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INTRODUCTION

For some time there has been considerable concern with average cost

computations in inventory systems with non—unit order sizes and variable

lead times when following a stationary (S,s) policy. In this paper the

der ivation of the stationary distribut ion of the inventory position was

motivated to a large extent by Izzet Sahin ’s work reported in [2]; however ,

in that paper much time was spent on deriving finite horizon equations

and then taking limits. We circumvent the latter by applying the well

known age distribution for renewal processes. The work also generalizes

Siivers [31 results on the stationary distribution of inventory position.

in the first chapter we derive the stationary distribution of the

inventory position and , under the assumption of at most one order out—

standing, derive the joint stationary distribution of the inventory

position and the number of orders outstanding. The latter distributioti

permits us to compute approximately the average cost for given demand and

lead time distributions.

In the second chapter we analyze an example with a specific form of

demand and lead time distribution; developing recursion formulae for

fast computation of the joint stationary distribution of inventory position

and number of orders outstanding . Also given is a listing of a computer

program which implements these recursion formulae and finds the minimum

cost value of s for a fixed S.

The third chapter takes a heuristic approach and gives an average

cost equation based on this author ’s intuitive notions on the ergodic

proper ties of some of the processes involved , plus some outright approxima—

dons. No claims to rigor are made here, but then of course the analysis

is short and sweet and its adequacy can be tested via simulation.
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CHAPTER 1

RI(;oRous ANALYSIS

Consider a continuous review inventory system. Requisitions for

inventory items occur at random points in time and the size of each

requisition is also random. The ordering policy is (S,s) and the lead

times are random.

If 1 (t) is the inventory position (on hand plus on order) at time t

then the times at which orders are placed are renewal points for the

1 (t) process. Define

N ( t )  number of orders placed by time t

T = time between the 0
th 

and n_l
5t orde r

N (t)
and V(t) t — 

~ T
n 1

~ (t) is the t ime since the last order was placed and is sometimes called

the age at time t.

If we let an asterisk denote the stationary version of a process

then it is well known that (see [3] pp. 45)

I
F
v*
(Y) = ~~~ 

f  [l_F
T*

(u)]du
ET

so if A = S—s then for s < x < S and D(•) cumulative demand

P[I~ = I P[I~ = X )~] 
~~ 

(y)dy

1 *
= — -  .~ P[D(y) S — xl V = y] [1—F ~(y)] dy

ET T

= ~~
—

~~
- f ~ P[D(y) S — X I D(y) < ~ ][1—F ~(y)]dv

ET ‘1’

= ~~ P[fl(y) S — X]dy (1)

3
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*
since V y<= > D(y) A , and a renewal at —y

Moreover f ~ P [ D ( y )  — S — X]dy

E I I  ,. dy (2 )
0 [D ( y )  — S —

E[amount of time cumulative demand was at S—X]

P[cumulative demand was ever at S-X]
A

where A E l /E  (t ime between r equ i s i t ions ) .

Let

B(X) = CDF of the requisition size and 3 (X) i ts n — f c l d

convolution (B (X) 1)

A(X) = CDF of cumulative requisitions and A (X) its n—fold

convolution (A (X) — 1)

H(X) B (X) ; H(o)
nn= 1

It is well known that H is the renewal function (expected cumulative

renewals) for the process with inter—renewal distribution B, i.e., the

time—between—renewals distribution is just the distribution of requisition

size and H(X) is the expected number of requisitions in a total demand of X.

h(X) H(X) — H(X—l) = P[Renewal at X J  x > 0

and a renewal at X for this process Is the same as the event that cumulative

demand is ever at X, hence from (2)

h(X) = A 

~
( P[D(y) Xl dy (3)

4 
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Sin i e the 1’ arc iid T and T have the same d i s t r i b u t i o n  and i t  is clear

n n
t~iat

T > v ~~~~~ 0(y) A

hence

ET = ! PE r - . y ] d y — .-~~

° P [ D ( y )  ,Ij dy
0 0

_l
= ~~~~ P[D(y) ~~= X ] dy + .

°

~ P [~~(y)  = o] dy
X=l ° 

0

= 
~-1 

i:~f~ + x~ P [ D ( y )  o] d y
X=l

= 1/A [H (A— 1)  — 11(o)] + 1/A

= 4 [ H ( A — l )  + 1] (4)

Use the natural extension of (3) to get h(o) = A ~~P[D(y) = o] dy = 1 and

equations 1—4 to get

* h (S—X)P [ I  = = 1 + H (A—1) 
5 X < S

Let

L lead time of an order

z(t) = number of orders outstanding at time t

Suppose the probabi l i ty  that  the lead time demand is greater  th an .~— 1

is negligible. Then we can safely assume that there is never more than L~~ l t

order outstanding, i.e., Z(t) is o or 1 almost surely. It then follows

that
* * I

= X , Z = 0]  -
~~~~~ .1 P [ D ( y )  = S - X] P IL — v] ~Jy

— 
l+H(~ -l) 

f  P[D(.’) S - X ]  P [ L  v [ d y

and
* * h(S—\) * *P[I~ = X , Z = 1] — l+H(L—1, 

— = X , Z 
o]5
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t h e s e  List equa t ions  can be used to compute approximately

C ~A v t - r j ~ e backorder  anu ho ld ing  cos t ]

* * + * * —

= - E ( I ~ — Z ~
.) + UB - EU 1, - -‘- )

~Le re ‘~‘e have dpproximated the outstanding order size by .‘. (it is in general

l a rger )  and

holding cost per item per unit t ime

1113 = backorder cost per i t em per unit tine

ii
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CHAPTER II 
.5

}-; XAMPLE

If the  time between requisitions is exponential with pa rame te r  A

and the requisition si;~es are geometric with parat .eler p, i.e.,

x—lp (x )  = pq x = l ,~~, .  ; q -
~ 1 — p

then ( —X v x = o

P[D(y) = xJ 

~~:~
;.
~~q

x 

~=~(~‘~
) ~ ~~ :::

B (x) = 
fk—l\ n k-n

~~~ 
~ n-i) ~ 

q 
~

x x x
- - ,. I ‘i fl K — i l

11(x) = ~ ~~(x) = C 
n—i 

p q
n 1  n l  k n  ~

x ~ ( ~ n k— n
— - ‘~ —l~~ 

p q
k l  n 1 ~~ /

x k-i i k—l \ n k—I —n
= :  P -  !

k l  n o  n /
x

p = p x  - s

k= 1

so that

ET = 1/A (1 +

1 x — o
h(x) =

( P  
X ’ O

7
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and ( —A~ / ,  x = 0

- Pf P ( v )  = xj d y  =
z I ~~~~~~~~~~~e I A )  a . (x ,z) x o

_ 1= 1 ~

(x ,.~) (p,/~ j) J 
~. ( A z )  .;J

\ j—1

S~~r~~ase th1 support of L is a finite ia~:tice , i.e. , L assumes only
a ~jnjte number of values. Let

.5 

P~ L = g~ ] = i I,2,...m

Then we can w r i te

P[I  = x , :~* = ol

= 
~~~ P[D(y) = xl P[L < y]d y
0

= y
1 ~P[D(y) x]Uy + y

1
-ey,) P[D(y) x]dy

+ ... + (y
1 
+ + “mi J ~ P[D(v) = x ]dy

= P[D(y) = x]dy + v. f °’ P[D(y) = x]dy

+ + 
~
‘m 

° P [D(y )  x]dy

~~~~ 
~~~~~~~~~~~~ 

= U

(qxp
_ \
~~~/~ ) ~ .s (x.g.) x o

i=I _1=1

S
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• 1
For computations let

k
b . = (~i~~:) 1k!

~ k o

and

c . = ( A z ) ~~/ j !

so that

a
j+i  

= a , [1 + Xzc ./(i+l)b~ J i ~~~~} (p/q)

This re cu rs ion affords a straight forward and fast algorithm for computing

P11
* 

= x , Z = 0 ] .

Remark: For this example empirical investigations show that the average cost

is a convex function of s.

Append ix A contains a listing of a computer program which imp lemen ts
these recursion formulae and finds the minimum cost value of s for a given

order—up—to point , backorder -.os t, holding cost, requisit ion ra te , and
average requisition size. To use it

CALL OPTRP~ (S ,IS , BC , IIC , CO , L, P)

INPUT: BC = unit backorder cost

= unit holding cos t
S = order up to point

L ~
- requisition rate

P = recipricol of the average requisition size

OUTPUT: IS = optimal reorder point

CO = op t imal cos t

9



CHAPTER I I I

HEURISTIC AN ALYSI S

As an alternative approach consider points  in time at which orders
arrive . The average cost incurred between twe of ti’~CSe po in t s  is given
by (see figure below)

= C
3 ~~~ 

(N — nEr ) + 
+ C

B~~~~
: T ( N  -

= [C
H 

E (N—nFr)~ + C
B (N—nE r) ]

r i o nao

where Lo = time between the arrival of the two orders

= number of requisitions in Lo

expected requisition size

N — net inventory just after first order arrives

unit backorder cos t

C~1 
unit hold ing cost

-- - 

10
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FIGURE
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Lo

M+l _~__ time

I- . / _ _ _
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arrival of arrival ot

an order an order

L

,

~th requisition
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Let ET be the expected time between the placement of orders. Since

orders are being placed at a rate 1/ET , so must the orders be arriving at

the same rate.

So lets be bold and replace ELo with ET to get EM — AELo — AET. It

looks like the necessary ergodic properties should hold so that we can

write

M M
EC
M

(N) — [C
H
E ~ (N — nEr)~ + C

B 
E C (N — nEr) ) AET+ln—o n—o

Assuming there is always more than one order outstanding the order of

smoothing in the numerator is arbitri ‘y in e ‘ and are independent.

However , M depends on Lo inspite of the notat4on. Repl~.ce Lo with T to get

the distribution of M.

For the distribution of N (net inventory at the time that an order

arrives) note that if orders cannot nass then

N — S — D ( L )

Because in this case all orders outstanding at t-:. are in at time t , all
orders placed after time t—L are atiil o~ r at t ime t and the inventory

position at t—L is S since t—L is an order point if t is the time the order

arrived . Hence

P[N = xl — P(S — D(L) xj

— P[D(L) S — x]

If L is on a finite lattice then the above is not difficult to compute

if we have the distribution of D(y); for example , the cumulat ive demand

distribution derived in the analytic approach of the first chapter.

12
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