .g . ,  Equation 1-27)  and noted that for

the physically si gnificant solution to most scattering problems , the

X— and V-functions must o .e ext~nsions to comple x as analjtic

functions in o~~O . Fol lowing Busbrid ge , he considered the exten-

sion of Equations 11-1 and 11-2 to the complex plane , by rewriting

the mmi in the form

x (~) 
[1 

~fX(v)~~~~ d~
] 

+ Y ( ) ~f 
Y ( o ) ( . )  d~ = i

(11—15 )
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Y (~~) 
[1 

+ 
x (~))~~ d~

] 

- X (~~~f 
~~~~~~~~~~ d~~ = e~~~~

(11— 16)

wi th a- any com plex number not in the interval [-1 , 1]. As a sys-

tem of linear equations in X(~.) and Y(~.), these equ a t i o n s  have  a

uni que sol ut ion where the determinant does not vanish. This detern :in-

ant  is the fun cti on

x (~) = - 
(1 - 

~~~~~~~~~~~~~~~~~~~~~ 

~~J~~id)

(11—1 7)

- 
(1 

+ 3~[ 
x(v)rk(\)d\)(}f Y(o.)5 (m)d)

wh i ch can be shown to be

X(~ ) 1 - 2~~ [~~~~~~~ 2 
dv (11-18)
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Equations (11-15) and (11-16) can then be rewritten

= 1 + ~
f

X(V)~(4dv -

(11—19)

= e T
~~ ~ X~~~t (~ )d)+ ~

) Y ( O ) :~~ )d 5

(11-20)

Mullikin has shown that these equations define a meromorphic extension

of X and Y to the complex domain !} I>0 , giving functions analy-

tic in ~,J>O except for possible poles at the zeros of X

Fol lowing Busbridge (1960), Mu ll ikin considered the character-

isti c equation

= 1 - 2~~ f  
~~~~~~~ 

dv = 0 (11-21 )

The uniqueness or multiplicity of solutions to the X and V equa-

tions will depend upon the roots of this equation , which will in turn

depend upon the scatter ing character is t ic  functions t p ( v ) ,  g i ven
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for Ra yleigh scattering by Equation (11-4). Mul l ik in showed th at  four

cas es can occur

I A has no zeros

II The only zeros of A are at ÷ 1/k where

0 < k < 1 (the non-conservative case)

I I I  The only zeros of A are at + 1/k where

k 0 (the conservative case)

IV A has a zero at + 1

Mullikin assumed , for simplicity , that case IV never occurs , which is

true for Rayleigh scattering.

For case I , A with no zeros, Mu llikin (1962a ) showed that

the only bounded solutions to Equations (11-19) and (11-20 ) (and

hence to Equations ( I l—i )  and (11-2)) are gi ven by the and V 0
solutions of Busbridge (Equation (11-14)). This is the case for

of the Rayleigh scattering problem (see Equation (11-4)).

For case II , the non-conservative case wi th zeros of

A at + 1/k , Mu ll ikin (1962a , d) showed that all solutions to

Equations (Il- i) and (11-2) are given by

X( ‘ = 11 + ~~ _~1:!. - ~?fi1L.l 
~ + 1ac~1L - 

I~z
°‘ 

~ 
1-kp l+kpJ ~~

‘
~~~

‘ L 1— k p l+ku J 
\‘~~~~

(11-22)
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~~~~LLL .... .
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Y(  ) = 1~ - ~~~~~~~ +~~~iL.l y ( ) - I~~IL .. ~~~~~ ( )
° L l+kp l-kp J 0 ~‘ [l+k~ l_ koJ 0

(11-23)

where constants c~ , , and k are given by

= 0 (11-24)

X
0

( o ) .  (o ~a = 1 - 
~
—

~
--

~~~
—— - (11-25)

0

Y0(;i)~ (~.)d,.I l+kp (11-26)

where the a and b are constants constrained only by the condit ion

(a 2 
- b2) (ct 2 _ 6 2 ) _  2a ak - 2fbk = 0, and where and V0 are

the solutions of Busbridqe (Equation 11-14). Thus , we Iia ’e a fami 1

of solutions depending upon the va lues of the pa r u -~ tet - s a and h.

Mulli kin (l962a , d) considered the behavior of these sol ut ons at thc

zeros of A to derive the additional constra ints
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1 1

a = 1 - 
X(vjrji(v) d - e~~

T Y(v)j(v)dp
p 1-ky ~ 1+kv

0 0

( 11—2 7 )

bpe k 1 fX C  ~~~ dv - e TfV~~~~~~ dv

(11—28)

where

p = - 
4 kf  [ 21~~~~dv (11-29)

(1-ky) J
U

When there is such a multiplici ty of solutions , then one must deter-

mine which solu tion corresponds to the physical problem. For most

sca ttering problems the solution that is analytic for all p > 0 is

the desired solut ion. This analytic solution can be selected front all

the possible solutions by demandin g that the system of Equations (11-1 9)

an d (11-20) be well behaved at the zeros of A . Thus  when  ~ 0

the R. II. S. of Equation (11-19) and (11-20) must also go to zero . This

i nmposes the cons tra i rm ts that

~~~~~~~~~~~~~~~~~~~~~~~~~~ 
—
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- JX(U)~(Vi dv - tf ~dv = 0

(11-30)

and

1 1

1 - Jx (v)
~

(v) 
- e~~~

T 
~~~~~~~ = 0l+kv 1-ky ‘~

0 0

( 11— 3 1  )

By comparison with Equation (11-27) and (11-28) we see that this imposes

the constraint that a = b = 0. Then , by substituting a = b = 0 into

Equations (11-22) and (11-23) , we see that the soluti ons corresponding

to the physical problem in this case are the analytic solutions , X0
and V0 of Busbri d ge . Case 11 is encountered in the Rayleigh-

scatteri ng problem for and m~
2) (Equation (11-4)) . This non-

uni queness was not recogni zed previously.

Finally we consider Case 111 , the conservati ve case

where k = 0 (the zeros of A are at oo). Here Mullikin (1962d)

showed that all solutions to Equations (11-1) and (11—2) are given by
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X(p) X0(~i) 
+ ap (X0(p) 

+

+ bp [yX 0 (p) + p (X 0(~) 
+

(11-32)

Y(p) = Y0(p) 
- ap (X 0(p) 

+

- bw [yY 0
(p) - p (X

0
(p)  + Y 0 (p))]

- (11-33)

where

xl + Y l
I (11-34 )

x~ f v~~(v )X 0(v)dv (11-35)

y =f v~~(v)Y (v)dv (11-36 )

with n = 0,1 and the a and b are constants constra ined now by

b(by 2 + 2ay - 2) = 0.
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Again consi de r i n g the behavior of the zeros of A wh ich  are

now at -
~ , M u l l i k i n  der ive d the cons tra i n ts on a an d b

- 2bfv
2
~(v) dv = 1 -f [X(v) +

(11-37)

- 2afv
2
~(v)dv = TJY(v);(v)dv 

-

~f [x(v)  
- Y ( v ) ] v . (v)dv-

(11-3 8)

Once agai n the anal y t i c s o l u t i o n  w i l l  ha ve a = b 0, wi th

the solu tions to Equation s (11-19) and (11-20) being given by X0 and

V
0 

. In th i s case , however , for Rayleigh scatterin g, M u l likin (1966)

has shown that the anal ytic solution is not the desired solution . The

azimuth- independent solution is not the desired solution. The azimuth-

independent parts of the Rayle i gh-scattering transmission and scatte r-

ing matr ices  are det ermined from the X3 an d V3 solu tions. There-

fore , Mullik in examined the azimuth -independent part of the source

function given by
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= ff p(p,v) exp (- 
~~ 

J (y , v ,~~~)dy ~~~~

+ p(p,~.) exp (- 
~
)

(11-39)

This does not go to zero as ). -
~ but depen ds quadratically on

Thus , in Equations (11-32) and (11-33) the a and b must be non-zero.

Mu ll ikin (1964) derived linear constraints based on the ori ginal trans-

fer equation which ensures the required quadratic behavior of the so lu-

tions as ~~ . 
-÷

Sekera (1966a , b) showed how to express the solution of the

Ray lei gh-scattering radiative transfer problem in terms of combinations

of the analytic X ’ s and V ’ s. The linear constraints derived by

Mul ij ic i rm are included in the constants used in the combining of the

anal ytic X ’ s and V ’ s to determ ine the azimuth-independ ent part cf

the scattering and transmission functions. Following Mullik i n , Sekera

showed the following relationships between the K- and L- functions

(analogous to Chandr asekhar ’s i~ , , etc., functions of

Equation (11-9) used for the azimuth-independent part of the so luti n)

and the X3- , X 4 , V 3- and Y4- funct ions.
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K 1 (v) ‘{ ‘(p) = (c + bp)p X3(1i) + (a + bp)p Y3(~ )

L 1 (p) ~(u) = (- a + bp )p X 3(p) + (- c + b~ )p Y 3 (p)

K2 (p) ~
(p )  = ( 1 + c ’p + b’p2) x 3 (~) + (a ’ + b’ p)p Y 3 (~i)

z r  (p) (- a ’ + b’ p)p X3(~ ) r ( 1 - c ’p + b’ p2 ) Y 3 (~ )

(11-40)
K
3
(~~ ) x(~) (1 + ep - fp

2) X4(p) + ( - 9  + fu)p Y 4 (p)

L
3(~~) 

c c  (p) (g + fp)p X 4 (p) + (1 - ep - fp2 ) V 4 (p)

2K
4
(~~ ) 2ç (p ) = (c + f’p)p X4(p) 

+ (a  - f ’ p)p V 4 (p)

21
4

(w ) E 20(p) (a + f’p)p X4(p) + (- c + f’p)p V4(p)

whe re 
-

b = - ~~~~~L~ b’ = 2mb

(11—41 )

f’ = t~
’ f = 2mf ’

a = — b!’ + Cf’ a ’ = - b’I’ + 2(- s + nG)f ’
(11—42)

c = bF + Gf ’ c ’ = b’r + 2 (- S + nG)f ’

40 

_
~~

- -•
~~~~~~~~~~~~~~~~~~~~~~



-~~ - - - - - _ - ---

e = - 2(r + nF) b - Gf g = - 2(r + nF)  b + Gf (11-43)

21
~
= m~~~sr 

2~t
’ 

m~~ rG

r = G - 

2(8~ - 

~~
) - t(~~~~ + B~~) IB

0 
+ B

2 

- 

2(ct~ + cz~)
(11—44 )

m = ci08~ - r = ct0aj -

fl = - S = Bo~i - 8
1
B
0 

I

a0 
= 1 - 

~~ m0[P3) = 1 - m0 [Q
3
]

a1 m1 [P3J = 
~~

- m1 [Q3] (1 = 1 , 2 ...)

= 1 - ~ m0 (P 4J I - ~.m 0[Q4J

= ~~m1 [p
4 J = ~~m1 [Q4] (1 = 1, 2 •. .)  

-

= X j (1i ) + Y
1
(~~) = X 1 (~~) — Y 1 (~~

) (i = 3, 4)

(11-45)
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an d m i LF] stands for the i-th moment of the function F , i.e.,

m1 [F] = f F(x) x 1 dx (11-46)

These relationships only hold for the case = 1 , for perfect

Rayleigh scattering wi th no absorption. For > 1 , the K- and L-

functions cannot be expressed by the simple relationships above

(Equation (11-40)). The reducti on of the singular integral equati ons

for the K- and L-functi ons is then much more complicated , and wi l l  not

be discussed here .

This is the case where Chandrasekhar (1960) recognized the non-

uniqueness and specified his “standard ” soluti ons by consideration of

the flux equations. If one would like to use Chandrasekhar ’ s solut ion

it is necessary to introduce the moment condi t ions for the “standa rd ’

solutions in the equations above . Since the ‘ standard” so lu t ion  is

defined by the relations

( 1 1 - 4 7 )a0 
+ a2 = 0 + = Q

one has to subst i tu te in Fquat ion ( 1 I- ~ 4)  1/: 0 in n’ ‘ - ‘ c’ c~ 
‘
~ ii ~

the corresponding forms of the equ~i t i i t s  t i  “s’ ~~~

This leads to A 0, b = 0, If 0 , hut w ’ ‘

4?

- - ~~-~~~~~~~~~~~~~~~-- ~~~~~~~~~~~- -  ~~~~~~
- - ,- --------



__

br’ = - -
~~~~

- , b’r = !~~. (11-48)

Equations (11-5) through (11—10) along w ith (11-40) thus con-

stitute the comp lete , un ique solution to the Rayleigh-scattering radia-

tive transfe r problem for all optical thickr ~esses.

Mul lik in (l962d ) also obtained from the constraints he developed

a new formula tion of the equations that was more suitable for numerical

computat ions. These were part icular ly usefu l for atmospheres of large

op t i ca l  th i ckness . His  computa t iona l  scheme w i l l  be ou tl i n e d in  the

following sect i on .

Following these theoretical considerations by Mul l ikin and

Sekera , a computer program was developed to compute the X- and V-func-

tions and the K- and L-functions . Car lstedt  and Mull ik in (1966)  calcu-

la ted and published tables of X- and V-functions for the case of iso-

tropic scatt ering, which has the s ing ’e cha rac te r i s t i c  funct ion =

and only one set  of X- and V - func t ions .

Sekera and Kah le (1966) extended the computation to the case of t
Ray 1e igh -sc a t t e r i n~:. They publ ished tab les of the X- ann V -fu n~tiors

and the ~~
- and L- funct ions for a complete range of va lues  of and

p . These tables are reproduced here in the Appendix. The ir calcu la-

tion rind application are the subject of the remainder of this

di cse rta t i  on.
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C. METHOD OF C0MP UTI~ G THE X- AND Y-FUNCT IONS

Mullik ir (1962c , d) and Carlstedt and Mullikin (1966) have

shown how to solve for the X— and V-functions for the three cases dis-

cussed in the previous section. The portion of their discussion rele-

vant to the computer calculation of the X- and V-functions for Rayleigh

scattering is outlined below , in sufficient detail to enable the reader

to deve lop computer programs to perform such calculations .

CASE 1 -- Unique Case (~~4))

We will look first at the unique case , A with no zeros. We

define the following functions: -

e(t) = ~ tan~ [~~] (I1-4~ )

N(z) = exp 
{f ~

t)
zJd t  

(11-50)

where

A0(t) 1 - 2t2 I ~~t ) ~~~~(tLdt~~~ t~ (t)  in 
~ 

( IT - S i )

0



~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

and finall y

N(0) = 

{1 
- 2f~~(t) dt~~ 

1/2 

(11-52)

Then Chandra sekhar ’ s H— function (Chandrasekhar , 1960) can be

shown to be related to the N-function (Mullikin , 1964a)

H(~) = 
_ _ _  - 2f ~(t)dtJ ex~

[
~
f

~~t)] (11-53 )

Mul likin then shows that the X- and V-functions can be written

for outside [ - 1 , 01

X(z) = H(z) 
[1 

+ f(z) + zf  t~[f~t~ - f(z)] 
dt] 

(11-54)

Y(z) = H(z) 

[
~~(z ) + z f  ~~ ~~~~~~ dt] 

(11-55)
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where

~ (t) = [\0(t)]
2 

+ [~t ~ (t)]
2 ( 11-56)

and

f = ~~~~~~~~ g = (11-57)

p(z)  = - L ( p ) ( z )  4 

- 

( 11-58)

q (z )  = L( q ) ( z )  + exP
H~

.-
)
T/z ) ( 11-59)

and the operator L is defined as

L( p )( z ) = ~~~~P
(

() T/Zj  

/ 
H (t~~~~~Ht+ zj 

( 11-60)

The equations for p and q are Fredholm equations in the interval of

interes t , and can be solved by i teration. The convergence of these

itera tions is very rapid , and is faster , the la r ger the va lue  of r

46
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The rest of the problem is , then , just quadratures . This method is

good for all values of -r .

CASE 2 - -  Non-uniqjie, Non-conservative Case ((1) ~(2~

For this case the X- and V-functions can be written as

X(z) = H(z) = + f(z) + _ _ _  
f(z) :

(11—61 )

+ ~ f  
~~~~~~~~ ~~~~~~ dt] 

-

Y(z) = H(z) 

[
~ ( z )  + _ _ _ _  

g(z~~: g ( l/ k )

(11-62)

+ z f  ~~

where f and g are defined in terms of p and q as before , but p

and q are more complicated .

p h 1 
- ch2 q h3 

- dh 4 (11-63)
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where

h
1 

= - L(h 1 ) 
+ exp (- ~ )

h2 = - L ( h2)+zN( - z) exp (-~~-)

(1 1—6 4)
h3 

= L(h 3 ) + N~~0)~ exp (- ~~)

h4 L(h 4) + zN(- z) exp (- i-)

and the operator L is now

L( h )(z) = 
z exp (- T/z) f ~~~~~~~~~~~~~~~~~ dt ( 11-65)

These are , again , rapidly converging Fredholm equations.

The constants c and d are

4

,

= 
h 1 (l/k) + h 1 (- i/k) exp (- k t )  

(11-66)C h2(i/k) - h2(- 1/k) exp (- k-J

h3 (i/ k) - h3(- i/k ) exp (- kT)
d = 

h4 (l/k ) - h~fl/k) exp C- k-~~

48 
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CASE 3~~~~~~ -~~ i u e ,  Conservat ive Case (~~3) )

These results are derived from allow ing k to approach zero in

the above case. Now

X (z )  = H (z) 1 + [1 - zN(0)] f(z)

-Ti
+ ~1(9)d z + z f  ~t3 rf~t~ - f (z~~ dt~

(11—67 )

Y(z) = H(z) [1 - z N(O) ]  g (z )

1

- 
N(O) d 

+ ~ 
f ~(t)[g t~ - g(z)] dt

2 
Z j  H(t)~~~ t )  (t- zT

0

(11-68)
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where now the constant

l + M
d = - N( O ) - 

1 
(11-69)

t + 2 -f e( t )  
dt] 

- ~~~~ M4

and the constant c = 0 , and

— kt)h 1 (t)
= f  H(tJ ~(t) 

dt (1 1-70)

Thus a l l  the values of the X- and V- funct ions have been re-

duced to the solution of rapidly converg ing Fredho ir eq uat io ’~s rind

qua dratures. Once the X3- , X4- , V 3- , and  Y 4 -funct io ns have hn~n

calculated , the K- and L-functions are qu ic~ly calculated usino Equa-

tions 11 -40 through 11-46 in Section B of Chapter 11 . Frur tt .~ e

f u n c t i o n s , the solut ion to severa l problems in rad ia t i ve  tran sfrr can

be quickly determined . A description of how these functions c :r l he

used is given in the next chapter.
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III. DESC RIPT1O~ OF THE TAH LES -‘U D THEIR USE

In this chapter the tables of X- and Y - and H- and U—func t i ons

w h ich are given in the Appendix are descr ibed . The met hod of f inding

the Stokes p ~o r  -~tens from these fu ncti orr is - ‘ri tten out in de ta ~l

Other uses for the tables are a lso  suggest ec .  Final l1,  the accuracy of

the tables is discussed.

A. DE~ CR IPT 1 Od 0F THE TA BLES

Tabl e 1 in the Appendix con ta in~ the X - rin d V—func t ions  ~or the

i va 1ue~ 0.15 , 0.25 , 0.50 , 0.70 , 1.0 , 2.0 , ‘ .O, 8.0 , 16.0 , and 100.0.

The fun ct ions are l i s ted  for all . va lues f ro~ 0.00 to 1.00 in steps

of 0.02. Table U cont a ins  the rion~en t s  ~ne A -  and Y- func t io ns  of or-

der  ze~-o t ro.~et i n , for toe sun .e val’j, n as in Table 1 -

Tables 3 and -~ gi ~e t~ 
-
- rind L— ~unc t i ens and t icir m~nnents for

toe S~m€’ para r~et or ~ . A l l  val vs .. re g iven to fiv e figures. no dcci -

mal po rt  o~ the nui ber is fo l l~~-:ed H; r~ H and the po~-;er of 10 to ~.hi c ’

t He dcci ;ua l ~art s ho uld be ra iseth i . e . ,  O . l 7~ °? E-O l = O.0l74H2.

[or Ui~~ la roe s t  vri lue of l)~~ o p t i c a l  ~h i c ~.ness o isen  here

-t = 100 , all the X - and V—func t i ons  e ;~ e pt \ 3 end h~ ve e s s e n t i a l l .

reached th~ i r values for an at c ionph ere of infi r~ tc thi ckrc~ s (tue X—

func ti on s :d nroach the ~ furicti o ns [Chundra se khur , l~ 5O] and th~ Y—

funct i o ns approa c h ze ro ). In the conservat ive  case (X 3 and V - ) he

va lues of the X - and V - f unc t i o ns  appro ach their li nni t i  ng val ues as l/ ~
rather than ex ponent i a l l y  as in the other aces. Si nrc the values of
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the K- and L-functions depend upon X3 and Y3, they too have rot yet

reached their value for an i n f i n i te ly  th ick  atmos ph ere .

B. CALCULATION OF THE STOKES PARAMETE RS

For a plane—parallel atmosphere , Raylei gh-sca ttering atmosphere ,

the Stokes parameters  ~ ~‘z’ ‘r ’ U , V ) of the rad i a ti on emerg i n g

from e i t h e r  the top or the bottom can be wr i t ten as the sum of three

terms :

I (T; ~~~~
) = ~ (O ) (-r; 

~ 
~ 
+ ~(l) (-r; p, p0, ~ 

- 

~~
)

( 111—1 )

+ 
~~ 

p0, 2(
~ 

-

where , in the same manner as w i th  the scat ter ing and t r a ns n is s ion  ma-

tr ices and the Raylei gh -sca t te r ing  phase functi on , the f i r s t  ter m is

azi muth - ind epe nue nt , and the second and third tern s con tai n the el em ents

with the cosine or sine of (: - 

~~
) or 2(~ — 

~~
) , respect ive ly .  For

Raylei gh sc a t te r ing  U (0) i s  zero , as are al l  three V terms , so that

can be r-ejuced to a t~- o -  or thre e -e le m ent rma t r i x ,  In Equat ion

(111— 1) , (m , :) and  
~~~ 

:
ü
) are the sets of the usual direc t ional

par ar’eters of the O r mOl ing n i l  ati on C.. , ; ) and of the ext ernal

pa rallel solar radi etion 
~~~~ ~~

) i r em .I iat i ng the to p  of the a t - o s p h e r e .

For the up~ r rd  ra d i a t i o n , = 0 an d , .  is p o s i t i v e ;  fo r  the do- -.n-~ord
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rad iation , = 

~ 
(the total optical thickness of the atmosphere)

and o is negative. If ~nF denotes the net f lux of the external ra-

diation , then by combining Equatio ns (1-39 ) and (I-40)(def ining I in

terms of S and T )  with Equa tions (11-5) through (11-10) and (I1- ~ U)

(defining S and I in terms of the X- , V- , K- , and L-functions) , the

azimuth-independe nt terms can be written in the form [Cha ndrasekhar ,

1950; Sekera , 1963 , l966b]:

p,

+ ~~‘ 
- =

u~ °O~

= 
3 ~ 

~ 
[
~~~

(
~~) 

~~~o
) - L ( u )  .

(111 -2)

(0)I~ (T
1
; p , 1.10 )

- p ,  - p ) =

Tr (T l ; p , P U )

= 

~i~
’
i~

- ~~~~ 
1.1 

[K(p) • t ( n 0) - L (u )  
~

‘
~
(1.iO )] .

(111—3)
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where the two-by-two matrices K and L have the for~

(111-4)

(N K , L)

The fun csi ons h~ , L 1 are given in Tab~e 3 as functions of o for a

particular value of the par~ setei- :i an d for  = 1

Assuming the un p ol an i cod e~.ternal i r rad ia t ion  F Fr = l /2F 0,
then the azimuth-dependent ter m - s are , f o r  upward  r a d i a t i o n ,

1~~ ~(O ; + - 

°o’ ~ 
-

+ 0, - .

~~~~~
‘ ~

- - ;~~~ ) i~~~ o ; + ° ‘ 
- °o’ ~ 

- 

~~~

~~~~~ (0; + o , - p,~~, ç - 

~~
)

- p cos (~~~ 
- 

~~
)

~~~~~ (1 - 
2)~~

2
(l - ~1

0
~ (T 1 ;o - , 

~~~~~

- s in  
~~ 

- 

~~
)

(11 1—5 )
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-~~~, 2( 
- 

--

- 
2 cos 2 (~ -

= :~~~: 
(1 - 

~~~~~ ) 
cos 2(; - :~) 

r.~(?) (~~~; 
~
,

- 2~ sin 2( ;  -

I

( 111 6)

where C = (3/32) . -
~ F

M~ 
)
(~~~~; p ,  0~~) 

= X~ (~~
) X~ 

~~~~~~~~ 

- V~ (~ )Y~ (p 0
) (i - 1 ,2) (1 11-7)
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For downwa rd radia tion ,

- - -

- 
~~~‘ 

- po, ~ - = I
~~~

(T l ; - 
~~ , 

- p0, ~ -

u~~~(T i ; - - PU, ~ 
-

p cos (~ — 
~ 

)4Cp 1/2 1/2 0 
1= 

~~ 

(1 - 
~~
2
) (1 - ~g) 0 W (i

’
; n~

- s i n(~~- 40)

(111- 8)

I(2)(T ; - p ,  - p0, 2(~ -

+ (2) 
(T

1
; - p, - p

0, 2(~ 
- = I~~

2)
(T

1
; - p , - p0, 2(~ -

- p, - p0, 2(~ -

- cos 2(~ -

= C (1 - p
~ ) cos 2(~ - 

~~ ) W~
2
~(t 1 ; p, p0 )

2 p sin 2(~ -

(111-9)
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where

‘si , P
0
) = X 1 (p) V 1 (0 0 )

(111-10)
— V 1 (u) X~

(
~o
) (i = 1 . 2)

Il lustrat ions of the use of the tabl es to f ind the intensity of radia-

tion emerg ing from the top and botto of a p lane-paral le l  Rayleigh-

scattering atmosphere will be given in Chapter IV , Sec tion A .

C. ADDITIONAL USES OF T H E T 7diLES

The prima ry purpose of Ta b les 1 throu gh 4, as discussed above ,

is to provide numerical values of the functions needed to compute the

in t e n s i t y  an d pola r i za ti on parame ters of the ra di a t i o n  emer ging from

the top an d from the bottom of a plane-parallel planetary atmosphere

wi th Rayl ei gh sca ttering. Equations (111-1 ) through (111-10 ) give the

c o m p u t a t i o n a l  scheme for  th i s  a pp l i ca t ion .

In addition , the tables can be used to compute the fo l lowing

q u a n t i t i e s , men tio ned in  the f i v e  hea d ings  belo w.

(a) Chand resek ha r ’ s functions y~~~ (T ,  p), 
~~~ 
‘ ~ ), 

~~~~

These are needed to com p u te t he eff ect of ground re-

flec tions governed by Lambert ’ s l a w on the average intensity and net

fluxes of the emerging radiation . La mber t re flec t ion i s whe re the sur-

face r e f l e ct s unpolar ized li ght uniform ly in al l direct ions , independent
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of the direction and polarization of the incident lieh t. As sh .n U0

Sekera (1966b), these func tions can be computed fro m- . the val ues of

the funct i o ns K1 , L
~ 

and their zero and f i rs t  rir on men t s . Using t n -s  mo-

ment notation of Equation ( 11-46) ,  we can write [ b e ;c r r i , l~ 6 6L , [
~~.

(150), p. 51]

= Q~ [K 1 (~ , u) + L 1 (T , p) ] + 2 c 2 [K 2 (:,~.) + L
2

(T , o)]

( 1 1 1 — 1 1 )

= Q 1 [K 3 (T , 
~

) + L3(:, ~)] + 2.2[K 2(~ .,~) + L
2(T , ~

) ]

(III ~~- ‘-1

1 — ~1m1 [K 1 + K3 + L 1 + L3 ] — 2~ 2 1 [H H + L2

(II 1 — i s )

where

= ~ m0[L 1 (T , p) + L 1~ 2(i , ~)] ( I  = 1 , 2 ) (I 11-l .~)
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If groun d reflection is according to Lambert~s law w it h reflec-

tiv ity A , the terms that must be added to the intensity vectors

+ p, - 00) and f(O)( — p, - p0 ) have t he form

[Chandrasekhar , 1950 ,p. 279 ), for upward rad ia t ion

I (0; p, - 

°O~ 
=

I;

(111-15 )

1 -

y (T , o)
A p F

— y 0  ~~, 
+ -

~ 
(-t , p,., ) ]

4[1 - A s ( T ) ]  r

j

and for d ownwar d ra di a ti on ,

1 - y (i , 
~

)
A p E  95

I (y ~; - U, - P0
) = ~ a— [‘~~(~t~ ~~ 

+ y (
~~

, un)]
4[l - As(i)] r

1 — 

~‘ r
(T i u)

(111—16 )
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(b) The average intensity of the emerging radiation

This is defi ned as

J(O, p
0

) = ~~ ff [1~ (O; ~~~, ~
) + I~ (O; + p, ~)]dp d~

(111—1 7)

or

1 2ir

J(t1, p
0

) = 

~~~~~ 

[1 95(T1 ; 
- 

~~, ~
) + Ir(T l 

- p, 
~

)] d~ th

(11 1-18)

Upon inte gration wi th respect to ~ , these re duce to

~ m0[4°~(O; 
+ 

~~, 
- p0) + i~~~(o; + u , - p0 )J (111 19)
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or

~~m0[I~~~(i 1 ; - p , U 0 ) + I
~
°
~~~1 ; 

- p, - p0fl (111-20)

respectively . Sekera has shown [l966b , Eq. (l4Q), p. 47] that these

expressions can easily be compu ted in terms of the K- and L-functions

J(0, p0
) = (FOf4)[~~~~~Kn (Tl~ U0

) - 2] (111-21)

and

-1 /1.L

J(1 1, p0) 
= (F 0/4)~~~~~~L~~(T 1~ p0) 

- 2e J (111 22)

(c) Global Radiation , Gd and Hd

The downward global radiation , Gd , is the total ra-

diation reaching a unit surface area of a planet , and includes both the

diffuse sky radiation , Hd, and the direct (but attenuated ) solar ra-

diat ion , S. The upward global radiation , G
~
, is just equal to the

upward diffuse sky radiat on , H
~
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Oeirmend jian and Sekera (1954) give the following expre ssions

for downward radiation :

— 1

S = oF 0p0e (111-23 )

~F3o0 
- e~~~~

°] 

- 

(11 1-24 )

+ 

~~~~~ 
-

G
d 

= Hd + S = ~F0u0 — 
(III ..d~)

2( 1 - As)

T~ie up~.:ard radia tion , as given by Coulson (1959), is

H u 
= nFOPO [l 

~~~~O~~~~ r~
’0~ 

~~ 

A ]  
(111- 26)
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(d) Effect of ground re f lect ion governed by a~~~pera l law

of ref lect ion

The inte nsity matrices of the contribution to the

emergin g ra d ia ti on from g roun d ref l ec t ion  governe d by a more gene ral

law th an La m ber t ’s (see (a) above) can be expressed in a rather corn-

plica ted form containing the reflection rind transmission matrices.

Hence , af te r  a len g th y reduction , we obtain the expressions for these

intensities that contain the functions K1 , L 1 (i — 1 , 2, 3 , 4), as

well  as X~ , Y,~ (j 1 , 2). These exp ress i ons for Fresne l ’s law

(specular ref lect ion wi t ni partial linear polarization) can , for exam p le ,

be found in papers by Sekera and Frazer (1953) and Frazer (1965).

(e) ç~~puta tion of the characteristics of the internal

r ad i a t i on  f i e l d

The in tensity and polarization of the diffuse radiation

at any lev el within the atmosphere can be computed from the principles

of invariance tha t express the intensity vector of the upward and down-

ward radiation in terms of the dif fuse ref lect ion and transmission by —

the la yers above and below the reference l eve l .  Us i n g the di f fuse  re-
4-- )- -4-—).

flection and transmission matrixes S and I defined in Equations

(1-39) and (1-40) respectively, we have for the upward radiation at

the level ~(0 < T T 1 )
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+ 1 + _
~+ 

~~ 
lp) = S (-t

i 
- T ;  0,  ~P ;  p 0,  q~0) . Fe

+ 
~~~ CS(r~ - -r ; p ,  

~
; p ’ , 

~
‘) . p~ (-~; -o ’ , ~~

‘ ) }

(111— 27 )

and for the downward radiation

.3. 1~- ii , 4)) = ~~T(t; p, 4) ; p0, ~~
) F

i~~~ 
-).

+ ~ {S(T;  p ,  4) ; U ’ , 
~

‘ )  . p I ( t ;  + p ,

(111-28 )

where the symbol used for hemispherical integration is defined as

(F(U
’
, ~ ff F(p ’ , 

~
‘) d4)’ (111-29)
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These relations follow directly from the physical meaning of the dif-

fuse reflection and transm i ss ion  by the su b l ayers a bove an d below the

reference level . These equations can be expanded as before into two

equat ions for the azimuth-independent terms , and one for each azimuth-

depen dent term . These integral equations must be solved by successive

itera tion ; to compute these iterations for the azimuth -independent

terms , we need the K.— and L 1 -functions for the optical thicknesses

-r and -r.1 - -t , and for the azimuth-de pendent terms the functions

X~ , Y .~ (I = 1 , 2).

The foregoing list of possible uses of tabulated functions is

by no means complete . The app l i c a ti ons ment i one d shoul d be regar ded as

selecte d examples .  One can eas i l y ex ten d thi s l i s t to i n c l u de other

applica tions. For example , the tables can be used in problems of mi xed

scattering in whi ch the phase matrix is the sum of a Rayleigh scatter-

ing mat r ix  an d an a ddi ti on al ma tr ix  re p resenti ng contr ib u t ions  from

isotropic , neu tral (molecular anisotropy . resonance scattering), or

aerosol (turbid atmosphere ) scattering. However , some of these a pp l i-

cations cannot be carried out yet , as the ex p l i c i t  formu l as r e q u i r e d

have not been developed.

D. ACCURACY OF TH[ TABULATED VALUE S

There are seve ral relationships that should he satisfied by

the func t ions K 1 , ~~ X 1 , Y 1 (1 - 1 , 2, 3, 4) or their moments , and

we have used them to check the accuracy and intern al consistency of the

com pu ted va lues  of these f u n c t i o n s .

65 

~~~~~~~~~~~~~ --
——--- 



- 55---~~ . 5 - - - -- - -- - 5—-- , ---—- -- _S- . -~ --- - - 
__

From the physical fact that the neutral lines (i.e., the lines

where 1r = 1 95 or Q = 0) must pass through the zenith or the nadi r

at 45° to the sun ’s vertical (i .e., Q for ~ - = 45° must approach

zero for p - 1), it follows that the K- and L-functions for =

must sa t i s fy  the cond i t ion

K1 
- K3 = K2 

- K4 
= L1 

- L3 
= L2 

- L 4 = 0 (111-30)

It can be seen that all five significant figures of the tabu-

lated values satisfy this con dition for every T . This accuracy

may be compared wi th  the accurac y of p rev i ous com pu ta t io ns

[Chandrasekhar and El bert , 1 954 ; Seker a an d Blanch , 1952 ], as shown in

Table A.

The relations for the mom ents of the K- and L- funct ion s can be

deri ved from the l inear constraints on the solution of the in te ~ ral

equation for the azimuth-independent terms of the ref lection and trans-

mission matrices [Sekera , l 966b , p. 49]. If we introduce the fn l l ow ~ng

abbreviat ions for the moments

~~~ = 
~~ 

mn[Ki + K
~+2]. 

Q~~ = ~ii,1[L 1 + L1~ 2i (i = 1 , 2)

(11 1-31)
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then these r e l a t i o n s  have the form

k~~ + 
(0) 

= 1 ( 111-32 )

2k~°~ 240) = 1 (111-33 )

E 2[k~~~ - z~~ ] - T[l - k~°~ + 95~0)
] = 0 (111-34)

0 4 [k~~ - ~(l)~ T[l - 240) + 240)] = 0 (111-35)

I

The left side of Equations (111-32 ) through (111- 35) are tabulated for

dif ferent ~ values in Table B. The larger deviat ions from zero for

lar ge values of ~ resu l t  from th e loss of si gn i f i c a n t fig ures in  the

checking process rather than from the inaccuracy of the moments . The

moments of the X - and Y-funct ions must sa t is fy  two sets of relat ions.

For the charac te r i s ti c f u n c t i o n s  of th e form

= a + bp 2 (111-36 )

we have the relation [Chandrasekh ur , 1950, p. 189]

LE
O 

- 
~~ [a(~~ - 

~~
) + b( ~ 

- 

~~)] = I (111-37 )

6 /
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where cr
11
, 
~ 

stand for the n-th moments of the functions X and Y ,

respectively . Since a = - b = 3/4, for X3, Y3 and a = - b = 3/8

for X4, Y4 , we have

N1 (c~3)~ 
- 

~~
- [(ct~~)~ 

- 
(~~~3

)~~ 
- (C~3

)~ + (83)~] 1 (III 38)

N2 (~4)~ 
- 

~~~~~~
[(

~~~4
)~~ 

- (~4)~ 
- (c14 )~ + (8

4
)~~~] 

= 1 (111-39

where

~ i~ n 
= m~[X 1 ], ~ i~n 

= m~[Y 1 ] (111-40)

stand for the n-th moment of the functions and Y 1 , respectively.

The left si des of Equations (111-38) and (111-39) are tabulate d in

Table C.

Anoth er set of relat ionships follows from the identity satis-

fled by any set of the X- and Y-funct ions [cf. Chandrasekhar , 1950 ,

p. 187 ; Sekera, 1966 b , Equa tion (54)]. If we use for the mo dified

moments the f o l l o w i n g notat i on:
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- -

= f  j~~~(t )  x 1(t ) t~ dt, ~(i) = 
f~

( i ) (t ) Y1 (t) t~ dt

(111-41)

then 

1 

‘

2x~~ - ~~~ + y~~
2 

= 2 f  V~~~(t) dt (111-42)

•

0 .

The modif ied moments x~ and 
~n 

can be expressed in terms of the

ordinary moments , defined in Equation (11-46) by substituting in

Equation (111-41 ) the expressions for the corresponding functions. In

this way we obtain

for X 1 : 
= 

~~ ~~ 1~n + ~ l~~+2 
- 2(

~1 )fl+4], 2 f
~~

1) dt = 0.70

(111-43)
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for X2: x~ = 
~~~~ ~~~~~ 

+ 2( 
~2~n+2 

+ 

~~2~n+4~ ’ 2 f  (2) dt = 0.70

(111—44)

for X3: X~ = 
~~~ ~3~n 

- 

3~n+2~ ’ 2 f  ~~~~~ dt = 1 .00

0

- 

(111-45)

for X4: x~ = 
~~~ [(a4)~ 

- 

~ 4~n+2~ ’ 2 f  -~ (4) dt = 0.50

(111—46)

The expressio ns for are obtained from Equations (111-43) through

(111-46) by replacing cz by ~ . Ta b le D g ives  the v a l u e s  of the

left side of Equation (111-42) corresponding to ~u’ious optical thick-

nesses for the f un cti ons X 1 , V 1 (i 1 , 2, 4). For i = 3 , the l inear

constr aints on X 3 and V 3 lead to the relationshi p

x0 4 = 1 (i1i- ~ :)
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The value s of x0 
+ y0 for various optical thicknesses are also given

in Table 0. The relations in Equations (111-38), (111-39), (111-42),

and (111-47) allow accuracy checks of the moments of even order up to - ‘
p = 4 for X 1, Y 1 , X2, Y2, an d of the order 0, 1 , 2, for X3, Y3,

X 4 , V 4 . Ic check the accuracy of higher moments , one can use the fol-

lowin g relations [cf. Chandrasekhar , 1 950, p. 188; Sekera , l966b , Eqs.

(88) and (89)]:

(1 - x0)x2 + y~~2 + ~~~ (x~ - y~) = f  ~(t)t
2dt 

- 

( 111-4 8)

for X~ , V .~ C i = 1 , 2, 4), and

(x2 +y 2)(l 
- x0 +y 0) + (x~ - y ~) = (111-49)

for X3, V3 .
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Table A 
*

COMPARISON OF THE ACCURACY OF THE K 1- AND L1 -FUNCTIONS FOR ~ 
= L00

IN VARIOUS TABLES WITH THE USE OF THE RELATION IN EQ. (111-30 )

K
1 

- K
3 

K
2 

- K
4 

L.~ - 13 
L
2 

- L
4 

Authors —

0.15 -.0001 1 +.00005 -.00010 -.00017 Chandrasekhar and Elbert ,
1954 -

.00001 .00000 .00001 - .00000 Sekera and Blanch , 1952

.00000 .00000 .00000 .00000 Present tables

0.25 -.00011 +.00009 - .00009 - .00016 Chandrasekhar and Elbert ,
1954

-.00006 - .00000 - .00005 + .00000 Sekera and Bl anch , 1952

.00000 .00000 .00000 .00000 Present tables

1.00 — .00967 -.00018 -.00535 + .00l 79 Chandrasekhar and Elbert ,
1954

-.00054 + .00001 - .00025 - .00016 Sekera and Blanch , 1952

.00000 .00000 .00000 .00000 Present tables

5-5 - - --- - ~_±~
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Table B

ACCURACY CHECK OF THE MOMENTS OF THE K1- AND L1-FUNCTIONS BY USE OF

THE REL ATIONS IN EQS . (111 — 32), ( 11 1—33 ), ( 111—34) , AND ( 111— 35)

-r M
1 

M
2 

M
3

0.15 1.00000 1.00000 0.00000 -0.00000

0.50 1.00001 1.00000 0.00000 0.00001

1.00 1.00000 0.99999 -0.00000 0.00000

4.00 1.00000 1.00000 -0.00002 -0.00005 
- 

-‘

16.00 1.00001 0.99998 0.00005 0.00030

100.00 0.99999 0.99999 -0.0010 -0.0015

_____ - . - . - - - ~~~ —~~~- ~~~~~~~~~~~ — ~~~~~~~~ - 55 —- —5-5-5- 5—----—— -5-
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Table C

ACCURACY CHECK OF THE MOMENTS OF THE FUNCTIONS

X .~ AND Y .~ (i = 3, 4) SATISFYING THE R ELATIONS
IN EQS. (111-38) AND (111— 3 9 )

For i = 3: For i ~~4:

-t N 1 N2

0.15 0.99999 0 .9999 9

0.25 1.00000 1.00001

1.00 0.99999 0.99997

4.00 1.00007 0.99992

16.00 1.00004 1.00024

100 .00 1.0000 1.0000
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Table 0

ACCURACY CHECK OF THE MODIFIED MOMENTS OF THE FUNCTIONS X .~ ‘ V
1

(i = 1 , 2, 4) FROM THE RELATION IN EQ. (111-42) AND OF THE FUNCTIONS

X 3 AND V 3 FROM THE RELATION IN En . (111-47 )

2x0 - x g + y ~ x0 + y 0

-r 1 = 1  i = 2  1 = 4  i = 3

0.15 0.69998 0.70001 0.49999 0.99993

0.50 0.69998 0.70001 0 .50001 0.999 97

1.00 0.70001 0.70001 0.4999 8 1.00003

2 .00 0.70000 0.70000 0.50001 0.99999

4.00 0.70002 0.70001 0.49998 0.99997

8.00 0.70001 0.69999 0.50002 1.00000

16.00 0.70001 0.69999 0.50002 0.99999

100.00 0 .7000 1 0.70000 0.50002 O .9999r

2 f ~~
(x) dx 0.700000 0.700000 O .5000O ’

~ 1.000000

75

5- .- - - - 5 - - -— - - --5 - - - - - —S. 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 55 -5



_ 5-_ _~~~~___Iw -~~~~--- -~~~~~ ——--55- 55-5-5- 5-5 --5- .~~ 555555-5 -55 -- - - — -  -5-- - 5 5 - -

IV. SOME A PPLICA T I0N~ OF THE TABLES

The purpose of this chapter is to briefly illustrate the type

of infonnati)n which can be obtained from the so lut ion to the ra d i a t i - ~e

transfer problem as represented by the tables of X- and Y- and K- and

L-funct ions. A more complete descr ip t i on can be found in the p~bl is ned

papers of Kah ie (l968a , l968b).

A. INTENSITY OF EMERGENT RADIATION

In this sect ion we shal l  exa mine the charac te r i s t i cs  of the in-

tens i ty  of the ra di a t ion eme r g ing from the upper and l ower bound aries

of a p lane-paral le l  atmosphere for a range of external para nete rs (so1~ r

eleva ti ons , ground reflec tivities , angle of emergence) for the ent i re

domain of the opt ical  th ickness.  Chand rasek har and Elbert (1954)  and

also Coulson et a l. (1960),  publi- ;hed tables of the intensity and po-

lar izat ion parameters (Stokes parameters) for radiat ion e m rergin g from

the bottom and top of the atmosphere for i < 1. Sekera (1957) has

i l l u s t r a ted graphically many of the features of the polar izat ion of the

downwa rd rad ia t ion , an d Coulson (1959) has shown graphs of the upward

intensit y and polariz ation for the same optical depths. Dave and

(1966) h ave also shown a few of the main features of the in-

s i t .  , r  I p o Ta r~~ i t i r r i values graphically for larger optical thick-

1). .-~. . -. - , ~~~r’ ri~s u l t ’  p resrn t nJ  ~cr e  are t h e  f i r s t

~( C) 1’) ii 
- ~~~~d1 t1on L e , n1~~
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f ro - !  ~~~~~~~~~~~~~~~~~~~~~~~ rin~~atmospherc - of ~arge opt ical

t h i J i  ss The opt ica l  th ickness of a Ray le~gh atmosphere is strong ly

dependent upon the wave length , :, [Dei rmendjian , 1955]. The intensity ‘ 
-

-

depends upon the optical thickness, i (and thus indirectly, the wave-

length , ) ,  upon the angles of inc i dent radiation , 
~ 

(zenith ang le)

and 
~ 

(azimu th ang le), upon the angles of emerging radiation , 9 , ~

and upon the ground reflectivity , A . We assume Lambert reflection

and allow tL e re f lect iv i ty  of the ground to range from A = 0 (total -
~~

absorption ) to A = 1 (total ref lect ion) .  The effect of ground re-

f lec t iv i ty  is to add a term to the intensity , I , wh ich consequently

change s the percent of po lar izat ion , ~O , but the polarization

parameters Q an d U are unchanged , since a depolar iz ing ref lect ion

is assume d (cf . Chapter III , Section C). Only the intensity , I , is

examined in  th i s  sec t ion .

An inci dent radiation of unit intensity per unit area is

assumed throug hout this study . Figures 1 and 2 il lustrate the plane-

para llel approximation. The intensity vectors of the scattered radia-

t ion  emer ging from the upper and l ower boundaries of the atmosphere for

a spe cif ic set of parameters , t = 1.0 , O
~ 

= 53.130 (p~ C05 =

0.6), A = 0 , are shown in the principal plane--the plane containing the

sun , the po in t  of observa tion , and the local vertical . The direct

solar rad iation , which decreases exponentially with optical thickness

as the rad iation travels through the atmosphere , is not include d. Fig -

ures la and 2a show dia gran iatical ly how the directions of the upward

77
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Fro m the
sun

N 
Point ~Observ atiOn 7

.5 .4 .3 . 2 .1 . 2 .3 .4 .5 ( 0 )

Plane paralte l - N
atmosphere 

~ AnU - solar

~~~ ‘Tianet 
- -

( b )

.......1 L I L I I I t _... j  1 1 1 I I I I I
90 60 30 0 30 ~ 60 90

Anti-so lar point
Nadir distance (d~~rees )

Ft p—. . 1 — —  R l d i d t i . - t m t g i n g  f r o m  ihc t 4 ~p of t h e  a t m o s p h er e  ~- i t h  ~ 1.0 ,
5 3 .  13 , ~j i id A — 0; ( a )  ve c  b r  r e p t t . s cnt . i t too , ( h )  g r a p h i c a l

I 0 t t i ( f l .
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From the
sun

N Plane - ~ ralieI
~~~~~~~~ ‘ 

atn~osphere

0.5 0 4 0 3  ~~~~~ 

- 

~~~~~ 0.3 0.4 0 .5_ _

observation

Sun
Zenith distance (degrees)

Fi g .  2 —- R a d i  41 U n  erm- r~~inn f rom the bottom of the atm~sphere wi ft ~ = 1 . 0;

S 3 . I~~, and A 0 ; (a) vector  rep resen ta t i o n , (b )  ~ra i h ica 1

tepi ‘-bCfil~aL ion .
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and downwa rd emergent radiation are related to the model. Fig ~ res lb

an d 2b show the s ame data in a form sui table for compar ison and inter-

pretation. The var ia t ion w ith ; , the azimuthal ang l e , will a lso be

considered .

The height of the atmospheric slab in these fi gures i s mere ly

dia gramat ic . No geome tr ic  hei ght i s de te rmine d s ince  the rad i a t i on i s

a func tion of optical thickness only. For downward radiat ion the actual

he igh t  i s p r a c t i c a l l y  i mmater ia l  exce pt for the effect i t has on th e

vali dity of the p l ane-parallel approximation. When m aking measurements

of upward radiation , however , one mus t be hi gh enou g h a bove the p l ane t

to be above substant ially all of the atmosphere , yet at the same tim e

low enou gh that the planetary surface below is well approximated by a

plane surface .

Alternatively, for observa tions from great distances , the emerg-

ing radiation can be approximated by parallel radiation. Sekera and

Viezee (1964) made calcula tions of the intensity and polar ization of

such radiation for -r < 1 , still us ing the plane-par allel approximation

but moving the point of tangency to each point of the observed d isk.

This method becomes less reliable as the ratio of the geometric thick-

ness of the atmosphere to the planetary radius increases. For inter-

mediate  d is tances , where nei ther approximation is valid , as for i ns tance

at the altitu de of the ATS satellites at three earth radii , each case

must be calculated wi th its own particular geometry .

We can investi gate how the intensity , I var ies with optical

thickness , direct ion of inci den t light , and ground reflectivi ty . We

will cons ider here the downward case , the i ntensity of the transm itted

80 
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skylight as would  be seen by an ob se rver  at the p lan e t s sur face ,

assumi ng unit incident radiat ion per unit area , at the top of the

atmosphere .

Wi th the sun in the zenith the intensity must , by de f in i t i o n ,

be sy~ iet ric around the local vertical; there is no azi m uthal (:)

var ia t ion.  Therefore , only half of the princi pal plane need be j ll - j~-

t rated. Figure 3 shows the var iat ion wi th both opt ica l  th ickness ,

and ground ref lect iv i ty , A , fo r  t h i s  case of th~ sun in the zen i th .

The l e f t  h a l f  of the d ia gr am p resents the in tens i t ies  fo r A = 0 and the

t values shown ; the right half shows the intensiti es for the s~ne

values and A = 0.8. In both cases we see the maxi m um intensity in the

zenith is at a b o u t  -r = 2 , w hi le at the horizon t he u~ i~~ -; is a t about

T 1 . For smal l  -r the in tensi ty is gre a tes t a t th e h o r i z o n , b u t

by -r 1 the intens i ty becomes grea test at the zen th. Even for

-r 100 there is still a significant amount of radiation that pene-

trates thro ugh the a tmosphere to t he p lanet ’ s sur face. The effect of

a h igh  ground ref lec ti vi ty  is to incr ease the in tensi ty su b s tan t i a l l y

(by roug hly a factor of 2) for all values of i , an d at all zenith

angl es. For moderate optical thickness (-r = 0.5 to -t = 4)  this

incre ase of intensity is consi derably greater near the horizon than

near the zeni th , si gnif i can tly chan g in g the shape of t he i nt ens i ty

curv es. - 

-

Whe n the sun is not in the zenith , the a x i a l  symmetry a bou t the

zeni th is , of co ur se , lost , the only obvi ous  syn~netry remaining being

across the princ i pal plane . As an example of nmodera te solar zenith

ang le , we w i l l  e xam ine  the r a d ia t i o n  when = 53 .130 
~~~~~~ 

= 0.6).

81

- - - —  - 5-- - -  - 5 . — —--- -—- - - 5 5-  —-5



(A . .o.8]

0.1 -

1.0

0.6 - 
0 .50

8.0

0.5 -
‘.1
C 0.15
C 0 4 _  T
- . 

‘
~

- 0 
~~

0.3-

8.0

0.2— 0.50

16.0

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

Sun
Zenith distance (degrees )

F i g .  3 —— m U  I ly  of dounward  r a d i at i o n  w i t h  sun  In t h o  ; -on i t  h



- - — . -- . - -_ -  - -r — -  - -- 5- --

The int en .~ity in tne pr inc i~~ 1 p1 me -..ith u S  d ;ara eter i S

in Fi gure 4:1 for A 0, and in Fl 9i~ Th ‘ -~~ A 0.8. -th coY
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around w i t h  onl y a r e la t i ve l y  s l iq ht  d e cr c a c e  w i t h  incre a s i r -g d i c t i nce

from the princi pal p lane.

There is an unexpected feuture in Fi gures ha and 5b that con-

t inues through al l  the ca lcu la t ions  of Lath intensi ty and po l a r i za t i on .

This is a symmetry , on the horizon only, arou nd the = 900, = 2700

line , that i s , the line perpend i cu lar to ti .u princi pal plane , thrcu~h

the point of obse rv~ t ion.  in the other fiq un -es one can also see this

effec t , in that both ends points of each c~i u -se ( = 0° and  = 180 0

= 9g 0) are at the same sa lue. The reason for this c~.’ .n-et ry i s  n ot

c lear .  Si u -Ice it only occurs on t i e horizo n , - - here the ~- 1 : u : c - p a r a i  lc-1

approxi mat ion loses its ~al id i  t~, for a pl ain tar -- , a t: c-s;:h~ rc- . it ~;il 1

probably r o t  be o-L- ser-i ei in a real o t r - :ocpherc ’ .

The resul ts  for on~y a ~c , - ; r - : p r e s e r r t e t i v e  c-c1u ~s of the soL: ’-

zenit h e n - i c  u-n d g rc : r ; ’ J  rnfl ect i -, it ~ have L-nr :  i J i u ~ t n  uti - J -~~r a .

the i rt t~;n i ty of t n -  re - n i t  r r d iatio n c i ,  0 dete ’~ :~~J f tha

tables i i , the Append i \ for any desired values of these par air ete rs. Siniii -

b r  rc- - - ultc for t ’
~~- I, -~ r J  int er - i t , ,  as 1o uid ~e C a S u e - U  Ly ~ in - . -.-

o r t - i t i r : ; s5 tt- ’ l it r , c - n t  a lso in  de r ived h o : -: t e  toHes . L u ’ ~-.ill i c t

be ill USt I tee h~: i n .  -
- e x e  :1 c-s of t O  uj  ia cc i n t c  , S i t ’ , ar ~ q~ .‘e’-

i i i  tiu ~ ;e~~
,-r H hahl e (1 ~c-~h) . c i  ~i r  is e; nod aL e - c i  C :r .;~ - -c’-~~i ‘. fl.

A h y l e iqi- s ca t t- r in o at c ’ S i l u’n&- i i  o r n l~ en : : ; - : - Y \ m  it l i- fl , of

coursr , to an .- r n l  pl a r n  t n v  ati-: os p-n - - . T i - ( Ip ~~l i c a L H 1 - .  (~ (‘ i S

appro~i :ra ’ l i - ri and its ii j t~ ti o~n have t a i l  dis cust -od i n  J~ t a i1 c-i so-

w h i -n -~ (se e , f o r  c~o i’ :11e , C I h i -i han , 1950. ni~:n - r - - e ’ i r i e r . i~~H, 1tY -~~

hoz unbe ry , l On C; ~i-Hra , 1 s7). It is h i d - : t t ha t  c - e n  i- ;hrn. a real at -

u onphc ’ i - : d i i  t i - n  o r ic~~L r ub l y f ruci a Ra y lei-l’r- s ~ t -u ’ inrt 1 am nis ; hen -r
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usefu l info rmat ion can be yai r i~ d by comparing it w i t h , oH not iny t n-c

di f fere nce from , the theoreti cal model

B. GLOBAL RAD IAl IOIJ

Global radiat ion , i n  the sense used here , is  the total  radia-

tion of a given wavelength reaching a unit surface area of a p i a r e.

an~ includes both the directly t ransmi t ted solar radiation and the dif-

fusely scat t e red rad ia t ion  from the ent i re  sky . The d i f fuse part is

ju st the hec - i  s phe r i ca l  integral of the d i rec t iona l  irten sit ii lus-

t rated in t i c -  previou s sect ion.  The re la t i ve  g lobal rad ia t ion  is

usuall y ex pressed as a f rac t ion  o~ the radiat ion inc ident  at t he t o p

of t he a t r : s p h e r e  H thin a g iv e n sp e ctr e 1 ra iv j c- . Sate l l i  tes r ca-i cc ’

r - -easure the u ;wuri g lobal radi ati ~n cr: e~-g l rig f i  UI a uti i t sor~ace a t-ce

a t  the  tip at  the a t : - c - :  here’ , so (.0 d is t i r i y~ it h batu -~ rt up .  i ra and

t:, - , :ac rJ g l r t ab  rad ia t ion .

W e d S S j i  e an i n c i d e n t f lu- . of paralle l rad i at i on f r c  - t ’ :e sun of

units l ia r C l i  t area ~:erpnHi cu1cr to the direction o~ I nc H 5ati Ofl~

= 1 . 1 us it  an - ca of t I: - top of the a t::c:ch- l: n’e us reca: i \ ‘c -s

uni t -  , O le- i is th CO S IriC ci the sol on r- ith - cist c -:~:

i S o  y le L 1 i n tj  at i  0 -  Cdli S€’ f : : i n ~d f n ~n t - Equ ations (I 1 - 23) t I- roug h

(1 I J - ; - 6 ) .

In  [ i : J iI ’ i- 6 -.- .- - Si : : ‘,I or : a ln - L - log scale t im- nun r. h a t  i o n 5 , the

dv’,- :ncai i’d d I i YI - - Si  
~ radi a ti on Il ~ , ari d the II I - . rd di f f i isc -  n’ad i tic ’ :

as a f u ruc t i u r  O t  o p t i c a l  ( h i d  inn s  fer vi , t i c a l  i r ic - id eu c e o~
sola r rudi - i t  ion a rid no q i - Oun il r e f l u c t i v i  ty. The so- : of t h e  three

( i I ~ ~:
lO t i C l I t • i far art:,’ given o p t i c - a l  I i  ick ,o~~S nutun t Li:, dc - f  liii ti on equa l it -
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incident radiat ion ~F0~0 , or in th is case just . For the c c r t i i c u a -

tion of these curves in the di re c tion of smal l e r  i , see Ueirnrenji an

and Sekera (1954). It can be seen that when the optical th icHiess

reaches 4 , the direct solar radiation is an order of magnitude sr aaller

than the downward diffuse radiation , and with incre a sing optical thick-

ness it rapidly becomes neg ligible. Although the upward radiat i on is

approaching -i asymptot ica l ly ,  there is st i l l  a measurable amoun t of

downward diffuse radi atio n (almost 2 percent ) at o = 100.

As wi th the I ntens i ty in the previous sect io n ic  ~1 11 exd r c~ ne

only a couple of ex am ples of how the g loba l rad ia t i on  -.-e r i es  w j t h  tb::

parameters , solar zenith angle and ground re f lec t i~- i t y .  ‘- ‘- c - re e . c - - p i es

of these var ia t ions are given in the paper by hah le (lti- ;
~~), and again ,

of course , calculat ion over the complete range of parameters is possible

From the funct i ons  given in the tables of the Appendix .

The variatio n of the diffuse downward radiation hid~ 
for an

an g le of i ncidence an d no g roun d r e f l ec t i on , is  shown in  Fi g u re 7 .

This radiation shows an interesting chanqe with solar zenith-distance .

The peak f l u x , at about ‘c = 2 for vert ical  incidence , moves to

s m a l l e r  i wi th incr eas i n g so la r  z e n i t h - d i s t a n c e , u n t i l  for 00 880

it has move d be l ow i = 0.15 . The peak is caused by the balance be-

tween the increased scat ter ing as path -length through t 1re atmosphere

increases , and the reduction of t ine total l ight penetrat ing to lower

levels as optical thick n ess increases.

We n ex t consi (icr the effect of grou nd reflectiv ity , again

assuming Lanibcrt ’ S l aw .  Fi gure 8 shows the downward d if fuse rad ia t ion

as a func tion of t for various values of A an d  for 1
0 

= 1.0.
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(Other values of 
~~~~ 

merely reduce the flux in a ~ay si ri i l ar to t~~t

shown in Fi gure 7.

This downw ard radiation shows a somewhat unexpected ~ciitjre :

for very large surface ref lecti vities there is more radiation ir~~in gin g

upon the planet ’ s surface at the bottom of a thic k ati cspher~ ~h3n is

incident a t the top of the atmos p he re. For A 0.95 this is true be-

tween r = 2 and 7. For total ground reflectivity , A 1 , this

phenomenon occurs for all larger tLun 1.5 , ar d for T Thrger than

8 the amount of downward di ff Ll~e rad~~tion beco~Es com pletely inde~en-

dent of optical thic kness. It seems pura dox ic a l a~ first that the

amount of ra d ia ti on i nci dent a t th e sur face of a p~anet that is covered

by an atmosphere so thick that a neg l iqible aro unt of direct so~ar ra-

d ia t i on  can pen e tr ate i t  can excee d the amount of r adi at ion i nc id en t a t

the top of the atm osphere. However , thi s is just because the radiation

which does rea ch the bottom surface becomes partly trapped between the

perfect reflector below and the diffusively reflecting a tmosphere above ,

undergoing multiple reflection s before eventually escaping to space .

That there is no violat ion of energy conservation can be

demonstra ted by cons ide r i ng  the f l uxes  i nvo l ve d in  the ener gy balance .

The total radiation incident at the l ower boundary does not represent

a flux through it unless A = 0.

These results have been presented in a genera l form so that they

can be app lied to a variety of p ro b lems . The p r i nc ip al par a me ter ,

opti ca l th ickness , is related to the wavelength of the radiation by
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~~~, dz (IV-fl

where z is the ver tical coordinate. The extinction coefficient ,

i s  pro por ti onal to ~~~~~~~ Thus one coul d equally well assume

that wavelength is the inde pendent variable in the flux curves. For

example , the optical thickness of the earth’ s molecu lar  a tmos phere
0

ranges from about -r = 0.454 at A 3750A (blue ) through - T 0.15
0 0

for X = 4950A (green) to -r = 0.0173 at A = 8350A (red)

[Deirmendjian , 1955]. In Figure 8 we see that the downward diffuse

flux at -t = 0.5 (blue ) is severa l times larger than at -r = 0.15

( green) , and from the work of Deirm endjian and Sekera (1954) we see

that the flux continues to decrease down into the red. Thus most of

the energy of the skylight will be in the blue region of the spectrum.

(Deirmendjian and Sekera obta i ned q uan ti tat i ve resu l t s  b~ includin g the

spectral distribut ion of the incident solar radiation.) If one were

next to assume a much thicker atmosphere , several times as thick , op-

t i c a l l y , as the earth ’s , then each re gion of the spectrum would shift

to a correspondin gly higher optical thickness. This would place the

v isible part of the radiation beyond the peak of the flux curve in

Figure  7 . Hence the spectral characteristics of the diffuse sky radia-

tion would be chan ged , and a much greater portion of the emerg ing

erwrgy would lie in the red .
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To make accurate predict ions regarding a real p1~ nntary atmos-

phere on the basis of the foregoing analysis , it is necessary to know

how the atmosphere departs from i deal i ze d con diti on s. One r u~ t co n-

sider how closel y the atmosphere corresponds to a Rayleigh -scattering

a tmosphere , and how the ref lect ion char ac te r is t i c s  of i ts lome r surface

(ground or cloud l ayer) depart from Latnbert ’ s lam. C o n v e r s e l y , as more

data are gathered on the optical properties of an atmosphere , the dis-

crepancy between the observed and the predicted v~ lues ‘~ii ll pro vi de in-

formation abou t other physical pr ope rt i es , such as atmDspHri c turbid-

ity , true absorption and re—emission of light , varia tions of the cc-i-

posit ion of the atmosphere wi th hei ght , and the nature of th~ qr~ und

surface.
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APPENDIX

TABLES OF SCATTERI NG FUNCTIO N S

Table 1: X- and Y-Fu nctions

Table 2: Moments of the X- and V-Functions

Table 3: K- and 1-Functions

Table 4: Moments of the K- and L -Functions
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Tabli 1 
~~ ANI) ‘1-FUNCTIONS (-

~ 
o .i~~

X 1 11
0.00 O.I0000F 01 0. 0.300001 01 0.
0.02 0.103781 01 O . t ’ ~7 7 3 1 — O 1  0 . 1 0 20 9 1  01 0.12265 1—01
0.04 0. 10 5 5 2 1  0 1 0 .555981 — 0 1 0. 10361 1 01 0 . 4 7 4 5 4 1 — 0 1
0.06 0 .107171 01 0 . 1 3 0 / l i  00 0 . 1 0 6 7 7 1  0 1  0 . 1 1 7 3 1 1  00
0.08 0.108421 01 0.21411’ ( 00 O .10566E 01 0 .197771 00
0.10 0.109381 01 0.295611- 00 0 .106341 01 0.275131 00

0.12 O.1 L0 1?E 01 0.367941 00 O. IC o8 TF 01 0.344631 00
0.14 0. 11 0 7 21 01 0.431471 00 0.107301 01 0.’.0581E 00
0.16 0 . 1 1 1 2 1 1  01 0 . 4 8 6 64 1  00 0 . 1 0 7 6 6 1  01  0.459021 00
0.18 0 .111611 01 0.534951 00 0.107951 01 0.505671 00
0.20 0 .11 1051 01 0.577081 00 0 .108201 01 0.546381 00

0.22 0.312 24 1 01 0 ,614291 00 0 .108411 01 0.58235 1 00
0 .2 4  0.111501 01 0 .647171 00 0.108591 01 0.614171 00
0.76 0.112 721 01 0.676471 00 0 . 10 87 5 1 01 0 .642521 00
0.78 0. 112911 01 0.702701 00 0.108891 01 0.667921 00
0.30 0 .113 08 1 01 0.726271 00 0.109011 01 0.690741 00

0.32 0.1 132 31 01 0.747621 00 0 .109121 01 0.71 1421 00
0.34 0. 113 37 1 01 0.766951 00 0 .10922E 01 0.730F5E 00
0.36 0.1134)1 01 0.784621 00 0.109311 01 0.747271 00
0.38 0. 11 361 1 01 0.800751 00 0.109401 01 0 .7f ?91E 00
0.40 0.1 1 371 1 01 0.815591 00 0.109471 01 0.777291 00

0.6? 0.113 801 01 0.829251 00 0.100541 01 0.790541 00
(1.44 0.113 8 ) 1 01 0.841881 00 0 . 1 00 6 0 1  01 0.802791 00
0. 46 0 . 1 1 3 9 7 1  01 0.853601 00 0.109661 01 0.~~141SE 00
0.48 0 . 1 1 4 0 4 1  Cl 0.864471 00 0 . 1 0 9 7 1 E  01 0 . 1 2 4 7 0 1  00
(1 . 50  0 . 1 1 4 1 1 1  0 1 0 . 8 7 4 6 3 1  00 0 . 1 0 9 7 6 1  C~ 0 . 8 3 4 5 5 1  00

0.5?  0 . 1 1 4 1 7 1  01 0 .8 8 4 09 1  00 0 . 1 0 9 8 1 1  01 0 . 8 4 3 7 2 1  00
0 .5 4  0 . 1 1 4 2 3 1  0 1 0 .8 92 9 6 1  riO 0. 1098SF  01 0 . 8 5 2 3 3 1  00
(1.56  0 . 1 1 4 2 9 1  C l  0 . 9 0 1 2 7 1  00 0 . 1 0 9 89 1  0 1  0 . 9 5 0 3 9 1  00
0 . 5 8  0 . 1 1 4 3 4 1  0 1  0 .9 09 08 1  (10 0 . l 0~~9 3 E  0 1  0 . 8 6 7 9 7 1  00
0 .60  0 . 1 1 4 3 9 1 01 0 . 1 1 6 4 4 1 00 0 . 1 0 0 9 ( ~1 01 0.87 ”11[ 00

0 . 6 2  0 . 1 1 4 4 3 1 01 0 . 9 2 3 3 7 1 00 0 . 1 1 0 0 0 1 01  0.~~ 8 1 8 4 E  00
( . 64 0 . 1 1 4 6 7 1  01 0 . 9 ? 9 9~~( 00 0 . 1 1 0 0 3 1 0 1  0 . ’~8 8 ? c U  00
0 . 66  0 . 1 1 4 S 1 1  0 1 0 . 9 3 6 1 3 1  00 0 . l l O O r i f  ( 11 0 .~~ 0 4 ? ? 1  00
0 .673  0 . 1 i 4 5 5 1  01 0 . 9 4 2 0 1 1  01) O . 1 I f l C~~F 01 O .0 1~~~~- 1.10
0 . 7 0  0 . 1 1 4 5 9 1  0 1  0 . 9 4 7 5 8 1  00 0 . 1 1 0 1  I I  0 1  0 . ’~0 5 3 3 ~ 00

0 . 7 2  0 . 1 1 4 t ’ E  01 0 .952881 00 0 . 1 1 0 1 4 1  0 1  0 . 0 1 0 4 7 1  00
r . 7~ 0 . 1  l 6 o ~~I U I  0 . 9 5 7 9 1 1  ( 0  0 .  1 1 1 1 1 6 1  01  0 . ? 1 5 3 5 1  00
(I . 71 0.  I I  ‘,el ~r- 01  0 . 9 6 2 7 1 1  00 0. 1 1 0 1  ~(l- 01  0 . 9 .’ 0 0 a~ CO
0 . 7 8  0.1 1 4 7~~I 0 1  0 . 9 6 7 2 9 1  00 0 . 1 1 0 2 0 1  01 0 .  ) 2 4 4 1 1  (a
0.80 0. 1 1 4 7 ’ .1 D I  0 . 9 1 1 6 6 1  ( r i  0 . 1 1 0 2 2 1  01  0.~~ ?~~ 7 0 1  00

( . 8 2  0 . 1 1 4 7 7 1  0 1  0 . 0 7 5 9 3 1  f lu  0 . 3  I u ? 6 ~ 01  0 . f l 2 7 6~ 00
0 . 86  0 . 1 1 4 0 0 1  D I  0 . 0 7 9 8 2 1  O n 0 .  1 1 0 2 ~~1 01  0. 1 3 6 6 3 1  00
1 .86 0.1169’I ( 1  0. 9 836 5 1 00 0 . 1  1 0 2 - I  0 1 0 . 9 4 0 3 4 3  ~~i)
0 .811 0 . 1 1 1 , 0 1 , 1  DI 0.087311 00 0.1) O (’l 03 0. )‘, 3 1  00
0 . 9 ) 0. 1 1 4  h I t  01 3 . 0 ) 0 7 3 1 1  00 0. 1 1 0 3 1 1  01 0. ~~. 3 1 1  00

0 .9 / 0 . 1 3 6 8 ) 1  (~ I 0.996/of ( 0  . 1 1 0 3 1 1  ( I I  0. ‘05 11 00
0.94 0 . 1 1 4 9 1 1  (ii 0. 00 7 4 4 1  0(1 u . I 1 O ’ ’ ,I 01 0~~~r, l 7 3 1  no
0 . 96  0 . 1 1  ‘. 9 3 1  01  0. l n r n ~~~I 1 0 . 1 1 0  ~F .I 3 0.  ).

~~~, 11,1 oIl
( . 08 0. I I  1’ ) ‘ 3  0 1  0. IOU II I  ( 1  0. I ’  0 1  II 01 0 . 9 0 1 6 7 1 00
1 .0 ( 1  0 . 1 1 4 9 7 1  ( ( I  0. 100~.’.l ( I I  0. 1 ~~l ‘- e r  C l  0 .0 6~’4 7 l 00
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T a b l o  1 ( c o nt . )  0 .15)

x ‘1 x3 3 4

0.00 0. 100001 01 0. 0. 100001 0 1 0.
0.02 0 .106291 01 0 .2829 41—01 0 .102821 01 0 .11~~67 1— 0 L
0.04  0 . 1 1 0 5 3 1  u l 0.630501-01 0 .104~~3E 01 0 . 4 7 8 9 1 1 — 51
0 . 06  0 . 1 I 1 ~-~~I 0 1  0 . 1 7 2 0 3 1 00 0 . 1 0 5 9 4 1  01 0 . 1 1 0 1 1 1 00
0. 08 0 . 1 1 6 0 1 1 0 1 0 . 2 6 8 8 1 1  00 0 . 1 0 6 0 / 1  01 0 . 2 0 0 9 9 1  00
0 . 1 0  0 . 1 1 7 1 3 3 1  01 0 . 3 5 9 5 5 1  00 0 . 1 0 7 6 1 1  01 0 . 2 7 9 6 2 1  00

0 . 1 2 0 . 1 1 ’ 1 2 4 F  01 0 . 4 3 9 9 7 1 00 0 . 1 0 8 2 5 1 -  01 0 . 3 5 0 2 2 1  00
0 . 1 4  0 . 1 2 0 3 6 1  01 0 . 5 1 0 1 9 1 00 0 . 1 0 8 7 1 1 01 0 . 4 1 2 3 4 1 00 5

0 . 1 6  0 . 1 2 1 2 8 1  01 0 . 5 7 0 ) 1 1  00 0 . 1 0 0 0 9 1  01 0 . 4 6 6 3 5 1  00
0. 1 73 0 . 1 2 2 0 4 1  01 0 . 6 7 3 9 3 1  00 0. 1 0 0 4 0 1  01 0 . 5 1 3 6 8 1 -  00
0.20 0.122681 01 0.670061 00 0. 1 0 9 6 7 1  01 0 . 5 5 4 9 9 1  00

0.22 0 . 1 2 1 2 1 1  01 0 . 7 1 0 7 3 1  00 0 . 1 0 9 8 0 1  01 0 . 5 9 1 4 9 1  00
0 . 1 2 3 7 1 1 0 1 0 . 7 4 6 6 1 1 00 0 . 1 1 0 0 0 1 0 1 0 . 6 2 1 7 5 1 00

0.26 0 . I ? 4 1 ? L  0 1 0 . 7 7 8 5 5 1 00 0 . 1 1 0 2 6 1  01 0 .652511 00
0. 28 0 . 1 2 4 4 8 1  01 0 . 8 0 7 1 2 1  00 0 . 1 1 0 4 1 1  01 0 . 8 7 8 2 7 1  00
0 . 3 0 0 . 1 2 4 8 0 1 01 0 . 8 3 2 7 7 1 00 0 . 1 1 0 5 4 1  01 0 . 7 0 1 4 1 1  00

0 . 3 2 0 . 1 2 5 0 1 1  01 0 . 8 5 5 9 0 1  00 0 . 1 1 0 6 6 1  0 1 0 . 7 2 2 3 9 1  00
(1. 34 0 . 1 2 5 3 ) 1  0 1  0 . 8 7 6 9 9 1  00 0 . 1 1 0 7 6 1  01 0 . 7 4 1 3 7 1  00
0. 36 0 . 1 2 5 5 0 1  0 1 0 . 8 9 6 1 8 1  00 0 . 1 1 0 8 6 1  01 0 . 7 5 8 7 3 1  00
0 . 3 8  0 . 1 2 5 7 1 1  01 0. 0 1 3 7 0 1  00 3 . 1 1 0 9 4 1  01 0 . 7 7 4 5 ) 1  00
0.40 0 .325981 01 0.929801 00 0 . 1 1 3 0 2 1  01 0 . 7 8 9 1 7 1  00

0 .4 2 0 . 1 2 6 1 6 1  01 0 . 9 4 4 6 2 1  00 0 . 1 1 1 0 9 1  01 0 . 8 0 2 6 5 1  00
0 . 4 4  0 . 1 2 6 3 2 1  01 0 . 9 5 8 3 2 1 00 0 . 1 1 1 1 6 1  0 1  0 . 8 1 5 0 2 1  00
0 . 4 6  0 . 3 / 6 4 7 6  0 1 0 . 0 7 1 0 2 1  00 0 . 1 1 1 2 2 1  01 0 . 8 2 6 5 4 1  00
0 . 4 8  0 . 1 ? 6 6 1 1  0! 0 . 0 8 2 8 1 1 00 0 . 1 1 1 2 8 1 01 0 . 8 3 7 2 1 1 00
0 . 5 0  0 . 1 2 6 7 4 1  01 0 . 9 9 3 8 1 1  00 0 . 1 1 1 3 3 1  01 0 . 8 4 7 2 1 1  00

0 . 52  0 . 1 2 6 8 5 1  0 1 0 . 1 0 0 6 1 1  0 1 0 . 1 3 1 3 5 1  01 0 . 8 5 6 5 1 1  00
0 . 5 4  0 . l ? 6 0 6 1  01 0 . 1 0 1 3 7 1 0 1  0 . 1 1 1 4 2 1  0 1 0 . 8 6 5 2 4 1  00
0 . 5 6  0 . 1 ? 7 0 7 E  01 0 . 1 0 2 2 7 1 01 0 . 1 1 1 4 7 1 0 1 0 . 0 7 3 4 1 1 00
0 . 5 8  0 . 1 2 7 1 6 1 01 0 . 1 0 3 1 3 1 ( 1 1 0 . 1 1 1 5 1 1 01 0 . 8 8 1 0 9 1 00
0 .60  0 . 1 2 7 2 6 1  01 0.10391 1 01 0 .111 54 1 01 0 .888331 00

0 . 6 2  0 . 1 2 7 3 4 1  01 0.  10466 1 03  0 . 1 1 1 5 8 1  0 1 0 . 8 9 5 1 5 1  00
0 . 1 2 7 4 2 1 0 1 0 . 3 0 5 3 7 1 01 0 . 1 1 3 6 1 1 0 1 0 . 9 0 1 6 C 1  00

0.66 0 .127501 01 0 .10604E 0 1  0 .111 641 01 0.907701 00
0.68 0.127571 01 0 .106681 01 0 .1 1 1 671 01 0 .0134 1 00
0.70 0 .1276 41 01 0.107281 01 - 0 .11170 1 01 0.918061 00

o .7 1  0 . 1 2 7 7 ( 1 0 1 0 . 1 0 7 8 5 1 0 1  0 . 1 1 1 7 3 1 0 1 0 . 9 7 4 1 7 1  00
0 . 7 4  0 . 1 2 7 7 6 1 01 0 . 1 0 8 4 0 1 01  0 . 1 1 1 7 5 1  01 0 . 9 2 9 1 3 1  00
0. 76 0 . 1 2 7 3 ? E  01 0 . 1 0 8 9 1 1 0 1 0 . 1 1 1 7 7 1  01 0 . 1 3 3 8 5 1 00
0 . 7 8  0 . 1 2 7 8 7 1 0 1 0 . 1 0 0 4 1 1 0 1  0 . 1 1 1 8 0 1 0 1 0 . 9~~8 1 5 1 00
0 . 8 0  0 . 1 ? 7 9 1 0 1 0 . 1 0 9 8 8 1  0 1  0 . 1 1 1 8 2 1  01  0 . 9 4 2 6 5 1  00

0. 13? 0 . 1 ? 1 9 ’ 4 F 0 1 0 . 1 1 0 3 3 1  01  0 . 1 1 1 8 4 1  0 1 0 . 9 4 0 7 6 1  00
0 . 8 4  0 . 1 2 0 ( 3 ’  0 1 0 . 1 1 0 7 6 1  0 1  0 . 1 1 1 8 6 1 -  01 0 . 9 5 0 6 1 1  00
0.14 6 fl . 1 / ” 0 7 E 0 1  0 . 1 I 1 1 ~~f 01  0 . 1 1 1 8 ~4 E 01 0 . 0 5 4 4 5 1 00
( . 8 8  0 . 1 2 8 1 3 1 -  0 1 0. 1 1 1 5 7 1  01  0 . 1 1 1 8 9 1  01 0 . 9 5 8 0 5 1  00
C . 90 O . I 2 8 1 ’ I  01 0 . 1 1 1 9 5 1 01 0. 1 1 1 9 1 1 - 0 3  0 . 9 6 1 5 1 1  00

0 . 9 2  0. 1 / 82 1 01 0 . 1 1 2 3 7 1  01  0 . 3 3 1 9 3 1  0 3  0 . 9 6 4 8 3 1  00
0 . 9 4  0 . 1 2 4 2 . 1  0 1 ( . 1 1 2 6 7 1  01  0. 1 1 1 9 4 1  0 1  0 .9 6 1 302 1  00
0 . 9 6  0. 1 2 0 2 7 4  ( 1  0 . 1 1 3 0 0 1  01 0 . 3 1 1 0 6 1  0 1 0. 0 7 1 08 1 00 5

( 1 . 0 1 3  0. )~~ ‘ 4 3 1 1 1  1 0. 1 1 3 3 3 1  0 1  0. 1 1 1 0 7 1  0 1 0 . 9 7 4 0 3 1  00
1 . 0 0  0. 1 2 1  ~~~ 01 0. 1 1 3 6 4 1  01 0. 11 19 1 ) 1 01 0. 0 7 14 ’ 71 00
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T ab i t -  I (o ‘i L .)  (‘1 O . 5)

X 1 
19

0.00 0.10000E UI 0. 0.100001 01 0.
0.02 0 . 1 0 3 3 6 1 01 0 . 1 1 3 2 8 1 — 0 1  0 . 1 0 7 1 4 1 01 0 . 9 2 4 8 1 1 — 0 ?
0.04 0 .105731 01 0.2641 01— 0 1 0.10~~76F 01 0 .2 15 1 61— 01
0.06 0.107671 01 0. 545 8 3 1— 0 1 0.105 13 1 01 0 .461501— 01
0 . 0 8  0 . 1 0 9 29 1  01  0. 0 7 3 1 2 1 — 0 1  0 . 1 06 2 9 1 0 1 0 . 8 5 1 1 9 1 — u i
0 . 10  0 . 1 1 0 6 4 1 0 1  0 . 1 4 8 v 1 1  00 0 . 1 0 7 2 7 1  01  0 . 1 3 3 0 3 1  00

0 . 12  0 . 1 1 1 1 6 1  01 O . ? 0 3 4 ’ F  00 0 . 1 0 8 1 0 1  01 0 . 1 8 4 2 01  01)
0 . 1 4  0 . 1 1 2 7 1 1 5 1  0 . 2 5 7 5 / f -  00 0 . 1 U ~~ 8 0E 01 0 . 2 3 5 1 3 1  00
0.16 0 .113571 01 0 .309021 00 0 . 1 0 9 4 0 1  01 0 . 2 8 1 8 6 1  00
0.18 0. 1 1 4 2 1 1 01 0 .357321 00 0.100921 01 0.3?9681 00
0.20 0.11 4811 01 0.401071 00 0.11 03 7 1 01 0 .372 121 00

0.22 0.11534 1 01 0.443/OF 00 0.110761 01 0 .411381 00
0.24 0 .115801 01 0.481 0431 00 0 . 1 1 1 1 1 1  01 0 .447481 00
0.26 0 . 1 1 6 2 1 1 01 0.515921 00 0 . 1 1 1 4 2 1  01 0.480 7 2 6  00
0.28 0 .11 6581 01 0.547001 00 0. 1 1 1 6 0 1  01 0 .5 1 1 3 4 1  00
0.30 0 .116911 01 0 . 5 77 5 1 1 -  00 0. 11 1 041 01 0 .539531 00

0.32 0 .117 211 01 0.604791 00 0 .112161 01 0.565621 00
0.34 0.1174~3F 01 0.629961 00 0 .1 3 2 3 1 1  0! 0.589691 00
0.36 0 .11 712 ( 01 0.653341 00 0 .112551 01 0.612051 00
0.38 0.117951 01 0.675001 00 0.1 12 721 01 O .o3 ?791 00
0.40 0 .118 1 51 01 0 .695181 00 0 .112881 01 0.652111 00

0.42 0 .1183 41 03 0 .713991 00 0.313021 01 0 .670121 00
0.44 0 .138521 01 0 .731551 00 0 . 1 1 3 1 5 1  01 0.686951 00
0.46 0.11 8681 03 0 .748011 00 0.1132 81 01 0 .702 121 CO
0.48 0.1180 31 (31 0 .763421 00 0. 11 33 91 01 0 .717491 00
0.50 0 .118971 01 0 .7770 31 00 0 .113 5 01 01 0.73 33 91 30

0.52 0 .119101 01 0 .791541- 00 0 .113 601 01 0.744451 00
0.54 0.11 9221 01 0.8 (44601 00 0 .1136)1 01 0.756781 00
0.56 0.11 934 1 01 0 .811.531 00 0.113 7 81 01 0.768411 00
0.58 0 .119451 01 0.828001 00 0 .113 861 01 0.77 9411 00
0.60 0.11 9551 01 0 .8380461 00 0 .113 041 01 0. 78 9831 00

0.62 0 .119651 01 0 .849151 00 0 .1140 11 01 0.799701 00
0.64 0 .3197 41 01 0.858931 00 0 .114081 01 0.809081 00
0.66 0 .119821 01 0 . 7 3 6 8 2 1 1 00 0 . 3 1 4 1 4 1  01  0 . 8 1 7 0 0 1  00
0 . 6 8  0 .119901 01 0 . 8 7 7 0 6 1  00 0.114201 01 0 .826481 00
0 . 7 0  0 . 1 1 9 9 8 1  01 0 . 8 8 5 4 1 1  00 0 .134261 01 0 . 8 3 45 6 1  00

0 . 7 2  0 . 12 0 05 1  0 1 0 .893531 00 0 . 1 1 4 3 2 1  01 0 . 84 2 2 8 1  00
0 . 74  0 . 1 20 1 2 1  01 0 . 90 1 1 8 1  00 0 .1143 7 1 01 0 .849641- 00
0.76 0 .120 111 01 0 .908514 00 0.1 144 21 01 0.856601 00
0 . 7 8  0 . 3 2 0 2 5 1  03 0.915531 00 0.11447 1 01 0.44 6341 1 CO
0.80 0 . 3 2 0 3 1 1  DI 0 . 9 2 2 7 4 1  00 0 . 1 1 4 5 2 1  01 0 . 8 6 9 4 4 6 1  00

0 . 8 2  0 .1203 11 0 1 0.928643 1 00 0 .11456 1 01 0 . 8 7 6 0 4 1  00
0 . 8 4  0 . 1 2 0 4 3 1  01 0.934051 00 0 . 1 14 6 0 1  01 0 . 8 8 1 9 7 1  00
0.86 0.120481 U I  0 . 94 0 7 t ’ 1 00 0 . 1 1 4 6 4 1  01 0 .887 6-4 00
0.88 0 .120531 01 0 .946471 00 0 .114681 01 0 .89313 1 00
0.90 0 . 12 0 5 8 1  (JI 0 .953951 00 0 . 1 1 4 7 2 1  0 1 0 . 8 98 3 9 1  03)

0.92 0 . 32 06 3 1  01 0 . 95 7 7 2 1  00 0 .114 7 5 1  Cl 0 .9 0 34 5 1  00
0.94 0 . 1 / 0 67 1  Dl 0.962701 00 0 .114 791 01 0 .908321 00
0.96 0 . 1 2 0 7 1 1  Dl 0 . 9 6 7 1 4 1 1 80 0 . 1 1 4 8 2 1 01 0 . 9 1 3 0 2 1 00
0.98 0.12010. 1 01 0.971091 00 0 . 3 1 4 8 5 1  01 0.9175s1 00
1.00 0 . 1/ 0 8 0 1  0 3  0.976441 00 0 . 3 3 4 8 8 1  01 0 . 9 2 1 9 2 1  00
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T j i I , - 1 ( c c - n t . )  (T 0 .25)

13 x4 1,

6.00 0.100004 01 0. 0. 105001 01 0.
0.02 0.104.5 51 01 0.216031—0 1 0. IU /831 01 0. 775n5~ — 02

5.1112s1 01 0.491 )‘.I—OI 0. 1047 51 Cl 0.1895 ‘1—01
0 .0 1 -  0 .115021 01 0.012 3u1—0j 0. 101.251 01 0.43 l~~/4 — 0 3

0 . 1 3 4 4 1 1 3  01 0.34791) (0 0.  1074-s E 01 0 .8 2 3 9 1 1 — 0 3
0.10 0.1/03’.1 01 3 .212551 00 0.1084 91 01 0.130453 00

0.12 0.12 3,- ., 51 0 .278011 00 ).1013?1 01 0 .102151 CO
0.34 0.12’. s 1 3  01 0.343431 Cu 0.110 031 51 0.233571 00
6.16 0.1’O-.O E 0! Q.4543’4 1 00 0.1106/1 0~ C .28?641 00
0.18 0.1/ 7 0 4 . 1  01 0.450701 50 0 . 1 1 1 1 3 1  03 0.370191 00
0.20 0. 12 C-~.f ul 0.512611 00 0. 111 5 7 1  01 0.372121 00

0 .22  0. 1 3 0 0 / 1  01 0. 5 4 Q 3 3 5  L U  0 .  1 1 1  ObF CI 0.4 1 1  841 00
0.24 0 . 1 3 0 1 4 4  01 0.60401)1 (30 0. 1 12 301 01 0.44 837 1 - 00
(‘ .26  0 . 1 ) 1  f u 3 01 0.644051 05 0 .11 2601 01 0.48201~ 00
0.28 Q.132 5 1 [ 01 0 .080821 Os 0 .112 8 7 1 01 0 .5330 01 00
0.30 0 .13 3151 01 0. 7 3 4 5 8 1 00 0 . 1 1 3 1 1 1 01 0.5415 3k 00

0.3? 0.1317 51 01 0.745 141 00 0 . 1 1 3 3 3 1  01 0.567930 00
0.3’. 0 .13420 1 01 0 .77 4441 - 00 0 .133 5 2 1  03 0.59 2 3C1 CO
(1.36 0.13 47 :,F 01 0,43 010 01 00 0.11 373~ 0 ’. 0.614131 00
0 .lo 0.1 3 51- ~F 01 0.825691 00 0 .113861 01 0.b35-1’~ 00
0.40 0 .1 3 5 5 1 3  C l  0.848621 00 0.114011 01 0.655~~’~~ 00

0.4? 0.l350~~1 01 0.R’.4061 00 0 .114151 01 0.673711 00
0 . 4 4  0.13 6301 01 0 . 0 8 0 4 3 1 3 1 00 0. 1 1 4 2 i E  (3 1 0.69016k 00
0.46 0.136621- 01 0.703511 00 C .1 l ’,401 0~ 0.706 1St 00
0.46 0.131, 7, 1 0 1  0.7/50441 00 0 .11 45 11 01 O.lfloSE JC -
0.50 0.1371 )1 0 1  0.942311 ( iS 0.11 4e~11 01 0.73513 1 00

0.52 0.13740 1 01 0.957801 00 0.114701 01 0.7444941 00
0.5 4 0 .3376 )1 L I 0.972331 00 0.114791 01 O .7614?E 00
0.56 0 .1 3 7 9 1 1 - 01 0.98003 1 00 0 . 1 1 4 0 8 1  0 1 0 . 7 7 3 1 9 1  00
0.58 0 . 13 8 1 3 1  01 0.9980)1 (iS 0 . 1 3 4 9 5 1  01  0 . 7 8 4 3 3 1 -  00
0.60 0. 138 33 1 - 01 0.1 01321 01 0.11 5031 03 O .79486i 00

0.62 0 . 1 3 8 5 3 1 01 0.102291 01 0 . 1 1 5 1 0 1 03 0 .804871 00
(.64 0 .138691 0 1 0 . 1 0 3 3 1 1  01  0. 1 1 5 1 e , E  01 0 . 9 1 4 3 7 1  00
(3 .66 0.13 8653 01 0 . 1 0 4 4 4 1 0 1  0 .11523 1 01 0 .8233-~1 00
0.68 0 .139021 01 0 . 1 0 5 4 3 1 01  0 . 1 3 5 2 5 1 ( 1  0 . 8 3 19 0 1 00
0 . 7 0  0 . 1 3 9 1 1 1  0 1  0. 10 6 3 8 1  0 3  

- 
0 .1153 4 1 01 0 .840161 00

0 . 72  0 . 1  3 9 3 .’F Cl  0. l 0 7 ? 9 F  01 0 . 1  153’1 1 0 1 0 . 8 4 7 9 7 1  00
0 . 7 4  0 . 1 3 9 4 5 1  0 3  0 . 1 0 8 1 5 1  01  0.115441 01 0 . 8 5 5 4 2 1  C O
0.75 0.1395’l 01 0.108981 01 0 .115 4-9 1 01 0 . 8 6 2 5 5 1 . 00
0 . 7 8  0 . 1 3 9 7 1 1  01 0 . 1 0 9 7 7 1 0 1  0 . 1 1 5 5 4 1  01 0 . 8 6 9 3 7 1  00
0.80 0 .13 91121 01 0 . 1 1 0 5 / 1 01  0 . 1 1 5 5 8 1  01  0 . 8 7 5 8 - 1 1 00

0 . 7 3 ?  0 . 1 3 0 1 4 3  01 0 . 1 1 1 / 5 1  03 0 . 1 1 5 6 2 1  01 0 . 8 8 2 1 5 1 -  00
0.8’. 0. 1 40001 (1  0 .3 11 941 (3 0. 13 5 4 t 6 1  01 0.881151 00
(3 .86 0 .1401 53 01 0 . 1 3 2 6 1 1  01 0.1 15 10 1 03 0 .893 911 00
0.88 0.1402’l 03 0 .1 1 3 2 5 1  01 0 . 11 5 7 41 01 0 .899401 00
0.90 0. 140 3 4 1 01 0.  1 1 3  4 4 6 1  0 1  0. 1 1 5 7 1 1  0 1  0 . 9 0 4 7 7 1  00

0.9/ 0 .340 440 01 0 .114 461 03 0 . 3 3 5 n l F  03 0. )C’ ,’~or 00
0.9-. 0. 1 4 ( 5 ’ 1  03 0. 1 3 5 0 3 1  01 0. 11 5 8 4 1  (11 0,934, ’ 3 1- 00
0.94, 0. 140 0 , 11 fl 13. I I  S’.01 Cl 0. 1 1 5 8 7 1  01 0.3 1 ‘1541 00
0.98 0. I 4 0 1 4 5  01 0. 1 1 ( 1 3  (: 01 o. 3 1  ‘, - f l 3  01 0 . 924 171 00
3 .00 0. 144 , l O t  03 0 . 1 1 ( 6 2 1  01 0 . 1 3 5 9 3 1  01 0. l 2 R 5 ’ 1 ~ 00
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T&, 1~ 1 (cct u l .)  ( r  = 0.50) -

x l Y l x 2
0.00 0 .100001- 01 0. 0.300001 01 0.
0.02 0.1034 61 01 0.719401-02 0.102211 03 0.b5508E—’~?
0.04 0 .105941 01 0 . 1 5 7 1 5 1 -C l  0 .103911 01 0.13 6451— 01
0.06 0.10440~~( 01 0.264091—01 0.105401 01 0 .2159 61—01
0.08 0.10990o 01 0.35 9871—01 0 .106751 01 0 .31 5 751—0 1
0.10 0 .1115 61 03 0.51 44 31— C l 0.107901 01 0.450 92F—0 1

0.12 0. 113 051 01 0 .711421—0 1 0.309301 01 0 .62793 1—01
0.14 0.11 4 41t 01 0.951661—Cl 0.110 131 01 0 .842561—01
0.1 6 0.115631 01 0.1221 61 1)0 0 .111071 01 0.308811 00
0.18 0.116 741- 01 0.351271 00 0 .11192 1 01 0.135 4 11 00
0 . 2 0  0 . 1 1 7 7 4 1 01 0 . 1 8 1 5 1 00 0 . 1 1 2 7 1 1 01 0 . 16335 1 00

0 . 2 2  0 . 13 4 3 6 6 1  01 0 . 2 1 2 4 7 1  00 0 . 13 3 42 1  0 1 0 .19190 1  00
0.24 0 .1194 91 01 0 .243411 00 0 .114081 03 0 .220571 00
0.26 0.120261 01 0.773991 00 0 .31 4661 01 0.248981 0(3
0.78 0.120 961 01 0.303961 00 0 .115241 01 0 .276881 00
0.30 0 .123 611 01 0.333 111 00 0 .135 75 1 01 0.304061 00

0.3? 0.122 211 01 0 .361371 00 0 .136721 01 0 .310 451 00
0.34 0 .1727 61 01 0.388601 00 0 .116661 01 0 .35591 1 00
0.36  0 . 1 2 3 2 7 1 0 1 0 . 4 1 4 8 41  00 0 . 117011  0 1 0 .18047 1  00
0 .38  0 . 12 3 7 5 1  01 0 .44003 1  00 0 . 1 1 74 5 1  0 1 0. 4 04061 00
0 .40  0 . 1 24 19 1  01 0 .46421 1  00 0 . 1 17 8 0 1  01 0 . 4 26 73 1  00

0 . 4?  0 . 12 4 6 1 1 01 0 .48739 1 00 0 .11111 3F  01 0. 4 4 84 7 1 00
0 .4 4  0 .17 ’.99E 0 1 0 .509591 00 0 . 1 18 4 5 1  01 0 . 4 69 32 1  00
0 .4 6  0. 125361 01 0 .5 1088F 00 0 . 1 1 8 74 1  01 0 .4 8 9 3 1 1  00
0 .48  0. 12 ’ 1 0 E  01 0 .55125 1 00 0 . 1 1 90 3 1  01 0 . 5 0 84 5 1  00
0.50 0 . 176 071  01 0 .57079 1 00 0 . 1 1 92 7 1  01 0 .5 2 68 2 1  00

0.52 0 . 176331  01 0 .589461  00 0.119511 01 0.544401 00
0.54 0 . 1 266 1 1  01 0 .6 0 74 2 1  00 0 . 1 197 4 1  01 C.~i61 2 8E 00
0.56 0 .1261) 81 0 1 0 .624 60 1 00 0 . 119961  01 0.~~7 7 4 6 E  CO
0.58 0 . 1 2 7 1 4 1  0 1 0.b’s 1 1 0 E  00 0 . 1 20 1 7 1  01 0 .592991  00
0 .60  0 . 1 27 3 8 1  01 0 .65693 1 00 0 . 120361  0 1 0 .60790 1 00

0 .62  0 . 17 7 6 1 1  01 0 . 6 7 ? 12 E  00 0 . 12055 1  01 0 . 6 72 2 2 1  00
0.64 0 . 12 7 8 3 1  01 0 .686 121 00 0 . 1 2 0 7 3 1  Dl  0 .63598 1 00
0.66 0 .128041 01 0.700751 00 0.120891 01 0.649201 00
0.673 0 . 32 8 2 6 1  03 0.714251 00 0 .121051 01 0.o61931 00
0.70 0.128 431 CI 0 .727231 CC 0 .1 21 21 1 03 0.674171 00

0.72 0.128631 01 0.739731 00 0 .12 135 1 Dl 0 .685961 00
0.74 0.128701 01 0.75177 1 00 0 .121491 01 0 .697321 00
0.76 0.128951 01 0.763381 00 0 .1 736 3 1 01 0 .708271 00
0.78 0 .12 93)1 01 0.774571 00 0 .121761 01 0 .718831 00
0.80 0.129261 Cl 0.785361 00 0 .121881 01 0.129021 00

0.82 0.129 411 01 0.795791 00 0.32?00 [ 03 0.738871 00
0.84 0.32955 1 01 0.805851 00 0.122 1 11 01 0.74837 ( 00
0.86 0.329681 01 0 .815591 00 0 .12222 1 01 0.1575 61- 00
0.88 0. 12 9 8 31 01 0.824991 00 0. 12233 1 03 0.766431 00
0.90 0 .12994 1- 01 0.834091 00 0 .122 431 01 0 .715031 00

0.92 0.130061 01 0.847891 00 0.171521 01 0 .7 443 3 41 00
0.94 0.13 03 7 1 01 0.851411 00 0.1??671 03 0 .791461 00
0.96 0 .13 (4/A l 01 0.859671 00 0. 17 27 11 01 0 .7’19?01 00
0.98 0.1 303’)( 03 0 .867611 00 0.127801 (11 0 .80o761 00
1.00 0 .131)4 91- 01 0.875431 00 0 . 1 / 2 1 1 0 1  01 0 . t ~ l6 0 9 1 -  00
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Table I ( co n t .)  (T 0 .50 )

X3
0.00 0.100001 01 0. 0.100001 01 0.
0.02 0.106931 01 0.1 5 5 2 7 1 — 1 1  0.102901 01 0 .420 244 1— 02
0.06 0.112021 01 0 .331 93 1—01 0 .106841 01 0.449 04’ t— O ?  —

0.06 0.116401 01 0 .532841- - 01 0.106431 01 0.3 4 6361 -01
0.08 0 .120321 01 0.768591—0 1 0 .107 77 1 03 0.724 941—0 1
0.10 0 .123851 01 0.105141 00 0 . 10 89 5 1  0 3  0.3 41 1 4 1—01

0.12 0.127061 01 0.138301 00 0.110001 01 0 .50 )691—01
0.14 0.129971 01 0.175451 00 0.110961 01 0 .70225 1—01
0.16 0.132601 01 0.2)5521 00 0. 11 1 7 81 01 0 .935 911—01
0.18 0 .135011 01 0 .257241 00 0.112 541 01 0 .1191 91 00
0.20 0 .1371 91 01 0.299711 00 0 .113221 01 0 .146281 00

0.72 0 .139181 Cl 0 .34213E 00 0.1138 3 1 01 0 .17411 1 00
0.24 0 .341001 01 0 .383961 00 0 .13 4391 01 0 .2021 61 00
0.26 0.142661 01 0.474871 00 0 .11490 1 0 1 0 .230051 00
0.28 0.144201 01 0.464461 01) 0 .11537 1 01 0 .257501 00
0.30 0.14561 1 01 0.502711 00 0.11580 1 01 0.284291 00

0.32 0 .146911 01 0 .539531 00 0.116201 01 0.31034 1 00
0.34 0.148121 01 0.574811 00 0 .1165 61 03 0.315501 00
0.36 0.149241 151 0.608641 00 0 .116901 01 0.359801 00
0.38 0.150281 01 0.640961 00 0 .1)72 )1 01 0 .383 17E 00
0.40 0. 353751 01 0 .671881 00 0.117501 01 0.405641 00

0.42 0 .157161 01 0 .701411 00 0 .11778 1 0 3  0.427201 00
0.44 0 .153011 01 0.729621 00 0 .118011 01 0 .447891 00
0.46 0 .153801 01 0.756581 00 0 .11827 1 - 03 0.467741 00
0.48 0.154551 01 0 .78232E 00 0 .118491 01 0 .486761 00
0.50 0 .155261 03 0.806961 00 0 .11870 1 01 0 .505021 00

0.52 0 .155 921- 01 0.830481 00 0.118 901 01 0 .522501 00
0.54 0.156551 01 0 .853011 00 0.119091 01 0 .539291 00
0.56 0.157141 01 0.814561 00 0.11926 1 01 0.555 3PE 00
0.58 0 .157701 01 0 .895211 00 0 .319431 01 0 .570841 00
0.60 0.158231 01 0.915001 00 0.11 959 1 01 0 .585681 00

0.62 0 .158741 01 0.933971 00 0.1 197 41 01 0.599931 00
0.64 0.1592)1 01 0 .952181 00 0 .119881 01 0 .613641 00
0.66 0.159681 01 0.969651 00 0. 170021- 03  0.626801 00
0.68 0 .160111 01 0.9436451 00 0 .120151 01 0.639491 00
0.70 0 .160531- Cl 0 .100761- 01 0.120271 01 0.651661 00

0.72 0.160931 01 0.10181 1 - 01 0.120391 01 0.661441 00
0.74 0 . 1 6 1 3 1 1  01 0.103301 01 0 .120501 01 0.674761 00
0.76 0.16 )671 01 0 .104741 01 0 .120611 01 0 .685611 00
0.714 0 .367071 01 0.10613 ( 01 0.17071 1 01 0.696211 00
0.80 0. 162351 Dl 0 .107461 01 0.120811 01 0 .706371 00

0.82 0.167671 01 0 .108751 01 0.120901 01 0 .7)618F 00
0.84 0.162 981 CL 0 .110001 01 0 .120991 01 0.725661 00
0.86 0.1 63281 01 0 .13120 1- 01 0 .121081 01 0 .7348 31 - 00
0.88 0 .1635 61- 01 0 .1123 61 01 0. 12 3 361 01 0 .741681 00
0.90 0.1638 31 01 0 .11348 1 01 0 .12124 1 0) 0.757261 00

0.92 0 .164101 01 0.114571 . 01 0 .1213 71 01 0.760551 00
0.94  0 . 1 6 4 3 5 1 -  01 0 . 1 1 5 6 7 1  0 1  0 . 1 7 3 4 0 1  01  0 . 7 6 8 5 9 1 -  00
0.96 0 . 3 6 4 6 0 3  01 0 . 1 1 6 6 4 1  0 1  0 . 1 ? 1 4 7 1  0 1 0 . 7 7 6 3 7 1  00
0 . 9 8  0 . 1 6 4 4 1 3 1  01 0 . 1 1 7 6 2 1  0 3  0 . 1 / 1 5 4 1  D l  0 . 7 8 3 ’ ) . ’l 00
1 . 0 0 0 . 3 6 5 0 6 1  0 1 0 . 1 1 8 5 8 1  ( 1 3  0 . 1 2 1 6 1 1  01 0 . 7 9 3 2 4 1 -  1)0
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i’.ib I~ I (c , ’ n i .)  (r = 0 .70)

X 1
0.00 0.1000(11 ul 0. 0.100001 01 0.
0 .0/  0 . 1 0 3 4 4 1  01 0 .54 2 ) 7 1 — 0 ?  0 . 102 2 4 1  01 0 .5?  7 5 / 1 — 0 2
0.04 0 . t ( i ’ , - j , ’ 4  (31 0 . 11 4 1 1 1 — 0 1  0.103981 01 0.109491—01
0 . 0 8  0.  L u - ’ i ’ 1  ( i i  O . 1 8 0 0 9 f — ( 1 0 . 1 0 5 5 1 1  u l  0 . 1 7 0 5 4 3 1 — 0 1
0.08 0 .110 1)71 01 u . ? 5 3 8 5 1 — C l  0.10690F 01 0 .237501—01
0.10 0. l l l o ~ - I U I 0.3 4 0 3 3 1 — 0 1  0 .108171 01 0 . 3 14 9 1 1— 0 1

0 . 12  1 3 . 3 3 ) 3  ~ 01 0 . 4 6 5 8 0 1 — 0 1  0 . 1 0 1 3 4 3 1  01 0 . 4 0 9 0 7 1 — 0 1
0 . 1 4  0 . 1 1 4 ~~4 1 01 0 . 5 7 4 0 9 1 — 1 1 0 . 1 3 0 5 0 1  0 1 0 . 5 2~~7 6E — 0 1
0 . 1 0  0 . 1 1 6 1 ’ 1  ( j I  0 . 7 2 6 9 2 1 — 0 1 0 . 3 1 1 5 4 1  01  0 . 6 6 1 2 4 1 — 0 1
0 . 1 8  0 . 3 1 1 4 3 1  01 0 . 9 0 1 4 7 1 — 0 3  0 . 1 12 5 / 1 01  0. 8)1101— 01
0 .2 1 i  0 . 1 1 R 5 ~~l 01  0 . 1 0 9 5 4 4 1  00 0 . 1 1 3 4 3 1  01 0 . 9 9 5 7 6 1 — 0 1

0. 2 ?  0 . l 3 ’ 1 6 5 t  0 1  0 . 1 1 0 5 1 1  ui 0 . 1 1 4 2 4 3 1  0 1  0 . 1 3 8 6 8 1  00
0 . 2 4  0 . 1  ? 0 o 4 1  01 0 . 1 5 2 6 7 1 -  00 0 . 3 1 5 0 7 1  ( 1  0 . 1 3 8 9 2 1 -  00
0. 26 0 . 1 2 1 5 0 3 - 01 0 . 3 7 5 5 / 1  00 0 . j l S # l l E  01 0 . 1 5 9 9 5 1  00
0. 28 0 . 1 / 2 4 / I  0 1 0 . 3 9 8 9 3 1  00 0 . 3 3 4 - 5 3 1  0 1 0 . 3 8 1 5 C C  00
0 .30 0 . 1 2 3 2 2 1 -  03 0 .2 2 2 5 9 1  00 0 . 1 17 1 6 1  01 0 .2 0 3 3 3 1  00

0. 32 0 . 3 2 1 1 4 4 1  01 0 .7 4 6 7 9 1  00 0 . 1 1 1 7 7 1  C l  0 .2 2 5 2 3 1  00
0 . 3 4  0 . 1 24 6 8 1  C l  0 .26 9861  00 0 . 3 1 4 4 3 4 1  01 0 . 7 4 7 0 5 1  00
0. 36 0 . 12 5 3 4 1  01 0 .2 9 119 1  00 0 .118881 01 0 . 2 6 8 6 7 1  00
0. 38 0 . l ? 5 5 e, 1 01 0.316161 00 0.319391 01 0.289981 00
0.40 0 . 32 6 54 1  03  0 .3 3 8 7 0 1  00 0 .119881 01 0 .31092 1- 00

0 . 4 ?  0 . 1 2 109 1  01 0 . 3 6 0 7 7 1  00 0 . 1/ 0 3 2 1  01 0 . 3 3 14 3 1  00
0 .44  0 . 1 2 7 6 0 1. 0 1 0 . 3 8 2 3 3 1  00 0 . 1 2 0 7 4 1 -  0 1 0 . 3 5 1 48 1  00
0 .46  0 . 12 1 - fl- 0 1 0 . 4 0 3 3 1 1 00 0 . 12 1 15 ( 0 1 0. 37 10 1 1 00
0.48 0. 12 11551 01 0 . 4 2 3 7 4 1 00 0 . 1 2 15 3 1  01 0. 3 i 9 0 0 71 00
0.50 0 .12899 1 01 0 .443621  00 0 . 32 3 8 9 1  03 0 . 40 8 6C 1  00

0 .52  0 . 12 9 4 1 1  01 0. 46 29 11 00 0 . 1 2 22 4 1  01 0 . 4 7 66 0 1  00
0 .54  0 . 32 9 8 0 1  01 0 .48165 1  00 0 . 1 22 56 1  0 3  0 .4 4 4 0 9 1  00
0 .56  0 .110 18 1- 0 1 0 . 49983 1  00 0 . 1 / 28 7 1  0 1 0 .4 6 1 06 1  00
0. 58 0 . 1 30 5 3 1  01 0 . 5 1 7 4 6 1  00 0 . 1 2 3 3 7 1 0 1 0 . 4 7 7 5 3 1 -  00
0.60 0 . 13 0 8 7 1  01 0 .534561 00 0 . 1 2 3 45 1  C I  0 . 49 3 5 0 1  00

0.62 0 . 1 33 2 0 1  01 0 .553  131 00 0. 17 3 7 7 1  01 0 .5037’1 F 00
0.64 0 . 1 3 3 5 1 1 -  01 0. 56 72 0 1  00 0 . 1 2 3 9 4 3 1  01 0 . 5 2 4 0 / 3  00
0.66 0 . 1 3 1 8 0 1  01 0 .51177 7 1-  00 0 . 12 4 211 6 1 0 . 5 5 4 4 5 9 3  00
0 .66 0 . 13 7 0 9 1 01 0 .59 7 3 3 0 1 00 0 . 17 4 4 1 1-  0 1 0 . 552 1 2 1  00
0 .70  0 . 1 32 5 6 1  01 0 .6 12 51 1  00 0 . 1 2 4 6 9 1  03 0.0e -423 00

0. 72 0 . 3 3 7 6 2 1 -  0 1 0 . 62 67 1 1  00 0 . 17 4 9 1 1  01 0.079711 00
0 . 7 4  0. 1 12 8 7 1  01 0 .64 04 8 1  00 0 . 1 25 1 2 1  01 O. ’ ’ 1 ’6 1 1  00
0. 16 0 .131111 0 1 0 .65 ’4 B31 00 O . I ? 5 ~~.’1 01 0 . 4 0 ) ’ L , ’ 4  u()
0 . 7 4 3  0 . 1 3 3 3 4 1  01 0 . 66 6 7 9 1  00 0. 1 2 5 5 1 1 -  01 P. 1 7 ? - l  00
0 .00  0 . 1 5 3 5 6 1  0 1 0 . 6 7 9 3 7 4  00 0 . 12 5 7 0 1-  01 ( . 4 2 1 0 4 1  00

0 . 8 ?  0 . 3 3 1 7 7 1 -  01  0 . 6 9 1 50 1  00 0.17 5861 01 0.~ - ’. 411 00
0 . 4 4 4 0 . 3  3 3 1 7 1  C l  0 . 7 0 3 4 3 1  00 0. I ? 6 0 0 t  0 1 0. -i 0 3 5 9 1  60

0. I 16 1 7 1  D l  0 . 7 ) 4  94 1  (~0 0 .  1 2 6 7 1 1  D I  0 . ’ 0 2  3 1 4  00
0 . 1  ~6 4 1 I -  ( 1  0 . 7 2 6 1 2 1  00 0 . 1 2 ( 3 7 1 -  6 1  (3. 4 7 . ’~~~7 4  00

1 5 . 9 1 )  0 . 1 3 4 5 4 1  (ii 0 . 7 3 6 99 1  00 0 . 1 2 6 5 3 1  1 ) 1  0. 6 4 3 3 0 7 1  00

• 9/ 0 . 3 3 4 7 0 4  0 1 0 . 7 4 7 5 5 1 -  00- 0 . 3 2 6 6 7 4  0 1  0 . 6 1 2 9 7 1  00
0 .9 4  0 . 3  4 4 8 9 1  0 3  0 . 7 5 7 8 2 1  00 0 . 1 ) 1 - l O U 0 )  0 . 1 0 2 6 1 1  00
0. 96 0 . 3  4 0 0 6 3  0 1  0 . 7 6 7 8 1 1  (3 0 0 . 1 2 6 9 6 1  0 3  0.  ~1 I984 00
0 . 934 0 . 1 1 5 2 / I  0 1  0 . 7 7 1 0 3 1  00 0 . 3 2 7 0 9 1  0 1  0 . 7 / 3 3 0 1  00
1 . 0 1 )  0 . 3 5 5 3 7 1  0 1 0 . 7 8 6 9 9 1  00 0 . 1 2 7 2 / 1  0 1  0 . 7 2 9 9 61  00
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Table I ( c oat . )  (7 = 0 .70)

x3 13 
X4

0 .00  0. 1 0 0 0 01  01 0. 0 . 1 0 0 0 01  01 0.
0 . 0 2  0 . 1 0 7 1 1 1 01 0 . 1 3 0 3 3 1 — 0 1  0 . 1 0 7 9 1 1 - 01 0 . 2 8 5 4 9 1 — 0 ?
0 .0 4 0 . 1 3 2 4 2 1  C l  0 . 2 7 7 4 4 1 — 0 1  0 . 1 0 4 5 6 1  01  0 . 6 0 4 C 9 ( — 0 ?
0 .06  0 . 1 1 7 0 3 1 -  01 0 . 4 4 0 9 6 1 — 0 1  0 . 1 0 6 4 51  01  0 . 9 6 1 7 4 1— 0 2
0 . 0 8  0 . 1 2 1 2 1 1 01 0 . 6 2 1 6 9 1 — 0 1  0 . 1 0 1 82 1  01  0 . 1 3 7 5 3 1 — 0 1
0 . 1 0  0 . 1 25 0 6 1  C I  0 . 8 2 4 0 0 1— 0 1  0 . 1 0 9 0’sE 01 0 . 1 8 9 1 7 1 — 0 1

0 . 12  0 . 1 2 8 671 0 1 0. 1 0 5 2 91  00 0 . 1 1 0 1 2 1  0 3  0 . 2 5 9 6 7 1— 0 1
0 . 1 4 0 . 1 3 3 9 3 1 01 0 . 1 3 0 9 91 00 0 . 1 1 1 1 1 1 -  0 1  0 . 3 5 1 2 2 1 — 0 1
0 . 1 6  0 . 3 3 5 0 0 1  01 0 . 1 5 9 48 1 00 0 . 1 1 2 0 0 1  0 1  0. 4 0 7 1 2 1 — 0 1
0 . 1 8  0 . 1 3 7 8 1 1 -  01 0 . 1 9 0 2 71 00 0 . 1 1 2 8 2 1  0 1  0.604001—01
0 .20  0 . 1 4 05 4 1  01 0 . 2 22 9 8 1  00 0 . 3 1 3 5 7 1  C l  0. 7 1 - 3 0 7 1 - 0 1

0 . 2 2  0. 1 4 3 0 3 1 -  01 0 . 2 510 0 1  00 0 . 1 1 4 2 6 1 -  01  C .  1 3 / 0 ~~1 — C 1
0 . 2 4  0 . 1 4 5 3 5 1  01  0 . 2 9 19 0 1  00 0 . 1 1 4 8 1 1  01  0 . 1 1 / 3 - - I  CO
0 .2 6  0. 1 4 7 5 3 1  01 0 . 3 2 7 2 5 1 -  00 0 . 1 1 5 4 8 1 -  0 1 0 . I 3 1 ~~ 71 00
0 . 28  0 . 3 49 5 4 1  01  0 . 3 6 2 1 0 E  00 0 . 3 1 6 0 3 1  0 1 0 . 1 5 2 2 2 1  00
0 . 3 0  0 . 1 5 1 4 ) 1 01 0 . 3 9 7 9 71 00 0 . 1 1 6 5 3 1 - C l  0 . 1 7 ? 8 3 ~ 00

0 . 3 2  0 . 1 5 5 2 0 1  01 0 . 4 3 2 8 41 00 0 . 3 1 7 0 1 1 0 3  0 . 1 9 4 4 - I l  00
0 . 3 4  0 . 1 5 4 8 6 1  01 0 . 4 6 7 12 1  00 0 . 1 1 7 4 5 1 -  0 1  0 . 2 1 4’ -t  00
0 . 3 6  0 . 1 5 6 4 / 1  01  0 . 5 0 0 7 3 1  00 0 . 1 1 78 6 1  0 1 0 . 2 5 0 0 1 1  01)
0 . 3 8  0 . 15 7 8 9 1  01  0 . 5 3 3 5 4 1  00 0 . 1 3 8 2 4 3 -  U I  0 . 2 5 0 5 0 3  00
0 . 4 0  0 . 1 5 9 27 1  01 0 . 5 6 55 2 1  00 0 . 1 1 8 6 0 1  0 1  0 . ? 7 0 ~ , 2 3  30

0 . 47  0 . 16 0 5 8 1  01 0 . 5 9 6 60 E  06 0 . 1 1 8 9 4 1  0 1  0 . ? 9 s 3 7 1  00
0 . 4 4  0 . 1 6 1 8 1 E  C I  0 . 6 7 1 5 7 6 1 00 0 . 1 1 9 2 6 1 -  01  6 . 3 3 4 7 ( 1 -  00
0 . 4 6  0 . 1 62 9 1 1  01 u .~ .56o 5F 00 0 . 3 1 9 5 7 1  6 1 0 . 5 3 3 6 6 1  00
0. 68 0 . 3 6 4 0 7 1  01 0 .6 8 4 4 01  00 0 . 1 1 1 8 5 1 -  ~) 1  0 . 3 5 / 0 1 1  )0
0. 50 0 . 1 65 12 1  01 0 . 7 1 1 8 6 1 -  00 0 . 1 2 0 1 2 1  01  0 .  31 ~~) Q 7 ~ 00

0.~ -2 0 . 1 6 6 1 1 1  C l  0 . 1 3 8 4 1 1  1)6 0 . 1 2 0 3 7 1  o l  0 . 3 4 3 1 4 / 1  00
0 .5 4  0 . 1 6 1 0 5 1  01  0 . 7 6 4 12 1  00 0 . 1 2 0 6 2 1  ( ‘1 0 . 4 1 4 3 , 1-  00
0. 56 0 . 1 1 7 9 5 1  D l  0 . 1 1 4 8 9 6 1  ( ( 0  0.120851 113 0.42 0843 1 00
0 .5 8  0 . 1 6 0 8 0 1  01 0 . 8 1 3 0 0 1  00 0.32 10 61 01 0.436901 50
0 .60  0 . 1 6 96 1 1 01 0.836241 60 0 . 1 2 1 / 7 1  ( ‘ I  0 . 4 5 0 4 4 3 - 00

0 . 6 2  0 . 1 7 0 3 9 1  03  0 . 8 5 8 7 2 1  00 0 . 1 2 1 4 7 4  ( 4 1  0.4 (7513 00
0 . 6 4  0 . 1 1 3 1 3 1  01 0 . 8 8 0 4 7 1  00 0 .  1 / 10 6 4  0 3  0. 48217 3 00
0.66 0.1 7 1 8 4 3 - 03 0.9014 91 00 0 .1 / 3 8 4 1  (t l 0. 4 ’ I ( i 7 1  00
0 . 6 8  0 . 1 7 2 5 / 1 01 0 . 9 2 1 8 5 1 08 0 . 1 ) 2 0 1 4  0 1  0. 51 U 1 ’~~ 00
0. 10 0. 1 7  3 1 7 1  01 0 . 9 4 1 5 3 1  00 0.  1 / 1 14 U I  0 • ‘.‘ ‘~~. 5 1 00

0.  72 0. 1 7 3 7 9 1  01 0. 9 1 .060 1  00 0 . 1 2 ) 3 3 1  3 ) 1  0 . 5  3~~~’. I F  00
0 . 7 4  0. I 7 4 1 9 1  01 0 .  ‘ 9 7 9 ( ) ’ , l  O~~ 0 .  1 / . ’ ’. i F  ( ‘ 1  0 • 5 . 1 ) 1 0 4  0
0 . 7 6  0 . 1  7 4 9 1 . 3 -  0 1  0 . 9 1) 6 9 3 1  00 0 . 1 . 7 6 4 3  ( ‘ 3  0 . 5 o 1  3 3 1  00
0. 78 0. I 7 5 5 1 1  01 0. 1 0 1 4  41 0 3  0. 1 1 2 7 7 3  01  0. ” ?  3 / u f 00
0.80 0.17 6043 01 0.303301 01 0.1/2303- 03 0.50470) 00

0.452 0.17 6551 01 0 .104731 03 0.12 3 (3 3 1 3 I 0.’.’.’.’i.’1 O i l
0 . 8 4  ( 1 . 3 7 1 0 1 , 1 (‘1 0 . 3 0 6 3 3 1  6 3  Ii. 3 1 3 1 6 4  0 3  0. 6) 4 - 7  00
0.146 0 . I 1 7 0 .’I 01 0. 107 (44 1 01 0 . 1 2 3 2 7 4  03 0.o l  7 3 ~ , 4 01)
0.80 0. 3 7  7 - 1 1 3  01 0. 109131 01 0. I.’ 3 3 1 3  ( I I  0.4-0 ‘ ‘ . 4  ul )
0 .90  0. 1 7 8 ’ . )  F 01 0. 1 1 0 7 1 1  0 3  0 .  1 . ’ 3~ . t t I  (41 0.4. 5 7 4 , )  1 (40

0 .9 2  0. 3 7 4 4 4 ) 4 4  0 1  0 .  I I  7 3 1 1  0 3  4)~ I 0 41. 1 3 (‘1 P • ( ,4  1 3  . 3  00
0. 9’. 0. 1 7 ~~ ‘. 4  0 1  0. 1 1  3 5 3 3  D I  0 . I )  4 1 3 4  ~1 3 41 .4, ’ 6 7 ~~ 00
(‘ .‘~~~. 0 . I 7 ’ ~ 4. ’~~ 01 0 .114) 1 (‘3 0. I. ’ %l ’II ‘~~ 1 . ’ l ’ . 1 1  01)
(1 . ‘1’) 0. 14 3 0 ’)  3 4  D I  0.  I I I . ) 4 4  1 3 1) .  I .‘ 3 1 1 4  ( 3  0 .  ~. 7 . 0 , )  U ’)
l . O u  0.l)0 41 I D L  0 . 3 1 7 4 1 )  0 3  0 . I l 4 i) l 4 0 3  4 .’ )  4 5 1 )  11(4
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Table 1 ( co at . )  (T 1. 0)

X1 
Ii 

X
2

0.00 0. 100001 01 0. 0 . 3 0 0 0 0 1  01 0.
0 .02  0 . 1 0 3 5 2 1 01 0 . 3 7 4 2 6 1 — 0 2  0 . l 0 / 2 7 E  01 0 . 3 9 6 0 9 1— 0 2
0.04 0 . 1 0 60 8 1  01 0 . 7 8 4 8 5 1 - 0 2  0 . 1 0 4 0 41  01 0 . 8 2 0 3 0 1 — 0 2
0.06 0 . 1 0 8 2 6 1  01 0 . 1 2 3 2 8 1 — 0 1  0 . 1 0 5 6 0 1  01 0 . 1 2 7 3 7 1 — 0 1
0.08 0 . 1 1 0 2 1 3 -  C l 0 . 1 7 1 9 0 1 - - O l  0 . 1 0 7 0 4 1 01 0 . 1 7 5 6 6 1 — 0 1
0. 1 0  0 . 3 1 1 9 8 1  01 0 . 2 2 4 9 9 1 — 0 1  0 . 1 0 8 3 6 E  01 0 . 2 2 7 4 3 1 — 0 1

0 . 12  0 . 1 13 6 1 1  01 0 . 2 8 4 0 5 1 — 0 1  0 . 10 9 6 1 1  01 0 .2 8 4 0 0 1 — 0 1
0 . 1 4  0 . 1 1 5 13 1  C L 0 . 3 5 1 0 0 1 — 0 1  0 . 1 1 0 7 8 E  01 0 . 3 4 7 1 9 1 — 0 1
0 . 1 6  0 . 1 1 6 54 1 01 0 . 4 2 8 4 1 1 — 0 1  0 . 1 1 1 8 9 1 01 0 . 4 1 9 5 0 1— 0 1
0 . 1 8  0 . 1 1 7 8 7 1  01 0 . 5 1 7 5 1 1 — 0 1  0 . 1 12 9 4 1  C I  0 . 5 0 2 0 5 1 — 0 1
0 .2 0  0 . 1 1 9 1 1 1 01 0 . 6 1 9 7 1 1 — 0 1  0 . 1 13 9 4 1 01 0 . 5 9 6 4 2 1 — 0 1

0 . 2 2  0 . 1 2 0 2 8 1  01 0 . 7 3 4 3 6 1 — 0 1  0 . 1 1 4 8 8 1  01 0 . 7 0 2 1 2 1 — 0 1
0 . 2 4  0 . 1 2 1 3 1 1 1 01 0 . 8 6 1 3 1 1 — 0 3  0 . 1 15 7 8 1  01 0 . 8 1 9 0 9 1 — 0 1
0 .26  0 . 12 2 4 7 1  01 Q . 9 9 9 2 4 F — 0 1  0 . 1 1 6 6 3 1  0 1 0 . 9 4 6 2 1 E - 0 i
0.28 0.123401 Cl 0 .134681 00 0.11744E Cl 0 .108231 00
0.30 0.124331- 01 0.130281 00 0.11821 1 CI 0 .122621 00

0.3? 0 .125211 01 0.146541 00 0.118941 01 0.137b41 00
0 . 3 4  0.126041 01 0 .163371 00 0.119641 01 0 .153191 00
0 . 3 6  0 . 1 2 6 83 1  Cl  0 . 1 80 5 9 1  00 0 . I 2 C 3 O E  01  0 . 1 6 9 1 2 1  00
0 . 3 8  0 . 1 2 7 5 8 1  01 0 . 1 9 8 1 3 1  00 0. 1 2 0 9 ) 1  01 0 . 1 8 , 3 5 1  00
0.40 0 . 1 2 8 2 9 1  01 0 . 2 1 5 8 5 1  00 0 . 1 7 1 5 ) 1  0 1 0 . 2 0 1 7 7 1 -  00

0 . 4 2  0 . 1 2 8 9 7 1  0 1 0 . 2 3 3 6 9 1  00 0 . 1 2 2 1 1 E  01 0 . 2 1 8 3 1 1  00
0.44 0 . 12 9 6 1 1  01 0 .251561 00 0. 172661 01 0 .2 3 4 8 8 1  00
0.46 0.130231- 01 0.269401 00 0 .123101 01 0 .25144E 00
0.48 0 .130811 01 0 .287141 (30 0 .123681 01 0.267911 00
0.5(1 0 .331311 01 0.304751 00 0.124161 01 0.284281 00

0.52 0.13 1911 01 0 .322181 . 00 0.124621 01 0.300481 00
0.54 0 .132421 Dl 0 . 3 3 9 4 1 1 -  00 0.125061 01 0 .316501 00
0.56 0.33791 1 01 0.35643 1- 00 0.1754 81- 01 0 .33 71 11 00
0.58 0 .133 371 01 0 .3731 51 00 0.12588F 03 0. 347901 00
0.60 0 .1338 71 - 01 0.389631 00 0.176271 01 0 .363241 01)

0.62 0.134251 01 0.405821- 00 0.1)6641 01 0 .17832F 00
0.64 0.134661 01 0 .671131 00 0 .L?700[ 01 0 .3 93141- 00
0.66 0 .335061 03 0 .437 331 - 00 0 .1?7341 CI 0 .407681 00
0 .68  0 . 1 3 5 4 4 1  01 C . 4 5 2 6 ’t l  00 0 . 1 2 7 6 7 1  01 0 .421951 00
0.10  0 . 1 3 5 8 1 1  01 0 . 4 6 7 6 4 1  00 0 . 1 2 7 9 )1 0! 0 . 4 3 5 9 4 1  00

0 . 7 2  0 . 1 3 6 3 6 1  Cl  0. 4 62 34 1 00 0 . 1 2 0 3 0 1  01 0 . ’.4465 [  00
0 . 7 4  0 . 1 3 6 5 0 1  01 0 . 4 9 6 7 4 1  00 0 . 1 2 0 5 1 3  01 0. 4 ( , 3 0 3 ’ F 00
0 . 7 6  0 . 3 3 6 8 3 1  01 0 . 5 1 0 8 4 3  00 0.17 88433- 01 0.4 76234 00
0 . 7 8  0 . 1 3 7 1 4 1 01 0 . 5 2 4 6 4 1  00 0 . 1 / 9 1 3 1  0! 0.489111 00
0 . 8 0  0 . 1 3 7 4 5 1  U I  0 . 5 3 8 1 4 1  00 0 . 1 2 9 4 2 1  0 1 0 . 5 0 1 7 / 1  00

0 . 8 2  0 . 1 3 7 1 4 1  03  0.553 3 (1 00 0.179681 01 0.534061 0u
0 . 8 4  0 . 1 3 8 0 3 1  0 1 0. 56 4 7 1 ) 1  00 0 . 1 2 9 9 2 1  03  0.521 ,364 00
0.86 0 .136301 01 0 .576951 00 0.11 0164 01 0 . 5 3 7 9 - t  00
0 . 8 8  0 . 1 3 8 5 1 1 -  0 1 0 . 5 8 9 3 2 3  00 0.1 304 01 - 03 0.549521 00
0.90 0 . 3 3 6 6 2 1 -  01 0 . 6 0 I ’~ft 00 0.130621 0)  0 . 5 8 0 8 5 3  00

0.97 0 .339071 03 0.63 3 244 1 00 0 .13 084 1- 01 0.0 13 901 00
0.94 8. 1 3 9 3 1 3  01 0.6244471 00 0. I 4 10 54 01 0. “43 / 7 31 00
0.96 0 . 1 3 9 5 5 3  D I  0 . 6 3 6 ) 14  04) 0 .1 31 /Of 0 1  0. 0 9 4 3 34 00
0.9(1 0.1 3 9 7 73 - 01 0.1.4 1 410 00 . 1 . 3  4 14 01 03 ( 4 .4 , 4 3  7 ( I I 00
1.4)0 (LI 3’)’)’fl 0 1 0.1,50 11.4 00 ‘LI 5 1 140.3 01 0.1.3 385 4 00
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Tjhlt 1 ( co a L. )  (i 1 .0)

4- 
x3 

x4

(J.00 ( . ) 0 . j 1 4 0 4  ( I L  0. 0.100001 Cl 0.
0.0? 0 .107331 C i 0.306931—0 1 0.102911 01 0.1735 )1—02
0.04 0.1128/1 ul 0.227061—01 0.104801 03 0 . 36 1 2 7 1— 0 ?
0.01. 0.LI1 (.$~ (-1 0.35 9691—01 0.1064)51 CI 0.5705/1—02

0. 127 1 /4 01 0.504041— 01 0 .l ((78hF 01 0 .801051—02
0.30 0. 12 1, 251  ~i I 0 .660531—01 (1 . 4 0 9 0 8 1  0 1 0 . 1 0 5 9 6 1 — 0 1

0.12 0 . 1 5 0 1 3 1 01 0.830251-01 0 .11018( 01 0 . 1 3 6 1 1 1— 0 1
0.14 0.! 337 ~~4- 01 0.1 01451 00 0 .1 1 1 1 9 1 - 01 0 .172 691—01
0 . 1 4 .  0 . 1 3 7 2 ’ .1  01  0 . 1 2 1 5 3 ) -  Ou 0.112101 01 0.218461—01
0.143 0.14( 1543 CI 0 .143 7 3 4 Cu 0.112951 01 0.274801—01
0.70 0 .163651 01 0 .166631 00 0 . 1 1 3 7 3 3 -  01 0 .34352 1—0 1

0.22 0.1 41.611 01 0 .191511 00 0.114461 01 0 .474261—0)
0.24 0 .14 94 53 03 0 .2 17 161 00 0. 1 1 5 3 4 1 01 0 . 5 1 7 1 1 1 — 0 1
0.26 0.152101 0) 0.745151 00 0.1151451 03 O .6?Olti1—01
0.2H 0 .1544.41 01 0 .273461 00 0.1163 71 01 0 .73 47 61—0 1
0.30 0.Lo 10.t 01 0.302491- 00 0.116931 01 0.857321—01

0.3/ 0.Io’~ 35F 01 0.3320?)- 00 0.147461 01 0.967071—01
0.34 0.461531 01 0.361)581 00 0.1 1795 1- 01 0.112311 00
0.36 0 .1636 11 - 01 0.391)01 00 0 .118471- 03 0.12638t 03
0.38 0.1 65591 01 0.4219 51 00 0. 3 3 5 8 6 1  01 0 .140841- 00
0.40 0.3 61481 01 0.453891 00 0. 119 26 1 - 01 0.15557 1 00

0.42 0.16 9206 01 0 .461641 00 0 .11967 1- 01 0 .170491 00
0.44 0 .37100 1 01 0. 5 111 01 - 00 0.170041 01 0 .1855~~1 00
0.46 0.172641 01 0.5’02l1 00 0.120401 (4 1 0 .200631 00

0.17 4231 01 0.568901 00 C .I20741 03 0 .215681 00
0.50 0 .175711 03 0.591151 00 0.121081- 01 0.230711 00

0.52 0.177151 03 0.624901 00 0.121371 01 0.245631- 00
0.54 0.178521 01 0.652151- 00 0.12161’F L i 0.760431 00
0.56 0.17 9641 01 0.678~~5f 00 0 .121941 01 0 .275071 00
0.58 0.l8I10~ 01 0.70502)- 00 0 . 1 2 2 2 01  01 0 . 2 ) 5 9 5 6 1  00
0.60 0.182311 01 0.730631 00 0. 122461 01 0.303801 00

0.62 0.1834)53- 01 0.755681 00 0.127701 01 0 .317861 00
0.64 0.184601 01 0.780181 00 0.322941- 01 0 .331693 - 00
0.66 0.18567) C I  0 . 8 04 1 1 1 00 0 . 1 2 3 1 6 1 0 1 0 . 3 4 5 2~~1 00
0.68 0 .1)56111 ((1 0.827511 00 0.121381 01 0.358651 00
0.10 0.18710 3. 01 0.850341 00 0.1)3561 01 0.37171.1 00

0 . 7 2  0.18866F u1 0.672851 00 0.123781 01 0.384633- 00
0.74 0.1459591 01 0.894431- 04, 0.123171 01 0. 597’’.1- 00
(0.76 0.190440 01 0.915691 00 0 . 1 / 4 1 6 1  0 1 0. ’.09o  iu 00
0.18  0 .191344 01 0.o16451 00 0.1/4351 01 0 .421764 (JO
0.80 0.1’1?lfI UI 0.956711 00 0.124534 0! 0.4)3651 00

0.8/ 0.3921)431 01 0.971.491 00 0.124671 0! 0.440291- 00
0.45’. 0.193151 (41 0.995791- 00 0.1244341 - 01 0.45’ o’-4F 00
0.86 0.I1)4’,11 01 0 . 3 0 1 4 1 . 3 -  01 0 . 1 2 4 9 8 1  I I  0.41-1061 00
0 .88  0 . 4 9 5 / 3 1  01 0.303)01 01 0. 115131 - 03 0 . 4 7 ’ 4 7 9 [  30
(4.90 0.195943 01 0.105101 01 0.325271 03 0.48)5(43 00

0.92 0.196604 01 0.106)561 01 0.125411 (‘1 0.4999’)I- 00
0.94 0.197/14 4 01 0. 10857 1- 01 0.425551 Cl 0.530151 00
0.96 0 . 3 9 1 ( 1 1  01 0.1)0243 01 0.1251.431 0’~ 0.510lUt 00
0 . 9 4 5  0. 198’ , . )  01 0. 1 1 1 4 3 8 1  0 1 0 . 1 / 58 0 1  0 3  0. ’~3 0 1 3 4  00
3.00 0.I’4’11’.( 01 0 . 1 13 4 7 1 0 3  0 . 12 5 ) 2 1 01 0. 5 3 9 7 7 1  (.0
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Table I (cant.) (~ 2 .0)

X1

0.00 0 . 10 0 0 0 1 -  (ii o. 0.100001 01 0.
0.02 0.193501 01 0 .1283 (1—C / 0 .102311 CI 0.171~~ It -— 02
0 .04  0 . 1 0 o 1 4 4  01 0 . 2 1 . 8 3 / 1 — 0 2  0 . 1 0 4 12 1-  03  O .30’,25f— 07
0.06 0 . 1 0 4 4 3 5 1 01 0. 4 1 9 4 5 . -’4- - ( j /  0 . 1 0 5 1 21 0 1 0 . 5 5 0 4 9 1 — 0 .’
0.08 0.110331 01 0. 58751. 1 — 0 2  9 . 1 0 7 1 1 1  01 0 . 7 5 1 . 4 0 1 — 3 /
0. 10 0 . 1 1 2 1 4 1  01 0 . 7 5 6 1 7 1 — 0 ?  9 . L ~) 4 3 5 1 F  0 3  0.974251—0?

0. 1? 0 . 1 13 8 1 1 0! 0 . 9 4 3 6 3 6 - 0 2  0 . 1 0 9 8 6 1 - 01 0 . 1 2 6 4 1 1 — 0 1
0 .14  0 . 3 1 5 3 7 1 01 0 . 1 1 4 2 ) 3 — 0 1  0 . 1 1 1 0 1 ) 1 - 01 0 . 4 4 4 6 3 1 — 0 3
0.16 0 .116 8 3 1 -  01 0.L35o41—Cl 0.131251 01 0.17o1)F—01
0.18 0 .11821 1 01 0. 15 04433— 0 1 0 .113 371 01 0 .191151—0 1
0. 20 0 . 1 1 7 5 2 4 - 03 0.I831?1— 01 0 . 1 1 4 6 3 1 - 01 0 .2257 61—01

0. 22 0 . 1 2 0 7 5 1 - 01 0 . 2 0 9 1 4 1 — 0 1  0 . 1 3 5 4 6 1 0 3  0 .?5O16E— 01

~.24 0. 3 21 93 1 01 0 .2 18 7 34— 03 0.1 3 644 1 Cl 0.28451 ,91—01
0.26 0. I? 30 61- 0! 0 . 2 7 0 3 1 6  - 0 3  (4~ 1 1 7 3 431 03 0. 3 7 3 6 1 1 — 0 1
0.28 0.12413 ! 01 0.305053- — ( l 0.11 830 )- 0! 0 . 3 6 1 ? 1 E — 0 1
0.30 0.125151 01 0.3430 (4—0 3 0.11 91 )51 01 0.401811—0 1

0.32 0.1/ 6141 01 0 .3 0 4511— 0 1 0.120021 01 0.44552)—UI
0.34 0 . 3 2  70 8 ( - 0! 0.429 93 1 - 0 1  0.1/0841 01 0.492 6 ) 1— U I
0.36 0.1279)1 01 0. 47 9j ?1—O 1 0 . 1 / 16 4 1  U I  0 . 5 4 3 2 3 1 — 1) 1
0.38 0 .1288 61 01 0.5322 31-0 1 0 .12240 1- 01
0.40 0.1/ 9106 03 0 .589/11—0 1 0 . I ? 3 1 ’ .1 U I 0.655001—0 3

0.42 0 .1305 1 1 (>1 0.650?IE- -01 0.123861 01 0 .7 1 6 1 2 1— 0 1
0.44 0 . 13 1 2 1 1 01 0 .7 141) 4 1— 01 0.124561 01 0 . 70 0 6 3 1 -— r I
0 .46  0 . 13 2 0 4 1 -  01 0.7 832(F—0 1 0.125241 03 0 . 4 3 4 4 3 3 1 1 — 0 1
0.48 0 . 1 3 2 76 1  03 0 . 8 5 5 3 4 1 — 0 !  0 . 1) 5 8) 1 01 0 . 9 1 9 2 9 1 - - U I
0.50 0 . 15 3 4 6 1  01 0 . 9 3 6 2 0 1 — 0 1  0 . 1 2 6 5 2 4 -  01 0 . 4 9 3 0 1 . 1 — u I

0 .52  0. 1 34 1 4 1  01 0 .10005 1  00 0 . 1 7 7 14 1  01 0 . 1 06 9 7 1  03
0.54 0. 3 34 79 1 ( i i  0.  1 0 4 3 ’ ) ” (  ( 0 ( 4  0. 3)7741- 01 0. 114881 00
0.56 0 . 1 3 5 4 / F  6 )  0 . 3 1 7  i ~I 00 0.1?li37F 01 0.123041 01)
0.58  0 . 13 6 0 3 1  03 0.125941 0(4 0.124345 84 0! 0.131401 (‘0
0.60 0.136631 01 0.134701 00 (i.I?943[ 01 0.139971 00

0.6? 0 .13720 3- 01 0 .143 0 1 4 - 00 0 . 1299 1.1  01 0. 1 4 43 7 31 - 00
0.64 0 .137161 - 01 0.1530/1 00 0.130471 03 0 .351613- 00
0.66 0.138/91 01 0.162404 00 0. 130~~Rf 01 0.11.1.6’.! 00
0.68 0.138 821 01 0. 1719 (1 1 CO 0. I 31461 01 0. 11593 1 (10
0.10 0.139)21 01 0 .181541- 00 0.133944 UI 0 . 1 8 50 7 1  00

0.72 0.139821 01 0.193771 00 0.132401 01 0.194431 00
0.74 0.440791 01 0.2010)4- 00 0.13/851 01 0.701651 00
0.76 0.14011,1 03 0.210 101 00 0.1)3/91 01 0.213 341 (0
0.78 0.141/IF 01 0.270931 00 0 .133711 01 0.2778434- 00
0.80 0.341651 01 0.230931 00 (0.1)4533- 01 0.237454 00

0.8/ 0.142011- (II 0.?40’151 00 0.13453F 01 0.242043- 00
0.84 0.142491 (1 0 .25100)- 00 0 .1 3 4 951 01 0.251 651 00
0.86 0 .1424591 - 01 0 .263(40 ,1 00 0 .115311 04 0 .26121.1 00
0.88 0.143281 01 0.2 711 (11 01) 0. L3’694 01 0.2 10861 00
0.90 0 .143671 01 0 .261151 00 0.156 051 01 0.780451- 00

0.92 0 .144041- 01 0 .791171 00 0.13 6411- 01 0.290071- 00
0.94 0.144401 UI 0.10)174 (JO 0 .336761- 01 0.299561 00
0.96 0. 344764 (.3 0. 11 1 1 4 1  0(1 0. 1 51 30 1 03 0. 3 (19014 0(4
0.98 0.145401 (ii 0.323073 00 0 .3 374 31 - 01 0.310533 0)
3 .00 0 .145444 01 0 . 33 0 ) 1 , 4  00 0.14775F CI 0.327954 011
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l u h i .  I ( c a nt . )  (~ = 2 . 1 )

K Y 3 
‘i1
~I.

0.00 0.100001 01 0. 0.100001 Cl 0.
0.02 0 . I U 7 e 5 F  ( i t  0.~ , o ’.eC 1— 02 1 . 1 0 1 9 / I  01 0.40?74E— 03
0.04 0.11 35’.’ sd 0.147441—01 ‘).10’.S’31 L II
0 .0 6  0 . 1 1 4 3 0 1 1’ 01 0.243 051-—UI fl .14054)E 01 0.132231—0 ?
0.08 0 .123711 1 1  O.32’.71 1 — 0 1  0.1( 7 43-3 1 U I 0.L540t,~1—o?
0.10 0 . 1 2 4 0 3 3 1  01 0. 4251 - id — U I  0 . 3 1 1 1 1 1 -  ( 0 1  0 . 2 4 0 1 1 1— 0 2

0.12 0.132 13 )- 01 0 .5311.31-01 0.11 02 21- 01 0. 50 9114— 02
0.14 0.13 694.1 01 0.644511—0 ! (‘.111731 - UI 0.366411—02
0.16 0.1410/1 0 3  0. 7 6 4 1 5 1 - — U I  0 . 1 1 / 1 5 1 01 0. 438221—0?
0.115 0.1441)’,1 01 0.890701—01 0 .1 13 0 1 1 - 1)1 0 .516931—02
0.20 0 .348151 01 0.10 7311 - 00 0.11 38 1 1 01 0 .605051—0?

0.22 0.352 431- 01 0.116273- 00 0.1145 61- 01 0.104611-02
0.24 0.156 01 1 i i  0 . 1 3 01)3 1 00 0 .I152o1 01 0.039401—02
0 . 2 6 0 .1594434 01 0 . 1 4 6 2 4 3 1  00 0 . 1 1 5 9 1 1-  01 0 . 9 5 2 5 1 1 —0 7
0 . 2 8  0 .1 1 .201 .1- 0 1 0 . 1 62 3 4 3  00 0 . 1 16 5 3 1 0 1 0 . 1 1 0 7 5 1 1 — 0 1
0.30 0.166141 01 0. 17 9131 - 00 0 .117 1/1 01 0.128811—UI

0.32 0.169341 01 0.19651.6 00 0.11 7681 01 0.141)641—01
0.34 0.17/451 UI 0 .214 711- 00 0 .11432 01 1)1 0 .173641— 01
0.36 0.1754’S t CI 0.733491 00 0.110701 01 C.20~)791— 0l
0.38 0.378431 01 0 .2 5 2 7 2 1  00 0.11 918 1 - 01 0 .231 411—0 1
0.40 0.181301 01 0.277911 00 0.1111. 41 01 0.2o5411— 01

0.42 0.18401)1 CL 0.793461 00 0.120071- 01 0.3028431—01
0.44 0.186811 U I  0.334511 00 0.170414 01 0.343761— 61
0.46 0.l894~.t~ CI 0.3 56 0 11 - 00 fl.I/ O i. -~# 01 0 .38745t— U1
0.48 0.19/041- Cl o.3579;’F 00 0.3/12 (1 0! 0.4354 31— 03
0.50 0.194551 01 0 .380101 00 0.121 841 (43 0 .485911—Ut

0.52 0.11)7001 01 0 .402771 00 0.1219)1- CI 0.53)454—01
0.54 0 .199351 01 0 .4256211 (30 0 .122 3 31 01 0 .595681-01
0.56 0.701701- 01 0.4443701- 0(1 0 .127651- 01 0.65457 1—0 1
0.58 0.703961 01 0.471961 00 0.172 961- 01 0.7 15 841— 0 1
0.60 0.206161 01 0.495361- 00 0 .123761 CI 0. 7 7 93 61— Ol

0.62 0.208111 01 0.5131881 . 00 0 .123561 01 0 .844 951—01
0.64 0.210401- 01 0.547461 00 0.17584 1 - 01 0 .9123 91-01
0.66 0 .217441- 01 0.5660911 00 0. 1 2 4 1 1 1 01 0 .9815 7 1—0 1
0.68 0.21443 1 01 0.5897)1 00 0.1 7 43 71 - 01 0.105271 00
0.70 0.218.361 01 0.6 1335 1- 00 0 .124621 01 0.11243 1 CO

0.72 0 .718251 01 0.636931- 00 0 .1/4 871 - 01 0.119161 00
0.74 0 .720101 01 0.660451 00 0 .125101 Cl 0.127201 00
0.76 0.?2I43’11 01 0.683881- 00 0.1/53)’ 01 0 .134731 00
0.18 0.723651 - 01 0.707204: 00 0.125501 01 0.14 7341 - 00
0.60 0.225361 01 0 .730411 00 0. 12 5 7 7 1 - 01 0.150031 00

0.8? 0.227031 03 0.753471 00 0 .12 5993 01 0 .35775 1 00
0.64 O.128o .1- Ui 0.776391 00 0 .116181 UI 0.360551- 00
0.86 0 . 2 5 0 2 0 !  C l  0.7’19146 00 0.1/6~~f 1 01 0 .17 3141 00
0.88 0.231801 01 0.871711 00 0. 176071 01 0 . 3 4 3 1 1  “F 00
0.90 0.25332 1 01 0 .844111 00 0.1 257 04 01 O .143’ )0’,3. 00

0.92 0.234801 03 0.86631( 00 0.12693 1- 01 0.196911 00
0.94 0.?36?5( 01 0.688301 0(1 0 .1 2 7 1 4 0 ) -  CI 0.70471)3 00
0.91. 0.fl76~.F 01 0 .9 1 0 10 1 0( 1 O . 1 2 7 / l i  I I  0 . ? l 2 3 ’ .3 CO
0.90 0.759051 01 0. 93 1 1 .71 - 00 0.I27’.’,~ 03 0.7/051 1- vU
3 . 00  0.24041)1 CI 0.953041 00 0.1.’ 7 4 4 0 )  Cl 0.2/i 304 CO
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T abl .  1 ( cv i .t . )  (T = 4. 0)

- 
xl 

x2

0.00 0.100001 01 0. 0.100001 01 0.
0.02 0.10 155 1- 01 0.1 8413 1— 03 0 .102321 01 0 .371 48 1— 0 ’
0.04 0.106141- 01 0.385 601—03 0.10 41 3 1 - 01 0.7 1.708 1— 03
0.06 0.10 83 61- 01 0.6024I1--03 0.105751 01 0 .118701— 02
0.08 0 . 1 1 0 35 1  01 0.834561—03 0.107231 01 0.163041—U ?
0.10 0 .112161 01 C.I0825t—02 0 .10)5621- 01 0.209781—02

0.12 0.11384 1 CI 0.134 611—02 0 .109921 01 0.259001—0 7
0.14 0.115411 01 0.162751—02 0 .111 161 01 0 .310684—02
0.16 0.1 1 6811 - 01 0 .192611—02 0 .31234 1 01 0 .365031—02
0.18 0 .118761 01 0.22 ’t2 6E-— 02 0.11347 1 01 0.421 981—02
0.20 0 .11957 1 01 0 .257971—02 0 .114551 01 0 .481801—02

0.22 0. 12082 1- 01 0 .293 5431— 02 0 .11559E 01 0.544471—02
0.24 0.122001- CI 0.3314 61—02 0 .116581 01 0.610211— 02
0.26 0.323 3 4 1 01 0 .371681—0? 0.1 1 1 551 - 01 0 .679121— 0?
0.28 0.124221 Cl 0.414431—0 ? 0 .118481 01 0 .75 1381-02
0.30 0 .125261 01 0 .459991—02 0 .1 1 931 1 - 01 0 .827261— 02

0.32 0 .1262 51- 01 0.508511—02 0 .120241 01 0.906851—02
0.34 0 .127211 01 0 .560491—02 0 .12 109 1- 01 0 .990661—02
0.36 0.178331 01 0.616081-02 0.12190 1- 01 0. 1 0788 1—0 1
0.38 0 .12 9011 - 01 0 .675921-02 0 .122691 - 01 0 . 1 1 7 1 7 1 — 0 1
0.40 0.12987 1- Cl 0.740301-02 0 .12341.1 01 0 .126981—01

0.42 0.130691- 03 0.809831—02 0.12421 1- Cl 0.’3736 1—0 1
0.44 0 .13 14 )1- 01 0.8850’1—02 0 .124941- 01 0.34834 1—01
0.46 0 .132261 03 0 .9664?1— (2 0 .125641 01 0 .159971—01
0.415 0.13301 1- 01 0 .1054131—0 1 0 .12633 1 01 0.1 1233 1—0 1
0.50 0 .133731 01 0 .115 031— 01 0 .127001 01 0 .18542E—0 l

0.52 0 .134434 01 0. 125401—0 1 0 .127651 01 0. 199341—01
0.54 0.13 5 111 03 0.13661 1—01 0.128791 03 0 .234101—01
0.56 0.135761 03 0 .148141-01 0.17891 1- 01 0.229761—0 1
0.58 0.136401 01 0 .16181 F - -Ol 0 .129511 01 0 .246351—01
0.60 0.137021 01 0.375881—01 0 .130101 01 0.263921—0 1

0.62 0.L3763E 01 0 .191001— 01 0 .130681 01 0 .282491—01
0.64 0.138 2 11 - Cit 0 .207 1731—01 0.331741 01 0.30?091— OI
0.61, 0.138781 01 0.224471—01 0.I3179 F 01 0 .322761—01
0.615 0 .139341- 01 0 .24287 1—01 0.132331 03 0.344461—01
0.70 0.139881 01 0.26244F—01 0 .132851 01 0 .36733 1—01

0.72 0.140401 01 0.28311.1— 01 0.13337 1 01 0 .391241—01
0.74 0.140911 01 0.305051—01 0.15387 1 01 0.416281— 01
0.76 0.141411 01 0.328121—01 0.134361 01 0.442421— 01
0.18 0.143901 01 0.352361—01 0.134841 03 0.469651— 01
0.80 0 .142371 01 0.377781 -—Cl 0.135311 01 0.4979 91— 01

0.87 0.142841 03 0.404341—01 0.135711 01 0.527391—0 3
0.64 0 .143291 01 0.432091—01 0.136231 01 0.557901—01
0.86 0 .143731 01 0.460953—0 1 0 .136671 01 0 .589431—0 1
0.88 0 .144161 01 0.490951—01 0.137301 01 0 .67?021— 0I
0.90 0.144581 01 0.572041—0 1 0 .137521 01 0.605621—01

0.92 0.145001 03 0 .554221-0 1 0.3379 41 03 0.890221—01
0.94 0 .345404- 01 0 .587453—O I 0 .I3 83 5 F 01 0.7?’ 7M(—0 1
0.91. 0.1407’)) 01 0. 62 17 04— 0 1 0 .13875 1 01 0 .7 622 91—UI
0.98 0 .141. 18 3- 01 0. 6569 71—0 1 0. 139 44 1 01 0.1 99721—Cl
1.00 0.141.554 01 C.69 31si— 0 l 0.139521 - 01 0.si 3 tj0? — U I
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Tabic 1 ( c oot . )  (i~ = 4 .0)

x3 
X , Y 4

0.00 0.I0000F 1)1 0. 0.1000)4- 01 0.
0.02 0.107911 01 0.421041—02 0.1u?921 01 0.371041—04
0.04 0 .114111 01 0.892111—0 2 0.lC4~ 1 4 E  01 0 . 6 7 0 0 3 1— 0 4
0.06 0.1 1 97 11 - 01 0.140961—01 0.106491 01 0.1047/[—03
0.08 0.124971- 01 0 .196921—UI 0.107881 n j 0.145231—03
0.10 0.I2~~971 01 0.267001-01 0 .109111 31 0.1438691—03

0.12 0.134791 01 0 .32 I111—0l 0.110221- 01 0.235261—03
0.34 0.139461 01 0.389061—01 0.1112 )4- 01 0 .285131—0 3
0.16 0.141971 01 0.460971-—Ol 0 .112161 01 0.338611—03
0.18 0.14li 3~~ 01 0.536571—01 0.113021 01 0.315871—0 3
0.20 0.157691 01 0.616051—01 0 .111821- 01 0.457511—03

0 . 2 2  0.151.901 01 0.699191—01 0.114564 Cl 0.523721— c)
0.24 0.1433 041 01 0.786081—03 0 .115261- ci 0.595711—03
0.26 0.166C91- 01 0.876651—01 0.115921 01 0 .67/571—03
0.28 0.161081- 01 0.970881—01 0.116541 01 0.751,671—0 3
0.30 0.173001- 01 0.106881 00 0 . 1 1 7 3 3 1 -  01 0 . 8 4 8 ( 3 5 1— u )

0.32 0.376901 01 0.117011 00 0.117691 03 0.750311—03
0.34 0.1150641 Cl 0.127561 00 0 .118231 01 0.106)61—02
0.36 0.184381 01 0.138441 00 0.118 7/I 01 0.1110 ~~F — 0 2
0.38 0.188061- Cl 0.149703- 0(i 0.119201 01 0.133501—0/
0.40 0.391681 01 0.I6IIIE 00 0.119651 01 0.149961—0?

0.42 0.19525E 01 0.113291- 00 0.120093- 01 0.10’(891—o/
0.44 0.198771 01 0.1851.31- 00 0.120511 01 0.11)0711—0?
0 .46  0 .? 0 ? 24 1  01 0 . 19 8 3 3 1- 00 0 . 12 0 9 1 1  01 0 . 7 1 59 1 1 - c ?
0.48 0.205671 01 0.211401 00 0.121301 01 0.2’.5041—0?
0.50 0.209041 01 0.fl482F 00 0 . 1 2 1 6 7 1 - 0 1 0 . 7 7 1 ( 4 4 1— 0 2

0.52 0.212371 01 0.738601 00 0.122021 01 0 . 1 I 6 1 ” E — O /
0.54 0.715651 01 0.252731 00 0.122371 01 0.3~~0731—0 2
0.56 0.218891 01 0.2672111 01) 0.122701 01 0.41(561—C?
0.58 0.272081 01 0.282021 00 0.1230)4 03 0.44-4.741—0 ?
0.60 0.725211 01 0.297171 00 0.1/3321- 0! 0 . 5 2 Q 7 1 4 - O 2

0.62 0.228541- CI 0.312651 00 0.124121 01 0.1,0(1191—0?
0.64 0 .211411- 01 0.328451 00 0.173901- 01
0.66 0.234411 01 0.344511- 00 0 . 1 /4 1 8 1  ~) 1  0 .7 6 4 ~~~ t — u 2
0.68 0.247424: 01 0.360911 00 0.174451 01
0.10 0.240361 01 0.377681- 00 0.12471)1 01 0.’i~ 1003 -(1?

0.72 0.243261 01 0.394671- 00 0.124961 01 0 . 1 0 7 3 1 1 — 0 1
0.74 0.2461?1 01 0.411931 00 0.1/5201 01 0. 1191 ’f --OL
0.76 0.246951 01 0.429451 00 0.125431 01 0.1 42353 — 0 1
0.7)5 0.251741 01 0.467231 00 0.175661 01 0.146241—01
0.80 0.254491 01 0.465221 00 0.175891 01 0 .161081—01

0.82 0.257201 01 0.483444 00 0.176101 01 0 . 1 7 - 7 9€ — 0 1
0.84 0.259873 01 0.501)4911 00 0. 12 6511 01 0.l’.’3.71—0 1
0.86 0.71.2511 01 0.620534 00 0.126531 01 0 .111041—01
0.88 0.265111 - 01 0.639371 00 0.126713 0)
0.90 0.267661 01 0.’.58381 00 0.176901 03 0.248943— 03

0.9/ 0.770211 01 0.51756( 00 0.12101)4 01 0.261)241—0 1
0.94 0.272111 OI 0.59614 )1 00 0.3/7/71 01 0 .290413—01
0.96 0.2751143 01 0.616)71 00 0.377401 01 0.3 12 4 31—01
0.933 0.117611 01 0.6351)81 CO 0 .l?Te ,31 03 0. 3s0’4 .’i—O ~1.00 0.280031 03 0.655711 00 0 .1/7791 01
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iabh I (c ’ n t .)  (i 8. )

I- 
1
l 

x
2

0.00  0 . 10 0 0 0 1  01 0. 0 .100001  0 1 0.
0.02 0. l03~~’.1 UI 0.445641—0 6 0.102321 (ii 0. 1~u326I — 0 4

0 .04 0 . 1 0 1. 3 4 1  01 0 . 9 ?9 7 e .~~— O 5  0 . 1 0 4 1 3 1-  01 0 . 3 8 4 3 6 1,1-c ’.
0.01. 0 . 1 0 0  5 ’ l  6 1 0 . 1 4 5 1 1 3 1 — 0 4  0 . 1 ( 5 7 5 1 -  0 1 0 . 6 0 1 2 5 1 — 0 4
0 . 0 4 3  0 . 1 1 0 5 5 4  I I  0 .2 0 10 1 1 -0 4  0 . 1 07 2 3 1 01
0.30 3. 11 / 1 1  UI 0.260581—04 0.308621- 01 0 .101.1/1—0 3

0 . 1 2  0 . 3 !  4 4 3 4 3  CI 0. 3 2 3 9 7 1— 0 4  0 . 1 ( 1 ) 9 3 1  C l  0.13) 1 0 1— cl
0 . 14  (‘ . 3 1  ‘. 4 1 1 01 0 . 3 9 12 3 1— 0 4  0 . 1 1 1 1 7 1  0 1 0 . 1 5 1 2 2 1 — C - I
0. 16 0 . I 1 L ’~. 11 C l  0 .4 6 2 6 ’ 3 F — U 4  0 . 1 1 2 3 5 1  01 0 . 1 8 4 6 7 1— 0 3
0 . 1 8  0 . I 1 1 1 /~,1 01 0 . 5 3 8 2 8 1 — C ’. 0. 1 1 3 4 7 3 - u t  0 . 2 ) 3 4 1 1 — 1 3
0 . 2 0  0 . 1 1 9 5 1 t  01 0 . 6 1 8 5 1 1— 0 4  0 . 1 1 4 5 51 0 3  C . 2 ’.15~~E — 0 4

0. 22 0 . 1 / 0 4 3 1 1  01 0 . 7 0 3 3 5 1 — 0 4  0 . 1 1 5 5 ) 1  01 0 . 2 7 0 1 5 3 — u )
0. 24 0 . l 2~~J o t  0 1 0 . 1 9 3 2 6 1- -04  0 . 1 16 5 9 1-  01 0 . 3 3 1 ( 2 4 1 — 0 3
0. 26 0 . 1 2 3 1 4 1  11 0 . 8 8 8 4 6 1 — ( : 6  0 . 1 17 5 5 1  01 0 . 3 4 2 8 8 1 — 0 1
0.78 0.1242/1 01 0. 9 8 9 2 7 1—0 ’. 0. 1 10 4 9 1  0 1 0 . 3 7 9 1 5 E — .~1
0.30 0.1/521,1 0! 0.3096/1—03 0.119381 0) 0.411161—03

0 .32  0 . 3 2 6 2 54 - U I  0 . 1 2 0 9 5 1 — 0 3  0 . 12 02 5 1  03  0 . 4 0 1 . 92 1 - 0 3
0 . 34  0 . 12 7 / 1 1  61 0 . 1 3 1 9 9 1 -0 3  0 . 12 1 1 0 1  0 1 0. 4 9 1 6 4 3 — 0 3
0 . 3 6  0 . 1 / R I S E  U I  0 . 1 4 5 7 6 1 — ( 3  0 . 1 2 1 9 1 1 0 1 0 . 5 4 2 3 0 1— 0 1
0 .3 8  0.1290/1 01 0 .35937 1— 03 0.12/111 01
0 . 4 0  0 . 12 9 8 7 1  C I  0 . 1 7 3 1 3 4 1— U )  0 . 32 3 4 8 1  01 0 . 1 - 3 1 . 1 3 3 - — U )

0.42 0.1 11)701 01 0.18921- ! —0 3 0.124251 UI 0 .684511— 03
0 . 4 4  0 . 13 1 50 3  01 0 . 2 0 5 7 6 1 — 0 3  0 . I 1 4 9 5F  1) 1
0.46 0 . 1 3 2 7 7 1  CI 0 . 2 2 3 4 3 1 — 0 3  0 . I/ 5 ’ .~ . 1 U I  0 . 1 1 5 0 3 1 - U I
0 .4 3 3  0 . 1 1 30 1 1  01 0 .2 4 2 3 5 3 - — i) ) 0 . 1 7~ . 354 -  0 1
0.50 0.133131 01 0 . 2 62 6 6 1 — 0 3  0 . 1 2 7 0 / 3  0 1 0 . 9 1 4 9 9 1 — 0 ’

0.52 0.134434: 01 0.284611—03 0.177611 1 01 0 .9791.433 -Cl
0. 54 0 . 1 3 5 1 1 1 - 0 1 0 . 3 ( J R ? S E — 0 3  0 . 1 2 6 1 1 1 01 0 . 1 0 4 8 2 1 — c ’
0.56 0. 13’ 711 U I  0 . 3 3 3 9 7 1 — 0 3  0 . 3 2 0 9 3 1 1  01 0. 1 1 / 0 - S t  — , i /
0.58 0.131.411 01 0 .3618331--U) 0.124041 01
0.60 0 .137031 01 0.392301—03 0.130131 0) 0 .1 ? 7 7 C 1 — L . ’

0 . 6 2  0 . 1 3 76 14 0 3  0 . 4 2 5 6 0 1— 0 3  C . l ) 0 7 1 1  0 1 0 . l 3 ’ 3 3 1 — ( . ’
0.64 0.138271 01 0.662051—0) 0.1 3 1 7 1 ( 1  UI 0.I6’,43 [—( ,’
0.66 0.lIR 7il 01 0 .5022/3—U S 0. 1 5 1 1 3 1 01 0 . 1 5 5 1 1 1 - 0 .’
0.643 0 .139351 01 D.~~4635f—01 0.13/ 3 11 1,1 0.165401- -- ( ,’
0 .70  0. 1 3’1831 0 1 0 .595 2 0 1— 0 )  0 . 1 ) 2 9 0 1  0 1 0 . 1  7 .’.19 1 --0?

0.7? 0 .140431 UI 0.e.490u1—03 0.13341 1 - 01
0.74 0.140931 01 0.700741 — (‘3 0 .133923 - 01 0.?Ouol(—0.’
0.16 0.144431 C-I 0.774741— OS 0.114411 01
0 . 78  0 . 1 4 1 ’I ,’F 01 O . t ’ 4 7 7 4 1 — 0 3  0 . 1 34 1 ( 1  3:1 0 . 2 7 8 3 0 3 — 0 . ’
0.00 0.142391 C I  0 .9281,11— 03 0 .135371 01 0.243633—0?

0.8? 0.14281 ,1 01 0.1 017 11) —0? 0.13’. - ‘.1 0) 0 . 2 c O O , t - 0 ?
0.64 0 .141311 (~) O . 1 1 1 ’ .61— c,’ 0.l3~,/’l[ 0) ( l . ? 1 7 1 . ( : I — f . ’
(I .!!’, 0 . 1 4 3 7 0 1  01 U . l 2 ? 5 1 I — 1~? 0 . 1 4 1 - 7 4 1 C l  0 . 2 9 1 . 1 1 1 ! — , ,‘

0 .88  0. l ’, 4 1 1 ) 3  U I  0 . 1 3 4 5 0 1— 0 ?  0 . 1 1 7 1 7 3  0 1 0 . 11’ ’ . 13  IL’
0 .90 0 . 3 4 4 1 , 1 1  U I  0 . 1 4 16 4 )  — 0 ?  0 . I 3 l o u l  0! 0 . 5 5 1 0 , 4  - 1,?

(1.9? 0 . 1 4 0 1 1 - 1  01 0 . 1 6 7 0 7 3 — 0 ?  0 . 1 ) 8 0 / 3 -  U I  1~~. 4 1 ) 1 ) 3 . 3  -
~~~‘/0.94 0. 14~.43l 01 0 .17183,1—0 / 0.1 ‘11I’.’.I 01 0 . 3 0 5 1 . 1 ’ !  ‘.)/

0.94.  0 . 1 6 5 1 1 / 1  U I  Q . 1 g 5 0 3 4 1 — - c /  0 . 1 1 4 3 0 ’.! 0)  0 .4 1 4 ) 4 3  ( I?

0.911 0 . 14 ’ - ? l I  I l  0 . 2 1 3 4 1 7 1 — 0 ?  0 . 3  1’!?4 1 3 ) 1  0. 4 4 1 3 1 3 — 1 1 .’
1 .00  0.1410-cl! 01 0.2)4?’,! — 02 0 . 1 3 9 1 . 3 1  01
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T aid~- 1 ( c oo t . )  ( r = 8.0)

X 3 Y 3

0.00 0 .30 0 0 01  0 1 0. 0 . 1 0 0 0 01  91 0.
0 . 0 2  0 . 1 0 8 1 0 1 1  01 0 . 2 3 7 0 2 1 — 0 2  0 . 1 0 2 9 2 4 -  C i  0 . 3 0 1 ( 16 1 - - b
0.04 0 . 1 14 5 0 3 - 01 0 . 5 0 2 2 7 1- - C l  0 . 3 0 4 8 1 1 -  0 )  0 .b ’.2 0 1 i F — C t ’
0 .06 0 . 1 2 03 3 4 : 01 0 .7 9 3 48 1- 0 ?  0 . 1 3 64 9 3 -  0 1 0 . 1 0 1 , 1 1 1 - 05
0.08 0 . 12 5 8 3 1  01 0 . 1 1 0 8 5 1— 0 3  0 . l c  7 8 8 1  (~~ 0.138641— iS
0.10 0 . 1 3 1 1 0 1 - 01 0 . 14 4 6 7 1— 0 1  0 . 10 1 1 1 1 0 1 u . 1 7 9 7 4 4 - — 0 5

0 . 1 2  0 . 1 3 6 1 9 1  01 0 . 1 8 0 7 4 1— 0 1  0 .1l’L?/3 - 01 0 . 2 / 3 60 1 -0 5
0.14 0 .14114F 01 0 . 2 1 8 9 1 ) 1— 0 1  0 . 1 1 1 7 3 3 - u I  0 . 2 7 0 3 0 1 — 0 5
0 . 1 6  0 . 1 4 0 - I ’ l l  U I  0 . 2 5 9 4 5 1 —0 1  9 . 1 1 2 1 6 3 -  01 0 . 3 2 0 1 4 1 - 0 5
(‘ .18 0 . 1 5 0 7 /1 01 0 . 3 0 1 9 9 1 — 0 1  0 . 1 1 ) 0 2 1 01 0 . 3 T 3 2 / 3 - — 0~
0.20 0.155571- 01 0.346731—01 0.11)821 01 0.421153— 05

0.22 0.159951 01 0.3934~~1-C 1 0 .114561 01 0.490431-CS
0.164473 01 0.442361—01 0 .11026 1 01 0.’,5514 [—05

0.76 0.1180211 01 0.493291—01 0.115921 Cl 0.6/4391--OS
0 . 2 8  0 . 1 7 3 3 1 1 01 0 . 5 4 6 2 8 1 — 0 1  0 . 1) 1 . 54 1 0 )  0 .6 -1 ”~ . 1 1 — 0 5
0.30 0.17761.1 01 0 .601341—0 1 (1. 1 1 7 1 ) 3  0 1 0 . 7 7 6 4 ? t — U 5

0.32 0.181761 01 0.658391— 01 0.1176)1 03 0.866/ut—O S
0.34 0 . 1 3 4 1 , / I F  0 1 0 . 7 1 1 54 1 —0 1  0 . 1 1 8 /I l  0 1 0 . 1 5 1 - 9 1 > — O S
0 .36  0 . 19 0 6 73 -  01 0 . 7 7 6 6 5 1 — 0 1  0 . 1 I ~~~7 ? F  01 0 . 1 0 5 1 , 1 — 0 4
0 . 3 8  0 . 1 9 4 ’.81 01 0 . 4 3 4 1 1 ( 4 1 — 0 1  6 . 1 1 92 ) 1  0 ! 0 . 1 1 6 6 1 . — I ’ .
0.40 0.19131)1 - 01 0.907001—01 0.31965! 01 0 . 1 ? - ” S U I - u ’.

0.4? 0.207811 01 0.97 61) 1—Cl 0.1700 11 0) 0.1415/1-u ’ .
0.44 0.2064361 01 0.104143- Ou 0. 1/u S I F  31 0 . 1 5 0 0 7 > -  c-.
0.46 0.23011 11 - 01 0. 1314 1 .4: 06 0. 1/ 01 )11 - 01 0. I 1 3 ~~~ 

- - 0-.
0 . 4 8  0 . 2 14 6 1 1 1 01 0 . 1 18 1 1 3  00 ‘1 . 1/ 1) 0 1  ,ll 0.11)’l6l1—,i ~.
0 . 5 0  0 .2 3 4 3 8 4 1 01 0 . 1 26/ 1 !-  00 0 . 1 2 1 6 7 1  U I  0 . 2 0 ) 7 l 1 - - ~~”.

0.51 0 . 2 22 1 6 1 01 0 . 1 3 4 0 2 4 : 03) 0 . 1 / 20 / F  3 ) 1  0 . 2 h ’ l S I - c ’ .
0 . 5 4  0 .2 2 3 , 66 1 1 01 0 . 3 4 1 9 3 3  00 0 . 1 2 2 3 7 1 0 )  0 . 2 5 3 2 ) 3 — 0 4
0 .56  0 .2 3 0 5 3 1  01 0 . 15 005 1  0,) J .  I / / l u !  1)1 () . 2 H ) 1 ,’3 — 0 4
0.58 0.73’.)?!- 01 0.358371 (10 0.1/301 1 01 0.3,’65’U—04

0.738131 01 0.166841 00 1 . 17 3 3/ 1  01 0 . ) 6 9 7 0 1 — c b

0.62 0.741961 01 0.175511 00 0.1236?! Cl 0.471301—0 4
0.64 0.740171 01 0.18450!- 01) 0 .123903 (II 0 . 4 8 ? Y ( t — 0 4
0.1,6 0.74 )451 01 0.193611 00 0.1/43-1 3- 0! 0.557’..: ~~0/ ,
0.633 0.253151 01 0.2029/1 00 0 . 1 7 4 4 0 1  01 0 .641. ’, 6 l - 0 ’ ,
0 . 7 0  0 . 7 5 1 , 8 3 3 -  01 0 . 2 1 24 / 1  00 0.4/4711 (11 0 . 7 5 4 l . - ~t — 0 6

(1 .72  0 . ? 3 ’0 4 ” F  01 0 . ? 2 1 I ?~ (‘0 0 . 1 2 4 9 6 )  ( I I  0. 8 8 / 6 4 — U ’ .
0.74 0.21,4111 01 0 .7 37 ( 1 / 3  03) 0.1/5/01 01 0 .10  3 6 6  — > 1 )
0 . 1 6  0.767714: ul 0 .242111- Ou 0 .1/5461 01 0 . 1 /I  — 0 4
0.18 0.771?)!- (1 0.,’0 ? 4 0 1  (10 0.17.661 ( 11 0 . 3 4  4 6 - ’ > U S
0.nO 0.27’.841 01 0.21,7439! Ou 0. I/O R )) 01 0. I> - ’> 1 ’.: — 1 3 3

0.02 0.71041 ! 0) 0.773573 ()~ ) 0.1/3 . 1 )3 (II 0.106o1,, — 0 3
0 . 4 3 4  0 .713 1 III! CI (1. ,‘334401 ( ( 0  0 . 1 7 6 3 ) 1  (~ I 0 .,’ 3 3 1 l , — U~
0.81. 0.?8’.36 01 0.2>15011 00 0 . 1 / u ’. .’! UI
0 .0 8  0 . 7 0 60 ? !  0)  0 . 4 03 , 1 >!! 03) 3 .126 111 ‘I 0.41 3 > 4 — 0 3

0.292/SE (II 0.31 )S ?4I 0)) 0.124 .111 1) !  0. ) ? , ‘ .. e , > —~ I

(‘ .9/ 0 . / ’ 1 ’ .1. 1! CI 0.329881 ( 1(1 0.127))’)) 3)3 0.’,3/4. 3 u S
(“ . 94  0 . 2 - ) 1) 0 l i DI 0. 141 7,’) 00 1 1 . 1 / 1 / I l )  0 )  O.’.UI: I - 3 4
0 .9/ .  0. 3 0 ?” ? !  0) 0. 3’,3~ ’.t ( ) ( )  fl ~ I / I ’ .’>! 3) 4 (1. ’.! ~~‘. 3 3 -- I) )

0.943 0. 3U’ . l ( l (II 0. 33’ ’)’.! ( I I  ( I . I’?’.)! (II 0. 61. ! 7 ’ ~~ - U )
I. Oo 0.30 1 0 11 ( I l  0. 3 7 1 ) 4 0 3 (0 (

~ . 1 - ’ l U l l  ( I I  0. 1’ . -~ 7v — ( I !
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Table 1 ( c o O t . )  (r = 16.0)

xl 
Yl 

x2

0.00 0.100003- 01 0. 0.100001 01 0.
0.0?  0 . 1 0 3 55 1-  01 0 .2 8 6 9 5 1— 0 8  0 . 1 02 3 2 1  0 1 0 .4 9 9 8 4 1— 0 7
0 .04  0 . 1 0 6 16 1- 01 0 .5 9 8 5 9 1— 0 8  0 .10’.13 1 0 1 0 . 1 0 3 1 9 1 —0 6
0 .06 0 . 10 8 3 6 3 - 0 1 0 . 9 3 4 0 3 1— 0 8  0 . 1 0 5 75 1  01 0 . 1 5964 1- 06
0.08 0 . 1 1 0 35 1 01 0 . 12 9 3 8 1 — 0 7  0 . 1 0 12 ) 1  01 0 . 2 1 9 2 1 1— 0 6
0.10 0 . 1 12 1 6 4 : 01 0 . 16 7 6 8 1 — 0 1  0 . 1 0862 1- 0 1 0 . 2 8 1 9 1 3 1 —0 6

0 . 12  0 . 1 1 3 84 1  01 0 . 2 0 8 44 1 — 0 7  0 . 10 19 3 E  C l  0 . 3 4 8 0 3 1— 0 6
0.14 0 . 1 1 06 1 )  (ii 0 . 7 5 1 6 7 1 — 0 7  0 . 1 1 1 37 1  01 0 . 4 1 7 3 4 1 1 — 0 6
0 .16  0 . 1 1 6 8 7 3 -  01 0 . 7 9 7 5 7 1 — 0 7  0 . 1 1 / 3 5 1 0! 0 . 4 9 0 1 7 1— 0 6
0.18 0 . 1 1 8 2( 1  01 0 . 3 4 6 1 2 1- C l  0 . 1114 1 1 0 1 0 . 5 66 4 4 1— 0 6
0.20 0.119571 01 0.397611—07 0.114551 0! 0.646481—06

0 . 2 2  0.120073- 01 0.452051—07 (1.3)5591 01 0.730241—06
0.24 0.122091 Cl 0.50910E—07 0.116591 01 0.81802E—0h
0.26 0.121141 01 0.570711—07 0 .117551 0) 0.909911—06
0.28 0.124271 01 0.6352141-07 0.118411 01 0.100613 -—OS
0.30 0.175261- 01 0.7037/1—07 0.119381 01 0.110691—05

0.32 0.126763- 01 0.776161—07 0.120251 01 0 .l212~~E—0 5
0.34 0.1272111 01 0.863121—07 0 .121101 01 0 .132291—0 5
0.36 0.128131 01 0.934661—07 0.1?I9~ E 0) 0.143861—05
0.38 0.129023- 01 0.102141—06 0.122711 01 0.156001—05
0.40 0.129871 01 0 .111361—06 0.123481 0) 0.168721—05

0.42 0.13070 !- 01 0.121101—06 0.124231 01 0.382061—05
0.44 0.1310 01- 0) 0 .I3I651— 06 0.1/4951 01 0.196011—05
0.46 0.137273- 01 0.142831-06 0.125661 01 0.210771—05
0.48 0.133031 01 0.154791—06 0.126351 01 0.226241—05
0.50 0.133731 01 0.367591—06 0 . 1 2 7 0 2 1 -  0) 0 . 2 4 2 4 3 3 1 — 1 5

0.52 0.134431 03 0.183171—06 0.127681 03 0.259611—05
0.54 0.13511 1 0 1  0.196)61—06 0.128311 01 0.2716/1—05
0.56 0.13 5773- 01 0.?I?14E—0 6 0.128931 01 0.296641—05
0.58 0.136413: 01 0.229401-06 0.129541 01 0.316701—OS
0.60 0.137031 01 0.248171—06 0.130131 01 0.137911—05

0.62 0.1376311 01 0.268501—06 0.130711 01 0.360351—05
0.64 0.1382/11 01 0.290111—06 0 .1312131 01 0.184104:—OS
0.63. 0.1387’1F 01 0.315101—06 0 .131831 01 0.409341—05
(1.68 0.139301- 01 0.341861—06 0.132371 01 0.436101—05
0.70 0.139891 0! 0.37)5411-06 0.13290F 01 0.464641—00

0.12 0.140413 03 0.404431—06 0.133411 01 0.495071—05
0.74 0.140931 01 0.44)231—06 0.1331)21 01 0.527491—CS
0.76 0.1414311 0! 0.482561--Oh 0.13641F 01 0.562221—05
0.78 0. 14)971 01 0.529271—06 0.134901 01 0.599461—05
0.80 0.142311 0! 0.5825/1—06 0.135411 01 0.617531—uS

0.8/ 0.142061 0! 0.643331—01. 0.135841 01 0.682671—OS
0.64 0.343331 01 0.733751—01’ 0.136291 01 0.77927 3— 0 ’.
0.86 0 .343753 - 0! 0 . 7 9 5 ) 0 1 — 0 6  0 .136141  01 0.779691—05
0.88 0.14419F 0) 0.890381—06 0.137171 01 0.834551—05
0.90 0.344631 0! 0.l00l83--05 0.137601 01 0.8942u1—05

0.92 0.145021 0) 0.133333 - -0 5 0.138021 01 0.959393 — oS
0.94 0.345431 01 0.128871-OS 0.I~~R44F 01 0.101081—04
0.96 0.1408/1 3)! 0 . 3 4 7 2 6 1 — 0 5  0.1383341 01 0 .110911— 04
0.98 0.14.0211 0) 0.169171 -05 0.139741 01 0.119551—04
1.00 0.14l.5?f 0! 0.195011) -OS 0.339631 01 0.129003—0 ’.
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T a b l c  I ( con  .) (i 16.0)

x 1~- .  3 3 -+ -,
0 . 0 0  0.106001 Cl 0. 0. 1110001 01 0.
0 . 0 2  0.108/It C l  0 . 1 ?’ .’ 5 ) - 0 2  0 . 0 - 2 Y 2 1  0 1 0.
0 .04  0 . 3 1 4 7 6 )  01 0. / 6 8  I 3 1 — 0 ?  0. 1 0-0-373- 01 0.
0.06 0. l2~~ 7’~ t (II 0. 4 2  3 ’ - . )  — 0 ?  )~ ( I . ’ 4 7F  C l  0. l 4 ~~4 6 E — 0 1
0 . 0 3 4  0.1/4 .321 U I  0. 5 9 1 1 .  3 1 - - C ?  0 . 1 1 7 8 8 3 -  0! 0 . 2 6 6 0 / 4 — 0 !
C . I 0  0 . I 0 t 7 1 ~ 1 1  0 . T ? f l ( F — 0 ?  81 . l u ’ l ) l F  01 0.261501—00

0.1/ 0.1 4 1 0 ) 3  0 1 0 . 9 ’ 4 )  ‘ > - U /  0 . 1 1 . 1 / 2 3 -  0 1 0. 3 3 2 4 C L — 0 9
0 . 1 4  0 . 1 4 / 1 / , )  U I  0 . 1 1 6 4 / 3 — 0 1  0 . 1 1 ( 2 3 1  0 1 0 . 4 0 1 2 1 1 — L I
0 . 16  0 . 1 4 7 ) 1  C l  0 . )  ‘L ’ . .’ f - U l  0 . 1 1 / 1 4 . 3 -  01
0 . 1 8  0 . 1 5 2 ) 3 )  U I  0. ( p . 1 2 3 > — L I  0 . 1 ) 4 0 / F  D I
0 . 2 0  0 . 1 6 4 - 3 1 ,  01 0 . 1 0 0 1 1 1 — 0 !  0 . 1 1 3 1 4 2 3 -  01

0 .2/  0 . 1 6 1 1 1 1  I I  0 . 7 1 4 3 1 - ’- - )  - 0 1  6 . 1 1 4 . 6 1 -  0 1 0. 7 / 3 3 5 1 - o o
0 .2 ’. 0. 1 / 6 2 3 1  U I  0 . 2  3 6 1 7 1  - 61  0. 1 1 ’  26 !-  01 0.  8 1 7 2 1 1 —  0~
( . 2 6  1 . 1 1 1 2 / 4 :  1 1  0 . / 6 1 4 1 ) — 0 1  U~~ I ( S ) / F  0 1  0. 11 7 2 4 1 — 1 . 3
0 . 2 6  0 . 1 7 5 ” e . f  01 O . / ’ 1 1 6 6 1 -  I 1 0. 1 1 . ’ 4 1 0 1 0 . I U 2 4 u [ — u P
0 . 3 0  0 . 180 4 1 . 1  U I  U .  3 2 1 0 5 3  — 0 1  >1 . 4 1 1 1 3 3 -  0 1 0 . 1 1  8 8 , 1 — 0 2

0 . 3 2  0. 18 50/ 1  01 0 . 3 5 1 5 1 1 — U I  0 . 1 1  1601 0 1 0. 12( .0 ~~1 — 0 ~
0 . 3 6  0. 1 3-u’I’,O l 3) 1 0. % ) ‘ 3 0  4 1 — 0 1  0 . 1 1  “/ 1 1  0 1 0 . 1 3 ) 1 ’ . ! - —  ( J > ~
0 . 36  0 . 1 94 0 ’.( 01 0 . 4 1 5 7 7 1 — 0 1  0 . 1 1 8 7 / F  01 0 . 1 5 3 2 1 3 - — U ’ )
0.38 0. 1) 8 5 1 1  01 U . 4 4 9 ’ . S 1 1j 1 0 . 1 1 12 0 ,  0 1 0. l~~- U 4 U 1 — u 8
0 . 4 4 3  0 . 2 0 2 9 4 t  0 1 0. 4 1 4 2 4 1 — C l  0 . 1 ) 9 6 51 01 0. 1 8 4 7 6 1 — u ’ -

(1. 4/  o.~~on c~ 01 0 . 52 0 1 , 1 - 1  I 0 . 1 . 0 0 3 1  U I  0 . ? 3 2 5 2 t - 0 ;
0 . 4 4  0 . 2 1 ) 7 3 !  0 )  0. 5 5 7 0 3 3 — 0 1  0 . 1/ 6 5 1 1  01 0 . 2 / 1~~ 0 1 — L . ”
0 . 4 6  0 . 7 1 1 , 0 4 1 -  (11 O. 0 9 5 0 u l - - O l  0 . 1 2 ( 1 3 1 1  01
0 . 4 4 3  0 .2 2 0 4 1 1 0 )  0 . 0 3 4 1 , 1 - C !  0 . 1 / 1 ) 0 )  01 0 . 2 0 5 1 8 1 — ..”
0.5(1 0 . 2 2 6 7 2 1 1  0 1 0 . 6 7 4 2 1 3 1  — (1 1 0 . 1 / 1 6 7 3 -  0 1 0 . 2 ) 3 -) ’ 1 — 0 5

0 . 02  0 . 2 2 9 0 1)  01 0 . 7 1 5 0 0 ) — I l l 0 . 1 7 / 0 2 4 :  0 1 0. 3 1 u & 7 1 — 0 0
0 .0 4  0 . 2 3 1 2 3 1  0 1 0. 7 0 1 7 3 . 1 — 0 1  0 . 1 / 2 3 7 1  01
0 . 56  0 . 2 3 1 5 2 3 - 0 1 0 . 4 3 0 1 4 1 3 - 1 1 1 0 . 1 2 7 7 0 1 01 0 . 3 F 4 ? ” U — u ”
0 .0 8  0. ?‘. I  751 01 0. 84 5 5 0 1  - C I  0. 1 / 3 0 1 3  01 0 . 4 / 3 1 3~ — Or ’
0 .60  0 . 2 4 0 9 6 1  0 1 0 .3 . 909 1 01 0 . 1 2 0 3 2 1  01 0. 6 1 7 ? 4 3 — 1 - - ~

(3 .6 / 0 . 2 5 0 1’.F 01 0 . 9 3 7 4 6 ) - U I  0 . 1 /3 6 2 1  01 0 . 5 1 7 0 2 1 - C u
( 1.64 0 . 2 0 4 3 / 1 0 )  0 . 9 8 5 0 2) - U I  0 . 1 2 3 - 9 0 1 01 O. 5 1 6 7 , t : — I .0-’
0 . 6 6  0 .7 50 ’.  F E  01  0. 1 0 3 3 7 3  0( 1 1) . 1 / 6 18 1  01 0 . 1 4 3 - 8 1 1 >  — 0 6
0 .68  0 . 7 6 2 6 1 3 -  01 0 • 1 0 8 3  31 0(1 0. 1 /4 4 S 1  01 0. 7 3 0 3  .3 —

0 . 7 0  0 . 2 66 1 3 1  01 0 . 1 1 1 4 1 1  00 - 0 . 1 7 4 7 1 1 -  0 1 0 . 8 3 3 4  ) 1 — u ~

( 1 . 7 2  0 . 7 7 0 3 4 3 !  ( I I  0 . 1 1 8 6 3 )  00 0. 1 ? o 9 6 1  01 0 . 9 6 4 2 6 3 — 0 3 .
0 . 7 4  0 . 2 1 4 9 .’) ( I I  0 . 1 7 3 8 7 )  0( 1 0 . 12 0 2 0 1 1 0 1 0 . 1 1 2 0 4 3 — u P
( 1.16 0 .7 1 8  3 ( 1  U I  0. ( / ‘ i 2 1 I  01) 0. l / 5 ’ .’.I 1)1 0 . 1 ) 4 6 1 - 1 — 0 ’
C.  78 0 . 2 8 3 3 2 1  0 1 0 . 1 3 4 7 4 , 1 00 0. 1? ’ . h u ’ ( ‘- 1  0. 1 1 - ) ? ’ ~~ — U 7
0 . 8 0  0 . ? 87 [ H 1  C l  0 . I ’ . 0 3 > - I  0.) ( 1. 1/ 5 1 1 1  0 ! 0 . / U I  7 9 1 — 6 7

0.11 / 0 . 2 9 1 1 ? !  0! ( 1 . 1 4 1  1 13 , 1  (30 0 . 1 2 > - l U )  01  (1 . / 04 . ? r — U ?
0.31’. 0.790101 (.1 0 . 1 0 1 8 7 3  00 0.l,’r,4 1 ) 0 1 0 . 1 2 . 2 — 3 — 0 7
6 . 3 3 ’ -  0 . 2 1 9 1 3 1  ( ‘ I  0 . 1 5 7 3 3 )  031 0 . 1 . 4 ’ S / I  01 0 . 4 1 , - S t - I — u I
((.88 0.30 3 12) 01 0 . 1 u 3 8 1 >  (‘ l ‘) . l . ’8 I I I  0 1
(.90 0.30 71111 01 0.lo-l 3~, 3 I ’ l l  (3 . 1 / 3 - 1 1 1  01 0 . 7 2 1 0 1 1 — 0 7

0.3? 0 . 3 1 1 0 4 1  01 0 . 1 1 ’ - I l l  01) 0 . ) . ’ 7 0 0  01 0. ‘527 5 1 — 0 7
0.94 0 . 3 1 4 - 3 ! )  01 0.38/’. !  0 3 1  0.1 .’ -‘?/3 3- (‘1 0. l 7 > - ~ ’ ’- t -  /6
0.96 0.318 32) 01 0.18)04,) ‘10 (l • ) , ‘ 7 . 5 3  0 3  0 . 1 ’  S > - >  — u >
0 .9 8  0. 4 2 2 8 3 1  U I  0. 1 ’ ) 5 4 , l  00 - . 1 ?  1 6 3 1  ( 11 0 . 2 1 ) 7 3 3 —  -~1.00 0 . 3 2 6 7 3 1  (0- 0. ,’o .’) ’ . I  00 1 . 1 7 3 4 3 , - F  C I
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T~ ii 1e 1 (~~~~ t 4 t . )  (‘ 10( 1 . - )

~
‘ 1.

0.00 0.100003- 01 0. 0.100001 01 0.
0.02 0.1035 51 01 0. 0.3023/1 01 0.
0.04 0.1061 41 01 0. 0.104131 01 0.
0.06 0.108363- 01 0. 0.100753- 01 0.
0.08 0.110 351 01 0. 0.107231 01 0.
0.10 0.1121 1.1 0) 0. 0.1 1)116/f- 0) 0.

(3.12 0.11)041 01 0. 0.109931 01 0.
0.14 0 .115411- 01 0. 0. 11 1 1 7 1  03 0.
0.16 0.116871 - 01 0. 0.1)2301 01 0.
0.18 0.118?’.) 01 0. 0.113411 01 0.
0.20 0.139571 01 0. 0.134523 01 0.

0.22 0.120023- 01 0. 0.115591 01 0.
0.24 0 . 12 2 8 0 3 -  1)1 0. 0 . 1 1 6 6 ) 1-  0 )  0.
(3.76 0 . 1 23 1 4  01 0. 0 .11750) 01 0.
0.28 0.124221 01 0. 0.118493 UI 0.
0.30 0 . 12 52 6 1 01 0. 0 . 1 1 91 8 1 01 0.

0 .0 2  0.126751 01 0. 0 . 1 2 07 5 1 -  01 0.
0 . 34  0 . 12 7 2 3 1  0! 0. 0 . 1 2) 1 0 1  0 1 0.
0.31 0 .128134: 01 0. 0.121911 03 0.
0.38 0 . 1 2 90 7 1  01 0. 0 . 1 2 27 1 1  01 0.
0.40 0.129811 01 0. 0.173481 01 0.

0.42 0.330701 01 0. 0 . 12 4 2 1 1  0 3  0.
0.44 0.13100 ! 01 0. 0.124901 01 0.
0.46 0.132271 01 0. 0.125663- 01 0.

0.113011 01 0. 0.17 1,321 01 0.
0.50 0 .13373 !- 01 0. 0.1/70? !- 01 0.

0 .52  0 . 3 3 4 4 3 3  u 1  C’ . 0 . 12 7 6 1 3 3 -  0 1 0.
0.54 0 .135113 - 01 0. 0.32 83 13- UI 0.
0.56 0.130773 01 0. 0.128931 01 0.
0.08 0.136411 01 0. 0 . 1 29 5 4 1  0 )  0.
0.60 0 . 1 3 70 3 ! -  0! (I. (( . 1 3 ( 7 3 ) 3 -  0! 0.

0. 62 0 . 1 3 7 6 3 3 - 01 0. 0 .130711 01 0.
0.64 0 . 1 3 8 2 2 )  01 0. 0.131/81 01 0.
0 .66  0 . 1 3 ( 3 7 ’ f l  01 0. 0 . 1 3 1 3 3 3 1 01 0.
0 .68  - 

0 . 1 3 9 ) 2 1  0 1 0. 0 . 3 3 2 3 7 1  0 1 0.
0 . 7 0  0 . 13 9 8 4 1  0 1 0. 0 . 13 2 90 1  0 1 0.

0 . 7 ?  0 . 14 04 1 1  0) 0. 0 . 1 3 34 1 ! -  01 0.
0. 74 0 . 1 4 0 93 3  U I  0. 0 . 1 3 3 9/ 1  01 1) .
( ( .7 6  0 . 1 4 14 3 1  01 0. 0 . 4 3 4 4 1 1 01 0.
0 . 7 8 0 . 14 1 ’ ? ?)  0 1 0. 0 . 1  34’30 l - 01 0.
0.80  0 . 14 / 4 9 1  0! 0. 0 . 1 3 2 3 7 1  01 0.

0.8? 0.1478’, )  01 0. 0 . 13 5 8 4 1  0 3  0.
0 . 84  0 . 1 4 3 3 1 1 0! 0. 0 . 3 3 1 , 2 9 1 0 1 0.
0.86 0.143701 01 0. 0 . 1 3 1 . 7 4 1  01 0.
0 .88  0.1461-?! 01 U. 0. 13 7 1 7 ) 01 0.
0.90 0. 3441. 11 03 0. 0.13 7201 03 0.

0.91 0 . 14 2 0 2 1  0 )  0. 0 . 14 8 0 7 1  0 1 0.
0.94 0.166431 01 0. 0.1)84’,!- (31 0.
0.9?~ 0 . 1 4 5 8 2)  01 0. 0.! ‘-o’.i 01 0.
0.911 0 . 1 4 1 0 / l I  0 1 0. 0 . 1 3 3 ,43 1)1 0.
3 . 00  0.1465’?! 0) 0. 0 . l 3 ) i ’ ~~I 01 0.
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Tab L 1 (
~ - ~t .) = ] oo ,i )

‘143 j

0.00 0.1000 ) Cl 0. 0.100001 01 0.
0 .0 2  0 . i U P ’ 1 t  0 3  0 . 2 1 4 7 1 3 - 0 3  0 . 1 0 2 1 7 1  ( 11 0.
0.04 0. 114 ’ i ’- , 1.1 0.404931-03 0.184891 UI 0.
(4 .0 6  0 . 1 / 1 , 4 2 3  01 0.7l811[—0) 0.101.491 03 0.
(1 .08 0 .1.6- 4 ) 01 0.10043) -02 0.1073333 1 03 0.
0.10 0.1 37411 01 0 . 1 3 1 ( 4 3 - - C? 0 .109111 01 0.

0.1/ 0 .13I r ’ )1 UI u.1 10 37 3! -— 02 0.1302/F 01 0.
(1.!’. 0 . I ’ .3~~ ’I  01 0.178311—0~ 0.1112 31 01 0.
0. 16 0. I ’ . i ~ ‘ 3  01 0.7 35021 — 0,’ 0. 11 2 1 63- 01 0.
6.18 0.353611 01 U.?73553—02 0.1)302) 01 0.
(../0 0 .15”23F 03 0.314061—0 2 0 .113821 01 0.

3..? ? 0.163 6)1 CI 0.356436—0 ? 0.11451.3- 0) 0.
(- .24 0.11.8-0-31 01 0.400701-02 0.115761 01 0.
(3 .2 6  0 .1  1 3’. 1  0 1 0. 446841-—C ? 0. 1359?!- 0) 0.
0., 8  0 . 1 1 0 2 8 1  01 0.494841—0? 0.111.541 03  0.
0.30 0.181131 01 0.544711—02 0. 11 713 1 01 0.

0.32 0.181943- 01 0.546391—02 0.111691 01 0.
0.34 0.1’)273F 01 0.649911—02 0. 1 1 821 3 - 01 0.
0.36 0.197501 01 0.705331—0 ? 0.1187/1 01 0.
0 .3 8  0 .7 02 / 4 1  U I  0 . 7 6 2 5 6 1 — 0 ?  0 . 1 19 20 1  01 0.
0 .40  0 .706961 01 0 . 8 2 1 0 ’) 3 - — 0 7  0 . 1 19 60 1  01 0.

0.42 0.213661 03 0.887401—0 ? 0.120071 01 0.
0.44 0.2)6351 01 0.965131—0? 0.120011 01 0.
(‘.46 0.2210?! 01 0.100961—0! 0.120911 01 0.
0.433 0.275681 01 0.107591—01 0.12l3o1 01 0.
0.50 0.230321 01 0.114401—03 0.1216 13- 01 0.

0. 5 2  0.73495). 01 0.121401—03 0.122021 01 0.
0.04 0.239671 01 0.128511—01 0.12?37E 01 0.
0 .56  0.244171 01 0.115921—Ui 0.127101 (31 0.
C.5~ 0.748171 01 0.143461— 01 0.12301!- 01 0.
0.60 0.?0330E 01 0 .101161—01 0.1233?!- 01 0.

0.6.’ 0.?57931 01 0.LS90cf—0~ 0.173621 01 0.
(1.64 0.?6?501 01 0 .167171— 01 0.123903 0! 0.
0.66 0.767003- 01 0.375381—0 1 0 .124 1141 0! 0.
0.68 0.7116( 1 01 0 .183801— 01 0.124451 03 0.
0.10 0.776321 01 0.192431—03 0.124711 01 0.

0 . 72  0.700611 1- 01 0.2012031—0) 0.124961 0) 0.
0.74 0.285211 01 0.?I0ll~ — 0l 0.125701 01 0.
0.76 0.189131 0! 0.?193~ F—o ~ 0.125441 01 0.
0.78 0.194241 0! 0.2286131—0 ! 0.175661- 01 0.
0.60 0.7911751 0! 0.238141—Ol 0.120891 0) 0.

0 . 8 2  0.303763- 0! 0.247811—0! 0.1/6103 0) 0.
0.3)4 0.30 1 7’, 03 0.257611—01 0.126131 01 0.
(1.86 0.411241 03 0.267711—0 1 0.126521- (ii 0.
0.88 0. 336721 0! 0.217931—nI 0.1/67)1 03 0.
0.90 0 . 3 / 3 2 0 3  ( ‘I 0 . 2 8 8 3 / 1 — 0 1  0.126911 01 0.

(‘ .92 0. 3?5o71 0) 0.29889) -01 0.127091 01 0.
0.94 0. 33(71 43 (1) 0. 509641-uI 0.121/13 3- 01 0.
(‘.96 0.334601 01 0.320071—01 0.17145* 01 0.
(3.98 0.139063 01 0. 3 3 ) 6 ~~1- — o 1  0.17163) 01 0.
L . O o 0. 3435/1 01 0.342961— 01 0.1771)03 (31 0.
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